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16” Variable Energy Cyclotron 
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(Received October 3, 1958) 


A variable energy 16’’ Cyclotron was constructed to produce 1~2 Mev 
deuterons and 2~4 Mev a-particles by new designs in its magnet and 


oscillator system. 


As far, deuterons in the energy range from 1.3 to 2 Mev and a-particles 
in the range from 3 to 4 Mey are used for (d, p), (a, p) reactions, coulomb 


excitations etc. 


Although the variation of accelerating energy for a cyclotron is a 
considerably difficult problem, we found that it is possible, by some 
adjustments of the acceleration parameters of the cyclotron, to produce 
deuterons and a-particles over the sufficiently wide range of energy within 


a minute. 


The cyclotron will be used for producing 2~4 Mev protons by changing 


a part of the resonator. 


Introduction 


§ 1. 

The 16” cyclotron of the Institute for the 
Solid State Physics, University of Tokyo, was 
designed to produce 1~2 Mev deuterons and 
2~4Mev a-particles, and to produce 2~4 
Mev protons by changing a part of the 
resonator. 

The construction was begun in 1953 as a 
project of the Comittee for Nuclear Research 
of the Institute of Science and Technology, 
and the initial testing was done in June 1955. 
In summer 1956, when the construction of 
all the beam handling system was finished, 
analysed deuterons were obtained at the 
reaction chamber. 

Since September 1956, deuterons in the 
energy range from 1.3 to 2 Mev and a-particles 
in the range from 3 to 4Mev have been 
accelerated and used for (d, p)” (a, p) reac- 
tions, Coulomb excitations etc. 2~3 Mev 
protons were detected with an inner probe, 
but not yet used for any nuclear research. 

The key point of a variable energy cyclotron 
is in the designs of its magnet and variable 
frequency oscillator. The magnet of this 
cyclotron is so constructed that the magnetic 
field distribution does not change significantly 
by increasing the magnetic field strength. 

The B-constant type of a magnet” was 
adopted to minimize the change of the mag- 
netic field distribution, the cause of the change 
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being believed to be in the local saturations 
of iron in the core. 

The oscillator has a specially designed 
variable frequency resonator having a branch 
near the dee, to which a variable capacitor 
of coaxial type is connected in deuteron 
operation, and a coaxial tube with an adjust- 
able shorting bar is connected in proton 
operation in order to change the frequency 
continuously. 

The main part of the cyclotron is shown in 
Eke A. 


& 


Fig. 1. Main part of the Cyclotron. 


§2. Components of the Cyclotron 

A. Magnet 

For a variable energy cyclotron, the magnet 
should be designed to maintain the required 
field distributions for a wide range of the 
magnetic field strength. It is believed that 
the change of field distribution with the excit- 


ing current comes from local saturations of 
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iron in the iron core, especially in the pole 
pieces. To maintain the constancy of the 
field distribution, it is desirable to minimize 
the local saturations. Ideally, if a magnet 
were so constructed that the density of 
magnetic flux is constant in all the core, the 
local saturation should not have any place 
until the magnetic field strength at the gap 
reaches to the saturation value of iron. 

The magnet of this cyclotron is constructed 
of 7 tons of iron. The radius of the pole faces 
are 18.25cm and the gap distance is 5cm. 
Fig. 2 shows that, from the pole to the yoke, 


pole face ’ 
The cross section of the magnet core 
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The magnetic flux density 
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Fig. 2. The magnetic flux density in the core of 
the magnet. 
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Fig. 3. Excitation curve of the magnet. 
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the cross section increases from 1 to 2.4 times 
of that of the pole face and the magnetic flux 
density is almost constant in all sections. The 
excitation curve of the magnetic field is shown 
in Fig?’3: 

The radial and azimuthal variations of the 
magnetic field were measured by means of a 
coil mounted on an arm pivoted at the center 
of the magnet. The integrated electromotive 
force generated by the coil was plotted by a 
recording fluxmeter®. The radial magnetic 
field distributions at the excitation from 12, 
180 gauss to 20,050 gauss are shown in Fig. 
4. Below 14,000 gauss, the effect of a Rose 
shim at the edge of the pole pieces becomes 
too large, then a lower limitation of accelera- 
tion energy with the present Rose shim will 
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Fig. 4. Radial distributions of the magnetic field. 
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Fig. 5. Azimuthal distributions of the magnetic 
field. 
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be set at this point. 

The azimuthal variations at the 18,000 gauss 
excitation are shown in Fig. 5. for some radii. 
The slight variation comes from the effect of 
six bolts connecting the pole pieces to the 
yoke. The amplitude of the variation is less 
than 0.02%. 

The magnet current is controlled by a DC 
amplifier and an amplidyne generator, which 
supplies the exciting current of the main 
motor generator set. The current is stabilized 
within one part in 1,000. 

B. Oscillator 

This cyclotron has a remarkable design in 
the frequency variable resonator. The new 
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design of the oscillator must allow for adjust- 
ment of the frequency continuously over the 
range from 10 to 14Mc for the acceleration 
of 1~2 Mev deuterons, and from 20 te 28 Mc 
for 2~4 Mev protons. As illustrated in Fig. 
6, this resonator has a branch near the dee, 
on which either a variable capacitor of coaxial 
type (See Fig. 7) or a coaxial tube with an 
adjustable shorting bar is connected according 
to the kind of accelerated particles. 

The main part of the resonator consists of 
4’” and 10” copper tubes and the capacitor 
consists of five coaxially connected copper 
tubes, the maximum diameter of which is 
8”. The coaxial tube with an adjustable 
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Oscillator System 
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shorting bar consists of also 4’’ and 10’’ copper 
tubes. 

Airtight ceramic insulators are used for 
supporting dee stem and for placing the main 
part of the resonator out of vacuum, hence 
adjustments of frequency and exchanges of 
resonator are very easily performed. Dee 
position is freely adjustable by moving the 
inner tube at the shorting point. 


Fig. 7. The resonator for deuteron operations. 


The oscillator circuit is an ordinary grounded 
grid type with an oscillator tube, 8T11R 
(forced air cooling and maximum plate dis- 
sipation 10 KW), coupling directly its plate to 
the inner tube of the cavity. 

After some adjustments, it was shown that 
for deuteron operations, this oscillator supplies 
sufficiently high dee voltage (estimated about 
20KV from the measurements of the voltage 
at the branch) at any frequency over the range 
from 10 to 14Mc without a great variation 
in its amplitude by changing the tuning 
capacitor. (See Fig. 18) For proton opera- 
tions, the oscillation has not been examined 
in details. 

In early design, it was scheduled to use a 
booster circuit at the start of oscillation, to 
suppress the multipactering effect but it has 
been shown that the main oscillator works 
sufficiently well without any supplemental 
circuit. It is very rare that the oscillation 
stops by ion loading and even if it stops, the 
oscillation recovers easily by switching off 
and on. 

When the pressure in the dee chamber is 
less than 10-‘mm Hg, the oscillator can be in 
operation without any anxiety about sparks. 
The dee voltage increases gradually with 
decreasing the ion loading and it reaches to 
the normal voltage in few minutes after 
switching on. 
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Some troubles were encountered, in which a 
break down of the airtight ceramic insulator 
by over heating due to R—F loss. A forced 
air cooling of the airtight ceramic insulators 
is adopted. 

The input power of the oscillator is less 
than 10 KW at the maximum operation. And 
the oscillator plate voltage is supplied with 
a forced air cooled 3 phase selenium rectifiers 
delivering 10,000 volts at 1 ampere. 


C. Dee chamber and vacuum system 

The dee chamber is made of non magnetic 
stainless steel of 1.2cm thick. The pole tips 
of the magnet take a role of a part of the 
chamber, and vacuum is held by ring gaskets 
between the pole pieces and the chamber. 
A half space of the chamber is occupied by 
a earth plate which is connected electrically 
to the outer cylinder of the resonator as shown 
in Fig. 6. The earth plate encloses the dee 
and its side faced to the edge forms a dummy 
dee. (See Fig. 8). 
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Fig. 8. 


The dee is formed by thin copper plates 
(1mm thick) with a simple frame. The cool- 
ing pipes are attached to only edges of the 
dee and dummy dee. 

An 8” oil diffusion pump is connected 
directry to this chamber. The pumping speed 
is about 1000 1/sec at 5x10-@ mmHg. Another 
diffusion pump of 6” is also connected at the 
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beam duct as shown in Fig. 9. Because the 
vacuum system has a sufficiently large capa- 
city in speed, it is possible to start the 
operation within an hour after switching on 
of the diffusion pumps, and about 20 minutes 
after repair of the ion source filament, for 
this procedure the air is let into the whole 
chamber. 

D. Jon source and feeler 

As illustrated in Fig. 8, the ion source is 
a standard type with a d.c. filament (1.5mm 
dia. hair pin type)”. 

A conventional low voltage arc discharge 
takes place in a 5mm outer dia., 2.2mm 
inner dia. and 16mm long tungsten-copper 
tube. 

Ions are extracted through a 4mm long cut 
open side of the tube. At the upper position 
of the tube there is a floating reflector which 
reflect electrons which otherwise strike the 
earth plate. This reflector is self-biased 
negatively by leakage resistance, and _in- 
creases the ionising efficiency by 2~3 times 
by reflecting electrons. 

A vertical feeler of tungsten wire is attached 
to the upper edge of the dee. It is 1.5mm 
dia. by 20mm long, deviates about 10mm 
from the center of the dee, and projects 5mm 
toward ion source from the dee edge. 

This position was empirically determined 
so that analysed beam current is maximum 
over the available accelerating particle energy. 

E. Deflector and exit slit 

At the exit radius, an electrostatic deflector 
which is 70° in angular extent is placed in 
clockwise. (See Fig. 5). 

The position is adjustable by a below. 
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experiments are performed. 


§3. Beam handling System 


A. Beam analyser 

The extracted beam from a cyclotron has, 
in general, an energy width of few percent. 
This width is too large to use the beam for 
nuclear research, and an energy selecting 
system should be added as a part of cyclotron. 

The geometrical arrangement of the system 
is shown in Fig. 9. The analysing magnet 
is a double focussing type”. 

The particles extracted through the exit slit 
are defiected 45° by the analysing magnet 
placed at a distance of 1.5m from the exit 
slit, and focussed at the center of the reaction 
chamber through a 5mmé¢ second slit which 
is placed at the entrance of the reaction 
chamber, ata distance of about 3m from the 
exit of the analysing magnet. 

It has been shown that the vertical focuss- 
ing is sufficiently well without any adjustment, 
so only the horizontal focussing was performed 
by small rotations of the analysing magnet 
about its center. 

According to the calculation, the dispersion 
of the analysing magnet is 20kev/cm. for 2 
Mev deuterons. Therefore through the second 
slit of 5mm@¢, 2 Mev deuterons having 10 kev 
in its energy width will be obtained at the 
center of the reaction chamber. 

The exciting current is controlled by the 
same way as that of the cyclotron magnet. 
The magnetic field is constant to 1 part in 
10,000. 

The hysteresis effect of the magnet was 
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Fig. 9. Layout of the cyclotron room, 
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200 gauss when it was excited from 0 to 9,000 
gauss, and decreased to 7,500 gauss, the 
normal field for 2Mev deuterons. It cor- 
responds to about 100kev in energy. When 
the exciting currents are used for the estima- 
tion of the beam energy it must be cared 
about the hysteresis effect. 


B. Reaction chamber 

The reaction chamber was designed as simple 
and functional as possible. 

The inner dia. of the chamber is 41cm and 
it enables to contain a nuclear camera for 
measuring angular distribution with nuclear 
plates. 

The windows at 0° and 90° are used to set 
scintillation counters which can be used for 
excitation measurements, or one of which as 
a monitor. When y-rays are measured, the 
chamber has a role as only a part of the beam 
duct. (See Fig. 10) Slit system is attached 
at the entrance window, and can be changed 
its dia. from 20mm to 3mm. 


Fig. 10. The reaction chamber and the apparatus 
for measuring angular distribution of ;-rays. 


The reaction chamber can be also used for 
electronic measurements of angular distribu- 
tions with a rotating cover on which scintilla- 
tion counters are set vertically. 


§4. The Performance 


On the way of the construction, many 
measurements for the ion source, the inner 
beam and the deflected beam, and many 
adjustments basing upon the data were per- 
formed. Some of these data may be different 
from the present performance, however almost 
of them are significant as a base of an 
estimation for the present ones. 


A. Tests of the ion source 


Before the initial testing of the cyclotron 
as a whole, the characteristics of the ion 
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source have been measured. 

At first, the most effective condition of 
discharge for deuteron is determined. The 
normal condition is at the arc voltage of 50~ 
100 volt and the gas flow of 0.7cc/min. The 
ratios of the compositions D:*, D+, and Ds* 
were roughly 50:40:10. 

It was found that for obtaining high efficien- 
cy for D:t, it is desirable to decrease the 
filament current as far as discharge is main- 
tained. 

For a-particles, the normal condition is 
determined so as to adjust the arc voltage 
higher than 200 V, and the gas flow of 1.8 
cc/min. 

Both a horizontal feeler and a vertical one 
were tested to compare the extraction efficien- 
cy, and the vertical feeler was adopted because 
of its rather higher efficiency. 

In the case of Dz ions in excess of 50mA 
are extracted from the ion source, at the 
normal condition. 

The beam intensity depends remarkably on 
the shape of the tip of the ion source, 
especially on its inner diameter, and the shape 
was empirically determined as mentioned in 
§3. D. Gee Fig. 8) 


B. Measurements of the inner beam 
Since the initial testing in June 1955, many 
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adjustments had been performed, and after 
a month, the intensity of the inner beam 
increased up to 150A of deuterons at the 
exit radius. To obtain the informations for 
the accelerating performance of the cyclotron, 
the measurements for the inner beam were 
performed from the various standpoints. 

Using an inner probe, the radial distributions 
of the beam intensity were measured for the 
different dee voltages, where the magnetic 
field was so adjusted that the intensity is 
maximum at r=15.5cm (See Fig. 11). 

The beam intensity at the exit radius in- 
creases with increasing the dee voltage, and 
the dee voltage higher than 10kV is necessary 
for ions to reach to the exit. 

Out of the radius of about 10cm, all the 
curves are almost constant showing that the 
magnetic focussing is sufficiently well. We 
observed also the radial distributions of the 
beam height using a piece of tungsten meshes, 
and found that the height is about 5mm and 
almost constant out of the radius of 5cm. It 
indicates that magnetic focussing effect is also 
sufficient out of the radius of 5cm. The 
effectiveness of magnetic focussing action at 
the small radius is attributed to the constant 
magnetic field gradient (0.1 percent per cen- 
timeter) from the centre along the radius. 
Thus, it may be considered that the smooth 
decrease of intensity in the region from r= 
5cm to 10cm is due to the phase shifts with 
respect to the electric voltage®”. 

According to the calculation of Cohen®, the 
smooth decrease of intensity as mentioned 
above should not be observed under such a 
sufficient magnetic focusing action, because 
of the sharp bunching during initial few ac- 
celerations. However, in our cyclotron, the 
conditions for the initial few accelerations 
may be different with that of Cohen’s calcula- 
tion. That is; on account of relatively small 
geometry with respect to the dee voltage (dee 
gap, 2cm, dee height, 1.6cm, distance be- 
tween ion source and Dee, about 1 cm, distance 
between ion source and feeler, about 1cm as 
shown in Fig. 8, and dee voltage about 20kV 
for 18,000 gauss) and of the effect of vertical 
feeler which forms weak field region between 
dee and itself along the ion path, ions get 
rather early into the field free region at the 
initial half rotation as illustrated in Fig. 12 
and a sharp bunching may not occur, As 
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will be seen by the following measurements, 
it is more plausible in our case to assume 
that ions have rather broad bunching in the 
initial few accelerations than to assume a 
sharp bunching. 

Measuring the beam intensity as a function 
of the frequency of dee voltage, one can 
obtain the resonance curves of the cyclotron 
acceleration, where the magnetic field strength 
is constant. Fig. 13 shows the curves meas- 
ured at v=11,15 and 16cm. The difference 
of the frequencies of the peaks is due to the 
magnetic field decreasing toward the outside. 
It should be noted that the curve have asym- 
metric forms. 


lon Source 


Fig. 12. Path of ion which is accelerated by the 
peak R.F. voltage, 20kV. at H=18,00° gauss. 
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of the magnetic field 17350G. 
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Fig. 13. The beam intensity as a function of the 


frequency of dee voltage at different radii. 


In Fig. 14, the radial distributions of the 
beam intensity adjusted to be maximum at 
the radius of 8, 11, and 16cm are shown 
respectively. In this case the decrease of ion 
current with increasing the radius from about 
y=5cm is also interpreted by the loss of ions 
due to positive and negative phase shifts of 
ions to R-F voltage. The radius Rres where 
the frequency of the particle rotation is equal 
to the applied frequency, can be determiend 
as the radius where the curve becomes fiat, 
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because the loss due to the positive phase 
shifts ceases at the radius. 

From Fig. 14, it can be seen that the radii, 
Rres, for curves I and II are those at r=12cm 
and r=7.5cm. The difference between the 
applied magnetic fields at r=12cm and 7.5 
cm is 0.75% as shown in Fig. 15 and this is 
consistent with the frequency difference be- 
tween the peaks of resonance curves for 7= 
11cm and rv=16cm in Fig. 13. 
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Fig. 14. The radial distributions of the beam 
intensity adjusted to be maximum at 7=8,11 
and 16cm with R-F voltage of 15kV. 
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Fig. 15. The radial distribution of the applied 
magnetic field. The cross points represent the 
magnetic fields at the resonant radii: Rres=7.5 
cm and Rres=12 cm. 
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Using Fig. 15, both the maximum phase 
shifts (positive and negative) are roughly 
estimated as about 80° for favorable ions for 
the adjustment at r=16cm and at the dee 
voltage of 15kV. 

The curves II and III in Fig. 14 have con- 
siderably long tails. This shows that ions 
have not any sharp bunching actually. 

We measured also the dependence of the 
beam intensity on vacuum. For H2* molecu- 
lar ions, the intensity decreases significantly 
with increasing the pressure, because of the 
dissociations of the molecules by the residual 
gases as shown in Fig. 16. 
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Fig. 16. The dependence of the beam intensity 
on vacuum. 


C. Performance of the deflector and the 

analysing system 

The ions extracted by the deflector amount 
to 30~50#A and its horizontal width is about 
2cm at the position of first slit. 

Through the first slit, the beam of few vA 
is obtained at the entrance of the analysing 
magnet and its horizontal width is about 6cm. 

At the first setting, only the one-third of 
the entrance aperture of the analysing magnet 
allowed to pass the ions. 

Moving the analysing magnet toward inside 
of the deflection, it has become possible that 
the ions can reach to the second slit passing 
through the almost whole aperture. 

Deuteron beam obtained at the center of 
the reaction chamber is about 0.34A, when 
the 5mmé#¢ slit is set at the entrance. 

For determining the absolute energies cor- 
responding to the current of the analysing 
magnet, a resonance of F (pp’y) at Ey= 
935 kev (resonance width 8 kev) was observed 
using H:* ions. 

The result is shown in Fig. 17 where a thin 
LiF target of few kev thick was used and the 
slit was 4mm wide. 
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From the half width of the resonance peak, 
it can be estimated that the energy width of 
the beam is less than 14kev for 935 kev 
protons. 

This value is slightly large with compared 
to the calculation, and the small deviation is 


believed in the aberration of the analysing 
magnet. 
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Fig. 18. Variation of the dee voltage and the beam 
intensity with the beam energy. 


D. Variation of energy 

At the early measurements, it has been 
shown that the inner beam intensity does not 
change significantly with variations of the 
beam energy, as shown in Fig. 18, and that 
the intensity of analysed beam does change 
since, for extracting the particles in good 
direction toward the analysing magnet, the 
path of the acceleration in cyclotron should 
be concerned. 


For example, when the cyclotron is only 
adjusted at the higher energy so as to obtain 
a maximum intensity at the reaction chamber, 
the beam intensity of lower energy (1.3~1.4 
Mev) decreases by one tenth of that of the 
higher. 

Since the magnetic field distribution is not 
strictly constant, it is impossible to maintain 
the accelerating path always constant even if 
the Dee voltage is adjusted to be proportional 
to the acceleration energy. 

It seems to us that the dee voltage higher 
than that proportional to EF favours the ac- 
celeration at lower energy. 

Readjustments of the direction of deflector, 
the position of ion source, and the relative 
position of ion source and feeler, become 
necessary as the accelerating path in cyclotron 
varies. 

Present condition is adjusted at the higher 
part of the energy region and it makes pos- 
sible to obtain the deuterons of 1.5~2 Mev 
or a@-particles of 3~4Mev without any re- 
adjustment within a minute. 
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The irreducible clusters appearing in the cluster expansion theory of 
fluids are classified according to the number of the branch points, to 
which three or more bonds are connected. All the terms arising from 
the irreducible clusters with two and only two branch points are sum- 
med up and the contribution of these terms to the free energy is obtained 
exactly in a simple closed form. This enables us to improve the results 
of calculation of the thermodynamic functions based on Montroll and 
Mayer’s method, in which only clusters without branch point are taken 
into consideration. This kind of summation procedure seems to be 
necessary to avoid the divergence difficulty in the case of Coulomb 
interaction between particles in quantum mechanical systems as well as 


in classical systems. 


§1. Introduction 


Several attempts have been presented to 
deal with large clusters in the cluster expan- 
sion of the formulae for the free energy 
and the radial distribution function of dense 
gas and liquids. Montroll and Mayer” have 
proposed the ring approximation in which 
only the ring type of irreducible clusters is 
taken into account. Rushbrooke and Scoins” 
presented the netted chain approximation for 
the radial distribution function and Hiroike® 
applied it to the evaluation of the free energy. 
The nature of these approximations seems to 
be somewhat obscure, though the ring ap- 
proximation is derived from an alternative 
view-point® which is physically more intuitive. 
Moreover summation procedure over infinite 
terms seems to be necessary to avoid diver- 
gence difficulty in a certain kind of problems 
of physical interest. For instance, for a 
system of particles with Coulomb forces, the 
usual cluster integrals are known to diverge 
to infinity owing to the long-range character 
of the interaction, except when the infinite 
terms of the clusters of ring type are all 
summed up. The situation is similar also in 
the case of quantum theory. 

On the other hand, the calculation of the 
free energy without recourse to the cluster 
expansion has been discussed by different 
authors® with the aid of the collective coordi- 
nate description. In particular, Yukhnovsky” 
has investigated the special type of interac- 
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tions between elementary excitations and ob- 
tained the expressions which can be applied 
to the system with weak interaction. AIl- 
though this method provides a systematic 
way of calculating the free energy, the ap- 
plication to the singular potential such as the 
hard-sphere one is impossible since the ex- 
istence of the Fourier component of potential 
is required in this method. 

The purpose of this paper is to obtain an 
expression applicable to the singular potential 
and analogous to Yukhnovsky’s one, from the 
standpoint of cluster expansion theory. In §2 
the irreducible cluster integrals are classified 
according to the number of junctions, where 
junctions are defined to be the points to which 
three or more bonds are connected. The 
summation over 0-junction clusters (simple 
rings) has been performed by Montroll and 
Mayer. It will be shown that the contri- 
butions of 2-junction clusters can be summed 
up into a closed form by means of the theory 
of Fourier transforms. The 2-junction cluster 
has the form of watermelon and therefore 
our approximation will be called watermelon 
approximation. In §3 some discussions con- 
cerning the correlation energy of an electron 
gas will be given. 


§2. Watermelon Approximation 


Let us consider a uniform fluid of N identi- 
cal particles in the volume V and at the 
temperature 7, The potential energy is as- 
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sumed to be the sum of potentials (7) due 
to pairs of particles. 

The Helmholtz free energy A of the system 
is expanded in the virial series as® 
A h? Se ee ae | 

==] 
NkT eer a ciel 
where p=WN/V is the number density and Bn 
is the irreducible integral defined by 


ene Oe 
b= 7 \\ 


Bno” (1) 


x [dds >+dXn+1 SS li Sig . (Z ) 
N+l>t>jel 
All products which are more 
than singly connected. 
Here fi; is given by 
Fis= exp [—G(7i5)/RT]—-1. (3) 


It is convenient here to express each term 
in the sum of integrand of (2) by a graph 
consisting of the numbered points, 1, 2,---, 
n+1, and of bonds connecting points 7 and J, 
representing the factor fi; in the summand. 
Then the graphs drawn in this way will have 
the junctions, the points to which three or 
more bonds are connected. For example, in 
Fig. 1 the points 3, 4 and 6 are junctions. 

| 


4 
Je reas. Tes 


Then it is obvious that the various graphs 
contributing to Bx can be classified according 
to the number of junctions and Px may be 
written as 

Bn=Bn© + Bn©+ a + Bn ’ ( 4 ) 
where 8, means the contribution of 0-junc- 
tion clusters, Bn“ that of 2-junction clusters, 
etc., (the l-junction cluster does not appear 
in the irreducible integral). If one retains 
only the first term in Eq. (4), one is led to 
Montroll and Mayer’s approximation, i.e., the 
ring approximation corresponds to Q-junction 
approximation. If one further takes Bn, one 
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VE! ki rikn 


Note on the Cluster Expansion Theory of Classical Fluids 11 


is led to 2-junction approximation. This 2- 
junction cluster has the form represented in 
Fig. 2 which resembles the shape of a water- 
melon, and therefore we will call 2-junction 
approximation-watermelon approximation. It 
will be shown below that the cluster expansion 
for the free energy, Eq. (1), can be written 
in a closed form even if we consider 2-junc- 
tion clusters besides 0-junction clusters. 


Biooe2. 


Bigeess 


Let us consider ~, for a given ” (>3) 
and assume that there are m lines between 
two junctions. We assume further that 1, m2, 
-+*, Mm particles lie on these lines respectively 
(see Fig. 3). Since only one of m’s can be 
zero, the largest number of m is n, corre- 
sponding to the case where there are n—1 
lines with only one particle and one line with- 
out particle. Furthermore it is evident that 
m>3, since the case m=2 is not allowed for 
the 2-junction clusters. Therefore we havea 
relation 

nm >3. C5) 

We observe here the integral characterized 

by the set of numbers (m1, m2, +++, Mm): 


I(m, M2, +++, Mm) 


1 (n;) 
al Fis AX1dX2*++dXn+1 , (6) 


V 
(v4) 
where II fi; represents the product of /ij’s 
corresponding to Fig. 3. In order to calculate 
this, it is convenient to introduce the Fourier 
transform of fi; defined by 


fuze Es Fee? | (7) 


If we substitute this into Eq. (6) (we set the 
coordinates of junctions to be x: and xz) and 
integrate over the coordinates of particles on 
the connecting lines, we have 


[Fond etki: (%1-%2) Fn2+1( feo) etka (%1-*2) pi ete 


x Ftm* 1m) etm 1-*») dards . 


(8) 
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If we further integrate over x: and x2, we have 


LS Fe (ey) Fea ( hg) ++ Pt hy Ba++ ena) Se) |) 


= ie ye 
a Byte ln a1 


dh 


Therefore [(71, #2, °-*, %m) iS written as 
I(M1, M2, +++, Mn) = [nen * Un (X) AX , (10) 
where t¢n(x) is defined by 
inlel=a Eee, (1) 


We shall proceed to calculate the number of different ways in which the clusters character- 
ized by the set (71, #2, ---, Mm) are constructed from the particles 1,2,---,#2+1. If we denote 
this by C(m, m2, +--+, Mm), Bn is evaluated by summing the product CI over possible set of 
mis and deviding by m!. 

We may calculate C(m1, 22, +--+, %m) in the following manner. First we select two particles 
n+1 
Zo 
are selected out of m—1 particles and arranged on the line; the number of ways is 


as the junctions out of m+1 particles; the number of ways is ( i Secondly m1 particles 


(7 Yt . Thirdly m. particles are selected out of m—mi—1 particles and arranged on the 
1 


n—1—n, 


m 
line; the number of ways is ( a! , and so on. Using the equation >} m:=nu—1, we 


Ne t=1 


may write the product of these numbers as 


baie \(ea ) (dat) ‘a Gaara wae ) mina! ++ tim! =(N+)!/2 « 
2, Ny Ne Nm-1 


In calculating C we must note that if there are lines with the same number of particles, the 
interchange of these lines never leads to different clusters and therefore if we denote the 
number of lines with one particle by &:, that with two particles by &, etc., we have 


(nsel)t ei 


Cin, Nz, * *, Im)= 2 EST Seeee” 


(12) 


From Eqs. (10) and (12), we obtain the expression for the contribution of the clusters with a 
given value of m to the irreducible integral 8, in the following form: 


m 


all | 1 1 m—1 4 
avceniy Tei ey oy 
mm =o en met \eh ee) em ae Tet \ Ly Mo Fo) dx |, (13a) 
nel nel 
where each term in the second sum stands for the contribution of a graph with single line 
on which no point lies. Furthermore (m1, 22, ---+,%m) means the summation over the set of 


these m:’s. This summation is, however, easily transformed into multiple summations over 
mi’s as follows, 


Wat il} 
Bay a at | a 
ste eas rics UT ttn (x) dxe+ Peer tic hone I un,(x) f(x) dx |. (13b) 
m2) ni 2! 
For the number of ways in which the set (71, M2, +++, Mm) appears in the first sum of Eq. 


(13b) is m!/IT &:! and therefore this is equal to the first sum of Eq. (13a). 


The situation is 
the same of the second sum. ; 


i 
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Let us now consider the free ener isi 
Sy arising from the clusters of watermelon type 
define (—A’/NkT)w as dirs 


See Digg 
( NkT 1 rel ae (14) 


Then we obtain, from Eq. (13b), 


Soe re 1 . 1 
(wer )w- 2 Bla ZB efemooar ot» _,0" | tad) 29 de] 
Mes Ln =n-1 Sagan 


If we use the relation nm=1+ >) m and carry out the summations over ni’s, we have 
au 


s A’ oe 0 ) h(x) i) ° h(x) = 
( NET in 2 je ea a: \ 3. Fie age ate Cc) 
where f(x) is given by 
h(x)= >, OU x) . (16) 
If we perform the summation over m, we have 
com 0 VALE) ag ae pe) h?(x) 0 AE) ee 
( a ) = ; {fe 1—h(x)— } d+ ; {fe 1— nx} F(x) dx, (17) 
and, from Eqs. (11) and (16), it follows that 
h)=s > [ol %(k)+ p2F3(k) 4 .. -| eikex 
2 
a 1 _ oF XK) eik-x : (18) 


~V * 1—0F(k) 


On the other hand, the free energy term arising from 0-junction clusters has been calcu- 
lated by Montroll and Mayer” and takes the form: 


i 


DAE te eee serps eet ee 0° Fk) 
( Ne) py Gye | pF (k)}-+ oF (hk) + 15 


In this way the summation over 2-junction 
clusters together with 0-junction clusters has 
been reduced to a simple quadrature. By 
means of Eqs. (1), (17), (18) and (19) the free 
energy under the ring and watermelon ap- 
proximations is evaluated. It should be noted 
here that the first term of Eq. (17) has a form 
similar to that obtained by Yukhnovsky”. 
The essential difference is, however, that his 
expression cannot be applied to the singular 
potentials while ours can be applied to such 
cases. 


§ 3. Discussions 

In this paper it is shown that the sum- 
mation over 2-junction clusters is reduced to 
a single integral in the coordinate space. In 


(19) 


general the summation over m-junction clusters 
may be reduced to (w—1)-fold integral after 
the integration over the coordinates of parti- 
cles on the lines connecting various junctions. 
This suggests that the cluster expansion may 
be summed up in a series of which each term 
represents the contribution of clusters charac- 
terized by the number of junctions. In fact 
the theory of classical fluids along this line 
will be developed by Morita” in his forth- 
coming papers. 

An interesting problem which can be treated 
by the present method is an evaluation of the 
free energy of the system with Coulomb 
forces. In this case the function h(x) defined 
by Eq. (18) is the screened potential such as 
Aexp(—«yr)/r. If one retains here only the 
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clusters with m=3 as shown in Fig. 4, the 
free energy term contains an integral: 

o(? 1 A®exp(—3«r) 

Di 0 3! 7 
if the term m=3 is retained in Eq. (15). 
This integral is of logarithmic divergence at 
r=0. However if one sums the terms with 
m>3, the result is no longer divergent as is 
seen in Eq. (17). 


TAUr. (20) 


Fig. 4. 


The same situation may exist in quantum 
theory, since at high temperatures the quan- 
tum statistics reduces to classical one. In 
fact Montroll and Ward» have shown that 
the correlation energy of an electron gas!” 
can be obtained by summing the graphs which 
are of ring type (by replacing the particles 
in classical theory by torons). The corre- 
sponding summation in turn leads to the 
Debye-Hiickel equation in classical theory. 
Therefore it may follow that the summation 
of the clusters shown in Fig. 4 will lead to 
the divergence in quantum theory as well as 


_ 2) G.S. Rushbrooke and H. I. Scoins: 


(Vol. 14, 


in classical one. However this difficulty will | 
be avoided if the clusters m=>3 are summed 
up. It seems that the summation of this type 
will be important if one wishes to improve 
on the approximation employed in calculating 
the correlation energy of an electron gas at 
high densities. 


In conclusion the author wishes to express 
his sincere thanks to Prof. H. Ichimura and 
Mr. K. Hiroike for helpful discussions and 
also to Mr. T. Morita for giving him a num- 
ber of kind suggestions and informing the 
result about the generalization of the present 
method before publication. 


References 


1) E. W. Montroll and J. E. Mayer: 
Phys. 9 (1941) 626. 


J. Chem: 


Proc. 
Roy. Soc. A216 (1953) 203. 


3) K. Hiroike: J. Phys. Soc. Japan 13 (1958) 
1497. 

4) H.S. Green: Proc. Roy. Soc. A189 (1947) 
103. 

5) E. W. Montroll and J.C. Ward: Phys. Fluids 
1 (1958) 55. 

6) D. Zubarev: Dok. Akad. Sci. U.S.S.R. 95 
(1954) 757. 
J. K. Percus and G. J. Yevick: Phys. Rev. 


110 (1958) 1. 
7) J. Yukhnovsky: 
(1958) 379. 
8) J. E. Mayer and M. G. Mayer: “Statistical 
Mechanics ” (Wiley, New York, 1940) p. 291. 
9) T. Morita: to be published. 
10) M. Gell-Mann and K. A. Brueckner: 
Rev. 106 (1957) 364. 


J. Exp. Theor. Phys. 34 


Phys. 


JouRNAL oF THE PuysicaL SocieTy or JAPAN Vol. 14, No. 1, JANUARY, 1959 


High Electric Field Effects in Germanium p—n Junction 


By Jiro YAMAGUCHI and Yoshihiro HAMAKAWA 
Faculty of Engineering, Osaka University, Osaka 
(Received November 25, 1957) 


When the squarewave pulses of 5~160 ns duration with the repetition 
rate of 1,000 pulses per sec. are impressed across the germanium p-n 
junction of grown type in the reverse direction, the critical voltage of 
the avalanche beginning rises up with the temperature of the specimen. 

On the other hand, the onset voltage of negative resistance decreases 
with the increasing ambient temperature of specimens and duration of 
pulse impressed across the p— junction. Furthermore, even if the 
ambient temperature of specimens is widely changed, the barrier tempera- 
ture, which is estimated from the saturation current in reverse direction, 
is almost constant. Therefore, the temperature rise in barrier layer is 
also necessary for the onset of negative resistance, though the avalanche 


ionization is essential. 


At the negative resistance region, the property of jumping or oscilla- 


tion occurs. 


Which of the two prevails, depends on the circuit resis- 
tance and other experimental conditions. 


These properties seems to have 


relation with the barrier temperature. 


Introduction 


§1. 

When a pulse voltage is applied to the 
germanium p—z junction in reverse direction, 
the volt-ampere characteristics of the junc- 
tion may be divided into the following 
regions, i.e., saturation current, excess cur- 
rent, avalanche, negative resistance and 
ohmic property. They appear successively 
with the increasing voltage of pulse source. 
These regions are shown as OA, AB, BC, 
CDE in Fig. 1 and FG in Fig. 9. 


V).reverse voltage: 22 
ae eee 


ile 
rection. 


Fig. Volt-ampere characteristic of reverse di- 

On the problem of the high electric field 
effects in germanium p—m junction, many ex- 
perimental and theoretical studies have been 
made in recent years. McKay” has discussed 
the avalanche process in silicon step junction 
and Miller. has reported that the charge 
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multiplication takes place in the step junction 
of germanium at prebreakdown voltage. The 
negative resistance properties have been ex- 
perimentally studied for point contact 
diodes*-» and the critical temperature of 
pulse breakdown, which has been measured 
at different ambient temperatures of speci- 
mens and calculated by postulating a simple 
model with considerations of the power dis- 
sipation at the contact, is estimated at the 
barrier to (95~147)°C” or 90°C». At the 
same time the jumping or oscillation charac- 
teristics have been shown also with germa- 
nium point contact diodes. Recently, the ex- 
perimental results of negative resistance 
property have been shown in grown or alloy- 
ed junctions of germanium® and silicon’ ®. 
Gunn has theoretically demonstrated the 
negative resistance property by the concept 
of avalanche injection and obtained the rela- 
tion of Vac«Jj-/?, where Va and J are the 
voltage across the avalanche and current den 
sity, respectively. However, their experi- 
mental results show that the above relation 
can not be observed, but only a sudden de- 
crease of voltage as the current is increased. 

In this. report, we discuss the relative dis- 
tinction between the avalanche multiplication 
and the onset of negative resistance and that 
between jumping and oscillation property in 
the negative resistance region, taking into 
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consideration the open-circuit voltage of the 
p—n junction and the barrier temperature, 
which is estimated from the saturation cur- 
rent of the junction as described below. 

The applied voltage used in this investiga- 
tion is the squarewave pulses, which enables 
the electric behavior of junction to be clear. 
The p—n junction in this study is of the 
base and collector of »—p—mn grown type 
transistors, which are made in our country 
and hermetically sealed in capsules. The 
resistivities of p-region and m-regions are 0.1 
and 12cm respectively, therefore the im- 
purity concentrations are estimated to be 2.4 
x 1016 and 2.0x10!*cm-%, The distribution of 
net impurity concentration in the junction is 
of linear gradient. 


§ 2. Experimental Procedures 


Fig. 2 shows the electric circuit for mea- 
suring the property of p—m junction. Asa 
power source we used squarewave pulses 
having a duration of 5~160 us with the re- 
petition rate of 1,000 pulses per sec.. C.R.O-1 
and 2 are respectively used for showing the 
volt-ampere characteristic as in Fig. 1, the 
wave form of the voltage and that of the 
current in the junction. 


Fig. 2. Connection diagram for measurement, 


Fig. 3 (a), shows the characteristic of the 
saturation current at different temperatures 
of the specimen, expressing that the current 
is nearly constant for a wide range of appli- 
ed voltage as well known and Fig. 3(b) in- 
dicates a plot of saturation current (és) 
measured at 20V versus ambient tempera- 
ture of (—23~87)°C of the specimen. By 
this relation, we can estimate the barrier 
temperature. The relation of these two 
quantities can be expressed by 
0.62 ~) 
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where k, T and iz are Boltzmann’s constant, 
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Fig. 3 (a). 
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Fig. 3 (b). Relation between saturation current 


and temperature of specimen. 


absolute temperature and a certain constant 
respectively. 


§ 3. Experimental Results and Discussions 


(a) Avalanche multiplication 

When the applied voltage is raised over the 
value represented at the point B in Fig. 1, 
the di/dv increases rapidly with the voltage. 
From the experimental results, the critical 
voltage of the current increase, i.e., the 
voltage indicated at the point B does not 
depend on the duration of pulses (5~160)ys, 
but grows with the ambient temperature of 
specimen as shown in Fig. 4. The relative 
temperature coefficient of critical voltage at 
room temperature can be obtained from Fig. 
4 and is estimated to be 8x 10-4 (°C-1), which 
is of the same order as the temperature 
coefficient for multiplication characteristics of 
silicon step junction». Furthermore, appro- 
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ximate calculations show that, as the width 
constant of the specimens used is 8.6x 10-5 
cm”, the maximum field intensity in the 
junction at the critical voltage is 265kVcm-}. 
Miller reported that the maximum field in 
the junction at the prebreakdown is 237kV 
cm7* for germanium step junctions. Conse- 
quently, the critical voltage described above 
would correspond to the onset voltage of 
avalanche multiplication. 
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Fig. 4. Critical voltage of avalanche beginning 
versus ambient temperature. 
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Fig. 5. Onset voltage of negative resistance 
versus pulse duration at different ambient 
temperatures. 

(b) Onset of negative resistance 


When the impressed voltage is raised from 
the avalanche region and attains the value 
corresponding to the point C in Fig. 1, the 
current increases extremely rapid, di/dv be- 
comes infinite and the negative resistance 
property occurs. Fig. 5 shows the relation of 
the onset voltage of negative resistance ver- 
sus pulse duration, ambient temperature be- 
ing taken as a parameter. From this result, 
the onset voltage of negative resistance seem 
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to depend on the temperature of the junc- 
tion. 


(c) Barrier temperature 

The barrier temperature in the avalanche 
and breakdown regions is estimated by the 
relation of Fig. 3(b). 

When the squarewave pulses, their dura- 
tion being 10 us with the repetition rate of 
1,000 p/s, are applied to the specimen, the 
wave form of saturation current can be 
observed at the pulse interval by C.R.O-3 
in Fig. 6. We can observe from Fig. 6 (a) 


Vb 


pach 


(1) Negative resistance region (in which electrical 
jumping or oscillation occurs). 

(2) At the onset point of negative resistance. 

(3) Avalanche region. 

(4) Excess and saturation current region. 
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Negative resistance region at different duration of 
impressed pulses. 


Fig. 6. 
recticn. 


Wave forms of current in reverse di- 


that the saturation current of the reverse 
direction is comparatively small in the regions 
of saturation current and excess current but 
increases slightly in the avalanche region. 
When the junction operates at the negative 
resistance region, the saturation current rapid- 
ly increases and has simultaneously a decay 
component (é), on which we will discuss 
below. It is noticeable that the z component 
does not appear at the onset of negative re- 
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sistance region, i.e. the point C, but pre- 
dominates at DE in Fig. 1. 

From these experimental results, the tem- 
perature rise in the junction barrier, which 
can be estimated from 7s, is negligibly small 
in the saturation current region and large in 
the negative resistance region. 


Region — | ee hie 
Avalanche , Negative | Ohmic 
Ambient ionization | resistance property 
temperature | 
—70 —10~28 | 40*~ 52 | 52~ 70 
— 30 18~38 | 42*~ 58 | 58~ 80 
0 30~43 | 46*~ 65 | 65~ 90 
30 40~58 | 62*~ 87 | 87~ 95 
60 84~90 | 90*~100 | 100~110 


(Duration of pulses is 20 us, and numerical values 
marked with * are obtained at the onset of nega- 
tive resistance region.) 
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Fig. 7. Barrier temperature versus ambient tem- 
perature, the dots express ohmic property, the 
circles onset of negative resistance and the 
crosses onset of avalanche multiplication. 


Table I and Fig. 7 show the relation be- 
tween the barrier temperature at different 
operating regions and the ambient tempera- 
ture of specimen. From Fig. 7, it is conclud- 
ed that even if the ambient temperature of 
the specimen is (—70~20)°C, the barrier tem- 
perature at the onset point of negative resis- 
tance is approximately constant at (40~54)°C. 
It is remarkable that the onset of negative 
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resistance property in P—m junction neccesia- 
tes not only the avalanche ionization but the 
temperature rise in the barrier. On the 
other hand, the barrier temperature at the 
critical voltage of avalanche multiplication 
increases with the ambient temperature. 

As shown in Fig. 6(a) and (b) the decay 
component (i-) of the saturation current does 
not appear in the saturation and avalanche 
regions, but appears in the negative resistan- 
ce region of jumping or oscillation and 
grows with the increasing pulse duration. 

Microplasmas have been observed at the 
breakdown in silicon p—mz junction», hence, 
if similar phenomenon is applied to our 
case of germanium p—m junction, it may be 
suggested that in the negative resistance re- 
gion the barrier is electrically punched 
through in some spots by the pulse voltage, 
microplasmas may arise and i. may be the 
current through hot patches in junction 
which would be caused by plasmas. Just 
after the pulse termination, the junction re- 
covers with the time constant of several ys, 
which corresponds to the decay time of 2. 
On the contrary, the barrier still exists in 
the avalanche region, because z. could not be 
observed. 

(d) Negative resistance and ohmic property 

When the voltage of pulse source is raised 
still more, the volt-ampere characteristic in- 
dicated at the point D in Fig. 1 jumps to 
that of the point E, or the electrical oscilla- 
tion occurs at the frequency of 200 kc~1Mc 
between the point D and E. The wave 
forms of voltage and current are shown in 


Fig. 8. It is significant that the line CDE in 
Fig. 1 is considered to be the resistance line 
of the external circuit. As the pulse voltage 
of electric source is further raised, the volt- 
ampere relation is expressed as a straight 
line as shown in Fig. 9. In this range the 
p--n junction has merely the ohmic property. 
As explained above, the characteristic of 
p—n junction may be in brief expressed as 
the lines OC and EF in Fig. 10, which cor- 
respond to the property before and after the 
breakdown. Hence, when the voltage of 
pulse source and the resistance line of ex- 
ternal circuit are assumed to be OG and GH, 
the operating point of the junction will be 
given at the point C or E. Therefore, it is 
expected that whether the electric jumping 
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Fig. 8. 


Fig. 9. Volt-ampere characteristic at ohmic re- 
gion. (Taken with half-wave rectified voltage 
of singie phase 60 c/s instead of pulse source in 
Fig. 2). 


or oscillation prevails in negative resistance 
region, depends on the difference of the bar- 
rier temperature at the point E and that of 
C. Namely, the electrical oscillation occurs 
when the barrier temperature at the point C 
is higher than the one at E and the electrical 
jumping occurs in the opposite case. 

This argument is ascertained by the ex- 
periment, in which several resistances are 
inserted in the external circuit and the 
operating point of p—m junction is changed 
in the volt-ampere characteristic as shown in 


(b) Oscillating property 


Wave forms of voltage and current in negative resistance region. 
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Vp ( arbitrary scale ) 


a5 {a}o9s AADAWGQID) O 


Fig. 10. Simplified characteristics of p-m junction, 
before and after the breakdown. 


the points (C, E) or (C’, E’) of Fig. 10. The 
experimental results are indicated in Fig. 11. 
In this figure, the hyperbolas express the 
equi-power line, and (Di, E1)(D2z, E:)(Ds, Es) 
(Di, Es) and Ds represent respectively the 
operating point of —m junction with the ex- 
ternal resistances shown in Table II. The 
five D,’ and the four E;’ correspond to D and 
E in Fig. 1 in their property. Hence we can 
observed that the p—m” junction operates in 
the jumping, oscillation or avalanche region 
with the change of external resistance, In 


20 J. YAMAGUCHI and Y. HAMAKAWA 


the above discussion, the points C and D 
in the volt-ampere characteristic are consider- 
ed to be in the same position, because the 
region of CD is short in Fig. 1 and the tem- 
perature dependence of the bulk resistance of 
specimen is not taken into consideration. 
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Fig. 11. Volt-ampere characteristics in negative 
resistance region. 


Table II. Explanation of Fig. 11. 
Externally ds 
inserted re- SS gaa Electrical property 
sistance (£Q) Pp 
4 D,, Fy jumping 
Boundary of jumping 
about 4.5 | Ds, Hy and oscillation 
7~8 D3, 3 oscillation 
% * Boundary of oscillation 
about 8.5 | Ds, Hs and avalanche 
9 Ds | Avalanche ionization 


Fig. 12 shows the domains of avalanche, 
oscillation and jumping property at different 
external resistances and pulse durations. 

Gunn has suggested from the concept of 
avalanche injection that the relation of VaJ!?~ 
constant holds in the negative resistance 
region, but V.J is constant in the equi-power 
dissipation. Hence it would be impossible to 
observe stably the negative resistance region 
on the volt-ampere characteristic. Moreover, 
Rose has discussed the fluctuating frequency 
in the negative resistance region and his con- 
clusion is that the oscillation of current is 
explained by statistical problems of chance 
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fluctuation of microplasmas. 

In our standpoint of view, the oscillation 
frequency would depend on 

i. The time required from the onset of 
negative resistance to the growth of micro- 
plasmas. 

ii. The time of extinguish of the current 
through punched spots in junction. 

iii. The time required from the state of 
avalanche ionization, which is partly deter- 
mined by the voltage of electric source and 
external resistance, to the onset of negative 
resistance. 


iS) 


(k& ) 


avalanche ionizatio 


co) 


6 oscillation 
Oo 0—0-—0-——o9—_5 
4 
jumping 


externally inserted resistance 


fe) 40 
duration of pulse 


80 120 160 


(Us) 


Fig. 12. Domains of negative resistance and ava- 
lanche region. 


(e) Open-circuit voltage 

The wave forms of the terminal voltage 
across the p—mz junction, which are observed 
in C.R.O-1 of Fig. 1, are shown in Fig. 13. 
The pulse duration in this case is 20us. As 
shown in Fig. 13 (a) and (b) the terminal 
voltage in the saturation current and avalan- 
che regions has the decay component with 
the time constant of about 20 us at the inter- 
ception of pulses. As is well known, the 
decay component is caused by the diffusion 
of stored charge carriers in the p—mn junc- 
tion. On the other hand, in the negative re- 
sistance region, the decay component can not 
be observed as shown in Fig. 13 (c). There- 
fore in the former, the barrier still exsists, 
but in the latter, the barrier is extinguished 
and the —m junction becomes only a resis- 
tance. Besides, v1 in Fig. 13 (b) is the 
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(a) 
Saturation and excess current region. 


(b) 


Avalanche region. 


(c) 


Negative resistance region. 


Fig. 13. Wave forms of open-circuit voltage. 


voltage drop in the bulk resistance of the 
specimen. 


§ 4. Conclusion 
In the avalanche region, the critical voltage 


of avalanche beginning rises with the ambi- 
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ent temperature of specimen which is some- 
what lower than the barrier temperature. 

In the onset of negative resistance region, 
the barrier temperature is (40~54)°C at the 
ambient temperature of (—70~20)°C, i.e., the 
former is nearly constant while the latter 
changes widely. 

In the negative resistance region, the 
characteristic of the —m junction shows the 
electrical jumping or oscillation. Which of 
the two prevails, is caused by the tempera- 
ture rise in the barrier and can be controlled 
by the resistance inserted in the external 
circuit. 
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Interaction of Conduction Electrons with Acoustic Phonons 
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The interaction of conduction electrons with acoustic phonons is studied 
from the general point of view. Parmenter’s theory of acousto-electric 
effect in the high frequency range is criticized for several reasons. It 
is shown that Weinreich’s relation between acousto-electric effect and the 
absorption coefficient of acoustic waves holds only in the high frequency 
range, and the limitation to its application is also discussed. New mag- 
neto-acoustic resonance suggested by the present author is examined 


qualitatively. 


§1. Introduction 


As is well-known”, there are three different 
types of the interaction of conduction elec- 
trons with acoustic waves corresponding to 
three frequency ranges of waves: 

(1) the low frequency range (wr <1, q/<cl), 

(2) the intermediate frequency range (wt 
el ndiae =) anid 

(3) the high frequency range (wr >1, ql 
a1), 

Here » and gq are the angular frequency and 
the wave number of acoustic waves, t and / 
are the relaxation time and the mean free 
path of conduction electrons. The presence 
of the intermediate frequency range results 
from the difference between the average velo- 
city (or Fermi velocity) of conduction elec- 


trons vo and the sound velocity s. From the 
relations w=sq and /=tvo, we get 
or=(*\al (1.1) 
Vo 


Then if s/vo<c1, the intermediate frequency 
range occurs. 

In the low frequency range we may treat 
acoustic waves classically as potential waves 
for conduction electrons. On the other hand, 
in the high frequency range we treat them 
as an acoustic phonon beam which scatters 
conduction electrons. There are two approa- 
ches in treating acoustic waves in the inter- 

mediate frequency range. One is the approach 
from the low frequency range as treated in 
Pippard’s theories of the absorption of acoustic 
waves» and of magneto-acoustic resonance”). 
The other is the approach from the high fre- 
quency range as in Paranjape’s®) and Kittel’s” 
theories of the absorption of waves. There 
are three phenomena relating to the interaction 


of conduction electrons with acoustic waves: 

(1) acousto-electric effect, 

(2) the absorption of acoustic waves and 

(3) magneto-acoustic resonance. 

In this paper we restrict ourselves to discuss 
only the phenomena in the high (and the inter- 
mediate) frequency range and to treat the 
interaction of conduction electrons with acous- 
tic phonon beam (longitudinal waves). First 
we examine the critical frequencies between 
three frequency ranges at liquid helium tem- 
perature, taking Cu as an example for metals 
and m-Ge for semiconductors. The results are 
listed in Table I. 


Table I. The critical frequency between three 
frequency ranges. 

Cu n-Ge 
t (sec) 10-10% 10-10 
l (cm) 1.6x10-2 4x 10-4** 
Vv (cm/sec) 1.6 x 108 4x 106 
s (cm/sec) 4.5x105 5 x 10° 
w1 (rad/sec)*** 2.8x107 | 1.3x109 
v1 (cyc/sec) 4.5x108 2.1x108 
we (rad/sec)**** 1010 1910 
vg (cyc/sec) 1.6109 1.6109 


* 
oR 


We take the specimen of the highest purity. 
Vo=(8«T/nm*)1/2, m*/m=0.1, where m* is the 
effective mass of conduction electrons. 

01 =(1/c)(s/v9) and V1= 01/20 

w9=1/c and vo=2/2r 


see 
HOKE 


Since the maximum available frequency of 
acoustic waves at the present time may be 
y~5 x 10% cyc/sec, it is difficult to realize the 
condition for the high frequency range. How- 
ever, it may be possible in future, to realize 
such conditions by developments in techniques 
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of producing high frequency acoustic waves 
together with that of purification of materials 
which reduces the critical frequency ». As 
mentioned above, the approach of treating 
acoustic waves as phonon beams is approxi- 
mately applicable to the intermediate frequency 
range, so that the theoretical results presented 
in §2 and §3 can be applied to Cu for »y > 4.5 
Mc/sec and to 2-Ge for v > 210 Mc/sec. 

In §2 we calculate acousto-electric effect by 
the low temperature approximation according 
to Van Den Beukel’s method® who has used 
the high temperature approximation inad- 
equate for the physical situations. In this 
connection Parmenter’s theory® of electron- 
trapping by acoustic waves is criticized. In 
§ 3 the absorption coefficient of acoustic waves 
by conduction electrons is calculated for metals 
and semiconductors. For metals Paranjape 
and Kittle have already calculated the coeffici- 
ent which agreed very well with experiments”. 
Weinreich’s relation® between the acousto- 
electric effect and the absorption coefficient 
is satisfied in our case, too. A limit of ap- 
plicability of his relation is also discussed. In 
the last section § 4, new magneto-acoustic reso- 
nance phenomenon in the high frequency range 
is discussed in detail, which has been sug- 
gested by the present author in the previous 
paper». 

§2. Acousto-Electric Effect in the High Fre- 
quency Range 


We assume acoustic waves travelling in x- 
direction. Conduction electrons are scattered 
on the average to x-direction by acoustic pho- 
nons which constitute acoustic waves. On the 
other hand, thermal phonons or impurities 
scatter on the average conduction electrons to 
the opposite direction. Then the stationary 
current flows along x-direction. Under the 
open circuit condition, the stationary current 
is cancelled by the electromotive force which 
is called acousto-electromotive force. In gen- 
eral, we call this phenomena acousto-electric 
effect. Now we shall calculate the order of 
magnitude of acousto-electric effect at liquid 
helium temperature. 

For simplicity we take the following four 
assumptions». 

(1) Free electron model. 
an electron is given by 


The energy of 
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Y2p2 
ERD=— 
(k) er 


(2.1) 
where k is the wave number vector of a con- 
duction electron and m* is its effective mass. 

(Il) The presence of the relaxation time ct. 
The distribution function of conduction elec- 
trons is expressed as 


F(k)= folk) 22D ve 


Here /fo(k) is Fermi function. The change of 
the distribution function per unit time due to 
thermal phonons or impurities is written as 
follows: 


CTO. Fe ORB: (2.2) 


st 


Ly pa cs ir 
( Ot ) @ Bp KeC(E) . (2.3) 
We assume for simplicity 
ees (2.4) 
v 


where Q is the numerical factor depending on 
the scattering processes of conduction elec- 
trons. In the case of the scattering by ther- 
mal phonons at low temperatures, the expres- 
sion (2.3) is not valid. But for the other scat- 
tering processes the assumption (2.3) may be 
valid in general. The values of @ are as 
follows: 
For metals, 

(a) a=—3/2 for T >@ and 

(b) a=1/2 for T<O (impurity scatter- 
ing), 
where @ is Debye temperature. 
For semiconductors, 


(a) a=1/2 for lattice scattering, 

(b) a@=—3/2 for ionized impurity scattering 
and 

(c) a=0 for neutral impurity scatter- 
ing. 

(Il) The expansion of the distribution func- 
tion. We shall expand the distribution func- 
tion as 


fh), 


Ske = fh ak, (2.5) 


To make this assumption, it is necessary to 
compare k) with g. If we take as y=5x108 
cyc/sec, g=7xX10%cm-! for Cu or g=6.5*x 108 
cm-! for n-Ge. On the other hand kk=m*uo/h 
=1,4x10®&cm-! for Cu or ko=3.5 x 10° cm for 
n-Ge. Then we can assume |k|>|qg| and (2.5) 
for metals and semiconductors at liquid helium 
temperature. 

(IV) The occupation number of acoustic 
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phonons is larger than 1. Then we can put 

N(@q@)+1=N@=N (2.6) 

With the use of above assumptions we shall 

calculate the change of the distribution func- 

tion of conduction electrons due to acoustic 

phonons. Taking the volume of the system 
as unity, 


(ar). 


=<E% 


[ferg(1—f) —fall fara) 2 


aehacenlenata (i fergie 
(2.7) 
where C is the well-known coupling constant 
of conduction electrons with phonons and oe 
the density of materials. 


And 
2+ = O(Ex—Ekigthy) 
i (2.8) 
Ox) = Sin th) | 
: x/h 
Using (2.5), (2.7) becomes 
On Nees Chen , Bre Mog dd 
(31 eee a = Bio (Z.9) 


Next, the change of the distribution func- 


Now, we shall calculate K°, 
carried out very easily and gives 


K* for metals and semiconductors. 
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tion due to acousto-electromotive force F is 


given by 
(34) - eF  Ofo _eFh Ofo 
at h dk, m* OE’ 
where e is the charge of a conduction elec- 
tron. 
Now we can derive the expression for C(E) 
with the use of Boltzmann equation 


PAB AG 00 


he C2q2N d 
isha RATES Beal, 
27QE*m* [F si 27 ove \ | 
(2.12) 


From the condition that there is no electric 
current, 


(2.10) 


i.e. 


C(E)= 


| Guballa 4 (2.13) 


Substituting (2.2) and (2.12) into (2.13) and 
solving it for F, 


aCigNn . (Ke ks) 
27 ove K° : ee 
where 
Ofo 
5 se i oe ® 20+ 
K [E 218.20 (2.15) 


The calculation of K® is 


ee * Ey@/-4 for metals and 
o— 
oe (xT )@/2)-¢. exp (Eo/eT ) for semiconductors , ibaa 
where Ep is Fermi energy and /'(”) is gamma function of the m-th order: 
roa \"woterndx : (2.17) 


The calculation of K+ is as follows: 


agora hk hg? 
Kt=\ F-# £29 pt e929. ot( a Hd q 
| ap kt cost 0-28 = a cos 06— ome 


let us introduce the polar coordinate (k, 0, vy) in k- 
space and take the polar axis parallel to q (i.e. kz). 


Then 


ak sin 6d0do - (2.18) 


Since 2+ has the properties similar to 6-function, it will be allowed to put 


cos? =| Azmty=Ehg? i 
-  *hkq 


When the relations”, 


(2.19) 
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ks 2m*s? 
Sy or oon (2.20) 
are satisfied, 
t : * 
["o sin 0d0 = on (2.21) 
With the use of (2.19) and (2.21) we get 
_  m™(dam* veh)? a 
Kee ; aig =q a; 22) 
for metals and 
2m™(A4rm* vEhg?y?T (1— 
Kena a Ae fee C seh Tirana (Eo/«T) (2.23) 


for semiconductors. That the relations (2.20) can be satisfied is shown by the following esti- 
mations: 


ee 10% for Cu, 5.610" for n-Ge , 
y=5x108 and 
2m*s* 


h =< LON aie (Gils 6x 10° for n-Ge . 


After all, from (2.14), (2.16), (2.22) and (2.23) 


sO mlay f tal 
V 2 es%E 3/2 rT or metals 
. (2.24) 
37?C?m*1/2y , EG a) fotthesne uctor 
V 2 pes(«T)/? T'(8—a) a uctors , 
where 
7=Nhvys (2.25) 


is the acoustic flow intensity. It is interesting to note that for metals F is temperature- 
independent and agrees with the values obtained by the high temperature approximation. 
For semiconductors F differs from Van Den Beukel’s value» only by the factor of ['(1—a@) 
/'(8—a@) (See Table II). 


Table I]. The numerical values of (1—a)/I'(3-a). 


| a | rl —a/PS- a) 
lattice scattering | 1/2 VY « 
ionized impurity scattering | —3/2 ¥ x /8 


neutral impurity scattering | 0 4/3 x 


Now let us estimate the order of magnitude of acousto-electromotive force, taking the unit 
of F and 7 as volts/em and watts/cm? respectively. When y=5.x 108 cyc/sec, 


-9 
= a r for Cu (2.26) 


eel Ome 7. for n-Ge 


where it was assumed that C=6.2ev for Cu and C=1.7 ev, a=-—3/2 for n-Ge. Even at the 
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present time, it may be possible to detect the effect for n-Ge. 
Finally we criticize Parmenter’s theory® of electrons trapped by acoustic waves in the high 


frequency range. His theory leads to 
R= 10°87" for Cu (2.27) 


under the same conditions with (2.26). But we may conclude that Parmenter’s theory cannot 
be applied to real systems for two reasons. 

(1) Parmenter neglected the scattering processes of trapped electrons by thermal phonons 
or impurities which are present even at very low temperatures. 

(2) Parmenter’s mechanism producing the relatively larger value of F, (2.27), may contri- 
bute to the absorption of acoustic waves. On the contrary, the experimental value”? of the 
absorption coefficient is in agreement with the theoretical value due to the electron-phonon 
interaction and has no contribution from his mechanism. Our results (2.24) or (2.26) satisfies 
Weinreich’s phenomenological relation between acousto-electric effect and the absorption co- 
efficient (see the next section), and so (2.24) is verified indirectly by the experiment of the 
absorption. 


§3. Absorption of Acoustic Phonon Beam by Conduction Electrons 

With the use of the approximations of §2, we shall calculate the change of the occupation 
number N of acoustic phonons by conduction electrons. Similar arguments leading to (2.7) 
give 


( “ Ni = =a x {[frrq(1 —fe)—fe(1 —frsg)|2*+ [fe —fr_q) —fk-q(1— fr] Q-} . (3.1) 


From (2.5) and 32 dk /eny ; 


ON \S— AC2q3N 
r — es om 
( at \E Shine (3.2) 
where 
: Of 
k= [OF be Otdk 5 (3.3) 


In the same method as §2, we get 


_ 7?m™(4am* ve hq’) 
hig? a 


for metals , 


Kt= 7?2m**(4rm* v= hq) (3.4) 
= ~ hikg? ~ exp (Eo/«T) for semiconductors . 
Substituting (3.4) into (3.2) 
ON\ _—_ 2m**C2y Im*C2y 
( Ot \ = ph's Si and Sacra N exp (Eo/kT) . (3.5) 


As is well known the absorption coefficient of acoustic waves 4 is defined by 


OU _ 
op 0 ie (3.6) 
where 
U=Nhp (3.7) 


is the acoustic energy density. Makin i i 
: ‘ g the comparison of (3.5) with (3.6) we 
tion coefficient by conduction electrons, ae pane 
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2m*C2y 
ons” 

2m*2C2y 
ph 


A= 
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aga XP (Eo/«T) 


The estimation of (3.8) under the same conditions as (2.26) gives 


Ms ie nepers/cm 


0.02 x exp (Eo/«k 7) nepers/cm 


It has been shown that the theoretical value 
of A in metals is in good agreement with the 
experiments at low temperatures in the inter- 
mediate frequency range. However, it will 
be difficult in semiconductors to detect the 
absorption by conduction electrons owing to 
the small factor of exp (Eo/«T). 

Recently, Weinreich® has proposed a gen- 
eral relationship between the absorption co- 
efficient of acoustic waves and acousto-elec- 
tromotive force: 


Pia 
Ty 


(3.10) 
where 7 is the number density of conduction 
electrons and 6 is the numerical factor de- 
pending on the scattering processes of con- 
duction electrons. The relation (3.10) can be 


23/2 /m*Ey \3/2 
ite 


? 


Qi 2773/ 2 


h2 


and choose 6 as 


_PG=4) 
rd—a@) 


il 
Oa= 4 
3Y x 


On the other hand, the other relationship 
may be present which connect 4 with F. This 
relationship combines with the process of 
Ohmic losses of the energy of conduction elec- 
trons by thermal phonons or impurities. Then 
instead of (3.12) we obtain 


dU 
Ce Se 
dt 
Here we denote o as the electrical conducti- 
vity. Again making the comparison of (3.15) 


with (3.6), the relation 


(3.15) 


Ae ep so le E (3.16) 


0 
r 


* /2 
E % ea) t exp (Eo/«T) 


DT 
for metals , 
(3.8) 
for semiconductors . 
for Cu (3.9) 
for n-Ge. 


obtained easily by the following considera- 
tions. The momentum transfers of acoustic 
waves to conduction electrons occur with the 
energy losses. Then 


aU _ dpa __, dpe 
dt Gp = ee 


where Pac and Pex are the momentum of waves 
and an electron respectively and the momen- 
tum conservation was assumed. 

From the acceleration equation, dpe./dt=eF, 


aves 
ae —nesk . 


Comparing (3.12) with (3.6) we can get Wein- 
reich’s relation. 

It is proved in our case that Weinreich’s 
relation is satisfied if we put!? 


S 1) 


(3.12) 


for metals , 
(Gals) 
for semiconductors 
for metals , 
(3°14) 


for semiconductors . 


1s obtained where va is the drift velocity of 
conduction electrons given rise by acoustic 
waves. Ohmic relation (3.16) was used es- 
sentially by Pippard in his theory” of the ab- 
sorption of acoustic waves in the low fre- 
quency range; however, F is the oscillating 
field contrary to the d.c. field in the high 
frequency range. 

Why Weinreich’s and Ohmic relations are 
separately satisfied in the high and the low 
frequency ranges can be understood as follows. 
First, it is necessary to point out the follow- 
ing facts. Since in the low frequency range 
the mean-free path of conduction electrons / 
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is smaller than the wave length of acoustic 
waves 4, conduction electrons suffer the osczl- 
lating forces. Then the electronic current 
relative to the ionic motion or acousto-electric 
field cancelling the current oscillate like acous- 
tic waves, i.e. 
F=Fost+Foc , Fos Foc . Gal) 
In the other case, since /> 4 and the width 
of the wave packets of monochromatic waves 
must be larger than A, conduction electrons 
suffer the d.c. forces: i.e. , 


F= Fos+F pa ’ Fos < Foc : (3.18) 


In fact, the treatment of acoustic waves as 
acoustic phonon beam is the approximation 
neglecting Fos. 

From the above discussions, the absorption 
coefficient 4 connect mainly with Fos and Foc 
in the low and high frequency ranges respec- 
tively. In general, the losses of energy (or 
momentum) of acoustic waves take place in 
two processes shown in Fig. 1. 


(1) conduction | (I) |thermal phonons or 
acoustic waves ae 
electrons impurities 


(1+) 


Fig. 1. The processes of the energy loss of 
acoustic waves. 


Undoubtedly Weinreich’s relation concerns 
only with process (I) and Ohmic relation with 
process (I+Il). In the high frequency range 


P(n, xo, kz)= Gn(x—Xo) exp a esa ) exp (—7k.-z) 


EQ; Xia ha( n+ )+ 


2 


if we choose the vector potential as A,=A.=0, Ay=Hx. 


MMe 
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A is determined by process (I) because F=F ac. 
In fact, since F <1 volt/cem, va<s. Then for 
the same F (3.16) gives smaller value of 4 
than (3.10). 


of conduction electrons may rise during acous- | 


tic waves are passing through materials. 

The circumstances are very different in the 
low frequency range. Since F is oscillating 
like acoustic waves, in process (I) the energy 
is going and coming between acoustic waves 
and conduction electrons. Then the net losses 
of energy is determined by process (I+I]) i.e. 
Ohmic relation. 


§ 4. Magneto-Acoustic Resonance in the High 
Frequency Range 


Recently Pippard® has proposed a concept 
of magneto-acoustic resonance to interpret the 
experiments of Bommel! who detected the 
resonance-like behavior of the absorption co- 
efficient in a magnetic field. Morse ef. ali”, 
however, analyzed their experiments with some 
different concepts. But as was pointed out 
by the present author?, Pippard’s and Morse 
et. al.’s concepts are applicable only to the 
intermediate frequency range and new mag- 
neto-acoustic resonance may be expected in 
the high frequency range. In this section we 
shall discuss qualitatively new magneto-acous- 
tic resonance of the latter type. 

When a magnetic field is applied in z-direc- 
tion, the wave function and the energy eigen- 
value of a conduction electron are given by?” 


(4.1) 
hk? 
ee (4.2) 
Here 
ay (4.3) 


and gn(x—xo) represents the m-th order wave function of a harmonic oscillator centered at xo. 
The change of the occupation number of acoustic phonons by conduction electrons is given, 


similar to (3.1), by 


os _ C*g?N 
ot el phy 1, Hk, 


4 {| 7 (m, sty — 0 
Mec 


+[f (n, xo, Re) (1—r(m, te 


2 Wn’ 


; ket ge) d—S(a, Xo, k2))—f(n, Xo, by(1—s(' xy 
wo 


h 
ae ’ a) el Xo+ 


qu 


beta.)) Jor 


ke—a2\(— fn, to, b.) for} 
(4.4) 


? 
c 
hdy 
MMe 


The temperature of the system | 
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where 
o+= 2) B(n, Xo, ka) —E(w, oe 
a= 01 E(n, Xo, he) E(w, Xo+ 
and 


Van | Jan? |? ’ 


Ina = iy EXD (1g2X)- Pn(X—X0)* Pn’ (x10 22 lax 


Though it is very difficuit to compute (4.4) 
exactly, the following qualitative conclusions 
can be obtained. When acoustic phonon beam 
is travelling in the direction perpendicular to 
the magnetic field, gz=0, y-component of 
phonon beam changes the center % of con- 
duction electrons and x-component produce the 
transition between oscillator states of elec- 
trons. Asymmetry of the role of x- and y- 
component of phonon beam results from the 
asymmetrical choice of the vector potential. 
Therefore, in general, the transverse compo- 
nent of phonon beam gives rise the change 
in both x» and m. From (4.5) the integral 
must be finite only when 


E(n, Xo, ke) E(w Xo Ady 


’ kz )thy=0 F 
MMe 


(4.7) 
Substituting (4.2) into (4.7), we get the condi- 
tion of magneto-acoustic resonance in the high 
frequency range: 
(4.8) 


which is different from the resonance in the 
intermediate frequency range by a factor” of 
(z/2)(s/vo). It is interesting to note that cy- 
clotron resonance!” in semiconductors corre- 


In—n |hoc= ho ; 


Table II]. The main results obtained in this paper. 
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te ; bet ge) +h ; 
We 
(4.5) 
Ms tn)- 
ies ’ kz dz hy 
(4.6) 
MWe 


sponds rather to magneto-acoustic resonance 
in the high frequency range. 

When acoustic phonon beam is travelling in 
z-direction, the transition between oscillator 
states does not occur. The resonance-like be- 
havior cannot be expected in this case. 

It will be important to point out that mag- 
neto-acoustic resonance occurs not only in the 
absorption of waves but in acousto-electric 
effect. Physical considerations give a picture 
that under the resonance condition the com- 
ponent of electronic momentum parallel to q 
will rapidly increase receiving the acoustic 
momentum, then the current or acousto-elec- 
tromotive force will have the resonance-like 
behaviors. 


§5. Concluding Remarks 


As was mentioned in § 1, the high frequency 
range has not been achieved up to the present. 
It is, however, expected to make the experi- 
mental proof of our theory in future. 

From the experimental point of view, it is 
easier for metals to detect (1) the absorption 
coefficient by conduction electrons, (2) mag- 
neto-acoustic resonance in the absorption of 
waves. On the contrary, however, it is easier 


metals semiconductors 
F nee, hal, | paaaleigne2n 4/3, - BntC2m*2y F(1—a) 
acousto-electric effect | P= 75 pests)! = 7 2 0e8(eT 2 FS —a) 7 
peri ih ait 3607 ot hi mC ‘ 2m*C2y 
absorption coefficient = lite? A= press (o/«T) 
coefficient of Weinreich’s o=1 SIP VT Gee) 
relation 3Y x T(1—a) 
magneto-acoustic resonance M.A.R. of F 
to be easily detected oes = cm 


for semiconductors to detect (1) acousto-elec- 
tric effect, (2) magneto-acoustic resonance in 
acousto-electromotive force. In conclusion, 
we tabulated the main results obtained in this 
paper in Table III. 


The author should express his thanks to 
Drs. G. M. Hatoyama, M. Shibuya and W. 
Sasaki for their encouragements and valuable 
discussions. 
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Mechanisms of the dielectric loss due to vacancy-impurity complexes 
are re-examined by considering effects of polarization of both impurity- 


and lattice ions. 


We find that these effects cause some amounts of 


dielectric loss and a loss curve is well represented by a Debye type one. 
We point out that these effects may remove the quantitative discrepancy 
between the previous theory and experiments. 


Introduction 


§ 1. 

Ionic crystals containing divalent impurity 
cations show dielectric loss peaks at low tem- 
perature in low frequency range. These loss 
peaks are nearly of Debye type and considered 
to be those due to impurity-vacancy com- 
plexes. 

The relation between the number of com- 
plexes and the magnitude of a loss peak has 
been given as» 
877A" 
3EkT 


OT 


1l+o?r?’ 


tan d= Ne (1.1) 


* Present Address: the Institute fee Solid State 
Physics, University of Tokyo, Tokyo, Japan. 


where a is the anion-cation distance in the 
solvent crystal, N. the number of complexes 
per unit volume, € the dielectric constant and 
t the relaxation time. 

Teltow and Wilke» used this equation to 
analyse their result of measurements on the 
dielectric loss in silver bromide crystals con- 
taining small amounts of cadmium bromide 
and found that the calculated number of com- 
plexes is about two and a half times smaller 
than the total number of impurity ions, al- 
though their experimental result suggested 
that practically all of the impurity ions were 
associated with the vacancies. Similar results 
have been obtained in sodium chloride crystals 


re 


1959) 


by Haven. 

This discrepancy is considered to be partly 
due to the over-simplification of the model 
used in deriving Eq. (1.1). Lidiard has ex- 
plored the possibility of explanation of this, 
but the reason still remains uncertain. The 
purpose of this paper is to present another 
possibility. 


§2. Polarization of Complexes 


When a pure crystal is polarized, we may 
imagine that the positive ions remain in their 
original positions, while the negatives are 
displaced. The displacement of the ions may 
be considered to have the effect of introducing 
a point dipole at each negative lattice point. 
In a crystal containing foreign cations a dis- 
placement of an impurity ion relative to the 
negative ions is different from that of the 
cations of the host crystal because of its dif- 
ferent amount of charge or ionic radius. This 


different displacement introduces a dipole m 
In this section 
into account. 


at the site of impurity ion. 


this effect will be taken In 


(OO a, 


ie 


x: impurity ion 
C: nearest neighbour 
Fig. 1. A part of the twelve nearest cation neigh- 
bours to an impurity ion in a lattice of NaCl 
type. If the impurity ion is part of a complex, 
one of these twelve sites will be vacant. 


Fig. 1 a part of the twelve nearest neighbour- 
ing positions of an impurity ion in a lattice 
of NaCl type is shown. The potential ener- 
gies at various points due to the dipole, the 
moment of which is parallel to the external 
field, are as follows: 


y(101)=0.354m/a? , 
(> Fy 0 MOm/a* 


g(0ll)=0, 
Therefore, this dipole restricts a change of 


(2:1) 


etc. . 
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orientation of the complex, part of which the 
impurity ion is. 

Secondly the effect is considered which 
arises from a change of dipole moment of the 
complexes. An impurity ion which is associ- 
ated with a cation vacancy is attracted to- 
wards the vacancy electrostatically. The 
polarization of the impurity ion due to the 
vacancy differs from that of a nearest neigh- 
bour cation to the vacancy and this also intro- 
duces a dipole —1/2 Bea, the moment of 
which is parallel to that of the complex, at 
the impurity ion site. 

When a cation moves from the (101) site to 

: AS 
the (011) via the eos 
mount a potential barrier, the height of which 
is 


* 
) , it must sur- 


U+-eaE—(0.354—0.110)em/a’ 
Die ap ses 
+ (24 é P \Bea , (2.2) 


where U is the height of the barrier in the 
absence of an external field and P is the 
polarization of the crystal. The third term 
of the formula (2.2) is that which results 
from the presence of the potential of con- 
straint given by Eq. (2.1) and the fourth term 
is the work done by the external field when 
the dipole / 2 Bea follows the motion of the 


vacancy to change its orientation.** Approxi- 
mately 
€ 
E+ Pale, (2.3) 


where & is the dielectric constant of the pure 
solvent crystal. m is proportional to the 
strength of the external field, 


m=ak . (2.4) 


* Haven suggested that a positive ion passes 
near the tetrahedral hole on its way from one site 
to another. Even if an ion migrates via any other 
point, the equation (2.15) which gives the polari- 
zation of the complexes does not change. 

** Note that the Lorentz internal field acts on 
an ion to make polarize but does no work when 
an ion jumps from one lattice site to another”). 


4; 
Strictly speaking # is replaced by B+ (P+ Po) 


But, in 
impurity, 


in the second term of the formula (2.2). 
the case of usual concentration of 

= (P;+Pe) is far smaller than H and can be neg- 
lected. 
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Inserting this into the formula (2.2), we have 


U+5 (14 peak (2.5) 


as the height of barrier, where 
p= —0.4880/a "5p : 


The height of the potential barrier to sur- 
mount on the way to the (101) site from the 
(011) is 


=F ee (2.6) 


where 


= —0.220a/a°—" 79 E 


Those for other processes of vacancy migra- 
tion are treated similarly. 

Next the exchange of positions between the 
impurity ion and its attached vacancy is con- 
sidered. When the vacancy is at the (101) 
site, the electrostatic interaction energy of 
the dipole m with the vacancy is —0.354me/a?, 
since the cation vacancy has the charge —e 
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/ 
effectively. The height of the barrier which 
the impurity ion must surmount in the ex- 
change process is 


U’—eak+¢ +0.354mela+ Beak 


=U’—(1+ peak , (2.7) 


where 


eo —(0.354a/a° + y/eaE +"t2 9) 


and ¢ is the potential energy of the dipole 
m at the peak of the barrier. The activation 
energy for the inverse process is 


C8 +eaE +9 —0.354ne|a?— 2 BeaE 


=U" --( Lg jeg ks, (2.8) 
where 
C= —(0.354ea° — gleaE +o ) ; 


Because ¢ is proportional to m and, there- 

fore, to E, p’ and q’ are independent of EF. 
The equations giving the numbers %a, ”», 

me of dipoles with (a), (b), (c) orientations are 


Gea —2nar| 148 +a E} 2am | 1-a+p)Et 
o 4) Sh iy ig ease , 9 
nats | 14+ 2 +p IE } + news} I po +4 E} (2.9) 
ne =2naos| 14+ S14 E | amor t2netsf 1 £014 9E , (2.10) 
ane =2nn0| fey +E | —2nator} jes. DE} 
dt RT kT 
+natve} 14h + pet ie news| 14 + aE (2.11) 


where w, is the jump frequency with which a vacancy will jump from one attached position 
to another particular attached position in the absence of the external field and wz. is that 


with which an impurity ion and its attached vacancy will exchange their positions. 


E varies harmonically with time, 


When 


E= Ey exp (iat) , 


the steady state solutions of (2.9) to (2.11) to the first order in E are 


Na= = Ne— Eo exp (iat) aioe i( yepePad 


3kT | 2 


1) == Ne A 


no= 1 Not Eo exp Goes i( 14 Pd 


3kT 2 


ws +( tee | wa} /2aor-bws)-+io pie (2752) 


(2.13) 


Ys rt ( 142 ©) wah /2tanr-+ws) tio ne ol ED) 
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where Nz is the total number of the complexes per unit volume and 


ptq=p +7= -| 0.708a/ar+ XE) | } 


The polarization of the complexes is then 


Pc=e€a(Me—Na) 


260 No. be 
3hT £49 €Xp Got) 


§3. Polarization of the Lattice Ions of the 
Host Crystal and of Impurity Ions 


The total polarization of a crystal is the 
sum of three parts; the polarization of the 
complexes, of the lattice ions of the host 
crystal and of the impurity ions. The first 
has been obtained in Sec. 2. In this section 
the last two are considered. 

The field which acts on the lattice ions to 
make polarize is 


F=E+ (PtP), (3.1) 


where P: is the polarization of the host crystal 
lattice ions and /; is that of the impurity 
ions. Then we obtain 


G1 €—1 
E 
Ai is 3 


When we let a be the polarizability of an 
impurity ion, 


P= 


(3.2) 


Pes Nua] B+ “2 (Pt Pt P,) |-8P. 


~ Nia E+“3-P, )—BPe, (3.3) 
where JN; is the number of the impurity ions 
per unit volume. 

The total polarization is 


geste EE 
= Sh 4 Nn (es) 
ve 3 
+( le rege te (3.4) 


and the dielectric loss due to the complexes is 
given as 


TH 


tan 0 
iif: Sean _ bq) 8ne7a? ,, to 

=(1 3 B\(14 2 ley “14702 ’ 
(3.5) 


This expression gives 


where t=1/2(witw2). 


prg nie 1 
sae 2 yee 2(witwe) — 


(2.15) 


the value which is = b42 E42 9\(14 B40) 


times larger than that used ore, 


§ 4. Discussions 


It is difficult to make an accurate evaluation 
of eget unless the calcu- 
lation is made on the basis of the Born-Mayer 
model. In this situation we shall make a 
rather rough estimation of it for silver bro- 
mide and compare it with the results of 
measurements of Teltow and Wilke. It is 
obtained from the continuum model that a 
nearest cation neighbour to a vacancy is dis- 
placed by reat ieee) towards the vacancy. 
If a displacement of an impurity ion, which 
is part of a complex, is same to this, 8 is 
obtained to be about 0.02. However, the dis- 
placement of the ion can be expected to be a 
little larger, when we calculate it on the 
basis of the discrete model, and the impurity 
ion is attracted more strongly to the vacancy 
than the silver ion because of its double 
charge. Therefore, it seems reasonable to 
estimate that 8 becomes about 0.03. 

On the other hand, when an external field 
is applied, the displacement of the positive 
ions relative to the negatives is given as 


oe ee 
27e 


which acts on an impurity ion to make polarize 
is twice times that for a silver ion, the dis- 
placement of an impurity cadmium ion may 
be larger than that of silver ions. But the 
six nearest anion neighbours to the impurity 
ion are displaced inwards, and there may exist 
a larger repulsive interaction between the 
anions and the foreign ion. ‘Therefore, the 
displacement of the impurity ion due to an 
external field may not be able to be twice 
times that of a silver ion. When the ratio 


Since the electrostatic force 
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of a displacement of an impurity ion to that 
of a silver ion is 1.5 and 1.25, 0.708a@/2a* has 
the value of about 0.48 and 0.24 respectively. 
Using that @~0.03, the value of 


aoa) (tae 


is shown in Table I. In the above estimation 
of m and 8B, the contribution from the differ- 
ring electronic polarizability is neglected, since 
this is considered to be small. 


Table I. Values of the correction factor. 


0-55) 252) 


0.31 
0.52 


The ratio of amount 
of displacement 


ao) 
1.25 


The correction factor is required to be about 
0.4 from the result of measurements of Teltow 
and Wilke, if all the vacancies are associated 
with the impurity ions under the conditions of 
their experiments. Therefore, if the amount 
of displacement of a cadmium ion is 1.25 to 
1.5 times larger than that of a silver ion 
under an external field, the experimental re- 
sult can be explained, and this amount seems 
not unreasonable. 

Ii the observed loss curve is wider than a 
simple Debye curve as in the case of alkali 
halide crystals”, although this is not sure in 
the data of Teltow and Wilke, the number 
calculated from the peak height is ought to 
be smaller than the number of complexes 
actually present. Then the correction factor 
required is larger than 0.4 and a smaller dis- 
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placement of an impurity ion is enough to 
explain the discrepancy. 


§5. Conclusion 


In the calculation of the magnitude of di- 
electric loss due to impurity-vacancy com- 
plexes, the effect of polarization of both im- 
purity and lattice ions is investigated. This 
leads to a change of the magnitude of the 
loss, without shift of its peak frequency in 
the isothermals of loss plotted against the 
frequency. It may be possible to explain 
Teltow and Wilke’s work by considering the 
effects mentioned above, although an accurate 
value of the correction factor can not be ob- 
tained, unless we perform a detailed compu- 
tation on the basis of Born-Mayer model. The 
result of such a calculation on alkali halide 
crystals will be published later. 
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In many literatures the thermoelectromotive force of a circuit compos- 
ed of two different conductors is expressed by an integral of the field 


§ idi along the circuit with two junctions of different temperature. 


This definition is not free from ambiguity when we deal with the thermo- 


electricity of two-band semiconductors. 


In the present paper a theory 


of the thermoelectricity of two-band semiconductors is developed with 
consideration of temperature dependence of the gap energy. The Thom- 
son relations are proved to be satisfied. 


Introduction 


§ 1. 


Let us imagine a circuit which is composed 
of two kinds of conductors J and JJ. They 
are connected with two junctions (m and x, 
respectively), whose temperature is kept con- 
stant (7:1 and 72, respectively; J2>7i). In 
many literatures on the theory of thermo- 
electricity the thermoelectromotive force of 
such a circuit is identified with the electric 
field integrated along the circuit 


617i, T,)=—"E. oe ap 


a 
under the subsidiary condition that the cur- 
rent is zero. 

First we consider m-type semiconductors or 
single-band metals with an assumption that 
the position of the band edge of the conduc- 
tion band does not vary with temperature. 
Then, the electric field is given by 


d 723 Ke al 
ee ne Te 


2 
We (2) 
where yw is the Fermi level measured from 
the bottom of the conduction band and 


mt _, OF 
Kn= aps |rvete as d2 : 
Here fo is the Fermi distribution function, d2 
the volume element in the reduced wave vec- 
tor space and other notations are as ordinary. 


Integrating Eq. (2) along the circuit, we have 
——dx. 


by partial integration 
me 
xo ‘Le Ky dx 
(4) 


In many literatures the first term in the 


(3) 


dT 


a7 E,dx= [ales + 


«0 
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above is tacitly assumed to be zero. This, 
however, is not true as far as the integration 
is carried out along the interior of the con- 
ductors excluding junctions. Instead we 
have 


[e)3 = (arr(%2) — Mr %2)} — {rr 41) — Mra) } 

(5) 
which does not vanish in general. To find 
the thermoelectromotive force of the circuit 
we must add to the right-hand side of Eq. 
(4) the integration across the junctions. The 
latter is seen to be equal to the algebraic 
sum of the jumps of the bottom level, &, of 
the conduction band at the junction: 


—{€orr(%1)—Eer(%1)} + {Ecrr(%2) —Eor(X2)}, ( 6 ) 


iF ie B(>T) To 
I I 1 
a ° x, x a 


—», x 


Fig. 1. 


since eF is nothing other than gradient of 
the bottom level of the conduction band: 
dE 

ax 


And we see that expressions (5) and (6) can- 
cel each other as the Fermi level 
C=Eot+y (8) 
(not zz) is continuous at the junctions. Hence 
we are allowed to identify the second term 
of Eq. (4) with the thermoelectromotive force 
of the circuit multiplied by elementary charge 
as usually done in literatures. 
The above situation will more easily be 


C= (el) 
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seen if we trace throughout the circuit the 
Fermi level instead of the bottom level of 
the conduction band. In this respect Eq. (2) 
may be rewritten as (see Eq. (7) and (8)) 
de 5 (e eae (9) 
aise JENTE dx 


Now, the experimentally measurable thermo- 
electromotive force is the difference of the 
Fermi levels at x0 and x3, €(%0)—€(x:), the 
temperatures at % and x; being assumed to 
be equal to each other (say, equal to 7 °K). 
Hence, after integrating Eq. (9) along the 
circuit we have 


ce, wre his Tn )=E (Xo) —E(4a) 


2a NGLKG Dk ) 
= — dT — — OIE 
re *),.4? Vale), 
(10) 
It will be reasonable to define the absolute 
thermoelectromotive force, 9, of a conductor 


to be the height of the Fermi level at the hot 
end relative to that at the cold end: 


OT:, Ta)=—E(Ts)— CT} (11) 
which is equal to 
il koa le ci 
0%, T2)=— = yy \vol 12 
CF meals n)aT (12) 


according to Eq. (9). Then the thermoelectro- 
motive force of the circuit is given as 


O, 1=9;—-O11 ; (13) 
Differentiating Eq. (12) with respect to T and 


putting 7:=7T, we have for the absolute 
thermoelectric power Q=d0/dT 


Q(T)= sorta 


Hitherto we have assumed that bottom 
level of the conduction band does not vary 
with temperature. As is well known this is 
not true in general. Nevertheless we can as- 
sert that the above consideration is valid 
even when the bottom level depends on tem- 
perature, because the force acting on an 
electron is equal to —dE&./dx, irrespective of 
whether the bottom level varies with tem- 
perature or not. 

The ‘Situation | is more complicated if we 


(14) 


oer a ay ae 1 a 1 


dx tae ROLK@ ¢  KO+K@ 


The expression for the absolute thermoelectric power in two-band semiconductors 


[Ki 2K) (Kx + (E+) KO) XE 
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deal with two-band semiconductors. The gap 
energy between the bottom level, &-, of the 
conduction band and the top level, €), of the 
valence band 

Eg=Ec—Ey (15) 
depends on temperature (d&,/dT ~ 10-‘ ev/ 
degree, being of the same order of magnitude 
as the very thermoelectric power of semicon- 
ductors), so that the ‘‘ electric field’’ acting 
on electrons and that on holes, which should 
be identified with ed&./dx and e-d&,/dx, 
respectively, are in general different to each 
other at the presence of temperature gradient. 
Therefore the integrated ‘“‘ electric field’ (the 
left hand of Eq. (4)) loses the definite mean- 
ing in thermally inhomogeneous two-band 
semiconductors, and hence it will be more 
convenient to work with the gradient of the 
Fermi level from the outset. 


§2. Thermoelectricity in Two-Band Semi- 


conductors 
In two-band semiconductors, the electric 
current density at the presence of tempera- 
ture gradient is given by 
Je=JeV+jr™ (16) 
with 


wa ( ap ) ade 
f= OrReak® 5c 
; e + dx T + a ora: 


Je (c d Egtu alae 
Sel EO re KOs q@) & 
€ ss lipo ah ) ok dx’ 


(17) 
where affices (1) and (2) refer to electrons 
and holes, respectively. In Eq. (17) EF, and 


E, denote the “electric fields’’ acting on 
electrons and holes, respectively: 
dé dé 

CE,P=— , eb,O= = 18 

ax dx Se 


These are not equal to each other at the 
presence of temperature gradient as mention- 
ed in the previous section. Instead, we have, 
from Eqs. (15) and (18), 


d& 


2+ Ss ek 
eK se BOAO) (19) 


Taking this into consideration we have from 


Eqs. (16) and (17) 


Poe 


may 
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easily be formed from Eq. (20) with j-=0 (see §1). We have 
a 1 ’ 
Qa or RO EES (EO +H Et) —(KO— aK). (21) 
This may be written in the form 
ee SY ingest OQ 
6HD+6@ a ) (22) 
with 
oD=e2K,® | 6O=e2K,@) (23) 
and 
me ovahye.ce 1 (KO) 
Salam a7 3 ee i) »  Oa= acl ts +&r+1) (24) 


In the above o™(6@) is the electronic (hole) conductivity and Q™(Q@) is the absolute ther- 
moelectric power when only electrons (holes) would contribute to the conduction in the 


absence of holes (electrons). 


(1) ins 
dx 


where o= 
ous. 


dT 


Eq. (20) may be rewritten in terms of Q as 


(25) 


o%+o6®) is the total conductivity. The physical meaning of this equation is obvi- 
The first term is the ohmic potential drop and the second is of thermoelectric origin. 


The energy flow carried by charge carriers is given by 


i 
3) 
r [Ks 


Ce — (KO — Koy 
ax 


Here also we have used the relation Eq. (19). 


HELL KO + (Egt WK — 


ib 


is 7 (2) 
a ee ee (26) 
é é 


Inserting Eq. (17) for j: and substituting 


Eq. (20) for d€/dx, we may express the energy flow in terms of jz and dT/dx. We have 
EB nor 
Cr= BIC on PED — 
(eTQ—C) Z ee (27) 
Here 
1 Ko” ; K,2” i (KiOPKL©@+ ORO +E KiY hi)? 
aed aC - or i: g 
Ke Gf. | (x 1 Ky \+ (% 2 K@ )| sts - (KO+ KO)KOK© (28) 
is the electronic thermal conductivity. The _ ax BL) 
first term of Eq. (27) means the energy flow diam 


accompanied by the current and states that 
the energy carried by unit current is equal 
rarer 


TQ ; (29) 
(Z 


Hence we see that the absolute Peltier heat, 
mz, defined as the energy relative to the 
Fermi level carried by unit current is 
i LO), (30) 
The rate of heat production in unit volume, 
H, is given as 


Inserting Eq. (27) into Eq. (31) and using 
Eq. (25) (note that d&./dx=eE,“) we have 
Ive KOO) eee al dT 
Bs | didn ao ae 
The second term of Eq. (32) is the Thomson 
heat and we have for the Thomson coefficient 
_ 7 dQ 
or=T op ‘ 
Eqs. (30) and (33) are the so called Thomson 
relations, 


(32) 


(33) 
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$3. Discussion 


The transport theory of the thermoelectri- 
city for two-band semiconductors was first 
developed by Johnson and Lark-Horovitz™. 
They first derived the expression for Thom- 
son coefficient by calculating the rate of heat 
production and then integrated the Thomson 
relation (Eq. (33)) to find the expression for 
thermoelectric power. In calculating the rate 
of heat production they overlooked the heat 
released (or absorbed) by recombinations (or 
creations) of electron-hole pairs. If the 
variation of the gap energy with temperature 
is neglected as done by them the recombina- 
tion heat may be expressed in our notations 
as 
ee 


Tyntig en aul 4) 
which does not vanish in general at the pre- 
sence of temperature gradient. We can 
easily ascertain that the recombination heat 
is automatically included in our calculation 
(see Eq. (26) for the rate of energy flow). 


Tauc» followed the traditional way of 


Eijird Haca 


(Vol. 14, 


identifying electric field integrated along 
whole circuit with its thermoelectromotive 
force tacitly assuming the gap energy to be 
independent of temperature. His results are 
legitimate as far as the assumptions made 
are granted. As pointed out in §1, however, 
the temperature derivative of the gap energy 
is of the same order of magnitude as the 
thermoelectromotive force itself, so that we 
must emphasize that the temperature depen- 
dence of the gap energy must be taken into 
consideration in the transport theory of 
thermoelectricity of two-band semiconductors. 

The writer wishes to express his cordial 
thanks to Mr. I. Yokota and Mr. S. Miyatani 
for their useful discussions and kind advices, 
and also to Professor A. Okazaki for his in- 
terests and encouragements for this work. 
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Photo-voltaic Effect in Se-photocells having 


Artificial Intermediate Layers of 
CdSe, CdTe, ZnSe and ZnTe 


By Hirosi TuBoTA and Hiromichi SuzuK1 
General Hducation Department, Kyusyu University 
(Received September 15, 1958) 


Measurements of the photovoltages generated in the Se-photocells which 
have each an artificial intermediate layer such as CdSe, CdTe, ZnSe and 


ZnTe have been made. 


From the results obtained, the double barrier 


effect on both side contacts of selenide or telluride layer was concluded. 


§1. Introduction 


It is believed that in selenium rectifiers the 
rectifying barrier lies at the contact between 
Se (p-type) and CdSe (n-type) formed by the 
reaction of Se and a counter electrode alloy”. 
There should be also a rectifying barrier at 
the contact between the counter electrode 
metal and CdSe layer. But it is generally 


admitted that the effect of the former barrier 
should be predominant to the latter and that, 
in practice, the effect at the contact between 
CdSe and the counter electrode metal may be 
negligible in the rectification. 

We considered more closely the problem 
whether any individual information about the 
effects at both side contacts of CdSe layer 


1959) 


could be obtained. In connection with this 
problem, we studied photo-voltaic effects in 
selenium photocells having artificial inter- 
mediate layers of selenides and tellurides of 
Cd and Zn. To interpret the results ob- 
tained, it seems to be useful to consider the 
effects at both side contacts of selenide or 
telluride layers. 


§ 2. 


Selenium barrier layer photocells used in 
this study were prepared in our laboratory, 
depositing thin films of CdSe (z-type), CdTe 
(p-type), ZnSe (p-type) and ZnTe (p-type) re- 
spectively by vacuum evaporation on an 
ordinary commercial selenium rectifier disk 
which has not any counter electrode. Then, 
‘on these films, metals such as Au, Cd, Zn 
and In were, respectively, evaporated as a 
transparent counter electrode. The thickness 
of an evaporated film was estimated by the 
weighing method. 

Measurements of open circuit photovoltages 
(Vy) generated in these photocells were made 
by a conventional method at room tempera- 

ture. At first we obtained V, also from the 
voltage current characteristics under illumina- 
tion™. But, as we ascertained that the 
_agreement of the values obtained by the above 
two methods was fairly good, we used the 
open circuit method for simplicity thereafter. 

The sample was set so as to receive only the 
direct beams from a light source. The light 

source (100 watt tungsten lamp) was placed 
at a fixed distance (25cm) from the sample 
throughout this study. As a filter to cut off 
the infrared radiation effective for the tem- 
perature rise of samples, we used a copper 
sulfate saturated solution. All measurements 
were made at the stationary state reached 
after the exposure to light. 


In the first series, we measured the photo- 
voltages (V,) for the samples with CdSe 
layers of various thicknesses. As the counter 
electrodes, evaporated Au-layers with the 
same thickness were used in this series. The 
actual preparations of these samples were as 
follows: on a Se rectifier disk, four CdSe 
layers (diameter: 1cm) with different thick- 
“ness were separately deposited, and then 
Au-layers with the same thickness were 
deposited on each CdSe layer. Table I shows 
the typical values of V» obtained at the three 
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Table I. Vy» of photocells with CdSe layers 
(Counter electrode: Au, about 0.1» thickness). 
Thickness of Vp (in Volt) 
CdSe laye ehoas HW Twist nae 
(in nee Immedi- After 1 After 14 

ately day days 

0.4 0.036 0.038 0.037 

0.7 0.044 0.044 0.045 

1.0 0.080 0.081 0.081 

1,5 0.043 0.045 | 0.044 


periods after the preparation of the samples. 
It is seen from the table that as the 
thickness of CdSe layer varies from 0.4 to 
1.54, there is a maximum value of Vy», and 
each value of V, for different thickness of 
CdSe layer is nearly constant, at least, during 
two weeks after the preparation of the sample. 

In the second series, the measurements for 
the counter electrodes of different kinds of 
metals mentioned above in the case of CdSe 
layer of the same thickness were made. The 
samples were prepared such as in the first 
series of experiments, namely, a set of 
samples with CdSe layers of the same thick- 
ness and the counter electrodes of different 
kinds was formed on one Se rectifier disk. 
The results for two kinds of thickness of 
CdSe layer are shown in Table II. 


Table II. Vy» of photocells with CdSe layer for 
the electrodes of different kinds of metals (in 
volt). 

(Thickness of counter electrodes: about 0.1). 


Thickness of Electrode metal 
CdSeslayer aes) = SS 
(in }) Au Cd Zn In 
0.7 | 0109. OA 06005 

1.0 0.10 


0.14 0.18 0.07 


In the third series, we observed the de- 
pendence of the magnitude of V» upon the 
thickness of metal electrodes in the case of 
CdSe layer of a fixed thickness. The results 
showed that V» merely decreases as_ the 
thickness of the electrode increases from about 
0.1 to 1# in the case of Au electrode. 

In all measurements for the case of CdSe 
layer, we observed that the sense of V» agrees 
with that of commercial selenium photocells, 
that is, it is negative at the counter electrode. 
In comparison with our samples, we measured 
V» of the commercial selenium photocells and 
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Table III], Vy» of photocells with CdTe, ZnSe and ZnTe layers for the electrodes of 
different kinds of metals (in volt). 


(Thickness of counter electrodes: about 0.1). 


Electrode metal | Au Cd Zn In 
Material | Thickness | 
ZnSe 0.3 | 0.0001 0.0007 —0.003 —0.003 
ZnTe 1.04 | 0.0001 0.0001 0.0001 —0.0001 
| 0.05 0.001 0.0003 


CdTe 0.54 0.0000 


obtained the value of about 0.1 volt in our 
experimental procedure. But in the cases of 
CdTe, ZnSe and ZnTe, we found that the 
values of V, for nearly all samples were 
small compared with that of the case of CdSe 
and also there was the reverse sign of Vy 
for Zn and In electrodes, as seen in Table III. 


§ 3. Discussion 


To explain the behaviors observed in the 
study mentioned above, it seems to be reason- 
able to consider the double barrier layers 
appeared on contacts of counter electrode 
metal-intermediate layer (z or p)-selenium ()p) 
such as shown in Figs. 1 and 2. It may be 
considered that V», should be attributed to 
two effects at the two barriers, one from the 
metal-intermediate layer contact and the other 
from the intermediate layer-selenium contact. 
In the dependence of V, upon the thickness 
of an intermediate layer, there is the maxi- 
mum value of V» as shown in Table I. This 
may be explained as follows: As the thick- 


Metal 


CdSe (7) 


Se (P) 
Conduction band 


t:) 


Fig. 1. Energy level scheme in the case of CdSe 
intermediate layer. 
Metal 


ZnSe (P) Se (P) 


aa "aN Full band 
(— | +) (+ | -) 


Fig. 2. Energy level scheme in the case of ZnSe 
intermediate layer. 


ness of the layer increases, the barrier is 
gradually formed, therefore V» increases with 
the thickness at first due to electron-hole 
generation by light. As the thickness in- 
creases further, the light is more absorbed 
in the bulk of the intermediate layer and can 
hardly reach the intermediate layer-selenium 
contact. Then there should be a maximum 
value of Vp». 

In the case of CdSe, the fact that the sense 
of Vy is in agreement with that of commercial 
selenium photocells suggests that the effect at 
the contact of CdSe-Se is predominant to that 
at the contact of metal-CdSe. On the other 
hand, in the cases of ZnSe and ZnTe, the 
appearance of the reverse sign of Vp» suggests 
that, for example, the contact of ZnSe-Se is 
more effective than that of In-ZnSe. At the 
contact of ZnSe-Se, there may be some other 
types of energy level schemes different from 
that shown in Fig. 2. But, considering the 
predominant effect at this contact, we assume 
the type as shown in the figure. It is difficult 
to make further discussions without a suffi- 
cient knowledge of band structure and optical 
properties of these materials. 

The authors wish to express their sincere 
thanks to Prof. A. Okazaki for his continual 
advice and encouragement, and also to Shin- 
dengen-Kogy6 Company for offer of selenium 
rectifier disks. The present investigation was 
supported partly by the Scientific Research 
Expenditure of the Ministry of Education. 
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Lattice Scattering Mobility of Electrons in Cadmium Sulphide 


By Hisao MryazaAwA, Hajime MAEDA and Hiroshi ToMISHIMA 


Matsuda Research Laboratory, 
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(Received October 1, 1958) 


The Hall mobility of electrons has been measured between 90~400°K 
with many dark-conducting CdS/Ga, CdS/Cl and CdS/Cd single crystals. 
Among these results several typical data taken with crystals having 
non-degenerate carrier concentrations were chosen for analysing tempera- 
ture dependence of the mobility. Assuming the observed mobility at 
lower temperatures is slightly influenced by the impurity scattering and 
Conwell Weisskopf formula is available here, it has been found that the 
plausible lattice scattering mobility after correction is well given by the 


following polar scattering form 


by=Afexp (@/T) — 1} 
with A=92:5+15 cm?2/volt sec and @=370+30°K. 
In order to reach this result it is necessary to suppose there are about 
10~1038 uncontrollable deep-lying centers per unit volume in the present 
crystals, which permanently capture the conduction electrons and act as 


scatterers. 


The value of the characteristic temperature seems to be 


reasonable as compared with the one (9Q=250~300°K) previously obtained 
by Philips group in view of the infrared absorption band (@/=335°K) 
and the fine structure data in the edge emission (9=460°K). 


Introduction 


§ 1. 

After the development of Frerich’s vapor 
method for growing artificial crystals, there ex- 
ists an extensive literature on both electrical and 
optical properties of cadmium sulphide single 
crystals because of their striking photoconduc- 
tive nature. Two dominant factors which 
determine the photoconductive sensitivity are 
the mean lifetime and the mobility of excited 
carriers, though they are usually inseparable 
in the observation of photocurrent. It has 
been said that the large photoconductivity of 
cadmium sulphide is mainly attributed to long 
mean lifetime of photoelectrons”, while elec- 
tron mobility which is rather small is rela- 
tively ineffective. However, the lifetime is 
extremely structure-sensitive and depends 
upon capture cross section of many kinds of 
crystal imperfections or impurity centers of 
which atomic picture is not yet disclosed. 
On the other hand, the electron mobility is 
not so structure-sensitive that it is compara- 
tively easy to get the intrinsic value. In any 
case, it is always desirable to know each 
individual parameter by all means. 

As for the electron mobility of cadmium 
sulphide, the most detailed and precise study 
up to the present may be the one carried 


Al 


out by Kréger et al at Philips Laboratories”. 
They observed the Hall effect and the resis- 
tivity on many single crystal specimens in 
the wide temperature ranges and obtained 
the Hall mobility of electrons. Their final 
results conclude that the temperature variation 
of Hall mobility as limited by lattice scatter- 
ing between 200 and 700°K is accounted for 
with a characteristic temperature of longi- 
tudinal optical modes @=250~300°K, and a 
scattering at acoustical modes aT~*/? with 
a=3~8 x 10° cm? deg*/?/volt sec, using the rea- 
sonable effective electron mass 0.2mo~0.3mo 
deduced from thermoelectric power data to- 
gether with Hall coefficient. 

However, their conclusion is based on the 
data that, between 75 and 300°K, Hall mo- 
bility of photoconducting specimens containing 
fairly large amount of ionized centers under 
illumination and, above 300°K, Hall mobility 
of the heavily doped dark-conducting speci- 
mens, respectively, may be regarded as lattice 
scattering mobility without any correction, 
since there appears no appreciable effect of 
impurity scattering. There will be little pro- 
blem at higher temperatures where lattice 
scattering predominates, but at lower tem- 
peratures it will be questionable whether the 
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observed mobility is influenced only by lattice 
scattering. Apparently, there is considerable 
discrepancy below 200°K between their calcu- 
lated curve and observed one, which they 
also have thought of but have given up how 
to deal with. Therefore, in order to increase 
our understanding it will be worthwhile to 
reconsider the temperature dependence of Hall 
mobility by subtracting the impurity scatter- 
ing effect. 

As in our laboratories similar experimental 
work was carried out on cadmium sulphide 
single crystals having non-degenerate and 
suitable dark-conducting carriers still at lower 
temperatures, an attempt was made to esti- 
mate plausible lattice scattering mobility, as- 
suming the observed data are combination of 
lattice and impurity effects. Though our cor- 
rection method will be inaccurate to a certain 
extent because of the controversial assump- 
tions, the procedures and the results which 
lead to a little higher characteristic tempera- 
ture than that obtained by Philips group will 
be described in this paper. 


§2. Experimental Results 


Fairly dark-conducting single crystals, con- 
taining Cl or Ga respectively, were prepared 
by the ordinary vapor method, letting HCl or 
Ga vapor in the silica reaction tube during 
the growing of crystals. Crystals containing 
excess Cd, which were conductive too, were 
obtained by the heat treatment of pure crys- 
tals in He. atmosphere. Among these single 
crystals a number of favorable flakes, whose 
dimensions were about 10x2x0.1mm/?, were 
picked up for the present purpose. The speci- 
mens were electroded with indium metal and 
furnished with tungsten whisker probes. 

The resistivity and the isothermal Hall 
coefficient have been measured for a number 
of these specimens between 90 and 400°K, 
from which several typical data have been 
chosen and are shown in Fig. 1 and Fig. 2. 
It is noticed that the carrier concentrations 
of these specimens are non-degenerate and in 
accordance with difference of the resistivity 
from one specimen to another there comes 
out a systematic correlation in the Hall coef- 
ficients. 

The observed value of Hall mobility yu is 


given by the relation 


u=R/o , (dy) 
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where R is the Hall coefficient and 0 is the 
resistivity. The values of mw are plotted in 
Fig. 3 as a function of temperature. A 
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Fig. 1. Resistivity as a function of temperature. 
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Fig. 2. Hall coefficient as a function of tem- 
perature. 
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Fig. 3. Hall mobility vs temperature character- 
istics calculated from the data of Fig. 1 and 
Joes ae 

1. CdS/Ga #1-17 
3. CdS/Cd #3-5 


2. CdS/Ga #1-5 
4. CdS/Ga #1-15 


1959) 


general tendency is again noticed that the 
slope of the mobility curve at lower tempera- 
tures is steeper in the specimen of higher 
resistivity or higher Hall coefficient. 

There are many other data in which the 


_ Hall coefficients are too small or too large. 


The former group, indicating small Hall coef- 
ficients, is unfavorable for the present. pur- 
pose, because the carrier concentrations are 
degenerate and the Hall mobilities at lower 
temperatures are too flat to be correctly 
analysed. For the latter group of low car- 
rier concentrations, on the other hand, it is 
difficult to observe isothermal Hall voltage 
accurately at lower temperatures because of 
high resistance between probes. Hence, all 
these data are omitted here. 


§ 3. 


To obtain the lattice scattering mobility 
from the observed Hall mobility, several as- 
sumptions were made for the convenience of 
subsequent calculations as follows: 

(1) The mechanisms of the lattice scatter- 
ing and the impurity scattering are independ- 
ent of each other, and the total scattering 
probability 1/c, where Tt is the relaxation time, 
can be written as 

Ie=l/er+l/er . (27) 
Here tz and tr, are the relaxation times as 
determined by lattice scattering and impurity 
scattering respectively. 

(2) As for the impurity scattering mobility, 
it is assumed that the modified Conwell- 
Weisskopf’s formula is valid for these crystals, 
since the carrier concentrations are non degene- 
rate and the scattering center concentrations 
are expected not so high in the present case. 

(3) It is also assumed that whole scattering 
centers are singly charged, since their is no 
explicit evidence that the centers have double 
or more charges. Here, as shown in Fig. 4, 
the concentration of monovalent scattering 
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centers Nr; can be expressed as 


NxT)=N+tnT) , (ap) 
conduction 
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Fig. 4. Model for impurity scattering centers. 
The total density N;=No+n, where No=2Na.- 
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where n(T) is the conduction electron density 
slightly depending upon temperature and No 
is the temperature-independent term which 
unfortunately is a priori unknown and should 
be properly adjusted. It is considered No 
equals twice the density of deep-lying acceptor 
centers which may permanently trap some of 
the conduction electrons. 

(4) The mobility ratio u/s, where sa is 
the drift mobility, is taken as unity, i.e. 


L= fa . (4) 


The carrier density is computed without 
significant reason from the relation 

n=(37/8)(1/Re) . G5.) 
Strictly speaking, these are incorrect because 
the relations are influenced by scattering 
mechanisms, but the effect on the final results 
may not be so serious that the computation 
can be carried out along this line. 


$4. Analysis 


According to the preceding assumptions the 
lattice mobility vs the temperature character- 
istics will be obtained in the following way. 

In the first place, in order to eliminate the 
impurity mobility from the observed mobility, 
combination law between the lattice mobility 
and the impurity mobility must be investi- 
gated. Let us consider there are two scatter- 
ing mechanisms A and B independent of 
each other, of which relaxation times are Ta 
and te respectively, and then t4 and tz are 
power functions of the kinetic energy E of 
conduction carriers expressed as 

ta=a(T jE, | 

te=O( TE 2 , 
where a(T) and 0(T) are temperature-depend- 
ent coefficients, and g are the scattering 
indices of the two mechanisms respectively. 
Then the total scattering probability l/c is 
given as 1/r=1/rat+l1/rsz, and the drift mo- 
bility can be obtained, performing the aver- 
age over the Boltzmann distribution at a tem- 
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perature 7: 
wyect ver ety. = 5/2 
UL m* BV ant? 


x [Ei exp (—E/kT)-dE 
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where m* is effective mass of the electrons, 
k is Boltzmann’s constant and x is defined as 
E/kT. Transformation of (7) into a convenient 
form gives 


te eee 
LA ie ) 
2 
A x(at5)/2 exp (— Xx) 
| 7 AUS OS) ec SOF 
= aris a Ea 5 aaa 
Oy af (ee: i 4 es Alizee + 44 p)/2 
( 2 te ie es 
(8) 
where /'(x)’s are gamma functions. Here, “4 


is the mobility when the mechanism 7 is pre- 
dominant. The (4/44) vs (u/s) curves are 
shown in Fig. 5 by numerical calculation for 
several cases. For the case p=1, g=3 and 
p=-—1, q=3, one can use the numerical table 
calculated by Dingle et al in “ Semiconductor 
Integrals ”.» 
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Fig. 5. Combination law between mobilities jz, 
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For the present case, the scattering index 
of impurity scattering, say g, is 3. On the 
other hand, the scattering index of the lattice 
scattering p has to be determined suitably. 
When the non-polar scattering by acoustical 
modes is dominant, p=—1. If this is the case, 
logarithmic plot of the corrected lattice mo- 
bility against the temperature T should form 
a straight line probably with the slope of 
—3/2. At first, such an analysis was tried 
on several data, which resulted in wrx T-?-!, 
indicating steeper slope than the expected 
one. In addition, there are a few specimens, 
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whose mobility curves plotted against the 
temperature in logarithmic scales possess up- 
wards concave part with reasonable accuracy, 
even if no correction is made. ‘Two examples 
are curve 1 and curve 2 in Fig. 3. 
meantime, it was reported by Yoshinaga et 
al that there was a sharp and strong optical 
absorption band at 43 owing to the lattice 
vibration in the hexagonal cadmium sulphide. 


Taking into account these facts, the analysis | 
with p=—1 was abolished and the predomi- | 
nance of the polar scattering by optical modes © 


was presumed. The relaxation time of the 
polar scattering by optical modes tz is calcu- 
lated by Callen and others”. 


scattering index p can not be uniquely deter- 
mined. 
may be given by 
tix VCE <han=kO , 
x«EV2 hag E<10ha , 


where wo is the angular frequency of the 
longitudinal optical modes, and @ is its charac- 
teristic temperature. For cadmium sulphide 
@~400°K as discussed later, while t and tz 
should be averaged over the Boltzmann distri- 
bution. Since the present aim is principally 
to correct the data below 200°K, no serious error 
is expected even though it is supposed t »E° 
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Fig. 6. Impurity scattering mobility »; vs carrier 
density ~ characteristics for several tempera- 
tures, calculated from modified Conwell-Weis- 
skopf’s formula with m*=0.3 m and c=12. 


In the | 


In this case, | 
the result is somewhat complicated and the © 


| 


However, the approximate results — 
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or p=0 for all electrons. If p were unity, 
on the other hand, slightly smaller wz would 
result. This is easily understandable in Fig. 
5, where the combination law curve 3 instead 
of curve 2 has to be used in the latter case. 
In the second place, it is necessary to 
evaluate the impurity mobility wr. According 
to the modified Conwell-Weisskopf’s formula” 
QT/% 4223/2 T3/2 =-1 
~ 73/2” mpegs” NN, | | ; 
(10) 


mo, ek” <1? 
7 Wen 

where « is the static dielectric constant. 

and WN; have been defined in Eq. (3). Sub- 

stitution of the numerical values of the con- 

stants with m*=0.3m) and «=12 measured 

by Kroger et al gives 


LI 


b 


? 
7 


nN 
= x 8.7 x 1038 
a i) 
T 3/2 b =i 
abeie geese ll 
x ( - )jina+8 mu (11) 


T? 

Fig. 6 shows (N;/2)ur vs n for several tem- 
peratures. Since u=(37/8)1/Re) and Nr= 
No+tn, the impurity mobility 4:(T, No) can 
be evaluated from (11) or Fig. 6, if the value 
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of No is expediently given for each specimen. 
With thus evaluated y(T, No) and the ob- 
served “(T), the lattice mobility wz(T) can 
be straightway settled by means of the com- 
bination law curve 2 in Fig. 5. 

In the last place, therefore, it must be 
mentioned how to determine the value of No. 
The determination of No for each specimen 
was performed in the following way. 

(1) Let the upper limit of No be No™*, 
then No™* is defined now by putting “=ypr 
at the lowest temperature of the present ob- 
servation, say 90°K. Since always wur, 
this gives No™* from (11), where the sub- 
stitution of the observed 7(90°K) and “(90°K) 
gives N7™*, in turn No™*. 

(2) Let the lower limit of Mo be No™. 
The method obtaining Mo™™ is based upon 
the hypothesis that the resultant sz(T) vs T 
curve must not be upwards convex but be at 
least a straight line, provided the plot is made 
in both logarithmic scales. This was _ per- 
formed by the trial and error method which, 
in practice, was rather easy. 

These values are listed in Table I together 
with other observed quantities. 

From No™* and No™®” a set of 4z™*(T, No™™*) 
and wz™™(T, No™") will follow for each speci- 
men, whose results are shown in Fig. 7. As 
for the most plausible lattice scattering mo- 
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Fig. 7. Upper and lower limits of ux(T) for each specimen. 
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Table I. 
: Sample pr (cm2/volt sec) Rep (cm-%) Nos (cm~-8) No™i2 (cm-3) 
iit CdS/Ga 41-17 x : 220 wl r 0.7 x 1036 0.6 x 1018 0.2 x 1018 
CdS/Cd #3- 5 218 1.8 183 0.5 
CdS/Ga #1- 5 210 1.6 1.6 0.5 
CdS/Ga #1-15 205 4.3 20 0.7 
bility sz(T) it would be appropriate to extract Table HU. > (og 
the common part ot the regions limited by i PCa @ (°K) 
these curves. Solid bars at each temperature sa 7. Bence wh i 
in Fig. 8 indicate the final regions obtained Upper limit 80.6 400 
in this way. Lower limit 107 340 


In the present case, “xz will be given by 
uT)=Afexp (6/T)—1} . (12) 


Then, to fit (12) with the above results two 
constants A and @ must lie between the two 
sets of values listed in Table I]. The s:(T) 
vs T curves calculated by substituting these 
values into (12) are given in Fig. 8. 

In conclusion, the final and the best em- 
pirical formula for wz(T) is given by 


8 = 
6 
yi 
oO 
o 
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at + 
° 
> 
= | 
i= 
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Fig. 8. Regions of the most plausible »;(T) (solid 


bars and theoretical curves calculated from 
pr=Af{exp(O/T)—-1} with the values given in 
the figure. 


p(T) =(92.5-£15){exp (370+30/T)—1} 


cm?/volt sec , 


by the two curves in Fig. 8. 


§5. Discussion 


Despite a number of controversial assump- 
tions, it is believed the resultant characteristic 
temperature 9, say 370°K, is a reasonable one 
in view of the infrared absorption band ob- 
served by Yoshinaga et al. Since the absorp- 
tion band has its peak at 43, it follows that 
the characteristic frequency v; of the trans- 
verse wave and the corresponding temperature 
O’(=hy,/k) equal 6.98 x 10 sec! and 335°K re- 
spectively. Meanwhile, the characteristic fre- 
quency » of the longitudinal wave, which is 
responsible for the scattering of electrons in 
NaCl type polar lattices, is given by 


Ke \'2 
Yy= Vy, — 
Ko 


where «o is the optical dielectric constant”. 
Since #9 is about 6 in the present materials, 
(14) gives ».=1.4y,. Though the. structure 
of cadmium sulphide single crystal is not cubic 


(14) 


but hexagonal, the corresponding character- — 


istic temperature 9 of the longitudinal wave 
should be nearly equal to or slightly higher 
than 335°K of 6’. Another evidence of 9 is 
a characteristic vibrational fine structure of 
the edge emission at low temperature®. The 
results obtained by Kroger and Meyer suggest 
@=460°K. At least it cannot be emphasized 
that the values of @ lower than 300°K are 
preferable. 

It is also plausible that the concentrations 
Ni/2 of deep-lying centers for the present 


(13) © 
which passes through the mid region limited — 
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specimens are of the order 10!7cm-3, because 
carrier compensations in some degree are in- 
evitable at the present stage of crude crystal 
growing techniques. Probably these centers 
may be responsible for the trapping of posi- 
tive holes and always make them immobile 
when photoconduction is induced in insulating 
crystals under illumination. 

All of these results are suggestive that the 
intrinsic electron mobility of cadmium  sul- 
phide possesses remarkable polar nature and 
rather larger value at lower temperatures, 
but there exists a considerable effect of the 
impurity scattering which is depressing the 
mobility and cannot be neglected. 

The authors are indebted to professor Y. 
Uemura and Mr. K. Maeda for many helpful 
discussions. 
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Relaxation Time Anisotropy in Cadmium Sulphide 
Studied with Electrical Resistivity 


and Magneto-Resistance Effect 


By Taizo MASUMI 
Department of Applied Physics, University of Tokyo, Tokyo, Japan 
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Anisotropic temperature dependences of electrical resistivity and mag- 
neto-resistance effect in hexagonal cadmium sulphide single crystal have 
been observed in several impurity-doped conducting and photoconducting 


crystals. 
haviours. 


The experimental results indicate some unusual anisotropic be- 
They seem to suggest that the relaxation time anisotropy 


plays some important roles in transport phenomena of cadmium sulphide 
single crystals having hexagonal crystal structure. 


Introduction 


S 1. 

A great many of theoretical and experi- 
mental investigations about the electronic ener- 
gy band structure of semiconductors and 
metals)»2» have been made in recent years. 
Extensive investigations of electrical, magne- 
tic and optical properties on a crystal provide 
some useful knowledges about the electronic 
band structures in the crystal. In particular, 
experiments on the cyclotron resonance, in- 
frared absorption, magneto-absorption, de 
Haas-van Alphen effect, and the galvanomag- 


netic effect play significant roles in the study 
of usual semiconductors such as germanium, 
silicon and indium antimonide”. 

The author has studied the magneto-resis- 
tance effect in hexagonal cadmium sulphide», 
the electronic band structure of which has 
not been investigated yet though we have 
a large number of investigations about the 
photoconductive properties in the crystal®. 
The experimental results on the magneto- 
resistance effect in cadmium sulphide give 
some useful knowledges about the energy 
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band structures of conduction band and scat- 
tering mechanisms for free electrons, where- 
as the experiments on galvanomagnetic effect 
in semiconductors generally do not supply 
the individual informations about the aniso- 
tropies of energy surfaces and scattering 
mechanisms. Nevertheless, temperature de- 
pendences of the transverse magneto-resistance 
effect in cadmium sulphide show an unusual 
anisotropic behaviour as shown later, that is 
considered to be one of the most remarkable 
features of galvanomagnetic effect in this 
crystal. These situations seem to warn that 
we should pay our attentions to the existence 
of the anisotropic scattering mechanisms for 
conduction electrons in hexagonal cadmium 
sulphide, even though the energy surfaces of 
conduction band in the crystal are not suffici- 
ently clarified. 

We shall show the experimental results on 
the anisotropic temperature dependences of 
electrical resistivity and magneto-resistance 
effect in cadmium sulphide and discuss the 
probability of existence of the relaxation time 
anisotropy in cadmium sulphide based on 
these experimental results. 


§2. Experimental Procedures 


The samples used for the experiments are 
conducting thin flakes and blocks doped with 
Ga or Cl or with excess-Cd and also photo- 
conducting flakes of cadmium sulphide single 
crystals that have hexagonal crystal struc- 
ture, being of Wurtzite lattice type. In flaky 
crystals, the c-axis of the crystal lies in the 
flaky surface and the surface is perpendicular 
to one of the three a-axes. From a large 
flake, we have cut out the two specimens 


each direction of which is the [0110] or [0001] 
direction as shown in Fig. 1 (a) and (b). We 
have used some rods made from block crystals 
merely as subsidiary specimen for the measure- 
ment of magneto-resistance effect that were 
ground by carborundum to have _ specified 
direction with help of X-rays. The conduction 
of the crystal is m-type and the resistivity of 
samples ranges from p=0.05~50hmcm with 
Hall coefficient R=10~10* cm’/coulomb at room 
temperature for impurity doped crystals to p= 
10°~10" ohm cm for photoconducting crystals 
in dark at room temperature. Sizes of speci- 
mens are of the order of 3~5mmx1~2mm 
x0.02~0.2 mm with the longitudinal direction 
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[0110] or [0001], along which the directions of 
current JZ are fixed. The electrodes are 
indium-soldered ones forming good ohmic con- 
tacts whose contact resistance may be suf- 
ficiently negligible. 


The two specimens cut | 


out from the same parent flake the one of | 
which has the “direction of [0110] and the 


another the /-direction of [0001] were soldered 
in the same block of of indium metal at one 
end of each sample so that they have a 


common electrode and keep almost a common _ 


temperature at the same time as possible. 


Tiooon 


Cose-th) 


Fig. 1. Schematic Arrangements of the FE and 
H-directions for the orientations of hexagonal 
cadmium sulphide single crystals. 


Another electrode of each specimen was at- 
tached independently separated with each 
other. The electrodes are used for both cur- 
rent and potential leads. A source of errors 
in magneto-resistance measurement™>®)»® due 
to such an arrangement has been checked 
not to be serious in the experiments as dis- 
cussed in the previous paper”. 

Measurements of electrical resistivity and 
magneto-resistance effect have been made by 
measuring the potential differences between 
two ends of the sample and their changes with 
application of magnetic field passing a fixed 
current less than 10mA at most. The vol- 
tages and their changes across the sample were 
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measured by potentiometer with help of DC- 
bridge adjusted suitably and the resistivity 
measurements for high resistive photoconduct- 
ing crystals were done by high sensitive DC 
amplifier. For the measurements of magneto- 
resistance effect in impurity-doped crystals, 
magnetic fields H up to 12 kilogauss are pro- 
duced by an electromagnet, and the misalign- 
ment of H and J was decreased as possible. 
As the elimination of photoeffect in these in- 
trinsic photoconductors is very important even 
in this case, sufficient cares must be taken. 
Samples were contained in a enclosed cryostat 
avoiding the temperature drifts strictly. The 
observed temperature dependences of electri- 
cal resistivity and magneto-resistance effect 
in the experiment range from 100°K to 
300°K. 


nS 3. 

Experimental results have been expressed 
in the form of temperature dependences of 
‘relative resistivities ’’’ both for the current 
direction of [0110] and £[0001] or their 
ratios normalized at room temperature for 


Experimental Results 
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Fig. 2. Anisotropic temperature dependences of 
electrical resistivity for CdS-Cl specified with 
Pto001]-~1.0 ohm-cm at room temperature. 
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electrical resistivity. For magneto-resistance 
effect, results have been shown in the form 
of ‘‘their relative changes due to magnetic 
field H’’, (0—(0)/00=(4p)a/o, as a function of 
magnetic field strength H and the angle @ 
between the current J (or the direction of 
the fixed axis in some cases) and HM, and also 
of temperature T. 

An example of anisotropic temperature de- 
pendences of electrical resistivities for the 


two current directions [0110] and [0001] is 
shown in Fig. 2 in logarithmic scale. It is 
natural that each temperature dependence 
shows the common appearances in its quali- 
tative sense, however, it should be noticed 
that there is the quantitative difference be- 
tween them. This difference may be prima- 
rily considered to be due to the anisotropic 
temperature dependences of mobility of 
electrons in these crystals, for the concentra- 
tion of free electrons should have the same 
temperature dependence in the two crystals 
cut out from the same parent crystal. If we 
define the anisotropy parameter K,(T) by the 
relation, 


Relative Resistance 
Sl arbitrary ) 
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_ Proo0n 
P™ Proriol 


Normalized at 4 
Room Jempera ture 
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Ne" 
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10 
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Fig. 3. Anisotropic temperature dependences of 
electrical reistivity for photoconductive CdS 
(inverse of photoconductivity). specified with 
dark resistivity @oo017=10°~10" ohm-cm at room 
temperature. 
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Ryoony(T) / Reoo0r3(300° K) (3.1) 
Reorioy(T)/  Reorioy(300°K) Relative Resistance 
Parblivary ) 
where Rjoo(T), Riori(T) are the observed scale 
resistances for the current directions of £& 
[0001] and £0110], K,(T) indicates the ani- 
sotropic behaviours of two mobilities /po001(T) 
and “:01i0(7) for temperature, because 


KAT )= 


°K) 
K,(T)= Prooor LT) /Pfo0013 (300 
ey Oprioy(T) 7 Ofori03 (300° K) 
_ porto TL) / Lpori0(300° K) 3.1) 


Loo01}( T) H00011(300° K) K _ Prooon 
P~ PLOIIO) 


Fig. 2 shows the temperature dependence of 
K,(T) in the logarithmic scale. Remarkable 
features in the curve are the deviation of Kp 
from the unity in low temperature region 
(160~200°K) and its restoring appearance in 
lower temperature region (100~160°K). In 
order to interpret these behaviours, the fol- 
lowing observation would be useful. 

Similar experiments on high resistive photo- 
conducting CdS crystals had been made and 
the results of the measurements of resistivity 70 100 200 300 ‘Temperature T(°K) 
under the illumination of light with the fixed 
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Fig. 5. Anisotropic temperature dependences of 
electrical resistivity for CdS-Ga specified with 
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Fig. 4. Anisotropic temperature dependences of Fig. 6. Amisotropic temperature dependences of 
electrical resistivity for CdS-Cl specified with electrical resistivity for CdS-Cl spedified with 
P[oo011~0°75 ohm-cm at room temperature. OLo0017=0.05 hom-cm at room temperature. 
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Fig. 7 (a). 
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Summarized temperature dependence of Ko’s, for the CdS crystals with various 


grades of resistivity and comparison with the calculated curve. 


intensity (i.e. inverse of photoconductivity) is 
shown in Fig. 3. Inferring from the general 
feature in this case, it may be unlikely that 
the restoring behaviours of K, would appear 
in the lower temperature region. 

Furthermore, the experimental results of 
similar observations on lower resistive CdS- 
Cl or CdS-Ga crystals shown in Fig. 4, 5 and 
6, give some additive informations about the 
abnormal behaviours of K,. The restoring 
characteristic of K, in impurity doped crystals 
seem to become more appreciable as the de- 
crease of resistivity though the situation is 
semi-quantitative. 

The summarized results of temperature de- 
pendences of K,’s normalized at room tem- 
perature for the crystals with various values 
of relative resistivity are illustrated in Fig. 7(a) 
and these situations show some interesting 
features about the anisotropic temperature 
dependence of electrical resistivity in hexa- 
gonal cadmium sulphide single crystal. 


These results suggest us that the similar 
anisotropic temperature dependences of 
mobility will be found also in the experiment 
of the magneto-resistance effect. Some exam- 
ples of the angular dependences of magneto- 
resistance effect, (40)z/oH?, upon @ witha 
fixed strength of magnetic field at the fixed 
temperatures are iJlustrated in Fig. 8 and 9 
for the direction [0110] and [0001] in CdS-Ga 
crystals. Experimental details of the results 
and their general features are to be published 
in the another paper, and then, here, we 
would merely add some temperature depend- 
ences for various combination of HM and J and 
a few corrections. 

Temperature dependences 
resistance effects for the Fdirection [0110] 
and H having the angle @ from 0 to 90 


degrees between the directions [0110] and 


and [2110] are shown in Fig. 10 and similar 
dependences for the F-direction [0001] and H 


of magneto- 
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Fig. 7 (b). 
grades of impurity concentration Ny. 
(Nr= 


value of mobility u,=200 cm2/volt. sec). 


having the angle 0 between the directions 
[0001] and [2110] in Fig. 11*. Generally, the 
transverse magneto-resistance effects for the 
both current directions with common 


H-[2110] show the similar temperature de- 
pendences with slopes whose values are 
clearly larger than —3 and also the longi- 
tudinal effect for the Fdirection [0001], while 
the longitudinal effect for the Fdirection 


[0110] has scarecely observed at each tem- 


* Relative of 


resistance effect for the I-direction [0110] seem to be 
corrected to be rather smaller than that for the 
I-direction [0001], at a fixed temperature, though the 
semi-quantitative result is reported in the previous 
paper, where we described the former to be 
slightly larger than the latter. 


values transverse magneto- 
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perature. 
But one of the more characteristic features 
of the magneto-resistance effects in cadmium 
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Fig. 8. (40)”0H? versus 9 in CdS-Ga at low tem- 
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sulphide is the anisotropic temperature depen- 
dences of the transverse effects for the F 


direction [0110] illustrated in Fig. 12. It is 
most remarkable that there is a clear diffe- 
rence between the temperature dependences of 
the transverse effect with H-[0001] and that 


with #-[2110]. Although the former varies 
nearly as T-* as observed in germanium by 
Pearson and Suhl!, the latter presents 
a slightly different appearance. If we define 
the another parameter Kip), [oH analogous to 
Kp by the relation, 

(A opo1i0}) #/ Ofo1t01 A t0001] 
(A or01103)#/ Orori10) A ?psti0] 
we obtain the temperature dependence curve 
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of Kc4p),/oa? similar with the curve of Kp 
versus J, although the measurements of 
(40)a/oH* and therefore Kc4),/pa2’S involve 
more amounts of experimental errors than 
that of 9 and K,. The general tendency of 
K4) ,/ex#2— T curve shows a plausible agree- 
ment with that of the K,—T curve in its 
qualitative sense. 

Therefore, it may be considered that these 
experimental results suggest the special fea- 
tures of galvanomagnetic effect in hexagonal 
cadmium sulphide. 
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Fig. 11. Temperature dependence of magneto- 
resistance effects in CdS-Cl for the fixed direc- 
tion of I-[0001]. 


§ 4. Discussions 

It has been shown that there are unusual 
anisotropic temperature dependences of the 
galvanomagnetic effects in hexagonal cadmium 
sulphide single crystal and these behaviours 
have been studied through the anisotropy 
parameters Kp, and Kvp),,/ou2 for several 
photoconducting and impurity-doped conduct- 
ing crystals. 

Kp or K¢4p) _/on? defined by the preceeding 
relations is able to be written as follow, for 
example, 
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Anisotropic temperature rependences of transverse magneto-resistance 


effects in CdS-Ga for the fixed direction of II-[0110]. 


K,(T)= Mrorioy( T) LU (0110}(300° K) — Kn T) 


Loo Ly /  Htoo013(300°K) Ke (T) 
_F moor) /mifoon3(300° K) ] 
Meio T) / miorio(300°K) 
Trort01( Ib) Troi101(300° K) | 
x - (4.1) 
I Tco0011( Ls) Tro001}(300 K) 


where m*’s are the effective masses, t’s the 
relaxation times, Kn(T) and K,(T) the effec- 
tive mass ratio and the relaxation time 
anisotropy parameter normalized at 300°K, 
the suffixes specify the crystal orientations, 
and we have used a single simple valley 
model because of the lack of clear informa- 
tions for the energy surfaces. Then, it may 
be expected that K, and K (4p) z/on? are inde- 
pendent of temperature in usual isotropic 
media, because the effective masses and their 
ratio are independent of temperature for the 
crystal having usual carrier concentration and 
canceled out apparently, and the relaxation 
times t’s also have the similar temperature 


dependences for the different directions. 
Glicksman'™ discussed about the probability 
of existence of different ‘“‘type’’ scattering 
entering with an anisotropic temperature de- 
pendence or the anisotropic impurity scatter- 
ing in order to explain the deviation of rela- 
xation time anisotropy K, from the unity in 
germanium which is strongly concentration 
dependent and/or temperature dependent. But 
he considered these situations to be unlikely 
and Goldberg’! also determined the rela- 
xation time anisotropy K-,;=1.0 for lattice 
scattering and A,>1 for moderate amounts 
of impurity scattering from the magnetocon- 
ductance measurements and the cyclotron 
resonance value for the mass ratio Km. In 
hexagonal cadmium sulphide, however, it may 
be considered that the relaxation time aniso- 
tropy is still an important factor for the in- 
terpretation of the experimental result of 
galvanomagnetic effect. 


These situations suggest that a possible 
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phenomenological interpretation for the aniso- 
tropic temperature dependences of electrical 
resistivity and magneto-resistance effects in 
cadmium sulphide rises from the anisotropic 
weighting for the both types of scattering at 
the acoustical vibrational modes and the longi- 
tudinal optical modes of the lattice in their 
competitive process, and the impurity scatter- 
ing also plays subsidiary roles in some cases. 
Some trial drawings of K, involving the ani- 
sotropic relaxation time 


K,=k- Poor} __ ae {0110} 
[0110] H{o0001] 


a c l 
=p. Hovtooory — Haefoon) _ Hémfooo1}_ (4.2) 


| b (re 
Ho pfo110J Hacfo1i0} ee 
and 

Mop= a- {exp (O/T) —1} 

fae=BT-*/2 

Limp=T°: T3/2 
is plotted in Fig. 7 (a) and (b), where the 
constants are properly chosen taking accounts 
of the anisotropic weighting that is consider- 
ed to be probable from magneto-resistance 
data and normalizing K, at room temperature, 
and Debye temperature 9 has the value ob- 
tained from the infrared absorption data by 
Yoshinaga et al.. General behaviour of cal- 
culated K, shows a fairly good agreement 
with that of observed K, for the medium re- 
sistive and photoconductive crystals in the 
temperature region from 160~300°K in quali- 
tative sense. The restoring behaviours of 
kK, in lower temperature region for impurity- 
doped crystals seem to be partly due to the 
apparent restoring of lattice and partly due 
to the impurity scattering, as shown in Fig. 
ALD) 

But these situations are not completely justi- 
fied because other factors such as detailed 
structure of energy band and so on also may 
play some roles in the present phenomena. 
For example, the non-vanishing longitudinal 
magneto-resistance effects for the Fdirection 
[0001] and vanishing longitudinal effects for the 


Fdirection [0110] can not be explained general- 
ly by the Herring’s so-called “simple many 
valley energy band’’ model! usually consi- 
dered in germanium and in silicon, and more 
complicated model may be necessary. Besides 
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the situation, the crystals may contain some 
crystal imperfections such as point imperfec- 
tions, dislocations, stacking faults and possi- 
bly boundary planes which give rise to some 
extra temperature dependences. But it would 
be unlikely that these extra dependences 
play an important role in the present experi- 
ment. Therefore, the foregoing interpretation 
seems to be one of the plausible proposals even 
though it is not completely definite. Further 
investigations to confirm these situations are 
now in progress.!© 

In any case, our experimental results about 
the anisotropic temperature dependences of 
electrical resistivity and transverse magneto- 
resistance effects in Fig. 7 and Fig. 12 reveal 
us the existence of anisotropic scattering me- 
chanisms in hexagonal cadmium sulphide be- 
ing of Wurtzite lattice type. 
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A quantummechanical theory of galvanomagnetic effect is developed on 
the basis of the general theory of irreversible processes previously re- 
ported by Kubo (J. Phys. Soc. Japan 12 (1957) 570). The present theory 
applies to arbitrary shape of Fermi surface, as far as it makes a closed 
surface in the momentum space. Complications due to the interband 
effect and Harper's broadening effect are neglected here. On these as- 
sumptions it is proved that the static conductivity can be expressed 
generally in terms of the migration process of the center coordinate of 
the cyclotron motion. This is based on the assumption that the relative 
coordinates to describe the cyclotron motion are essentially bounded 
quantities in classical and also in quantummechanical sense. Without re- 
ferring to any dubious use of transport theory, a very satisfactory logi- 
cal basis is thus obtained for treating galvanomagnetic effect. This 
method is particularly useful for strong field. Applications will be re- 


ported in a subsequent paper. 


§1. Introduction 


The elementary theory of galvanomagnetic 
effect as one finds in standard textbooks» usu- 
ally starts from the transport equation of 
electrons which describes the time change of 
the velocity distribution function by the drift 
due to the external electric force and the 
Lorentz force and by the collision term due 
to the scattering of electrons by phonons or 
lattice defects. Although the scattering is 
usually treated by quantum-mechanical per- 


turbation theory, this transport equation is 
essentially classical or semi-classical, because 
it does not take into account the quantization 
of electron orbits by the presence of magnetic 
field. This is an approximation which is legi- 
timate only in weak field, and so the element- 
ary theory does not account for some peculiar 
effects which appear when the magnetic field 
becomes strong. 


It is now well known that the quantization 
of electron orbits in magnetic field gives rise 
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to some interesting and important phenomena. 
Such quantum effect is most clearly exhibited 
in the de Haas-van Alphen effect” in diamag- 
netic susceptibility and in the diamagnetic or 
cyclotron resonance phenomena», De Haas- 
van Alphen like oscillations are observed in 
transport phenomena such as magneto-resist- 
ance®, Hall effect, thermoelectric power” 
and thermal conduction”. Similar oscillation 
is seen also in optical absorption spectra of 
semiconductors®. Besides such oscillations the 
quantization effect will completely change the 
transport properties of metals and semicon- 
ductors at very high magnetic field from the 
prediction of the elementary theory. The 
magneto-resistance, for instance, will show 
saturation according to the elementary theory 
- when the magnetic field becomes so strong 
that the condition 


Mot, > 1 C1) 


is satisfied. Here wo is a measure of the cy- 
clotron frequencies determined by the mag- 
netic field H and t, is that of the relaxation 
time. The condition (1.1) is that the electrons 
will complete many cycles of cyclotron motion 
before they get scattered. This classical satu- 
ration will be violated at very high magnetic 
field where the energy spacing of Landau 
levels becomes comparable to the Fermi po- 
tential. This was pointed out by Titeica” 
many years ago who made the first attempt 
for a quantum-mechanica! theory of magneto- 
resistance. By Titeica’s calculation, the mag- 
neto-resistance should increase linearly with 
the magnetic field at extremely high magnetic 
field. This conclusion should not, however, 
be taken as an explanation of the linear in- 
crease of magneto-resistance often observed 
by experiments at moderately strong magnetic 
fields™. 

The oscillatory effect of magneto-resistance 
was first discussed theoretically by Davydov 
and Pomeranchuk™. They treated the case 
of impurity scattering and applied the theory 
to the case of bismuth. More recently Lif- 
shitz and his coworkers! treated the conduc- 
tion problem by extending the kinetic equation 
to include the non-diagonal elements of the 
density matrix but without much examination 
of the collision term. Their conclusion is that 
the oscillation of magneto-resistance is essen- 
tially due to the oscillatory change of state 
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density so that it is parallel to the de Haas- 
van Alphen effect oscillation. Similar theories 
have been also developed by Adams and 
Argyres™. They treated the longitudinal 
magnetoresistance. Argyres further examined 
the transverse magnetoresistance™. 

The present authors started this work three 
years ago. Some of the results have been 
already reported on several occasions, al- 
though a full report has not been made yet. 
We have found that the quantum theory of 
galvanomagnetic effect can be constructed 
quite consistently on a very sound basis. The 
logical basis is more satisfactory than that of 
usual theory of conduction. This point has 
not been made clear in any of the previous 
work. This is the main reason why we now 
publish our work. 

Our work is based upon the general theory 
of conductivity as developed by one of the 
present authors. The conductivity tensor 
can be rigorously expressed as a time integral 
of a sort of correlation function (response 
function, to be rigorous) which describes the 
spontaneous fluctuation of the current in the 
system under consideration in the absence of 
electric field. We now apply this formula by 
analyzing the dynamical motion of an electron 
in a magnetic field. It is seen that the cy- 
clotron motion of crystal electrons with rather 
arbitrary energy function can be most con- 
veniently described by a new set of canonical 
variables which consists of the center coordi- 
nates (X, Y), the relative coordinates (&, 7) 
and the coordinate and momentum in the di- 
rection of the magnetic field (z, pz). Thus 
the electric current in the x-y plane may be 
split into two parts, the current due to the 
displacement of the center and the current 
due to the relative motion. It will be shown 
that the symmetric part of conductivity tensor 
is completely expressed in terms of the center 
migration. On the other hand, the relative 
current contributes to the antisymmetric part 
a finite value which corresponds to its ideal 
value for vanishing scattering. The present 
theory thus gives a very clearcut formulation 
for the calculation of the galvanomagnetic co- 
efficients, which can be applied to various 
cases, to metals or to semiconductors, with 
phonon scattering or with impurity scattering. 
When applied to metals with phonon scatter- 
ing, the result will be the same as given by 
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Titeica® long time ago. If the scattering is 
due to impurities, it will be much the same 
as that discussed by Davydov and Pomeran- 
chuk!™., These authors, however, assumed 
rather intuitively that the conduction is inter- 
preted by the center migration process. Our 
present theory will give a proof for their as- 
sumption and a more rigorous formulation. 


§2. Dynamics of a Crystal Electron in Mag- 
netic Field 

Let us begin with a discussion of dynamics 
of a crystal electron in magnetic field. We 
consider crystal electrons which are described 
by the Bloch states Eo(p) where p is crystal 
momentum “#k, k being the Bloch wave vec- 
tor. In a magnetic field A, which is gen- 
eraetd from the vector potential A, 


rot A= H 
and in the presence of a perturbation potential 
U, the crystal electrons may be approximately 
described by the effective Hamiltonian, 
A= Ea)+ U(r) , WAN) 
where z is the quasi-momentum defined by 


m=p+ A 
( 


satisfying the commutation rule, 


he 
cxXr=—H. 
aC 


Or, if the direction of HW is chosen as the z- 
axis, the definitions are 


Tx= pet me ’ 
Cc 
Ty=pyt+ —Ay ’ a 
z= pz 
and the commutation relations are 
(reas ey El 
Ke 73) 


[7t2, x]=[7y, y]=h/i 


and other obvious ones. 

Eq. (2.1) is based on the work of Peierls 
and Luttinger’. We shall use this Hamil- 
tonian throughout the present work, so that 
we may briefly summarize the assumptions 
involved. 

1) Since Eo(p) represents a particular band, 
we have tacitly assumed that the interband 
effect (due to the change of wave functions 


R. Kuso, H. HASEGAWA and N. HASHITSUME 


(Vol. 14, 


in magnetic field) may be neglected. Some 
time ago, Adams pointed out that the inter- 
band effect is important for the large dia- 
magnetism of bismuth'®. It has not, how- 
ever, been made clear how important the same 
effect would be for the galvanomagnetic effect 
particularly for those semimetals or semicon- 
ductors which have rather small energy gaps 
between bands. We here leave this question 
open for a future study. 

2) We treat the coordinate r in (2.1) as a 
continuous variable although it is in fact dis- 
crete labeling the expansion coefficients in 
terms of the Wannier functions. This is per- 
fectly correct as far as no approximation is 
introduced for the function Fo(p) and so 
E,\(fp/i) is a differential operator with infinite 
order. But here we may allow approxima- 
tions such as the effective mass approxima- 
tion under circumstances. We thus neglect 
such a broadening effect of the Landau levels 
as discussed by Harper and Zilberman™. 

Now let us introduce a new set of variables 
instead of the cartesian coordinates and their 
conjugate momenta. We define namely the 


variables, 
Cape ete ea SCO 
&= aps! ’ v/) ere ’ (2.4) 
and 
A=K—-6 4 J HV—% (2.5) 
From Eq. (2.3) we see at once that 
Nae Cee 
[E, x] cet ne (2.6a) 
iC P 
iG Ye eet Fad ten —— ’ = 
1 eH 1 2b) 
[—, X]=[y, XJ=lE, Yl=lv, YI=0. (2.6c) 


By these commutation rules the variables 
(Sr GAY and (pre) (2.7) 


make a complete set of canonical variables. 
There are of course other choice of canonical 
variables, for instance 
(3 0) ? C8 y) and (pz, Z) ° 

This set is obtained from (2.7) by the canoni- 
cal transformation 

e- 1X/PEginx/P — Ey X=x 

e-17X/P Voeinx/? Y+y=y. 
This can be regarded also as a gauge trans- 


formation. 
The physical meaning of the variables (2.7) 
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can easily be seen from the equation of mo- 
tion. Consider the motion of an electron in 
the absence of the perturbation U. Since the 
' Hamiltonian Eo(z) does not involve X and Y, 
these variables do not change in time. There- 
fore the coordinates (X, Y) specify the posi- 
tion of the cyclotron motion in the x-y plane 
perpendicular to the magnetic field. We shall 
call X and Y the center coordinates. By Eq. 
(2.5) € and 7 are then the relative coordinates 
to specify the cyclotron motion relative to 
the center (X, Y). The center coordinates, 
X and Y, have, according to (2.6b), the quan- 
tum-mechanical uncertainty 


AXAY=27?? = hc/eH 


from which follows the well known fact that 
each eigen-state of Eo(zz, zy, pz) has the de- 
generacy of 1/2z/? per unit area of the x-y 
plane. Here 7 corresponds to the classical 
radius of the lowest Landau level for an elec- 
tron with a spherical mass. A similar un- 
certainty relation holds for the relative co- 
ordinates, € and v7, for they are the canonical 
variables for one-dimensional periodic motion. 

More generally, even in the presence of the 
perturbation potential U, we may use the cen- 
ter and relative coordinates. The equation of 
motion, either classical or quantum-mechanical, 
is easily obtained from the assumed Hamil- 
tonian (2.1). (The function Eo(z) must be 
well ordered in the noncommutable variables 


Zz and zy). Namely, 
£0Eo an COU. 
_ OE» Cc oU 
One ses Ox 
_€¢ OU 
ee (2.8b) 
peg ame 
CH OL 
OU OE 
y=, 2.8C 
Pe Oz ap; ee 
Eq. (2.8a) may alternatively be written as 
raat, eH OF rics oU 
C OTy Ox (2.9) 
ir ay eH OF) om OU 
Le tae ai omer OE 


It should be further noticed that the velocity 
v=(vz, Vy, Vz) is written as 
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ve rab 4 Kao 
Orr 
vy = =p Va (2.10) 
Ory 
pg p= OE 


As one sees by Eq. (2.8b), the motion of 
the center coordinates is induced by the per- 
turbation potential U. When U induces scat- 
tering, the center will make jumps as shown 
schematically in Fig. 1. It is also easily veri- 
fied that the equation (2.8) is equivalent to 
the familiar equation of motion written in 
terms of the Lorentz force. 

For the sake of illustration and also for a 
later reference, we treat the simplest case 
where the potential U gives a constant force 
field, namely 


Fig. 1. Migration of centre. 


Fig. 2. Drift of centre in crossed uniform magne- 
tic and electric fields. —-—-— is the locus of 
the centre coordinate, while -------- represents 
the locus if there wave no drift motion. 
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OU 0U duced by the natural motion of the system in 
Ox. a Oy (Gay the absence of the electric field. The average 
Then Eq. (2.8b) shows that denoted by the bracket is taken over the equi- 
: librium ensemble. Namely it means as usual 

Y=ch/H . (2.12) the operation 


The center makes a drift with the velocity 
(2.12) perpendicularly to the direction of the 
magnetic field and the force field (see Fig. 2). 
This holds quite generally irrespective of the 
form of the energy function Eo(p). This drift 
motion is generally accompanied by a shift of 
the relative coordinates. This shift is deter- 
mined by the condition that 


OF 9 OEv_y_ cE 

OTe Ory H 
where the bar denotes the time average or 
the quantum-mechanical average with respect 
to a stationary state. This follows from the 
assumption that the variables € and 7 are 
bounded. We shall later come back to this 
point (§ 5). 


0, (2.13) 


§3. General Formula of the Conductivity 
Tensor 
In a previous paper! (referred as K), one 
of the present authors showed that the con- 
ductivity tensor can be generally expressed 
by the formula (K. (5.11)) 


Pe |, ate-* [anc l—ihd j.(t)) 


(ay PEs 5 2) (GAl) 


which gives, in particular for the static con- 
ductivity, 


zp 
aie \ dt [BK inadiuy (3.2) 


In these expressions, 8 is 1/kT and jy is the 
current density operator in »v-direction. We 
shall use for the sake of convenience the 
second quantization formalism and write 


p= |oriabdr 


unit volume 


(3.3) 


where jy is the current operator for one elec- 
tron, 


Ju=—lvy (3.4) 


and ¢t and } are quantized wave functions 
normalized per unit volume. In the follow- 
ing, density operators like (3.3) will be de- 
noted by gothic letters. 

In Eqs. (3.1) and (3.2), the time dependence 
of the current density means its motion in- 


<A>=Tr pA 


where p is the equilibrium density matrix. 
In the classical limit Eq. (3.1) goes into 


owho)=| dte-*< J OIu(d)> (3.5) 
0 

so that the conductivity is essentially the time 
integral of the correlation function of the cur- 
rent density which fluctuates in thermal equi- 
librium. Eq. (3.1) takes care of all possible 
quantum-mechanical complications by the inte- 
gration over the imaginary parameter i#A in- 
volved in jx(—ih#d). The integrand 


[ai ih—-imO)=dwl0 (3.6) 
0 

is not itself the correlation function, but it 
represents the response of the system revealed 
in the current component jz to the pulse of 
electric field applied in y-direction so that it 
is the response function (which is essentially 
reduced to the correlation function in the clas- 
sical limit). 

It is possible, however, to write the conduc- 
tivity in terms of the correlation function of 
the current fluctuation, for the symmetric part 
of the tensor, but not for the antisymmetric 
part, in the following expression, 


ao ene | Sie 5 
CH= | 9 HOE) 
+ {(Fu(O)jv(b}de- 8 dt (3.7) 
where the curly bracket means the sym- 


metrized product of the two operators inside 
and Eg() is 


ho 


Edy athe 


2 2 
This equation reduces to 


eR es : 
rae a 5 COA} +LIOEMAPAL 


(3.8) 

for the static conductivity (K (7.14), CELE 
The above would be enough for the present 
purpose. A more detailed discussion of the 
general theory is referred to K. It should be 
emphasized, however, that these basic formu- 
lae are quite rigorous so that they provide us 
the safest ground from where we may pro- 
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ceed to actual calculation for any specific 
model even when the traditional method of 
using the Boltzmann-Bloch type transport equa- 
tion can not be trusted. 

We add here a brief remark for illustration 
that the simplest case of classical formula of 
the galvanomagnetic effect is easily obtained 
from Eq. (3.1) if the response functions (3.6) 
are assumed to be 


en 
Pex= byy= dpi e-*/7 cos wot , 


bxy= = byx= 


eo? o-t/7 sin wot , (3.10) 
mm 


e7n 
ica po 


where m is the electron density, m the elec- 
tron mass, wo the cyclotron frequency eH/mc, 
and t the ordinary relaxation time. t may 
be regarded also the correlation time for the 
electron velocity. The initial values of these 
response functions, ¢z2(0), @zy(0), etc. are in 
accordance with the same rules (K, Eqs. (8.5), 
(8.15) and (8.18)). By inserting (3.10) into 


(3.2) we get 
Ai a ee al 
1+ a 20? 1+ a?r? 
en 
a= Mot? G Gulls) 
de 1+ a 2c? 1+ ao?r? 
0 0 T 


which is a well-known formula of the conduc- 
tivity tensor of electrons with spherical mass 
and isotropic relaxation time. 


The v-representation and the €-X Re- 
presentation of the Conductivity Tensor. 
Illustration by a Simple Model 


§ 4. 


We have seen in §2 that the velocity of an 
electron in the x-y plane, which is normal to 
the direction of the magnetic field, can be 
split into two components, the center velocity 
and the relative velocity. Therefore the cur- 
rent density in Eg. (8.1) may be written as 


Jz Ux xX é * 
pa) meets) 04 2! 2°) 
Ju vy Ve ) 
(4.1) 
where the gothic letters are expressions like 
Eq. (3.3) with various velocity components. If 


the holes are considered the sign of e should 
be reversed. The conductivity tensor may be 
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thus expressed in two ways. One representa- 
tion is to write it in terms of. (vz, vy) opera- 
tors. We call this the v-vepresentation. The 
other way is to split the whole expression 
into the center velocity and the relative velo- 
city components. This will be called the €-X 
representation. 

These two representations are of course cor- 
rect and give the same answer if they are 
treated correctly. But they may be applied 
with advantage in different conditions. The 
v-representation is useful for weak field and 
also in moderately strong field. The &-X re- 
presentation is particularly convenient for 
strong field. 

It is very instructive to consider the fol- 
lowing simple example in order to see how 
these two representations are related to each 
other. 

Let us consider classical electrons. Each 
electron is supposed to be making cyclotron 
motion in the x-y plane with the cyclotron 
frequency wo, the mass being assumed to be 
spherical. The radius of the orbit is also as- 
sumed to be constant for the sake of simpli- 
city. These simplifications will not spoil the 
essential things in our consideration. The 


Fig. 3. 


scattering is supposed to occur with the mean 
free time t) and the scattering angle a, which 
varies statistically. Our model is thus illu- 
strated by Fig. 3, where the circular arcs re- 
present the orbit of an electron, which suffers © 
scattering at the points Pi, Ps, Ps and so on 
at the time h, fh, fs---. The center makes 
then a zig-zag motion CoCiC2:-- 

It is convenient to introduce the complex 
representation, 


U=Vetldy , 
R=X+iY, (4.2) 
r=E+%, 
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in which we may write 
u(t) =uetot exp {7 > ajF(t—t)} , 
R(t)= > A;Ri(t—ty) , 
r(t) =u(t)+ & Ayrd(t—ty) , 

where 


(4.3) 


1, 
0, 


oF t>0 
POI! 44 


and 


j-1 
4;R=—Ajr=e exp {i(wotj +>) Ae) }1—e?*s)uo/iao 
(4.4) 
is the jump of the center by the 7-th scatter- 
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ing. Eg. (4.3) describes the stochastic change 
of our variables. By assumptions we have 


1 
-tV(tj;-tj;_p e-ite-t/t = 5 
Le-tj-tj- DY = \e e-*/0dt/to= ea (4.5) 
for any vy and also 
<et*)= (cos a>=C (4.6) 


for the scattering angle. 

From Eqs. (4.3) and (4.4) with the help of 
(4.5) and (4.6) we may easily calculate the 
correlation functions and their Fourier trans- 
forms. Giving the details of the calculation 
in the Appendix, we summarize here only 
the results. 


1 1 


g ation Vis b)Se-tvt oe: 
\ <v2(0)u2(t)>e~*dt . Cvy(0)vy(t)>e-*dt = 5 Vx ‘nee ee RTE : (4.7a) 
|, <e-(O)vade-tdt= — le Cos Ook pe d= Fie sts @) 
0 yee = O-oO |, O+Wo 
\ <X(0)X(t)ye~# ‘dt=|" <Y (0) ¥())e-tdt= 2 a ee as) (4.8a) 
\: (X (0) ¥(t)e-ttdt= — =a <¥ (0) Xtt)e-ttdt = ae ne Tae Se (4.8b) 
0 EIA RS Brera Ve 1—iwort 1+2@0t 
\ CE()E()Ye~tdt = \ Oh a ee! ' (4.9a) 
tat ype Fab oo w(1—iaor) wo(1+iaot) 
|" <eonyeedt=—\" cro mtat = 2 2 20 ot ere ee a 
A 0 Xt t tot z =tot sp _ 4 V2 i 1 
\ <E( Pe eels \ X(DEWe ae 2 wo? Hee =e eee : Sb 0@) 
0) ¥(é)e- totgt= —© 02 es J 1 
\, cE MEd Ss a X(O)no)e- eine 2 wo? age Ree ee 
where 
t=T/(1—c) 


is the ordinary relaxation time for the electrons. 

The conductivity tensor and its components in the center and the relative velocities can be 
easily obtained from these equations since they are essentially these Fourier integrals of the 
corresponding correlation functions multiplied by e?/kT, where 7 is the electron density. By 


the equipartition law, we may put 


v22/kT= 


so that we have, for instance, 


1/m 


ge ne? 7c | ' 1 1 
m 2 (1+i(o—wo)t 1+i(@+a)r J ’ 
; (4.11 
re ne rt il oF 1 ) 
m 2 \1+ilo—ao)t 14+72(w+ao)r J * 


1959) Galvanomagnetic Effect. I. 63 


This is the classical formula obtained by inserting (3.10) into (3.5). The quantization effect 
is not taken into account in the present model, but we can see from the above results several 
things which help very much the understanding of the real situation. 

The real part of the conductivity oz2(w) is written as (K, (7.18)) 


Re Oxx( Ww _ ne?’ ?, —iot oe ne? 

(w) ET Re veO)veld) re dt=1 77 < veo)? , (4.12) 
where v:(w) is the Fourier component of the fluctuating velocity vz and so <|v2(w)|2> is its 
spectral density. This is shown in Fig. 4 by the bold curve. Similar spectral densities are 
also shown in the figure. They of course satisfy the relation 


|X (o)|2>+</E()2>+2 Re (X(w)E(0) =<lve(w)|2> . (4.13) 


| 


Fig. 5. Fourier components of the antisymmetric 
part of correlation functions. Curve A shows 
the real part of the first term of Eq. (4.7b). In 
the same way B corresponds to Eq. (4.8b), and 
C to Eq. (4.9b). Curve B is twice the real part 
of the first term of Eq. (4.10b). 


Fig. 4. Fourier components of the symmetric 
part of correlation functions. Curve A shows 
the real part of the first term of Eq. (4.7a). In 
the same way B corresponds to Eq. (4.8a), C. 
to Eq. (4.9a), and D to Eq. (4.10a). 


Now the spectral density <|vz(w)|?> in this model has a resonance peak at the cyclotron fre- 
quency wo. This is the cyclotron resonance, which is broadened by the scattering processes. 
If we want to find the static conductivity, it means that we must then know the exact form 
of the broadened line in the tail at the frequency zero. The Lorentzian form in the present 
model is merely due to our great simplifications. The general problem of calculating the 
static conductivity in the v-representation is thus reduced to the line shape problem of the 
cyclotron resonance. The traditional method of using the transport equation involves an im- 
plicit assumption with regard to the type of the line shape, which is hard to prove in general 
and is in fact valid only in a certain limited condition. 


In Fig. 4, we see that 


(|X (@) [0-0 =< |02() [20-0 (4.14) 


and other spectra! densities vanish at w=0, 1.e., 


64 R. Kuso, H. HASEGAWA and N. HASHITSUME (Vol. 14, 


<|E(@) 0-0 =<E(@) X (©) w-0=0 (4.15) 


(see Eqs. (4.7a~4.10a)). 
This means that the static conductivity can be expressed as 


_ ne? 4.16) 
tax= Ee oly CX) ()>dt . ( 


It should be noticed that this expresses the Einstein relation, 


_ net (4.17) 
Onn PT D 


where D is the diffusion constant of the center. This is seen easily by rewriting Eq. (4.16) 
as 


ne 
aa yf / fi AN, = x t =) ¢ 0 2 a) 
oem elim ge | <XUAU Dal dl” = Fee lim 9 (XO- KO pr 
(see K, Eq. (9.2)) 

Fig. 5 shows similarly the frequency dependence of Re oy-(w) and its various components in 
the €-X representation. From Eqs. (4.7b)-(4.10b) we see that the cross terms involving the 
center and relative velocities vanish at w=0, and that 


[Conrad =0Fen (4.19) 


Therefore we have 


te |" <ve(0)vy(t)>dt = an <X(0) Y(t))dt (4.20) 


where the first term coming from Eq. (4.19) coincides with the ideal value which should be 
attained when the relaxation time t becomes infinite (vanishing scattering). 

Eqs. (4.16) and (4.20) suggest that the E-X representation can be used conveniently only 
for the calculation of the static conductivity. The vanishing of various terms mentioned 
above occurs only in the static limit. But it has certainly a great advantage over the v- 
representation as far as the static conductivity is concerned, particularly when the cyclotron 
frequency is large (strong magnetic field), because it is not the cyclotron resonance picture 
but is essentially the migration picture of the center coordinate. This limitation and the 
advantage of the €-X representation must be borne in mind. In the following section we 
shall prove (4.16) and (4.20) in a general way. 

Another important point to be seen by our model is that the correlation of the successive 
jump of the center is strong when wor is small and decreases with the increase of wot. This 
is easily seen because the center positions Co, Ci, C2--- will be on a circle if wor~0, which 
means that the jumps CoCi, CiCz, --- are correlated. An explicit calculation can be made by 
using Eq. (4.4) to obtain 


(AX V=(AY))= Eo), 


(4.21) 
(4,X4;X)>=<(M, YA; Y= 2¢i-2 Re (1—iwot)--Y , (fj > 2) 
<AXd,Y>=0, 
(4 X4;Y >={4, YAjX)= — 2210p? Im (1—iapr)-S-D , (j>2) (4.22) 
0 


; - ——— ——> 
From this we see that the correlation between the jumps CoC: and C;-:C; is of the order of 
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(wor) 9") when the magnetic field is strong (wor > 1). 
The expressions (4.16) and (4.20) are calculated with the use of the formula (see Appendix) 
\ <R*(0)R(t)>dt = eh (4R*RD +3, <A R*A; Ry} = Darby? 1 


1M0 il —1WT 


(4.23) 


The result, of course, coincides with (Gai 

The above consideration shows the important fact that the calculation of conductivity can 
be simplified very much under the condition of strong field, because then the correlation of 
the successive jumps may be neglected. 


§5. Conductivity Expressed in Terms of the Center Migration 

We shall now show that the basic equation (3.1) may be simplified by certain assumptions, 
to equations similar to (4.16) and (4.20). Namely the static conductivity components can be 
expressed in terms of the center velocity. 

It is convenient to use the complex variables u, R and 7 defined by (4.2) and also the cor- 
responding current densities 


4 =| prude _ [yrvetivn gar 


=|uRgar— [oX+iViddr (5.1) 
p=|sigdr=\Erinddr. — w=R+7) 
Then the conductivity tensor components may be written as 
aks ae dt J, dXdue(—ihdu(>-+ <ul —ihayu*(t)>} , 
be2— ow =< \, dt [, dau —ihdu()) + Quite uta, a 
b10—Ony= 5 \ dt \, ddt{iu*(—ihayu(t))— <ul—ihdw()>} , 
Boate Wie or, [! 42 (<u indy) — (u*(—ihdur()>} , 
oe Pay Ise? [at \, div —ihayu(t)> . 6.3) 


Each of the terms on the right-hand side of Eq. (5.2) is expressed in the €—X representation, 
in which it consists of four terms. ! 
Let us first consider the term which involves the relative velocities y and 7*, which will 


be transformed as follows. 
co 5 A B a 4 
| dt [iaicge(—ihdy>=— dadg*(—ihayy 0) 
0 0 0 
1 eg Nes 
raid 7 to loy* r= —3 Tr ol7*, r= 2h 5 (5.4) 
where m is the electron density. The last expression is obtained from the commutation law 


ir*, r= (vir, riddr=20-|orpdr=2Pe 6.5) 


(see (2.6a)). To rewrite the second line of (5.4) we used the identity, 
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lip, Al = |\'0A(—thayan (5.6) 
ih 0 


which holds for a canonical density matrix p=C exp (—BA) (K, Eq. (3.9)). The second line 
is obtained from the first by simple integration with the assumption that 


jim [laace*(—thdrO)= lion * <[r*0), 7DD=0. (5.7a) 


Here again Eq. (5.6) is used. 
Similarly, if we assume 


jin [and —thady(®)=lim 5 ir), rOD=0 (5.7b) 
tro2 0 00 
and the conjugates of (5.7a, b), we get 
(any Cay pe _2cn 
\ dt [dir —inayy (t)> RG eae 
[iar [laacr—inayr(>=0 ; 6.8) 
0 0 


[iat [i drcpn(—indy*(>=0 


Eqs. (5.4) and (5.8) show that 


(G22)yy=(uv)yy=0 , (Cyx)yy= —(Gan)¥9= (5.9) 
where the suffix means the contribution from the relative velocity. Therefore, if the condi- 
tions (5.7) are fulfilled the relative velocity gives only the ideal value (—emnc/H) to the anti- 
symmetric conductivity. This is in accordance with what we saw by Eq. (4.19) for our 
simple model. 

The conditions (5.7) will be satisfied if the variables € and 7 are bounded. Then it is ad- 
missible to put 


. 


lim [lanen(—ihdyo)= [Naacen(—inayr<y> A; (5.10) 


where we assumed essentially an ergodic property of the variable 7 (see K, §3). Or simply 


this means that the correlation between the variables 7*(—ihad) and 7(¢) will be lost as the 
time ¢ grows infinite. In the last expression we have 


<7(—ihd)> =<p>=0 (5.11) 


because of the bounded nature of y. This gives (5.7a). Other conditions, (5.7b) and the con- 
jugates, are understood in the same way. 


Next we consider the cross terms involving the relative and the center velocities. Like 
Eq. (5.4) they may be transformed as 
° 0B : : F} : 
| dt | ALE—ihdyyXO>=—| dk R(—thd)y(0)> 
0 0 0 


1 1 
=—7 itle, Rlr=—Z Tr olf, 7]=0, (5.12) 


cc) B . > co : c 0 : : 
\ di [arth RO) = \ Bp | ax —DREh2)» “ y dt | dacqoneinay 


= |‘ dacronmtina) = [ax R(—ihd}7(0))=0 (5.13) 
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where we made the assumptions 
. 8 a. _. (8 : 
lim | axa(—indroy=0 : lim | dk yr(—DRihAY=0 . (5.14) 
—0o 0 


If Eqs. (5.12) and (5.13) (and their conjugates) are right, we see from (5.2) that 
(Gxx)Ry = (Oyy) 2) = (Oye) R=(Cry)R=0 . (6:15) 


Namely the cross terms involving the relative and the center velocities do not contribute 
anything to the static conductivity. This is again in accord with our former consideration. 

The assumptions (5.14) are similar to (5.7) and are understood in a similar manner. Namely 
they are based on the assumptions that 7 is bounded and that 


<R>=0. (5.16) 


The last assumption should be true, because otherwise there would be a constant current 
flowing in the absence of the applied electric field. 

Another point to be remarked in the transformation (5.12) is the last step which inter- 
changes the order of the operators in the trace operation. The classical correspondence of 
this is the partial integration of the type 


|) \Jexavaedn ie exp (—B4) Lg 
=| \favagantexr(—P4)}x-2—{exp(—B)}x-ni1-€~|[[laxavagay exo( BO, 


where Xi and X2 are the boundaries of the domain under consideration. This surface contri- 
bution will vanish since the electron density is constant on the average even when there 
the perturbation potential U. 

Thus, we have seen that the static conductivity is rather simply expressed in the E-X re- 
exists presentation as 


ra a [laXcx(—ihXO> . ay =e'\" al jax ¥(—ih) YW), (5.172) 
0 0 0 


0 


oo - 3 co B 5 ; 
tye Rete at \"axxxX(—ih YO) , day= — NEE + ool at \"axc¥(—inax(O> (5.17b) 
H 0 0 A 0 0 


if the condition is satisfied that the variables & and vy are bounded. 

This is satisfied when the electrons are free with a constant mass or when the effective 
mass theory is valid. It will be so more generally when the cyclotron orbits (in semiclassical 
sense) are closed in the momentum space. In these cases, the probability amplitudes in the 
momentum space will be limited in a certain neighborhood of the classical paths. Since the 
general canonical distribution, or the Fermi distribution in the case of independent electrons, 
will cut off the larger orbits with higher energies, the quasimomenta and therefore the rela- 
tive coordinates can be regarded as bounded even in a quantummechanical sense. This con- 
sideration shows also that we should treat holes rather than electrons if the band in consid- 
eration is almost full as we do usually. This of course will change the sign of the first term 
of (5.17b)- 

Therefore, by neglecting the interband effect and Harper’s broadening effect (§2) and by 
excluding the existence of the extended orbits’? we may expect the bounded character of the 
relative coordinates and so use Eq. (5.17), which expresses the conductivity in terms of the 
migration of the center coordinate. 

It should be remarked also that Eq. (5.17) may be written in another form as far as the 


symmetric part is concerned. 
As was indicated by (3.8), the symmetric part can be written in terms of the correlation 


function (see K, §3). So we have 


* 
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Ons aT Me dt {X (0) XH} dE , 
= 5.18 
w= 5 sate dk{¥ (0) FW} dt , (5.18) 
Oyz + Oxy = rales dt<{X(0) Y(t)+ ¥(0) )X(t)}> , 


where the right hand sides are the correlation functions of the center current densities. 
These equations are the generalization of Eq. (4.16) and the Einstein relation to correlate the 
conductivity and the diffusion constant of the center coordinate. 

It may be added that the components oz: and oyz are expressed as 


came dt (‘arco —ihX(O> ay=e'| dt [\4aco(—iha Y()>. (5.19) 


This is seen from (5.3) by writing it in the &-X representation and by transforming it like 
(5.12) with the use of an assumption similar to (5.14). 

Before concluding this section, the nature of the above derived equations, (5.17), (5.18) and 
(5.19), should be briefly discussed. It is noticed that all of these expressions will vanish if 
there exists no scattering potential U, except oyze=—0¢zy which goes into enc/H. This is ob- 
vious, since the electrons will then simply drift with the velocity cE/H at right angles to the 
directions of the magnetic field and the electric field (Eq. (2.12)). 

The important point here, however, is that the integrals in Eqs. (5.17)~(5.19) vanish with 
the perturbation potential. In other words, these are very convenient expressions to start 
from the limit of strong field. The potential U may then be treated by some sort of pertur- 
bation calculation. By complete calculation of such perturbation series, these equations will 
of course give the correct answer for all values of the magnetic field. But the strong field 
case could be treated by some lower order calculation of the perturbation. 


§6. Approximations for Strong Field 

Let us now apply the results of the previous section to the case where the magnetic field 
is so strong that the condition (1.1) is satisfied. 

In the classical theory, this is the condition that the expansion 


T il 1 
= 1 aie 
1 +a?0? a W202 - } (6.1) 


can be used. This series is a sort of perturbation expansion since l/r is essentially the 
second order quantity in the perturbation potential U. We also remark that the first term 
of (6.1) may as well be regarded as the first term of the expansion (4.23) in the correlation 
of successive jumps of the center displacement. 

Guided by this classical consideration, two different standpoints can be conceived for the 
calculation of the strong field properties. 

a) The first standpoint is to regard the peaturbation U as weak and use the direct pertur- 
bation calculation or its modification if necessary. 

b) The second standpoint is that the perturbation potential is considered as local. This 
means that the electrons are free most of the time and collide the scattering center (the per- 
turbation may be strong in its direct neighborhood) with short duration of collision. Then 
the correlation of the successive jumps is neglected so that the problem is reduced to the 
calculation of the scattering in the presence of the magnetic field. 

6.1) Perturbational Calculation. 


By the equation of motion (2.8b), the integrand of Eq. (5.18) is already second order in 
U. Therefore, from the standpoint (a), the lowest perturbation calculation will give 
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jane Le a a ; 0) BS 
Se: Sel AX (O)X(E)Yo , (6.2) 


—co 


where 


X= (ot X¢ar= {o Ix, Ulpdr = (yi oo bdr 6.3) 


J y 


and X(t) means the motion of X induced by the unperturbed Hamiltonian 
Haz | WE ala) odr+- A 6.4) 
(see Eq. (2.1)), whereas the total Hamiltonian is 
A= Hot U= Mot | sUSdr (6.5) 


In Eq. (6.4) 4 is the Hamiltonian for the scatters and is assumed to be commutable with 
the first term. The suffix 0 in (6.2) after the bracket means that the average is taken over 
the grand canonical distribution 


po=Co exp (—Bfo+ BEN) , N= |gigar 


instead of the true distribution p=C exp (—B.4+4+8CN). 

As one sees by (6.3), the expression (6.2) is proportional to U?/H?, disregarding the H- 
dependence of other factors. 

In one-electron operators, Eq. (6.2) may be written as 


brim? ane Xs 70 ‘ G6 
Saga? ia dT r f (Ev) X(1—f (Ea) Xt)» 6.6) 


where f is the Fermi distribution 
F (Eo) = {exp [B(Eo(z)—O)] +1}? , 


€ being the Fermi potential, and < >; means the average over the distribution of scatterers. 
The factor 2 in front takes care of the spin weight. xX %¢) represents the unperturbed motion 


of X. : 
X(t)=exp {i(Lo + As)t/A}X exp {—i(Eo + Ast /h} 
z 7b exp (Bit HIAU exp fei Bo-k JOWEY 


=1%, exp (iEot/#)U%(t) exp (—iFot/h)] , (6.7) 
i 
where Ut) is the time change of the perturbation caused by the natural motion of the scat- 
terers. If U is due to lattice defects such as impurities it will be static. 

The eigenvalues of 


Eo(x)= Ev(zz, Ty, pz) (6.8) 


will be denoted by Ey»,, and the eigenstates and eigenvalues of the scatterers are denoted 
by @ and Ew. By the commutation law (2.6b) each of Ey», is degenerate with the multi- 
plicity L?/2xP if we take the domain with the volume L’* in order to see the dimensional 
relation clearly. These degenerate states may be labeled by X’ or Y’ depending on the 
choice of the representation. Summations over p.’ and X’ should be replaced by the inte- 


grals as follows: 
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Ie, 
Ql? 


ints 
—\ dp/, 
B75 > ae 


ate dX! . 
By these considerations, Eq. (6.6) can be written as 


1 ax’ 
es pee 


e il F 
Oae~ 2 or Sh | ap. 


2 dX (XX (1—f (Even, WO DEX, VDL X) 6.9) 
TL JL 


L i fe 
x 55a. 2 


when W represents the transition probability for an electron to be eee from the state 
v’pd X’ to v’’p/’X”’. Here W is explicitly calculated to be 


Wp’ X’, W DEX) 
i 


=a dt((v'p/ XU yp Xv pl’ X |U |v" pi X)s exp {i Evry,” — Evyy)t/h} (6.10a) 


= 22S SY Pall be Xa Uy pi X" el O Bory, + Ew — Evry," Ea) ies 


by Eq. (6.7), where Pa is the probability distribution of the scatterer states. 
The potential U is a sum of single scatterer potential 


(Gee SS (hn (6.11) 


seatterers 
which are randomly distributed in the whole space. The product of the matrix elements 
(v’ pa X’ | Use pre eo | Ui’ pe X’) (6.12) 


will vanish if the scatterers j and / are far apart in space. Therefore (6.10) is essentially 
proportional to the total number Ns of scatterers in space. The expression (6.9) itself de- 
pends, however, only on the number density of scatterers Ns/L? as it should be. 

Eq. (6.9) is similar to the Einstein relation, 


2 


a 


ae Handa G 
One opp of D : (6.13) 


If we consider the present problem in a semiclassical way we would expect that this equa- 
tion will be written as 


e? 
2kT ¥v 


Oxe—Z 


oo pal eka pax” AY’ f (Evy, 
. |p. [\axvay’(x’—x = f (Even OW’ pL XY’, v"p’K"V") , 6 1A) 


where @ is the transition probability by scattering in which an electron jumps from (1’p,’) to 
(Xp) with the center displacement from (X’Y’) to (X’ Y”). Eq. (6.9) takes account of 
the fact that the center coordinates X and Y have the uncertainty of 27/2. The relation of 
(6.14) and (6.9) may easily be seen. 

Eq. (6.2) or (6.9) can be applied to calculation of the case of phonon scattering. In fact, 
the example of metals with isotropic mass has been calculated. The result agrees with that 
obtained by Titeica®. It is important to note that, this simplest perturbational calculation 
does not give convergent answers if the scattering potential is static, for instance, caused 
by lattice imperfections like impurities. Therefore, in order to get any reasonable answer, 
we must go at least one step further than this simplest Born approximation. 

The reason for this bad divergence may be seen from the following consideration. For 
simplicity we take the mass as spherical. An electron passing through a scattering potential 
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along the z-direction will spend the time of the order of 


Ta~a/vz=mal]pz 


in the potential. By the equation of motion (2.8b), the center displacement will be then of 
the order of 


where 0U/0y is a time average of 0U/0y. This rough estimation corresponds to the Born ap- 
proximation. Then we would have 


nots| ved pe (4X)? oc ee (6.15) 


for the calculation of conductivity. Here ms is the scatterer density, os; the cross section, so 
that msosvz is the mean free time. The divergence of the type (6.15) is exactly that appears 
in (6.9) when applied to impurity scattering. This could be interpreted also in another way. 
An electron with pz equal to zero will hit a scatterer again and again, if the scattering oc- 
curs really at a point scatterer. This infinite repetition is the source of the divergence. 


6.2) Higher Approximations 
For a better calculation, we go back to (5.18a) or its equivalent, 


ip 


CFE A ; : 
al. Tr {(f(A)X1—-f (A) XO} , (6,18) 


where + is the one-electron Hamiltonian 
AHj=Eot+vU . 


Since the potential U is assumed to be static (6.18) can be transformed into 


vee 2\” dn( — of )GeAE) : (6.19) 
where 
Gal E)=nhe? Tr ((E—A)XO(E— AX} = e(E a dK XX(t)n - (6.20) 


Here o(£) is the state density 
o(E)=Tr (E—SY) 


and < > means the microcanonical average for a given E. 
Now the resolvent for / is defined by 


1 
= . (6.21) 
R(r) ae 


With the use of this, 6(/£—-/) is expressed as?” 


: mete Pe NS line ” 6.22 
OE A)=lim 57 (RE tin) 2) CJ-EP Ap’ (6.22) 


so (6.20) may be calculated by any useful approximation for R(y). A damping-theoretical 
expansion of R(7) is given by™ 


RO=D)-—DNUDY +2 (6.23) 
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where 


1 
css ot alton 6.24 
a aa ai Tos Ce 


is the diagonal part of R(y) with respect to Eo. G(r) here determines the shift and broaden- 
ing in the limit y > Ei0 and is obtained by solving the integral equation of the form 


G(r)=—{UD(71)U }adiagonalt *** - (6.25) 
The diagonal part of 6(/E——), Eq. (6.22), thus calculated will be denoted by S(~), 
S(E)={O(E— A) faiag. (6.26) 


Eq. (6.20) is then replaced by 


Gell E)~ rhe? Tr {SUE )XS(E)X} = Tr {S(E)LX, UJS(E)IU, X]}}. (6.27) 
This is a higher approximation by which the broadening of the quantum levels is taken 
into account and the divergence above mentioned is avoided. Davydov and Pomeranchuk’? 
in fact tacitly used this approximation. More detailed discussion of this will be given in the 
next paper. 
A brief remark may be added about the standpoint (b) mentioned at the beginning of this 
section. Eq. (6.20) may be approximated by 


Gu(B)=e(E) Sal dkLX, UUs, X]do (6.28) 


where the sum is taken over the scatterers in a unit volume. The cross terms which in- 
volve different scatterers are omitted here. Furthermore the time change [U;, X]: is con- 
sidered only in the neighborhood of the particular scatterer 7. Namely the electron is sup- 
posed to move there only under the influence of U;. Therefore, this approximation starts 
from solving the scattering problem in which an electron is scattered from »v’p,/X’ to 
v’p/’X’’. Tf the exact solution of this is obtained, Eq. (6.19) and (6.28) may be used to cal- 
culate ozz. The divergence of the type (6.15) will not occur in this method so that one should 
get finite answer even if the broadening is neglected in the state density. The broadening 
is however, important particularly for the amplitude of de Haas-van Alphen like oscillations, 
so that it may be necessary to take account of it. 


§7. Conclusion 


We have seen in the present paper that the description by the migration of the center of 
cyclotron motion is particularly useful for the understanding and for practical calculations 
of conductivity at high magnetic field. A general treatment is developed here on the basis 
of the new theory of transport phenomena given by one of the present authors. A great 
advantage of this method is that it avoids any dubious use of transport equations so that the 
logical structure of the theory is even more satisfactory than the ordinary conduction theory. 
After the proof of general formulae for the conductivity expressed in terms of the center 
velocities, approximation methods have been discussed. Detailed applications to metals and 
semiconductors will be reported soon in a forthcoming paper which makes the second part 
of the series. 
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Appendix 
By Eqs. (4.3), (4.5) and (4.6), we have 


Cwt(0)) “u(derstat = Cut > | set Bay en t(o-ey tt. "> 
0 ANN, 


* co 86k 
eee 8 Uo >; eae ee 
i(@—wo) \k=0 


_Uo" Uorto | 


= * TO i x 7 
7) pyar R Se a | 
eos TM iie Lone (A.1) 
Similarly 
“<u(0)u*(t)e~“tdt =n * tte T 3 
i" vehi PA Slee oeons (A.2) 


which may be obtained from (A.1) by replacing w by —w and i by —i. Also by the assump- 
tion that 


V2Vy=0 5 V2? =Vy 


we have 


| <u(O)u(t)ye- dt = ["ceronun(ayerotdt=0 (A.3) 


Eqs. (4.7a) and (4.7b) in the text follow from (A.1), (A.2) and (A.3). 
The correlations of center velocities are calculated as follows: 


[)<R*@RW>e-ttdt = lim al cat’ | ROORE +£)e-t dt 
0 k=2 


By Eq. (4.4) we get 


3S a 
(A R*A Ry = "C1 —e- ta y(1 eter) = PMH _ oy 
Wo Mo 

<4, R* d,.Re-*? k-tD> 

AP Tye Pre ye k-1 

_uo™* ee Oe im) (gt 3 3 1 gh Baj)gtloy-o)(t4- [Dy = <9 ne Won Uo r= 3) & c)? lo 7 

Wo? 0” 0)T0 

(A.5) 


These formulas give (4.21) and (4.22) for o=0. When (A.5) is inserted into (A.4), Eq. (A.4) 
is reduced to 


Ae Gi 1—c Uo*Uo Uo*Uo 1(w—wo) 
si ae — ; A.6 
\, wR ORO at = To ae | Wo” wo? 1+t(@—ao)t (4.6) 
Similarly 
uo Uo i(@+ao) (A.7) 


Re eo, | 
[RoR ON a are aa ERS 
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Eqs. (A.6) and (A.7) give Eqs. (4.8a) and (4.8b). 


and 


which are derived by similar calculation. The correlation of <r*(0)7(t)> can be calculated in | 
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Eqs. (4.10a) and (4.10b) are obtained from 


1Uy*Uo 1 


|, <R*Ou(dpe- at = 


Mo? 1+1(@—a)t 


1Uo* Uo 


i 


[uM ORDpe tat ha 


Wo2 


1+71(@+@9)t 


the same way, so these calculations are omitted here. 
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2) 


3) 
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Excitation of the Molecular Vibration by Collision 


By Kazuo TAKAYANAGI 
Department of Physics, Saitama University, Urawa 
(Received September 18, 1958) 


Excitation of the molecular vibration in H,+Hy, collision is studied 
using the so-called modified wave number method. The same problem 
has been investigated quite recently by Salkoff and Bauer who applied 
the distorted wave method thoroughly without making the modified wave 


number approximation. 


Thus the present work serves as a test of the 


accuracy of the modified wave number method which has been used by 
many authors to study this sort of problem. The result obtained here 
is in good agreement with the result by Salkoff and Bauer. 


Introduction 


§1. 

It has been believed that the method of 
distorted waves” is suitable for calculating 
the probability of the collisional transition of 
the molecular vibrations.* When we apply 
this method to a particular case, there are 
two problems we have to work out—the 
determination of the potential function and 
the three-dimensional treatment of the colli- 
sion problem. The intermolecular potential 
function, especially its dependence on the 
internal coordinates of the colliding molecules, 
is very hard to obtain either theoretically or 
experimentally. Theoretical calculation of the 
potential involves the usual difficulty of the 
many-body problem. Therefore, we have to 
content ourselves with assuming a function 
inferred from an insufficient amount of the 
experimental data. On the other hand, the 
'three-dimensional treatment of a collision pro- 
cess forces us to solve a great number of the 
radial equations. It is not usual that a hun- 
dred or more equations have to be solved for 
the thermal collision. Although the numerical 
integration makes it always possible to get 
the answer, it is too laborious and not worth 
doing for an ambiguous potential. 

The modified wave number method (MWN 
method) was then introduced to save the 
labour. The outline of the method will be 
given in §2. This method has been applied 
by many authors®~® to the various cases. 
The results are in more or less reasonable 
agreement with the observed data. However, 


* Rotational transitions have generally large 
probabilities, except for the hydrogen molecule, so 
that the distorted wave method which is essentially 
the first order perturbation method can not be ap- 
plied adequately to the rotational transitions. 
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because of the ambiguity in the potential 
used, we could not definitely say something 
about the accuracy of the MWN method. 

The recent development of the electronic 
computing technic has improved the situation 
and encourages us to treat the three-dimen- 
sional collision problem thoroughly for various 
potential functions. Salkoff and Bauer! were 
the first to carry out this sort of calculation. 
They studied the vibrational transition in the 
hydrogen molecule using the Morse type inter- 
molecular potential. They applied the dis- 
torted wave method without making the 
MWN approximation. This gives us a good 
chance to test the accuracy of the MWN 
method. What we have to do is to calculate 
the transition probability using the MWN 
method for the same potential function as 
used by Salkoff and Bauer. Fortunately, the 
one-dimensional problem for the Morse type 
potential has been solved analytically, so 
that the whole calculations can be done within 
a few days by using a hand-operated calcu- 
lating machine. This has been done and will 
be reported in §3, which will be followed by 
some discussions in § 4. 


§2. Modified Wave Number Approximation 


In the distorted wave method, the effective 
cross section for the inelastic transition 7—m 
is given by 


Qnom 
aan Dy (2j-4-1) | 2a’ Pe! Vinn dR ; ’ ( 1 ) 
en J 0 


where kn, km are the initial and the final 
wave numbers, u the reduced mass, and Vinn 
is the matrix element of the intermolecular 
potential V with respect to the internal states 
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m, n. We have assumed here that the scat- 
tering potential Van and Vim are spherically 
symmetric, so that the radial parts Fn, Fim 
of the distorted waves are obtained by solving 
the radial equations of the formt 
{a?/dR?—j(j+1)/R?+k?—2uViulk)}Fi(R)=0. 

(2) 
These radial functions are normalized asymp- 
totically as 


F(R) — sin (kiR—432j +915)/ke > 
R- co 


Qnom can be written as 


Qnom = (71/Rn*) Dy (27 +1) Db sm(Rn) ? (3) 


where 


Pros Rn) = ARnkm 


[- 2/tFn Fa! Va dR : (4) 
0 


is the transition probability for the partial 
wave with given 7. 

The basic assumption in the MWN approxi- 
mation is to regard the centrifugal potential 
j(j+1)/R? as a slowly varying function when 
compared with the scattering potential 2“Vi, 
at least in the limited region of R where the 


Vin R) = Vinm(R) =€- [exp {—a(R—R’)}—2 exp {—a(R—R’)/2}] 
Vinn(R)= U-lexp {—a(R—R’—€)}—2 exp {—a(R—R’—€)/2}] , 
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main contribution to the integral in (4) comes 
from. Then we may replace ki2—j(j+1)/R? 
by an effective wave number k?=k?— 
j(j+)/Ro?, where Ro is a constant distance © 
chosen in the most important region. This _ 
means that we replace p7,,,(Rn) in (3) by — 
PD! sn(Pn). Thus the three-dimensional problem — 
is reduced to the one-dimensional problem. | 
The objection to this procedure will be that 
the centrifugal potential is not a gentle func- | 
tion for large j. Furthermore, ki? becomes — 
negative for very large 7. However, a large 

value of 7 means that the collision is a dis- 
tant one, so that the contribution to the 
transition from such partial waves will be 
unimportant. Thus we may safely omit the | 
contribution from the higher 7 for which Rn’ 


or Rm? becomes negative. 


§3. Vibrational Transition in the Hydrogen 
Molecule 


If the scattering potentials Vnn, Vmm and 
the transition matrix element Vinn are assumed 
as 


(5a) 
(Sb) 


the transition probability per collision in the one-dimensional problem (or S-wave collision) is 


given by!) 


GT 


? sinh 27q@n sinh 27qm 


0 = 7” 
Pr-sm(Rn) i ES 


where 


qi=2ki/a , 


and 


(cosh 27q@n—cosh 27gm)? 
x e°[{1—(2e-8—1)0}6+-{1+(2eP—Lo} of , 


0=2d/(qn?—Gm) , . 


(Qn? Qm?)? 


(6) 


d=2Y2péla, B=at/2, 


b=|['(4—igdm—d)|/|"'(8—ign—d)| . 


Salkoff and Bauer™ studied the inelastic 
collision: 
H.+H:z = H2* +H. ) 
(state 0) (state 1) 
where H2* means a hydrogen molecule in the 
first excited state of the vibration. They as- 
sumed the potential functions which can be 


t Atomic units are used in this paper, unless 
otherwise stated. 


rewritten in the form ae b) where E€=1.045 


x10-*, a=1.832, R’=6.427, U=1.465 x 10-8, 
and €=1.200. Thus we can apply the for- 
mula (6) to obtain the one-dimensional pro- 
bability fo+1 for the transition from the state 
0 to the state 1. We have taken the follow- 
ing values for the other parameters needed: 
2u=3675., the vibrational energy change 4E= 
2.004 10-7. The resulting probability is 
shown in Fig. 1. 
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The contribution from the partial wave 
with given j to the effective cross section for 
the inelastic process is 


65=(2/Ro?(27+1) Poo,,(Ro) , Bo? ko? —72/Ro? . 
eye 


For the potential function used here, the ef- 
fective scattering potential Ver(R)=VoolR)+ 


10" eT ml o_O at rl | Li sg} A 
ne) 15 20 (23) 


Fig. 1. One-dimensional transition probability 
p?_,, as a function of g=2k/a. 


Ver. 


(ojatas 
! 2 


FR (au) 


Fig. 2. Verr= Vol R)+ (J +1)2uR?. 
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JG+)/2uR? is shown in Fig. 2 for several 
values of j. In the energy region we are 
going to consider, the classical turning points 
(abbreviated as ctp. hereafter) for the initial 
and the final kinetic energies are in the range 
3S RS5. Therefore, we shall first take Ro= 
4.0 in the following calculations. As an ex- 
ample, oj; for gqo=22.0 (the corresponding 
incident energy is 3.01 ev) is plotted in Fig. 3. 
This curve is very similar to the curve ob- 
tained by Salkoff and Bauer for 3ev. 

By replacing the summation (3) with an 


integration over ko, the effective cross section 


Ro varied 


= 


0.5 


Fig. 3. Partial cross section oj for q=22.0. 


° 
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Fig. 4. Effective cross section Qo 1. 
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for the transition 0-1 is given by 


k 2 aS 

Qo. = (20Ro?/ ko?) \a pioib—kdk. (8) 
The integrations have been carried out nu- 
merically. The effective cross section thus 
obtained is shown in Fig. 4 and Fig. 5, where 
the corresponding curves by Salkoff and Bauer 
and also by Bauer (semi-classical calculation)” 
are shown for comparison. 


ob 
10" 
6E ° Ro=40 
4L So We varied 19 
(1) Sdlkoff & Bauer 
(2) E , 12) 
ab (2) Bauer (Semi-classical) 


fo) 
Hep 


n ft I =! ee 1 (ee 
4 6 10 2 4 6 10 2 4 6 100 
Incident energy (in ev) ——~> 


Fig. 5. Effective cross section Qo-1. 


It is seen in these figures that the agree- 
ment of our result with the result by Salkoff 
and Bauer is fairly good. However, the dis- 
crepancy becomes appreciable in the high 
energy region. To explain this, it must be 


noted that in our expression (7) of a;, p(k) 
is generally a monotonously increasing, steep 


function of R (see Fig. 1). Since k is an in- 
creasing function of Ro for given k and j, a 
larger value of Ry will give a larger o;. 
The choice of Ro in our calculation is rather 
arbitrary. A reasonable choice may, however, 
be made by taking the ctp. for the mean wave 


number k=i(ko+h:). Since the ctp. for & for 
the high energy collision is much smaller than 
4.0 (see Fig. 2), it is expected that the reason- 
able choice of Ro will reduce the discrepancy 
we are considering. The broken lines in Figs. 
3, 4, 5 show the result after making this 
improvement. In Fig. 3 the ctp. for each 


(Vol. 14, 


value of j and k (=19.19 in this case) has 
been chosen as Ro, while in Figs. 4 and 5 
the ctp. for % and j=30 has been adopted.* 
The discrepancy between our values and those 
obtained by Salkoff and Bauer now lies within 
a factor 1.5 for the whole energy region in- 
vestigated. Thus we may have some confi- 
dence in the validity of the MWN method in 
this sort of problem. 


§ 4. Discussions 


We shall now examine the small discrepancy 
between our result (after the improvement at 
the end of §3) and the result obtained by 
Salkoff and Bauer. For the most part of the 
energy region we have studied, our cross sec- 
tion is slightly smaller than theirs. This will 
be explained as follows: Generally speaking, 
the steeper the repulsive part of the potential 
is, the larger the transition probability will 
be.)-13) In MWN method, the function 
j(j+1)/R? is replaced by a constant. This 
makes the effective potential Verr less steep 
and so the probability becomes smaller than 
the true value. This will probably be the 
major reason for the discrepancy. 


In the high energy region, our cross section 
goes up quickly and becomes larger than their 
value. The reason for this will be found in 
the formula (6). This formula was obtained 
under the condition that the wave functions 
should vanish at R--—co. However, in the 
three-dimensional problems, we have to im- 
pose the condition that the radial wave func- 
tions vanish at R=0. This difference in the 
boundary condition may become important 
for the high energy collision in which the 
wave functions can penetrate deeply into the 
repulsive potential. When we use the for- 
mula (6), the wave functions penetrate more 
deeply, because the boundary condition is less 
strict. This will explain the discrepancy in 
the high energy region. 

The one-dimensional probability ,°,, be- 
comes larger than unity for go >24 as is seen 
in Fig. 1. Corresponding to this, the result 
obtained for gq) >24 (the incident energy > 
3.58 ev) is unreliable. The distorted wave ap- 
proximation have to be given up then. 

Since the hydrogen is an extreme case with 
The ctp. for ko is very near the ctp. for &, 
except for the low energy collisions. 


* 
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the very high vibrational frequency, it is 
desirable that the other examples with lower 
frequencies are also investigated with and 
without the MWN approximation. 
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The change of the intrinsic viscosity of a polymeric substance due to 
irradiation with high-energy radiations is discussed for various types of 


initial molecular size distributions. 


It is shown that the intrinsic vis- 


cosity can at first decrease in certain cases by irradiation, even if it 


reaches infinity finally at the gel point. 


It is further concluded that such 


a behavior of the intrinsic viscosity is possible, only if the initial mole- 
cular size distribution is sufficiently broad. 


Introduction 


§1. 

A polymeric substance undergoes crosslink- 
ing and/or degradation under irradiation with 
high-energy radiations. Crosslinking or de- 
gradation naturally causes changes of mole- 
cular size distribution and then of physical 
and chemical properties of the polymeric sub- 
stance. Among them the intrinsic viscosity 
of the polymer in an appropriate solvent is 
not only one of the most important quantities 
that reveal molecular size distribution, but 
has also been experimentally studied by many 
workers. 

Theories of molecular size distribution in 
crosslinked and/or degraded polymers, propos- 


ed by Flory, Stockmayer and Charlesby are 
unfortunately inconvenient for calculation of 
the intrinsic viscosity. Recently SaitoD-® 
developed a theory that can be used to cal- 
culate it. He also noted that in the course 
of irradiation the intrinsic viscosity can in 
certain cases decrease at first and then in- 
crease to reach infinity finally.» Such a sort 
of phenomenon has really been observed in 
some experiments®’». However, he carried 
out explicit calculation only for the case 
where the initial molecular size distribution 
is Poisson-like,® although his formulation is 
in practice applicable to an arbitrary initial 
distribution. 
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In the present paper we discuss the intrin- 
sic viscosity of irradiated polymers according 
to Saito’s theory for various types of initial 
distributions so as to clarify relationship be- 
tween the initial distribution and the radia- 
tion-induced change of intrinsic viscosity. 


§ 2. General Formulation 


Let N be the total number of monomers in 
a polymeric substance, and N m(p, R) dp be 
the number of polymers whose degree of 
polymerization lies between p and p+t+dp 
when the substance is irradiated up to radia- 
tion dose R. The molecular size distribution 
function m(p, R) satisfies a normalization 
condition because of the constancy of WN, 
namely, 


Wace. R)dp=1. 


If high-energy radiations introduce cross- || 
linking with probability ¢ per monomer unit | 
per unit radiation dose and degradation with | 
probability 7 per monomer unit per unit © 
radiation dose, m(p, R) will be given by the © 
following procedure according to Saito’s | 


theory. It is convenient to define two vari- | 
ables 
i=éR (29) 
c=7R (30 


and to regard the distribution function m(p, 
R) as a function of p, ¢ andr, i.e., m(p, tf, T). 
Then m(p, t, t) is the solution of an integro- — 
differential equation 


CMP E+ opm(p, t, p=" p—Dmil, t, Dm(p—l, t, adl (4) 
under the initial condition 
m(b, 0, )={ mp, 0) +2eP(p) ++] Fp) ap’ berm, (5) 
where m(p, 0) is the initial distribution function and 
P(p=\" mip’, 0) dp’. (6) 
Further we define the following notations for B>0: 
felt, =| "me, t, c)pPdp , (8) 
flO) =|" mp, O)0RAD (9) 


According to Staudinger’s law the intrinsic viscosity 7(R) at radiation dose R is propor- 
tional to fasi(t, t), where @ is characteristic of the polymer species and 1/2<@<1; namely, 


(PR) — Sasilt, T) 
Fa+1(0) : 


7(0) 


(10) 


The formal solution that can be obtained by making use of Laplace transform is general- 
ly inconvenient for explicit calculation of m(p, t, t) and fasi(t, t) for an arbitrary initial distri- 
bution. For the present we take interest in the initial derivative of the intrinsic viscosity 
with respect to radiation dose, or the coefficient Ai(4, a) in the expansion 


(R)/n(0)=14+ Aid, a)R+A2(A, a)R?+---, 


where 


A=7/e . 


(11) 


(12) 


To obtain Ai(A, @) we first establish a power-series expansion with respect to R. 


If we put 
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mp, t, =e" S) op, OE 


in (4), we have the recurrence formula for exp, T) 


(B+) ees, => \’ VP—)eil, Or pol. Odi. 


0 
It is evident by (13) that 
gol p, T)=mM hp, 0, T) . 
Then we have by (13) and (14) 


pilD, jaen| (" i p—l)mU, 0)m(p—l, Odl-+4e\” Up—Dmi, OF b—Dal+0ce |. 


Taking note of the relation 


=O, 


obtained by (2), (3) and (12), and substituting (14) and (15) into (13), we have 


mp, t, t)=m(p, 0)+{P(p)—A+2)pm(p, 0)}t+0@) , 


where ~(p) is defined by 


Wpy=2aF p)+\" Kp—lm(l, 0)m(p—I, 0)dl . 
0 


Therefore 


fast, fon) + 8) (KD) —C+2)6m(0, 0)}p***dp+O) . 


Comparing (19) with (9) and (10), we arrive at the expression for Ai(4, @), namely, 


= é we a+1 =) rep 0 
Ai, = | \ H p)b* dp — (A+ 2faas(0) 
Taking note of (18) and the relation 


= ai 74. nblae 
\ Poppe dp= —*fars(0) 


we can reduce (20) to the final result 


sone Ca Fu+2(0) ) ms 
Aid, a= (55) (ROS leak 


where (a) is the zero point of Ai(A, @), namely, 
Qa (a) 
pay (2 Un Ae) 
he ( a aro 
and I(a) stands for the following repeated integral: 


Ka)= \ dp pe ie dl p—Dm(l, 0ym(p—l, 0) 


=|" al im(1, 0) J, doco osrom(, 0). 
0 0 
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(13) 


(13) 


(14) 


(15) 


(16) 


(17) 


(18) 


(19) 


(20) 


(21) 


(22) 


(23) 


(24-1) 


(24-2) 
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Now we note a theorem given by Saito”, 
which states the condition for formation of a 
gel, or such a macroscopically large molecu- 
lar network as can be regarded as a polymer 
with an infinitely large degree of polymeri- 
zation. 

Theorem. Gel formation occurs as a result 
of crosslinking and degradation, if and only 
if 2<4, whatever the initial molecular size 
distribution may be. 

In connection with the theorem. Saito” 
pointed out that 2(@)<<4 when the initial dis- 
tribution is Poisson-like. This fact is physi- 
cally interesting, because it implies that, for 
Ai(ajyca<4, the value 7(R)/7y(0) decreases in 
the beginning, even if it reaches infinity at 
the gel point. (See Fig. 1.) 


= 
> 


eS) 
fo} 


Fig. 1. Schematic representation of the behavior 
of 7(R)/7(0) for such a value of 4 that 2o(a) CA<4, 
where Ry means the gel point. 


Now we examine the relationship between 
the initial distribution m(p, 0) and Aji(A, @), 
so as to clarify for what kind of initial dis- 
tribution such a behavior of the intrinsic vis- 
cosity 7(R)/7(0) is possible. A general discus- 
sion of the problem mathematically requires 
a theory of functionals. For the present we 
will content ourselves with the examination 
of some particular types of initial distri- 
butions. 


§3. Applications to Some Types of Initial 
Molecular Size Distributions 
1) Poisson distribution 
When the initial distribution is Poisson- 


3) Rectangular distribution 
We define the rectangular distribution as 


m(b, n= 
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like, namely, 


mp, 0)=u-re-P/™ , (25) 


where u stands for the initial number avera- | 


ge degree of polymerization, we have 
feO)=uP4T(B+1) , 
Ta)=u%1(a+5)/6. 


lowing result already given by Saito”: 
Ai(A, a)=—éau{i—dy(a)} , 
where 
Ao(@)=(@+2)(a+7)/6 . (29) 
Clearly Aox(a)<4 for 1/2<a@<l1 and therefore 
4(R)/7(0) can behave as represented in Fig. 1. 
2) Uniform distribution 


When the initial distribution is uniform, © 


namely, 
m(p, 0) = 7 a( 2 — i: (30) 
u2 u 
where uw stands for the initial degree of 


polymerization, we have 
Fs(0)=u8-4 ? 
Hhaj=2e ae (32) 


Substituting (31) and (32) into (22) and (23), 
we obtain 


Ain Greate joa}, ~— 8) 
(a= 822) 291), (34) 


Since Ao(@)<4 for 1/2<a@<1 in this case, 
7(R)/7(0) never behaves as represented in 
Fig. 1. In other words, the intrinsic viscosi- 
ty begins to increase definitely so far as gel 
formation is possible or 44. The situation 
is quite different from that of the case where 
the initial distribution is Poisson-like. 


(l—€ <p/u<1+€) 


(otherwise), (35) 


where w is the number average degree of polymerization and E is to be called as dimension: 
less width parameter. The function is normalized as (1). For the present we regard€ asa 
small quantity. Then, for this initial distribution, 


(26) - 
(27) 
By (22), (23), (26) and (27) we obtain the fol- | 


(28) 


(31) 
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f= 5 pe +E) — ger jenwetfy 4 BAD 14 BOB VB DBS) ga 4 1, 6) 
Ha)=2eeruers] PDEs a mee pyar t+ pod 
=2eriyers{y At N ot De, ala Wa tA a hs 680 
Substituting (36) and (37) into (22) and (23), we have 
Ax(A, a= —( 28) )f1 + Dee MOOT eo. a— tela}, (38) 
pes (a2) foo) eee go tala + re ae i” | (38) 


Evidently (38) and (39) agree with (33) and (34) respectively in the limit £0. 

According to (38), Ao(a)<4 if E is sufficiently large. (e.g. & =0.42 for a=1/2.) Thus we 
see that the intrinsic viscosity can behave as represented in Fig. 1, if the initial distribution 
is sufficiently broad. 

4) Superposition of two uniform distributions 
Let us consider a superposition of two uniform distributions 


nie (jae Disa EE seas he (40) 


2u? Uu 


where uw is the number average degree of polymerization and € is to be called as dimension- 
less width parameter. The function is also normalized as (1). Further we regard again € 
as a small quantity. Then, for this initial distribution, 


OE ae (At O8+(1—0)?} =u? {1+ sey) C24 Bee 2)(B=3)o 4 ei | an 
CD tale) sole (ta aide ot @ aoe Dida 40 a Se) 
a he {14 a+ Wietd:: a aa+1) at Nat de. 4 . ‘| (42) 


Substituting (41) and (42) into (22) and (23), we have 


AQ, a)=— 285 hat yg MeL IOT I 4 2 | {a—10(a)} ;, (43) 
du(a)= "42 2¢20— pales) C24 2% a(at+ MetACat 5) Cie. ‘| (44) 


| The expressions (43) and (44) again reduce to (33) and (34) respectively in the limit €— 0 as 
expected. 

According to (44), Ao(a)<4 if € is sufficiently large. (e.g. € 0.23 for a=1/2.) The situa- 
tion is qualitatively similar to the case where the initial distribution is rectangular. 


5) Poisson distribution with cut-off 
Let us consider the Poisson distribution with cut-off 


, wee (6; e- Pl? (p=q) 45 
m\P, o={ (q>p=0), oe 


where C is the normalization factor, gq is the degree of polymerization at the cut-off, and v 


is the number average degree of polymerization prior to cutting off. This distribution may 
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be approximately realized by fractionation techniques. The normalization condition (1) de- 


termines C as follows: 


C=ve7(1+0)7 , (46) 


where | 
o=q/v (47) | 


is a parameter specifying cut-off and will be regarded as small. The number average degree 


of polymerization # turns out to be 


u=v+q=v(1+o). 


Then, for this initial distribution, 


fe(0)=Cq?** Apa) , 


(48) 


(49) 


Kay=cr\" dp pre en v/ | 
2g 


q 


where the integral Ag(c) is defined as follows: 


ee I) = re (2 Aaei(26)—3Aar2(20) + Aasi20)} (50) 


Ag(o)= \ xBe-% dx . (51) 
For small o, it may be expanded into power series, namely, 
Aglo)=\ "ater dea) ae dy = ED) — Pager ge : (52) 
By employing (22), (23) and (46)-(52), we arrive at the following result: 
A:Q,-a)= inal Po) ie Feary tO) Ama} 
= —dvee bee + O(08*) {A la)} (53) 
isle) = EERE +o + ace") (54) 


The expressions (53) and (54) naturally reduce to (28) and (29) respectively in the limit o—0. 


Thus the cut-off introduces the tendency 
that Ai(A, @) increases if 4 is kept constant. 
And the region of 42 such that A(a)ci<4 
becomes narrower with the increase of o. 
The situation that a sufficient width is neces- 
sary for the behavior of the intrinsic viscosi- 
ty as given in Fig. 1 is quite the same as in 
other cases discussed in the foregoing para- 
graphs. 


§ 4. Discussions 


So far we have examined the relationship 
between the initial molecular size distribution 
and the radiation-induced change of intrinsic 


viscosity. The result can be summarized in 
the statement that the intrinsic viscosity 
shows in certain cases a minimum when it 
is plotted against radiation dose, only if the 
initial distribution is sufficiently broad. 
Mathematically this fact may be a consequen- 
ce of the situation that J(@) involves a type 
of convolution integral. (See (24-1)). 

Our present conclusion must be of signi- 
ficance in connection with analysis of experi- 
mental data, since the quantity A(A, @) is 
rather easily observed experimentally and the 
initial distribution can be controlled to some 
extent. Consequently, by observed values of 
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Ai(A, a@) we can estimate the value of al ile 
the initial distribution is given; on the other 
hand, we can obtain informations about the 
latter, if the former is determined through 
other data, for example, gel point, gel frac- 
tion etc. 

In view of our conclusion, especially inte- 
resting is Y. Hirano’s observation® that 
Ai(A, @) in aqueous solution of polyvinyl 
alcohol decreases through a treatment which 
presumably modifies the initial distribution so 
as to realize approximately the Poisson dis- 
tribution with the cut-off. Detailed discussion 
about this experiment as well as its analysis 
will be reported elsewhere. 

It is also remarkable that there exists such 
A that A4o(a@)>A>4 according to (34), (39) or 
(44), if the initial distribution is nearly uni- 
form. For such a value of 4, the intrinsic 
viscosity increases initially, even if degrada- 
tion dominates over crosslinking so that gel 
formation is impossible or 2>4. This sort of 
situation seems to have not yet been observed 
experimentally, perhaps because of difficulty 
in realizing a sufficiently narrow initial distri- 
bution. 
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Zerosplitting Cone of Nuclear Quadrupole Resonance Spectrum 
for Spin 5/2 
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Zerosplitting loci of nuclear quadrupole resonance spectrum of iodine 
nucleus of iodic acid were studied. The directions of axes of zerosplitt- 
ing cones of vi(+1/20+3/2) and vo(+3/20+5/2) lines have been found 


to be appreciably different from each other. 


The situation was inter- 


preted by use of Cohen’s theory of Zeeman splitting and zerosplitting 
condition was presented. The directions of axes of zerosplitting cones 
of y; and vz lines were shown to be coincident with the y- and z-axes of 
the principal axes of field gradient tensor at the resonant nucleus, re- 
spectively. Cohen’s theory was verified by the comparison of the ex- 
perimental values of zerosplitting angles with the theoretical ones. 


Introduction 


§1. 

The zerosplitting cone? which specifies the 
direction of zerosplitting of Zeeman line of 
nuclear quadrupole resonance spectrum is a 
pair of elliptical or circular cones having Dur 
symmetry, about one of the principal axes of 
field gradient tensor at the resonant nucleus. 
Its form depends only on the nuclear spin and 
the value of the asymmetry parameter vy of 
field gradient tensor. So a study of Zero- 
splitting cone can reveal the nature of cry- 
stalline electric field, i.e., asymmetry para- 
meter and orientations of principal axes of 
field gradient tensor, and can yield a check 
on the assignment of transition in the zero- 
field. And this purpose is also attained by 
the study of Zeeman splitting, which depends 
on the nuclear species. However, the zero- 
splitting method is superior to the Zeeman 
splitting method in some respects; (1) the rela- 
tion between zerosplitting angle and asym- 
metry parameter does hold good to any nu- 
cleus of the same spin, (2) the sample may 
be rotated about any arbitrary axis of the 
sample», (3) measurements of strength of 
magnetic field and spacings of Zeeman com- 
ponents are not needed. So we can deal 
simply and immediately with more complex 
substance by studying the zerosplitting cone. 

We have studied the zerosplitting cones for 
the two transitions ++1/2¢>+3/2 and 3/20 
+5/2 of pure quadrupole spectrum of iodine 
nucleus of iodic acid. Livingston et al” have 
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presented the extensive study of Zeeman splitt- 
ings on this substance and observed extra 
Zeeman component resulting from a proton 
interaction. 

We have found the directions of the axes 
of the zerosplitting cones for the two transi- 
tions are quite different from each other. The 
situation has been interpreted by use of Co- 
hen’s numerical table® for the Zeeman-splitt- 
ing parameter, and the experimental values 
for zerosplitting angles have been compared 
with Cohen’s theoretical calculations. 


§2. Experimental Results 


A single crystal of iodic acid has been pre- 
pared by crystalizing from aqueous solution 
of iodine pentoxide with small quantity of 
nitric acid. The crystal was set on the Zeeman 
analyser, which was operated at about 100~ 
320 gauss. The spectrometer was a frequency- 
modulated superregenerative detector of 6J6 
x2 push-pull Lecher-wire tuned type and 
the absorption lines were observed on a per- 
sistent-screen cathode-ray oscilloscope, and the 
loci of zerosplitting directions were studied 
at about 25°C~30°C. 

At the first step, vi(-41/2<+3/2) line, and 
at the second step, v2(-+3/2<>-+5/2) line were 
studied with proper hf coils for these reso- 
nance frequencies but without changing the 
setting of the crystal. 

The experimental results are shown in Fig. 
1 and 2, where 31, yo, Ys, Ya} 21, 22, 23, Ze de- 
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note the nonequivalent directions” of the axes 
of zerosplitting cones of »: and v5 lines, re- 
spectively. As shown in Fig. 1 and 2, the 
directions of axes of zerosplitting cones as- 
sociating to »; and v2 lines are appreciably 
different from each other. Additional splitting 
of zerosplitting component of Zeeman lines 
due to neighbouring proton has not been ob- 
served. 


§ 3. 


By taking into consideration of large asym- 


Discussions 


Zerosplitting Cone 
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metry parameter 7=0.451™-© at room tem- 
perature, we should rather use an exact for- 
mula which is applicable to the case of arbi- 
trary 7 than the approximate one”. 

For arbitrary 7, Cohen® has given the fol- 
lowing formula for the Zeeman splitting of 


nuclear quadrupole resonance spectrum 
Esm= Ep = 8p 
x [A cos? 0+} sin? 6(B+2C cos 2¢)]}/? (1) 


where H denotes a magnetic field, g repre- 
sents the g-factor of the resonant nucleus, 8 
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Fig. 1. Zerosplitting-direction pattern of vi line. 
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@ and @ are polar angles specifying zerosplitting- 


direction with respect to an orthogonal coordinate axes fixed to the sample. 


0 


® = c-axis 


200 250. 


$ 


(degrees) 


Fig. 2. Zerosplitting-direction pattern of vp line. 


88 K. SHIMOMURA and N. INOUE 


is the Bohr magneton, @ and ¢ are the polar 
angles of H with respect to the principal axes 
x,y,z, and A, B and C are Zeeman-splitting 
parameters which have been given in a nu- 
merical table by Cohen. 

The zerosplitting should be expected when 
the Zeeman splitting of one level becomes 
equal to that of the other one, so the zero- 
splitting condition may be written as 


aD} [Aa (oS 
sin? 0= pes 268 (2) 
where a, P and y are zerosplitting parameters 
Table I. Zerosplitting parameters a, 8 and 7 
for spin 5/2. 
\ £20 43/2 
™ at B is 
nS 
0.1 | 16.8578 — 2.3706 7.9188 
OZ 16.4600 — 4.5748 7.6900 
0.3 15.8790 — 6.4924 (eal, 
0.4 | 15.2002 — 8.0664 6.9464 
0.451 | 14.84112 — 8.73502 6.72748 
0.5 14.4975 — 9.2956 6.5140 
0.6 13.8204 -—10.2114 6.0792 
0.7 13.1967 — 10.8584 5.6568 
0.8 12.6380 —11.2818 5e2532 
0.9 12.1440 —11.5234 4.8684 
Ie 11.7090 —11.6172 4.5000 
\ £3/22 £5/2) ? i 
i . 2 ’ 
eles eee 
OFL 16.2617 0.0052 16.1052 
0.2 16.9820 0.0364 16.3952 
0.3 18.0000 0.1020 16.8052 
0.4 19.1324 0.1880 17.2608 
0.451 19.7042 0.23178 17.49032 
0.5 20.2317 0.2692 17.7016 
0.6 21.2041 0.3204 18.0880 
0.7 22.0037 0.3226 18.3996 
0.8 22.6136 0.2648 18.6268 
0.9 23.0360 0.1420 18.7684 
1.0 23.2799 — 0.0458 18.8260 


a As the Zeeman-splitting parameters for 7=0.451 
are not given in Cohen’s table, these values were 
obtained from our calculations of Zeeman-splitting 
parameters*. 


* The Zeeman-splitting and zerosplitting para- 
meters for 7 varying from 0.01 to 1.0 in intervals 
of 0.01 will be published later in other papers. 
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and are given in Table I. 

In the case of 7=0.4, it is easily shown 
from Eq. (2) with proper zerosplitting para- 
meters that 0 satisfying the zerosplitting con- 
dition may exist for any value of ¢. While, 
in the case of y=0.5 it may be shown that 
not all values of ¢ can exist; as Fig. 3 shows, 
@ will increase from the minimum value @min 
to the maximum value z/2 with decreasing 
(or increasing) ¢@ from z/2 to the minimum 
(or maximum) value ¢min (or 7—@min). Since 
a zerosplitting cone always possesses an op- 
posite partner, they make a pair of cones 
which is parallel to the y-axis** (Fig. 3). 
Therefore, the direction of axis of zerosplitt- 
ing cone of 1 line should be the y-axis of 
field gradient tensor. On the contrary, for 
n=0.4 a cone which has an axis parallel to 
the z-axis should be observed. The abrupt 


Fig. 3. Zerosplitting cone which is parallel to the 
y-axis. OH denotes the direction of magnetic 
field which causes zerosplitting of Zeeman line. 
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Fig. 4. The variation of dmin as a function of 
7, where ¢min are derived from Eq. (2) by putt- 
ing @=x/2. The value of 7 where ¢min vanishes 
indicates the critical value of 7. 


** It has been mentioned that the loci of zero- 
splitting directions of y, and vy lines form elliptic 


cones around the z-axis (see reference 6). But it 
is not correct. 
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Zerosplitting Cone 


ie) 10 20 30 40 50 60 70 80 90 
(degrees) 


Fig. 5. Zerosplitting angle 6’ as a function of ¢’. 
solid line: calculated values from Eq. (3) and Table I 
dotted line: calculated values from 
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(see reference 6) 
circle: experimental points. 
wyz are the principal axes of field gradient tensor, and OH 
represents the direction of magnetic field which causes zero- 
splitting of Zeeman line. 
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mo (degrees) 

Fig. 6. Zerosplitting angle @ as a function of ¢. 
solid line: calculated values from Eq. (2) and Table I 
dotted line: calculated values from 
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(see reference 6) 
circle: experimental points. 


sin2@= 


89 


90 K. SHIMOMURA and N. INOUE 


change* of the direction of the cone from the 
z-axis to the y-axis should occur at a critical 
value of 7 where ¢min vanishes. From Fig. 
4, we may obtain 7=0.41 as the critical point. 
On the other hand, for the case of »2 even 
when 7v=1.0 the axis of cone should be ex- 
pected to be coincident with the z-axis from 
the same treatment. 

Since 7=0.451 for [#2”7 of HIO; at room tem- 
perature, we may obtain the y-axis and z-axis 
from the Zeeman analysis” of »: and vz lines, 
respectively. In fact 41, ¥2, ys, ys have been 
found to be perpendicular to z1, Z2, 23, 24, re- 
spectively. After we have determined the y- 
and z-axes, we may obtain the x-axis. There- 
fore the experimental relation between @ and 
@ satisfying the zerosplitting condition is ob- 
tained from the calculations of the angles be- 
tween the zerosplitting direction and the 
principal axes xyz of field gradient tensor, 
and is compared with the theoretical one which 
is derived from Cohen’s table. The compari- 
sons are shown in Fig. 5 and 6. In Fig. 5 
instead of @ and ¢, 6’ and ¢’ which are the 
polar angles defined in Fig. 5 are used. In 
terms of 6’, $’ the zerosplitting condition may 
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be written as 
(teat atts 

a—B—(a+ 8) sin? ¢’ © 
Our experimental data are in good agreement 
with the theoretical curves for y»=0.451 in 
Fig. 5 and 6. They show that the value of 
7=0.451 is consistent with our experiments 
and that Cohen’s calculations of Zeeman splitt- 
ing of pure quadrupole spectrum are borne 
out by our experiments. 

A part of this work was supported by the 
Scientific Research Expenditure of the Mini- 
stry of Education. 
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Non-Similarity Theory of Decaying Turbulence 
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As a development of our statistical theory of turbulence, extension of 
the initial-period similarity-law of decaying turbulence (isotropic turbu- 
lence, wake, jet) is attempted so that non-similarity characters may be 
included. Based upon the cascade conception that large vortices produce 
small ones successively, we introduce a Poisson process of the mixture 
of these vortices and derive non-stationary expressions of Reynolds 
stress and Euler correlation. By evaluating them approximately we 
obtain decaying law deviating gradually from the linear-decay-law. For 
the case of isotropic turbulence, double correlation functions are deter- 
mined by substituting K&arman-Howarth’s self-preserving solution into 
the above formula, and further a triple correlation h is derived by 
solving Karmaén-Howarth’s equation with our evaluated u2 and f. These 
theoretical results are checked by many previously proposed experimental 


data. 


$1. Introduction 

In our previous papers, Statistical Theory 
of Turbulence, IY, IJ”, III”, turbulence is 
considered as a chaotic state of flow of 
vortices. Based upon this physical conception, 
all the turbulent quantities are expressed in 
terms of mean values taken over the areas 
of these vortices in order to make the Rey- 
nolds equations conclusive. These area inte- 
grals, whose domains are denoted by D, are 
mathematical foundations of our theory (cf. 
§4~6, I). Then, discussions proceed by di- 
viding turbulent flow essentially into two 
groups; one has a decaying character in turbu- 
lent energy in the direction of the main flow 
such as turbulent wake behind a body or 
grid and free jet, and the other has a non- 
decaying character like pipe flow and bound- 
ary layer. 

As for the structure of decaying turbulence 
we proposed the following physical interpre- 
tations»: Just behind the obstacle vortex 
motions are formed by taking energy from 
the main flow. First they are carried away 
retaining a regular flow pattern, for instance 
in the form of Karman vortex street whose 
stability is proved when the effect of viscosity 
is neglected, and then their arrangements 
become gradually irregular. In this chaotic 
state of vortices, they affect each other chiefly 
by their viscous force, and many chances 
happen where new small vortices are produced 
in discontinuous flow between adjacent vortices 
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by taking their energy. These second vortices 
produce further the third ones under the same 
circumstances. Namely, the conception of a 
vortex chaos motion is accompanied by that 
of cascade process from large to small vor- 
tices. It is the essential feature of decaying 
turbulence that the turbulent energy is origi- 
nally supplied by the primary vortices pro- 
duced just behind the body and then trans- 
mitted successively into small vortices of 
descending order through the cascade process, 
being partly dissipated into heat. Viewed 
from the Eulerian point turbulent intensities 
are decaying along the flow. In the non- 
decaying turbulence, on the other hand, the 
turbulent energy does not necessarily decay 
owing to the strong primary vortices produced 
everywhere outside the laminar sub-layer. 

In the decaying turbulence, statistical stu- 
dies have been made on an ideal vortex chaos 
motion consisting of only one type of vortices 
produced at one position in the field of flow. 
According to the results” similarity characters 
in mean velocity, Reynolds stress, Euler cor- 
relations, etc. can be all attributed to the two 
similarity characters, hydrodynamical and 
statistical; the three-dimensional expressions 
for them are 


Va=Falr/V4ut > 9, OU? -* , 
P= Pralt/V vt 5 6, Q; ys Z) . 


Vis the mean velocity distribution, trans- 
mitted to the D-domain, in every vortex near- 


(1.1) 
(1.2) 
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est to a fixed point x,y,z in the field. fis a 
time interval since the production of a vortex 
motion and is connected with x by the mean 
velocity of flow, @ is a parameter relating to 
the initial condition of a vortex motion, and 
r,0,¢ are the coordinates in the D-domain. 
P,, is the probability distribution function that 
a relative location 7, 8, ¢ of the nearest vortex 
filament at an instant to the referring ¥, y, Z- 
point is moving in the D-domain* with time. 
The expression (1.1) is due to the exact solu- 
tion Vy=Fa'(r/V4yt tO/-* of Navier-Stokes 
equations for a single viscous vortex motion 
(cf. §9, I). When a is chosen as unity, this 


similarity law can give the relations u?, uv, 
---ot- besides their similarity-preservation 
characters. These characters are widely 
found out in decaying turbulence behind the 
transition region just behind a body. Thus, 
a=1 could be adapted to the primary vortices 
mentioned above, and this similarity law has 
been defined as that in the initial period. 

It is obvious that the initial-period similar- 
ity-law is concerned only with the primary 
vortices, the cascade phenomena being neg- 
lected; the deviation from observed results 
for the far downstream region is seen clearly 
in turbulent flow behind a grid, although not 
so conspicuous in decaying shear turbulence. 
On the other hand, many investigations have 
been made since Kolmogoroff on the cascade 
process in wave number of the spectrum of 
isotropic turbulence. Even in this case of 
flow, however, it is not possible to determine 
completely the energy decay and the spectrum 
curve as a whole. In these circumstances, it 
becomes necessary to extend our initial-period 
similarity-law to include the non-similarity 
character of cascade process in the general 
decaying turbulence; that is the objective of 
the present paper. In the following three 
sections fundamental descriptions will be given, 
and then some results will be drawn chiefly 
in the case of isotropic turbulence so that 
they may be surveyed in the light of many 
experimental data. 


§2. Poisson Process in Vortex Chaos Motions 


In such a complicated cascade phenomena 


* Strict definitions of these functions and the 
similarity conditions were given in $4, 9, I and 
§ 4, 5, 9, II in an idealized two-dimensional vortex 
chaos motion. 


(Vol. 14, 


as mentioned above, it is impossible to de- 
velop a purely hydrodynamical study based 
upon Navier-Stokes equations only, so that 
we shall make use of the P,-function to ex- 
press the non-similarity nature statistically. 
At a fixed point in the field, many vortices 
with different generations produced upstream 
are being carried away. When the generation 
is denoted by m, it has an important character 
to be counted with a round number beginning 
with m=1 of the primary vortices, and this 
is a function of a at the same time. As the 
x-ordinate ¢ referring to m=1 vortices is 
taken, with the origin t=0 chosen as the time 
when they come in chaotic states and cascade 
phenomena begin. The position of outbreak 
of m=1 vortices is fixed just behind a body, 
but other vortices are being produced from 
the preceding ones in the whole time interval 
Q0~t. Let us consider the behaviour at ¢ of 
a group of m(to)-vortices which were born as 
the m-generation in the time interval fo, 
totdt (t>t). In order to formulate the 
cascade phenomena statistically, we idealize 
the situations so that some parts of the num- 
ber of m/(to)-vortices are changing with time 
into those of the following generations with- 
out a loss in total number. Let the probability 
with which m(fo)-vortices are mixed in the 
whole generations at ¢t be denoted by 


P,’(m(to), #) dto, and their distribution function 
in the Dmctoy-domain by P’xmce9) as Mentioned 
in §1, then the P,-function can take the fol- 
lowing general expression (cf. §7, J), 
P,(m(to), t)dto= Px’ (m(to); x(t), 9, 2) 
x Plamceo(7]V 4ut , 9, 6; X(t), 9, z)dto. (2.1) 
As for the rate of mixture of all the m- 


vortices produced in 0~?#, the following P,- 
function is given 


—— i 
P,(m, p=| Pe'(inte), t)dto, (2.2) 
0 
and by the definition we must have 
= Palm, j=1, (2.3) 


where the variables y, z are omitted for sim- 
plicity of expression. In the statistical study 
of cascade process, it is important to deter- 
mine the function P,’(m(to), t)dty at first. In 
the similarity theory, since the P,-function is 
concerned only with one type of vortices pro- 
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duced at an instant the above deliberations 
are not necessary. 

As mentioned in §1, one vortex, except 
that of m=1, is born from two vortices. In 


order to determine the P,’-function, we intro- 
duce the following probability that m(fo)- and 
m’(to’)-vortices produce new small ones in a 
unit time interval at ¢; 


px(m(to), m’(to’), t) . (2.4) 


Apparently px is the rate of total sum of 
newly born vortices in a unit time interval 
to that of their parent vortices at the begin- 
ning, and this is a transition probability hay- 
ing the dimensions of inverse of time. In 
the actual state (2.4) may take a complicated 
functional form, but if p, is expanded into a 
power series in the independent variables, the 
first term remains finite because the cascade 
phenomena began at ¢=0. Therefore, as a 
first approximation, we may take 


bx(m(to), m’(to’), t)=Dx (2.5) 


taking only the first term. This is one of the 
fundamental hypotheses in our non-similarity 
theory viewed from the statistical point. 


(constant) , 


Mathematical derivation of P,’- or Py- 
function from (2.5) is well known in statistical 
mathematics as follows: for the convenience 
of explanation, let us consider first a ‘dis- 
continuous cascade process, by dividing ¢ into 
N equal short intervals, so that the transition 
probability at one step becomes p,t/N. In 
such circumstances that the m=1 vortices 
given at N=0O and of m=2 vortices are trans- 
mitted into their respective next generations 
at every step of ¢/N, the probability of the 
mixture of m-vortices is known as the binomial 
distribution; 


{N! (pxt/N)™ 1 — pat)" 
{(m—1)!(N—m-+1)!} . 


With a relation lim (1—p,.t/N)* =exp (—p,f) 
utilized, this is proved to tend to 
(pxt)™-1 exp (—pxt)/(m—1)! 
as N-oo. Also, the probability that m(to)- 
vortices exist at ¢ can be proved to be 
{(pato)™? exp (—pxt)/(m—2)!} padto . 
Namely, based upon the first approximative 


character (2.5), Ps’- or P,-function is proved 
to take the following expression; 
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P,(m, t)=(e"™1e-7)|(m—\)! , t=Ppal , 
P,’(m(to), t) dto= {(co™%e-7)|(m—2)! Fro , 
(m>2). 
(2.6) 


This is well known as the Poisson distribution. 
(2.6) has the behaviour as shown in Fig. 1, 
and the conditions (2.2) and (2.3) are clearly 
fulfilled. It is significant that the variable ¢ 
and the parameter p, combine into a new 
independent variable rt, which facilitates the 
subsequent analysis. Further, owing to our 
cascade process of the vortex chaos motion, 
mean values of turbulent quantities should be 
expressed in terms of the non-dimensional 
time t instead of ¢, while in the similarity 
law it is sufficient to take the latter. 


Fig. 1. General view of Poisson process of Py- 
function. 


§3. Expressions for Turbulent Intensity and 
Scale 


As mentioned in §1 referring to the similar- 
ity law, our statistical theory requires another 
hydrodynamical hypothesis besides (2.5). As 


written as (1.1), the V,-function for m(to)- 
vortices is considered to take the following 
form, 


Vamtigd 
=—Paas7iV 404—to).. 9,03 t—ta\t—po ae, 
(3.1) 


but here Fy is a non-similar velocity distri- 
bution function of m(to)-vortices in the Dnctg)- 
domain and (t—t)“/®-* is a decaying term. 
In the study of cascade process it is necessary 
to relate the generation of vortices m to their 
classification a. It is deduced from the exact 
solution of the Navier-Stokes equations for a 
two-dimensional viscous vortex motion, that 
the suffix a, being able to take any value 
larger than 1, is determined by the initial 
condition of these vortices and every Fa- 
function has an arbitrary constant in it cor- 
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responding to this condition (cf. §9, I). More- 
over the kinetic energy of a vortex motion 


\\ oVx2dS is proved to be proportional to 
D 


#2G-® in this case (cf. §6, II). On the other 
hand, it is widely found out, especially in 
isotropic turbulence, that the rate of dissipa- 
tion of fluctuating energy is increasing with 
the wave number, and so in our cascade con- 
ception mentioned in §1 it is necessary to 
give large values of a to small scale m=2 
vortices. Then, considering our condition 
a=1 for m=1, we shall introduce the follow- 
ing simple hydrodynamical assumption; * 

(3.2) 
(2.5) and (3.2) are the two fundamental 
hypotheses in our non-similarity theory. 

With the determination of the classification 
of vortices, it becomes necessary to presume 
time variation of the mean state of every 
group of m(to)-vortices. In the cascade phe- 
nomena, m(to)-vortices are carried away with 
the flow, being affected by many other vor- 
tices. These disturbing effects are not similar 
in time as suggested by the non-similarity 
characters of (2.6) and (3.2), and unlike the 
case of similarity law Vamc)-function in (3.1) 
and P’ xmctoy-function in (2.1) are not considered 


amy=m . 


°c t = 
ae =, {\\\, go Palinlte), DP ance sin*4 sin’ 6dS} dt, 
mtg) 


0 
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to fulfill the similarity conditions. However, 
if F- and P,’-functions are expanded in t—fo, 
the first terms retain similar forms, so that 
as a first approximation we can take such 
similar formulae, using (3.2), 


Vaymctg) = Flr VEE ta) » 9, Eto) IP—™ , 


P* gmcig) = Pm (11 V 4v tbo) > 9, 93 I 2) » 
(333) 


This character will be called local similarity. 
In short, we have idealized the situations as 
follows; every group of m(to)-vortices holds 
the respective similarity conditions independ- 
ently from each other, and non-similarity 
is characterized only through (2.5). The state- 
ments are our basic attitudes required to ex- 
tend, at the first step, the previous similarity 
theory into non-similarity one. The above 
extension can be reduced to the fundamental 
hypotheses (1.1) and (1.2) of the initial-period 
similarity-law (a=1), when the transition pro- 
bability p, is made to vanish in (2.6). 

Our previous statistical theory has given 
fundamental expressions for turbulent quanti- 
ties in the general case (cf. §7, I). In vortex 
chaos motions consisting of all the generations 
produced in 0~f, the w-intensity at the x(t), 
y, z-point is obtained in the form, 


dS=rdrd0d¢ , (3.4) 


by neglecting the fluctuational part V,’ of the V,-function in view of the independency 


character mentioned above (cf. §7, I). 


so t 
u2= uy 2e77T +>} 
m=2 ho 


| Urry tom *e-"/ (m—2)!} dro , 


Introducing (2.1) and (2.6), we have 


(3.5) 


ee i ae Lape 
Un(7)) 1 ¥n(my) V xem(zq) Si? 8 sin? bdS , 
Dm(r9) 


therefore, by (3.3) we obtain 


Am(r) 


Ty 2e-7 


u \2 A, eer Ui 
— = —e77T 2 oS 
() Gr ay \ (t—T)2”"1 (m—2)! eur 


Am(ro) = ol, Po’ lV 49 — eo) Das 6, oo; “Vi Z) 
m TO 


(3.6) 


x Fin(1V 4y(t —t0)/Pur 9, 6) Px?! sin? 6 sin? odS . 


As an example of turbulent scale, the w-correlation function f(k, 7) (=u(aulx-+A/uXx)) at 


* By the definition of turbulent dissipation it is seen that Ux-intensity tends to be inversely pro- 
portional to wave number k, but an assumption is required to explain that the rate of dissipation 


v(0u;/0x)2 is increasing with k. 
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the x,y, z- and «+k, y, Z-points will be taken. It is seen by the local similarity (3.3) that a 
group of m(to)-vortices preserve the respective similar correlation function Fincro (Emerg). In 
the same manner as the above transformation, f(k, t) can be formulated, with every Jm-func- 


tion combined independently into the Poisson process; 


m=2 


(FB) re, T) = AlE)Ar Cate > \ Fiero Emcro)) Amero) Pt eee ae em 
a 


0 


where Am is the same as (3.6) and ers 
adjusted to a certain distance k. Of course 
(3.6) is included in (3.7) as R=0. It is easily 
proved by our fundamental formula, that (3.7) 
or (3.6) holds for other components of turbu- 
lent scale or intensity with different circular 
functions of 0, ¢ in the coefficient Amcry) (cf. 
§6, I). 

In decaying turbulence, Amc) depends 
generally upon y, z as seen in (3.6). If some 
Yo, Zo-points can be plotted where Pm’ Fn’ takes 
a similar functional form in the Dmcr))-domain 
irrespective of x(t), Amcry) is independent of 
x(t). Such a character may be assumed ap- 
proximately to hold in the actual state of 
flow. These points in similar relation mean 
the respective similarity preservation of every 
m(to)-vortices there, and the dependency of 
the P,-function in (2.1) on y,z can be attri- 
buted only to the variation of parametric con- 
stant p,. Thus, (3.7) or (3.6) is regarded as 
the general formula of transient phenomena 
along the main flow of the double correlation 
function or the intensity of decaying turbu- 
lence. 


§ 4. Initial Condition of a Vortex Motion 


For the purpose of evaluating (3.7) or (3.6), 
it becomes necessary to survey the term Am 
precisely. When px is made zero in (3.6), it 
becomes (u/U)?=(A:/ps)t-!, corresponding to 
the initial period. In isotropic turbulence, it 
was proved by the conception of the com- 
pletely irregular arrangement of vortices that 
P,’ become 1/S; independently of x,¥,z by 
denoting the volume of the spherical D1- 
domain of radius R by Si, and / became 
Fi(r/V4yt) of the exact solution of the 
Navier-Stokes equations (cf. §4, II). There- 
fore, as the coefficient A:/px, we get 


“Ailpa=(Bx/6U'V 56 | ROW SWS a, 


R/V 4yt =S0, (4-1) 
with ¢ counted since the outbreak of this 


(3.7) 


(t—t9)2"- 1 


(m—2)! 


m=1 vortex. In the similarity law, so was 
taken to be independent of ¢ and Aj/p, was 
assumed to be constant for 0~¢ along the 
flow. At t=0, A:/ps becomes indefinite, and 


(u/U)? diverges if it retains still this constant 
value. In the initial-period similarity-law, 
however, this singularity can be excluded 
from the theory with the origin t=0 shifted 
from the instant of the outbreak to the time 
when the chaotic states of vortices begin to 
appear behind the transition region, as has 
been done in the paper. This treatment of 
the initial-period similarity-law in isotropic 
turbulence does not loose the generality in 
other types of decaying turbulence. In the 
study of cascade process, however, this pro- 
blem must be considered directly, as m2 
vortices are produced incessantly in whole the 
time interval 0~?. In the above-mentioned 
Navier-Stokes equations which imply molecu- 
lar diffusion of vorticity concentrated at first 
at one point, the real state of outbreak of 
vortex motion is not described. The produc- 
tion and growth seem to depend upon differ- 
ent mechanism, and the above equations con- 
cern only with the latter. We suppose that 
at the beginning of growing period the vortex 
motion has a finite extent and also has a 
constant value of (4.1). In the study of turbu- 
lence based upon the conception of vortex 
chaos motion, vortices must be taken into ac- 
count only in this period. In the production 
period (4.1) is supposed to become zero at 
t=0. Otherwise, the integration in (3.7) or 
(3.6) would become divergent at t=to, the 
outbreak instant of m=2 vortices. 

The essential problem about the coefficient 
Am lies in the determination of the integration 
constant contained in the Fm-function, rather 
than in the discussion on this functional form 
near t=to. As mentioned in the last section, 
this arbitrary constant and the suffix a(m) 
are determined by the initial condition of the 
vortex motion of m. For an a=1 vortex this 
constant is known to be related with the 
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circulation which existed at t=0,” while for 
others there is no theoretical or experimental 
ground to suppose this character. If this 
production mechanism were clarified, the re- 
lation of @ versus m could be given asa 
theoretical result as well as this arbitrary 
constant in Fm. In this section, we shall 
give rather phenomenological discussions to 
Am based on an energy conception in the 
cascade process, without conjecturing the fine 
structure, P,,,- and M?-functions in the Dm- 
domain. For simplicity, Am is assumed to be 
constant with respect to t—to and to avoid 
the singularity the term (t—tT»)!-2” in (3.7) is 
replaced roughly with (l+r—rt»)!-2”. As men- 
tioned in §1, m-vortices are born with their 
energy supplied from the preceding m-1- 
vortices. Then, taking a constant coefficient 
a we assume approximately 


(um/U)?= Aite-7 , A:=A (constant) , 
(u2/U)? 
- [aCau/T eA 4e—t0)-8e-* dito ; 


(us/ U)? 
= ["a(u/T [ee ee ee 


tC. 
On the other hand, it was proved that for 


a=1 vortices energy dissipation due to mo- 
lecular viscosity is zero (cf. §6, ID). Thus. if 
we derive such a decaying formula as (3.6) 
in an ideal cascade process of a(m)=1 this 
formula agrees with u-2eot of the _ initial 
period. For this reason a@ is given as 1.5, 
and the ratio An/A is determined. Namely, 
we get the following relations, 


Am/A= 1.5"-1[(c—t9)2"-1/{(1 +t —T9)2™—1pm-1)] , 

(m=2), (3.2) 
where A is a parametric constant relating to 
the supplied energy from the main flow to 


the primary vortices just behind the body. 
Then, (3.7) becomes 


(a) fe) = AD 
( 1.5"-1fn(Em)  to@Be-7 


7 a Oe 


o (1-+t—t)2"-17m-1 (—2)! 
(3:27 


In spite of such an approximative estimation, 
probably (3.7) may not loose the essentiality 
of our foregoing discussions. 


+3 


ma2 
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§5. Decaying Law 

Substitution of (3.2) into (3.6) gives a rela- 
tive expression of the w-intensity against SACs) 
yo, Zo-points. As for other components of 
turbulent intensity, the same functional form 
is derived with a different coefficient A. 
Thus, we have obtained the general expres- 
sion of decaying law in the decaying turbu- 


lence. Fig. 2 shows the relation of (u/U)-?A 


6 7 1 
——- 
3 4 
(Wy 
2 
° Leone | 
Fig. 2. Decaying law of decaying turbulence. 


+, Y are our previous data of u-intensity along 
the w2-maximum- and centre-line behind a 


circular cylinder of d=1.5cm under Up=3.74 m/ 
sec. Others correspond to the observed values 
behind a grid under the following conditions: 


Uy(m/sec) Micm) d(cm) 


O 9.06 0.16 0.03 

© 12.96 " » + Batchelor-Townsend®) 

Qd 6.20 ” 7 

@© 12.86 0.64 Batchelor Townsend® 
Liepmann-Laufer- 

Vv 11.30 1.68 Linea 

Vv Dryden®) 

V 19.68 0.14 0.02 

V 15.00 ” " Hama?) 

V 9.61 ” ” 

A 10.00 1.00 0.20) s: 

Ao 5.00; 1,00) 92 ue” 


Uy is undisturbed velocity, M is mesh-length 
and d is diameter of rod of grid or the clinder. 


versus t. In this figure a computed curve in 
an ideal case of a(m)=1 as mentioned in § 4 
is indicated, whose departure from the dotted 
straight line (@/U)-2A=c is not large until 
about t=1.7. In another ideal case of a(1)=1 
and a(m=2)=0o where the effect of viscous 
dissipation by m>=2 vortices is extremely 
large, the relation (u/U)-2A=te" is derived 
with all the integrals in (3.6) vanishing. The 
relation (3.6) must be located between these 
two curves, as shown with a thick line. It 
is not easy to expand (3.6) into a series of Se 
but this curve suggests that it is not prefer- 
able to express the cascading energy decay 
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with a simple form ¢-” that is characteristic 
of the similarity theory. 

It is widely observed in isotropic turbulence, 
that most of the data of energy decay obey 
the linear-decay-law u-2<0f¢ in narrow range 
of ¢ and then the decaying becomes more 
rapid. In order to check the above result 
experimentally, we gathered the recent data 
whose deviation from the linear-decay-law 
was clearly recognized. Since A and p, can- 
not be determined experimentally, each ex- 
perimental result is adjusted to this curve 


with proportional factors multiplied to (u/U)-? 
and ¢. In turbulent wake with a uniform 
undisturbed velocity, the relation between x 
and ct is approximately linear except very 
near the body. Then, our previous data of 
u-intensity measured until far downstream 
behind a circular cylinder along the centre- 
and u?-maximum-line are replotted in this 
figure, since these lines seem to consist of 
x(t), Yo, Zo-points (cf. §14, II). Even in the 
case of non-uniform flow like a circular jet, 
etc., this criterion becomes possible if the 
relation of x~r is determined. It is an im- 
portant conclusion of Fig. 2 that the previous 
experimental measurements have attained 
only considerably narrow range of t of about 
1.6 in the Poisson process. Variation of the 
mixture of different vortices in this range 
can be seen in Fig. 1. Although the above 
criterion is concerned only with the functional 
form of (3.6), it can cover almost all the data 
with a single curve including the relation 
u-?~ot near t=0. If this curve is shown 
versus ¢ as in the case of similarity law, it 
requires a family of many curves correspond- 
ing to different values of px. 


§6. Double Correlation in Isotropic Turbu- 


lence 


As an example of double correlation, the 
Ff-function of (3.7) will be considered. For the 


Fn Em) =(2M—1P/4E m9! exp (—Em?|(4m— 
Emn=V Qm—Dtl(r—t) & (M22), 


Ei=V5/4 Vp,/10 (R/V vr) (=€), 


where 
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purpose of evaluation in the general case of 
decaying turbulence, we must know every 
locally similar function fin of m(to)-vortices, 
whose determination should be based upon 
our previously proposed similarity theory (cf. 
§ 10, ID). Since such a quantitative derivation 
is difficult in the general case, discussions in 
this section will be limited to the simple case 
of isotropic turbulence. 

In the previous papers it was pointed out 
that the isotropic turbulence is the completely 
irregular vortex chaos motion in a uniform 
flow (cf. §3, ID. Further, in this chaotic 
motion consisting of a single type of a-vortices 
double correlation function f’ was obtained 
as a similar form, as evaluated in an ideal 
two-dimensional vortex chaos motion (cf. § 4, 
Il). Extension from two- to three-dimensional 
description is not difficult. As for the triple 
correlation function h’, it is easily proved to 
vanish by the character of spherical symmetry 
in a single D-domain. Moreover, we had the 
power-decay-law u™?~??*-! in this case. 
These results on f’, h’ and wu? in isotropic 
turbulence are the same as the basic assump- 
tions of Karman-Howarth’s self-preserving 
solution of their equation'?. Namely, when 
the independent variable is written as &= 
k’/2’, their equation is reduced to 

a fe 4 bes hip Ave 

Baty yee) ae! 


ew u\’ 
= 10o( a 


and f’ in the above ideal case is obtained by 
solving (6.1).* 

In the cascade process of isotropic turbu- 
lence, the above statement holds for every 
locally similar fn-function in (3.7), where a= 
m and t is replaced by t for m=1 and by 
t—t) for m=>2. Hence, for fm-function at 
two points with ascertain distance k, the 
Karman-Howarth solution of (6.1) becomes!” 


(6.1) 


2)) M{(2m—9/4), 3/4(Em?/(2m—1))} , (6.2) 


* Functional forms of similar double correlation can be integrated 


by another analysis with V,- 


function used in the D-domain, as has been done in the two-dimensional case (of § 4, ny It can be 
shown, however, that they agree with the Karman-Howarth solution without a contradiction in every 


value of a. 
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_ apy+rp-amesy eo (0-a+4b—at4) +++ 6-a+(2i—1)/2) 4 
MXa, B(c)}=c0 Ve is i! (26+ 1)(2b-+2) --- (2b-+i) : . 


i= 


Namely, (3.7)’ and (6.2) determine completely the non-similar double correlation f as a func- 
tion of & and tc. 

Concerning with general properties of f, (3.7) indicates f(0,r)=1, f(E,t)<c1 and f(&,0)= 
filé). When (6.2) is introduced, it has a character fn(V(2m—I)t/(t—t0) E)<fAilE) and so 
F(E, 7)<Ailé holds generally in (3.7). Further, as every dfm/d—Em becomes zero of the first — 
order at the origin, 0f(0,7)/0E=0 is easily derived. But, in (6.2) 0?fm(0)/OEm?=—1 and so by © 


(3.7) we get 


(4 \eee) = aie < Se) minh eyas “| . 


0& m=2 ~ (m—2)! 0 th (eee) emt 


A 


U 
T=T—T , 
where all the integrals dc’ diverge because the term (1—r’/r)™-2/(1+r’)?""! becomes unity 
0 ; 


at t’=0. By the above discussions it is concluded that f(&,7t) has the following characters; 


FOO 1 perenne), sie. Dae ‘ef 
Of(0, D/OE=0, G2F(0, r)/OE2=—co | 


In the self-preserving solutions, /’-function es 
can be expanded into a power series of & at 
the origin and 2’ in (6.1) is the same’? as 
V —2/(d?f’(0)/dk’) which gives the physical He) 
meaning of micro-scale to 2’.. Physical reason 
of its non-zero value can be comprehended 
by remembering that (6.1) is consisting only 
of one type of vortices with a finite extent 9 
except at the instant of production. In the 
cascade process, however, the last singularity 
character in (6.3) implies that the micro-scale 
is zero even if V —10vu?/(du?/dt) remains finite 
not being written as V —2/(d?f’(0)/dk’) as 
shall be mentioned precisely in §7. This is 
caused by the condition (3.2)’ where the ex- 
tents of m=2 vortices have been assumed to 
grow from zero in the time interval r9==0~r. 
As mentioned in §4, in the study of vortex 
chaos motion vortices should be taken into e 
account only in their growing period with 
non-zero extents. If some strict discussions 
are made on the problem of production of a 
vortex motion, this singularity could be ex- and II. Obviously the continuity condition 
cluded from the analysis. §=f+(k/2)@f/0k) holds between them, as 
Fig. 3 shows functional forms of f versus every gm is connected with Sm by this telaticd 
€ with parametric values of rt, integrated in (3.7). Figs. 3 and 4 suggest that (6.3) may 
numerically by (3.7) and (6.2). As for g- be adaptable widely to double correlation 
correlation, it can be evaluated in the same functions of decaying turbulence. Although 
manner with a locally similar gm-function the mathematical expression of 0f/Or is dif- 
used instead of fm. The results are shown ficult to derive, it is seen in these figures 
in Fig. 4. They are also given in Tables I that f or g begins to deviate rapidly from fi 


Fig. 3. Theoretical curves of f-correlation func- 
tion. 


GET LOA 
\\ 
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Fig. 4. Theoretical curves of g-correlation func- 
tion. 
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Table I. Computed results of f-correlation function. 


rn 

IPE 0.0 0.2 0.4 0.6 0.8 1.0 12 1.4 1.6 

0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0 
/ 0000 1.0000 ~—-1.0000 
0.1 0.9952 0.9763 0.9605 0.9482 0.9335 0.9221 0.9122 0.9054 0.8982 
0.2 0.9803 .9335 0.9000 0.8654 0.8421 0.8219 0.8045 0.7962 0.7821 
0.4 0.9244 0.8281 0.7531 0.7192 0.6853 0.6589 0.6377 «0.6201 0.6054 
0.6 0.8892 0.7171 0.6450 0.5980 0.5653 0.5409 0.5223 «0.5076 0.4958 
0.8 0.7386 0.6107 0.5407 0.4978 0.4672 0.4487 0.4336 0.4219 -—0.4129 
1.0 0.6417 0.5197 0.4562 0.4186 0.3908 0.3767 0.3650 0.3557 0.3486 
1.2 0.5422 0.4342 0.3796 0.3479 0.3274 0.3137 0.3088 0.2964 0.2907 
1.6 -3763 0.2992 0.2604 ~=—0.2390-«s«0.2252-Ss«0.2158 +~=—-0.2091-S«0.2042~S«i0 2004. 
0.2652 0.2109 0.1837 0.1685 0.1587 0.1521 0.1474 0.1439 «0.1413 
2.4 0.1912 0.1522 0.1328 0.1216 0.1146 0.1098 0.1064 0.1039 0.1019 
3.0 0.1282 0.1020 0.0890 0.0815 0.0768 0.0736 0.0713 0.0696 0.0683 
4.0 0.0718 0.0571 0.0499 0.0457 0.0430 0.0412 0.0400 0.0390 0.0383 
5.0 0.0470 0.0374 0.0326 0.0299 0.0282 0.0270 0.0262 0.0255 0.0251 

Table II. Computed results of g-correlation function. 

Ss 0.0 0.2 0.4 0.6 0.8 1.0 1.2 0.4 16 
0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 
0.1 0.9902 0.9592 0.9330 0.9103 0.8910 0.8737 0.8582 0.8445 0.8224 
0.2 0.9608 0.8863 0.8215 0.7899 0.7569 0.7269 0.7072 0.6877 0.6724 
0.4 0.8529 0.7180 0.6378 0.5856 0.5495 0.5232 0.5034 0.4876 0.4736 
0.6 0.7008 0.5550 0.4793 0.4351 0.4069 0.3879 0.3745 0.3640 0.3590 
0.8 0.5321 0.4077 0.3483 0.3157 0.2959 0.2832 0.2746 0.2685 0.2656 
1.0 0.3821 0.2894 0.2470 0.2244 0.2110 0.2025 0.1969 0.1929 0.1902 
1.2 0.2606 0.1978 0.1694 0.1544 0.1455 0.1399 0.1360 0.1331 0.1314 
1.6 0.1051 0.0820 0.0711 0.0651 0.0613 0.0589 0.0572 0.0559 0.0550 
2.0 0.0409 0.0325 0.0284 0.0260 0.0245 0.0235 0.0228 0.0222 0.0218 
2.4 0.0152 0.0121 0.0106 0.0097 0.0091 0.0087 0.0085 0.0083 0.0081 
3.0 0.0062 0.0049 0.0043 0.0039 0.0037 0.0036 0.0034 0.0034 0.0033 


or 21 of the self-preserving form and tends 
to the so-called cascade type with a sharp 
peak at the origin. This is an important re- 
sult of our study, together with a character 
of gradual deviation of the decaying law from 
that of the initial period as shown in Fig. 2. 
Thus, the above results suggest that, in gener- 
al decaying turbulence, the initial-period simi- 
larity-law may be useful particularly in the 
problems of force -relation which are all at- 
tributed to the distribution of turbulent in- 
tensity, such as evaluation of mean-velocity 
profile, of momentum loss and so forth. On 
the other hand, in correlation function or 
spectrum distribution in a total intensity, 
preferable results cannot be expected without 
considering the cascade process. 

Because of experimental convenience meas- 
urements are made chiefly on g-correlation. 
In Fig. 5, three curves of g at r=0.4, 1.0, 
1.6 are drawn with the abscissa k/Ly, Ly be- 


ing the integral scale [, sah, and the previ- 
0 


ously observed values are plotted respectively 


taking a suitable abscissa, as an exact ex- 
perimental determination of Ly is rather diffi- 
cult. In these experimental data values of t 
are unknown except for few cases, and fur- 
thermore the above-mentioned rapidly chang- 
ing character makes it difficult to check the 
systematic deviation experimentally. It can 
be said, however, that experimental data fall 
almost in the narrow range of these curves 
and, at the same time, decaying data agree 
favourably with the theoretical curve in the 
same range of t as seen in Fig. 2. 

It may be necessary to note on the con- 
ception of the final period proposed by 
Batchelor and Townsend». At the last stage 
of decay, they derived self-preserving formula 
by neglecting inertia terms in Karman-Howarth 
equation. In our study, this neglect means 
that the transition probability function p.(m(fo), 
m’(to’), t) tends to zero at f+, We sup- 
pose this may be true, but since only the 
first term is taken in px-function as indicated 
by (2.5) our Poisson process should not be 
extended to the final period in the above 
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meaning. Batchelor and Townsend» further 
obtained self-preserving solution f= exp (—&?/2) 
and u~2?5/2 by assuming Loitziansky’s in- 
variant, which corresponds to our vortex 
chaos motion consisting only of a=7/4 vortices 
produced at an instant. As seen in Fig. 2, 
our decaying law includes u~?« ?¢*/? in about 
=1~1.5, but the correlation function remains 
in cascade type as shown in Figs. 3 and 4, 
being different from the above self-preserving 
type. Batchelor and Townsend» observed 
auto-correlation function instead of f, but if 
many measurements are made on g- or f- 
correlation itself at large values of rt, the 
situations may be more clarified. 

As is well known in the study of isotropic 
turbulence, double correlation and one- or 
three-dimensional spectrum are related to each 
other by a simple mathematical formula, 


(0) 2 K 4 es 


Fig. 5. Comparison of g-correlation with experi- 
mental results. 
Dotted-, full-, chain-line indicate the curves of 
7=0.4, 1.0, 1.6 in Fig. 4. Several marks cor- 
respond to the observed values behind a grid by 
several authors under the following conditions: 
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based on Taylor’s hypothesis. In numerical 
calculation, however, it is very difficult to 
transform f into a spectrum function exactly 


up to such a high wave number as attained © 


by modern hot-wire technique. Then, as the 


character of spectrum function we shall refer _ 
only to the well known —5/3-power law, that — 


is equivalent™ to 1—fco k?/3. 
Fig. 6 that the range being approximated by 
this relation increases rapidly when the cas- 
cade process opens. 


Ol O5 


1.0 


Fig. 6. Comparison of the 2/3-power law (dotted 
lines) with our curves of 1—f (full lines). 
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In isotropic turbulence Karman and Howarth 
have derived the fundamental equation of 
motion», 


Pah ¥) 


where h is the triple correlation function. In 
principle, (7.1) is a mathematically transformed 
expression from the Reynolds equations, and 
it is not closed in itself, since it has three 
unknown dependent variable u?, f and h. 
However, since uw? and f were given as func- 
tions of t and € in the preceding sections, 
our original purpose to complete the Reynolds 
equations has been achieved at least in the 
case of isotropic turbulence. As interpreted 
so far, uw? and f have been derived through 
many simplification of situations, and if this 
approximative analysis shall be made on h 


It is shown in | 
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too such a result h=0 will be obtained be- 
cause every locally similar h» is zero. Thus, 
even if our non-similarity characters are well 
supported experimentally in the forms of wu? 
and f, it is still interesting to survey them 
in the form of h-correlation by solving (7.1). 

When uw? and f are expressed in terms of 
functions of t and &€, (7.1) takes the following 
form, 


—Ou/UYf) , u/Uy OF +2g) 
Oc 4Er 0E 


ai 


h=(V pxV v [UW E, 2) , 


with the continuity equation used. This is 
regarded as an ordinary linear differential 
equation of the first order for h, with a para- 
metric constant tr. Therefore, on integrating 
under the boundary condition h=0 at €=0, 


we get 
é 
ae Jz mR a7) E08 os 


eMeelye 


where 


HE, )={—e GID + 


I=Atu/U)? . 
(7.2) 


In the phenomenological studies, triple cor- 
relation # which is caused by the inertia 
terms in the original Navier-Stokes equations 
is considered to play a role to transfer fluctu- 
ating energy from low- to high-frequency 
range and to break similarity preservation in 
double correlation. While, in our statistical 
study of cascade process the cause of non- 
similarity has been given through the transi- 
tion probability p, as mentioned repeatedly. 
It is very instructive that based upon the 
simplified relation p,.=constant, h is proved 
to be connected directly with px as indi- 
cated in (7.2). 

At the origin kR=0, (7.1) tends to 
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By (6.3) and (7.2) every term in 4? is proved 
to be divergent, while 24-2 is clearly finite 
owing to our decaying law shown in Fig. 2, 
and so it is interpreted that every singularity 
cancels each other in 4-2, Anyway, it may 
be necessary to notice that the relation 
—10vu?/(du?/dt) = —2/(d? f (0)/dk?) does not hold 
unless f can be expanded into a power series 
of k at the origin. 

Values of h were determined by computing 
(7.2) numerically. Near the origin reliable 
results could not be expected owing to the 
singular character. Also since numerical dif- 
ferentiations contained in H cannot give suf- 
ficiently accurate values, these results in Fig. 
7 should be regarded as showing only the 
general characters of h-function. However, 
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Fig. 8. Time dependency of h-correlation observed 
behind a grid by R. W. Stewart!®, where x 
«/M=20, ® x/M=30, O x/M=60, + x/M=90, 
@ x/M=120 and Ri=5300. 


such a tendency can be ascertained that with 
a given value of px the function h is gradual- 
ly growing with t, unlike the case of double 
correlation in Fig. 3 or 4. 

We have not so much observation on h- 
correlation even in isotropic turbulence. Fur- 
ther, as the value of ¢t is uncertain in the 
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observed results, variation of h versus t can- 
not be checked definitely. But, referring to 
Stewart’s data! inserted in Fig. 8 which have 
been observed along the x-direction in one 
case of flow behind a grid, the above-mentioned 
growing character can be ascertained at least 
qualitatively. Fortunately, /-correlation was 
measured together with f-correlation case! 
16)17) by case. Then, in the same manner as 
in Fig. 5, our computed results of f in the 
preceding section can be compared with these 
experimental data, and as for the relative 
forms of h they also can be checked experi- 
mentally at the same time with the same 
abscissa as in f. Fig. 9 shows the results. 
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Fig. 9. Comparison of f- and /A-correlation with 
experimental results, plotted against the same 
abscissa k/L;. Dotted-, full-, chain-line show the 
curves respectively of c=0.4, 1.0, 1.6 in Figs. 3 
and 7. Several marks correspond to the ob- 
served values of fand h at the same time behind 
a grid under the following conditions: 
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For f-correlation, the theory and experiment 
agree very well as for g-correlation, but in 
h-correlation disagreements are found to some 
extent. It seems that our too simplified pic- 
ture of cascade process is responsible for the 
disagreement in h-correlation, although un- 
detectable in the decaying law and double 
correlations. However, it may need many 
other experimental results on triple correlation 
to make this point clearer. Furthermore, the 
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comparison in the form of transfer function 
in the Fourier-transformed equation of (7.1), 
may probably give useful results. 

Here we should like to say some concluding 
remarks: (i) The fundamental hypotheses 
of our non-similarity theory are (2.5) and 
(3.2), the latter of which is concerned with 
the production of vortex motion together with 
(3.2), strict discussions being hopeless at 
present. However, unless such a relation as 
(3.2) is taken, it becomes difficult to interpret 
the experimental evidence that turbulent dis- 
sipation increases with wave number, and a 
rough estimation of (3.2)’ seems to have given 
not very bad result. (ii) It is not so old when 
the interrelation between (2.5) and (2.6) has 
come to be clarified, but (2.6) has been used 
successfully in many other statistical studies 
of cascade phenomena, such as cascade shower 
of the cosmic ray!® and so forth. We think, 
an appropriateness of Poisson process in the 
decaying turbulence is due to mechanism of 
this flow that even at the beginning of vortex 
chaos motion it is accompanied inevitably by 
the cascade phenomenon from large to small 
vortices—non-zero transition probability. It 
seems also to give an apparently favourable 
effect on our theory that the present experi- 
mental technique attains only narrow range 
of r. Otherwise, inadequateness of the simple 
assumption (2.5) could be found out more 
clearly through experimental observations. 
(iii) It is a characteristic point of this paper 
that the theory holds independently of the 
magnitude of the parametric constant /p,. 
As mentioned in §1, px is due to disturbing 
effects of vortices in their chaotic states, and 
when the irregularity of their states increases, 
i.e. the functional form of P, tends to be 
constant in the D-domain (cf. § 8, I), the value 
of px becomes large. It is due to this charac- 
ter that the deviation from the initial-period 
similarity-law is found clearly in turbulent 
wake behind a grid, rather than in decaying 
shear turbulent flows. Even in shear turbu- 
lence, however, this theory may be useful 
particularly for the purpose of evaluating cor- 
relation or spectrum function. 

In conclusion the author wishes to express 
his gratitude to Professor I. Tani and mem- 
bers of the Turbulence Research Group in 
Japan for their valuable advice and discussions. 
Thanks are also due to Dr. K. Maeda for 
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The conductivity, Hall effect and magneto- 
resistance effect of CdS single crystal have been 
investigated by many workers (1)-(7). But the 
structure of electronic energy band of this material 
has not been clarified enough up to now. As CdS 
crystal has the Wurtzite type crystal lattice and 
not the cubic symmetry, it might have the ani- 
sotropic conductivity if the energy band or the 
relaxation time is anisotropic along the directions 
of the crystal axis. In this report the conductivity 
of CdS single crystal has been measured by micro- 
wave method in 9500 MC region at room tempera- 
ture. 

The microwave method is very useful for the 
measurements cf the anisotropic natures of crystals, 
since the free selection of the polarization of 
electromagnetic waves to the crystal axis is possible 
and especially in the conductivity measurements no 
electrical contacts with metal electrodes are required. 

Samples used in this experiment are thin flakes 
of Cl-doped N-type CdS single crystals, dimensions 
of which are about 3~4mm in diameter. The 
c-axis of these crystals lies in the face of flat 
crystals and one of the a-axis is perpendicular to 
this face. The samples are held by the polystyrene 
bar in the center of Hoy-mode cavity and the 
crystal face is parallel to the electric field of the 
microwave, and these samples can rotate around 
the bar holder. The microwave power entering 
into the cavity is absorbed by the conducting 
crystal and so the Q-value greatly decreases. The 
conductivity of the sample is deduced from the 
measurement of this Q-value. 

The typical result is shown in Fig. 1 and it in- 
dicates that the conductivity parallel to the c-axis 
is almost twice of that perpendicular to the c-axis, 
and the angular dependence of the conductivity is 
expressed by elliptic equation (1) 


%@ Cilimeaee 


oT 


=1- 


sin29, 1 

a (1) 
where o}, anda, are the conductivity of the sample 
parallel and perpendicular to the c-axis respectively, 


and @ is the angle between the c-axis and the. 
electric field. The value of o,/o} fluctuates about 


20% from sample to sample, and this may be caused 
by the measurement error. 
The conductivity of semiconductor is determined 


by the effective mass of charge carriers and the > 

A | 
scattering mechanism of them with the crystal 
As CdS has the 


lattice or impurity centers. 


fo) 30 SOmSO 720. 150 180° 
— >» © (Angle between c-axis and electric field, degrees) 


Fig. 1. Hysteresis loop (50C/sec) for a fused 
sample at 121°C. 


hexagonal crystal lattice, it might be considered 
that the role of the anisotropic scattering could 
not be neglected. To investigate these problems, 


the measurements of the anisotropy and temperature 


dependencies of the magneto-resistance, Hall effect 
and conductivity are now in progress (7). 
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Piezoelectric Properties of Triglycine 
Sulphate Crystal 


By Kazuo HUSIMI and Keisuke KATAOKA 
Electrical Communication Laboratories, Tokyo 
(Received October 4, 1958) 


During the study of switching processes by the 
ultrasonic method, a large piezoelectric voltage 
was observed in triglycine sulphate). The crystal 
of triglycine sulphate belongs to Cy» (monoclinic) 
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and has eight independent piezoelectric constants, 
but here we report only on their tensile components 
that have been measured by the dynamic method. 

The crystal axes of the samples are determined 
with the aid of X-ray analysis. Table I shows the 
dimensions of the samples and the measured piezo- 
electric constants. Measurements were done at 
30°C. From the results, it is proved that the 
piezoelectric constant de is very large. The reso- 
nant characteristic of a typical sample is shown in 
Fig. 1 which shows a very large coupling factor 
of 0.44. The values of dj, and dy: are also shown 
in the table. 


Table I 
Sample l (mm) Fr (Ke/s) | k d (stat-Cl/dyne) S® (cm2/dyne) 
ec axis No. 1 12.8 | 102.15 0.44 | deg=2.51x10-8 So3=8°71 x 10-2 
” No. 2 20.5 64.31 0.44 do3==2.52 x 10-8 So3=8.57 x 10-2 
a axis No. 11 IBs@ | 152.85 0.19 | dy3=7.06 x 10-7 So1=3.77 x 10-22 
” No. 12 | 17.8 I 0.17 | dy,=6.60 x 10-7 Su =3.76 x 10-22 
Thickness No. 21 | 1523 1581.0 0.18 | dy.=6.60 x 10-7 So.=3.93 x 10-12 


In Fig. 2 is shown the temperature dependence 
of the piezoelectric output measured by ultrasonic 
method. In this procedure, a constant ultrasonic 
excitation is applied to the sample so the output 
voltage is proportional to the piezoelectric constant. 
A small error arising from the thermal coefficient 
of the quartz crystal is involved. In the figure, 
the characteristic of d23 is shown with an arbitrary 
unit in the ordinate, which has a large peak value 
with increasing temperature, and a large thermal 


hysteresis. No piezoelectric output appears above 
30) 
23 
— 20} 
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~ 10 
eee: 
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2 -15 
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-35+ 
co 65 70 75 80 
Frequency (kc/s) 
Fig. 1. The resonance characteristic of the typical 


sample. 


the Curie point, but polarization of the same _polar- 
ity reappears when the crystal is cooled below the 
Curie point. This fact seems to indicate that a 
certain ferroelectric effect remains above the Curie 
point. The decrease of the piezoelectric output 
near the Curie point is steep, but is not discontinu- 
ous, unlike the case of BaTiO; single crystal. This 
shows that the transition is of the second order. 


The samples used here has been offered by Prof. 
G. Ohara of Tohoku University for which we ex- 
press our thanks. We also thank to Mr. Y. Nii- 
zeki for the X-ray analysis. 


Arbitrary Unit 


(°C) 


Temperature 


Fig. 2. The temperature characteristic of the 


piezoelectric output. 
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On the Transition Temperature of 
Copper Ferrite 


By Haruyuki OHNISHI, Teruo TERANISHI 
and Syohei MIYAHARA 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo, Japan 


(Received October 30, 1958) 


It is well known that slowly cooled copper fer- 
rite has tetragonally deformed spinel structure at 
room temperature. SnoekY and Bertaut?) examined 
its tetragonality with quenched specimens and 
found those quenched above 760°C to have cubic 
structure. Ohnishi and Miyahara) found, however, 
the temperature of transition from tetragonal to 
cubic structure is 360°C by means of a high tem- 
perature X-ray camera. Recently, Inoue and lida” 
reported an anomaly of specific heat near the above 
temperature. In order to clarify the physical mean- 
ing of these two temperatures we made further 
experiments concerning the crystal structure of 
CuFe2-;Cr;Ox4 5 

All specimens are made from CuO, Fe,03 and 
Cr.03. Mixtures of these oxides are heated at 
about 900°C for two weeks and cooled to room 
temperature at the rate of 0.5°C/min. This treat- 
ment prevents eventual reduction of the cupric 
ion. Lattice parameters and the distributions of 
cupric ions on 8a (tetrahedral) and 16d (octahedral) 
sites of spinel structure are determined by a 
“ Norelco” X-ray diffractometer. 

Tetragonality o=(c—a)/a at room temperature 
and the fraction 2 of cupric ions at 8a site are 
plotted against the content ¢ of chromium. From 
these two curves tetragonality o is given as a 
function of « as shown in Fig. 1, and the critical 


0.06 7 
0.05 + 


0.0l 


SSS 


Fig. 1. Variation of tetragonality with copper 
ion distribution. 


value of « beyond which tetragonality vanishes is 
about 0.25. This value is equal to that of Bertaut’s 
pure copper ferrite specimens quenched from 760°C, 
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Tetragonalities « of slowly cooled copper ferrite- 
chromites at various temperatures T are shown in 
Fig. 2. 


Beside the above experiment CuFe.O, is quenched | 


from 790°C and annealed at 390°C (A) and 320°C 
(B), respectively. Specimen A deforms into tetra- 
gonal spinel after 15 minutes, while specimen B 


CuFe2Og 


CuFegCro20a 


CuF eg Cr 3%, 


4 
400°C 


ice: 
ture; 


Variation of tetragonality with tempera- 


remains in cubic structure even after 24 hours. 
From this fact it can be said that the curves in 
Fig. 2 represent the lattice deformation as func- 


tions of temperature where copper ions migrate 


scarcely. Under this condition CuFe.,O, transforms 
from cubic to tetragonal structure at 360°C. 

The origin of tetragonal deformation of CuFe,0,4 
is thought to be either the Jahn-Teller effect) or 
covalent force®) of cupric ions. For CuFe,O, the 
bulk tetragonality decreases as temperature is 
raised and it vanishes at the critical temperature 
360°C. The tetragonality also decreases by mixing 
chromium or by quenching, both of which causes 
the increase of the fraction of cupric ions in 8a 
site to the critical value «=0.25. 

Here it can be concluded that for CuFe,O,4 760°C 
is not any specific temperature but the one at 
which the ionic distribution w=0.25 (which is the 
critical value of tetragonal deformation) is realized. 
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Grain Boundary Migration and 
Dimensional Change of Low 
Carbon Steel 


By Minoru OKADA 


Department of Welding Engineering, 
Osaka University 


and Toichi WATANABE 
Department of Mechanical Engineering, 
Osaka City University 
(Received November 14, 1958) 


it has been reported by previous investigators) 2) 
that a dimensional change occurs in the same 
direction to that of cold-working, provided that a 
low carbon steel is subjected to the low-temperature 
annealing after the cold-working. The purpose of 
this note is to propose a mechanism of this phe- 
nomenon. 

Steel rods containing 0.2%C, 32mm in diameter, 
were prepared for the experiment and they were 
extended or compressed by about 14%. After the 
deformation, each specimen was annealed for a 
half hour at different temperatures and the measure- 
ments of the change in length or diameter were 
made, as illustrated in Figs. 1 and 2. 
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Figs. 1 and 2. The dimensional change of steel 
rods due to the annealing subsequent to the 
cold-working. 


The main points are as follows: 

(1) At anneals below 100°C, the volume con- 
traction was observed in both extended and com- 
pressed specimens. 

(2) At anneals above 100°C, an increase and a 
- decrease in the length of specimen and vice versa. 
in the diameter were observed, respectively for 
extended and compressed specimens. Such dimen- 
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sional changes occurred distinctly in the range of 
annealing temperatures 350 to 500°C, while the 
volume of the specimen remained nearly constant 
during the anneals, as understood from Figs. 1 and 
ae 

The dimensional changes observed for anneals 
above 100°C may be related to the grain boundary 
migration owing to piled-up dislocations); dis- 
locations piled-up against a grain boundary would 
tend to migrate in such a direction that their stress 
concentration may be released. If the affinity 
between a dislocation and its atmosphere is suf- 
ficiently strong enough to impede the backward 
motion of piled-up dislocations in a slip plane, the 
grain boundary would migrate at elevated tempera- 
tures in such a way of releasing the high stress 
concentrations. This is the case for low carbon 
steel where dislocations are strongly anchored by 
the Cottrell atmosphere; some evidences for the 
migration of grain boundary were obtained, as 
clearly shown in Fig. 3. As can be seen in the 


(a) (b) 

Fig. 3. The migration of grain boundary. The 
steel specimen containing 0.045%C and 0.005%N 
was compressed by about 5% at room tempera- 
ture after etching with 1.5% Nital subsequent 
to polishing and annealed in vacuum at 500°C 
for a half hour, and then slightly etched with 


1.5% Nital. x370. 


figures, grain A has grown into grain B and the 
slip lines exist in the grain A (remarkable in (a)). 

As the results, cold-worked mild steels would 
change their length in the same direction to that 
of cold-working without any noticeable volume 
change. 

On the other hand, the volume contraction found 
at anneals below 100°C is considered to be mainly 
attributable to the disappearance of excess point 
defects) introduced by cold-working. 

The authors wish to express their hearty thanks 
to Professor J. Takamura of Kyoto University for 
his valuable discussions. - 
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Electron Spin Resonance of Mn-activated 
Phosphors 


By On MATUMURA 


Department of Physics, Faculty of Science, 
Kyusyu University 
(Received October 29, 1958) 


The electron spin resonance of Mn+t* in various 
powder salts has been measured at 3cm wave 
length at room temperature. The crystal structure 
of these salts are rutil, fluorite, rock salt, zinc 
blende, and wurtzite type respectively, and Mnt+ 


Table I. 
Phos- A ' Number of surrounding 
phors g 10-4cm-! negative ions 
MgF, | 2.001| 90.6 8 
CdF, 2.001} 90.6 
CaF, | 2.003} 92 
SER; ofi20002:} o9Se>do| : 
BaF, | 2.004) 91 
MgO |2.001| 981.2 | 
CdO | 2.001| 87.3 
CAO: We helksQooulini BF. 7 
MgS | 2.001| 71.9 
CaS 2.001 75:7 6 
SrS 2.000 | 75.0 
MgSe | 2.004! 71.2 
CaSe | 2.004/ 72.9 
CaTe | 2.003| 67.2 
ZnO | 79 
CdS | 2.002} 64.8 
CdSe | 2.003| 61.5 4 
MgTe | 2.013! 58.1 
ZnS 2.001; 63.8 
ZnSe | 2.01 60 
CdTe 56.9 4 
ZnTe 56 


are believed to be in cubic or nearly cubic crystal- 
line field surrounded by 4, 6, or 8 negative ions in 
these phosphors. 


The results are interpreted in terms of the fol- 
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lowing spin Hamiltonian, with S=5/2 and I=5/2; 
I =9g8H-S+AI-S+higher order terms. 

The obtained values of g and A are summarized in 

the Table I. 

From the electro-negativity of Mn++ and nega- 
tive ions and the numbers of the surrounding nega- 
tive ions, the amount of the ionic character can be 
calculated after Pauling. As seen in Fig. 1, an 


2, 
{Ocm 


n. f. splitting A 


<— lIonicity 


Rig. ai: 


almost linear relation exists between the coupling 
constant A of h.f. splitting and the ionicity). 

Further discussions on the g-values®), the lumi- 
nescence wave length, and other properties will be 
given in the near future. The author is indebted 
to Prof. Z. Miduno for his discussions and to Mr. 
K. Horai for many details of the experiments. 
This research is partially supported by the Grant 
for Promotion of Science from the Ministry of 
Education. 
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Some Ferroelectrical Properties of 
Triglycine Sulfate 


By Hiroo ToyopA, Shigeru Waku, 
Hiroyuki SHIBATA and Yoichi TANAKA 


Electrical Communication Laboratory, 
Nippon Telegraph and 
Telephone Public Corporation, Tokyo 


(Received November 14, 1958) 


We have measured some ferroelectrical properties 
of triglycine sulfate single crystals at room tem- 
perature, 0°C, and -—73°C. The crystals were 
prepared by cooling or evaporation methods. They 
were cut perpendicularly to the b-axis, and polished 
by fine sand paper or etched in water, their thick- 
ness ranging from 0.015 to 0.l1lcm. The electrical 
contacts were made by silver conducting paste or 
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by platinum wire spring, in both cases gold elec- 
trodes being evaporated directly on the crystal. 

Coercive fields, obtained from the hysteresis 
loops at 50c/s, remarkably increase with the ampli- 
tude of applied field. A relation H,=aH max holds 
in a good approximation, where 6=0.5 for 20°C 
(E#'max=0.35~15 kv/cm corresponds to #.=0.2~1.35 
kv/cm), and 6=0.4 for —73°C (Hmax=5.5~22 kv/cm 
corresponds to H,=4.0~6.8kv/cm) (d=0.039 cm). 
The results also suggested that the coercive field 
would increase with frequency of applied field, as 
Domansky® has reported, but a preliminary meas- 
urement failed owing to disturbance by hysteresis 
loss. The spontaneous polarization remains constant 
in this field region, but we have obtained the values, 
3.1~3.3 coul/cm? at 20°C and 4.5~4.8 coul/cm? at 
—73°C, which were considerably larger than those 
ever reported*), except the one by Husimi#. The 
coercive field has a tendency to decrease with in- 
creasing thickness. 


| 
Temperature _ cent Mobility calculated from the high field 
4G; | Low ce field linearity; cm2/volt-sec. 
23 Wt Geen? 6 4~5 
0) 525 9.4 ei) 
-—73 1.5~2.0x 10-2 
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Polarization reversal was measured by applying 
repeated pulses, duration of which was 1 to 100u 


sec. Figs. 1 and 2 give the typical results for 
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Fig. 2. Polarization re- 
versal under succes- 
sive pulses of 100 sec. 
at —73-C: 


Fig. 1. Polarization re- 
versal under succes- 
sive Pulses of 100 sec. 
at 30°: 


100zsec and various pulse heights (d=0.02 cm). 
Stadler and Meitzler® have reported that the piezo- 
electric output of barium titanate was not pro- 
portional to the average polarization, but that the 
relation between these two properties had a hyster- 
esis loop. We have used the ultrasonic method, 
developed by Husimi®, and ascertained that in the 
case of T.G.S. the relation was almost linear. 

We have also measured the switching current- 


Fig. 3 shows the maximum current density per 
unit crystal area at three different temperatures 
(d=0.023 cm). All curves look quite alike and 
can be divided into two parts, namely the high 
field region and the low field region”. It is known 
that the former is nearly proportional to the field 


T 


oO | Vg (KYem). 2 3 
Fig. 3. Maximum of switching current at three 


different temperatures. 


strength, while the latter changes with field strength 
as exp(—a/H). The higher field region, however, 
may be rather better represented in the same ex- 
ponential form, though the constant a differs from 
the one for lower field. 
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The Far Infrared Reflectivity of NaCl, KCl 
and KBr Crystals 


By Akiyoshi MITSUISHI, Hiroshi YOSHINAGA 
and Shigeru FUJITA 


Department of Applied Physics, Faculty of 
Engineering, Osaka University, 
Osaka, Japan 


(Received November 19, 1958) 


The far infrared reflectivity of NaCl, KCl and 
KBr crystals was remeasured with the vacuum 
grating spectrograph” of much high resolving power 
as compared with the measurements in 1930’s. The 
measurements were made in the spectral region 
from 30 to 200 at two incident angles, 12° and 
52°, assuming the reflectivity of an Al coated mirror 
as 100%. 

Fig. 1 shows the reflection curves obtained in the 
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Fig. 1. The far infrared reflection curves of 
NaCl, KCl and KBr at two incident angles, 12° 
and 52°. 


vicinity of reflection peaks. Very strong and broad 
peaks centered at 53” (NaCl), 634 (KCl) and 79 
(KBr) respectively have been well known as the 
Reststrahlen peaks. The sub-maxima placed at 384 
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(NaCl), 46m (KCl) and 584 (KBr) respectively (at 
12° incidence) were first found by Czerny in 1930”. 


For NaCl a new weak but definite sub-maximum | 


was found at 42.5u (at 12° incidence) in the present 
investigation. No reflection peak was observed 
beyond 100. 


In the transmission measurements of NaCl Barnes | 


| 


and Czerny found two weak minima at 40.54 and 


51 besides the main band at 61.1). The three 
reflection peaks in the present investigation may 
correspond to these three absorption bands. 

Recently Rosenstock studied the problem of 
infrared absorption by rocksalt lattice. According 
to his calculation there are five infrared active 
modes of lattice vibration. Among these one pro- 
duces the strongest absorption, the other two the 
next strongest and the remaining two the next 
strongest. This agrees qualitatively with the ex- 
perimental results which showed one strong band 
and two weak bands in both the reflection and 
transmission measurements, but the calculated 
wavelengths do not agree. 

The reflectivity increases and reflection peaks 
shifts slightly to the shorter wavelength side as the 
incident angle increases. From the reflectivities at 
12° and 52° incidence the optical constants could 
be derived graphycally as was done by Simon in 
the prism infrared region®), but as the polarization 
of radiation in the spectrograph has not yet been 
measured no such attempt was made at present. 

At the temperature of liquid air the two sub- 
maxima of NaCl are clearly observed and the 
reflectivity increases and reflection curve shifts as 
a whole slightly to the shorter wavelength side. 
These results will be reported later. 


References 
1) H. Yoshinaga et al: J. Opt. Soc. Am. 48 (1958) 


SIG), 

2) M. Czerny: Z. Phys. 65 (1930) 600. 

3) FR. BiBarnesvandis Ma Czerny:) 6 Zoe Phycumes: 
(1931) 447. 

4) H. B. Rosenstock: J. Phys. Chem. Solids: 4 
(1958) 201. 

5) I. Simon: J. Opt. Soc. Am. 41 (1951) 336. 


1959) 


J. PHys. Soc. JAPAN 14 (1959) 111~112 


Diffusion of Manganese in Single 
Crystals of Copper 


By Akira IKUSHIMA 
Department of Physics, University of Tokyo 
(Received November 6, 1958) 


The experimental study on the diffusion of trans- 
ition elements in noble metals seems to be one of 
the procedures to elucidate the anomalous behaviors 
of the transition impurities dissolved dilutely in 
noble metals. Moreover, there is a merit in the 
case of the tracer experiment of diffusion that the 
state of transition impurities in extremely small 
concentration is investigated. 

The diffusion experiments of iron”,%), cobalt2)»3) 
and nickel?) in copper have been carried out by 
the present author and other investigators. And, 
here the diffusion experiment of Mn in single 
crystals of 99.99% copper is reported. 

The experimental procedures were the same as 
previously reported¥. It is, however, to be noted 
that the following plating bath seemed to be practi- 
cal: MnCl, in aqueous solution (Mn! was obtained 
in this form from the Radiochemical Centre in 
England); NH,Cl, 30 gramme per one litre of water; 
with a carbon anode. 

The penetration curves are shown in Fig. 1, and 
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Fig. 1. Penetration curves. 


the diffusion coefficients calculated from these plots 
are given in Table I. Fig. 2 shows the data plotted 
as log D versus the inverse of the absolute tempera- 
ture. The straight line fitted by the least square 
calculation is expressed as D=D, exp(~Q/RT) 
cm2/sec. with 
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logio Do=7.00+0.32 (Do in cm?2/sec.) , 
Q=91400+1600 cal/mole. 


The last figures in these equations are the proba- 
ble errors. Mackliet®) measured the diffusion coef- 


' ficient of this system at 1069°C and his data is 


consistent with the present work. But, the values 
of Do and @ estimated by Mackliet differ radically 
from the present results. Mackliet’s data is shown 
in Fig. 2. 
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Fig. 2. Plot of logD vs 1/T. 


Table I. Diffusion coefficients of Mn*4 in Cu. 
| 

No. | Temperature (°C)| Time (sec.) | D (cm?/sec.) 
1 950+1 6.85x104 | 4.82x10-10 
2 918+1 5.29x104 | 1.79x 10-10 
2 87141 3.97x10° | 3.59x10-2 
4 81741 175° 108" | 3.32 10s 
5 76141 134108 50710535 
6 1943-2 2.67x106 | 4.09x10-8 


Dy and Q of the present results are fairly larger 
than those of CuSt in Cu#, Co® in Cu») and Nis 
in Cu. The existing theories of diffusion cannot 
easily account for the large value of Q and espe- 
cially that of Do. The latter may be attributed 
to the deformation of incomplete d-shell of the 
manganese atom at the saddle point of diffusion, 
from which the reduction of vibrational frequency 
results. 

The author wishes to thank Professor Y. Tomono 
for many valuable advices and continuous encour- 
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The Variation of Superstructure in Iron 
Selenide Fe;Ses 


By Atsushi OKAZAKI 


Department of Physics, Faculty of Science, 
Kyusyu University, Fukuoka Japan 


(Received Nov. 17, 1958) 


X-ray diffraction studies of single crystal speci- 
mens of iron selenide (Fe7Seg) have shown that this 


compound can exist in structural forms distinct 
from the hexagonal superstructure reported by 
Okazaki and Hirakawa). The second structure (the 
triclinic superstructure) is obtained by slow cooling 
after annealing the hexagonal superstructure at 
290°C. The fundamental lattice of this superstruc- 
ture is of a pseudo NiAs type. 

The structure analysis of this superstructure has 
been made at room temperature by single crystal 
X-ray work with oscillation, rotation and Weis- 
esnberg photographies, the preliminary results of 
which are as follows: 

Laue symmetry: triclinic, 

A=V 3B=12.53, B=2a= 
7.233 and C=4e=23.5, A, 
a=89.8°, B=89.4° and y= 
90.0°, 

where the capital and small letters designate the 
unit cell dimensions of the super and fundamental 
lattices, respectively. 

The observed extinction rule indicates that the 
arrangement of iron vacancies is as shown in Fig. 
1(a). This is identical with that in Fe;Ss, reported 
by Bertaut2, although the sulphide is monoclinic. 
In Fig. 1 (b) the unit cell of the hexagonal super- 
structure is shown for comparison. In both super- 
structures the arrangements of the iron vacancies 
in the AB planes are identical. Only the stacking 
sequence of these planes along the C axis and hence 


Lattice constants: 


Short Notes 


(Vol. 14, 


the C axis length are characteristic to each struc- 
ture. 

The transition between the triclinic superstruc- 
ture (C=4c) and the hexagonal one (C=3c) has been 


Fig. 1. Unit cells of Fe;Seg superstructures. (a): 
triclinic (C=4c), (b): hexagonal (C=3c). Open 
and solid circles represent vacancies and Fe 
atoms, respectively. Se atoms are omitted for 
clarity. Broken lines indicate the fundamental 
unit cell. 


observed with oscillation and rotation photographs 
obtained by using a single crystal high-temperature 
camera having a cylindrical Ni-foil heater (Dent 
and Taylor®)). The accuracy of temperature 
measurement is within +2°C and the _ stability 
during the exposure time (about 30 min.) is +0.5°C 
over the whole temperature range of this experi- 
ment. 

The transition begins at about 240°C and pro- 
ceeds gradually and is complete at 298°C. During 
this transition the diffraction pattern of the ‘4e 
structure’ in the oscillation photograph is replaced 
gradually by that of the ‘3c structure’ as shown 
schematically in Fig. 2. That the triclinic defor- 
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mG, 
Fig. 2. The diffraction intensity of each type 
lattice as a function of temperature (schematic). 


mation of the unit cell decreases gradually is also 
seen in the complete rotation photographs. 

The third superstructure (C=2c) appears at 
320°C. The transition from the hexagonal structure 
is similar to that between the triclinic and hexagonal 
one and is complete at 388°C. The diffraction 
intensities of this crystallographic phase are of the 
order of 1/5 compared with those of the others (also 
shown in Fig. 2) and the observed extinction rule 
cannot be explained from the arrangement of the 
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iron vacancies alone. It seems that the arrangement 
of these vacancies are somewhat disorder. This 
superstructure disappears at about 450°C, but the 
remaining (0001) and (0003) reflexions referred to 
the fundamental NiAs type lattice suggest the 
partial ordered state in which the iron vacancies 
remain within the alternative AB planes but 
distributed at random in these planes. Such a 
situation has been reported by Jellinek on Cr7S3#. 
At about 460°C the distribution of vacancies beconies 
completely random. 

. A slight deviation of chemical composition from 
Fe7Seg may cause not only the change of the 
transition temperatures but also the transition 
process. With specimens prepared earlier the 
third structure was not observed. The transition 
process and temperature reported here are those 
with specimens having reliable stoichiometric com- 
position. The full paper will be published in the 
near future. : 
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Effects of Deuteron Bombardment on 
CdS Single Crystals 


By Shoji TANAKA and Toshio TANAKA 
Depariment of Applied Physics, 
University of Tokyo, Tokyo, Japan 
(Received November 15, 1958) 


Concerning the lattice defects in CdS crystals 
many investigations have been carried out. The 
identity of those defects, however, is not yet clari- 
fied completely. 

We have studied the effects resulting from bom- 
bardment of CdS single crystals with deuterons to 
clarify the nature of defects in this material. The 
present article describes some results obtained up 
to now. 

The samples used in this experiment are flake- 
shaped pure CdS single crystal having high dark 
resistivity, grown by the Frerichs’ technique. 
Deuteron bombardments are performed in air at 

room temperature by the cyclotron at the Institute 
of Physical and Chemical Research and the total 
number of deuterons is about 101° per cm? and their 
energies about 2 Mev. 
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The resistivity of the crystals is reduced by these 
bombardments from about 10!°ohm-cm to about 104 
ohm-cm. Plotting the resistivity logarithmically as 
a function of reciprocal temperature, one obtains 
straight lines with slope about 0.4ev (Fig. 1). It 
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Fig. 1. Temperature-dependency of dark-current 
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Fig. 2. Spectral distribution of photocurrent. 


Before bombardment 


(measured at room temperature) ...... @ 
After bombardment 
(measured at room temperature) ...... @ 


(measured at low temperature) 


may be considered that the deuteron bombardments 
produce probably not only donors but also acceptors 
(compensation defects). Therefore, the donor levels 
seem to lie about 0.4 ev below the conduction band. 

Lambe, KlickY, Bube®, Broser, Broser-Warmin- 
sky3) and other investigators have observed trap- 
ping levels lying as deep as the donor levels in the 


‘ 
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bombarded samples. So it might be resonable that 
the donor levels are attributed to sulfur vacancies 
or interstitial cadmium ions. Recently, Melamed” 
also proposed from luminesence experiments that 
sulfur vacancies are the origin of the donor centers. 

Beside, such deuteron bombardment causes the 
considerable increase of photosensitivity of the 
crystals and its spectral distribution becomes to 
show new response to the long wavelength side of 
the fundamental absorption edge (Fig. 2). This 
long wavelength response is obscure at room tem- 
perature but becomes more predominant at low 
temperatures, and it increases with bombardment. 
It may be interpreted as giving the energy corre- 
sponding to transition* from lattice defect levels 
to the conduction band. The defect levels are 
therefore considered to be about 2.0ev below the 
conduction band. These centers exist also in some 
unbombarded crystals and moreover seem to be 
produced by some heat treatments.** 


* More accurately speaking it seems that this 
transition is made through the shallow excited state 
of the defect, as considered from the shape of spec- 
tral distribution curve of photocurrent. 

** Further investigations on the heat treatments 
are in progress. 
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The other effects than those above mentioned are 
also produced. That is, the rise and decay of 
photocurrent become slow after the bombardment, 
where the decay consists of a fast component and 
a slow component which increases with bombard- 
ment. The decay time of the slow component is 
sensitive to temperature, that is to say, it amounts 
to even more than an hour at low temperatures 
but decreases abruptly above approximately — 100°C. 
Furthermore, the thermally stimulated current and 
the steady-state photocurrent also show sharp falls 
at the same temperature. These results might be 
due to the formation of hole traps by the deuteron 
bombardment. 
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Diffraction of Electromagnetic Waves by Circular Plate and Hole* 


By Ytikichi NoMURA and Shigetoshi KATSURA 
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Yields and Angular Distributions of Protons from 
F%(d, p)F” and Fd, p)F% 


By Kazuo Ono, Junji Sutmapa, Keiichi Kuropa, 
Osamu TANAKA, Hiromichi Kamitsupo, Atsuko ITO, 
Shigeya TANAKA and Minoru IMAIZUMI 
Institute for the Solid Siate Physics, University of Tokyo 
(Received October 3, 1958) 


The reactions Fd, p)F20 and F19(d, p)* have been studied with 
deuteron bombarding energy of 1.3 Mev to 2.0 Mev. Angular distributions 
of protons leaving F2° in 0.65 Mev excited state show a pronounced peak 
at about 60° over the entire deuteron energy range. On the other hand, 
those leaving F2° in the ground state vary with the deuteron bombarding 
energy and most of them show no peak in the forward direction and a 
large peak in the backward direction. The absolute yields of the reac- 
tions have been measured at @¢,—54° and @¢=104° as functions of the 
bombarding energy. A marked difference in the energy dependence of 
the yields for the two reactions is noted. The yield for the reaction 
F19(d, p)F20 at @¢m=104° shows a broad maximum centered at about 1.70 
Mev deuteron energy, on the other hand that from the Fd, )F20* 
reaction at 6¢m=54° shows a slow increase with increasing deuteron 
energy. These results at our bombarding energies show that the reac- 
tion F1%d, p)F20 seems to proceed mostly by compound nucleus formation 
and the reaction F!%d, p)F20* (0.65 Mev) seems to be caused by the 


stripping process of d neutrons. 


Introduction 


§1. 

The angular distributions of the proton 
groups from the reactions F1%(d, p)F* and 
F1(d, p)F°* (0.65 Mev level) have been investi- 
gated by many authors. The Fd, p)F” 
reaction is of particular interest because of 
the possibility of determining the spin of the 
ground state of F”. Bromley et al” at 
Rochester University measured the angular 
distributions of the protons from the reactions 
using 3.6Mev deuterons. From the results 
they concluded that the proton group leaving 
F29 in the ground state could be interpreted 
as a mixture of J»=0 and /,=2 stripping. 
The results fix the spin of F” definitely as 1 
which would be in disagreement with data 
from 8 decay.» However, their statistical 
error was rather large and angular distri- 
butions in the backward direction (@em>100°) 
were not measured. After that, the same 
reaction was also investigated by Takemoto 
et al® with 0.75-1.45 Mev deuterons and by 
Black» with 14.3 Mev deuterons. These two 
results can not determine whether F” in the 
ground state is formed by capturing s-neutron 
or not, because in Takemoto’s experiment the 


proton angular distributions are nearly iso- 
tropic, and in the other the angular distri- 
bution has been measured from 20 to 100 
degrees, which indicates only the existence 
of captured d neutrons. Subsequently, El 
Bedewi® observed the angular distributions 
from 21 excited states of F?? using 8.9 Mev 
deuterons but could not observe that of the 
ground state because of low intensity. 

Recently, two experiments have been made 
by Ono et al with 2.03 and 1.92 Mev deuter- 
ons and Seward et al® with 4.52, 3.82 and 
3.52Meyv deuterons, in order to probe the 
angular distribution characterized by two In 
values, which were obtained by Bromley et 
al. These results showed no peak near 0° 
and a large peak in the backward direction. 
According to their results, the reaction may 
proceed by compound-nucleus formation and 
the interpretation of the results of the earlier 
experiments in terms of Butler-type simple 
stripping reaction may be unjustified. 

The present investigation extends our previ- 
ous measurements to the lower deuteron 
energy of 1.3Mev. Six angular distributions 
were obtained in the range of deuteron bom- 
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barding energy from 1.3 Mev to 2.1Mev. In 
order to confirm the compound nucleus for- 
mation in the reaction, excitation curves at 
Oom=54° and Ocm=104° were also obtained in 
this deuteron energy range. 

The angular distributions of protons from 
the reaction F!%(d, p)F”° (0.65 Mev) have also 
been reported by many authors.)»#»5)6),8) 
These results were in good agreement with 
each other and showed the typical Butler-type 
stripping peak corresponding to the capture 
of d neutrons. Our present results both from 
the angular distributions and the excitation 
curves in F!%d, p)F* confirm also that the 
stripping process is dominant in the reaction 
at our bombarding energies. 


§2. Appratus 


The deuteron beam of the present work 
was supplied from the 16 inches variable 
energy cyclotron reported elsewhere”. Ana- 
lyzed beam currents in excess of 0.1 micro- 
amperes are focused at the center of the 
reaction chamber through a 3mm second slit, 
at a distance of about four meters from the 
cyclotron. The focused beam has an energy 
spread of about 0.4% (calculated but not yet 
measured). The absolute errors in the deuter- 
on energies are considered to be 50 kev and 
the relative ones are estimated to be within 
+10 key. 

The target was prepared by evaporation of 
PbF, onto a thin gold foil. The thickness of 
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Fig. 1. The spectra of proton emergence at @jap 
=53° and @q.=103° for deuteron energy of 
1.85Mev. Py) and P, correspond to protons 
leaving #2 in the ground state and in 0.65 Mev 
excited state respectively. 


the target is 30kev for 5.3Mev Po alpha 
particles. Ag absorbers of 15 mg/cm? thick- 
ness were employed to prevent any deuterons 
from reaching to the detector. The current 
collected in the absorber was measured by a 
direct current amplifier and recorder which 
has an accuracy better than5%. The protons 
emitted, after passing through the absorbers 
of Ag, were detected in 50 micron Sakura 
nuclear plate. 


§3. Results and Discussions 
Data on the angular distributions were ob- 
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Fig. 2, Angular distributions of the proton from 


Fd, p) F® for various bombarding energies 
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tained in 10-degree intervals from —10 to 160 
degrees. The spectra of proton emerging at 
P1av=53° and O1a»=103° for deuteron energy 
of 1.85 Mev are shown in Fig. 1. Proton 
groups of Po corresponding to the first excited 
state were fairly well resolved. 

Fd, p)F*—The angular distributions of Py 
at laboratory deuteron energies of 1.32, 1.45, 
1.58, 1.70, 1.86 and 2.03Mev are shown in 
Fig. 2. 

The expected stripping maximum at zero 
degree is not observed. A small peak at 
about 60 degrees for deuteron energies of 1.45, 
1.58, 1.70 and 1.86Mev may perphaps bear 
significance of the stripping process of d 
neutrons, which have been observed by Black 
at Ha=14.3Mev. Here, the most striking 
aspect of the curves is a large and broad peak 
in the backward direction and a strong energy 
dependency of their shapes. Although the 
low energy angular distributions measured by 
Takemoto et al at bombarding energies of 
1.45, 1.20, 1.00 and 0.65 Mev show rather flat 
curves and do not show a backward maxi- 
mum, their results continue smoothly to our 
curve obtained at Ea=1.36 Mev. A _ broad 
backward peak and a strong energy dependency 
of the shape in the angular distributions have 
also been found at the bombarding energies 
of 4.13, 3.82 and 3.53 Mev by Seward et al.® 

The absolute yields at Aem=54° and Aem=104° 
are shown in Fig. 3. The yield at @cem=104° 
shown a broad maximum centered at about 
1.7 Mev. It should be noted that protons 
emitted have maximum intensity near 100°. 
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Fig. 3. Absolute yields for F'(d,p)F® for 
protons emitted at 54° and 104° with respect to 
the incident deuteron direction. 
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These results show that the stripping process 
can not account for these distributions and 
yields, but compound nucleus formation plays 
a strong role. This may be due to a small 
overlapping between the states of F!9 and F”’. 
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Fig. 4. Angular distributions of proton from #9 
(d, p) F* (0.65 Mev) for various bombarding 
energies in the C.M. system. 
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Fig. 5. Absolute yields for EF (d, p) F%* (0.65 
Mev) for protons emitted at 54° and 104° to 
the incident deuteron direction. 
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From the results obtained by us and by Seward 
et al, the spin of the ground state F* is not 
necessarily 1 and the earlier interpretation in 
terms of stripping is unjustified. 

F1°(d, p)F°* (0.65 Mev)—The angular distri- 
butions and the absolute yields of the reaction 
are shown in Fig. 4 and Fig. 5 respectively. 
All of the distributions show similarly a large 
peak at about 60° and the forward peak be- 
comes more remarkable with increasing deu- 
teron energy. This indicates that most of 
the cross section is due to stripping, in agree- 
ment with the results obtained hitherto by 
many authors.“ The yield at @cem=54°, 
corresponding to the stripping peak, shows a 
slow increase with increasing the bombarding 
energy. This circumstances can be also inter- 
preted that the reaction proceeds mostly by 
stripping process. Small peaks in the yield 
curve and some difference in shape between 
the six angular distributions may be due to 
some contribution from compound nucleus 
formation. 
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Elastic and Inelastic Scattering of 14.1-MeV Protons 
by Medium Weight Nuclei 


By Ken Kikucui*, Shinsaku KopayASHI and Kazuhisa MATSUDA 


Institute for Nuclear Study, University of Tokyo, 
Tanashi-Machi, Tokyo 


(Received November 1, 1958) 


The absolute differential cross sections for the elastic scattering and 
the inelastic scattering (proceeding to the Ist excited state) of 14.1 
Mev protons have been measured for Ni, Fe, Cr and Ti with a five-degree 


(or less) interval ranging from 20 to 165 degrees. 


The scattered protons 


were detected by Nal (TI) scintillation counter whose energy resolution 
was about 2.3%. Even at small angles the protons inelastically scattered 
could be discriminated from those elastically scattered. The angular 
distributions of inelastic protons agree to that expressed by |72(qR)|? 
which one would expect from the theoretical prediction based upon the 


Born approximation. 


Introduction 


§1. 

Recently theoretical investigations on the 
inelastic scattering of nucleons by complex 
nuclei have been made by many authors on the 
basis of the direct interaction between the 
incident nucleon and the target nucleus. It is 
generally considered that the contribution of 
the direct interaction is most remarkable when 
the residual nucleus is left at low-lying excited 
In fact a number of measurements!) 
on the angular distribution of protons inelasti- 
cally scattered by light nuclei have resulted 
in giving marked forward peaks in contrary 
to that proposed by the statistical assumption 
of nuclear reaction. However, most of these 
experimental results are not in agreement 
with the simple calculation of the direct 
process on the assumption of the Born appro- 
ximation. Moreover, some of these in the 
low energy region» show strong resonance 
behaviour depending on a small change of 
the incident energy. Therefore it may be 
suggested that the theoretical prediction 
based on the Born approximation has better 
validity when the incident energy becomes 
so large that any explicit resonance phe- 
nomena does not take place. It is the case 
when medium weight nuclei are bombarded 
by nucleons of moderate energy, for which 
few measurements have been made. One of 
these works is that made with 17 Mev porton 
beam at Princeton,” in which the angular 
distribution of proton group corresponding to 


* Now at University of Minnesota. 


the lst excited state of iron nucleus is 
observed. From this measurement, however, 
one may not obtain the conclusion on the 
validity of the Born approximation, because 
large errors are contained in the measure- 
ments at extreme forward angles where the 
yield from the Rutherford scattering dominates 
over the inelastic protons concerned. There 
large errors come mainly from the rather 
small magnitude of the Q-value for the process, 
which makes it very difficult to discriminate 
the protons inelastically scattered from those 
elastically scattered. Therefore it seems to 
be worth while to investigate this point em- 
ploying other target nuclei such as titanium, 
cromium or nickel, which have larger nega- 
tive Q-values and have the ground and the 
excited states of the some nuclear spin 0* and 


CYCLOTRON ROOM 


MEASURING ROOM 


Fig. 1. Cyclotron and Scattering system. 
M: magnet, O: oscillator, I: ion source, 
P: vacuum pump, A: small vacuum can, 
Q: quadrupole magnets, F: sector magnet, 
C: concrete shielding, S: scattering chamber, 
P.A: Pit for analyzer magnet. 
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2* respectively as those of Fe®®. On the other 
hand, we have tried to make the resolution 
of the detecting system so high as to discri- 
minate the inelastic protons in the forward 
angles. 


§2. Apparatus and Design of the Experi- 
ment 
The general feature of the experimental 
arrangement is shown schematically in Fig. 1. 
Fig. 2 shows the scattering chamber, together 
with the collimation system, and the detecting 
system. 
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1. Production of the proton beam 

The proton beam is deflected by an A.C. 
deflector from I. N.S. cyclotron* and, passing 
through the magnetic shielding channel leaves 
the cyclotron chamber. Then it is focused 
by a pair of quadrupole magnets and is 
deflected by a sector magnet. The combined 
lens action of the quadrupole magnets and the 
sector magnet produces a beam spot about 
5mm wide and 10mm high, whose intensity 
can be changed stably from ly A to 0.014 
A or less, before the collimator slits. The 
beam then passes through the collimator which 


SCATTERING CHAMBER 


VACUUM CAN 
TURNING TABLE 
SUPPORTING STEM 
BEAM COLLECTOR 
COLLIMATION SYSTEM 


Fig. 2. Scattering chamber. 


has two defining apertures of graphite, 5mm 
diameter and spaced 80cm apart. To removed 
slit scattered protons from the beam, five 
graphite baffles each 7.5mm in diameter are 
arranged as shown in Fig. 1. This collimator 
limits the beam size within 9mm in diameter 
at the target position. 
2. Scattering chamber 

Details of the scattering chamber will be 
described elsewhere, so will mention here only 
the outline of it. It consists of a turning 
table on which the main detector is mounted, 
the target assembly and a vacuum can con- 
taining them. The turning table can be easily 
rotated around a fixed centre shaft which also 
supports the target assembly. The accuracy 


of the mechanical construction of the table 
system is such that the precision of the scat- 
tering angle is about 0.01 degree. The target 
can be supplied through an air lock from the 
center of the lid without breaking the chamber 
vacuum. The vacuum can has an inner dia- 
meter of nearly 100cm and a height of 40cm, 
whose side wall has 32 windows and entrance 
and exit holes. These windows allow us each 
5 degree observations, but we used two of 
them for the monitor counters. The degrees 
of misalignment might be less than 0.3mm 
per 100 cm. 


* The construction report of this I.N.S. cyclotron 


will be published in this Journal in near future. 
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3. Beam collector 

The unscattered beam is collected in the 
' Faraday cup. In order to reduce the effects 
of secondary electrons, the collector cup is 
equipped with a couple of magnets which 
produce magnetic fields of about 300 gausses 
in vertical and horizontal directions. At the 
bottom of the cup an aperture, 3mm in 
diameter, is equipped through which a part 
of the unscattered beam can be extracted from 
the vaccum and supplied into an ionization- 
chamber for the beam energy measurement 
which placed behind the cup. This aperture 
is closed with a small piece of permanent 
magnet during the cross-section measurement 
and can be opened by changing the polarity 
of the Faraday cup magnet. 


4. Energy of the incident beam 

The energy of cyclotron beam was main- 
tained at 14.1 MeV, though our cyclotron, 
with its wide range magnet and variable 
frequency oscillator system, can offer proton 
beams of energies from 7.5 MeV up to 15 MeV 
to the scattering chamber without much 
intensity change. 

The energy of the incident beam was deter- 
mined by the measurement of, range in alumi- 


Painted Surface 


defining slit 
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nium. The unscattered proton beam enters 
into an argon-filled shallow parallel-plate ioni- 
zation chamber, after passing through the 
small aperture prepared at. the bottom of the 
Faraday cup mentioned above. By changing 
the thickness of aluminium-absorbers placed 
in front of the ionization-chamber, one can 
measure the Brage® curve, which determines 
the mean range of the incident beam. 

The energy spread of the incident proton is 
estimated to be 0.5% or less from the spatial 
spread of the beam spot in front of the colli- 
mator after the deflecting magnet. The time 
variation of the energy is very difficult to be 
estimated but it may be less than 0.5% be- 
cause the stability of the magnet is very high 
and the resonance condition of the cyclotron 
for the Faraday cup current is very sharp,— 
half width of the resonace is about 1.5 kilo 
cycles per sec. in part of 10 mega cycles per 
sec. 


5. Detector and electronics 

The scattered protons were detected by 
a Nal (TI) crystal of dimension of about 18x 
18x1.4mm, which was slightly thickner than 
the range of the protons. With this size of 
the crystal, the y-ray back ground was gene- 


-metal shield 


O 5 cm 


Fig. 3. Detector. 


rally negligible for protons of this energy 
range. But, when the detector was set at 
large scattering angles, a rather intense y-ray 
back ground was observed because of the 
proximity to the beam collimator. However 
this back-ground was not so serions as to 
disturb the detection of protons concerned 
because y-rays yield only small? pulses in 
such thin crystal. The detector slit was 5mm 


in diameter, had a 7.5mm baffle slit before it 
and was about 20cm apart from the target. 
As can be seen from Fig. 3*, the crystal 
was supported by wires and placed inside an 
air-tight housing having a thin aluminium 
window for penetration of the protons. This 
housing, containing the photo-multiplier to- 
gether, was filled with dry air at atmospheric 


* We owe this design to Professor A. Isoya. 
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pressure. The inner surface of the housing 
facing to the crystal was painted with titanium 
oxide paint for reflection of light. 

The signal pulses, after passing through 
a cathod follower attached to the turning 
table in the scattering chamber, were sent to 
the counting room about 50m apart from the 
measuring room. And after amplified by 
a linear amplifier the pulses were fed to 
a Jhonston type 10 channel pulse height 
analyser. All the electronic equipments were 
constructed in the electronics devision of our 
laboratory. 

6. Target 

With the exception of Cr foils, the target 
foils were obtained from commercial sources. 
Rolled foils of iron and titanium—about 5 yu 
thick—were considered to be quite uniform. 
The Cr foils were prepared by electroplating 
following the method of P. Kafalas et al. 
The Cr foils had a contamination of oxygen 
but the others were fairly clear. The thick- 
ness of the nickel foil was about 1 mg/cm? 
and that of the cromium foil was about 
0.5 mg/cm?. 

The areas of the foils used were measured 
to less than 1 per cent by direct measurement 
with a comparator. The weights were deter- 
mined to 1 percent with a microbalance. 


7. Experimental procedure 

At each scattering angle where cross sec- 
tion was measured, the followings were 
recorded: the pulse height spectrum in the 
desired proton group, the number of elastically 
scattered protons observed in the 90° monitor 
counter and the charge collected in the Fara- 
day cup during the time required for the 
spectral measurement. The counting time for 
each measurement was adjusted so that the 
statistical errors in the number of counts 
should be much less than the errors originat- 
ing in the subtraction of back-ground. The 
counting rate was adjusted by controlling the 
beam intensity so that the counting loss may 
be much less than 1%. The target foils were 
fixed at 45° to the incident beam and the for- 
ward and the backward cross sections were 
measured without changing their inclinations. 
All the relative differential cross sections were 
determined with regard to the counts of the 
monitor counter and the absolute values were 
determined from the reading of the integrator. 

Probable errors of the differential cross sec- 
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tions of elastic scattering were not more than 
5%, which was mainly due to the inaccuracy 
of the integrator, the non-uniformity of target 
foils and some effects of the slit edge scat- 
tering. 

Most errors of the inelastic cross section 
come from the back-ground subtraction es- 
pecially in forward angles. Our procedure 
was as follows: we extended the rather 
constant back-ground at the lower energy 
side of the inelastic peak and, on the other 
hand, we also extended the lower energy tail 
of the elastic peak. Joining smoothly of these 
two curves, we obtained the back-ground 
spectrum to the inelastic peak when the yield 
and shape of the elastic peak played as some 
guide to the procedure. Then we estimated 
the possible upper and lower limit of these 
back ground and determined the probable 
errors of the inelastic cross sections. 


§ 3. Results and Disscussions 


1. Elastic scattering 

To exhibit some of the regularities in the 
data, smooth curves fitted to the experimental 
points have been plotted in Figs. 4 through 7. 

For elastic scattering in this energy region 
there are some data’’® by other investigators, 
one of which is also shown in Fig. 4 in com- 
parison with ours. The behavior of both 
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curves is very similar and seems to agree 
with what one would expect from the picture 
of a incident wave scattered by a optical 
potential. Since the calculation based upon 
the five-parameters optical potential is very 
tedious and, as the matter of fact, can not be 
accomplished without using an _ electronic 
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elastically scattered from Fe measured at Ep= 
14.1 Mev and 7.4 Mev. 
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computer, has not been done. For iron, the 
angular distribution of 7.4 MeV protons was 
also observed in order to see the energy 
dependence of the elastic scattering pheno- 
As can be easily seen from Fig. 5, 
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elastically scattered from Ti measured at Ep= 
14.1 Mev. 
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Fig. 8. The angular distribution of protons in- 
elastically scattered from Ni (Q~~—1.4 Mev) at 
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the energy dependence is remarkable but is 
a reasonable from the point of view that the 
incident beam is scattered by an optical 
potential with a Coulomb force. For energies 
between 7.4 MeV and 14 MeV further measure- 
ments are to be made. 


2. Inelastic scattering proceeding to the 1st 
excited state 

Because natural elements were used as 
targets, in some cases the observed proton 
groups included those corresponding to the 1st 
excited states of different isotopes. However, 
almost all of these levels have the same spin 
and parity 2+, so the protons due to these 
levels are considered to give not very different 
angular distributions. In fact one can see 
from Figs. 8, 10 and 11 that the observed 


Fe (p,p’) Ep=14..1 Mev 
LEVEL SCHEME 


mb /sterad, 


do 


Oe SO "60? 9077 120°" 150° "180° 


— > Ocm. 


Fig. 9. The angular distribution of protons in- 
elastically scattered from Fe (Q=—0.845 Mev) 
at Epy=14.1 Mev. 


angular distributions are in fair agreement 
with those expected from the simple calcula- 
tion based upon the Born approximation. If 
one adopts the Born approximation and as- 
sumes surface interaction as the base of the 
theoretical calculation, the angular distribution 
of protons in the 0*->2+ excitation can be fit- 
ted by the expression |j.(QR)|? independent of 
the type of interaction.» Kajikawa, Sasakawa 
and Watari’ calculated the angular distribu- 


K. KIkucul, S. KOBAYASHI and K. MATSUDA 


(Vol. 14, 


tion at 17 MeV for iron with distorted wave. 
Their results show no dip in forward direc- 
tion, but our results can be fitted with the 
more simple approximation. Our procedure 
of back-ground substraction have some ambi- 
guity and the experimental results do not 
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at Ep=14.1 Mev. 


Ti (pp) E =14.1Mev 


l2 LEVEL SCHEME 
10 
so] 795% 78.45 % 
fe} 
5 8 
aw) 
0) 
ies 
Oo 
£6 : 
ee |i,(QR)| 
a a R=6.77xl0em 
2 
Lip toa 
+ 
O < 
O° 30° 60° 90° 120° {50° 180° 


—s> 0 cm. 


Fig. 11. The angular distribution of protons 
inelastically scattered from Ti (Q~-1 Mev) at 
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completely exclude the possibility of mono- 
tonic increase of differential cross section as 
decreasing angle. But such case is considered 
to have very small probability to occur 
throughout these mass range and at this 
incident energy as can be seen from the 
figures. In order to obtain more accurate 
data at forward directions, we must look for- 
ward to the magnetic reaction-particle analyser 
which we are now preparing. 

Moreover, we must mention the rather 
large differences of forward cross section be- 
tween these nuclei. The peak cross section 
of cromium is less than half of the that of 
iron or nickel in spite of rather same elastic 
cross section at these small angle. We do 
not want however to deduce, a premature 
conclusion from this experimental results, but 
the neutron shell of Cr®? may play some part 
in this point. Backward structures of angular 
distributions are specific to each element. 
But, this may not be attributed to the effects 
of target contamination by light nuclei, be- 
cause the positions are different from those 
calculated by kinematics. 
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Fig. 12. Pulse-height distribution from scattering 
from Fe at the laboratory angle of 90° (Ep= 
7.4 Mey). 


3. Other results 

We measured the emitted spectra of inelastic 
protons from iron at Ep=14.1MeV and 7.4 
MeV. The results are shown Figs. 12 and 13. 
We measured the spectrum of emitted protons 
at several angles when the incident energy 
was 14.1MeV. There were no remarkable 
differences between the spectra at 60°, 90°, 
120° and 150° except at low excitation energy 
and at y-ray back-ground. We searched an 
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anomalous inelastic scattering peak suggested 
by B. L. Cohen. We did not find any peak 
corresponding to the excitation of about 3 MeV 
region, but at about Q=—4.5MeV we found 
rather large yield of inelastic scattering 
throughout all angular range. From the peak 
shape it seems to correspond to a few single 
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Fig. 13. Pulse-height distribution from scattering 
from Fe at the laboratory angle 60° (Ep=14.1 
Mev). 
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peak was measured and is shown in Fig. 14. 
Its angular distribution shows remarkable for- 
wardness as the semi-classical calculation 
suggests.!? 


Acknowledgment 


This work was performed as one of the test 
experiments of I.N.S. cyclotron and parts of 
the work were done by the temporal visiting 
physicists from other universities; Drs. K. 
Hisatake (Tokyo Institute of Technology) J. 
Muto (Kyoto University) I. Kumabe (Kyoto 
University) N. Ryu (Hiroshima University) and 
S. Yamabe (Osaka University) and Mrs. K. 
Takeshita (Kyushu University) Ito (Kyoto 
University) and Okano (Kyoto University). 
The authors wish to thank Professors S. 
Kikuchi and I. Nonaka for their constant 
encouragements; to Mr. S. Tanaka for advice 
on Cr foil Preparation. 

They are also ought to say thanks to Mrs. 
T. Karasawa, A. Suzuki and H. Ogawa and 
other operating crew of the cyclotron. 


References 


1) R. W. Peelle: Phys. Rev. 105 (1957) 1311- 


K. Kikucui, S. KOBAYASHI and K. MATSUDA 


(Vol. 14, 


2) P. C. Gugelot and R. P. Phillips: 
101 (1956) 1614. 

3) R. G. Freemantle, D. J. Prowse, A. Hossain 
and J. Rotblat: Phys. Rev. 96 (1954) 1270. 
R. M. Eisberg and N. M. Hintz: Phys. Rev. 
103 645 (1956). 

4) G. Schrank, P. C. Gugelot and I. E. Dayton: 
Phys. Rev. 96 (1954) 1156. 

5) M. Kondo and T. Yamazaki: 
Japan 13 (1958) 771. 
S. Yamabe, M. Kondo, T. Yamazaki and A. 
Lotsa sibidy (fie 

6)) P. Katalas and Je ow levine lies 
104 (1956) 703. 

7) J. E. Dayton and G. Schrank: 
(1956) 1358. 

8) B. B. Kinsey and T. Stone: 
(1956) 975. 

9) N. Autern, S. T. Butler and H. McManus: 

Phys. Rev. 92 (1953) 350. 

S. Hayakawa and S. Yoshida: 

Phys. (Japan) 14 (1955) 1. 

R. Kajikawa, T. Sasakawa and W. Watari: 

Progr. Theoret. Phys. Japan 16 (1956) 152. 

B. L. Cohen: Phys. Rev. 105 (1957) 1549. 

B. L. Cohen and S. W. Mosko: Phys. Rev. 

106 (1957) 995. 

S. Hayakawa, M. Kawai and K. Kikuchi: 

Prog. Theor. Phys. 13 (1955) 415. 


Phys. Rev. 


jJ.o Phys. Soci 


Phys. Rev. 
Phys. Rev. 101 


Phys. Rev. 103 


Progr. Theoret. 
10) 


11) 


12) 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN Vol. 12 No. 2, FEBRUARY, 1959 


Thermodynamic Foundation of the Theory of Plasma 
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Thermodynamics of irreversible processes is applied to dense plasmas 
in a weak magnetic field. Basic equations of “ magneto-thermo-hydro- 
dynamics” are derived together with relations between transport coef- 


ficients. 
are discussed as particular cases. 


Introduction 


§ 1. 


In a previous article? entitled “ Macroscopic 
Foundation of Plasma Dynamics” the author 
assumed, at the beginning, the Euler equation 
of motion for each plasma component. In 
this equation a role was played by the partial 
pressure whose existence was tacitly supposed. 
The treatment was also restricted to the case 


Extremely dilute plasmas and plasmas at the Debye-Hiickel limit 


where the plasma temperature was uniform. 
Under these assumption and restriction the 
aim of that article was to consolidate, in an 
elementary way, the foundation for the plasma 
dynamics. 

The present article is a thermodynamic ap- 
proach to foundation of plasma theory or basis 
of so to speak magneto-thermo-hydrodynamics; 
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it will supplement the previous one. 

The thermodynamics of irreversible process- 
es, which has been developed since Onsager’s 
reciprocity theorem, will be applied in the 
following to the phenomenological theory of 
plasma. Such a treatment does not seem to 
have existed up till now. 

In the present article neither the existence 
of partial pressures nor the uniformity of the 
temperature is supposed. But we assume 
instead the following: (i) the plasma is nearly 
in thermal equilibrium; (ii) the magnetic field 
in the plasma is weak. Just as in the preced- 
ing article we consider a plasma composed of 
several species of charged and neutral particles 
in which neither ionization nor recombination 
occurs and no temperature difference exists 
between plasma components. For simplicity 
we assume this time that the viscosity is 
negligible. 


§ 2. Equation of Motion for Plasma 

Let 1; and v; be, respectively, the number 
density and the flow velocity of jth component. 
Then the equation of continuity for the com- 
ponent is 

0n;/0t+div (njvj)=0 . (Qn) 

Denoting by jm; and m;e; the mass and the 
charge densities of the jth component, respec- 
tively, we adopt the equation of motion 

Sy nn ote . grado 
=>) njle;(2+c71v; x B)+msg)—grad P 
for the plasma as a whole. Here vu is the 
average flow 
v= >) njm;0;/>.njm;_ (=D; throughout) , 

E is the electric field, B is the magnetic flux 
density, g is the gravitaional acceleration, and 
P is the pressure. (The Gauss system of units 
is used, c=3 x10!" cm/sec.) 

By virtue of the assumptions (i) and (ii) in 
the preceding section, both |vj—v|? and 
(v;—v) xB are negligible. Hence the equation 
of motion can be rewritten in the form 


>) 2;Fj;—grad P=0 , (2.2) 


where 
a 
Fyse(B tc 'ex B+ my, o-(at? grad )o |, 
(2.3) 


and E+c-1vxB is the electric field in the 
coordinate system moving with the velocity v. 
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One of our objectives is to “ decompose ” (2.2) 
and derive the equation of motion for each 
component. For this purpose we first trans- 
form, following Prigogine», the term of 
grad P. 

Let us start from two thermodynamic rela- 
tions for the Gibbs function G for a system 
composed of N; particles of jth species at the 
temperature J and the pressure P: 

dG=—SdT+ VdP+> pjdN;j, 

G=> N55. 
Here V and S are, respectively, the volume 
and the entropy of the system; yw; is the 
chemical potential per particle for jth species. 
From these two relations follows 


> Njduj= —SdT+ VdP 
or, per unit volume (”j;=N;/V), 


> njduj+tsjdT)=aP . (2.4) 
Here s; is the entropy per particle, 
Aa 
S3=—(a 2.5 
i ee P,composition : ( ) 


the subscript “composition” indicating the 
derivative at constant relative concentrations, 
i.e. at constant (>) ”;)"!m:’s. Hence, 


Ou; 
j) Ap — : GL fp=OP. (2.6 
a nif ‘a ork composition | ( ) 


When the plasma is nearly in thermal 
equilibrium, we have therefore 
> 2j(grad 4j)r7=grad P, 27) 


where, in general, 


(grad })r=grad » =(ar) gard T. 
0 T f, composition 
(2.8) 


The equation of motion (2.2) has thus been 
transformed into 
> nj F;—(grad 43)7]=0. (2.9) 
Its decomposition is equivalent to finding Ry; 
(%) R;=0) in 


njLFj;—(grad “;)7]+Rj=0 . (2.10) 


§ 3. Entropy Production 

The thermodynamics of irreversible process- 
es is based on the Gibbs relation 

TdS=dU+ PdV—> wd Nj 

for each small region of a system. Here dS, 
dU, dV and dN; are, respectively, increments 
of the entropy, internal energy, volume, and 
number of particles of jth species in the 
small region. By use of the local time deri- 
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vatives of the entropy density, s, and the 
density of the internal energy, #, the Gibbs 
relation can be transformed into a simple form 


Now, 0u/0t is equal to the inflow of heat plus 
work done by electromagnetic, gravitational 
and inertia forces. Hence the time rate of 
increase of the entropy density s is given by 

Os On; 


Ta = —div G* njoj FS, Cr ve 


with the (absolute) heat flow q*, F; being 
given by (2.3). 
By virtue of (2.1) we get 
T-'(—div q*—3) 4;0n;/0t) 
=T-[—div g*+> 4; div (13v;)] 
=—div T-(q*—>) “jnjvj)—T-'q*- grad In T 
— i nyo; grad (4;/T) . 
Introducing the heat function per particle 
hj="j Ts; , 


(3.1) 


we have 
T grad (4;/T)=(grad 4;)r—h; grad In T . 
Thus (38.1) is transformed into 


+30 njvj-[F;—(grad 45)7], (3.3) 


where 
q=q*—> hynjv; 

is the “reduced heat flow ” due to conduction. 
Since qg/T+ >) sjnjvj in (3.2) is the entropy 
flow, (0s/Ot)iz indicates the rate of entropy 
production due to irreversible processes. Eq. 
(3.3) holds when both factors of each sum- 
mand are small in absolute values. 


§ 4. Linear Relations 


(a) Equations of motion for components 
The linear relation between forces 


—gradinT, n;[Fj;—(grad 45)7] 
and fluxes 
q, Uj 
can be expressed in the “mixed” form 
qg=— Kw grad In +> Kot: , 
nj|Fj)—(grad “4;)r]= —Ky grad In T+> Kjvi } 


(4.1) 
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Here the phenomenological coefficients are 
scalars independent of forces or fluxes. It is 
to be noted that the magnetic field is included | 
through F;, although it does not contribute to — 
the work in (3.1) or (3.3). If it had not been 
included, the phenomenological coefficients — 
would be tensors depending on the magnetic 
field. 

Since the entropy production is always — 
positive, the quadratic form for the coefficients | 
is positive definite, in particular 

Koo>0 and K,;>0 for any 7, (4.2) @ 
the thermal conductivity 2==:Koo/T being posi- 
tive. Onsager’s reciprocity is, in the present 
case”, 

Kouj=—Kj, Kyu=Kaj . (4.3) | 


Taking the equation of motion (2.9) into ac- 
count we know that 


ets oo >» Axn=d KEAN 5 (Gh): 


The second set of equations (4.1) gives the 
equation of motion of each component. The 
term R&R; in (2.10) has thus been determined 
to be 


eG — KGo grad In T= Kyi ’ 


or, by vertue of (4.4), 
Rj= Kyo grad In T+ > (—Kji)(vi—v;) . (4.5) 


This is an inner force composed of thermal dif- 
fusion and friction due to relative motion. 
The symmetry Aj=Ki; indicates Newton’s 
law of reaction. For two-component plasmas 
the coefficient of friction —Kiz is always 
positive; but for many-component plasmas it 
is possible for some friction coefficients to be 
negative. 


(b) Electric and thermal conductivities 
When 


o-(Z a0 grad )o=0 ; 
and 

(grad 4;)r=0 for all 7, 
(3.3) reduces to 


tae) =—q-gradIn T+J- (e+e xB) 
irr Cc 


with the electric current density J=¥ NjC5Vj. 
The linear relation between forces (—grad 
InT, H+c"'vx B) and fluxes (g, J) can be 
expressed in the form 


1959) 


q=—Ta grad In T+aJ , 16 
E+c"vx B=a grad In T+o0717 . (4.6) 
Here the phenomenological coefficients are 
scalars; and Onsager’s reciprocity has been 
taken into account. The 2 is the thermal 
conductivity, o the electric conductivity; they 
are both positive. (When the plasma is a gas 
composed of electrons and positive ions, the 
sign of @ is negative.) 
In case T is uniform, the second equation 
of (4.6) reduces to the Ohm’s law 
E-otexB=oJ ¢ (4.7) 
which is one of the basic equations assumed 
in the conventional magnetohydrodynamics”. 
Essential contents of the magnetohydrodynam- 
ics, however, do not explicitly depend on the 
Ohm’s law, but rather 
rot (E-+c"!vx B—oJ)=0 , (4.8) 
which follows from (4.6) under much weaker 
restriction, namely if 
rot (@ grad In T)=grad a x grad In T=0 
icf. the following). 
(c) Induction equation in the magnetohydro- 
dynamics 
When a neutral plasma is composed of 
electrons and several heavier species and all 
the heavier species have equal mean velocities 
(which are therefore close to v), then (3.3) 
reduces to 


ACS) = —q-grad In T+7e(ve—v) 
irr 


ot 
- [F.—(grad “)r] , 

where the subscript e refers to electrons and 
(2.9) has been used. The electric current is 
expressed by J=—en-(ve—v) in which —e is 
the electron charge. Neglecting the gravita- 
tional and inertia forces for electrons we ob- 
tain therefore 


Os 
— \ =——g-gradInT 
Les dpi eciunie 
es Je [BEX B+ (grad rr | ; 


The corresponding linear relation is 
q=—TigradInT+aJ, 
E+c7ux BteWUgrad “e)r 

=a gradInT+o\J. 


Since the displacement current is negligible 
near the thermal equilibrium, the current 
density J is equal to (c/4z)rot H, H being 


(4.9) 
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the magnetic field. Then, the induction equa- 
tion 


OB 
of crotH 
becomes 
ae =rot (vx poe rot (o-!1ot H)+a, (4.10) 
ot An 
in which 


a=rot [e"(grad “e)r—a@ grad In T | 

=rot [(e-!Tse—a) grad In T] 

= grad (e17s.-—a) x grad|InT . 
Here s- is the entropy per electron defined by 
(2.5); and (2.8) has been used. When and 
only when a vanishes, (4.10) takes the usual 
form of induction equation which plays an 
essential role in the magnetohydrodynamics. 
It is important to note that here no use has 
been made of the too-restrictive Ohm’s law 
(4.7). 
(d) Ordinary and thermal diffusions 

When a neutral two-component plasma is 

under uniform pressure, and if 


© x B=0, o-(ate : grad )o=0 ; 
G ot 
then (3.3) reduces to 
T(0s/0t) irr 


=—q-grad In > es" [e;E—(grad “4))r] 
eh 


=~—q-grad In T+ J-[E—e1"! (grad “1)r] . 
The corresponding linear relation is again 
q=—Ti grad |lnT+aJ , 
E—e,"' (grad sn)r=a gradInT+oJ. 

(4.11) 


The term ¢:~(grad 1)r can be transformed 
into a symmetric form. From our assumptions 
Mei +N2e2.=0 , 
m(grad f1)r+n2(grad /2)7=0 , 

(the latter being the Gibbs-Duhem relation), 

follows 
é.(grad /1)r=ei(grad H2)r , 
and we obtain in fact 
é:“"(grad su) r= (€1— 2)" [ (grad /1)7—(grad f2)7] . 
For E=0, we have the equation of diffusion 
V1—v2=J/M1e1 
a o 


= SWNT Mato /4)r—(grad Ln) 7] 
1€1 262 


ta OB gradInT. 
M1€1 
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Introducing the “modified” diffusion coefficient 
D* and the thermal diffusion ratio kr by 


D ef a {(grad /u)r—(grad /2)r} 


U1— 02> 


4 (mt) 1, grad In | ; (4.12) 
Ning 
with the Boltzmann constant k, we obtain 


finally 
D*/kT=o/(mer?+n2€2?) , 
(M1 +2)? 1 NjEy7+N2e2? a 
P= . 

N1iN2z N1E1 kT 
The former is a relation between the electric 
conductivity and the diffusion coefficient; such 
a relation is called the Einstein relation in 
general. 


(4.13) 


(4.14) 


§5. Ideal-Gas Plasma 


It is sometimes convenient to introduce the 
fugacity p;* which is related to the chemical 
potential “4; by 

My=hy(T)+RT In p5* , 
where 4;*(7') is a function of the temperature 


only. Then, by use of the definition (2.8), we 
have 
nj(grad “4j)r=(njkT/p;*)(grad pj*)r . (5.1) 
For an extremely dilute plasma approximated 
by an ideal gas, the ratio p;*/n;kT, which is 
called activity coefficient, is unity, and hence 
(njkT/p3*)(grad p;*)r=(grad P;)r=grad P; , 
(5.2) 
where P;=njkT is the partial pressure for 
jth component (>) P;=P). The term a in 
(4.10) is then calculated to be 
a=grad In Tx grad (e13RT In m.+a) . 
For ideal-gas plasmas holds a similarity law 
as stated in the previous article. 
The modified diffusion coefficient D* coin- 
cides, in the present case, with the conven- 
tional diffusion coefficient D defined by 


U1—v2= — Dim grad m1—n,-! grad mz) , (5.3) 
and (4.13) becomes 
D/RT=o6](me12 +nx€2”) . (5.4) 
An ideal-gas plasma at uniform temperature 
can be treated, as in the previous article, 
without assumptions (i) and (ii) made in §1. 
Even the assumption that no temperature dif- 
ference exists between plasma components 


can partially be removed. When the relaxa- 
tion between temperatures of components is 
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sufficiently slow, the partial pressure Pj, 
which is equal to the fugacity p;*, is given 
by 2;kT;, T; being the component tempera- 
ture. If we define, instead of the diffusion 
coefficient D in (5.3), the coefficient 0 by 
U1—vU2= —O[(RT1/m) grad m1—(RT>2/n2) grad no] , 
then 6 is related to the electric conductivity 
o as 

o=(M1612? +N2€2?)6 , 
which, in case 7i=72=T, reduces to (5.4) 
since RTO=D. 


§ 6. Debye-Huckel Plasma 

When a plasma is not far from an ideal 
gas, it can be treated in a similar way as in 
the Debye-Hickel® theory of electrolytic so- 
lutions. Under the assumption that the con- 
stituent particles have no internal structure, 
the pressure P and the internal energy u per 
unit volume are given by the Debye-Hickel 
limiting law 


P=kT(S nies 3) 


6 4x 
ry I nts ll 
u=kT(5 ae ih 
where « is Debye characteristic constant 


defined by 

(gosh Sy n3;e;2/RkT FS (6.1) 
The condition for these relations to hold is that 
the Debye shielding length «-! is much larger 
than the mean distance (>) 7;)-1/? between 
constituent particles. The fugacity p;* is 
calculated to be 


pit =nykT— nei (6.2) 


the activity coefficient for the jth component 
being 1—e;?«/2kT. 

Debye-Hiickel’s elementary but ingenious 
theory on electrolytic solutions has been con- 
firmed by Kramers”, Kirkwood®, and Mayer 
so far as the Debye-Hiickel limiting law is 
concerned. One might however doubt the 
validity of the Debye-Hiickel theory in the 
case of gaseous plasmas, because the plasma 
oscillation with the thermal energy is not 
explicitly considered. For treatment of thermo- 
dynamic properties, however, it is not neces- 
sary to separate a particular type of collective 
modes of motion. It is true, as Pines and 
Bohm’ have shown, that the motion of 
electrons can be divided, by use of the so- 
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called random phase approximation, into col- 
lective motion known as plasma oscillation on 
one hand and individual particle motion with 
a type of shielded interparticle potential on 
the other. This shielding, however, is dif- 
ferent from the Debye-Hiickel shielding. It is 
also to be noted that the Debye-Hiickel limit- 
ing law will not be derived from the random 
phase approximation, which may hold only 
for random motion of electrons. 

The partial pressure P; satisfying (5.2) does 
not exist in general for the Debye-Hiickel 
plasma. In fact 


BIEL grad ps*)n = grad (ny RT)— "2 grad (eT) 
ps* oa 
IL 6 
Oe ae 


No similarity law exists in general, too. 

Let us finally consider a neutral two- 
component Debye-Hiickel plasma at uniform 
temperature and pressure in order to find 
a relation between the modified diffusion 
coefficient D* defined by 


vi—v2= —(D*/kT)[(grad “1)r—(grad 42)r], (6.3) 


and the conventional D defined by (5.3). The 
chemical potential 41 is then a function of m 
only, and 


iy _O(M1, 2) 
T,P 


On On 
— Ofn(M1, Nz) OP(n, care Nz) 

One Ont On» ‘ 
f4(M1, M2), L2(M1, M2) and P(m, m2) being the 
chemical potentials and the pressure, respec- 
tively, at that temperature. Since 

Onn(n1, M2) _ eile ef 7é1* 


Ont Ny KEL 
Ofn(M1, Nz) 76172” 
? =— rR CLC: 
On ckT 


we have, neglecting the square of a small 
quantity, 


(Oe Sat oe TN1€17(€12 — 2”) | 
pee = kT 


21s = (Fr Ke sed 
lens mp ey 


4 mer +N2€2" 
Taking meéei1~—2é2 into account we obtain 


Coa ae | are (ere) : 
On T,P N1 4 


or 
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from which follows, at a constant pressure, 
(grad su)r=[kT —Kex(e1+e@2)/4]m.-! grad m . 
Similarly 
(grad “2)r=[RT —Kex(e1+e2)/4]m.-! grad ne . 
From these expressions we obtain 
(grad 4n)r—(grad “»)r 
=[kT—xK(e1+e2)?/4](m-} grad m—ne-! grad me) , 
(6.4) 
Hence the relation 
D= D* (1—« (e1+@2)?/4kT] (6.5) 
holds between two definitions of the diffusion 
coefficient. These two coincide for e.=—é: 
i.e. fully ionized gas composed of electrons 
and one-valued ions. 


In terms of the conventional diffusion coef- 
ficient D, (4.13) becomes 


D kT—«(e1+é2)?/4 
omer line? 


(6.6) 


It is interesting to note that the relation 


(grad 44)r—(grad f2)r 
=kT(n2" grad m1—m"! grad nz) 
holds for the Debye-Hiickel plasma, although 
the right-hand side does not depend on the 
Debye constant explicitly. 
The author wishes to thank Dr. N. Hashi- 
tzume for many helpful comments. 
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Hall Effect in Oxide Cathodes 
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Institute of Electronic Engineering, Shizuoka University, Hamamatsu, Japan 
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The measurement of Hall effect in oxide cathodes has been carried out 
in various methods of preparing samples. 
The apparent electron mobility in a temperature range, 700°K~1200°K, 


was about 103~10! cm2/y. sec. 


These values are very high as compared with that for a single crystal. 
The effect of porosity upon the mobility seems to exist to some extent, 
the porosity being changed by means of the different preparations and 


treatments of the cathodes. 


From the viewpoint of pore conduction the mean free path of an 
electron is about 10-5~10-%cm which seems to be of the same order 
with the size of pores existing in the actual oxide cathodes. 


§1. Introduction 

According to the hypothesis of pore conduc- 
tion which was originally proposed by Loosjes 
and Vink the electric current in an oxide 
cathode at high temperatures is predominantly 
carried by the electron gas emitted into pores 
of the cathode. 

Theories and experiments based on this 
model have been reported by several 
authors!®. 

From this hypothesis the electron mobility 
is expected to be remarkably larger than that 
of an electron through the crystal because the 
mean free path of an electron will be of the 
same order of magnitude with the mean size 
of a pore. 

As for the Hall effect in oxide cathodes, 
there have been several reports discussing 
both on the basis of semiconductor model and 
on this model5-”. 

In this paper, the Hall effect and conduc- 
tivity were measured with samples of various 
porosity prepared by five methods* and some 
discussions were made. 


§2. Experimental Procedure 


Samples of different porosities were prepared 
by the following five methods. 

(1) Oxide cathodes were treated with H.O 
vapour. Oxide cathodes were heated at about 
800°K for one hour in water vapour of about 
10-?mm Hg which was excluded by flashing 


* These results were reported at the spring and 


the annual meetings of the Physical Society of 
Japan in 1953. 


the getter after the treatment and the oxide 
cathodes were then reactivated®. 

(2) Oxide cathodes were heated under low 
pressures of the air. After activation was 
accomplished, the oxide cathodes were exposed 
in the air and heated in its atmosphere of 
several mm Hg. 

(3) Oxide cathodes were prepared by chang- 
ing the ratio of BaO and SrO. The degree | 
of sintering seems to vary with the composi- 
tion of BaO and SrO. It has been known 
that sintering is most remarkable at 100% 
BaO. Samples with three kinds of composition 
were tested at molecular ratio of 50: 50, 
90: 10, and 100: 0 of BaO and SrO. 

(4) Ba-Sr(COs)z or BaCOs layers were pres- 
sed with high pressures in a mould and heated 
in vaccuum. 

(5) Pressed Ba-Sr(COs)2 or BaCOs layers in 
in case (4) were heated at about 1200°C in 
the air. 

By these processes we could get the oxide 
cathodes of different degrees of sintering. 

The compositions and treatments of the 
samples are given in Table I. 

The porosity of these samples could not be 
given quantitatively but appears to be larger 
in the order W 10-3, H 10-4, H 10-5, H 10-7, 
P 0-1, N 0-1. In the sample No-1 it was 
sintered visibly to a high degree. 

These samples with the size of 2x1x2mm 
were mounted between two platinum sleeves 
and two platinum probes for Hall voltage 
measurements were also inserted into these 
Ba-Sr(COs)2 coatings. 

The structure of a experimental tube is 
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Table I. Sample’s treatments and compositions 
No. of samples Treatments Compositions 
Ww 10-3 treated with H,O vapour (Ba:Sr)O, 
H 10-4 exposed in the air and treated at its (Ba-Sr)O, 
atmosphere of several mm Hg 
H 10-5 treated with the same method as H 10-4 BaO 90% SrO 10% 
H 10-7 normally processed 100% BaO contained 2~3% Ba(NO3)2 
P 0-1 pressed at high pressures at BaCO3 100% BaO 
N 0-1 treated in the air at about 1200°C 100% BaO 


shown in Fig. 1. 

Platinum sleeves and platinum probes were 
used to aboid the interface effect in the con- 
ductivity and Hall voltage measuements. 

Ba-Sr(COs)z was pressed by springs not to 
make cracks in the coating at the processing 
of oxide cathodes. _ 

The cathode was heated by tungsten heaters 
inserted into the platinum sleeves. 

High input impedance tube was necessary 
to measure the Hall voltage because the re- 
sistance between probes is above several 
megohms. For this purpose, tube 954 was 
used at a low plate voltage and the input 
voltage was applied to the third grid of that 


tube. The measuring circuit is shown in 
Pigce2. 
Spring 
Pt prove ~-f==-E HH 
Sample ---4--C° 
Getter =\=4--4 
Fig. 1. The structure of experimental tube. 
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eh, Lad } 
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Fig. 2. Measuring circuit for Hall voltage. 


In this circuit the input impedance was 
above 10 megohms. Hall voltage was ampli- 
fied and measured by balancing method as 
shown in this figure. 

The voltage across a sample was applied 
within a range where Ohm’s law is valid. 


Keyexe) ; \000 
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No 
Oa(|) Oo(2) |O4ev 
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100 | Ru) pee 
> R(2) < 
=| =, 
<> 8 (1) normal processedk |X. — 
Bmp (2) water vapour a 
Ex treated 5 
x x & 
Ba N ‘ 5 
10 S\—lio 
155ev // .52ev \ 
i E ake | 
iC 8 9 10 il \2 
x10°(K') 
Fig. 3a. Temperature dependency of electrical 
conductivity oo and Hall coefficient FR. 
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Fig. 3b. Temperature dependency of electron 
mobility. 
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The magnetic field up to 400 gauss was 
supplied by a solenoid and the higher field 
was by an electromagnet with iron core. 
Maximum field used was 1500 gauss. 

Hall voltage and conductivity were measured 
in a temperature range of 700°K~1250°K. 
At the lower temperatures we could not 
measure the Hall voltage by this instrument 
because of the high resistance and noise from 
samples. 


§3. Experimental Results 


1. Conductivity and Hall coefficient 
Hall coefficient was calculated by the equa- 


tion 
ae “ra 


where Vaz denotes the Hall voltage, H the 
applied magnetic field strength, I the electric 
current and d the thickness of the sample 
respectively. 

The value of the Hall coefficient was obtained 
from the linear region of Va/I vs. H curves. 
In these measurements the sign of Hall coef- 


105 


HIO-7 


lO? 9 ie teed Sie 
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Fig. 4. Temperature dependency of conductivity 
for various samples. 
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ficient was always negative and mobility was 
obtained from “=Roo, where v is the apparent 
mobility and oo is the conductivity without 
magnetic field. 

As an example oo, R and yw for W 10-3 
were illustrated in Fig. 3. In this figure, (1) 


lO 


HIO-7 


Po-l 


Oo 


R (cm?oulomb) 


No- 


6 x 


i *y lI I3 I5 
Apres 

—X ° 

T low (Ske) 

Fig. 5. Temperature dependency of Hall coeffici- 


net for various samples. 
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is for the oxide cathode prepared by the nor- 
mal method, (2) is for the one treated with 
water vapour by above mentioned method 
after measurement for case (1). 

oo, R and uw vs. temperature curves for 
various samples are shown in Fig 4, 5 and 6 
respectively. 


29 3.0 31 
fog T (°K) 

Fig. 6. Temperature dependency of electron mo- 
bility for various samples. 


The maximum of the Hall coefficient vs. 
1/T curve as seen by Forman” did not appear 
as shown in Fig. 5. 

The apparent value of uw is 103~104cm?2/ 
V.sec for various samples, which is higher 
by about three or four decades than that of 
a single crystal which is 3~9cm?2/V. sec”. 

The value of uw at various temperatures for 
different samples are given in Table II. 


Table Il. The apparent value of » (cm?/V sec 
for some samples 

Tempe- 

rature N 0-1 P 0-1 H 10-7 H 10-5 
(°K) 
1123. «8.55102 1.77x103 4.30x103 4.27 x 104 
1067 1.07103 4.60103 4.12103 7.02 x 10+ 
972 5.30x103 5.48103 8.8 x103 6.13x104 
932 3.89x103 9.12103 6.37x103 5.67 x 104 
890 5.32x103 1.97x104 9.7 x10 

2.76x103 1.83 x 10+ 
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From this table the apparent mobility seems 
to have some correlations with the method 
of peparing samples and accordingly to the 
porosity of samples. For the samples like 
N 0-1 which is supposed to have a high degree 
of sintering, the mobility is relatively small. 
The Hall voltage has linear relations with 
magnetic field and current, but in some cases, 
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for instance the porous specimen of equimole- 
cular mixture of barium and strontium with- 
out treatment, showed an oscillatory behavior 
as shown in Fig. 7. Its sign is negative at 
low magnetic field and with increasing field 
varies alternately from negative to positive 
and from positive to negative. This fact will 
be understood on the aspect that electrons in a 
pore have long mean free paths corresponding 
to the mean size of pores and make a cyclic 
motion in the transverse magnetic field. 


Hall voltage (Vu/I) 


1500 


|000 
H (gauss) 


O 500 


Fig. 7. An extraordinary change of Hall voltage 
with magnetic field. 
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0.3 
uy o2 
l ° 
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O I 
O 500 1000 _ 1500 
H (gauss) 
Fig. 8. The curve of magneto-resistive effect. 


2. Magneto-resistive effect 

The change of conductivity with transverse 
magnetic field is also very large as shown in 
Fig. 8. This fact has also been observed by 
other investigators®™. 

The relation of /4a/o0 vs. H is shown in 
Fig. 9 with the heater voltage as a parameter, 
where 4¢=o7—060, 6m being the conductivity 
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with magnetic field and o) the conductivity 
without magnetic field. This effect is more 
remarkable at high temperatures as shown in 
the figure. 

This phenomenon is also explained by the 
pore conduction model for which the mean 
free path of an electron is large compared 
with that of an electron through the crystal 
and the temperature effect is explained by an 
idea that if the temperature was raised, the 
ratio of the conduction in a pore to the con- 
duction in a bulk crystal will be increased and 
electrons will be more influenced by magnetic 
field. 


od 
= 6y ee ae ee 
6 0.5 es 
b 
J pbs 
% 500 1000 500 


—>H (gauss) 


Fig. 9. The curve of WY do/oo vs. H. 


§ 4. Discussion 


This remarkably large value of apparent 
mobility in oxide cathods compared with that 
of a single crystal can be considered reason- 
ably from the pore conduction hypothesis. 
Instead, such a large mobility cannot be inter- 
preted as the behavior of the electron in bulk 
of the polycrystalline. The effect of crystal 
boundary will be expected to lower the value 
of electron mobility through the crystal. 

If we take the oxide grain to be a giant 
molecule which scatter isotropically the free 
thermal electrons in the pore, the conductivity, 
Hall coefficient and mobility are given by, 


R=(37/8)-(1/ne) , 
o=nep, p=4e1/3\/ 2amkT 


where 7 is the number of electrons/cm*, and 
l is the meam free path which is of the order 
of the mean size of the pore. The number 
of electrons calculated from the Hall coefficient 
by this relation at various temperatures are 
given in Table III. 

The number of electrons per cm® are about 
104%4~10" at 1100°K and these values are 
similar to that of Ishikawa et al. The 
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calculated values of the mean free path are 
given in Table IV. 

These values of / are 10-°~10-*cm at 
1000°K, varying with samples and estimated 
to be about the same as the size of a pore 
existing in the actual oxide cathodes. 

In the sample N 0-1 it is especially small 
corresponding to the high degree of sintering. 


Table II]. The mean number of electrons per 
cm’ in the pores for some samples 
Tempe- 
rature N 0-1 P 0-1 H 10-7 H 10-5 
(°K) 
1125 5.1 x10 3.09x10 6.241010 4.4 x 1010 
1065 3.04x10" 8.29x104 3.841010 2.241010 
972 3.68x101! 4.33x10U 3.81109 4.36~x 109 
890 5.63x1029 5.831010 7.51 x 109 
824 


4.681010 1.23 x 1010 


Table IV. The calculated value of mean free 


path J (cm) 
Tempe- 
rature N 0-1 P 0-1 H 10-7 H 10-5 
(°K) 
1125 5.9310 =" 12210 =5 (3227s 10—00 2293.10 = 


1065 
972 
890 
824 


7.0 X10-8 307 x 10=° 3:38 <10=9 3:02 1054 
TI9*10-* 351 <0=* 6:315< 105) 3795 <10—8 
1.62 x 10-5-1.27 x 10-3 6.66 x 10-5 

1.64 10-5 1.12 x 10-3 


§5. Conclusion and Acknowledgements 


From the measurements of Hall coefficient 
and conductivity in a temperature range, 
700K~1200°K, the apparent electron mobility 
in an oxide cathode is very large compared 
with that of a single crystal and the magneto- 
resistive effect is also large. 

The difference of the preparation of samples, 
accordingly the difference of porosity seems 
to show some effects on the mobility. These 
facts can be reasonably explained by the pore 
conduction hypothesis and make this model 
more valid. 

This work has been carried out at the 
Electrical Communication Laboratory, Nippon 
Telegraph and Telephone Public Corporation 
during his tenature of office. 

The author wishes his sincere thanks to 
Mr. Yukio Kamiya for technical assistance 
and also his thanks to the members of electron 
physics of the E.C.L. for the corporation. 
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A detailed study has been undertaken on the transformation of nickel 
lattices under the influence of nitrogen as an “insertion” impurity. For 
this study, thin polycrystalline and monocrystalline layers of evaporated 
nickel have been heated in an atmosphere of ammonia. This nitriding 
process has been followed kinetically by electron diffraction. Using these 
techniques, it has been shown that the “insertion” of nitrogen atoms 
takes place in successive steps. First, a considerable expansion of the 
iiisaletc- cumlatticomoemnickel (rom @—3,52 to a—3,/2 A) is observed 
with the formation of NisN. Then, if the nitriding is continued, this 
f.c.c. lattice of expanded nickel (Ni,N) is transformed into a hexagonal 
lattice of Ni3N. 

The exact structure of these nitrides has been determined and a 
mechanism of the transformation from the expanded cubic nickel lattice 
(NigN) to the hexagonal nickel lattice (NisN) has been proposed. This 
mechanism consists, in part, of a series of microslips on the (111) plane 
and in the [112] direction of nickel atoms, similar to those produced in 
the martensitic transformation of cobalt, which transforms the stacking 
order of the {111} planes of the f.c.c. lattice into the stacking order of 
the {0001} planes of the hexagonal lattice. In addition, the diffusion of 
nitrogen results in another stacking transformation from the cubic 


{110} planes into the {1210} planes of the hexagonal variety. 


et c’est le nickel qui sera traité ici. 
Normalement ce métal se présente sous la 
forme cubique a faces centrées, mais certains 
auteurs ont signalé une variété hexagonale 
compacte qui n’est plus ferromagnétiqueD~”, 
A l’intérét théorique de cette transformation, 
un intérét pratique a été associé, a savoir 
des propriétés catalytiques trés différentes des 
Cependant, ces derniéres an- 


§1. Introduction 

Il a été rapporté dans la littérature que, 
comme certains autres métaux, le nickel et le 
chrome, présentent également des transfor- 
mations allotropiques. Ces nouvelles formes 
allotropiques sont actuellement de plus en 
plus considérées comme correspondant a de 
fausses transformations. C’est pourquoi, 
notre attention s’est portée sur cette question deux variétés. 
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nées, la variété hexagonale a été de plus en 
plus mise en doute et il semble maintenant 
qu’elle soit en réalité une fausse transformation 
due a l’insertion dans le réseau du _ nickel 
d’atomes de carbone, d’azote et méme d’hydro- 
géne?)~1, 

Ainsi, Le Clerc et Michel® et Jacobson: et 
Westgren® ont montré par rayons X que 
l’insertion des atomes de carbone dans le 
réseau du nickel conduit a l’obtention d’une 
variété hexagonale, qui n’est autre~ que le 
carbure: NisC. De son cdte Nagakura™ a 
examiné plus en détail la formation et la 
décomposition du carbure de nickel et proposé 
un mécanisme pour cette transformation. 

De méme, K. H. Jack! a montré par 
rayons X que l’insertion des atomes d’azote 
dans la maille du nickel conduit 4 une forme 
hexagonale compacte. Il a trouvé, en outre, 
quelques réflexions de sur-structure et conclu 
que la structure de NizsN est isomorphe avec 
celle de €-FesN et €-Fes(C, N), confirmant ainsi 
une conclusion antérieure de Sachsze et Juza” 
basée sur l’observation d’une seule raie de 
sur-structure. Plus récemment, J. J. Trillat 
et ses collaborateurs!!©) ont étudié par dif- 
fraction électronique l’action de l’azote sur le 
nickel en utilisant deux méthodes, 4 savoir 
d’une part |’action directe de |’azote et d’autre 
part l’action d’ions provenant de Il’air et pro- 
duits par un canon a ions. Leurs résultats 
montrent que les atomes d’azote s’inserent 
d’abord dans le réseau cubique a faces centrées 
du nickel et le dilatent considérablement, puis 
le transforment en un réseau hexagonal cor- 
respondant au nitrure: NisN. En chauffant 
ce nitrure NisN dans le vide, il redonne le 
nickel ordinaire de départ. 

Dans le but d’apporter une contribution 
plus importante a ce probléme de la transfor- 
mation du nickel sous l’influence d’atomes 
d’azote, nous avons essayé dans ce travail de 
déterminer la structure exacte de la forme 
hexagonale finale: NisN, celle de la forme 
intermédiaire dilatée signalée par Trillat et 
enfin, le mécanisme de cette fausse transfor- 
mation allotropique sous l’influence d’atomes 
d’insertion. 


§2. Méthode Expérimentale 

L’action de l’azote sur le nickel a été ef- 
fectuée en adoptant le procédé utilisé an- 
térieurement par J. J. Trillat et l’un de nous™, 
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par passage de gaz ammoniac séché sur des 
couches minces de nickel, polycristallines ou 
monocristallines, chauffées a des temperatures 
variables (150-300°C). 


heures. Aprés refroidissement complet en 


atmosphére de NH:, les préparations sont | 


retirées du four et examinées par diffraction 
électronique par transmission. 


§3. Résultats 
I. Nitruration des couches minces de nickel 
polycristallin 
1°) Structure de la forme finale de nitru- 
vation: NisN 

Comme dans les travaux précédents!®»19 i] 
a été trouvé que le nickel cubique se trans- 
forme par nitruration en une variété hexa- 
gonale qui n’est autre que le nitrure de nickel: 
NipN. La cinétique de cette transformation a 
été suivie par de nombreux essais, qui ont 
montré que le degré de nitruration est assez 
variable avec les conditions expérimentales. 


Fig. 1. Diagramme de diffraction électronique du 
nickel polycristallin. 


Avant la nitruration, la couche mince de 
nickel est formée en général de trés petits 
cristaux donnant des diagrammes de diffrac- 
tion électronique aux anneaux continus assez 
élargis. La Fig. 1 montre un exemple de ces 
diagrammes. Ce nickel, c.f.c. de maille q= 
3,52A, se dilate fortement par nitruration 
jusqu’a atteindre la maille a=3,72A. Ensuite, 
en continuant la nitruration cette forme cubique 
dilatée se transforme en une variété hexa- 
gonale. Simultanément 4 cette derniére trans- 
formation, les anneaux de diffraction électro- 
nique deviennent fins et ponctués indiquant 
un grossissement important des cristaux. Les 
deux ou trois variétés peuvent coexister, mais, 
au fur et a mesure que la nitruration se 
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Les couches minces de | 
nickel ont été préparées par vaporisation sous 

vide sur support de sel gemme et leur €pais- 
seur était d’environ 200-400A. La durée de | 
la nitruration était comprise entre une et sept _ 
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Tableau I. Résultats des mesures sur le Ni3N. 
Diffraction électronique Diffraction de rayons X* 
x Classifi- | Indice | Francie ; Indice 
cation Hkil ntensite dovs (A) dea (A) ee Cony) Intensité dovs (A) 

1 i (0001) tf La, 211 4.305 (001) 

2 S 1010 f 3.992 3.990 

3 S) 1011 m 2.925 2.928 

4 P 1120 M 2.310 2.304 100 m 2.82 

5 P 0002 M 2.151 2.152 002 m 2.14 

6 e 1121 F 2.031 ose. «| 101 tF 2.044 
7 S 2020 f 1.995 1.996 

8 S 1012 m 1.892 1.897 

9 S 2021 m | 1.810 1.808 

10 P 1122 F 1.572 1.573 102 F 1.569 
11 S 2130 tf 1.509 1.507 

12 S 2022 tf 1.463 1.462 

13 i (0003) = = 1.435 (003) 

14 S 2131 m 1.423 1.423 

15 S 1013 f 1.347 1350 

16 P 3030 F 1.329 1.328 110 m 1.332 
ity i (3031) f 1.270 1.270 (111) 

18 S) 2132 tf 1.235 1.235 

19 P 1123 F 1.216 1.218 103 m 1.218 
20 S 2023 tf 1.164 1.164 

21 P 2240 f 1.152 1.152 200 f 1.157 
22 P 3032 M Leda 10132 -| 112 m 1.132 
23 P 2241 M 1.112 1.113 201 m 1.114 
24 P 0004 m 1.073 1.071 004 f 1.074 
25 S 2133, 1014 f 1.037 1.040 

26 P 2242 f | 1.014 1.017 202 f 1.017 
2 S 3142 tf 0.982 0.982 

28 P 1124 m 0.972 0.975 104 f 0.9736 
29 S 2024 tf 0.944 0.946 

30 S 3250 tf 0.913 0.915 

31 S 4042 tf 0.903 0.905 

32 P 2243 m 0.895 0.898 203 m 0.9005 
33 P 4150 tf 0.869 0.869 210 tf 0.8738 
34 P 4151 m 0.852 0.853 ANI m 0.8560 
35 P 3034 m 0.834 0.836 114 m 0.8382 
36 P 1125 m 0.804 0.806 105 


* Données par R. Bernier (1951)—Réf. (10). 


poursuit, les variétés cubiques disparaissent 
pour ne laisser apparaitre en fin de compte que 
la variété hexagonale comme on peut le voir 
sur la Fig. 2 reproduisant le diagramme de 
diffraction du nickel aprés une heure de nitru- 
ration a 230°C. L’interprétation de ce dia- 
gramme sera notre premier objectif. Le 


Tableau I résume les mesures des 32 premiéres 
raies classées en trois groupes de réflexions. 
P=raies principales, s=raies de sur-structure 
et i=raies interdites. Au dela de ces 32 raies 
on ne mentionne dans le tableau que les raies 
principales. Les raies principales, toujours as- 
sez fortes, sont attribuées a la structure hexa- 
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gonale compacte de paramétres: 
a=2.669 A ; c=4.30, A 
c/a=1.618 . 

Les réflexions “i” sont attribuées 4 la méme 
maille bien qu’elles soient interdites pour la 
maille hexagonale compacte. Par contre, les 
raies “s” trés faibles ne peuvent étre attri- 
buées a cette maille, mais a une maille supér- 
ieure toujours hexagonale de paramétres: 


Fig. 2. Diagramme de diffraction électronique du 
NisN. 


Fig. 3. 


Structure de Ni3N. 
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as=V 3 a=4.607A , 6:=c=4.304 A 


Cette maille supérieure semble bien étre une 
maille de sur-structure, dans laquelle les 
atomes de nickel et d’azote sont arrangés, 
comme indiqué dans la Fig. 3. Les grands 
cercles montrent l’arrangement des atomes de 
nickel qui forment la maille hexagonale com- 
pacte et les petits cercles la position des 
atomes d’azote. Les traits de lignes repré- 
sentent la maille hexagonale compacte sup- 
posée dans certains travaux anterieurs!”»), 
Cet arrangement en sur-structure des atomes 
de nickel et d’azote dans la maille du NisN 
est en accord avec les travaux par rayons X 
de Jack!, mais différe de la structure pro- 
posée par Nagakura! pour le carbure de 
nickel: Ni:C. 

2°) Structure de la forme intermédiaire 

dilatée 

Comme montré précédemment, la transfor- 
mation du nickel sous |’influence des atomes 
d’azote a lieu suivant le schéma: 


Nic.r.c. > Nic.r.c. dilaté — NisN 
(hexagonal compacte). 


Les diagrammes de diffraction électronique 
du nickel dilaté montrent que la forme cubique 
a faces centrées se conserve, bien qu’on ob- 
serve, en outre, certains anneaux supplémen- 


Tableau II. Mesures faites sur les diagrammes 


du Ni dilaté. 


Ni.,| Indice Nigar 
HA) hkl | Intensité | dovs( A) dea(A); a=3.72A 
100 Ho | Meer 3.72 
(130) (ttf 3°3) 3.33 
110 tf 2.62 2.63 
Ssh 114 FS etiget 2.15 
1.76! 200 M | 1.86 1.86 
2100 et 4 ates 1.66 
211 tf 1.52 1.52 
1.25] 220 M ec 1.32 
221, 300, tf | 1,24 1.24 
| 310 ttf 1.18 1.18 
1.06| . 311 M seg Hl 1.12 
1.02) 222 m | 1.07 1.08 
0.88 400 f 0.92 0.93 
0.81) 381). M, | 0.85 0.85 
0.79] 420 | M- | 0,83 0.84 
0.72| 422 |. M.. | 0.75 | 0.76 
0.68 511, 333. om 0.71 | 0.72 
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taires, toujours faibles et trés diffus. Les 
mesures faites sur plusieurs diagrammes et 
sur des échantillons différents sont résumées 
dans le Tableau II. On y remarque que la 
raie de diffraction 3,3A est tras faible et 
diffuse. C’est probablement pourquoi elle 
n’est que rarement visible. 

La Fig. 4 montre le diagramme de diffrac- 
tion du nickel dilaté coexistant avec le nickel 
ordinaire initial et la Fig. 5 montre le dia- 
gramme du nickel dilaté seul. Comme les 
raies (100), (110), (210), (211)--- sont interdites 
pour le cristal cubique a faces centrées formé 
d’une seule sorte d’atomes, nous avons attribué 
ces réflexions a2 un réseau de sur-structure, 
toujours cubique a faces centrées contenant 
en plus des atomes de nickel un atome d’azote. 


Fig. 4. Diagramme de diffraction électronique de 
(Ni+Ni dilaté). 


Fig. 5. Diagramme de diffraction électronique du 
nickel dilaté. 


La position la plus probable de cet atome 
d’azote dans la maille de sur-structure est: 
(1/2, 1/2, 1/2) car l’autre position probable 
(1/4, 1/4, 1/4) est exclue par les dimensions 
respectives des atomes de nickel et d’azote. 
Cela conduit a admettre l’existence d’une 
nouvelle forme de nitrure de nickel: Ni«N 
dont les positions exactes des deux sortes 
d’atomes sont: 
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(1/2, 1/2, 
(1/2, 0, 


0) 


dey OP FON 5 
N / 
i 1/2) 


(ON 2/2 E/2)s 
\ne lot GLli aa wa etl yr 


If. Nitruration des couches minces de nickel 
monocristallin 

Lorsque l’évaporation du nickel se fait sur 
une face (001) de NaCl chauffé a 400-450°C, 
la couche mince de nickel est monocristalline 
a l’exception de quelques macles qui donnent 
lieu a des taches de diffraction satellites. Les 
diagrammes de diffraction électronique in- 
diquent que la couche a l’orientation suivante: 


(001): //(001) aca 
[100] ni//{100]xaci 


La nitruration a été conduite de la méme 
facon que sur le nickel polycristallin. Les 
couches monocristallines ont l’avantage de 
mieux montrer certaines réflexions qui sont 
trop faibles et trop diffuses et de permettre 
de déterminer la relation d’orientation entre 
le nickel initial et le nickel nitruré. 

Au cours de la nitruration la maille cubique 
a faces centrées du nickel monocristallin se 
dilate d’abord comme dans le cas du nickel 
polycristallin de a=3.52A a 3,724. Les dia- 
grammes de diffraction électronique sont 
formés de taches individuelles tout comme le 
nickel de départ, montrant ainsi que l’orien- 
tation monocristalline est conservée. Toute- 
fois, les taches du nickel dilaté sont toujours 
diffuses. Par contre, dés l’apparition de la 
forme hexagonale (NisN), on observe sur les 
diagrammes de diffraction l’apparition d’an- 
neaux fins et ponctués. Cela permet de dis- 
tinguer facilement les diffractions de la forme 
cubique (Ni+Ni dilaté) de celles de la forme 
hexagonale (NisN) surtout lorsque ces formes 
coexistent dans le méme échantillon. 

La Fig. 6 montre le diagramme du nickel 
monocristallin de départ dont la face (001) est 
perpendiculaire au faisceau d’électrons. Aprés 


Fig. 6. Diagramme de diffraction électronique du 
nickel monocristallin. 
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nitruration d’une heure a 230°C on obtient le 
diagramme représenté dans la Fig. 7(a) ou on 
observe encore les taches du nickel initial a 
cété des taches correspondant au nickel dilaté, 
toujours c.f.c. de maille a=3.72A. On re- 
marque en outre sur ce diagramme, qu’il 
contient en plus des taches normales du 
cristal c.f.c., des taches de sur-structure (100), 
(110), (210)--- comme on le voit schématisé 
sur la Fig. 7(b). 


Fig. 7(a). Diagramme de diffraction électronique 
de (Ni+Ni,N). 
k 
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Fig. 7(b). Schéma correspondant a la fig. 7 (a). 
O Ni 
e NiN 


La Fig. 8(a) montre le diagramme de diffrac- 
tion d’une nitruration plus poussée, sur lequel 
on voit la coexistence des trois formes: nickel 
initial, nickel dilaté (NisN) et les anneaux du 
nickel hexagonal (NisN) renforcés sélective- 
ment par endroits 4 cause de |’orientation 
privilégiée d’ensemble du nickel initial. 

Le Tableau III résume les résultats des 
mesures faites sur plusieurs diagrammes an- 
alogues a celui de la Fig. 8(a) ow les trois 
formes coexistent dans le méme échantillon. 


N. TERAO et A. BERGHEZAN 


(Vol. 14, 


On a toutefois éliminé de ce tableau les don- 
nées de la forme hexagonale (NisN) car elles 


sont exactement les mémes que celles obtenues 1 


par la nitruration du nickel polycristallin et | 


Fig. 8 (a). 


de (Ni+NisN+Ni3N). 


Diagramme de diffraction électronique 


Fig. 8 (b). 


Tableau III. 


Diagramme schématique de diffraction 
électronique du Ni et Ni dilaté. 
© réflection de Ni 


réflection de Ni dilaté 


Mesures faites sur les diagrammes 


du type Fig. 8(a) (couches monocristallines). 


Ni | Indice Ni dilate 
d(A)} hkl |i itensité | dovs(A) | dea(A); a=3.724 
100 F 3.63 3.72 
130 M 3.33 3.33 
110 tf 2.64 2.63 
1.76| 200 F 1.87 1.86 
210 | ¢ 1.66 1.66 
1.25] 220 M 1.31 1.32 
0.88! 400 M 0.93 0.93 
0.79| 420 M 0.83 0.84 
0.62) 440 M 0.65 0.66 


1959) 


rapportées dans le Tableau I. Sur le Tableau 
III on remarque que la valeur 3,63A de la 
tache (100) est beaucoup plus petite que la 
valeur 3,72A mesurée sur le diagramme de 
la Fig. 7(a) et sur le nickel polycristallin: 
cette différence dépasse largement 1’erreur 
expérimentale. 

La Fig. 8(b) montre le diagramme schéma- 
tique de la partie centrale de la Fig. 8(a) ot 
les diffractions de la forme cubique (100), 
(1, 1/2, 0), (110) et (210) sont nettement visibles. 
On n’a pas trouvé de traces de diffraction 
telles que (1/2,1/2,0), (1/2,0,0) etc.; toutes 
les raies précédentes ont été dessinées dans la 
Fig. 8(b). On ne sait pas encore a quoi attri- 
buer ce diagramme, mais nous supposons qu’il 
correspond a un stade intermédiaire entre le 
nickel dilaté (NiuN) et le nickel hexagonal 
(NisN). Pour le préciser il nous faudrait plus 
de mesures sur plusieurs diagrammes pris sur 
échantillons différents, mais en pratique il est 
trés difficile d’arréter la nitruration exactement 
a ce stade assez fugace. 

En continuant la nitruration, toutes les 
taches du nickel ordinaire de départ et du 
nickel dilaté (NisN) disparaissent et on n’obtient 
en fin de compte (3 heures a 230°C) que la 
forme hexagonale. En poursuivant encore la 
nitruration, il se produit une coalescence de 
petits cristaux issus de la transformation 
NisN— Ni3N, ayant comme conséquence l’aug- 
mentation de leur désorientation relative et la 


e taches de Ni,N (hex. c.) 


© taches de Ni,N (c.fic) 


Fig. 9. Relation d’orientation entre NisN et Ni3N. 
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disparition de l’orientation initiale privilégiée. 
Les diagrammes de diffraction électronique 
des couches monocristallines permettent en 
outre, de déterminer la relation d’orientation 
entre le nickel dilaté (NisN) et le NisN. Celle- 
ci est montrée dans la Fig. 9* et elle peut 

s’écrire: 
(111)yi,v//(0001)yigw 
[101 ]wi,w//[2110]si,n 
indice d’hexagonal compacte. 


| NisN ; 


III. Mécanisme de la transformation de la 
forme cubique dilatée (NisN) en la 
forme hexagonale (Ni;N) 

La relation d’orientation établie au chapitre 
précédent montre que les rangées les plus 
compactes d’atomes des deux systémes cristal- 
lins (cubique et hexagonale) sont paralléles. 
Cette donnée expérimentale est importante 
car elle indique que le mécanisme de la trans- 
formation du nickel dilaté (NikN) cubique en 
nickel hexagonal (NizsN) se fait par des micro- 
glissements sur les plans {111}, semblables a 


A OS 
cD, 


QO G > © BB > oLw > 


OLWe> O10 Se omrea, 


OO > ol Oho lw ae: a 


K 
ST NE 
0001 
: / (W) 
‘MOTDnexe 


CE Caen 


“Re er 
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Fig. 10. Transformation du réseau 
hexagonal par microglissements dans le plan 
(111) direction [112]. 


8 Dans la Fig. 9, on n’a indiqué que les dif- 
fractions les plus importantes et les indices des 
anneaux du Ni3N ont été donnés d’aprés la maille 


hexagonale compacte. 
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ceux qui provoquent la transformation marten- 
sitique du cobalt. C’est-a-dire que chaque 
glissement est produit par le déplacement 
d’une dislocation partielle dans la direction 
[112p”. 

Si ce mécanisme ressemble au mécanisme 
de la transformation martensitique du cobalt, 
les phénoménes qui le régissent sont différents; 
alors que dans le cas du cobalt, le glissement 
est provoqué par les changements de volume 
dus aux chocs thermiques; dans le cas de la 
transformation du nickel dilaté (NisN) en 
(NisN) le glissement semble étre provoqué par 
les tensions internes résultant de la diffusion 
des atomes d’azote dans le réseau cristallin 
du nickel. Ces microglissements qui affectent 
les atomes de nickel ont comme conséquence 
le changement de l’ordre d’empilement des 
plans {111}cunique, en un empilement des plans 
{0001 }nexagonar (Fig. 10). En plus, la diffusion 
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d’atomes d’azote supplémentaires dans le 
réseau du NiN (cubique) provoque un autre 
changement d’empilement: Lesplans {110} euniane 
deviennent aprés la transformation les plans 
{1210} de la variété hexagonale. 

Voyons ce mécanisme plus en détail: 
Considérons d’abord l’arrangement des atomes © 
dans les mailles, initiale du (NiszN) et finale © 
du (NizsN). La maille cubique a faces centrées © 
du Ni:N a en plus de lordre d’empilement — 
ABCABC:-:- des plans {111}, l’ordre d’empile- ~ 
ment aba’ aBap’--- des plans {110} comme 
on le voit sur la Fig. 1l(a). En ne considér- 
ant que les atomes de nickel, les plans 8 et 
8B’ sont les mémes; ils ne se distinguent que 
par la position des atomes d’azote. D’autre 
part, la maille du NisN est hexagonale com- 
pacte et elle a donc l’ordre d’empilement 
ABAB:-- des plans {0001}. Cependant, pour 
bien définir cette maille, il est nécessaire en © 
outre de considérer l’empilement des atomes 
dans le plan (1210). L’ordre est comme suit: 
123, 1/2’3’, 123, 1’2’3’--- et il est indiqué dans 
la Fig. 11(b) en projection plane. Si on con- 
sidére dans cet ordre d’empilement la distri- 
bution relative des atomes, les planes: 1-1’, 
2-2, et 3-3’ sont équivalents; ils se distinguent 
par la position exacte de chaque atome qui se 
déplace parallélement de la distance (7/3 /2)a 


[1010] hexagonal compacte. 


Le mécanisme de la transformation du NiiN 
(cubique) en NisN (hexagonal) peut étre séparé 


Schéma de la trans- 
formations des plans 


Schema de la transformation des 
plans {111} cubique en {0001} hexa- 


gonal {110} cubique en {1210} 
hexagonal. 
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en deux transformations éleméntaires bien 
qu’interdépendantes: microglissements dans 
les plans {111} provoquant la transformation 
du réseau cubique faces centrées en hexagonal 
et ceci en 4 mouvements visibles dans le 
schéma de la Fig. 12(a), et diffusion d’atomes 
d’azote provoquant le changement dans l’ordre 
d’empilement des plans {110}cuvique en 
{1210}nexagonai Visible dans le schéma de la 
Fig. 12(b). 

Pour certains détails il est encore nécessaire 
de considérer les dimensions respectives des 
atomes de nickel et d’azote dans les réseaux 
des deux nitrures. On voit alors qu’un des 
mécanismes probables de la transformation 
a—1 et B—2 serait comme indiqué respective- 
ment dans les Figs. 10 et 13. En outre, les 
transfsrmations 8-3’, B’—2 et B’ >3/ doivent 
étre identiques a la transformation 8-2. 

Suivant ces mécanismes “types” indiqués 
plus haut, les atomes d’azote diffusent seule- 
ment dans le plan (110), mais la diffusion peut 
se produire dans un plan perpendiculaire et 
elle est nécessaire pour réaliser les transfor- 
mations a3, 8B’ -l1’, a—>2’ et B-1’. Par 
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Fig. 13. Mécanisme de transformation du NisN 
(c.f.c) en NisN (hexagonal) par des microglisse- 
ments successifs dans le plan (111) et diffusion 
simultanée d’ azote dans le réseau. 
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exemple, prenons trois plans voisins super- 
posés: 


laaninet 
ae tleg 
pe eae 


La transformation B’—1’ s’effectue si les 
atomes d’azote du plan #’ diffusent vers les 
deux plans @ voisins. Si des atomes d’azote 
supplémentaires sont fournis de 1l’extérieur 
aux plans a, les transformations @a—3 et 
a—2 se produisent a leur tour. Un méca- 
nisme pareil a celui-ci est possible dans le cas 


d’autres plans voisins superposés: 
a—3 
BV 
fi pera, 


Il semble cependant que le mouvement réel 
de l’atome d’azote est encore plus compliqué 
et plus irrégulier que le modéle idéalisé décrit 
plus haut. Ceci est indiqué par le fait que si 
Von fait subir la nitruration a un monocristal 
de nickel, il conserve son orientation mono- 
cristalline seulement jusqu’au stade du NiuN, 
mais au fur et a mesure que la nitruration 
avance vers le Ni3N, l’orientation monocristal- 
line se détruit au profit d’un agrégat poly- 
cristallin. Si le mécanisme idéal que nous 
avons schématisé était le vrai, le monocristal 
devrait se conserver jusqu’au stade final du 
NizsN. Comme l’expérience montre |’inverse, 
cela indique que le mécanisme est plus compliqué 
encore; surtout la diffusion d’atomes d’azote 
dans les plans perpendiculaires aux plans {110} 
doit se faire le long des imperfections de 
structure a l’échelle atomique. A travers ces 
voies des imperfections de structure, les 
atomes d’azote peuvent pénétrer de l’extérieur 
dans la maille directement dans les plans de 
type 8 et @’, et non seulement dans les plans 
de type a comme indiqué dans le schéma. 

En conclusion, le processus de nitruration 
des couches minces de nickel, polycristallines 
et monocristallines, étudié par diffraction 
électronique, montre que la diffusion de l’azote 
dans le nickel conduit, suivant le degré de 
nitruration, a la formation de différents ni- 
trures. D’abord, l’insertion des atomes d’azote 
provoque une dilatation considérable de la 
maille du nickel initial (de @=3.52A a 3.72 A) 
par la formation du NiuN. Ensuite, si la 
nitruration est poursuivie, cette maille c.f.c. 
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dilatée se transforme en une maille hexagonale 
compacte correspondant au NisN. Les struc- 
tures exactes de ces nitrures ont été déter- 
minées et un mécanisme détaillé de la trans- 
formation de la forme cubique dilatée (Ni:N) 
en la forme hexagonale (NisN) a été proposé. 

Ce mécanisme comprend d’une part, le 
changement de l’ordre d’empilement des plans 
{11l}euvique €n un empilement des planes 
{0001 }nexagonai: ce changement se produit par 
des microglissements sur les plans {111} qui 
affectent seulement les atomes de _ nickel. 
D’autre part, la diffusion d’atomes d’azote 
dans le réseau du NisN (cubique) provoquent 
un autre changement d’empilement: les 
{110}cuviqne deviennent aprés la transformation 
les plans {1210} de la variété hexagonale. II 
est trés difficile de savoir lequel de ces deux 
changements se produit le premier, la diffusion 
d’atomes d’azote provoquant le glissement 
qui affecte les atomes de nickel ou le glisse- 
ment des atomes de nickel qui permet ensuite 
la diffusion de l’azote, car expérimentalement 
les deux apparaissent simultanement. 

Ce mécanisme un peu idéalisé ne correspond 
pas tout a fait au mécanisme réel plus com- 
pliqué. De ce fait on doit admettre que la 
diffusion a l’intérieur d’un cristal des atomes 
de petits diamétres, comme celui d’azote qui 
est un atome essentiellement d’insertion, ne 
se fait pas exclusivement par des voies de 
cheminement interstitielles. 
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Linear thermal expansion of CuAu single crystals was measured. When 
a bar-formed specimen was slowly cooled from above the transition 
temperature under compressive stress along its longitudinal direction, it 
was confirmed that the c-axes of the ordered phase were predominantly 


lined up in one of the cubic axes nearest to the stress direction. 


Fur- 


thermore a linear relationship was established to hold between the com- 
pressive stress previously applied and the amount of the dilatometric 


change due to the order-disorder transition. 


However, even when some 


of the crystals were initially annealed free from external stress, the 
tetragonal c-axes were not distributed statistically along the three original 


cubic axes. 


§1. Introduction 

As well known, the copper-gold alloy with 
the equi-atomic composition forms a _ face- 
centered tetragonal ordered phase CuAu I be- 
low 380°C, whereas above this temperature 
an orthorhombic ordered phase CuAu II is 
formed up to 410°C. The lattice constants 
of CuAu I and CuAu II are considerably dif- 
ferent from those of the disordered cubic 
phase existing stably above 410°C, as given 


in Table I. Namely, compared with the dis- 
Table I. Lattice constants of CuAu in 
kX unitD. 
Ordered phase Disardcted 

CuAu I CuAu II* phase 

3.952 3.954 3.865 

b — 39.66 — 

Cc 3.662 3.652 = 


* CuAu II is thought of as formed from CuAu I 
by step shifts which occur at every fifth unit 
cell along its 6-direction. 


ordered cell, the a-direction of CuAu I ex- 
pands by about 2.3%, while the c-direction 
contracts by about 5.3%. Therefore, if the 
ordering treatment for single crystal is per- 
formed under compressive stress along one 
of the cubic axes, the tetragonal c-axis of the 
ordered phase may preferentially be lined up 
in this direction. In order to confirm this ex- 
pectation, we measured linear thermal expan- 


sion of single crystals of CuAu, and found 
the stress-ordering effect on the dilatometric 
change. 


§2. Experimental 


Three single crystals were grown by the 
Tammann-Bridgman method in vacuum. They 
had rod shape of 15~30mm in length and 
2~4mm in diameter. Chemical analysis of 
the alloy showed the composition to be 49.8 
atomic per cent gold. Crystallographical di- 
rections of the rods, along which linear ex- 
pansion was measured, were determined by 
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Fig. 1. Stereographic representation of the cry- 
stallographical directions of three single crystals 
of CuAu. Open circles correspond to the longi- 
tudinal directions. The closed circle represents 
the lateral direction of crystal B, along which 
thermal expansion was measured. 
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X-ray back reflection Laue method in the dis- 
ordered state. The result is shown in Fig. 1. 
Thermal expansion was measured by a simple 
vertical dilatometer, which had also been used 
in the study of the polycrystalline specimens 
of CuAu”. 

Figs. 2 and 3 show thermal expansion curves 
in the longitudinal direction of the crystal A. 
Rates of heating and cooling are about 2 deg/min. 
Before the measurements for each~ curve 
in Fig. 2, the crystal was heat-treated as fol- 
lows: for curve a the crystal was annealed 
for Shr’ at. about 350°C, for Shr at?about 
300°C and then slowly cooled to room tem- 
perature, and for curve c it was quenched 
from 500°C into water. Curve b shows a co- 
oling run from 500°C. These treatments were 


Temperature eG 


Fig. 2. Thermal linear expansion along the lon- 
gitudinal direction of the crystal A. Curves a 
and ¢ correspond to heating of ordered and 
disordered states, respectively. Curve 6 isa 
cooling one. 


carried out without any external stress. It 
should be noted in this figure that the transi- 
tion from order to disorder accompanies the 
linear contraction of about 1.4%. 

On the other hand, when the same initial 
ordering treatment as described above was 
carried out under compression along the longi- 
tudinal direction of this crystal, the disorder- 
ing by reheating accompanied the expansion 
instead of the contraction along this direction, 
as shown in Fig. 3. This figure shows that 
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the expansion increases with the compressive 
stress, and, hence, that the c-axis of the 
ordered phase tends to be parallel with the 
cubic axis, which is nearest to the stress di- 
rection. Similar behaviour was also observed 
on dilatometric measurements of the longi- 
tudinal direction of the crystal B. Thus, the 
expectation described before was confirmed. 


1.2 or 1 
(6) 100 


I 1 4___ 
200 300 500 


Temperature c 
Fig. 3. Thermal linear expansion curves of the 
crystal A on reheating from the states cooled 
slowly under compression. Curves a, 6 and c 
correspond to the compressive stresses 273, 417 
and 522 gr/mm2, respectively. 
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Fig. 4, Longitudinal dilatometric changes due to 
disordering as a function of compressive stress 
applied previously. Open and closed circles cor- 
respond to the crystals A and B, respectively. 
Positive sign of the ordinate means expansion 
on dis-ordering. 
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Moreover, the linear relationship was found 
to hold between the change in thermal expan- 
sion due to disordering by reheating and the 
compressive stress applied during the pre- 
vious ordering process. Fig. 4 gives the re- 
sults for the crystals A and B. 

The linear thermal expansion coefficient 
shows clearly two-step changes at about 400° 
and 420°C corresponding to the transitions 
from CuAu I to CuAu If and from CuAu II 
to disorder, respectively. Fig. 5 gives some 
examples for the crystal A. These curves 
show similar temperature dependence to the 
expansion coefficient curves of the polycry- 
stalline specimens”. 
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Fig. 5. Linear expansion coefficient in the longi- 
tudinal direction of the crystal A. Curves a 
and ¢ correspond to curves @ and ¢ in Fig. 2 
respectively, and curve 6 corresponds to curve 


6 in Fig. 3. 


§ 3. Discussion 


It must be remarked that even when the 
crystals A and B are initially annealed with- 
out external stress, the tetragonal c-axes are 
not distributed statistically along the three 
original cubic axes. Because, if the c-axes 
were equally distributed along the three cubic 
axes, these specimens would have to expand 
on disordering by reheating along the direc- 
tions measured. However, the contraction 
actually took place as seen in Fig. 2, so the 
tetragonal c-axes of the ordered crystal A 
should mostly be located along a cubic axis 
near the lateral direction. Also this was con- 
firmed in the case of the crystal B as follows. 

As shown in Fig. 6, the crystal expands along 
the longitudinal direction, while it contracts 
along the lateral direction on ordering under 
no external stress. The latter direction is 
located closely to the cubic axis as given in 
Fig. 1. Therefore it can be concluded that, 
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for the crystal B as well as the crystal A, 
the tetragonal c-axes line up predominantly 
along the original cubic axis nearly perpendi- 
cular to the grown axis. However, such cir- 
cumstances do not generally hold for all cry- 
stals prepared. In fact, the crystal C annealed 
under no external stress expands along the 
longitudinal direction, which is located near 
that of the crystal B as given in Fig. 1, by 
about 0.86% on the transition from order to 
disorder, just as expected from the statistical 
distribution of the tetragonal axis. 
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Fig. 6. Thermal expansion curves of the crystal 
B on heating and cooling at the rate of about 
2 deg/min. Upper curves (A) correspond to the 
measurement along the longitudinal direction of 
the crystal initially disordered. Lower curves 
(B) correspond to the lateral direction of the 
ordered crystal. 
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In the early stage of ordering in the CuAu 
crystal, it is reasonably expected that the 
ordered nuclei have their axes nearly, not 
precisely, parallel to those of the disordered 
phase, because they form coherently on {110} 
planes of the disordered structure». The 
later stage of ordering is accompanied by the 
formation of twins with the {110} habit 
planes®. Such a twin formation can easily 
be understood on the basis of the minimum 
strain energy, but it makes difficult to inter- 
pret quantitatively the present results. If it 
is simply assumed, however, that the tetrago- 
nal c-axis directs parallel with the three ori- 
ginal cubic axes, the fraction of c-axis distri- 
buted along each of them may be estimated 
from the measurements of dilatometric 
changes along two different directions of the 
crystal. From Fig. 6 for the crystal B, it 
was roughly estimated that the fraction of 
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the ordered region, whose c-axis was assumed 
to direct along the cubic axis closest to the 
longitudinal direction, was only about two 
per cent of the total volume. The reason 
for such highly unequal distribution of the c- 
axis* is not yet clear, but the twin formation 
and such an internal stress as induced in the 
process of crystal growth from the melt may 
play an important role. This is probably sup- 
ported by the present result that the external 
stress applied during the superlattice forma- 


* Evidence for an unequal distribution of the 
tetragonal axes has been found by the X-ray dif- 
fraction study of the ordered alloy CusPd [M. Hira- 
bayashi and S. Ogawa: J. Phys. Soc. Japan 12 
(1957) 259]. 
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tion forces to change the c-axis distribution 
jn the ordered crystal. 
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Selenium Rectifiers with Artificial Layers of Selenides of 
Cadmium, Tin, Bismuth and Lead* 


By Yoshiro MoRIGUCHI 
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Artificial layers of selenides of Cd, Sn, Bi and Pb are made between 
the bulk Se and the counter electrode of selenium rectifiers with the 


method of vacuum evaporation. 


The d.c. and a.c. characteristics of 


these rectifiers [are observed in order to get some informations about 


the actions of the barrier layer in usual selenium rectifiers. 


The results 


suggest that the roles of SnSe layer should never be neglected in the 
rectifying action in selenium rectifiers as well as those of CdSe layer, 
and the selenides of Bi and Pb seem to be undesirable materials. 


Introduction 


Sa 

In selenium rectifiers, it has been well 
known that the selenides of the counter- 
electrode metals exist between the bulk sele- 
nium layer and the counter electrode”, and 
that among the selenides; CdSe layer, which 
has the largest resistivity, should play the 
most important role as the barrier material 
in selenium rectifiers». The direct experi- 
mental substantiations for the role of CdSe 
in the rectifying action are, however, not so 


* 


This work was performed at Kurume Univer- 
sity. 


many at present, and it seems to be desirable 
to investigate directly the roles of the sele- 
nides of cadmium as well as the other counter- 
electrode metals in selenium rectifiers. 


In the present experiment, the selenides of 
some kinds of metals were prepared by the 
method of vacuum fusion, and they were 
evaporated in vacuum to make thin layers 
between the bulk selenium and the counter 
electrode. The d.c. and a.c. characteristics 
of these rectifiers were observed and some 
informations about the rectifying character- 
istics of the selenide layers were obtained. 
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Material Density ey eae pate ee Resistivity einen ces 
ductor (eV) (eV) (2 cm) centers (cm-3) 
GaSe art GS eet te 1.730 | 0.558 ~ 108°) ~ 1013) 
SnSe 6.188 Distorted | |p 0.8") ~10-20) 10171) 
BiSeerore ar) * h 0.28) 0.003 | ~10-28) 10182) 
BiSe Pas Hexagonal n 0.48) ~10-32) 1020s) 
PbSe | 8.10%) Rock salt p Peep] on0-O142) «|te 10-2) 
a | 
Se 4.813) - Hexagonal p 1.7~2.0© | 0.30 105~ 107) 106m) 
i} 


a) N. A. Lange: 

b) E. Dénges: 

c) J. D. H. Donnay and W. Nowacki: 

d) R. H. Bube: Phys. Rev. 98 (1955) 431. 

e) H. Tubota, H. Suzuki and K. Hirakawa: 
Japan Oct. 30, (1956). 


Handbook of Chemistry, Handbook Publishers, Ohio, (1939). 
Z. f. anorg. u. allg. Chem. 265 (1951) 56. 
Crystal Data, The Geological Soc. America, (1954). 


Reported at the branch meeting of the Phys. Soc. of 


Mem. Fac. Sci. Kyusyu Univ. Ser. B, Vol. 1, 


f) Y. Matukura, T. Yamamoto and A. Okazaki: 
No. 3 (1953) 98. 
g) K. Hashimoto: Mem. Fac. Sci. Kyusyu Univ. Ser. B, Vol. 2, No. 4 (1958) 141. 
h) E. Hirahara and M. Murakami: J. Phys. Soc. Japan 9 (1954) 671. 
i) A. F. Gibson: Proc. Phys. Soc. London B65 (1952) 378. 
j) L. M. Nijland: Philips Res. Rep. 9 (1954) 259. 
k) E. Billig: Proc. Phys. Soc. B65 (1952) 216. 
1) H. W. Henkels: J. Appl. Phys. 21 (1950) 725. 
.m) H.W. Henkels: J. Appl. Phys. 22 (1951) 1265. 


§2. Experimental Results 

The selenides used in the present experi- 
ment were made by heating the stoichiometric 
amounts of selenium and each metal in an 
evacuated silica tube.. Their bulk properties 
are listed in Table I. These selenides were 
evaporated on the surface of selenium of a 
commercial selenium rectifier (40 x40mm) 
which had no counter electrode, and then 
upon the surface of the selenide, counter 
electrodes of 1cm? area were sprayed or 
evaporated as shown in Fig. 1. As counter 
electrodes, sprayed ternary alloy of Cd, Sn 
and Bi (melting point 140°C) was mainly 
used, and the evaporated pure metals were 
sometimes used. The thickness of the evapo- 
rated selenide was estimated from the weight 
of selenide evaporated on a glass plate which 
was placed close to the sample during the 
evaporation, assuming the density of the film 


as that of the bulk material which is given 
in Table I, but there may be errors of about 
10% in thickness according to the inaccuracy 
of hoth weighing and the value of density. 
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The construction of the samples. 
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On the selenium rectifiers prepared in the 
above-mentioned manner, the d.c. and a.c. 
measurements were carried out mainly at 
room temperature, and for a few samples at 
liquid air temperature. The a.c. character- 
istics for frequency 1000c/sec were measured 
by a substitution method using a usual a.c. 
bridge, and the impedance of rectifiers were 
analyzed assuming a parallel circuit of resist- 
ance and capacitance. The typical examples 
of d.c. and a.c. characteristics obtained in the 
experiment are shown in Figs. 2~9. 


(1) Rectifiers with CdSe layer 

Some examples of the d.c. characteristics 
of the rectifiers which have the CdSe layers 
of different thickness are shown in Fig. 2. 
As shown in the figure, the resistance of the 
rectifiers in the forward direction, the thre- 
shold voltage which is given by the forward 
characteristics, and the reverse breakdown 
voltage seem to increase with increasing thick- 
ness of CdSe layer. The threshold voltage 
Vo and the bulk resistance Ry obtained from 
the linear part in the forward characteristics 
are listed in Table II which includes the re- 
sistivity of CdSe calculated from the values 
of Rs and the thickness of the CdSe layer d 
using the following equation: 
aS 

eer 

where S is the area of the counter electrode, 
and Rse the resistance of the bulk Se layer. 
It is difficult to estimate the value of Rse 
correctly; here the value of the bulk resist- 
ance in the forward direction of a rectifier, 
which was made on a part of the same recti- 
fier disk without any artificial layer and had 
not been electrically formed at all, were used 
as the value of Rse. The value obtained here 
was about 20Q/cm?. (The bulk resistance 
was determined below the current density of 
3mA/cm? in this experiment. The value of 
the bulk resistance of usual selenium rectifiers 
which is determined for the higher current 
density is far smaller than the value obtained 
here, but the value of the resistance obtained 
at the higher current density seems to be 
uncorrect on account of the temperature rise 
in the barrier.) 

The characteristics of the sample (3~3) at 
liquid air temperature is also shown in Fig. 2. 
As seen in the figure and in Table VII, the 


(Rs—Rse) , C1») 
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values of Vn and Rs increase extremely at 
low temperature, but the peak back voltage 
scarcely changes. 

The a.c. characteristics obtained for the 
same samples are shown in Fig. 6. It is 
obvious from the figure that as the thickness 
of CdSe layer increases, the barrier capaci- 
tance becomes smaller and the bias voltage 
dependency of the capacitance also decrease; 
the behaviours seem to be in favour of the 
Mott barrier. It is also shown in the figure 
that the capacitance and its bias voltage 
dependency at low temperature are far smaller 
than at room temperature. In addition it is 
seen that in some samples which have the 
comparatively large impedance in the forward 
direction, the capacitance decreases as the 
forward bias voltage increases, as has already 
been reported by Strosche®. It was not able 
to confirm whether the effect might be ob- 
served for all samples, because the exact 
measurement of the capacitance in the forward 
direction was difficult on account of the low 
resistance, especially in low impedance sam- 
ples. The effect was already observed for 
usual selenium rectifiers, too”. 


(2) Rectifiers with SnSe layer 

The d.c. characteristics of a few selenium 
rectifiers which have SnSe layers of different 
thickness are shown in Fig. 3. The threshold 
voltage Vp and the spreading resistance Rg 
are far smaller in these rectifiers than in the 
rectifiers with CdSe layers at room tempera- 
ture, and consequently, these rectifiers have 
a fairly good rectifying property, although 
the current in the reverse direction is not so 
small. The threshold voltage Vp and the 
spreading resistance Rs at room temperature 
for all samples are listed in Table III. This 
table shows that the values of Vp and Rs are 
scarcely dependent upon the thickness of SnSe 
layer, and the values of Rs are nearly equal 
to the resistance of the bulk selenium layer 
itself, suggesting that the resistance of SnSe 
layer is negligibly small. It is shown in Fig. 
3 and in Table VII, however, that at low 
temperature the values of both Vp and Rg 
become remarkably large. 

The capacitance-bias voltage relations for 
the same samples are shown in Fig. 7, denot- 
ing that at room temperature, both the capaci- 
tance and its bias voltage dependency are not 
only nearly independent of the thickness of 
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SnSe layer, but also far larger than in the 
case of CdSe layer. At low temperature, 
however, the capacitance as well as its bias 
voltage dependency becomes so small that the 
features resemble those for CdSe layer. In 
addition, the decrease of the capacitance in 


i mA/cm2 
BoB A 


Fig. 2. The d.c. characteristics of typical Se 
rectifiers with CdSe layer. Curves A and B 
are for the samples 3-1 and 3-3, respectively, 
at room temperature, and curve B’ is for the 
sample 3-3 at liquid air temperature. The 
abscissa for curve B’ in the forward direction 
should be read x10 (Thicknesses of CdSe=0.73y 
and 0.50u for samples 3-1 and 3-3, respectively.) 
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Fig. 3. The d.c. characteristics of the typical Se 
rectifiers with SnSe layer. Curves A and B are 
for the samples 10-6 and 14-3, respectively, at 
room temperature, and curve A’ is for the 
sample 10-6 at liquid air temperature. The 
abscissa for the curve A’ in the forward direc- 
tion should be read x10. (Thicknesses of 
SnSe=0.8 and 1.24 for samples 10-6 and 14-3, 


respectively.) 


the forward direction appears at low temper- 
ature, although the effect could not be ob- 
served at room temperature on account of 
the very low impedance. 
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Fig. 4. The d.c. characteristics of the typical Se 


rectifiers with Bi,Se3 and BiSe layers. Curves 
A and A’ are for the sample 13-5 (Bi,Se3) at 
room temperature and at liquid air temperature 
respectively, and curves B and B/’ for the 
sample 5-1 (BiSe) at room and liquid air tem- 
peratures, respectively. The abscissa for the 
curves A’ and B’ in the forward direction 
should be read x10. (Thicknesses of the 
selenides=0.45, and 0.50, for samples 13-5 and 
5-1, respectively.) 
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Fig. 5. The d.c. characteristics of the typical Se 


rectifier with PbSe layer. Curves A and A’ are 
for the sample 13-1 at room and liquid air tem- 
peratures, respectively. The abscissa for the 
curve A’ in the forward direction should be 
read x10. (Thickness of PbSe=1.4y.) 
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The selenide of tin, SnSe is also known to 
exist, but the effects of this material could 
not be measured, because it decomposed when 
evaporated in vacuum. 

(3) Rectifiers with BixSes and BiSe layers 

Both BiSe; and BiSe are known as the 
selenides of bismuth. The crystal structures 
of these two selenides are very similar to 
each other, and it seems to be difficult to 
know which is really existing in usual sele- 
nium rectifiers. 
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Fig. 6. The capacitance-voltage characteristics of 
the Se rectifiers with CdSe layer. Curves A, B 
and Care for the samples 11-6, 3-1 and 3-3, respec- 
tively, at room temperature, and curves B/ and 
C’ are for 3-1 and 3-3, respectively, at liquid 
air temperature. (Thicknesses of CdSe=1.6y, 
0.734 and 0.504 for samples 11-6, 3-1 and 3-3, 
respectively.) 
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Fig. 7. The capacitance-voltage characteristics of 
the Se rectifiers with SnSe layer. Curves A, 
B and C are for the sample 10-6, 14-3 and 14-— 
5, respectively, at room temperature, and curve 
A’ is for the sample 10-6 at liquid air tem- 
perature. (Thicknesses of SnSe=0.8n, 1.2 and 
0.12 for samples 10-6, 14-3 and 14-5 respec- 
tively.) 
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The d.c. characteristics of some rectifiers 
with both BizSe; and BiSe layers are shown 
in Fig. 4. As seen in the figure, both thre- 
shold voltage Vp and spreading resistance Rs 
in this case are smaller than in the case of 
CdSe, but larger than in the case of SnSe, 
and the breakdown voltage in this case is far 
smaller than in the cases of both CdSe and 
SnSe. In this case also, both Vpn and Rs 
increase with decreasing temperature as seen 


Bias voltage 


Fig. 8. The capacitance-voltage characteristics of 
the Se rectifiers with Bi,Se3 and BiSe layers. 
Curves A and A’ are for the sample 13-5 (Biz 
Se3) at room and liquid air temperatures, 
respectively, and curves B and B’ are for the 
sample 5-1 (BiSe) at room and liquid air tem- 
peratures, respectively. (Thicknesses of the 
selenides=0.45, and 0.50. for samples 13-5 and 
5-1, respectively.) 
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Fig. 9. The capacitance-voltage characteristics of 
the Se rectifiers with PbSe layer. Curves A 
and A’ are for the sample 13-1 at room and 
liquid air temperatures, respectively. (Thick- 
nessjof PbSe=1.4, for sample 13-1.) 
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in the figure and in Table VII. 

The a.c. characteristics for these samples 
are shown in Fig. 8. Both capacitance and 
its bias voltage dependency of these samples 
are fairly large at room temperature and be- 
come considerably small at low temperature. 

It should be noted that there is no essential 
difference between Bi:Se; and BiSe. There 
was a noticiable fact, however, that when the 
thin Cd or Sn layer as the counter electrode 
is evaporated upon Bi.Se; or BiSe layer, the 
colour of BixSe; or BiSe layer near the Cd or 
Sn electrode changes into that of CdSe or 
SnSe, respectively, in a few days. From this 
fact, it might be doubtful that BixSe; or BiSe 
layer could keep its purity between the sele- 
nium layer and the counter electrode metal 
even in the rectifiers with artificial Bi:Se3 or 
BiSe layer. 


(4) Rectifiers with PbSe layar 

Though the alloy which was used as the 
counter electrode of the selenium rectifier did 
not contain Pb, the characteristics of the 
rectifiers with PbSe layer were also measured 
in order to compare the results with those 
mentioned above. The results are shown in 
Fig. 5, Fig. 9, Table VI and VII. At room 
temperature, the value of threshold voltage 
Vp is smaller than in the case of CdSe, and 
larger than in the case of SnSe, and the 
spreading resistance Rs, capacitance and its 
bias voltage dependency are nearly the same 
as in the case of SnSe. The breakdown volt- 
age is very small and these samples have 
very poor rectifying characteristics, especially 
at low temperature. 


§3. Discussion 


(1) Case of CdSe layer 

Being an m-type semiconductor, CdSe seems 
to make a barrier layer between selenium and 
CdSe, and another one between CdSe and 
counter electrode metal. As seen in Table I, 
the donor density in CdSe is about the order 
of 10!3/cem? and far smaller than the acceptor 
density in selenium which is about the order 
of 10'*/cm* in usual rectifiers, and the follow- 
ing two cases, therefore, should be considered, 
as pointed out by Strosche’. 

(a) When the donors in CdSe layer are 
sufficiently abundant to make the space charge 
layer near the contact to selenium layer, both 
space charge layers, i.e., a p-” junction be- 
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tween CdSe and selenium, and a Schottky or 
Mott barrier between CdSe and counter elec- 
trode, should effectively act as the rectifying 
layers, and the characteristics of the rectifier 
should be analyzed by the double barrier layer 
theory». The two barrier layers between 
CdSe and selenium, and between CdSe and 
counter electrode are named respectively the 
lst and 2nd barrier layers for simplicity, and 
their diffusion potentials are respectively de- 
noted as Vn. and Vpz. Considering the recti- 
fying direction of this rectifier, the lst barrier 
layer is the main barrier and the 2nd the 
sub-barrier and accordingly, 


Voi > Vo2 . (2) 


The equivalent circuit for this case is ex- 
pressed as in Fig. 10(c) or 10(d), and when 
the bias voltage is applied in the forward 
direction, the sub-barrier layer is subjected 
to a large voltage in the reverse direction as 
in Fig. 10(b). Consequently, if the bias volt- 
age in the forward direction becomes suffici- 
ently large, the sub-barrier layer dies away 
by breakdown, and the main barrier layer 
also disappears on account of the large for- 
ward bias, and the rectifier shows an ohmic 
characteristics for the forward voltage greater 
than a fixed value. This voltage is the so- 
called threshold voltage Vpn, and then the 
threshold voltage Vp is given by the follow- 
ing equation: 

Vo= Voit Var ’ (3) 


where Vox is the breakdown voltage of the 
sub-barrier layer. Considering the values of 
the forbidden gap E« and the impurity level 
AE for selenium and CdSe, the value of Voi 
seems to be about 1 volt at room temperature, 
and then the value of Vp» must be greater 
than 1 volt, even if the value of Voz, and 
accordingly the value of Vez are sufficiently 
small. The observed values of Vo listed in 
Table II are plotted against the thickness of 
CdSe layers in Fig. 11, In the figure, the 
value of Vp increases as the thickness of the 
layer increases, and approaches a constant 
value (about 1.2 volt) as the thickness of the 
layer becomes greater than about 1 micron. 
Although equation (3) implies that the value 
of Vp must be independent of the thickness 
of the layer, the fact that the observed value 
decreases with the decreasing thickness may 
be explained by the following reason: (i) the 
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nonuniformity of the thickness of the CdSe 
layer is relatively great when the layer is 
thin, and the weak point in the barrier layer 
are comperatively numerous, (ii) the ions or 
atoms of tin or bismuth in the counter elec- 
trode metal may diffuse to make the selenides 
of tin or bismuth in the layer of CdSe during 
the forming process of the rectifier and there 
may be some bridge across the barrier layer. 
The explanations seems to be supported by 
the tendency that the apparent resistivity 0 
is smaller in samples with thin layers than 
in those with thick layers as seen in Table II. 
If these assumptions may be accepted, the 
value of Vp for the samples with sufficiently 
thick layer, about 1.2 volt, may correspond 
to the value of Vpn given by equation (8). 
Using this value and assuming the value of 
Vn. to be about 1.0 volt as mentioned above, 
the value of Vez is estimated to be about 0.2 
volt. According to the relation between break- 
down voltage and diffusion potential given by 
Billig?, Veo 0.2 volt corresponds to Vez 0.01 
volt. This relation can also explain qualita- 
tively the great change of the apparent thre- 
shold voltage Vp with temperature. 

In order to consider the a.c. characteristics 
of these samples, the equivalent circuit as 
shown in Fig. 10(d) may be used, and the 
impedances of the 1st and 2nd barrier layers, 
the resistance of CdSe layer between both 
barrier layers, and the capacitance between 
the selenium and the counter electrode are 
denoted as Ai—jBi, A:—jB:, and Cz 


Rr 


R 
| RL Re 
CL 
(c) (d) 
Fig. 10. Barrier model of Se rectifiers with CdSe 
layer. 
(a) Equilibrium state. (b) Bias voltage is ap- 


plied in the forward direction. (c) and (d) are 
the equivalent circuits of this rectifier. 
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respectively. When this circuit is substituted 
by a usual parallel circuit of resistance R and 
capacitance C, the following relations hold: 


R= (Art At RG Et BS hiek.Gae 
Foch brat, ean (Buck Bates 
Rix 
and (6) 
Ca 7 


Here, w is the angular frequency of the ap- 
plied ripple voltage, d the thickness of CdSe 
layer, S the area of the electrode, and o and 
*« are the resistivity and the dielectric con- 
stant of CdSe, respectively. 

Assuming that 


Ai+Az+Rr>BitBr, Cr) 
the relation 
KS 
C+Cr= or (8) 


is obtained from equation (5) and it suggests 
that C is apparently independent of the bias 
voltage and is inversely proportional to the 
thickness of CdSe layer. The observed capaci- 
tance for the sample with thick CdSe layer 
scarcely depends upon the bias voltage as 
seen in Fig. 6. The zero bias capacitance Co 
of all samples are plotted against the thick- 
ness of CdSe layer in Fig. 12, which shows 
that the relation (8) is approximately satisfied. 
From this figure the dielectric constant « is 
obtained to be about 6 according to equation 
(6), and this value does not seem to be an 
unreasonable one, though it is about twice 
the value estimated by applying Landsberg’s 
theory” for some of these samples®). 

The above discussion is based upon the as- 
sumption of the condition (7) which holds for 
A;>B:, or Rr=>Bi, where the suffix 7 ¢@=1 
or 2) refers to the Ist and 2nd barrier layers 
respectively. Taking the equivalent circuits 
of the lst and 2nd barrier layers to be the 
parallel circuits of the resistance and capaci- 
tance as shown in Fig. 10(d), the impedance 
of each barrier is given as follows: 


R; RoC; 


Ao ee li eee 
“lesReaiGe’ 2 1+ Ri2w?C3? 


(9) 
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(i) For Ai>B., equation (9) gives 

RwCi<1. (10) 
Though it is impossible to estimate correctly 
the values of the parameters in equation (10) 
from the present experiment, R; must be 
smaller than 10‘ Ocm? in order to satisfy the 
condition (10), assuming the value C;~0.1F/ 
cm? which does not seem to be unreasonable. 
If the above values for R; and C; are adopted, 
Bi<Ai<10* Ocm?, and from equation (4), R 
must be smaller than 10!Qcm?, while the 
observed values of R are about 104~ 10° Ocm:?. 

Gi) For Ri: Bi, it is required from equa- 
tion (4) and (7) that Rr~R~10t~ 10° Ocm?, 
and using this value and equation (6), the 
resistivity of the CdSe, p, is obtained to be 
about 10!°~10"!Ocm, which is far greater 
than either the resistivity of bulk CdSe (in 
Table I), or the one which is obtained from 
spreading resistance Rs for the same sample 
(in Table II). But it may be possible that 
the resistance of CdSe layer, which exists in 
such a position as shown in Fig. 10 (a), is not 
necessarily equal to that of bulk CdSe on ac- 
count of possible recombination and injection 
of carriers at the boundary between CdSe and 
selenium. 

(b) When the donors in the CdSe layer 
are not sufficiently abundant to compensate 
the space charge in the selenium side, the 
donors in the CdSe layer are all ionized and 
then the layer acts as a Mott barrier. In 
this case, the barrier layer is single and, as 
is well known, the threshold voltage Vo is 
the difference between the work functions of 
selenium and counter electrode metal, and 
does not depend upon the thickness of the 
layer as in the assumption (a). The experi- 
mental dependency of Vp on the thickness of 
the CdSe layer which is seen in Fig. 11 may 
be explained as in the assumption (a). — How- 
ever, the observed value of Vo, if it should 
be the contact potential difference, seems to 
be rather too large, especially at low temper- 
ature. 

The equivalent circuit for the barrier layer 
of this type is given by simple parallel 
circuit of a resistance and a capacitance, and 
consequently, the apparent capacitance does 
not depend upon the bias voltage and is al- 
ways inversely proportional to the thickness 
of the CdSe layer. This situation seems to 
be well satisfied by the experimental results 
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as shown in Figs. 6 and 12. 

Further, the appropriateness of the assump- 
tion (a) and (b) should be considered in other 
ways. When a single barrier exists in a metal 
rectifier, the forward current is expressed as 
follows. 


iy x exp [e(V—72;Rs)/kT] , (11) 
where, e is the electron charge, V the applied 


voltage, k the Boltzmann constant, T the 
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Fig. 11. The variation of the diffusion potential 


of Se rectifiers with thickness of CdSe layer at 
room temperature. 
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Fig. 12. The variation of zero-bias capacitance 
of Se rectifiers with thickness of CdSe layer at 


room temperature. 


absolute temperature. Accordingly, the plot 
of Inis vs. V—i;Rs should produce a straight 
line, and its slope should give a value corre- 
sponding to e/kT which is theoretically about 
37 V-! at room temperature. Such a plot is 
given in Fig. 13 which shows that, though 
the linearity is nearly satisfied, the slope a 
is about a half of the theoretical value as 
seen in Table II. For the explanation for the 
fact that the experimental slope @ is smaller 
than the theoretical one, the double barrier 
theory seems possible to be applied as pointed 
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out by Numata. Further, for the experi- 
mental fact that the capacitance of the recti- 
fier decreases in the forward direction, the 
bouble barrier theory seems also applicable, 
because the reversely biased sub-barrier layer 
should affect the total capacitance. 

Considering the facts mentioned above in 
addition to the fact that the apparent thre- 
shold voltage has a large value at low tem- 
peratures, the assumption (a) seems more 
reasonable than (b), though (a) has some diffi- 
culty concerning the value of the resistance 
of the CdSe layer, Rr. 


mA/cm* 
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Fig. 13. The relation between the forward cur- 
rent and applied voltage in Se rectifiers with 
CdSe layer. Curves A and B are respectively 
for samples 3-1 and 11-6 before electrical 
forming, and curves A’ and B’ are respectively 
for samples 3-1 and 11-6 after electrical forming 
at room temperature. 


(2) Case of SnSe layer 

According to Grimm and Nasledov”, a 
rectifying layer may exist between selenium 
and SnSe when they contact together. This 
layer and the barrier layer which seems to 
exist between SnSe and the counter electrode 
metal should construct a double barrier layer 
as in the case of the CdSe layer. In this 
case, however, the SnSe layer should not form 
a Mott barrier on account of its low resistivity. 

The value of the threshold voltage Vp in 
the case of SnSe seems to be independent of 
the thickness of the layer, and is far smaller 
than that in the case of CdSe as seen in 
Table III. The value of the spreading resist- 
ance Rs is also independent of the thickness 
of the layer and nearly equal to the value of 
the resistance of the selenium layer itself. 

The zero bias capacitance Cy is plotted 
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against the thickness of the layer in Fig. 14, 
and the figure shows that the capacitance 
seems to be also independent of the thickness 
of the layer neglecting the scattering among 
the samples, and the value of Co is far larger 
than in the case of the CdSe. These results 
show that the term wCz; in equation (5) is 
sufficiently small compared with the second 
term and the term Rz is also negligible com- 
pared with the term Ai, being compatible 
with the low resistivity of SnSe. 

The experimental relation between the for- 
ward current and the voltage across the bar- 
rier layer (V—i;Rs) is shown in Fig. 15 which 
shows that the linearity between Inzy and 
V—irRs is very good and the slope of the 
straight line is almost equal to the theoretical 
value 37 V-! for a single barrier layer as seen 
in Table III. This fact seems to mean that 
the rectifier of this construction is typical 
one which is applicable for the usual theory 
of the rectification assuming a single barrier 
layer. 

The experimental relation between the 
capacitance C and the bias voltage V is illu- 
strated in Fig. 16, showing that there is the 
linear relation between 1/C? and the bias 
voltage, that is, the Schottky capacitance re- 
lation’™. It is reasonable to assume that the 
barrier layer is single and the Schottky type. 
Then the density of the impurity centers in 
the barrier layer and the diffusion potential 
are given from~-the straight line in Fig. 16. 
The density of the impurity centers N and 
the diffusion potential Vp’ obtained thereby 
are also given in Table III. The value of the 
density of the impurity centers is in very 
good agreement with that in Table I which 
was obtained for bulk SnSe by the measure- 
ment of the Hall coefficient. However, the 
value of Vy’ is somewhat larger than that of 
Vo. 

From the above-mentioned facts, in the 
rectifier with SnSe layer, SnSe seems to build 
up a single and fairly stable barrier layer 
with either the selenium or the counter elec- 
trode metal at least at room temperature.* 
At low temperature, however, both Vp and 
Rs are greater, and both capacitance and its 
bias voltage dependency are smaller than 


* Grimm and Nasledov®) seem to assume that 
the rectifying contact is the contact between sele- 
nium and SnSe layer. 
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those at room temperature, respectively, as 
in the case of CdSe layer. These facts seem 
to show not only that the bulk resistance of 
the SnSe layer increases with decreasing tem- 
perature, but also that the sub-barrier may 
come out to play a role in the rectification 
on account of the movement of the Fermi 
level resulting from the temperature decrease. 


(3) Case of BixSes and BiSe layer 

As both BixSe; and BiSe are n-type, the 
barrier model and the equivalent circuit of a 
rectifier with the BiSes; or BiSe layer may 
be illustrated in a manner similar to Fig. 10 
for the case of the CdSe layer. As these 
materials have, however, far smaller resis- 
tivity than CdSe, the bulk resistance of the 
BizSez or the BiSe layer, Rz, as well as the 
layer capacitance wCz may be neglected in 
equations (4) and (5) as in the case of the 
SnSe layer. Consequently, the capacitance 
of the rectifier, C, is supposed to be inde- 
pendent of the thickness of the layer, and it 
is experimentally shown in Fig. 17. 

The relation between Inzy and V—i;Rsz is 
linear as seen in Fig. 19, but the slope a@ is 
smaller than the theoretical value. This 
seems to suggest the existence of a double 
barrier layer. But in the region of large re- 
verse bias voltage, the sub-barrier layer should 
disappear and Schottky barrier should be built 
up, so that 1/C? becomes linearly proportional 
to the reverse bias voltage as seen in Fig. 18. 
The density of the impurity center N and 
the diffusion potential Vn’ obtained from this 
figure are listed in Table IV and V. How- 
ever, the densities of the impurity centers 
obtained here are smaller than those of the 
bulk materials listed in Table I. 

At low temperatures, the impedances of 
both the barrier layer and the BiSez; or BiSe 
layer become large, and the second term in 
equation (5) becomes smaller than the first 
term wCz. Consequently, the capacitance 
decreases and tends to be independent of the 
applied voltage so that the characteristic ap- 
proaches that of a Mott barrier, as shown in 
Fig. 8. 

As mentioned in §2 (3), CdSe and SnSe 
may be produced in the layer of the bismuth 
selenide when the counter electrode metal is 
sprayed on the layer, and the selenides of 
cadmium and tin may play an important part 
in the rectifying characteristics of the recti- 


Selenium Rectifiers with Artificial Layers 


161 
uF /cm2 
0.10 
OO8F « 
Co 4 : 

O06 . 

e e 

e 
e 
Q04| 
Q02 
oO 7-1 2 en ee 
0 O05 LO 155 20 25 3u 


Thickness of SnSe layer 


Fig. 14. The variation of zero-bias capacitance 
of Se rectifiers with thickness of SnSe layer at 
room temperature. 
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Fig. 15. The relation between the forward cur- 
rent and applied voltage in Se rectifiers with 
SnSe layer. Curves A and B are respectively 
for the sample 10-5 and 14-5 before electrical 
forming, and curves A’ and B’ are for the same 
samples after electrical forming at room tem- 
perature. 
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Fig. 16. 1/C?-voltage relation of Se rectifiers with 
SnSe Jayer. Curves A and B are respectively 
for the sample 10-6 and 14-1 before electrical 
forming, and curves A’ and B/ are for the 
same sample after forming at room temperature. 
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fier. The facts that there is no essential dif- 
ference between the characteristics of the 
rectifiers with the BixSe; and with the BiSe 
layers, and that the density of the impurity 
centers in the barrier layer does not agree 
with that of bulk materials, may suggest the 
above possibility, but it was impossible to 
ascertain this point in the present experiment. 


(4) Case of PbSe 

PbSe is a p-type semiconductor and its 
resistivity is of the same order with SnSe, 
so the behaviors of the rectifier with the PbSe 
layer may be expected to be similar to those 
with the SnSe layer. This expection seems 
to be well satiefied in the capacitance meas- 
urement as shown in Figs. 17 and 18. But 
the slope a@ obtained from the plot of In7z; vs. 
V—iyRs (Fig. 19) is fairly smaller than the 
theoretical value as shown in Table VI, and 
this may be attributed to the existence of 
the sub-barrier layer. The poor rectification 
shown in Fig. 5 seems to suggest that the 
main barrier layer is not so predominant. 
This fact shows that Pb is an undersirable 
component for the counter electrode alloy in 
the usual selenium rectifier. 


e BiSe 
uF/cm* 9 BiSes 
x PbSe 


O05 1.0 \S u 
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Fig. 17. The variation of zero-bias capacitance 
of Se rectifiers with thickness of BiySe3, BiSe 
and PbSe layers at room temperature. 


(5) Case of usual selenium rectifiers 

If a usual selenium rectifier has the sele- 
nides of cadnium, tin and bismuth between 
the bulk selenium and the counter electrode 
alloy, as mentioned in §1, the characteristics 
of the rectifier must be considered from a 
point of view of “multi-contacts” of these 
selenides and the selenium or the counter 
electrode. Especially, the SnSe layer seems 
to play an important role in the rectification 
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as well as the CdSe layer, and the following 
characteristics in the usual selenium rectifier 
may be explained from the above view-point: 

(i) The value of apparent “ diffusion poten- 
tial” is not always constant but scatters in 
the range from about 0.3 to 0.6 volt. This 
is perhaps because of the fact that the SnSe 
layer (Vn~0.1 volt), BisSes or BiSe layer 
(Vp 0.2 volt) and CdSe layer (Vn ~ 1.2 volt) 
exist together and the fractions of the effec- 
tive area of these selenides are different from 
sample to sample. 


1/C? (wF/cm*F 


=e 15 10 o5 16) O5 sie 
Bias voltage 
Fig. 18. 1/C?-bias voltage relation of Se rectifiers 


with Bi,Se3 (A, A’), BiSe (B, B’) and PbSe (C, 
C’) layers. Lines A, B and C are respectively 
for samples 4-1, 4-2 and 5-3 before electrical 
forming, and A’, B’ and C’ are for the same 
samples after forming at room temperature. 


Forward current. 1+ 


V-iyRe 


Fig. 19. The relation between the forward cur- 
rent and applied voltage in Se rectifiers with 
BizSez; (A, A’), BiSe (B, B’) and PbSe (C, C4) 
layers. Lines A, B and C are respectively for 
the sample 13-6, 13-4 and 13-1 before electrical 
forming, and A’, B’ and C’ are for the same 
samples after electrical forming at room tem- 
perature. 
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(ii) The slope of the line of In iy vs. V— 
izRs is smaller than that expected from the 
single barrier theory and the slope decreases 
as the bias voltage increases. Besides the 
double barrier theory, the “multi-contact ” 
theory’? has also been represented to explain 
this fact. 

Gi) The “diffusion potential” increases!) 
and the capacitance decreases! remarkably 
at low temperature. These may be explained 
by the considerations of the double barrier 
layer as mentioned in (1) and (2) of this sec- 
tion. 

The above considerations suggest that 
though, of course, the f-z junction between 
the CdSe and selenium plays an important 
role in the rectifying characteristics of usual 
selenium rectifiers, the roles of the sub-barrier 
layer which exists between the selenides and 
the counter electrode, and of the other sele- 
nides layers besides CdSe should never be 
neglected. 

Besides, it is expected that the CdSe in 
usual selenium rectifiers has a far smaller 
resistivity than the pure CdSe, some halogen 
being added in the bulk selenium; the differ- 
ence in the resistivity between CdSe and the 
other selenides in usual rectifiers might not 
be so large as in the present experiments. 

Some experiments have already been done 
to increase the breakdown voltage of the 
selenium rectifier by means of making an 
artificial layer between the bulk selenium 
and the counter electrode™. As the used 
materials have high resistances, the high re- 
sistance layer in the rectifier increases the 
forward resistance and decreases the rectifi- 
cation ratio. It is important to discuss what 
conditions are necessary to get a useful arti- 
ficial layer. 

(i) The material should not react with the 
selenium or the counter electrode metal to 
make other compound. This is necessary to 
avoid an aging effect in the rectifier. 

(ii) The material is desirable to make a 
stable and single barrier layer with the sele- 
nium or the counter electrode, without making 
the sub-barrier layer. The effect of the sub- 
barrier layer is to increase the apparent thre- 
shold voltage and make the forword character- 
istics worse as is discussed relating to the 
action of the CdSe layer in (1) of this section. 

(iii) The material should not have high 
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resistivity if it makes a stable barrier layer. 
The layer of an insulator or high resistivity 
material is effective to increase the breakdown 
voltage in the insulator breakdown phenomena. 
The breakdown phenomena in rectifiers are, 
however, essentially different from those in 
the insulator, and it is well known that it is 
the weak points in the barrier layer, patches, 
which have the important meaning in the 
selenium rectifier breakdown phenomena™. 
Considering the above fact, it is rather more 
necessary to make a perfect, patchless barrier 
layer than to make a insulating layer in order 
to increase the breakdown voltage in the 
selenium rectifier. When an insulator or high 
resistivity material is used to make a layer 
thick enough to be patchless, the forward 
resistance of the rectifier increases and the 
rectification ratio becomes worse. 

On the contrary, some material of low 
resistivity may make a stable barrier layer 
with the selenium or the counter electrode, 
and the layer may be thick enough to prevent 
patches and to increase the breakdown voltage 
without increasing the forward resistance of 
the rectifier. The SnSe used in the present 
experiment seems to be an example of such 
a material, though its diffusion potential is 
not so large that the breakdown voltage is 
not satisfactorily large. 

Fig. 11 seems to show that the artificial 
CdSe layer should be thicker than 1 micron 
to make a stable and patchless barrier layer. 
The material which is desirable for making 
the artificial layer should have, therefore, the 
resistivity of smaller than 10‘Qcm in order 
that one could neglect the resistance of the 
layer of 1 micron thickness compared with 
that of the bulk selenium. 

In addition to the three conditions mentioned 
above, it is of course necessary that the 
material should make a high main barrier 
layer with the selenium or the counter elec- 
trode to give a high breakdown voltage, and 
from this view point SnSe is not very good. 
If there are some materials which satisfy the 
above conditions and have diffusion potentials 
of greater than a few tenth volt, they should 
be much available for artificial barrier layers in 
selenium rectifiers. 


Conclusion 


§ 4. 
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Table VII. Comparison of results between room and liquid air temperatures. 
(After electric forming) 
eee | Values at room temperature | Values at liquid air temperature 
Sample |Selenide! ZE&SS Elec- Thre- Is readin wah . yt Thre- i : 
! ig “lof layer trode shold heros Zero bias | shold ee Zero bias 
| @ (#) | voltage | s Pare ees | voltage Rs Papeete 
| | | Va (¥) | (ajeme) (C0 F/M) v5 (Y) | Cajemey | Oo (#F/em?) 
3-1 | CdSe: | 0,73: | Wood. 1.00 | 170 | 0050 4.6 1900 | 0035 
3-3 Ui 0.50 y | 0.80 | 54 . 0094 ome, 700 . 0060 
10-6 | SnSe 0.75 ” 0.10 25 055 Pei 9 3 BHA 0101 
13-5 BiSe | 0.45 y 0.30 50 FOL Oe a ale00 | 560. . 0234 
| | | 
5-1 eres | a Palen 21 0839 || 2.85 | 1500 . 0064 
13-3 » | 0.27 A aerial Os Poel AA LQS67- LP TOO data .0292 
5-3 PbSe | 1.6 ” 0.20. | 21 . 0805 0.68 | 700 . 0069 
13-1 7 AB | tly fd Mess AOGSam |neld 32d 2OTZT | Ninlli0. AB = Wee) 2850 0500 
which have an artificial layer of some sele- References 
nides, were measured to give the following 1) J. Yamaguchi and S. Katayama: J. Phys. Soc. 
results: Japan 5 (1950) 386. 
(1) The CdSe layer plays an important J. Yamaguchi and T. Miyauchi: Electrotech. 


role in a rectifying characteristics of selenium 
rectifiers, but it seems to make a double bar- 
rier layer with the bulk selenium and the 
counter electrode metal. The resistivity of pure 
CdSe is too large to give a good rectification 
ratio, though the CdSe in the usual selenium 
rectifier is expected to have a smaller resistance 
than the pure one, because some halogens 
are usually added in the bulk selenium of 
rectifiers. 

(2) The SnSe layer also seems to play an 
important role‘in usual selenium rectifier, and 
it is of particular interest that the forward 
current voltage characteristic of the rectifier 
with the SnSe layer is in good agreement 
with the single barrier theory. 

(3) The selenides of bismuth and lead 
should be unsuitable as an artificial layer be- 
cause of the low main barrier and the com- 
peratively high sub-barrier. 

(4) Materials with resistivity smaller than 
about 10‘Qcm seems to be preferable to 
materials with high resistivity as artificial 
layers in selenium rectifiers. 
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Studies on (Ba-Pb)(Ti-Zr)O,; System 
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Structural studies on (Ba-Pb)(Ti-Zr)O3 system were performed, and 
the phase diagram of the whole system was determined. In the vicinity 
of BaTiOs, low temperature phases are brought to room temperature by 
adding Pb and Zr. Substituting some amount of Pb by Ba in Pb(Ti-Zr)Os, 
Curie point becomes lower, but the morphotropic boundary between Fa 
and Fg phase shifts only gradually to the Ti side, and may lie nearly at 
the same composition with varying temperature. The axial ratio in Fg 
phase decreases with decreasing Ti concentration, while 90° ~a@ in Fe de- 
creases with increasing Ba and hardly depends on Ti-Zr ratio, 

Some solid solution ceramics along the morphotropic bundary with Ba 
5-20% and Ti 40-50% are excellent for piezoelectric materials, and those 
containing Ba ca. 30% and Ti 5-25% have large dielectric constants and 


low temperature coefficients. 


§1. Introduction 

Many structural studies on the perovskite 
type crystals of A?*B*tO; have been published; 
e.g. BaTiO3, PbZrO; etc. The properties of 
the binary and ternary systems of them have 
been also investigated. Above all, the solid 
solutions consisting of Ba**, Pb** and Ti**, 
Zr‘+ are interesting from both physical and 
technical aspects. The structures of (Ba- 
Pb)TiO3 system have been studied by Shirane 
et al), Pb(Ti-Zr)O3 by Shirane” and Sawagu- 
chi, and (Pb-Ba)ZrO; by Shirane et al”. 
Ferroelectricity of BaTiO; is strengthened by 
adding PbTiO;. PbTiOs is ferroelectric at 
room temperature and transforms into the 
paraelectric phase at 490°C. PbZrO;, on the 
other hand, is antiferroelectric and of ortho- 
rhombic structure at room temperature and 
transforms to cubic structure at 230°C. The 
solid solution system of PbTiO; and PbZrO; 
has been studied in detail by Sawaguchi”. 
The phase diagram and the crystal deforma- 
tion of that system determined by him are 
shown in Fig. l(a) and (b). Aa indicates 
the same antiferroelectric phase as that of 
PbZrO;, and Fg the tetragonal and ferroelectric 
one. Fe is also a ferroelectric phase, but its 
crystal structure belongs to rhombohedral 
class. The phase boundary between Fa and 
Fg is nearly parallel to the temperature axis 
and is called “morphotropic”. The phase 
relation of Ba(Ti-Zr)O; system has been given 
by a few authors. Fig. 2 is the one reported 
by Kell and Hellicar®, which was determined 


by dielectric and elastic measurements. 

From industrial aspects, improvements of 
the electromechanical properties of BaTiO; 
have been desired. The addition of PbTiO; 
to BaTiO; produces a _ better piezoelectric 
ceramics. For instance, Mason® has shown 
that an addition of several mole percent of 
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Pb increases the coercive field and flattens 
the temperature variation of constants. The 
ceramics of Ba(Ti-Zr)O; with proper amount 
of Zr have large value of g, the piezoelectric 
output voltage coefficient, which is shown by 
Kell et al®. The ceramics of Pb(Ti-Zr)O; 
have been shown to be very useful by Jaffe 
and others®. The ceramics with composition 
near the morphotropic transformation show 
large piezoelectricity. (They are named PZT 
in short.) Fig. 3 shows one of their results, 
where k; is the radial electromechanical coupl- 
ing coefficient and € the dielectric constant 
at room temperature. Varying composition, 
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values of k, and € have sharp maxima at 
that boundary. Moreover, the solid solutions 
in the vicinity of the boundary have high 
Curie points (> 300°C) and so their frequency 
constants, dielectric constants and coupling 
coefficients have relatively low temperature 
coefficients. Inspite of these good qualities, 
the sintering technique is difficult on account 
of the volatility of PbO. 

The present author has mainly studied 
following respects: a determination of the 
phase diagram of (Ba-Pb)(Ti-Zr)Os system, 
measurements of anomalous properties of the 
solid solutions with composition near the 
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morphotoropic transformation, an examination 
of the phase relation in the vicinity of BaTiO; 
with small amount of Pb and Zr, and an 
improvement of piezoelectric ceramics PZT, 
Les 

Smolenskii and others® have investigated 
the solid solution BaTiO;-PbZrO3, only a part 
of the present system, but have not reported 
a structural study. In the present paper, 
various properties of the whole system of 
(Ba-Pb)(Ti-Zr)O3 are examined. 


§2. Preparation of Samples 


Proper mole percent of BaCO3, PbO, TiOz 
and ZrO: were mixed and calcined at 1050°- 
1250°C. They were then crushed, pressed 
and sintered at 1250°-1500°C. (Samples con- 
taining larger amount of PbO were fired at 
lower temperatures.) BaCO; and ZrO2 were 
of reagent grade, and PbO was of c.p. grade. 
TiO. was specially prepared by fractional 
distillation of TiCl., and was fairly pure 
(99.57%); impurities contained were Na2O: 
0.07, K;©2 0:07, Fez 0.003, Zr 20.0 as10; 
0.01. The evaporation of PbO during a firing 
process could not be ignored. Accordingly, 
a proper amount of PbO was laid around the 
sample in the crucible, and only inner parts 
of the piled-up discs of the sample were used 
for measurements. The samples fired were 
not chemically analyzed, but their compositions 
were specified by their mixing concentrations 
and were indicated by the amount of Ba and 
Ti in most cases. 


§3. Solid Solutions with Small Concentra- 
tion of Pb and Zr in the Vicinity of 
BaTiO; 

The polymorphic transitions show anomalies, 
as peaks or humps, on the curve of dielectric 
constant vs. temperature. The resonant fre- 
quency vs. temperature curve has clear minima 
or dents at the transition points. In the case 
of BaTiO;, the temperatures at which any 
anomalies appear in the dielectric measure- 
ments are identical with those in the elastic 
one. The ceramics which have been pre-poled 
under the high electric field in the ferroelectric 
range show piezoelectricity and can be used 
for elastic measurement in the self-resonance. 
The phase diagram of Ba(Ti-Zr)O3 system has 
been determined by Kell and Hellicar by such 
dielectric and elastic measurements, as shown 
in Fig. 2, With increasing Pb concentration, 


170 


Curie point is raised, while two lower transi- 
tion points are lowered. On the other hand, 
increasing Zr concentration, the two lower 
transition points are raised; the humps on the 
dielectric constant curve become less clear but 
the indentation on the elastic one are still 
distinguishable. With varying composition, 
these points determined by both dielectric and 
elastic means are plotted in Fig. 4 (a). The 
phase diagram at room temperature is given, 
as shown in Fig. 4 (b). F shows a ferroele- 
ctric phase, and P a paraelectric one (belong- 
ing to the cubic class). Suffix @ indicates the 
tetragonal phase (after Sawaguchi’s notation), 
and 1 and 2 correspond to the lower phases 
of BaTiOs, 7.e. the rhombohedral phase and 
the orthorhombic one, respectively. The 
boundaries which are not determined clearly 
are shown by dotted lines. 
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Fig. 4 (a). Shift of transition points. 
diagram in the vicinity of BaTiOs. 


(b) Phase 


The solid solution ceramics with proper 
amount of Pb and Zr have large dielectric 
constant and piezoelectric coefficient, owing 
to the shift of transition points. Various 
constants vary remarkably with temperature, 
and they seemed to be unpreferable for 
industrial purposes. 


§ 4. Structural Studies of the Solid Solu- 
tions with Less than 50 Percent of Ba 


(a) Dielectric measurement 

In the solid solutions with small Ba concen- 
tration, the dielectric constant vs. temperature 
curve shows a sharp peak at Curie point. 
Increasing Ba concentration, Curie point be- 
comes lower and the peak of the dielectric 
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constant curve changes to a broad maximum, 
as shown in Fig. (a). The temperature cor- 
responding to the maximum of the dielectric 
constant is considered to be Curie point, and 
these points of several solid solutions are 
plotted by dotts in Fig. (b). Some samples 
with small concentration of Ba and Ti near 
PbZrO; show other humps on the dielectric 
constant curve, which correspond to the 
transition from antiferroelectric state to fer- 
roelectric one, according to Shirane and 
Sawaguchi®. The solid solutions Pb(Ti-Zr)O3 
containing small amount of PbTiO; have been 
investigated in detail by Sawaguchi. 
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composition. 


(b) X-ray measurement and phase diagram 
at room temperature 

In obtaining the phase diagram, the bounda- 
ry between Aw and Fa was determened by 
above means; Aa is the antiferroelectric phase 
similar to PbZrO3, and Fa is the ferroelectric 
one of rhombohedral structure appearing in 
Pb(Ti-Zr)O3 and (Pb-Ba)ZrO; systems. 

In the Pb(Ti-Zr)O3 system, the boundary 
between F.z and Fg has been shown to be 
nearly parallel to the temperature axis and 
to be at the composition of Pb(Ti45-Zr55)O3 
by Sawaguchi®. In the present case, that 
boundary could not be determined by the 
dielectric means on account of absence of a 
hump. The powder photographs of several 
samples were taken at room temperature with 
a camera of 57.3 mm in diameter, using CukKa 
radiation. The lattice constants are shown 
in Fig. 6. The solid solutions on the left side 
with larger Ti concentration belong to Fg 
phase, and their tetragonalities become smaller 
with increasing Zr concentration, as shown in 
Fig. 7. These on the right side belong to Fa 
phase. Their rhombohedral angles a’s were 
determined by using a diffractmeter of the 
Rigakudenki Co.; where the back reflection 
side (#?+k?+2P=20, 22, ‘24° and 26)’ was 
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examined (cf. 
Hoshino”), 

In the case of Ba 0, namely Pb(Ti-Zr)O;, 
the boundary is located at the composition of 
Ti 42.5-45. With increasing Ba, the boundary 
shifts gradually to the larger Ti side at room 
temperature. The phase diagram at room 
temperature is thus determined and shown in 
Fig. 8. How the boundary between Fs and 
Fs changes with varying temperature is con- 
sidered in the next paragraph. 
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Fig. 6. Lattice constants (@—after Shirane) 


(c) Elastic measurement and examination of 
the boundary between Fa and Fg 

As the solid solution above the Curie point 
is not piezoelectric, a self-resonance method 
cannot be used for elastic measurement. The 
elastic property of a non-piezoelectric sample 
is determined by observing the resonance of 
the so-called composite-bar consisting of the 
quartz rod (X-cut and Y-long) and the speci- 
men cemented endwise with each other. 

In the case of the composition near BaTiOs, 
a minimum or a dent appears at the tem- 
perature corresponding to a maximum or a 
hump of dielectric constant vs, temperature 
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curve. In the solid solutions with less than 
40% of Ba and 20-55% of Ti, peculiar 
phenomena are observed. A few examples 
of the temperature variations of the resonant- 
frequencies of the composite-bar are shown 
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Fig. 9 (a). Resonant freqency of composite-bar 
(Vertical short line indicates Curie point). (b) 
Phase change in (Ba20-Pb80) (Ti-Zr)O3. 
© Maximum of dielectric constant. 

A. Minimum of resonant-frequency. 
(] X-ray measurement. 
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in Fig. 9 (a), where loose minima appear at 
the temperatures other than Curie points. In 
Fig. 9 (b), a solid curve shows the shift of 
Curie point with composition, and the varia- 
tion of the temperature corresponding to the 
minimum of the resonant-frequency is shown 
by a dotted line. 

An identification of phase of the region 
closed by both curves was performed by the 
powder photographs at temperatures indicated 
by square marks, using a camera with 70 mm 
diameter. Their patterns approach to pseudo- 
cubic ones, and the structures cannot be 
distinctly decided, but any deviation from 
each phase at room temperature is not 
observed. So the boundary between Fa and 
Fg phases may be almost parallel to the 
temperature axis (perpendicular to the com- 
position axis), and is shown by the broken 
line in the figure. Then, that boundary may 
be called “morphotropic” also, by the same 
reasoning as in the case of Pb(Ti-Zr)O3 system. 

Such loose minima observed in the elastic 
measurements do not seem to be related with 
the phase transition, and often appear near 
the morphotropic boundary in the solid solu- 
tions with more than several percent of Ba. 
They may occur as a result of, for instance, 
a gradual temperature variation of elastic 
constant or a coexistence of the decreasing 
factor and increasing one. Thermal expan- 
sions of these specimens are extraordinarilly 
small below Tc and show only a bend at To, 
but any relation between these facts and above 
elastic data is not understood yet. 


§5. Dielectric and Electromechanical Pro- 
perties 

(a) Dielectric properties 

The dielectric constants of the solid solutions 
at room temperature changes systematically 
with composition. Even by using poorly 
sintered samples with 13-24% of porosity, 
the outline of the distribution is seen. Fig. 
10 (a) shows the sections with various Ba 
concentration. Two maxima are found in 
each section; one of them (on the left side) 
is accompanied with the morphotropic trans- 
formation, and with increasing Ba, another 
large peak appears and shifts to the right 
side. The cause of an appearance of the 
latter maximum is not understood. Generally 
speaking, with increasing concentration of Ba, 


(Vol. 14, 


the value of the dielectric constant becomes 
larger and the peak at Curie point goes on 
to a broader one. The dense ceramics with 
composition of Ba 30-35 and Ti 5-25 have 
considerably large dielectric constant, @é.g. 
3000-6000. Fig. 10 (b) shows a few samples 
of their behavior vs. temperature (their poro- 
sity: 3-5%). 

The dielectric hysteresis of the solid solution 
with larger amount of Ti and smaller of Ba 
does not reach a saturation yet by a field of 
40 KV/cm (50c/s) and so the coercive field is 
not determined quantitively. Nonetheless, the 
tendency of the change of the coercive field 
with composition can be seen; the coercive 
field of the solid solution on the upper left 
side of the phase diagram (Fig. 8) is higher 
than that on the lower right side. The die- 
lectric hysteresis of the one with larger than 
20% of Ba and smaller than 50% of Ti seems 
to show a saturation by 40 KV/cm. 
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(b) 

Fig. 10 (a). Dielectric constant at room tempera- 
ture. (b) Temperature variation of dielectric 
constant (dense specimen). (c) Distribution of 
dielectric loss. 


The dielectric loss factor (than 6) of the 
ceramics at room temperature was also ex- 
amined. Fig. 10 (c) shows the distribution 
by several contour-lines. The values of the 
samples containing about 30% of Ba are 
larger than those on the upper left side, but 
they remain as small as 1-2%. 


(b) Electromechanical properties 

As described above, the electromechanical 
coupling of the solid solution ceramics becomes 
stronger with the composition near the mor- 
photropic transformation of Pb(Ti-Zr)O:, as 
reported by Jaffe et al. But, the poling field 
necessary to give a sufficient coupling is very 
high, and the ceramics with large Ti con- 
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centration have the coupling coefficients in- 
creasing with the poling field. 

Substituting Pb by Ba, the situation can be 
improved. Namely, the poling field of even 
30KV/cm brings a sufficient coupling to the 
ceramics. The dense ceramics carefully sin- 
tered can have 40% of h,, the radial elec- 
tromechanical coupling coefficient. Ieligex, salt 
(a) shows a tendency of the distribution of 
ky; where the porosities of the samples are 
12-20%. 

The temperature variations of the frequency 
constant f;-2r (f,: resonant frequency, 2r: 
diameter) and the coupling k, of an example 
are shown in Fig. 11 (b). The variations are 


smaller than those of other piezoelectric 
ceramics. 
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Fig. 11 (a). Distribution of radial electromecha- 


nical coupling coefficient (k,-) (prepoled by 30 
KV/cm). (b) Temperature variation of fre- 
quency constant and k,. 


The internal frictions of these samples are 
of the order of (1.5-3)x10-%, but the values 
for those with smaller loss depend more or 
less on their porosities, and so the distribution 
is hard to understand. Although the value of 
the internal friction is thus less reliable, a 
certain tendency is seen in its ratio to the 
dielectric loss; approximately speaking, the 
ratio becomes smaller in going on to the 
lower right side apart from PbTiO; side. 
This ratio may be considered to give a 
measure of the electromechanical coupling in 
the single crystal”. 


§6. Discussion and Conclusion 


Roth’™ tended to classify perovskite crystals 
of ABOs including the solid solutions by the 
jonic tadii of A*+* and B** ions and the 
polarizability of A** ion. His anticipation 
concerning the present system may be a 
success to some extent, but, for a detailed 
discussion, further knowledges on other solid 
solution systems. ‘especially those containing 
Sn‘* ion) are necessary. Using the present 


datum and others to be studied in future, an 
experimental classification will be possible and 
advance Roth’s consideration. 

In the case of Pb(Ti-Zr)O3 system, the axial 
ratio in Fg phase decreases with increasing 
Zr concentration, and on the contrary, the 
deviation from 90° in Fz. is nearly constant 
with varying composition. Sawaguchi inter- 
preted this fact by the latent meta-stability 
of Fa state in PbTiO; side. With increasing 
Ba content, both c/a—1 and 90°—a@ become smal- 
ler, but above situation is the same in the 
section of constant Ba, and the morphotropic 
boundary does not shift so much to the Ti 
side, as shown in Figs. 7 and 8. Namely, 
the effect of Ba addition is a diminution of 
space for rattering of B‘t ion, which causes 
a lowering of Curie point and a weakening 
of ferroelectricity, and, on the other hand, 
the stabilities of Fz and Fg are decided mainly 
by the concentration ratio of Ti and Zr. 


PbTiO3 PbZrO3 


Fo Ax 


J 


BaZrO3 


Fig. 12. Phase diagram of (Ba-Pb)(Ti-Zr)O3 sys- 
tem. 


Next, the elastic properties will be con- 
sidered. s?”, the elastic compliance coefficient 
for constant polarization, changes by an 
amount at the phase transition and shows an 
ordinary temperature variation in one phase, 
and s¥”, that for constant field, varies in 
correspondence with a change of electrome- 
chanical coupling; then, the elastic constant 
of the ceramics shows a minimum or a dent 
at the transition point. In the case of the 
solid solution near the morphotropic trans- 
formation, however, a loose minimum is seen 
in the curve of the resonant-frequency vs. 
temperature, and notwithstanding, any change 
of phase cannot be clearly found at that 
temperature. This may be considered as 
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described in § 4 (c), but further study will be 
necessary to elucidate these phenomena. 

In the present system, some useful materials 
were found for industrial applications. As 
shown in Fig. 11 (a), those possessing the 
radial coupling 40% by prepoling under the fieldof 
30 KV/cm are obtained in certain compositions. 
These are considered to have better qualities 
than those investigated by Jaffe et al ina few 
respects; lower poling field, easier sintering, 
etc. The solid solutions containing about 30% 
of Ba have higher dielectric constants and 
relatively low dielectric losses. The ceramics 
of (Pb-Ba)ZrOs are often used for dielectric 
materials, but temperature coefficients of their 
dielectric constants are larger. The present 
dielectric ceramics may show some remarkable 
improvements. 
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The Electronic Structure of the M Center 
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The electronic structure of the M center for LiF has been investigated 
by L.C.A.O. approximation, assuming L-shape model by Seitz. In this 
treatment, we have orthogonalized the wave function of the M electron 
to the core state of Li ion, and evaluated the three center integrals more 
accurately than the former paper). The calculated value for the M band 
absorption is 0.078 compared with the experimental value 0.103 in atomic 


unit. Some discussions concerning to the approximation and symmetry 


problem are given. 


§1. Introduction 


In a former paper”, one of us (T.I.) in col- 
laboration with Y. Uemura and Y. Toyozawa 
has investigated the electronic structure of 
the M center in L.C.A.O. approximation. A 
number of criticisms with respect to that paper 
and, in more general sense, to L.C.A.O. method 
applied to the color center problem have been 
given. 

1) The A.O. belonging to the atom A has 
its charge density considerably in the region 
of a neighbouring atom B and therefore is 
not orthogonal to the core function of B®. 

2) To reproduce the real charge distribu- 
tion of a trapped electron faithfully, we should 
take many A.O.s so that there appear so many 
three center integrals». 

3) The energy is obtained as the difference 
of the several large quantities each of which 
is computed only approximately”. 

In the following we will try some improve- 
ments to answer the criticisms (1) and (3). 
We choose the case of LiF because of its 
simplicity. As before, we assume L-shaped 
model for the M center which consists of the 
complex of two adjacent negative ion vacan- 


* Last year Dr. B. S. Gourary informed us kindly 
that the results of our 1st calculations) are doubt- 
ful because the internuclear distances we used were 
wrong. Really we have made a foolish mistake in 
writing the numerical values of lattice constant of 
Lithium and Sodium Chlorides though the actual 
calculations were done using correct values. We 
made an independent calculation and confirmed 
every numerical values were correct within the ac- 
curacy of calculation. (Appendix III) 

We express our thanks to Dr. B. S. Gourary for 
his valuable remarks. 


cies and a positive vacancy. We take the 
rectangular axes x, y and z shown in Fig. 1. 


fH} (4) means the lattice 
vacancy of the 
positive (negative) 

ion. 
© represents the Li 
ion, the A.O. of 
which is taken 
into account on 
L.C.A.O.  treat- 

ment. 


Fig. 1. Seitz’s model for the M center. 


y 
es {f means the lattice 
vacancy of the ne- 
x gative ion. 


Fig. 2. Den model for the M center. 


§2. Calculation of Energy Levels 
The one electron Hamiltonian assumed here 
for the M center electron is, neglecting the 
polarization of the ions, 
= 84+ > Vr— Ro) + U(r—Ra), (1) 


where Vir—R,) (or U(r—R,)) is the potential 
due to the p-th Li (or the g-th F) ion. We 
assign p=0 for the @ ion, p=1, 2,3 and 4 
for the B ions, and 2, (or >) denotes the 


sum over Li ions (or F ions). 
As F ions are more distant from the M 


center, >) U(r—R,) is approximated by 
(F) 

¥ (1/|r—Ra|), hence it has no localized state. 

Ck) 


We approximate V(r—R») by the Hartree po- 
tential for 2s orbital of free Li atom which 
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has the following form” 
Tie Ras ae 4(245.4rpe-8-!70} , 
Dp 
(2) 


We minimize the expectation value of the 
Hamiltonian H with the restriction that the 
corresponding wave function is orthogonal to 
the core (1s) functions which are the eigen 
functions of the same Hamiltonian. The (1s) 
function we have chosen has the analytic 
form ¢i1s=Ne“o" where so is determined to 
minimize the expectation value of H. The 
actual procedure is as follows. 

We neglect the overlap between the (1s) 
states and within the region where the charge 
distribution of the (1s) electron is remarkable 
we regard the potential as constant except 
Vir—R,), i.e. 


where rp=r—Rp. 


(vac) +1 
8,k= E eae a s 
H41s,x ( (440) + d > Rens $18 ,k 
= Ejs,n1s,% ( 3 ) 
au/d represents the Madelung potential, d is 


(vac) 
the lattice constant and 5} denotes the sum 


of the Coulomb terms taken over the absent 
ions. 

Determine / and E(“o0) from the following 
equation 


lees) On 


where BU) =( ds _ ++ Vr—Re) su ) 
(4) 
then we obtain go=2.2, and E(“o)=—1.156 


(a.u.). 

Let us now take our attention to the (lo- 
calizing) site 7, and denote the corresponding 
A.O. by ¢; understanding that 7 represents 
the site as well as its quantum state. 

We define the O.A.O. g; from the A.O. ¢i 
by 


(5) 


where ¢is,x represents the (1s) state localized 
at the k-th ion, 2, means the sum taken 
(ket 


over all Li ions except the 7-th ion. S(@is,x|¢) 
represents the overlap integral between ¢is,« 
and qi. 

The matrix element of H with respect to 
gi and ¢; is given by 


P=Pi-— X S(Gis,elPadrs,n , 
(Et) 
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(g:|H|93) 
=(P TIP) Ss SCrs.e1P)S(Prs, el Ps) Esse, (6) 


where Eis,z is the eigenvalue of ¢1s,x. The 
last term of the equation (6) represents the 
orthogonalization correction. We decompose 
(Wi|H|¢5) into (di|Holfs) and (di|Ailds), where 


+1 
Th= 44 Aiea ede ie 


lr— ra) 


All the matrix elements which have been 
given in reference 1) are these matrix ele- 
ments with respect to Hp here, Hi; is the cor- 
rection for it. 

The wave functions are written as follows: 


(A; state) Y4,=a101:+a20,+a303 


Cy 


A= BS 


Li(k=<7) 


iti Roe 


O2.= 2,0 

D3= 9st Gs,2+9s,3+9s,4 , 

(Bi state) ¥Ys,=8:0,+ 820, 
| O1= 2,0 


! 0;=¢3,0 


D2.=Ps,1+Ps,2—Ps,3—Ps,4 , 
(Bz state) Ya,=710,+72D, 
O1= $y,0 
O2.= Gs,1—Ps,2+Ps,3—Ps,4 5 


where ¢s, ¢z are 2s- and 2fs-orbitals, the suf- 
fices 0, 1, 2, 3 and 4 indicate the position of 


ion to which the given O.A.O. belongs. We 
have only to solve the secular equations 
Det|(Om| H | On)—E(On|On)| ==(() ( 9 ) 


for the above states. 

The approximations to evaluate the three 
center integrals are as follows. In reference 
(1) we put 


~— Pdt= 


[a5 er \ its 


+ 
G LS R 
(10) 


where Rm is the maximum overlapping point 
of ¢ and ;. In this paper, we decompose 


|e 5 Cet/Ir— Rede into two parts, i.e 


the main part and the remainder. The former 
part consists of Coulomb terms due to a few 
neighbouring ions and is evaluated by Coulson- 
Barnett method®. As for the calculation of 
the remainder, we take sum ba (+1/|Rn—Rx|) 


St 


over the remainder ions k’s, For most combina- 
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tions of di and ~;, the sums a (+1/|Rn—Rx’|) 
become zero and in ele cases we put 
I oH (£1/|r—Rx|)pjde as zero. For J > 
(+1/|r—Ri|)oeadc the sum 5 (+1/|Rn—Rx|) 


does not vanish, we apply Coulson-Barnett 
method for the ions for which |Rin—Rx| <7 3 d, 
and for the exterior ions we use the same 
approximation as (10), i.e., 
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For [a5 (EMI Ree vd, where Pp is 


the component of p-type function perpendicular 
to the direction joining @ and # ions, we have 
to take sum only over the absent ions and 
then to reverse sign. 


§ 3. Results of Calculation and Remarks 


The results are given in the Table I. As 
seen from the table, the difference of E(A1) 


\e Se elle bide = SV sill ile Be — (Br) which corresponds to the M absorp- 
w |r—Ri| | Rm— Rx’| tion band, does not depend critically on the 
Table I. 
a) Energy levels (in atomic unit) 
E(Ai) E(B) E(B2) E(A}) — E(By) 
approximation I* —0.443 — 0.3865 —0.043 0.0565 
II** ~—0.191 — 0.1255 — 0.050 0.0655 
I]T*** —0.150 —0.072 0.0035 0.078 
(Results by Gourary and Luke4)) 
C. I. expansion — 0.197 —0.153 —0.099 0.044 
C. S. expansion — (0.267 —0.174 —0.097 0.093 
observed 0.103 
b) Coefficient of L.C.A.O. 
ay a ag By Bs 71 V2 
approximation I 1 0F535 0233 1 —0.82 1 0.04 
II 1 0.60 0.02 1 0.125 iu 0.20 
Ii 1 0.675 0.03 Ht OE W/ 1 0.35 
(Results by Gourary and Luke) 
#4 OC, TI, expansion 1 0.532 1 1 
(0.56) (0.56) (0.44) (0.35) 


RK 


approximation according to reference (1). 


approximation according to the present paper for evaluation of three center integrals, but neglect- 


ing the orthogonalization correction and the Hj term (7). 


approximation according to the present paper with orthogonalization including the Hj, term. 


The values in the parentheses denote the decay constant. 
is 0.65. 


The corresponding value for our A.O. 


Table II. 
: | ; experimental® theoretical 
oscillator strength (far) | 0.08 0.19 
width of spin resonance <o y?>!/2 | 102 (gauss) ep 


1 2 
3 | (Ax) — E(B;)| 


where f= 


? 


0 2 
oe On) 


(on 


for E(A,)— (Bi), we take the 


value of M band absorption wave length. <o>/? means the root mean square of 


the spin resonance line. 
(D is 0.01. 


f value calculated by the wave function in approximation 
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approximations. Presumably this is caused 
by cancellation of errors common for upper 
and lower states. However, for the calcula- 
tion of the oscillator strength, the approxi- 
mation (I) gives a poor result inconseque nce 
of the lack of the above-mentioned reason. 
To compare our results with experimental 
facts, we calculate oscillator strength f and 
hyperfine coupling constant a, using the wave 
function in approximation IJ. The results 
are plausible as shown in Table II. 

The hyperfine interaction with a@ ion pre- 
dominates over that with 8 ion, so that we 
should expect theoretically the resolved quar- 
tet which contradicts the experimental fact. 
For this point we would remark that we 
have neglected the interaction with F ion 
which has a possibility of broadening each 
component of the quartet to a broad line. 

Lately, Gourary and Luke” have applied 
their “point ion lattice” method to the M 
center. Our results of approximation II re- 
semble those of their “C.J. expansion” or- 
thogonalized to the central ion core state, and 
it is not unreasonable because of their paral- 
lelism between both treatments. Although 
their C.S. expansion with strict point ion lat- 
tice model gives the good results for the ab- 
sorption wave length, their results seem to 
be somewhat fortuitous because there remains 
some arbitrariness for the artificial selection 
of the wave function to avoid the rapid chan- 
ge near the nucleus. 

Our treatment for the orthogonalization is, 
of course, not satisfactory, for we have used 
the one electron Hamiltonian in Hartree’s 
sence, hence, neglected the exchange energy, 
(we are rather to use here the effective po- 
tential which reproduces the free atom spec- 
trum which arises from the transition of the 
valence electron alone), and we have neglected 
the core state of the F ion. In spite of these 
facts, we believe that the estimation and 
check of the effect of the orthogonalization 
for L.C.A.O. approximation as done here is 
worthdoing’ 
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Appendix I. The Model of M Center 


Recently, Kuwabara and Misu®? have sug: 
gested that the symmetry of the M center is 
Dor, instead of Co based on the assumption 
that the second and the third excited states 
are nearly degenerate. However, as the fol- 
lowing estimation shows such degeneracy can 
not be expected if we consider the effect of 
crystalline field. A possible model which has 
De» symmetry is a pair of two negative vacan- 
cies trapping an electron which is responsible 
for E.S.R. The one electron Hamiltonian of the 
M electron for this model is given by H= 
—i4— ey Vion@)+ Vpoi + Verys. “If “we as- 

(vacancy) 
sume the polarization field (Vpo1) to be equal 
for the second and third excited states, and 
neglect Verys (field from perfect crystal), both 
states are degenerate. Then we can estimate 
the splitting of levels taking the difference 
of the expectation values of Verys with respect 
to ¢s, and ¢s,. Using the point ion lattice 
approximation and the simple p-type wave 
functions (Wpz= Nxe~""/4 and dpy= Nye-""/%) set 
at the origin, we obtain (%py| VeryslPoy) =0 and 
(Doel Verys|P2)= Verys. The order of magni- 
tude for Verys is estimated as about leV. 
We subtract the expectation value of the term 
—(4/2)— 3% Vion?) from the total energy 
Roce) 

values for B, state of L-shape model which 
have been calculated by Gourary®. Such 
values are —Verys=0.8eV (uw=1.25) and 1.5 
eV (u=1.5) for LiF. The corresponding value 
for KCl is —Verys=1.leV (u=1.5). There- 
fore it seems rather difficult to conclude from 
Kuwabara and Misu’s experiment that the MW 
center has Dz, symmetry. Does there remain 
any possibility that M center has Co sym- 
metry from the same experiment ? To answer 
this question, we calculate the energy of the 
second A; state by approximation III which 
gives Ey, =0.022 (a.u.) while Ez,=0.003s(a.u.). 
The difference is rather small. Thus the pos- 
sibility of the accidental degeneracy of these 
state is not completely excluded. 


1959) 
Don, 
Aj S ground 
By 12 Ist excited 
Bz 125 2nd w 
B3 


Appendix II. The Ionic Potential 


As mentioned in §3 we are rather to use 
the effective potential which reproduces the 
spectrum of the free atom. Such a potential 
for Li is given nummerically in a paper by 
Kohn and Rostoker® and we approximate this 
by the following analytic form: 


Vin= = 4 (243.4n)e-3-47) (11) 


Using this V(7) and carrying out similar pro- 
cedure as mentioned above we obtain the 
value of (@s0|H|@s0)/(@sol@so) which are sum- 
marized in the following table. 


ee eee) | using approximation II 


(¥¢s0|H|¢s0)/(¢s0]¢s0) approximation III with 


= — 0.094 (a.u.) Hartree potential (2) 
(¢s0|H|¢s0)/(Ys0|¢s0) approximation Wt with 
=~ 95 (a.u.) effective potential (11) 


As seen from the table the dependence of 
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the results on Vion is rather insensitive. 


Appendix ITI. 


By 
A,— By, 


Lif 


LiCl 


Results of Calculation 
Using the Approximation I 


Energy Levels (in approximation I) (in 


eV). 


NaF 


NaCl 


= 22.05 
= Ono 
a INS ILS 

1.54 


—4.84 
—2.76 
—1.45 

2.08 


cata) a7AS) 


— 12798 
== 1hset5) 
2.31 


=9.07 
—3.84 
—1.44 

1.73 


Experiment 


POTS 


1.90 2.43 1.72 
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We invented the owide-cored cathode. It is a fine platinum wire 
having an oxide-core. A thin platinum rod is bored along the axis, the 
empty core made by boring is filled with oxide powder and then the 
rod is drawn through a series of dies, forming a wire. For example, 
the diameter of the wire is 0.3mm and that of the core 0.03mm. The 
wire is cut into short pieces and when heated, the cross-section of the 
piece becomes an electron source. 

The oxide-cored cathode was tested in conventional electron micro- 
scopes and was found to emit electrons from the cross-section of the 
core only and that generally, it is more durable than pure tungsten 


cathode. 


Introduction 


§1. 

Since Yamaguti” used oxide-coated cathode 
in his electron diffraction experiment, the use 
of oxide-cathode has become a common tech- 
nique of electron diffraction in Japan. After 
1950, it was also used in electron microscopy 
and was adopted for commercial electron 
microscopes”). 

The oxide-coated platinum cathode never 
burns out because of its low running tempera- 
ture and yet it gives an electron source as 
bright as that of pure tungsten. Moreover, 
when a small area is activated, the electron 
source can be made small. By using such an 
electron source, Honjo” obtained high resolu- 
tion electron diffraction patterns with an old 
style diffraction camera and Sakaki and 
Mollenstedt® increased the resolving power of 
the velocity analyzer. The defect of oxide- 
cathode is its instability, particulartly when 
the activated area is small. The electron 
emission gradually decays after a coating, 
following which a recoating is required every 
two hours, more or less, according to running 
conditions. 

A few years ago, one of the authors (R.U.)» 
invented a new type of oxide-cathode, the 
oxide-cored cathode, in which the above 
mentioned defect is almost entirely eliminated. 
The aim of the present paper is to describe 
the method used to prepare the new type 


cathode and to give some experimental results 
obtained from its use. 


* now at Sony Co. Ltd. 


§2. Method of Preparation 


The oxide-cored cathode is prepared as fol- 
lows: A thin rod of platinum is bored along 
the axis not quite through, resulting in a center 
core with one end open and one end closed. 
The core is filled with strontium-barium 
carbonate which is especially prepared for 
oxide-cathode**. The carbonate is decompos- 


ed to oxide by heating in a vacuum at about > 
Then the — 


950°C for approximately one hour. 
platinum rod is drawn through a series of 
dies, forming a wire. 


must be closed when the rod is taken out of 
the vacuum. 

The oxide-cored wire is cut into short 
lengths. Both ends are closed with knippers. 
If the ends are left open, the oxide absorbs 
water vapor, increases in volume and is ex- 
truded from the core. On that event, the 
oxide spreads over the tip, making the 
electron source large. One piece of oxide- 
cored wire is spot-welded to a heater-wire, as 
illustrated in Fig. 1, and the tip is cut off 
before it is used as an electron emitter. After 
the tip is cut, it is desirable to have it kept 
in vacuum. However, the tip is not affected 
within about one hour except when the 
atmosphere is unusually humid. 

The thickness of the core is from 20u¢ to 
1004¢. For example, the original platinum 
rod is 2mm¢ with a core of 0.6mm¢. When 


** Material furnished by Prof. S. Sasaki of the 
Kyoto University. 


180 


To prevent contami- | 
nation of the oxide, the open end of the core > 


| 
, 
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the rod is drawn finally through a die of 
0.3mm¢, a core of 90u¢ is obtained. For a 
core thinner than 60u¢, it is convenient to 
carry out the drawing in two stages. For 
example, the first rod is 1.8mm¢@ with a core 
of 0.7mm¢. When it is drawn through a 
die of 0.5mm¢, the core becomes 0.2 mm¢. 
A core a little thicker than 0.5mm¢ is bored 
in the second rod the outer diameter of 
which is also 1.8mm¢. The wire drawn from 
the first rod is inserted into the core of the 
second rod. Then the second rod is drawn 
through a die of 0.3mm¢. Thus a core of 
3546 is obtained. 


(d) 


(c) 
Oxide-cored cathode. 
Schematic illustration. : 
Both ends of the cored piece closed. 
One end cut. 

Pasted with alumina. 


(b) 

1G, Als 

(a) 
(b) 
(c) 
(d) 


The oxide-cored wire can also be made of 
nickel. Since, however, the drawing is much 
easier for platinum than for nickel, we used 
platinum in most cases. According to our 
experience, a core of about 60u4¢ is most 
suitable for usual purposes of electron micro- 
scopy and electron diffraction. The outer 
diameter of the cored wire was, in most 
cases, 0.3mm¢. For the heater-wire, we 
tried platinum and tungsten. The former was 
used in most cases. To improve the heating 
effect, cored piece and the heater-wire were 
often covered with alumina paste (Fig. 1 d). 
We found that the effect of the paste was 
not remarkable. 


§ 3. Experiment I 


The arrangement used in the first experi- 
ment is schematically illustrated in Fig. 2. 
This is a Miiller type electron microscope of 
very low magnification. The image of the 
emitting tip is observed on the fluorescent 
screen. 

Electron emission. Early in the experiment 
complicated patterns appeared on the screen. 


: They were caused by oxide contamination of 


| 
Oxide-Cored Cathode 


| 
| 


ist? 
the cathode tip through careless cutting. 
When the cathode tip was carefully cut, a 
single spot appeared on the screen. Search- 
ing for the meaning of the spot, the follow- 
in'z experiment was tried. After confirming 
th presence of a single spot, the cathode 
was taken out of the vacuum. Using a bino- 
cular microscope, we put a tiny spot of oxide 
beside the cross-section of the core (Fig. 2b). 


Fig. 2. 


Illustrating the arrangement of 
experiment I. 


This caused the appearance of a second spot 
beside the first one. Judging by the size of 
the two spots and the distance between, we 
proceeded on the inference that the first spot 
corresponds to the cross-section of the core. 
If the oxide were spread over the tip and 
formed an electron source much larger than 
the cross-section, the second spot would be 
superposed on the first. Even when the oxide 
is |spread on the tip,” the oxide layer is 


| 
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quickly removed in vacua which, in the pre- 
sent experiment, are 10-*-10-4 mmHg. 

Work function When the temperature of 
cathode was raised the spot on the screen 
grew brighter; but the size of the spot did 
not increase markedly. This indicates that 
the electron emitting area is almost the same 
independent of the temperature. 

The temperature of the cathode was niea- 
sured by an _ optical 
varied between 1,100-1,600°K. Then the vork 
function of the oxide-core was determined and 
it usually turned out to be between 1.5-2.5eV. 
Sometimes, however, it was as low as 1.2eV, 
the value in high vacuum”, and sometimes 
more than 3.0eV. Results were not repro- 
ducible probably because partial pressures of 
gases and vapors in vacua could not be con- 
trolled. The current density was calculated 
by dividing total current J by the area of 
cross-section of the core. At 1,300°K it was 
usually between 0.1-1.0 A/em?. This is the 
same as the current density for pure tungsten. 
between 2,400-2,600°K. Usually the work: 
function increases gradually and accordingly 
the current density decreases with time. In 
the present experiment we often found a thin 
yellowish layer deposited over the cross- 
section of the core. This layer is one of the 
causes of cathode deterioration. The origin 
of the layer may be the oil vapor coming 
from the diffusion pump or other residual 
vapors in the vacuum. 


§4. Experiment II 


The arrangement of the second experiment 
is illustrated in Fig. 3. This is an old style 
electron microscope, the electron lenses of 
which were not used. The electron gw is of 
a telefocal type. The oxide-cored czithode 
was set in the gun. To study the electron 
beam from a large electron emitter, some- 
times the whole tip of the cored cathode was 
coated with oxide, referred to in this s2ction 
as oxide-coated cathode. For comparison, the 
usual tungsten hair-pin cathode was also used. 

Electron beam from the electron gun. To 
study the electron beam from the gun, the 
aperture discs at the anode and at the specimen 
position were taken out (Fig. 3). ‘Thus 
the whole electron beam fell on the screen. 
Since the usual fluorescent screen was too 
bright, we used a glass plate coated with 

| 


\ 


- | 
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| 
gold. Patterns observed on the screen were 


remarkably different for different electron 
emitters, each varying with Wehnelt voltage | 
Vw. Therefore, for each electron emitter we 


took a series of photographs with varying | 


Wehnelt voltage. Series for oxide-cored, | 


oxide-coated and tungsten hair-pin cathode 


Farady cage 
Necteae (rernovabie) 


Screen 


Fig. 3. Illustrating the arrangement of 
experiment II. 


are reproduced in Figs. 4, 5 and 6, respectively. | 
To make the exposure time adequate, these | 
photographs were taken at cathode tem- | 
peratures much lower than those for practice | 
in electron microscopy. The pattern on the } 
screen changed slightly with the variation of | 
the temperature. We confirmed, however, | 
that there is no qualitative change such as | 
the apparence and disapparence of the ring | 
pattern (Fig. 5). 

For the tungsten hair-pin cathode, there | 
are the ring pattern indicating a hollow 
electron beam and the cross-section of a} 
caustic surface. This series is essentially | 
the same as that observed by Steigerwald®*. | 
Also for oxide-coated cathode, the ring pat- | 
tern is observed. The complexity of the pat- | 
tern may be due to the heterogeneous electron || 
emission at the tip. For the oxide-cored | 


* In “Abb. 6” of Steigerwald’s paper, the ring |) 
and the caustic both contract to a spot at the same 
Wehnelt voltage. This is a merit of his electron | 
gun. 
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cathode, it is remarkable that the electron beam 
is always thin showing no ring pattern. At 
Wehnelt voltage Vw=—60 volt, the spot is 
the smallest and it is the image of the cross- 
section of the oxide-core. This was confirmed 
by directly observing the shape of the 
cross-section by a light microscope. It was 
also confirmed as follows. 

Using a razor blade, a thin line was marked 


Oxide-Cored Cathode 


Oxide-cored cathode. 


Oxide-coated cathode. 


Fig. 6. Tungsten hair-pin cathode. cut-off=—200 volt. 
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—190. 


"120 ~ 150 


cut-off= —230 volt. 


t 


on the face of a cored piece and then the 
oxide was placed on the line. With this 
cathode, the image of the core and the line 
appeared distinctly at a certain Wehnelt 
voltage (Fig. 7). The image of the very tip 
of the cathode may be formed in the same 
way for the tungsten hair-pin and the oxide- 
coated cathode. However, the image is not 
recognizable because electrons emitted from 


184 


the area surrounding the very tip are not 
focussed simultaneously. 

By this experiment we were able to re- 
confirm one of the results of the previous 
experiment, i.e. electrons are emitted only from 
the cross-section of the core. It is also note- 
worthy that this experiment is useful in a 
study of the focussing action of Wehnelt 
cylinder, although this problem is not treated 
in this paper. 

Current density and total current In order 
to study the current density on the specimen 
plane as well as the total electron current 
from the gun, a small aperture of about 0.1 
mm@¢ was placed on the specimen table of 
the electron microscope and the current 7 
through the aperture was measured through 
a Farady cylinder (Fig. 3). Current density 
j is given by z/s, where s is the area of the 
aperture. The position of the aperture was 
always adjusted by the specimen shifting 
mechanism of the electron microscope, so 
that 2 took the maximum value. In the fol- 
lowing description, 7 and 7 both refer to the 
maximum values. For each electron emitter, 
measured values of J and j were plotted 
against Vw. Figs. 8, 9 and 10 give the plots 
for the oxide-cored, exide-coated and tungsten 
hair-pin cathode, respectively. It is remark- 
able that the result depends very much on 
the kind of electron emitter even when the 
same Wehnelt cylinder is used. 


i) 


Oxide-cored cathode with a knife mark. 


-—140 ~—210 —280 


Fig. 7. 


For oxide-cored cathode, a sharp maximum 
of j appears at a certain value of Vw. This 
maximum corresponds to the focussed image 
of the cross-section of the core. Total current 
I is almost constant except near the cut- 
off voltage. This implies that almost all 
electrons emitted from the cross-section of 
the core depart from the electron gun. 

For oxide-coated cathode, no _ distinct 
maximum of 7 appears because no distinct 
image is formed. Total current J increases 
rapidly with the decreases of (—Vw). This 
implies that the electron emitting area is limited 
by the action of the Wehnelt cylinder. Total 
current J is increased when the area is en- 
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larged with the decrease of (—Vw). It is 
event that j—V. and J—V. diagrams de- 
pend not only on the design of Wehnelt 
cylinder but also on the size and shape of the 
electron emitter. We can say that Fig. 8 
and Fig. 9 are an example of a small area 
and that of a large area electron emitter, 
respectively. The small area electron emitter 
gives a high current density with a small 
total current. 


Amp|/cm) Diameter of core = Z0R> 
o7 Acc. voltage=SOKV 
h=0.Omm 
Ho5 T=1070°C 
O5 
045 
O35 
02} 
o}| 
(HAC =100 “200 Vw) 
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40 
30 
20 
10 
(9) 100 -200 (-Vw) 
Fig. 8. Oxide-cored cathode. 
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Acc.voltage =50kV 
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30 
20 
10 
) =100 =200_ (-vw) 
Fig. 9. Oxide-coated cathode. 
(Amp /e m3) 
0.008." 
0.004 
i| 0.003 
00g . 
22) ae 
+60 (HA)O -100 = ; 
100 rackeneien 
90 Diameter of tungsten wire =120K 
80 Acc. voltage = 50kV 


h= 0.0mm 


70 
Too 
50 
40 
30 
20 


10 
© =100 200 yw 


Fig. 10. Tungsten hair-pin cathode*. 
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For tungsten hair-pin cathode, two maxima 
of 7 appear.* The maximum near the cut- 
off appears when the ring of the hollow beam 
contracts to a spot and that at a lower value 
of (—Vw) corresponds to the focussed image 
of the very tip of the hair-pin. Total current 
I increases rapidly with the decrease of 
(— Vw). 

Durability of oxide-cored cathode In the 
course of the experiment, we often took the 
cathode out of the vacuum and inspected the 
tip under a light microscope. Usually, the 
thin yellow layer, as described in Sec. 3, was 
found when the emission had decreased. 
Sometimes, however, the oxide evaporated 
gradually from the surface, resulting in a 
shallow hollow. Even under such a condition 
electrons were emitted not only from the 
boundary but from the whole cross-section of 
the hollow. In a few cases, we found that 
the core about 3mm in length was perfectly 
hollow when the emission stopped. 

It is most difficult to compare the durability 
of cathodes, because any comparison must 
be carried out under the same vacuum con- 
dition and at the same emission current density 
on the surface of emitters. In as much as 
we could not make a comparison under fixed 
conditions, we must infer the durability from 
our experience. We carried out a series of 
experiments with five tungsten hair-pin 
cathodes of 0.12 mm¢ and more than ten oxide- 
cored cathodes of core diameter 30-60 u¢. 
During the experiments, the vacuum condi- 
tion and the current density on the specimen 
surface (not on the emitter surface) were 
nearly the same. Tungsten cathode usually 
burned out after 10 hours while oxide-cored 
cathodes were still usable even after 30 hours. 
Thus we may say that the oxide-cored 
cathode is more durable than the tungsten 
cathode. 


§5. Discussions 

There are known to have been only a few 
trials for making electron sources smaller 
than 100y¢. One is Hibi’s ‘“‘ pointed 
filament’’. He used a very sharp tungsten 

* Data were taken at a temperature far lower 
than for the practice in electron microscopy. Other- 
wise, total current I becomes too large at low 
values of (~— Vw). 
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needle with a tip having the radius of curva- 
ture less than 5 microns. When the needle 
is heated, electrons are emitted not only from 
the conical side as well. Therefore, Wehnelt 
cylinder must have the area limiting action 
to make the effective electron source small. 
If the Wehnelt cylinder be appropriate, the 
“pointed filament ’’ would give the smallest 
electron source. 

Another trial was made by von Ardenne®. 
He covered a small crystal of lantern boride 
with a molybdenum sheet having a small 
hole in it. The crystal emits electrons through 
the hole. Although recent developments of 
his work are unknown, it would seem difficult 
to make electron sources smaller than 30u¢ 
by his method. 

Cored cathode is not only possible for oxide 
but also for any good electron emitter. We 
have already tried tantal-cored tungsten 
cathode and are going to try lantern boride- 
cored molybdenum cathode which, when com- 
pleted, may give small electron emitter more 
stable and more durable than oxide-cored 
cathode. 
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Thin iron films formed by evaporation were carburized in CO gas 
stream. The carbides ¢, x and @ were found to be formed in the tem- 
perature ranges (i) below 250°C, (ii) from 250° to 350°C and (iii) above 
350°C, respectively. The é-carbide is hexagonal with lattice constants 
a=4.767A and c=4.354A, and its structure belongs to the space group 
P6322, iron atoms occupying 6g positions with the parameter x=1/3 and 


carbon atoms 2d positions. 


Irreversible phase transitions from € to x 


and from xy to @ take place at 380°~400°C and at about 550°C, respec- 


tively. 
very small. 


By the transitions changes in the chemical compositions may be 
Observation on the crystal growth suggests that a mechanism 


of the é-carbide formation is different from that of the y- and @- 


carbide formations. 


Introduction 


§ 1. 

It has been reported that there exist four 
kinds of iron carbides: the €&-, x-, 9@- and 
cubic carbides. The 0@-carbide (cementite) is 
the best known iron carbide of the chemical 
composition FezsC and of the orthorhombic 
structure.1-» The y-carbide (Hagg carbide 
or percarbide) was found by Hage”, Jack”, 
and Hofer, Cohn and Peebles. It gives a 
complex X-ray powder pattern resembling 
that of the @-carbide and according to Jack 
the structure is probably either orthorhombic 
or hexagonal. The €&-carbide was found by 
Hofer, Cohn and Peebles® and gives a X-ray 
powder pattern due to a c.p.h. structure. 
From the electron diffraction study, Pinsker® 
proposed the existence of a cubic carbide of 
lattice constant ad=3.875A. Its chemical 
composition was considered to be Fe:C. Dit- 
ferent chemical compositions have been given 
to the €- and y-carbides: according to Cohn 
and Hofer®, the chemical compositions of the 
€- and x-carbides are equal to each other and 
correspond to Fez24C, while, according to 
Jack, the chemical composition of the y- 
carbide is FezoCy (Fez,2C)» and that of the &- 
carbide varies in a range from FeC to 
F e3C%, 

Trillat and Oketani!™ studied by the electron 
diffraction thin evaporated iron films carburiz- 
ed by CO and CO+H: gases and produced 
the y- and @-carbides but failed. in producing 
the €-carbide. The present author studied 


the iron carbides by the same method and 
some of the results have been reported’. 
The present paper describes the results of 


their formation, crystal structure, decomposi- | 


tion and phase transition in detail. 


§2. Experimental Method 


The method of preparation of the iron 


carbides was similar to that of the nickel | 
carbide reported in the previous paper (Part | 
Evaporated iron films of | 
thickness 200~300A were carburized in CO | 
gas stream. Two kinds of iron films were | 
polycrystalline films without 
preferred orientation (P.C. films) and films | 
with single crystalline orientation (S.C. films). | 
The P.C films were prepared by evaporating | 
iron on cleavage faces of single crystal of | 


I of this series). 


used, namely, 


rock-salt kept at room temperature and the 


S.C. films by evaporating on the faces kept | 


at about 500°C. Photo. 1 (a) reproduces an 
electron diffraction pattern of a P.C. film, 
showing the Debye rings due to the a-iron 
(b.c.c.). The half-breadth of the rings cor- 
responds to a mean particle size of 50A. The 
temperature of the cementation ranged from 
140°C to 500°C and the time of the treatment, 
from 1 to 6 hrs.. When the temperature was 
lower than about 350°C, the iron films were 
not carburized but oxidized to Fe3Qu., as re- 
vorted by Trillat and Oketani.1 
found, however, that when the specimen 
films were covered by fine iron powder, pre- 
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pared by reduction of iron oxide powder 
in hydrogen stream at about 400°C for seve- 
ral hours, they were carburized without oxi- 
dation even below 350°C. At temperatures 
above 400°C this procedure was rather un- 
favourable because it accelerated the deposi- 
tion of amorphous carbon on the specimen 
film. 

The phase transition and decomposition of 
the iron carbides in vacuum were studied in 
two ways: (i) the carbide films were heated 
in a vacuum furnace for 2 min.~16 hrs., and 
(ii) they were heated in an electron diffrac- 
tion camera at the rate of temperature rise 
2°~A4°C per min. and changes of the diffrac- 
tion pattern were continuously observed. The 
temperature of the specimen film was mea- 
sured by a thermo-couple placed as near as 
possible to the film. The accuracy of the 
thermo-couple indication is considered to be 
several degrees’. In both the treatments no 
oxidation of the carbide films took place. 


§3. Formation of Iron Carbides 


The P.C. films were carburized compara- 
tively easily: the cementation for several 
hours converted the iron films completely to 
the carbide ones. The carburized products 
which gave electron diffraction patterns .as 
reproduced in Photo. 1 (b), (c) and (d) were 
obtained in the temperature ranges shown in 
Fig. 1 (a), i.e. (i) below 250°C, (11) 250° ~350°C 


(b) 

Fig. 1. Temperature range of the carbide forma- 
tion (a) from P.C. films and (b) from S. C. 
films. The hatch indicates the region where two 
kinds of the carbides were produced. 


and (iii) above 350°C, respectively. As shown 
later these products were identified with the 
&-, y- and @-carbides. When the iron films 
were carburized at temperatures above BH0°C: 
a pattern due to amorphous carbon superpos- 
ed on the carbide pattern. Above 400°C the 
diffraction patterns were sometimes composed 
only of the amorphous carbon. No product 
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which can be identified with the cubic carbide 
was found throughout this work. 

Formation of the carbides from the S.C. 
films was more difficult than from the P.C. 
films. Fig. 1(b) shows the temperature 
ranges of the carbide formation from the S.C. 
films. The &-carbide could not be produced 
even after a prolonged treatment for 20 hrs., 
the heat treatment below 250°C only resulting 
in oxidation of the iron films. Above 250°C, 
however, the %- and @-carbides with certain 
epitaxial relations to the @-iron could be form- 
ed. The diffraction patterns of the y-carbide 
were accompanied often by reflections due to 
Fe;0, (Photo. 2). 

Surface of the iron powder which was used 
to prevent the specimen films from being oxi- 
dized during the cementation was also examin- 
ed. It was found that below 350°C the sur- 
face of the powder was oxidized to FesO. and 
above 400°C it was covered by the amorphous 
carbon. 


1. €&-carbide 

Photo. 1 (b) is an electron diffraction pat- 
tern of the carbide produced by the cementa- 
em Bis BOX wee Gin, Ia Aa i ius 
spacings and intensities are tabulated. The 
reflections are classified in two groups: M- 
and s-reflections. The JM-reflections are 
strong and can be indexed by a c.p.h. struc- 
ture having lattice constants 

Qn=2.752A,. Cn= 4.3534 
and 
Cn/Qn= 1.576, 

which are different only slightly from the 
X-ray data of the &-carbide due to Hofer et 
al. (dn=2.749 kX, cn=4.340 kX, cn/arn=1.579). 
The mean particle size was estimated to be 
55& from the half-breadth of the Debye 
rings. It is worth-while to mention the fact 
that this particle size is not appreciably dif- 
ferent from that of the original a-iron. The 
s-reflections are very weak and broad. All 
the reflections can be indexed by a new hexa- 
gonal lattice of constants 


a=V 3 ar=4.7674, C=Cn=4.354A 


and 

c/a=0.913.. 
The axial ratio cn/ad, was measured in electron 
diffraction patterns at various temperatures and 
the’ result was plotted in Fig. 2. The plots 
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Table I. Diffraction data of &-carbide 
Electron Diffraction X-ray Diffraction* 
No Classifi- hkil dovs(A) | dea(A) | Tops | Tear hk-l dovs( A) Int. 
cation 
1 8 1010 | 4.0~4.4| 4.129 | vw,br 4 — — — 
2 8 1011 2.8~3.2 2.996 | vw,br 6 — — — 
3 M 1120 2.388 2.384 15 14 10.0 2.38 w 
4 M 0002 N72 PAT? 18 17 00.2 2.16 m 
5 M 1121 2.084 2.091 87 79 10.0 2.08 vs 
6 8 2020 — 2.064 — — — _ 
Yi 8 1012 a 1.926 — _ —_ = 
8 8 2021 — 1.864 = 4 = — -- 
9 M 1122 1.607 1.607 13 10 10.2 1.60 m 
10 8 2130 = 1.560 — 0.6 -- — a 
slg! 8 2022 = 1.498 — 0.3 — — — 
12 8 2131 = 1.491 — 3 — — = 
13 M 3030 1.378 1.376 10 10 11.0 1.37, m 
14 8 1013 — 1.369 = 0.7 -- — a 
15 8 2132 = 1.268 — 0.3 — _ — 
16 M 1123 1.234 1.240 9 6 10.3 1.24 m 
17 M 2240 — 1.192 — 0.6 20.0 = — 
18 8 2023 = 1.187 — 0.3 — — — 
19 M 3032 1.161 LAGS is 8 Lee Bat: a 
20 M 2241 1.149 4 20.1 J 
21 8 3140 =a: 1.145 — 0.1 — — — 
22 8 3141 = 1.107 _ 0.3 — — = 
23 M 0004 a= 1.089 — 0.4 00.4 — = 


* See Reference No. 6. 


against the temperature ¢ can be fitted by a 
straight line 


Ce GeV SIO 17-107), 
The temperature coefficient is remarkably 
larger than that of NisC (=6x10-°). Details 
of the structure of the €-carbide will be dis- 
cussed in § 4. 


2. yx-carbide 
Photo. 1 (c) reproduces an electron diffrac- 
Swan 
1590 
1.580 
° 
1.570 
O 100 200 300 #400 
tale) 


Fig. 2. Thermal change of the axial ratio e/a, 
of e-carbide. 


tion pattern of the carbide produced by car- 
burizing a.P.C. film at’300°C. for 3 hrs. and 
Photo. 2, that of the carbide produced by 
carburizing .a ‘S:Cr film” at. 260°C. for 6 hres 
In Table II observed spacings and visual in- 
tensities of the Debye rings are tabulated. 
Most of them agree very well with the X- 
ray data of the y-carbide due to Jack. How- 
ever, many additional reflections which could 
not be observed in his pattern were found. 
From the X-ray powder pattern Jack men- 
tioned that the unit-cell of the y-carbide was 
probably either orthorhombic with lattice con- 
stants a@=9.04;kX, b=W3a=15.663kX and 
c=7.92: kX or hexagonal with lattice constants 
a’ =2a=18.08kX and c’=c=7.92: kX, but 
these reflections could not be indexed by his 
unit-cell, suggesting that his unit-cell is not 
correct. 


3. 6-carbide 
Photo. 1 (d) reproduces an electron diffrac- 
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tion pattern of the carbide formed by car- sities are tabulated and compared with the 
burizing a P.C. film at 350°C for 3 hrs.. In X-ray data of the §@-carbide™. They agree 
Table III observed spacings and visual in‘<en- very well. The structure is orthorhombic 


Table II. Diffraction data of y-carbide. 


Electron Diffraction | X-ray Diffraction Electron Diffraction | X-ray Diffraction 
No aA) | Int. d(A) Int. No. d(A) Int. d(A) Int. 
1 5.37 up| te | eee 44 ES a 1.340 vw 
2 5.05 wt Ba A. 45 1.322 w 1.320 w 
& LDS w — — 46 = — 1.280 vw 
4 3.98 vw = -—— 47 05 vw E2T2 vw 
5 3.34 w, br 3.305 vvw 48 1.250 8 
6 3.25 w ag @ 49 ee % 1.241 w 
7 } 2.90 | nee 2.917 vow 50 == —_ 1.224 vw 
8 2.857 vew 51 1.216 s, br 1.215 vs 
9 263 vw 2637 Ww 52 1.204 vw 1.206 ™m 
10 2.499 m 2.494 nr 53 — — 1.195 vow 
11 2.413 m 2AM: ne 54 = = 1.188 vuw 
12 2.38 vw — = 55 _ — 1.183 vvw 
13 2.275 wr 2.276 m 56 x4 = 1.174 m 
14 } 2.199 s 57 1.162 vw 1.169 m 
15 2205 } gs" 2. 182 nv 58 1.158 wt 1.160 8 
16 i 2.100 m Za Ww 59 — — 1.148 w 
17 Ol) } 2.095 wy 60 1.139 w 1.143 m 
18 2.071 vs 2.072 vs 61 1.126 w 1.128 vs 
19 2.033 8 2.041 uvs 62 , 1.116 m 
20 } 2.016 : 2.019 w 63 } un 4 1.112 m 
21 } 2.003 mn 64 == 2 1.105 vow 
22 = = 1.985 w 65 1.086 w - = 
23 1.976 8 1.976 m 66 1.063 vw = _ 
24 1.918 m 1.915 m 67 1.042 w, br = a 
25 = — 1.904 ae 68 1.022 vw — ba 
26 1.815 . 1.816 ™m 69 1.003 vw ad — 
27 1.810 3 70 0.982 w =— Es 
28 = is 1.781 vvw 7h 0.971 w = — 
29 1.765 w 1.767 m 72 0.938 vw — = 
30 1.725 w 1.725 w 73 0.926 vw = = 
31 1.674 wr 1.682 w 74 0.912 w = = 
32 1.658 w 1.656 ow 75 0.904 vw eB. = 
33 = = 1.636 pow 76 0.887 vw, br zs as! 
34 1.626 w 1.624 A 77 0.868 w, br i. = 
35 1.571 8 1.578 on 78 0.840 w os =. 
36 1529: i| yA VUW 79 0.823 VW c= = 
37 1.514 ie 1.514 ‘hs 80 0.805 ow ee on 
38 1.450 1.498 vVw 81 0.785 vw — ae 
39 = vw a Asy/ VV 82 0.774 vw — = 
40 1.430 1.429 vUw 83 0.759 vw — iv 
Al a = 1.397 vvw 
42 e315 ae 1.377 ™ 
43 } 1.336 |! 1.342 m 


be & 
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Table III. Diffraction data of @-carbide. 


No. hkl) dovs( A) Cea(A)? Toos Tea1*? 
1 (001) 6.948 6.925 8 aE 
2 (010) 5.086 5.077 = 
3 (100) 4.543 4.518 vw a 
4 (011) 4.055 4.052 ww aes 
5 101 3.771 3.750 w 60 
6 110 ee 3.374 Bs 40 
7 002 3.364 68 
8 111 3.015 3.017 w 68 
9 (012) 2.810 3.803 w i 
10 (102) 2.685 2.697 w = 
11 020 2.543 2.538 w 110 
12 112 2.382 1800 
13 021 } ae 21315 sy 1900 
14 200 2.258 2,258 8 1600 
15 (003) me. 2.242 vw = 
16 120 2.212 2.213 m 1400 
17 (201) 2.144 | 2.140 vw = 
18 121 2.106 2.105 m 3800 
19 210 2.063 2.063 8 3800 
20 (013) _ 2.051 = ub 
21 022 2.031 21.026 m 3500 
22 103 2.015 21.008 vs 6300 
23 211 1.977 1.972 8 3700 
24 202 1.873 86 
25 113 gee 1.867 2400 
26 122 1.851 1.849 s 4200 
27 212 1.758 1.758 m 1500 
28 (030) — 1.693 = _ 
29 220 1.687 16 
30 004 1.685 1.682 a 430 
31 023 1.680 1100 
32 (031) 1.641 1.641 vw x 
33 221 1.639 1.336 m 670 
34 (014) } 1.596 = 
35 (208) Pe 1.591 ae nn 
36 130 1.583 1.685 w 1600 
37 (104) fom 1.576 poe a 
38 123 1.575 58 
39 131 1.544 1.542 w 350 
40 213 } 1.518 37 
Al (032) 1.514 1.512 Vw pes 
42 2022 1.508 950 
43 (300) 1.508 1.505 m Ay 
44 114 1.505 240 
45 301 1.463 1.469 vow 12 
46 310 1.447 1.443 vow 6 
47 132 1.437 1, 433 vow 48 
48 311 1.410 1,412 w 
49 024 1.400 1,402 w 510 
50 (302) = 1375 = == 
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hkl) 


dovs( A ) 


dea( A)» Tops 
51 230 — 1.354 vuw 28 
52 (033) — 1.351 vow —- 
53 204 1.349 70 
54 223 1.348 1.348 w 200 
55 (005) 1.345 = 
56 124 1.339 1.339 w 350 
57 231 ee 1.327 - rs 
58 312 1.326 6200 
59 214 } paige 1.303 | ie 0 
60 320 1.301 11 
61 (015) as 1.300 es = 
62 133 1.290 1.294 w fl 
63 105 1.283 1.289 vow 300 
64 321 \ 12711 27a rn 0 
65 040 1.269 15 
66 232 1.256 1.256 ow 550 
67 303 1.250 12 
68 115 1.249 1.250 w 390 
69 041 1.247 6 
70 140 ies 1.222 w 3200 
71 313 \ 1.212 1/218 | - 4000 
72 322 1.208 22 
73 141 1.201 1.203 vow 580 
74 (034) 1.193 = 
75 294 inte 1.191 he 280 
76 025 1.189 1900 
77 042 1.188 
78 215 1.167 1.164 vw 3500 
79 233 1.157 1.159 m 4800 
80 (205) Bo 1.156 a - 
81 134 1.153 190 
82 125 1.150 1.150 m 540 
83 142 1.149 170 
84 400 1.129 750 
85 330 ae 1.125 } f 4600 
86 (304) 1.121 = 
87 323 | 1.121 1.121 m 0 
88 006 | 1.121 | 2800 
89 (401) - 1.113 = = 
90 331 } ais 1.109 \ “ a 
91 240 1.106 
92 043 | = 1.105 ~ oe 
93 410 1.102 
94 314 1.095 | 2000 
95 (016) 1.095 1.095 vw 0 
96 241 1.092 = 
97 (106) 1.087 1.088 vw 0 
98 411 1.082 1.087 VOW 1800 
99 143 he 1.073 | sas 64 
100 402 1.070 16 


A - 7 “i : } 
DY (hkl) is the forbidden reflection. 2) Calculated from the lattice constants a=4.5155A, b=5.0773A, 


c=6.7265A (25°C) due to W. Hume-Rothery et al.13), 3) See reference No. 2 (X-ray data). 
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with lattice constants 
a=4.516 A, b=5.077A and c=6.727A. 


In the pattern many forbidden reflections are 
observed, but they may be considered to be 
due to the multiple reflection of electrons. 
Photo. 3 reproduces an electron diffraction 
pattern of the 0-carbide formed from a S.C. film 


Photo. 1. Electron diffraction patterns of 

(a) a-iron film evaporated in vacuum, 

(b) e-carbide film produced by the cementation 
at) 2302@ tor 6 hrs, 

(c) y-carbide film produced by the cementation 
at 260°C for 6 hrs, and 

(d) 6-carbide film produced by the cementation 
at 350°C for 3 hrs. Indices in brackets 
correspond to the forbidden reflections. 


Photo. 2. Electron diffraction pattern of a S.C. 
film carburized at 260°C for 6 hrs., showing an 
epitaxial growth of y-carbide with respect to 
a-iron. Spots and rings due to Fe3O, (indicated 
by arrows) are also observed. 
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after the cementation at 500°C for 1 hr.. The 
carbide grows on the film of a-iron with a 
definite epitaxial relation: it is either 


(121)o//(110), [111]e//[001]., 
or 
(111)9//(001)a, [211]o//[010]«. 
Trillat and Oketani represented the epitaxial 


relation by relations (111)o//(001)a and (121)e// 
(110)e'. But this representation is not con- 
sistent, because an angle between (111) plane 
and (121)e is 87°39’, while (001)4 and (110)s 
are perpendicular. 


Photo. 3. Electron diffraction pattern of a S.C. 
film carburized at 500°C for 1 hr, showing an 
epitaxial growth of @-carbide with respect to 
a-iron. 


Temp (°C) 


(0) 


Photo. 4. A series of electron diffraction patterns 
showing the phase transition from e-carbide to 
y-carbide and from y-carbide to 0@-carbide, 


: 
| 
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§4. Crystal Structure of &-carbide 


The feature of the electron diffraction pat- 
tern of the &-carbide mentioned in $3.1 re- 
sembles that of the nickel carbide described 
in the previous paper (Part P® & To) Pe The 
strong WM-reflections, which can be indexed 
by the c.p.h. lattice, suggest ac.p.h. arrange- 
ment of iron atoms similar to the case of 
the nickel carbide. The s-reflections are con- 
sidered to be due to a regular arrangement 
of carbon atoms among the octahedral inter- 
stices of iron atoms. The systematic absence 
of the s-reflections of &-carbide, however, is 
different from that of nickel carbide, result- 
ing in the ‘ hexagonal lattice’ instead of the 
“rhombohedral lattice’ of the nickel carbide. 
The most appropriate interpretation of the 
observed pattern of the €-carbide is given by 
assuming the space group P6322 and the ato- 
mic positions: 


Beratoms:. 162m a0. Ore0) LO ye x10! 
Ree 2) athe (a Vyeh eo Li 
with x=1/3, 
Cratoms: — 2a) A/Sy 2/39 3/42 °2/3, 1/3) 1/4, 


(or 2c; Y/3.-1/3.-3/4; 1/3, 2/3, 1/4). 


In Table I calculated intensities are compared 
with the observed intensities. The observed 
intensities were obtained by photometry us- 
ing Karle and Karle’s method. Both values are 


normalized at the (3030) ring. They coincide 
fairly well*. The basal plane projection of 
the structure is illustrated in Fig. 3. Here, 
iron atoms (A, B) take the c.p.h. arrange- 
ment and carbon atoms (Cz, C3) occupy one- 
third of the octahedral interstices of the iron 
atoms. In the lattice the carbon atoms also 
form ac.p.h. stacking order. The stacking 
order of atomic planes along c-axis can be 
represented by a formula, (Cz)A(Cs)B(C2)---. 
The structure is different from that of the 
nickel carbide, (C:)A(C2)B(Cs3)A(Ci)B(C2)A(Cs) 
B(Ci)---, only in respect of the stacking order 
of the carbon layers. 

The half-breadth of M-reflections, Bu, was 


* For the particle size of 55A and the wave- 
length of 0. 06A (40 keV) the primary extinction coef- 
ficient f (=I/|F'|2, where J is the intensity and F’ the 
structure amplitude)!) is calculated to be 0.97 for 
the (0002) reflection which has the largest struc- 
ture amplitude. Therefore, the effect need not be 
taken into consideration. 
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1.1107 for all the observed rings and that 
of s-reflections, 8s, was about 3x10-3: Bs is 
about three times as large as Bu. This fact 
suggests that there exists a kind of disorder 
in the carbon lattice. In case of the nickel 
carbide the s-reflections elongated only along 
c*-axis in the reciprocal lattice and this was 
considered to be due to a kind of one-dimen- 
sional stacking disorder of the carbon layers.!© 


Fig. 3. Basal plane projection of the structure 
of e-carbide. Iron atoms are indicated by A 
and B, and carbon atoms by Cy and C3. The 
position C; are unoccupied. ‘The dashed lines 
indicate the unit-cell due to Hofer et al.. Height 
offatoms Arn O.6 Bi gl/2 a Cos 3/4 Cem (Cre 
1/4 or 3/4). 


In case of the €-carbide, however, no appre- 
ciable difference was found between the half- 


breadths of (1011) and (1010) rings, suggest- 
ing that the disorder takes place not only in 
the stacking order of the carbon layers but 
also in the carbon layers themselves. Thus, 
a domain of an &-carbide crystal with respect 
to the arrangement of iron atoms is consider- 
ed to be composed of a number of secondary 
domains with respect to the arrangement of 
carbon atoms. The domain sizes estimated 
from the half-breadths Bw and fs are about 
55A and 20A, respectively. 

In the above we have discussed the struc- 
ture by assuming that the chemical composi- 
tion of the €-carbide is FesC. According to 
Jack, however, the composition varies in the 
range from Fe;C to Fes:C without any consi- 
derable structural difference. If so, ‘extra’ 
carbon atoms should occupy the positions (Cy) 
in Fig. 2. 

The epitaxial relation between the &-carbide 
and a-iron could not be determined, since the 
&-carbide was not formed from the S.C. films. 
But it is very likely that the epitaxial rela- 
tion found in case of the transformation from 
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b.c.c. into c.p.h. of Ti, Zr, Li etc. holds also 
in the present case: that is 


(00.1)2//(101)%, [11.0]-//[111]e, 


were the c.p.h. index is used for the &- 


carbide. 


Phase Transition of Iron Carbides 


§ 5. 

All kinds of iron carbide films kept in a 
desiccator more than a year showed no ap- 
preciable change of their electron diffraction 
patterns, indicating that they are very stable 
at room temperature. The diffraction pattern 
of €-carbide films kept at 350°C in vacuum 
for 30 min. showed no appreciable change but 
it changed to the pattern of the y-carbide when 
kept at 400°C for several min.. The pattern 
of the y-carbide did not show any change by 
heating at 450°C for 30 min. but it changed 
to the pattern of the 9-carbide when kept at 
550°C for 2 min.. When a 6-carbide film was 
heated at 600°C, iron rings appeared in the 
electron diffraction pattern after 10 min.. 
After heating for 16 hrs. at temperatures 
above 600°C the diffraction pattern was com- 
posed of rings due to the 6-carbide, the a- 
iron and the graphitic carbon. The pattern 
of the 6-carbide became very spotty by the 
heating, showing that a considerable crystal 
growth had taken place. 

The changes in the electron diffraction pat- 
tern of the €-carbide by heating were observ- 
ed continuously using the high temperature 
electron diffraction camera. A series of the 
diffraction patterns is reproduced in Photo. 4. 
No appreciable change was observed up to 
370°C but at 383°C new rings began to ap- 
pear, their intensities increasing with tem- 
perature at the cost of those of the €-carbide 
rings. Finally, the pattern changed to that 
of the y-carbide at 403°C. The pattern of 
the y-carbide changed at 549°C to become 
that of the 6-carbide. Thus, we can see 
that the €-carbide transforms to the y-carbide 
at 380°~400°C and the %-carbide transforms 
to the @-carbide at about 550°C. The trans- 
formations are irreversible. It is worth men- 
tioning that the &-carbide did not show any 
appreciable crystal growth by the heating, 
while the y- and @-carbides showed crystal 
growth. 

By the above phase transitions we could 
never find in our electron diffraction patterns 
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any indication of precipitation of carbon, | 


which should appear if the chemical composi- 


tions of the &-, y- and @-carbides are as much | 
different from each other as have been re- — 


ported. This suggests that the change in the 
composition by the transitions is, 
very small. 
can be estimated as follows. Let us put the 
chemical composition of the &- or x-carbide 


to Fezs-2C and that of the 0@-carbide to FesC, | 
and compare the intensity of the (0002)c ring ! 
of the graphite with that of the (101)¢ ring © 


of the 0-carbide on the assumption that the 
decomposition Fes_-,C-FesC+C took place by 
the phase transitions. The scattering angle 
of the (0002)c ring is near to that of the 
(101)e ring and the former ring is strongest 
among the graphite rings, while the latter 
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if anya 
A possible amount of the change | 


ring is weakest among the lower order rings © 


of the @-carbide, though this could be clear- 
ly observed in our electron diffraction patterns 
(see Photo. 1 (d)). In general, the integrated 
intensity per unit length of a Debye ring is 
given by 


v 


iS Cae HE 

ae Sill s2 
where p is the peak intensity, 8 the half- 
breadth, J) the intensity of incident electron, 
A the wave-length, L the camera length, 7 
the multiplicity factor, s=2sin 0/4 (@: Bragg 
angle), F the structure amplitude, v the unit- 
cell volume and 4V total volume of the sam- 
ple irradiated by the electron beam. Calcula- 
tion shows that 


av 


= = A -1 
Pco=pcBo=l Sn L ZO Om Alcs 


for the (0002)co ring of graphite and 


A =3 
7 4.8x10-34V¢ 


Po=PeBse=o 

Si. 
for the (101) ring of the @-carbide. The par- 
ticle size of the precipitated carbon is usually 
so small that the half-breadth of its Debye 
ring may amount to ten times as broad as 
that of the @-carbide (cf. Part I, Photo 7 &8 
of NisC). In our electron diffraction pattern 
of the @-carbide a ring, its peak height being 
one-tenth of pe, was observed clearly. Thus, 
if some amount of graphite was precipitated 
by the phase transitions to produce the (0002)o 
ring of the peak intensity pco=(1/10)pe, the 
above equations lead to 


i i Study of Metallic Carbides by Electron Diffraction IIT 195 
| AVo =1.7%10-2 ly without any appreciable change in the com- 
| AVo position. Hofer et al. reported that the 


magnetic Curie point of the &-carbide is 
380°C, but according to the present result 
this temperature should not be the Curie 


| = 
‘Since 4V=(number of molecules x molecular 
-mass)/density, this gives 


number of molecules of carbon 1 


number of melecules of Fe;C 13° 


Then, the chemical composition of the initial 
carbide, Fes-zC, must be 13Fe;C-+C=FesoCu, 
or Fe..sC. Therefore, the amount of change 
in the composition x must be smaller than 
0.2 by the phase transitions. 


§6. Discussion 


The &-carbide could not be produced from 
the iron films prepared on the substrates 
kept at elevated temperatures though it could 
be produced easily from the P.C. films. This 
‘is considered to be due to that, for the &- 
carbide formation, imperfections in a@-iron 
crystals, such as lattice vacancies, dislocations 
and grain boundaries, play an important role 
to accelerate the diffusion of carbon atoms 
and to form nuclei of the carbide crystals as 
it was the case with the formation of the 
nickel carbide (Part I). As mentioned above 
(§3.1) the particle size of the €-carbide is 
nearly equal to that of the original q@-iron. 
This suggest that one crystal of a-iron converts 
to one &-carbide crystal and no recrystalliza- 
tion takes place in the process of the €- 
carbide formation. It was found that in the 
carbide lattice carbon atoms are distributed 
regularly among the octahedral interstices of 
iron atoms, though the regularity does not 
spread over the matrix crystal. 

The y- and @-carbides could be produced 
always from both P.C. and S.C. films. Their 
crystal structures are very complex and bear 
no simple crystallographic relations to the a@- 
iron. They are produced at higher tempera- 
tures than that of the €-carbide formation and 
their particle size becomes muchlarger than that 
of the a-iron. Therefore, the mechanism of 
their formation is considered to be different 
from that of the €-carbide: nuclei of the x- 
and 06-carbide crystals are formed on _ the 
crystal surface of the qa@-iron and grow up 
gradually. The imperfections in the a-iron 
crystals are not considered to play an essen- 
tial role in these cases. 

It was revealed that the phase transition of 
iron carbides, €-z%-9, takes place irreversib- 


point but the structural transition point from 
€ to x. It was also found that the y-carbide 
transforms to the @-carbide at about 550°C. 
Cohn and Hofer’? proposed a method of pre- 
paration of pure @-carbide sample by heating 
a mixture of the y-carbide and the a-iron, 
but admixing of the q@-iron is unnecessary. 
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Magnetic, thermal and crystallographic properties of sulfide as well as 
selenide of vanadium with nickel arsenide structure were investigated 
experimentally. The antiferromagnetic Néel points for these compounds 
were found to be about 1040° and 163°K respectively. A correction for 
the atom core diamagnetism was applied to the observed susceptibilities ; 
the inverse susceptibility decreased linearly with the fall of temperature. 
Based on this result, the Curie constant, Cy, the spin quantum number, 
S and the asymptotic Curie temperature, @, were obtained as 1.63, 2.9/2 
—3000° for sulfide and 2.15, 3.2/2 and —2570° for selenide respectively. 
Anomalous heat absorptions at the magnetic transition in both compounds 
were 615 and 50cal/mol respectively. Experimental results obtained are 


discussed briefly. 


Introduction 


§ 1. 

It is well known that many of the compounds 
between the first transition elements and 
those of the fifth or the sixth group in the 
periodic table of elements have nickel arsenide 
structure. Investigations of the magnetic 
properties for these compounds were 
mostly concerned with those which contain 
cations with more than half filled 3d-shells. 
Anderson suggested that the superexchange 
interaction due to Kramers’ model is ferro- 
magnetic or antiferromagnetic according as 
the 3d-shells of cation are filled less than or 
more than half, respectively. Ferromagnetic 
chromium telluride? as well as antiferro- 
magnetic manganese telluride» were thought 
to be a suitable example of his theory. Con- 
trary to this consideration, however, chro- 
mium sulfide”, selenide? and antimonide™ 
are known to be antiferromagnetic. From 
such a point of view, it is interesting to 
investigate whether the vanadium compounds, 
VS and VSe, are antiferromagnetic or ferro- 
magnetic, since it is clear that the 3d-shell 
of these compounds is considered to be of less 
than half filled type. 


§2. Specimens and Experimental Results 


According to Bilts and Kocher” as well as 
Hoschok and Klemm®, vanadium sulfide forms 


* This investigation was supported in part by 
the Grant-in-Aid of Fundamental Scientific Research 
of Ministry of Education. 
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a eutectic with vanadium and was reported to 
have nickel arsenide structure with the para- 
meters @=3.34A, c=5:78A -and*c/l]a=Nioe 
was also reported that there is a_ nickel 
arsenide structure phase in V-Se system rang- 
ing from 55.5 to 61.5 atomic percentage of 
selenium with parameters @=3.587A, c=5.989A 
and c/a=1.670. 

The specimens of these compounds used in 
the present experiment were prepared as fol- 
lows: Powders of vanadium (99.8%) and sul- 
fur or selenium (99.99%) were mixed in 
stoichiometric proportion (fifty atomic percent), 
sealed in evacuated silica tubes and preheated 
at 1000°C for a week. To promote the reac- 
tion, the products were pulverized, mixed again 
and reheated in the same way. All specimens 
thus obtained were examined by X-ray techni- 
que; the diffraction lines of vanadium sulfide 
and selenide shown in Table I could be indexed 
as the nickel arsenide structure, and their lattice 
constants were calculated to be a=3.33A, c= 
5.82A and a=3.66A, c=5.95A respectively. 
These values coincide well with the results of 
the former investigations mentioned above. 

The temperature dependence of magnetic 
susceptibility was obtained by the magnetic 
balance of an automatically recording type. 
The values of susceptibility were corrected by 
taking into consideration the diamagnetism of 
inner atomic cores, Such corrections for 
each compound are shown in Table II. 

The corrected values of susceptibility are 
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r Table I. X-ray analyses of VS and VSe. (Cu-Ka) 


VS VSe 

I hkl sin? 9 I hkl sin? @ 
s 100,002) 0.072 || vvw 002 0.067 
vs 101 0.090 || vs 101 0.076 
vvs 102 0.140 || vvs 102 0.126 
m 110 0.214 || vs 110 0.177 
Ww 103 0.230 || m 103 0.209 
Ww 004 0.280 || vw 112 0.244 
Ww 104,202) 0.361 | m 201 0.253 
s 114 0.494 || w 004 0.267 
vw 121 | 0.516 || m 202 | 0.303 
vw 122 0.568 || w 203 0.386 
VVw 123 0.657 || m 121 0.430 
s 114 0.444 
m 122 0.479 
Ww 300 0.530 
m 123 0.562 
VVWw 205 0.651 

Table II. Diamagnetic susceptibility of 

atom core. 
Compounds | Xa 
V24S2- —0.593 x 10-6 
V2+Se2- —0.61 x10-6 


plotted aginst temperature in Fig. 1, which 
shows a maximum at 1040° and 163°K for 
vanadium sulfide and selenide respectively. 
The inverse of susceptibility is also traced in 
the same figure. These curves show that the 
Curie-Weiss law holds very well for the tem- 
perature range higher than the maximum of 
susceptibility. 

The specific heats as a function of tempera- 
ture for vanadium sulfide and also selenide 
were obtained by an automatically recording 
calorimeter of the adiabatic type’. In both 
compounds, dA-shaped anomaly is found at 
about the same temperature corresponding to 
the maximum in y-T curves. The results are 
shown in Fig. 2. Anomalous heat absorption 
considered to be due to the magnetic trans- 
formation for vanadium sulfide and selenide 
were estimated from the above Cy-T curves 
as 615 and 50 cal/mol respectively. 


§3. Discussion of the Results 


As shown in Fig. 1, each compound has 
a maximum in the susceptibility-temperature 
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curve, and the temperature corresponding to 
this maximum of susceptibility may be con- 
sidered as the antiferromagnetic Néel point, 
Tw. The values of Ty are listed in the last 
column of Table III. Such supposition was 
confirmed by the experimental results of 
specific heat, in which anomaly occurred at 
about the same temperature as that Tw. It 


x10& 


—— > Susceptibility (pergp 


(@) 200 400 600 800 1000 1200°K 


—_____, Temperature 
Fig. 1. Susceptibility versus temperature curves 
of vanadium sulfide and selenide. (Inverse suscepti- 
bility was also plotted.) These curves were cor- 
rected for the diamagnetism of inner atom core. 
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Fig. 2. Specific heat versus temperature curves 
of vanadium sulfide and selenide. 


should be noted here that in the case of 
vanadium sulfide, the temperature correspond- 
ing to the maximum of susceptibility is seen 
to be about 100° higher than that of the well- 
defined peak of the specific heat, however, it 
is also to be noticed that the hump in suscep- 
tibility shown in the figure is so broad that 
the point of maximum is not so well defined 
as in the case of specific heat. On the other 
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hand, Suzuoka et al!” found the anomlous 
change of electrical resistivity and of dilatation 
due to temperature at about the same point 
as that corresponding to the maximum of 
susceptibility. From the inverse susceptibility 
above the Néel point, we can determine the 
Curie constant Cy, the magnetic spin quantum 
number S by assuming that the Landé factor 
is two and the asymptotic Curie temperature 
6. The results are shown in Table III. 


Table III. Curie constant Cy, spin quantum 
number S and asymptotic Curie point of or 
vanadium compounds. 


Compounds | Cur | ) | S | Tw 
vs | 1.68 |-3000°| 2.9/2 | 1040°K 
VSe | 2.15 | -2570°| 3.2/2 | 163°K 


From the observed values of 6 and Ty, the 
ratio 0/Tw were obtained to be —3 and —16 
for yanadium sulfide and selenide respec- 
tively. In the case of the crystal lattice 
with nickel arsenide structure, each cation in 
the crystal has three kinds of cation neighbor 
with nearly equal inter-atomic distance. In 
the molecular field approximation, the ratio 
6/Tw for such a case can be expressed as 
a function of ratios among the exchange 
integrals for each kind of neighbor, and it was 
found that the minimum value of 06/Tw is 
—5'9), Hence the present result for sulfide is 
acceptable, while that for selenide lies beyond 
the theoretical expectation. 

As the divalent ion of vanadium is in a state 
of ‘F, the spin quantum number of ca 3/2 
obtained above seems to correspond to it. 
Thus the 3d shell of vanadium ion in the 
above mentioned compounds is considered to 
be less than half-filled; based on the simple 
Kramers and Anderson superexchange mecha- 
nism, it is to be expected that the sulfide and 
selenide of vanadium will be ferromagnetic, 
while the experimental results show that they 
are antiferromagnetic. However, a recent de- 
velopment of the theory by Slater'”, Anderson- 
Hasegawa’ and Kanamori! shows that an 
other influence on the behavior of superex- 
change interaction arises from the different 
ionic states of cations in the crystal lattice. 
On this point of view, the superexchange 
mechanism of the present compounds should 
be discussed more in detail. 
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The polarization characteristics of the sodium nitrate polarization prism 
are measured. Polarization effect is complete from 350 to 1,000 mp; and 
transmission of light uncorrected for reflection at the surfaces is about 


90% at above 400mpz and 37% at 350mu. 


Possibility of making a 


polarization prism for a wide wavelength range from 250 to 1,000 mp is 


discussed. 


Introduction 


§1. 
A method making the sodium nitrate polar- 
ization prism is already reported by one of 
the authors. The present work is concerned 
with the polarization characteristics of the 
prism for monochromatic rays of several 
wavelengths from 350 to 1,000 mz. 


§2. Experimental 


The polarization prism used for the measure- 
ment has a structure shown in Fig. 1, the 
length and aperture are 27 mm and 11x1llmm 
respectively; an angle between the prism axis 
and the thin single crystal plate of sodium 
nitrate is 23°. The optical axis of the crystal 
is perpendicular to the prism axis and makes 
an angle of 23° with the normal of the crystal 
plate. 

In order to measure variations of transmis- 
sion of polarized light through the prism with 
those of both wavelengths and angular posi- 


LE 
b 
Fig. 1. A sodium nitrate polarization prism. a: 


SK5 glass, b: single crystal of sodium nitrate, 
o: the optical axis, and a: the angle 23° of the 


glass prism. 


@ ALZAEIE19 


tungsten 
lamp, S: spectrometer, A, B and C: the polari- 
zation prisms and P: photocell. 


tions of the prism, the prisms are set in 
Hitachi photo-electric spectrophotometer as are 
shown in Fig. 2. 


In the early measurement with no use of 
the prism C in the figure, intensities of light 
passed through two prisms, A fixed in a 
definite angular position and B in positions 
rotated successively by 10°, were measured 
by the photocell P. The photocell, however, 
has sensitivities slightly varying with angles 
between the plane of polarization of the 
incident light and a definite plane of the 
photocell including the direction of the incident 
light. To eliminate these sensitivity differ- 
ences and the effect of partially polarized light 
produced by the optical system, the polariza- 
tion prism C is set in parallel to A. Keeping 
A and C in the fixed positions, the prism B 
is rotated to positions at which transmission 
measurements are to be done. 

The experimental procedure is as follows. 
At first, the prism B is removed from the 
apparatus and intensity of the incident beam 
of each wavelength is adjusted so as the 
reading of the photocurrent indicates 100 for 
the light passed through the two prisms A 
and C. Then the prism B is set in the 
apparatus and is rotated successively by 10°, 
and at each position the photocurrent of the 
beam passed through the three prisms, i.e. 
transmission, is read. Curves in Fig. 3 show 
transmission thus measured for each wave- 
length versus rotation angles of B. These 
curves, however, are shown separately by 
displacing them towards the right hand side 
in distances nearly proportional to the wave- 
length differences of the incident light to see 
clearly the angular dependence of transmission 


199 


200 T. YAMAGUTI, I. MAKINO, S. SHINODA and J. KUROHA (Vol. 14, 
100 
ws 350 mp 
x ° 
fax Ne 
aa o 
ics Oo 
2 e 
w 60 + 
= ‘ 
wn 
ic 
S 40 
i 
20 
~ Q(deg) 
Ot-ms S Sarees > t+ — 


pe Spee ee ene 


Pere ey fie |e 


on lori teetpaiel 


| 
o 20. 60 90 HO BO 180° Zio 


240 270 300 330 


eee al 
360 390 26 450 


Fig. 3. Transmission of polarized monochromatic light versus rotation angles of the sodium nitrate 
analyser B. The curves for the different wavelengths are shown by shifting them each other to 


avoid confusion. 
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Fig. 4. Maximum transmission versus wavelengths. 


Transmission values have not been corrected for reflection at the surfaces. 
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a: the sodium nitrate polarizer, b: H Polaroid, 


and c: two fused silica plates 1.5mm thickness combined by the thin single crystal of sodium nitrate 


about 0.1 mm thickness. 
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Fig. 5. Transmission versus rotation angles of H Polaroid. 
Light of 800 mp being partially polarized, infra-red of 
more longer wavelengths completely unpolarized. 


for all the wavelengths. Denoting the angle 
of B rotated from the position parallel to A 
by @, the transmission can be expressed by 


cos‘? in the present arrangement of 
the three prisms. Actually, trans- 
mission observed to each wavelength 
is in a good agreement with cos‘0. 
In Fig. 4 the curve a represents 
the maximum transmission of polar- 
ized light passed through B plotted 
against the wavelengths. We can 
see from the figure that the trans- 
mission for infra-red and visible light 
is about 90% and is still large 37% 
at a short wavelength 350m. To 
compare these polarization character- 
istics with those of H type Polaroid, 
two plates of Polaroid are set in 


place of the prisms A, B and C. Holding the 
plate placed near to the light source in a fixed 
position, another is rotated as in the above 
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case to measure the photoelectric current of 
_the photocell P. The results are given in 
Fig. 5. If Polaroid used in the present 
experiment is complete one as a_ polarization 
plate, the intensity must be expressed by 
—cos?@. From the curves in the figure it can 
be said that the polarization effect is complete 
for visible light, whereas is remarkably 
incomplete at 800myz and is lost completely 
at longer wavelengths. Transmisson observed 
at parallel positions of the two plates versus 
wavelength is gived by the curve b in Fig. 4. 
It is remarkably small at 400 my and increases 
to the value of the order of 50% at visible 
light region. Large values at infra-red, 
however, are due to the unpolarized light 
passed through Polaroids which lost the 
polarization properties over these wavelength 
ranges. 


§3. Discussions 


Remarkable decrease of transmission of the 
present polarization prism for ultra-violet 
below 350 mz can be ascribed to the absorption 
of SK5 glass. To make a polarization prism 
for ultra-violet it will be adequate to use 
prisms of fused silica, between which a sodium 
nitrate single crystal is to be grown. The 
limit of short wavelength of light to be 
polarized by such a polarization prism is 
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experimentally determined, putting as an 
absorber two fused silica plates of 1.5mm 
thickness combined by the thin single crystal 
of sodium nitrate of about 0.1mm thickness 
in the photo-electric spectrophotometer. The 
light source is a tungsten lamp for above 
320 my and a hydrogen discharge tube below 
340 my. The results are shown by the curve 
c in Fig. 4, transmission values are not cor- 
rected for reflections at the plate surfaces. 
The plate transmits light above 250 my nearly 
perfectly. Since usual fused silica has ab- 
sorption band at 240 my, the absorption below 
200m may be due to fused silica and the 
small adsorption at 290m observed is con- 
sidered as being due to absorption by sodium 
nitrate. Hence it can be expected that a 
sodium nitrate polarization prism made of 
fused silica prism will have a superior 
properties enabling to polarize light from 250 
to 1,000 mz or even longer. Several polariza- 
tion prisms of this type were abready made 
and the characteristics of them will be 
reported in another paper. 

In conclusion one of the authors (T. Y.) 
thanks to the Educational Department for 
financial suport. 
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The flow of a viscous fluid at low Reynolds numbers passing obliquely 
through a plane grid made of equal, parallel, circular cylinders regularly 
spaced is discussed on the basis of Oseen’s equations of motion. Explicit 
expressions for the force experienced by a cylinder in the grid, for the 
direction of the flow at infinity downstream, and for the pressure drop 
caused by the grid are obtained correct to the first order in the Reynolds 
number and in the diameter-distance ratio of the grid. 

Among these the following results may be worth mentioning. The flow 
is deflected by the grid more or less to the direction of the normal to 
the grid surface and is always slowed down at infinity downstream. At 
very small Reynolds numbers, the flow becomes almost perpendicular to 
the grid even at far upstream and, hence, the component of force tan- 
gential to the grid surface vanishes, while the normal component of force 
to the grid surface becomes equal, in its magnitude, to the drag when 
the grid is set at right angles to the uniform stream whose velocity is 
equal to the normal component of the original velocity. 


interesting characteristics. Especially, each 
cylinder experiences additional components of 
force parallel to the grid surface owing to the 
presence of the corresponding components of 
the flow, and, as a result, the direction of the 
flow at far downstream will be deflected. It 
is the purpose of the present paper to study 


§1. Introduction 

In a previous paper», the present writers 
have investigated on the basis of Oseen’s 
equations the flow of a viscous incompressible 
fluid passing perpendicularly through a plane 
grid made of equal, parallel, regularly spaced, 
circular cylinders. The type of drag force 


obtained there suggests that the solution of 
Stokes’s equations may also exist for this 
problem. (As is well known, there is no solu- 
tion of Stokes’s equations for the case of a 
single cylinder.) This was really verified re- 
cently by Miyagi”. The Oseen solution tends 
to the Stokes’s for vanishingly small Reynolds 
numbers. However, the situation is some- 
what different when the flow impinges on the 
grid obliquely. Namely, Stokes’s equations 
do not permit an oblique flow to the grid sur- 
face. Thus, we are obliged to appeal, at least, 
to the Oseen approximation to treat the ob- 
lique case. In this respect, it may be inter- 
esting to investigate the behaviour of the 
Oseen solution at very small Reynolds num- 
bers. Also, the new case may have some 


theoretically the problem just mentioned. The 
whole analysis is based on the Oseen approxi- 
mation as in the previous paper. The flow 
in question is quasi-two-dimensional in the 
sense that the state of flow is quite the same 
in all planes perpendicular to the axes of the 
cylinders. As a consequence, the two com- 
ponents of fluid velocity lying in these planes 
are independent of the remaining component 
which is parallel to the axes of the cylinders. 
This fact takes an important role in the ana- 
lysis and produces considerable simplification. 
However, the analysis is yet fairly compli- 
cated, and the writers content themselves this 
time with the derivation of the first order 
solution for small Reynolds numbers. Explicit 
expressions for the force acting on a cylinder, 
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for the velocity at infinity downstream and 
for the angle of deflection of the flow are 
derived to this approximation. Transition 
from the Oseen to the Stokes approximation is 
also discussed. Detailed numerical calculations 
are made concerning the force and flow deflec- 
tion for various Reynolds numbers and for 
three values of the diameter-distance ratio of 
the grid, assuming a fixed initial flow direction. 


§2. Fundamental Equations and Solutions 

We take the rectangular coordinates x, y, z 
in such a way that the fluid velocity has the 
components U, 0, W at infinity upstream, that 


Higeele 


(4-28 5 \( Fe Juiv)=0, (4- 


with 
G=KX--ty ; 
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the z-axis coincides with the axis of one cylin- 
der of the grid and that the grid surface 
makes an angle w with the x-direction (Fig. 1). 
Also, let a@ be the radius of each cylinder, h 
the distance between the axes of two neigh- 
bouring cylinders, p the pressure, and u, v, 
w the x, y, z components of the velocity at 
any point. Since all quantities such as wu, v, 
w and p are obviously independent of the z- 
coordinate in the present problem, Oseen’s 
equations of motion and the equation of conti- 
nuity may be written in the forms 


Ou 1 Op 
=e tydu , 
ey 0 Ox ap 
Ov 1 Op 
= 4 
See oy = VA, 
Pie odaie (1) 
Ox 
and 
Ou, 
Ox Oy : 


where oe is the density of the fluid, v the kine- 
matic coefficient of viscosity and 4 stands for 
(02/0x?)-+(07/0y”). Three components u, v, w 
of the velocity should all vanish on the sur- 
face of each cylinder. 

Elimination of » from (1) yields 


emer Ori 


ae (ea) 


0 
2k 5 \w=0 , 


k=U/2v. (2) 


Eqs. (1) and the boundary conditions clearly show that the flow component in the z-direction 
does not affect at all the components of flow in the x, y plane. That is to say, u, v and p 
are identical with those for the purely two-dimensional case in which w=0. Thus, (u, v)-field 
and w-field may be treated separately. In the following discussions, however, we shall treat 
both fields in parallel for convenience sake. Now, when there is only one cylinder in the 
otherwise uniform stream, appropriate solutions of (1.a) take on the forms 


u—iv=U+ f(O)+g(7, 0), w=W+er(r, 9), (3) 


where 


Cure ; 


FO=X Amlaley , 


gZ(r, 0)=ekF 008 8 > GeiGiknes 
ay 4 
G=1,/2,\-° -) (4) 


Oj Qj21 , 
g*(r, O)=e% 9 SY CnKnlkrei , 
M=-— oo 


C=C; , (j=0, 1, 2, er 
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Am’S ,dm’8, Cm’s being arbitrary constants and Km denotes the modified Bessel function*. 
Therefore, introducing auxiliary coordinates 


Cs=rse%=C—she,  (s=0, +1, ---) (5) 


we may generalize for the present problem the said solutions in the forms 
u—iv=U+E+ Ss {f Cs) +2(rs, 9s)} , w= WH & Bhs, Os) , (6) 


where the functional forms of f, g and g* are the same as in (4). Insertion of one more 
constant € will be understood in the following. 


§3. Boundary Conditions 


Let us first consider the boundary condition at infinity. Since g and g* in (6) vanish 
exponentially at infinity upstream, we obtain the results: (cf. Appendix, (A.2)) 


u—iv > U+E—inah""e-’ A, , wow, for *x—>—o. 
Since u—iv must be equal to U there, we get 
E=inah eA, . (7) 
On the other hand, at infinity downstream, it can be shown (Appendix, 1) that 


baie AOU Aye a KS dn , 
he” khsinw m=0 

rs (8) 

f SH Os for x> +o, 


Ww 
eae ig dEcihon 2 


Thus, it may be seen that the velocity at infinity downstream is different from that of the 
undisturbed stream, i.e. the flow is deflected by the grid, and, as is shown later, the flow is 
always slowed down. Owing to continuity, however, the component of velocity normal to 
the grid surface should obviously be recovered at infinity downstream, and this requires the 
relation 

#4 +5 — San )=0. (9) 

ka m=0 

In view of the change in velocity at infinity downstream, there may be some doubt in ap- 
plying the Oseen approximation in a manner as above where the x-component U of the un- 
disturbed flow is taken as the representative velocity. However, this point is not serious as 
far as the induced flow in the y-direction remains small. Moreover, as will be seen later, a 
large part of the flow field reduces to the Stokes field at sufficiently small Reynolds numbers, 
and the Oseen field survives only at far upstream. 

We now proceed to the fulfilment of the boundary conditions on the cylinders. As the 
solutions (6) satisfy already the periodicity of the flow field, it is sufficients to consider the 
boundary conditions ~=v=w=0 on the cylinder r=a only. In order to apply the conditions, 
we expand the solutions (6) in Fourier series in 0 on the surface r=a (Appendix, 2). Then, 
by equating each coefficient of e’® (n=0, +1, ---) to zero, we obtain the following sets of 
simultaneous algebraic equations for determining Am’s, dn’s and Cm’s: 


Ant x {Smc—n) + Ginc—n) }Am=0 , (w= 12 oe oe) 


= = = (UR (n=0) 
Fi. mAs ap mn Ginn m = 

24 mea Sn + Cunt am= 9 Cm (10) 
= £3) _j-W,  (n=0) 

2 (Sinn + Gann) Cn ‘a bn ean 


* The relation a-;=Gj;-1 follows from the equation of continuity, the third Eq. in (1.a). 
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The expressions for mn, Gnn and Fm are given in (1l.a) below. By means of these equa- 
tions and the two relations in (4): 


Q-m=Amn-1 ; (m=1, Ds on -) Cl.=Gn : (m=0, i 2a A ++) 


we can solve the unknowns Am’s, dm’s and Cm’s. Thus, elimination of A»’s from (10) gives 


~ =U3 (w=0) 
Be XmnAn = 
es On (n=1, 2, ae) 
with @85) 
Amn =Lmn+ Gnn— Hinn ; 
where 
&mn= Km(ka)Im—n(ka) 5 
Ginn = ois R= Dene Tr nti kG) ian RG) , 
eos Kism(skh) cosh (skh COS o) ; ate exen) 
s=1 sinh (l-+m=odd) 
Amn =, Fen &m(-s) + Gmc}, Oe) 
(—1)§ 5 2a \s*” 
ele Slat irae Bowmn( Fae) 5 (s-++n=even) 
0, (s-+n=odd > 3) 


Pipa er 


Im(ka) and Km(ka) in these expressions denote the modified Bessel functions and Bm’s are the 
Bernoulli numbers. It may be remarked here that the first equation in (10) proves the rela- 
tion (9) expected previously. (Detailed proof is given in the Appendix, 3.) 


§ 4. Approximate Solutions for ka <1 and (kh)-!=O(1) 


There are two parameters ka and kh besides w in the present problem. Since kR=U/2», 
4ka and 2kh are the Reynolds numbers of the flow referred respectively to the diameter of 
the cylinder and the central distance between the neighbouring cylinders. We shall first 
treat the case in which ka is very small but kh is not. Close examination of the coefficients 
of the equations (10) and (11) for this case suggests a method of successive approximation. 
In the present paper, however, the first step only will be carried out for brevity. Namely, 
we retain only first three constants Ai, a and Cy. (These three are sufficient to represent 
relevant characteristics of the flow at low Reynolds numbers.) Thus, Eqs. (10) and (11) may 
be replaced by 


A00d0+xc-0do= —U , 
Ai t+{80¢-1) +Go-y}ao—{Ke-pe-p + Genen}ao=9 , (12) 
(ZootGo)Co=—W . 


Making use of the expansions of JIm(ka) and Km(ka) for small ka, we obtain (Appendix, 4) 
X00 =S+2T)+O{(ka)*} , A190 =—+ ewe 5p e+ Okay} ; 


where 
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2 

S= log mae T > 

T=: Ko(skh) cosh (skh cos ) , (13) | 
Sat \| 


Ti 9) ki(skh) sinh (skh cos @) , 
s=1 


y being Euler’s constant. With these expansions the first equation in (12) and its conjugate 
give at once 


a=— 21s —— +2T0— (2n— a = +O{(ka)?} , (14) . 

with 
1 2 a Lio 2 
4=($-+2To—(2T.+ 5 cos) (4 — + sino) +0(ha)} (14a) 


Then, from the second equation in (12) combined with the expansions (cf. Appendix, 4) 


L-y=Ol(ka), = &--y = (Ra) 1+ O(a) , 
Goce» = — Geey-1) = O(Ra) 3 


we find 
Ai=—(ka)"'a0+O(ka) . (15) 
Further, it can be shown (Appendix, 4) that 
£0=S+O{(ka)*} , Goo =2T) +O{(ka)*} , 
and hence the last equation in (12) gives 


Co=—W(S42To)1+0{(Ra)?} . (16) 


§5. Force and Velocity 


By summing up the stress acting on the surface of a cylinder (Appendix, 5) or by applying 
the theorem of momentum to the fluid between two control surfaces taken parallel to the 
grid surface at x=-too, we can deduce formulae for calculating the force acting on the cylin- 
der. These may be written as 


XiV=2n0UaA:., .. Z=—2an. Sie Cow, (17) 
where X, Y, Z are respectively the x, y, z-components of force per unit length of the cylin- 
der and yv is the viscosity coefficient of the fluid. Inserting (15) and (16) into (17) and mak- 
ing some calculations, we get the results: 


Fn _ TR). 

nU i 4 \(S#2To— 3) sino+F pale 

sap ae Lop, 1 z (18) 
We {(s +27 9 ) £08 27; ; 


Z[(UW )=22(S+2Tr) > , 


where F, and F; denote respectively the force OUEOTONS normal and tangential (in the x, 
y-plane) to the grid surface, namely 


1959) Viscous Flow passing obliquely through a Grid 207 


Fra=Xsinw—Ycoso, KF=Xcoso+Ysino, (19) 


and the expressions for S, To, T: and 4 were given in (13) and (14.a) before. If we take, 
as a special case, w=z/2 and W=0 in (18), the result is seen to agree with that given in 
the previous paper». Again, if we make h > in (18), we reproduce the result derived by 
Tomotika, Aoi and Yosinobu® for the case of a single cylinder. 

On the other hand, we may evaluate the velocity at infinity downstream (x—-+00) by the 


preceding equations (8) and (9) combined with (15) and (16). After some calculations, we 
may obtain 


(qn)o=Qn,  — (qr)e=Qi—Fil(0hQn), — (W)x =W—Z/(ohQn) , (20) 
where we have put as in (19) 


Qn=U Sin w—v COs , q=ucosotv sine , (21) 


QOn=U sino , O= Wicosa”. 


It will be seen that the second and the third equations in: (20) represent the momentum bal- 
lance in the ¢ and z-directions respectively, while the first equation indicates continuity as 
mentioned earlier. Further, momentum consideration in the n-direction leads to the equation 


h( p-«.—po)=Fn (22) 


which gives the pressure drop at far downstream. 

The deflection of the flow at infinity downstream may also be estimated by (20). In parti- 
cular, when the flow is two-dimensional, i.e. W=0, the angle of deflection 6 is given by the 
equation 


tan oe Is 


—., (23) 
es o0U*h—F;, cot w 


§6. Approximate Solutions for ka<1 and kh<1 


We next proceed to consider the case where the parameters ka and kh are both small. 
Though the preceding analysis is based on the assumption that kh is not small, the main re- 
sult (18) does never diverge when kh —0. In fact, if we reconsider the course of the pre- 
ceding analysis, for the case ka and kh are both small, we shall find at each stage of reduc- 
tions that the neglected terms happen to be higher order than the retained with respect to 
ka or kh or both. Thus, it may be seen that the final result (18) are also valid for the case 
under consideration. However, the series (13) defining the functions 7) and 7: in (18) are 
shown to converge quite slowly when &h is very small. Therefore, it is necessary first to 
find out some suitable expressions of these functions for small kk. This is done in the Ap- 
pendix, 6. According to the analysis given there, J) and 7: can be expanded asymptotically 
as 


‘1 il A 
~— — -O(A) , 
Oboe ee ee log. tr +0) (24) 
2Ti~(zx cot w)A-!—cos w+OV(A) , A=kh , 
Inserting these in (18) and making some reductions, we get 
Fn a Ar —_ he ‘o 
i a (25) 


Fi =phQnQ: , Z=0hQnW , 


where Fa, F:, Z and Qn, Qc, W are respectively the , ¢, z-components of force and of velo- 
city as before. Comparing the first equation with the result obtained in the previous paper”, 
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it is found that the force component F, normal to the grid surface becomes equal to the drag 


when the grid is placed at right angles to the direction of the uniform stream of velocity 
Qe Usino. 


direction of the flow at infinity downstream becomes normal to the plane of the grid. 


Site 

In Figs. 2~4 are shown the results of numerical calculations concerning the components of 
force acting on a cylinder, per unit length, of the grid. In these figures, the full-line and 
the chain-line curves represent the results for the case w=60° computed by the formulae (18) 
and (25) respectively, while the broken-line curves are for the case w=90°. 


Numerical Discussion 


pendence on the Reynolds number is much the same as in the case w=90° (cf. reference 1). 
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Fig. 3. («=60°) 


- normal to the 


grid surface 


[ 
OO} Ol | R 
Fig. 5. (w=60°) 


Table I. Values of F,/(nUsin w). 
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Also, it is seen that the expressions for Ff; and Z are both quadratic in velo- || 
city and do not depend upon v explicitly. Further, substituting (25) in (20), we find that the } 


From Fig. 2 it} 
will be seen that Fr/vQn (Qr=Usin«) is little influenced by the stagger angle w and its de- — 


ae 60° 90° 
1 ais Sa 1s a ar 5 aE h ; i 
oe 5 10 50 5 10 50 a 

0 13.03 7.580 3.846 12x03 \|lteB80an MRS eeiaaa GA 

0.08 13.03 7.592 3.956 13.04 7.598 3.915 2.775 
0.2 13.13 7.709 4.316 13.08 7.648 4,202 3.479 
0.4 13.38 8.041 4.961 13.24 7.854 4.825 4.306 
0.8 14.50 9.118 6.228 13.85 8.589 6.076 5.647 
1.6 18.78 12.32 8.922 16.32 11.02 8.644 8.201 
3.2 2.5 28.13 19.55 15.71 14.98 
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On the other hand, we see in Fig. 3 and Fig. 4 that F, and Z decrease rapidly with decreas- 
ing Reynolds number. This indicates that the mean direction of the flow in the vicinity of 
7 the grid becomes more and more perpendicular to the grid surface as the Reynolds number 
_ is reduced. The tendency is evidently more marked for closer spaced grid (smaller )/2a). 
Fig. 5 shows the angle of deflection of the flow for the two-dimensional motion in the x, 
_y-plane, as calculated by Eq. (23) for w=60°. From this figure we see clearly how nearly 
_ the flow becomes normal! to the grid surface at low values of the Reynolds number. Fur- 
ther, since 6 is always negative and since the normal component of the flow is continuous, 
Wwe may conclude that the flow is necessarily 
slowed down at infinity downstream. 
Some of the numerical data for drawing ——_ er 
Figs. 2~5 are also listed in Tables I~III. Wks 5 10° || 80 co 


Table II. Values of F';/(uU sin w cos w) (w=60°). 


We may compute, if necessary, the components aot sa ‘Crs eat Tae 

2 0.08 | 0.400 0.769 2.423 3.205 

of force X, Y, the velocity and pressure drop | Pash agit 
at infinity downstream, from these data to- an ease ; eee : 

The writers wish to express their thanks to 0.8 3.729 | 5.362 | 6.264 6.520 

the Ministry of Education for a grant-in-aid ae Ree ROS SBE ee 


_ for fundamental scientific research. 


Table III. Values of Z/(uW sin w). 


a — 60° | 90° 
Rhea a a PR aE ee 
ay 5 10 50 co | 5 
0.08 | 0.3899 | 0.7096 13610 1.801 | 0.3885 0.6974 1.468 
0.2 | 0.9405 1.523 2.296 | Pa BoVe 0.9316 1.467 | 2.014 
0.4 1.783 2.508 | 2.996 | 3.000 150 Zaooe | 2.598 
0.8 | 3.298 3.9909 4.205 4.205 3.176 | 3.594 3.642 
1.6 6.449 | 6.974 T2029 029) Se) 6.085 6.087 
Bah 20.90 21.39 21.40 21.40 18.51 18.53 18.53 
Appendices 


1. Velocity at infinity 
According to (4), (5), (6) in the main text, the complex velocity w—vv in the x, y-plane is 
given by 


=—0o 


u-iv=ULE+ Ss fC) +E g(r, 9), 


where 
Cs=ree2s=E—she” , Gates 


2 (ALT) 
fE)=>E Anlale” 


8s, OP el dil a Sy AnKm(krses 9 


m= — eo 


A-m=Qm-1 . (m=1, 2, sei) 


\ 


For |€| >a, f(€s) = Aia/€s and we get 


a a eit oo Vi & (jee TA A th | TT ei(O-e-(/2)) A 
wt 9) = Aa ete | nel 1 CO a 


Therefore, when r—> 
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z+w > 96> (upstream) AW | 
SG) > ri ute o >0>w—zx (downstream) ii 


On the other hand, viscous term >) g(/s, 8s) is seen to vanish exponentially at infinity up- | 
stream, but it may have finite contribution at far downstream. To show this, we use the H 


well-known formula 
itr 1 pana 2) | 
nO — = m eas wa tt , I 
Kn R)e? = 5 [cin exp “a 5 G Sa (A.3)) 
Z=ke® , wZ) = 0 


By means of this, we may rewrite g(7s, 0s) for h/2 >23(€) > —h/2 in integral forms 


reve or oof (ef 


bs ah apy 4) Gt_ (s21) A.4 | 
sth feos oF 5 (¢ t : )f fac se ra Ce. (A.4)_ 
with 
at)= 2 am (Hl q 
Then, summing up the results with respect to s, we obtain 
S wire, s)= eH ge |, exp ea Sait 
S=8) a9 0 t : 
e712 =f ne 
| 1-exp kh\cos oF 5 (eet — a ait) Se, (A.5) | 


where si=1, s,=co with upper signs, and si=—oo, se=0 with lower signs. Now, for the 
estimation of the velocity at far downstream, it will be sufficient to take a special limit 
€=x—-+0co, Changing the variable of integration in (A.5) by 


Ag heelys es 
u=1t+ 9 ¢ ; ) 4 
we get 
bad Af t+o00 eee oe oe oe 
2 8(7s, Os) ean e~ "exp Rh{V/(—iu)(2+iu) sin o—iu cos o}—1)"? | 
x &(u){(—iu)(2+iu)}-/2du , 


with &(u)=a(it). 

To evaluate this integral, we consider a 
contour integral as shown in Fig. 6. Since 
there is no singular point inside the contour, 
and the integral along the upper branch gives 
just the integral in question, we find 


> ars 0) =| —inR+ — (} 2 


Here, the residue R at u=0 (¢=—i) is easily calculated to be* 


ia(1) 


T Sthsue@ 1 fe aes 


* The relation a-m=Gm-1 has been used. 


| E> 
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ik Further, for its highly oscillatory character for kx 1, the integrand of the remaining inte- 
| grals may be replaced by its approximate form near u=0. Thus we obtain 


lim > g(rs, ere 4. \") — dul (A.6) 


ato bel Akh sin w Pato \ 


_ Now, as (A.5) shows, the corresponding expression for the sum taken from s=—o to s=0 
can be obtained from the above by replacing 7 by —i, » by —o and changing the sign of 
_ the resulting expression. Then, adding this to (A.6), we arrive at the result 


lim 3S g(r, Darra (onal ae au\ = IN Se Oe ee 


ates sa 2kh sin w —khsino khsinw © mo 

This, in conjunction with (A.2), proves the first equation in (8) in the main text. Quite 
similarly the second equation in (8) may be verified, since, as is seen from (4) oes a 
common form with g except for the constants Cm’s. 

2. Fourier expansion of the velocity on a cylinder 


On the cylinder |C|=a, we have 


fC) => Ane-i® , (A.8) 


and for |s| >1 


F€)=E,Ama(C— shel») = 5 | 3 (— ye (a Aa. 


n=0 n\(m—1)! \ she’ 


Also, making use of the formula 


eka cos 6 — pS Ti(kajet"? ; 


[00 


we get at once the expansion 


alr, 0)= 53 | Dy LimnAn hetne ; Lmn= Km(kG@) Im—n(Ra) : (A.9) 


=-— 00 


On the other hand, 


2Z(rs, 8s) =e skh cos weka cos 6 Sy AnKm(Rrs ers ‘ 
m 


=— oo 


and Kn(krs)e’s can be expanded by the addition theorem for the modified Bessel function 
(Ref. 4), ie. for s=>1 


Kin( ree s = (—1)™ Ss Kinei(skh) li(kajetrmee 9 F 
l=—0o 
Inserting this and rearranging, we get 
co Se % COS @ Are é(m+1)o | pind , = 1 
gtr, A= Sf SS (imam, Sem om Kina Shh) ha) fo( ae len, BD 


and replacing » by w+, a corresponding result for s<—1l. Then, summation with respect 
to s yields 


e+ 3 £63, (3 FanAm et? (A.10) 
§$=-0 n=0 \m= 
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and 


MmM=— co 


Sal, = 3 =i = Grn ane, e 


(11.a) in the main text*. Thus, substituting (A. a 11) in (A.1), we finally obtain 


(u—iv);- o=U+S, An on Ay > > San dn oo 


+3, {3 FanAmlemet S| 3 _Cn an home (A.12) 
In a similar manner, we may obtain 
(W)r-a= W+ a | = (Gun + Gun)Cn bee (A.13% 


Equating to zero the coefficients of e”® in (A.12) and (A.13), we arrive at the results (10) in 
the main text. 


8. Verification of Eq. (9) 
The first equation of (10) in the main text reads 


Ai FD {8im¢-1) + Gmc }an=0 ; : 
‘ (A.14) 
Lmn=Kmlin-n ’ Gmn=2 (HDAC TT mndeliesn A 


The argument ka of the functions Am and Jm will be omitted for brevity. Now, since | 
Q-m=Gm-1 (m=1, 2; aa 2) 


es ass oman = H 2s (Kinlins1€m+ Kin+tImdm) = a S am , (A.15) 


where the well-known relation ImKmsi+Ims1Km=1/ka has been used. On the other hand, 
taking the relation @-m=@Gm-1 into account, 


s Ginc- 1am = 2 » is 


M=—co 


Ss (— 1)! Tismhh- 1a i (— 1): Ti-m-ahh- 12cm 8d | 


eats 
Rewriting / as —/+1 in the second sum and noting T_1-m=Ti+m which is obvious from (11.a) 


in the main text, it is easily seen that 


Ht > Ginc-1y)Qm= 0 . (A.16) 


Insertion. of (A.15) and (A.16) into (A.14) proves the relation (9) in the main text. 


4, Expansions for small ka 


Here we concern the expansion of yma given in (11) and (11.a) for small ka. First, we as- 
sume that ka <1 but kh=O(1), so that a/h=O(ka). Making use of the expansions for In(ka) 
and Kn(ka), we obtain 


£0 = Kyh=S+O{(ka)*} , S=log (2/ka)—y , 
where 7 denotes as before Euler’s constant. Also, T:(kh)= ae and J:(ka)= eae? and 


= The relation (7) i in the text has also been taken into account, 
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Gw=2 > (=1)' Tile! =2Ty + O{(ha)?} 


| " 
Further, since 


S0c-s) = Kols=O{(ka)} , 
Fso=O{(a/h)*}=O{(ka)} , or () 


| Gu =2 (1 Tihs!" =O{(ka)}* , 
| 2 


| it will be seen that 
Hoo=3; Fev Zoe») + Gon} =O{(ka)?} 
From these, we attain 
X00 = 00 + Goo— Hoo =S +270 +O{(ka)} . (A.17) 


In the next place, we get likewise the results 


gw =Kih=— +0{(ka)?) 


Gem=2 ES (-1)TralteDo=2 Tye + O((ha)} . 


Also, we have 


An = Fol Sven + Gayo} = pe t Oka) , 


. because 

izal(he') , (s=1) 

O{(ka)s} ’ or 0 ’ (s=2, 3; ne, >) 

Plays) —Niken— tile, 9 /(S=1) Or, Of( Ra) 2}, (Se=2, 3, 20:0) 


Fo=| 


Geven=2, S (1)! Ti-alh-s e'-9° =Of(ka)} « 


These results lead to 
Xc-10=Z¢-y0 + Ge-1y0 — Hc-y0 = 7 +2T e- —in|(khe'”) +O{(ka)} . (A.18) 
5. Formulae for the force components 


By summing up the stress acting on the surface of a cylinder and taking into account the 
boundary conditions w=v=0 there, we can verify without difficulty a general formula 


X+iY= piptunae , B= (0v/Ox)—Ouldy) , (A.19) 
where p, 4, X, Y are respectively the pressure, the viscosity coefficient and x, y-components 


of force experienced by the cylinder, and integration should be carried out along the surface 
of the cylinder. Again, we have for the z-component of force the formula 


* T,Iy-s=O{(ka)iti+'t-s!} and || +|l-s| Ss. 
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Z=apt\ “(@u/OP 0A (A.20) 
0 


where 7, 0 are the polar coordinates having the origin at the centre of the cylinder. Now,, 
it can be shown after some reduction that to the Oseen approximation | 


=—pUUnr , w2Q=pUdz , (A.21) 


where the suffices h and u mean the harmonic and unharmonic parts respectively. Introduc- 
ing these results in (A.19) and remembering the condition vatvu=0 on the cylinder, we reach | 
the formula 


pe Pig ~intf (u—ivya de (A.22), 
Substitution in this the expression 


Gs sUte SS An( >. y’ 


S=—-—co mM=1 Ss 


proves the first formula of (17) in the main text. We next treat Z. First, we may obtain 
Fourier expansion in @ of w at an arbitrary point simply by replacing ka by kr in (A.13)._ 
Then, differentiating this, putting y=a and inserting the result into (A.20), we have 


Z=2nane SY. Cn Spt Gia) - 


But, by means of the recurrence formulae for Jm and Km, we get 
Zmo=h (Ymj1—Lm+1,1) Gis=P (Gin, + Ginc-1)) - 


Substituting these and using the third set of equations (for m=-t1) of (10) in the main text, © 
we have 


Z= —2rpu(ka) > Cr (2m+i,1+Lm,-1) . 


From the definition of gmn together with the well-known relation ImKm+1+Jmsikm=(ka)", we 
finally obtain the second formula of (17) in the main text. 


6. Expansions for small kh 


The asymptotic expansions (24) used in the main text will now be derived. To this end, 
we consider a function 7j*(2, w) defined as 


FAR w= Biee 008 Ks (s) , (A.23) 


By means of the formula 


Kj(0) ae e7P cosh t-Itdr 5 


— 00 


this function may be written in the form 


oo —Ax 
T= co ide «= «eos Cone (A.24) 


wien 


Then, inserting the expansion 


1 1 entities : 
ee aary + sr PH Ga Foe : (Bn: Bernoulli number) 
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cand performing term-wise integration formally, we get 


— Ba 
— JD Ameri s 


Dal be 9) Ue S>) n+ 
IS: .t +h +3 (- 1) : (2n (2n)! 2n-1 


where 


a Se Sa Riaainironcn 


Xr 
: ial ( 
Ig=—\Tpda,  JP=ted—K), JB .=(-) oI? 
f In particular, for 7=0, it can be shown that 


2(a— 
sin w 


I= 5 etice 5 aru) , 


J=—2(r+ log +) +0), 
I.s=2{(2n)! }A-OD 40M) 
Substitution of these in (A.25) yields 


2c—@) 1 2 Ss 243 Gal Dh "Bnet O O(A) 


PS Ci 
sinw 2 2 n=0 (w+1)(2n +1) 


_ However, since 


= (—1) Bee =1(" tan“! 


2 @+Dent+)~ fame 108 GE) 


0 ert —] 


we have 


24a—w) 1 


DAG Eur 
i inw A 


=F log +r +O(A) . 


| In a similar manner, for 7=1, we get 
J2=—2{log (4/2) +7} +2(a— ey cot w—(2 cos w)A+O0(22) , 
JD=214 42 cosia t+ O14) 
CO) = 2{(2n+1)!}A-@rt . 


2n+ 


These results combined with (A.25) give 


n=0 n+1 


2T,*=| —2(log (4/2) +1} +2(2—o) cot o+14+E ve ay 7 cos oF OLA) . 


Further we note that 


© (—1)"Bnsi ss Bey t = 
\—+—=— = 4 dt = 27-1 
Shc PA » 1142 i 


which can be derived by putting z=0 after differentiating Binet’s formula: 


log '(z)={z—(1/2)} log z—2+(1/2) log (n)+2{ tan at (R(z) > 0) 


Thus, we arrive at 


Ty* ={—log (A/2)+(x—«) cot w}A!—(1/2) cos w+ O(A) . 


Finally, (A.27), (A.28) and the relation 
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(A.25) 


(A.26) 


(A.27) 


(A.28) 
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TA, o)=(1/2){TH*(A, o) +(—-LIT HAA, x—o)} 


yield the required expansions (24) in the main text. 
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Some Problems on Heat Conduction in Stratiform Bodies 


By Vaclav VopDICKA 
Plzen Czechoslovakia 
(Received October 8, 1958) 


Problems on heat conduction in multilayer bodies lead usually to com- 
plicated calculations!-5). The present paper gives an idea of specific 
difficulties arising in the case of infinite composite solides. General de- 
ductions are applied to a special class of questions. 


I. GENERAL THEORY 


This first main part of our paper gives mathematical formulation of the basic problem. 
We also indicate a formal solution by means of the Laplace transformation method com- 
bined with a systematic use of matrix analysis. 


§1. Statement of the Problem 
Let 


Xo< Ki << Nate Kaas <— Bee (neal) 


ax, Ax, Uno (R=1, 2,+++, ), Uo and w be given constants. We have to determine the solution 
Uc=Ux(x, t) of the equations 


0 OUK 

a ae Ae eT Ke Ne (REVS Orn 7 () Ca) 
Oun —? 9 O"Un Ps 

at =n ax? ois ee, = Xn-1 » i > Q ie) 


with the initial data 


Ux, =U, Mea PS me (R=1, 2, 9+, 21) (2.1) 
Unk, 0)=tUne , 2 > Xn 1 (2.2) 
and with the local conditions 
ur(xo, t)=uo coswt , t>0 (3.1) 
Urn Xe, t)=Unsi(Xn, t) (R=1, 2,+-3,H—=1), tf 0 (352) 
oe = dng atest Me ee i (3.3) 
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In addition to this, w#n(x, t) must be finite for x +00, 


The physical interpretation of the relations (1.1)-(3.3) in the sense of one-dimensional heat 
conduction in solids is obvious. 


§2. The Laplace Transforms of (1.1)-(3.3) 
Putting generally 


LU OI=Fp)= ple fddt, f= = 5 [ea (4) 
0 Y—icc 


the above problem reduces to finding the solution Uz=Ux(x, p) of 


Oia 2 Ux =oF Wie), Ten 0 ONE =k =n7=1) (G1) 

On’ E Un =— 2 Uno , Le Xn-1 (5.2) 
Qn an 

Us( x0, p)=u0— (6.1) 
P+o 

Ux xx, p)=UnesiXx, p) (1 <k<n-1) (6.2) 

RU! (Xn, P)= Avi VU ksi(xe, p) 1 <k <n-—1) (6.3) 


4 ‘with the finite value of lim Un(x, p), primes denote the x-derivatives. 
@> + 0° 


From (5.1) and (5.2) we have generally 


ak 


WG Aceh Ua TS: Se oD a ee 
ea ere 1) 


Un(x, p)= An exp | - G— Hac B | + 109 5 Bega (@e2) 


and the conditions (6.1)-(6.3) lead to the system 


2 
Ay=uy—— ea 5 —uU10 (8.1) 
yp ae. en era) 4+By sh 120 See iets 
(8.2) 
Bind Gente ( Ay sh AV BD eo P+ Bech AVP a) (l<k<n-—2) 
Gdns 
PA A eC eae Eaves. Pp Se (Bias eel ales In-iV_p Pp +Un-1,0—Uno 
m1 Qn-1 (8.3) 
{pepe pase ch VP 4B, 4 ch 2 ast p Oey 
An-1h40 Qn-1 -1 
(8.4) 


Te= Xe He=1 kr n—1) 


of equations for the unknowns Ax Br. 


§3. Solution of the System (8.1)-(8.3) 


Introducing the matrices 
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Uno —Uk+1,0 


K=|% (1<k<n-l), Pix (1<k<n-2) 
k f 
| ch LV p sh LV p (9 ) i 
Mi(p) fons ss Bp Cede i pe 2) | 
kK ma = awe = — = 
gig Vp prey Never. Gidices 
ak : Qk 
enables us to write the equations (8.2) in the form 


Keai= Mil p) K+ Pr d<k<n-2). (9.1) 
Putting J 


NGO = NG (pb) = Mil p)Mi-s(p)Mi-o(p)---Milp) 9 («=1, 2, +++, Rs R=1,2,--+,m—2) (10) 
we obtain from (9.1) 


Kr =NOUK, OQ “(ee hes D) (11) 4 
QM=P,, QM=S NGDP +P, (2<k<n—2). (11.1) | 
K=1 


If we define Bn-1 by the analogous relation 


Ss (12) 
Qn- 1An 


to the other 6; —see (9)—, then we conclude from (8.3) 


(ch GAVE P 5 6. ch bab VA, a (sh In-aV P+. 8, ach In-iVB) By a= ttno—thn-.0 


m1 An-1 m—1 Qn-1 


Substituting into this equation for An-1, Bn-1 from the last relation (11) yields 


jm (-2,1) (ch InaV p nav DP + Bn-1 sh In Vp fo P aa 2 + Na P25) (sh ale 2. gould f ++ Bn-1 ch In Vp Pp hav 2) la, 


An-1 Qn-1 =1 m—1 


+ mao (ch InaV Dp ati Bn=1 sh InaV pb p iE Nog" % W) és InaV p ela Bn-1 ch InaV p p ) 2 


An-1 Qn-1 nm—1 An-1 


=—qut9( ch InaV P 4. Bn-a sh In-aV p fut P )— qu“ sh In-aV p fn-aaV Pp SF Bn- 1 ch InaV p fnaV Pp ) 
An-1 Qn-1 Qn-1 Qn-1 


+Uno—Un-1,0 } (13) 


Mrs) and gis ™ are the elements of the matrices N“-2) and Q@-», as defined in (10) 
ehavel GUL i. 

Recapitulating, the values Ai, Bi (1 <k<n-—1), An are determined as follows: Ai by 
(8.1), Bi by (13), Ax, Bu (2<k <m-—1) are expressible in terms of A: and B; by means of 
(11) and the same can be done for A» by means of the second relation (8.3). 


§ 4. Theoretical Solution of the Problem (1.1)-(3.3) 

Inserting the values Ax, Be into (7.1) and (7.2) gives the Laplace transforms Ux(x, p) and 
from this we obtain by (4) the wanted functions wz(x, ft). 

Practically, the unusual difficulty of our problem is evident from the impossibility of giving, 
in the general case, explicit forms of the matrices (10) which have a substantial role in the 
above deductions. Nevertheless, even in those exceptional cases where it is possible to calcu- 
late the matrices (10) one obtains complicated transforms U;(x, p) and the integration needed 
in the second formula (4) is not easy. 

Now, we shall treat briefly an interesting class of cases where the above mathematical 
complications become smaller or disappear on the whole. 


1959) Some Problems on Heat Conduction in Stratiform Bodies 219 


U. A SPECIAL SUBCLASS OF PROBLEMS 


This second main part is devoted to the problems characterised by “fat Uae a2 
Having deduced general formulas we shall treat some special questions of this group. 


'§5. The Case 6:=1 (1 <k <n—2) 
Here we have by (9) 


ch( 2+ be ys, sh (+ ba fa Wye 


My.s(p), Mp) = e ae iN ea 5 ps, 2, +++, 0-3 
sh ride v+1 ) ee (ee v Svar le 
' (2 : QAy+1 Vv P : ch ay Qy+1 \WP P 
f 
and from this, according to (10), 
NiO= ch oueV P 7 sh Sone es. by (ees k, kek sn—2). (14) 
sh dicV p , ChonV p Peni 


Using this, along with (9), formulae (11.1) give without difficulty 


k-1 pou 
UKo—UK+1,0-+ dy (Uxo—U+1,0) CH Ox, n41V p 
2008s a (2<k<n-—2) (15) 
k 


—1 
Ss (no —Un+1,0) sh Ox,nr1V Dp 
K= 


U10 —U20 


MO. 
@ 0 


and the relation (13) appears in the form 


Ax(ch On-1,1V p +Bn-1 sh On1,V p)+Bi(sh OnaiV p +Bn-1ch On-11V p) 


n-2 a ee 
=Uno—Un-1,0 + >) (Ux+1,0—Uxo (Ch On-1,K+41V p +Bn-1 sh OniineiV p) ’ (16) 
Kk=1 
Bes ly Ge ly 
Tyg, = OP Sy a= (eres n—2) . 
v=1 Ay v=K+1 Ay 


Calculating, by means of (8.1), (16), (11), (14), (15) and (8.3), the expressions Ax, Bx and 
substituting into (7.1), (7.2) leads to the following complicated transforms Ux(x, p) of the 
wanted functions ux(x, f): 


i DP nd 
Ue, Pah Gn-11V p+ Bn-1 ch metal Ge p?+o? 10) 
x E (an, ad Aa ch (cn 2/5 |+ sh ane 
1 


x [ n0—to-a0 res (Ux+1,0—Uxo(Ch On-1,41V p +Bn-1 sh On-1,+1V p) |} U0 
K=1 


; 
y 
: 
; 


i ees 10 
Uesa(x, p)= sh On-1V pt Bn-1ch a PA (we p+to? ‘i ) 
x E (anaes = SEW Bt Bas ch (gaan a ays yy | sh (Fae 


Kk+1 


‘) (17) 


x VB| Ho —Un-1,0 nS (the+1,0—Uxo)(Ch On-1,«+1V p +Bn-1 sh On-1,n+1V p ») 1 


— = Pea Ii == 
+ (uxo— Ux+1,0) Ch oe. +25, (teo—thoes50)Ch ( as 468,003 }/ p + Ux+1,0 


( ak<n—2: >=0) 
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Bak X—Xn-1 a 
Un(x, p)=Unot iV p+ banca cena poe G An ve) 


x E poe +35: (odes, ch ra ® | 3 | 


The wanted functions w(x, tf) are to be found from their Laplace transforms (17) by contour | 
integration, according to the second formula (4). Of course, the results are in general for- | 
midably complicated and so we confine ourselves merely to some simpler special cases which 
are also of considerable physical interest. 


§6. A Homogeneous Semiinfinite Solid 
In this simplest case we have to put ade=a, Ax=A4 (1 <k <7) and it follows 


ee Sra (He Sa) ; 


The Laplace transforms (17) appear in the form 


Ui(x, p)=um0 Boer == mo) exp is <5 ) | 


+sh a? Wii ,0— Uxo) EXP eS av S| 


Uisi(%, P)=Ux+1,0 + (« ae: 3 A ») exp ee | (18) 
+sh sae Ds) %o)V' p = (the+1,0— Uno) exp — ae) YB) tS (tea Wess, 0) es tne Be p 
=k ee: 


pa Met 2 _ Fra 
Un, p)=too-texp(—*y/ B)| Ho oP wt S (Uxo— U-+i, ojo Meee 
a 
or, with a single formula valid in the whole range x > %, 


U(x, p)=t0 |i—exp e pal ar an + 3 Urass,0 —tao)| 1—exp ‘G 6) by 


a 


+sgn(x—a,)]1—exp (— > del eran 42)i ce Ae exp (—*="V 5). (18.1) 


a 


Regarding the well-known operational relations 


L“[1—e- "> J=sen bea (2) = Fe tat 


| gi ge”? |=erer sR 008 (ote af2)— |" OE sin wy po (19) 


oe yi cos (1 ae) ae 


we obtain from (18.1) the following solution of our special case: 


enna Sof) FSnwnnle CU) 


beng #2 /2) a teto, | @ Ne LA 10 thy ot (are may eos 
o| exp ( is 9 cos ( wt - = 1 peop in Piao | 
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(GaP) + 7 nano] 0 aaa) tsar) | 
2uo 


= is - i ode 20 
Van re ca of 4a7& o Ou) 


§7. <A Semiinfinite Solid Composite of Two Homogeneous Parts 


Let the first part be xo <x <%n1, the second x >%n-1; let the corresponding thermal 
constants be a, 4 in the first and A, A in the second part of the solid. 
Hence, we have to put, in (17), 


G— Chea d<k<n-l), Gn — Ae) =e 
It follows 


Bn-1 = ae 


: Fe in ok , l<k<n-1,1<«c<k 
aA a 


and the Laplace transforms (17) appear in the form 
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Uisi(X, P)= Uesi,o + iT ia 
sh cas p+ Busch ee VED: 


x 1 (4 5h tan) (sh fie ey 8, Che eva) 
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Of course, it is obvious, by technical sense of our problem, that there must exist a single 
expression of all Ux(x, p), 1 <k <mn-—1, valid in the whole region %»<*< Xn. And in fact, 
difficult transformations lead to the following formula replacing all the relations (21.1): 


fe Le [ Nw) as 
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men Ge exp (= a feb Eee soy 1) ( exp Cay 
VP). 


Xn-1 — Aa 


Ma)= sh22—* ypt+ech@— yp, 8=— 7. (22.1) 


The problem is then reduced to finding the original functions u(x, ¢) and un(x, ¢) from their 
Laplace transforms (22) and —see (21.2) — 
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To obtain the solution u(x, t), ua(x, ft) of our problem we make use of the very general 
operational relation 
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This complicated formula follows from the second relation (4) and its derivation presupposes 
an adequate experience in calculating contour integrals of multivalued functions in their 
Riemann surfaces. 

Specialising in suitable way the parameters a, 7, «, 2, w, the formula (24) yields all the 
original functions needed in (22), (23) and the complete solution of the problem appears with 
toilsome calculations in the form 
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Apart from many new questions on the heat conduction in semiinfinite solids our formulae 
(25.1)-(25.3) include as simple special cases numerous current problems as known from ele- 
mentary textbooks on the subject®”. We expressly remind of two simple examples. 

7.1. The case A=a, A=’. Here we have a homogeneous semiinfinite solid as treated in 
§6. And in fact, our formulae (25.1)-(25.3) change in the present conditions into the former 


result (20). Especially fargoing simplifications occur if w#1:0=u0=--:=Uno or if w=0. 
7.2. The case 8=<1. This corresponds to a semiinfinite solid consisting of two homogene- 
ous parts. Special attention is to be paid to the case wo=u20=---=Un-1,0 and to the class 


of problems characterised by w=0. 


§ 8. A Nonhomogeneous Solid of n Parts 


It is possible to find the original functions to the Laplace transforms (17), but the result 
is formidably complicated. In order to have reasonable formulae we make here, in addition 
to the above basic assumption #i=$2=---=fn2=1, another simplifying presupposition w10= 
Uo = +++ =Unn=u™. In this case our general relations (17) give 
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the values ox. are defined in (14) and (16). . 
Making appropriate use of the operational formula (24) one obtains from (26) the following 


solution of our present case: 
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§9. Final Remark 


Evidently, our preceding results can be immediately applied to the solution of the well-known 


advanced problems of theoretical electricity. 


belonging questions is another paper. 
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Nuclear Magnetic Resonance of RbBr 


By Junkichi ITOH and Yukio YAMAGATA 


Department of Physics, Osaka University, 
Osaka 


(Received November 28, 1958) 


We have made nuclear magnetic resonance studies 
of alkali halides having alkali and halogen ions of 
similar electronic configurations. In these alkali 
halides, comparison with the theories!2) can be 
made with less ambiguity, because the masses of 
the ions are nearly equal. We measured spin- 
lattice relaxation time 7, as well as paramagnetic 
chemical shift o (referred to the resonance in dilute 


: aqueous solution of the same salt*) for RbBr and 


perature were as follows: 
(Br®!)=0.16 sec, o(Rb)=1.610-4, and o(Br)=1.05 


KCl. In this note, we shall describe the results 
for RbBr. 

The measured values of 7; and o at room tem- 
T;, (Rb8")=0.27 sec,. Ty 


x 10-4. 
First we shall compare the experimental results 


with the theory given by Yosida and Moriya, in 


which some small degree of covalency was assum- 
ed in the bond between alkali and halogen ions. 


_ According to their theory, the ratios of o and 1/7, 


. 


‘fer to the outer orbital of Rb ion. 


for Rb and Br are simply given by the ratios of 


_<r-3> (average of 7-% over covalent p-orbital), s-p 


hybridization degree and nuclear quadrupole mo- 
ments. On forming small covalent bond, one 
valence electron (4p-electron) of Br ion will trans- 
This orbital 
may be 5s-5p hybridized orbital, the weight of s- 
orbital being probably predominant. So, the cal- 
culated ratios of o and 1/T,; for Rb and Br are 


very much smaller than the experimental one, 


though o and 7, for Br alone may be well inter- 
preted by taking appropriate degree of covalency. 


* Concentration dependence of the shift in nu- 
clear magnetic resonance of Rb or Br was found 
in aqueous solution of alkali halides containing Rb 
or Brion, as in iodide ion in aqueous solution of 
alkali iodides.) So, the chemical shift o of solid 
RbBr referred to dilute aqueous solution of RbBr 
might not be true shift o9 from corresponding 
free ion. op is necessary for the comparison with 
the theories. But, in the cases of Rb and Br, 
this concentration dependence was much less than 
that in I. Therefore, « may be considered to be 
close to op and, since the values of op cannot be 
decided accurately, we used o for the discussions 
of the experimental results. 


Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 
7cmx7cm will be counted as 150 words. 


Even if we assume a configurational interaction in 
Rb ion by which 4p-orbital is partially mixed with 
Sp-orbital, the experimental ratios may not be _ in- 
terpreted appropriately. 

Next, we shall compare the experimental results 
with Kranendonk’s theory, in which only the 
electrostatic effect of charges outside of the ion 
core is taken into account. The calculated ratio 
of 1/7, for Rb and Br, with appropriate values of 
Sternheimer’s antishielding factors,? gives much 
better approach to the experimental ratio than the 
covalency theory, but it is still smaller by a fac- 
tor of 10 or so. However, ion core deformation 
by charges outside of it may not produce o of the 
order which we have measured, in the framework 
of the original Sternheimer’s theory.®) 

Also, we measured the relative intensities of Rb35 
and Br®! resonances, from which it was concluded 
that 1/2< —1/2 transitions alone contribute to the 
observed resonance in these cases, while the width 
of the resonance lines was equal to the dipolar 
width. This indicates that imperfections of the 
crystal may produce static quadrupole energies of 
the same order of magnitude in Rb and Br. 

These experimental results show that there seems 
no substantial difference in the nuclear magnetic 
resonance of Rb and Br in RbBr crystal, and that 
o, T,, and the quadrupole effects due to crystal 
imperfections may be determined, at least in their 
orders of magnitude, by the electronic configura- 
tion of the ion, regardless of the sign of ionic 
charge. To interpret the nuclear magnetic reso- 
nance of alkali halides, a more elaborate theory 
should be used, in which the overlapping of ion 
cores, the deformation of ion core by outside 
charges, possible covalent nature in the bond, etc. 
are taken into consideration. 

We have made similar experiments on K and Cl 
nuclei in KCl. The details of the experiments 
will be published elsewhere. 
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Anisotropy of Ordinary Hall Effect 
in Silicon Iron 


By Eiji TATSUMOTO and Tetsuhiko OKAMOTO 


Department of Physics, Faculty of Science, 
Hiroshima University, Hiroshima 


(Received December 12, 1958) 


The observation of the Hall effect of ferro- 
magnetic single crystals has not been made except 
on iron by Webster In his measurements the 
ordinary effect was not observed because of the 
insufficient intensity of the applied magnetic fields. 
In the present experiment, by using the single crystal 
strips of 1.23% silicon iron, and by applying the 
magnetic fields on them up to 30,500 gauss, not 
only the extraordinary but also the ordinary Hall 
effect was observed at room temperature. The 
single crystals were made by Fujiwara’s method,» 
the size being about 0.5mmx9.5mmx35mm and 
crystallographic orientations (001)—[100], (001)— 


[110] and (110)~[111].* The polycrystals were also 
measured. Some of the results of the preliminary 
measurements are presented here. 

The Hall effects observed are satisfactorily re- 
presented by the empirical formula,3) Hj7=(R)H+ 
RiM)I/t, where Hy is the Hall voltage measured 
directly, Ro and AR, the ordinary and the extra- 
ordinary Hall coefficient respectively, H the inten- 
sity of magnetizing field, M the mean intensity of 
magnetization, Z the primary current and ¢ the 
thickness of specimen. The extraordinary Hall 
coefficient observed in comparatively low fields is 
not anisotropic just as in the case of Webster,V 
and the magnitude is 49.2 volt. cm/gauss. amp. 
The ordinary effect observed in the applied fields 
higher than about 26,000 gauss, however, is distinct- 
ly anisotropic, and moreover is affected by the ten- 
sions within the elastic range applied in the direc- 
tion of the primary current; that is, the ordinary 
Hall coefficients sensitively vary according to the 
tensions, but their signs do not change in any case, 
as shown in Fig. 1. In the extraordinary Hall 
effect, the effect of tension was scarcely observed. 
Dependence of the ordinary Hall coefficients on the 
tensions is different among three kinds of the 
single crystals. Accordingly, the difference depends 
on the shapes of crystal lattice distorted by the 
tensions and seems to have some definite relation 
with the rate of the deformation of the crystal 
lattices. On the polycrystals, however, no effect 
of the tension has been observed. In the ferro- 


* For example, the notation (001)—[100] signi- 
fies that (001) and [100] coincide respectively with 
the surface plane and the longitudinal direction of 
a single crystal strip. 
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magnetic cystals free from external tension, the }}f 
crystal lattice has already been deformed by the }} 
spontaneous magnetostriction to the tetragonal|} 
lattice, the c axis of which is one of the easy’ 


that the ordinary Hall coefficients observed without ‘| 
tension have already been modified comparatively |) 
by the spontaneous deformation of the crystal | 
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Fig. 1. Dependence of ordinary Hall coefficient 
on the tensions applied in the direction of pri- 
mary current. 


lattice. There remains a question, however, whe- | 
ther they should still have anisotropy even if the | 
crystal lattice were cubic. Because of the positive | 
sign of the ordinary Hall coefficient in every 
cause, almost all or all the charge carriers are|| 
positive holes, so that the anisotropy and _ the | 
effect of the tensions might be attributed to the | 
nonspherical forms of the Fermi energy surface 
of the conduction band, which probably touches | 
the boundary of Brillouin zone. It may be of | 
interest to observe the Hall effect on the single 
crystals, such as nickel, the charge carriers of | 
which are presumed to be electrons, in contradis- | 
tinction from the case of hole conduction. In con- | 
clusion, one may expect that a complete investiga- 
tion concerning these problems will give an essen- | 
tial information for understanding the structure 
of the conduction band in ferromagnetics. 
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Electrostatic Transformer Type Particle 
Accelerator using Ceramic BaTiO; 
—Ferrostac— 


By Toshikazu SHIBATA, Atsutomo TOI, 
Tokuo SUITA 


Department of Nuclear Engineering, College of 
Engineering, Osaka University, Osaka 
and 
Shunkichi KISAKA 


Matsushita Electric Industrial Corp. Ltd., 
Osaka 
(Received December 15, 1958) 


A particle accelerator for engineering use which 
utilizes the electrostatic transformer principle) has 
been constructed with ferroelectric materials such 
as ceramic BaTiO3. The accelerator consists of a 
high voltage generator and an accelerating tube 
with an ion source and suitable accessories.» The 
essential feature of this accelerator is that the 
high voltage generator has rotating ferroelectric 
ceramic discs or capacitors which carry electric 
charges. 


—+ Secondary Voltage (KV) 


40 60 100 


0 «20 
—> Load Current (pA) 


Relations between the secondary voltages 
and the load currents at the constant primary 
voltage (§kV) for various materials. 


Pig. 1. 


Various dielectric materials have been tried as 
the rotating discs and the results shown in Fig. 1 
were obtained. In Fig. 1 some relations between 
the secondary currents and the secondary voltages 
for the 1:1 electrostatic transformers at a constant 
primary voltage of 8kv are shown. It is clearly 
seen that much more secondary current or beam 
current can be obtained without marked voltage 
drop in the case of BaTiO; which is desirable for 
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high beam current accelerator for engineering use 
like radiation source and nuclear fusion injector. 
The constructed Ferrostac of 150ky for neutron 
production is shown in Fig. 2. The ion source is 
of the rf type using 20 megacycles per second and 
kept at earth potential. The zirconium-tritium or 
titanium-tritium target is connected to the nega- 
tive high potential terminal of the high voltage 
generator. Any potentials for the intermediate 
electrodes and focussing electrode may easily be 
obtainable through proper brushes of the genera- 
tor. The deuteron beam current obtained so far 
is about 100 microamperes and the neutron intensi- 
ty is about 1092/sec. The beam current, however, 
will be increased by improving the ion source. 


Fig. 2. 150kV Ferrostac 


High voltage generator (electrostatic trans- 
former) 

Accelerating tube 

Target 

Ion source 

Vacuum pump 


a 


Sie ao 


The accelerator of this type seems to combine 
several advantages of Van de Graaff and Cockcroft- 
Walton type accelerators in having (a) simple con- 
struction, (b) high beam current and (c) low cost 
per beam current. At the present stage, however, 
it has some problems such as mechanical vibration, 
secondary voltage fluctuation, surface discharge 
and brush contact. To improve these points, some 
fundamental researches are being done. And 400kv 
Ferrostac, 1 mV Ferrostac and also an electrostatic 
accelerator which utilizes the electrostatic generator 
principle are being constructed. 
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Optical Properties of SiC in Infrared Region 


By Masaharu NAMBA 
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It is well known that silicon carbide is the 
valence crystal and p- or m-type semiconductor. 
Unfortunately, unlike silicon, germanium and other 
semiconducting materials, it is impossible to get 
SiC single crystals thicker than about 0.5mm for 
the present and is very difficult to polish the ones 
thinner than about 0.05mm. Therefore the optical 
absorption of SiC in infra-red region described 
here may not be accurate quantitatively. 

i) Transmission measurements 

The transmission studies were carried out on a 
Perkin-Elmer double pass monochrometer in the 
range from 2.5, to 16 at room temperature. 

As shown in Fig. 1 silicon carbides are found to 
have high transparency for infra-red radiation up 
to 5n, although for p-type black SiC (=10-!.2 cm) 
transparency is practically zero because of their 
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Fig. 2. Absorption coefficient of SiC. 
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high impurity contents (5 x 10!9~1020 cm-%) and large| 
free carrier concentrations (7~5 x 10!8 cm~). 
ii) Absorption coefficient 

Absorption coefficient at room temperature were 
determined by transmission measurements. From) 
this method, owing to the thickness of our speci-, 
mens used, it was impossible to measure absorp- 
tion coefficients more than about 100cm~! and) 
less than 10-!cm. The experimental curve for 7; 
type sample given in Fig. 2 roughly has the same H 
slope as required by the Drude theory of free? 
carrier absorption. 

Besides this absorption there are absorption | 
bands due to impurity and lattice vibration. The? 
available thermal-ionization energy data for SiC) 
indicate that the 1s state of the impurity level is; 
explained in terms of a hydrogen-like model fos ’ 
the unionized impurity and is given by 0.275e.v.L. 
Then, the corresponding optical absorption appears 
at v=2320 cm-1! (hev=0.288 e.v.) for p- and n-type 
specimens. Now, since the tetrahedral bond length 
of sillicon carbide lies between those of sillicon 
and diamond, the lattice absorption frequency may 
be expected to exist between the ones of sillicon 
and diamond. Then, our measurement shows the 
existence of a principal transmission minimum (y 
=1600cm-!) and secondary minimum in the long 
wave side of the former. Although we can not 
discuss on this aspect in detail, the observed ab- 
sorption is very strong compared with sillicon and 
diamond,2? and resembles to the cases of some 
ionic crystals. 
iii) Reflective power 

The Coblentz’s data on reflection), shown in 
Fig. 3, remind us of selective reflection of ionic 
crystals. If it is so, this experimental result will 
be understood in the same manner as the infra-red 
dispersion by ionic crystals. 
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Fig. 3. Reflection of SiC. 


Solid line=theoretical curve 
Dotted line=Coblentz’s experimental curve 


Fig. 3 indicates that the wavelength at which 
the maximum reflection occurs is 12, and =, the 
high frequency dielectric constant, 5.124, and then 
the dispersion frequency or wavelength 4) comput- 
ed by Havelock’s theorem is given by 12.415y (as- 
suming &, static dielectric constant, =7). 

If we write the dispersion formula as follows): 


1959) 


eS a 
CHS igo 


then the reflective power R is given by the well- 
known formula 


=i © 
Peet 

| w+1]’ ey) 
where m is the refractive index (7 e), “alias 


theoretical curve based on Eqs. (1) and (2) is shown 
by solid line in Fig. 3. There is good agreement 
between theory and experiment, from which we 
have to conclude that the sillicon carbide may be 
classified between the valence and ionic type. 
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Note on the Spin of Excited States 
of Cadmium 110 


By Mitsuo SAKAI*, Haruko OHMURA 
and Teruo MOomMoTA** 


Department of Physics, Faculty of Science, 
University of Tokyo 
(Received November 28, 1958) 


The spin of long-lived Ag#®m (253 day) was 
very recently determined as 6 by the atomic beam 
magnetic resonance method. Since our analysis 
published in the last year?) which concerned the 
angular correlation measurement of gamma rays 
from this nucleus was based upon the assumption 
of 5-or 4+ for the spin and parity of this level, 
it was considered worth while to examine our re- 
sults once again. 

The decay scheme is presented in Fig. 1. As 
the spin and parity of short-lived Ag! is known 
to be 1+ by the information from beta disintegra- 
tions, the 116-KeV electromagnetic transition now 
should be of E5 or M5 character. Hence the K/L 
ratio of this gamma ray might be expected to be 
0.185 or 1.053. According to the experimental 
value of 1.3%, the electromagnetic character can 
be concluded as M5. Consequently the parity of 
this isomeric level should be +. The low energy 
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beta component decaying from this level to the 
2.93 MeV level of the daughter nucleus of Cd10 
has the log ft value of 4.25, which indicates the 
spin and parity of this level might be 7+, 6+ or 
5+. These possibilities could not exist in our 
previous analysis in which the spin and parity of 
the third 1.541-MeV level was assumed to be 
either 2+ or 3+. Therefore the third alternative 
of 4+ should now be considered. In our preced- 
ing paper this possibility was rejected by reason of 
the rather big difference between the angular cor- 
relation patterns <y374> and <7sve> even though we 
have got <jysyg> consistent with that of spin sequen- 
ce of 0-2-4. The similarity between <737;> and 
<7s7e> 18 a requisite for this spin sequence. But, 
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to our regret, the accuracy of the experiment was 
not high enough to exclude this posibility complet- 
ly. Analyzing the data under the assumption of 
the third alternative for the spin of the 1.54-Mev 
level, we found that the spin 5 for the 2.930-Mev 
level with jy. of almost M1 character is the uni- 
que solution and that the spin 4 or 5 (less probab- 
ly 6) of the 2.476-Mev level is only possible in 
case of 73 having the mixing ratio of about —0.2. 
The revised spin assignment is shown in Fig. 1. 
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Electronmicroscopic Observations on the 
KI Single Crystal 


By Tetsuhiko TOMIKI* 


The Research Institute for Steel, Iron 
and other Metals, 
Tohoku University, Sendai, Japan 


(Received November 27, 1958) 


During electronmicroscopic studies on alkali hali- 
des, it was found that KI single crystal has pro- 
perties different from those observed hitherto on 
KCl, NaCl and KBr single crystals!. The experi- 
mental results obtained are summarized as 
follows: 

(i) Fresh (100) cleavage surfaces of KI have a 
group of steps each of which is parallel to each 
other and is generally less than 0.1 microns in 
height (Fig. la). This step splits usually into two 
branches of cleavage steps, or vice versa (Fig. 16). 
These properties have never been observed on the 
KCl, KBr and NaCI‘crystals. 


(a) 


(b) 
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(ii) After evacuating the evaporation apparatus 
in which the freshly cleaved KI specimen was 
placed, this apparatus was filled with air to make 
the crystal expose to it. The crystallites came out 
on the (100) surface of this specimen, when the 
evaporation apparatus was evacuated again (Fig. 
2). The similar phenomenon has already been re- 
ported on the KCI single crystal.2 


(iii) When the KI single crystal was irradiated 
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with x-ray (Cu target; applied potential=30 kv) on 
the (100) at the distance of 50cm from the target 
for 60 minutes, the crystallites grew in a irregular 
shape as shown in Fig. 3. However, the crystal- 
lites did not grow on the KCl specimen x-rayed 
under the same conditions. 


(bd) 
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(iv) When the KI single crystal was bombarded 
with electron beam of an electron microscope (Cur- 
rent=30yA; applied potential=50 kV) on its (100) 
surface, KI molecules evaporated from the surface 
and crystallites grew there at the same time. The 
surface area, where pits are produced by evapo- 
ration caused by bombardment with electrons for 
15 minutes, is shown in Fig. 4a. The surface 
structures similar to contour lines in a map re- 


’ 1959) 


. 


present lamellae by which pits are formed. The 
grains on the (100) represent the grown-up crystal- 
lites. Fig. 46 shows another part of the surface 
where crystallites have grown at the convergent 
points of the stratified structures produced by 
evaporation. The shape of these crystallites re- 
sembles to those of crystallites on the x-rayed 
surface (cf. Fig. 3). Therefore, the crystallites 
will probably be composed of KI. The alkali 
halide single crystals bombarded with high speed 
electrons have been investigated only little. Many 
problems are left unsolved. 

It is planned to extend to electronmicroscopic 
observations on the KI single crystal. 

The author would like to express his thanks to 
Prof. S. Ogawa who provided him an opportunity 
to achieve this experiment. His gratitudes are also 
due to Dr. M. Hirabayashi for his kind operations 
of x-ray apparatus. 
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Ferrimagnetic Resonance of Polycrystalline 
Nickel Ferrite-Chromites 


By Hiroo YONEMITSU 


Matsuda Research Laboratory, 
Tokyo Shibaura Electric Co., 
Kawasaki-City, Japan 


(Received December 5, 1958) 


A series of dense mixed polycrystals NiFeg:-7Crz,O4 
were prepared with x=0, 0.10, 0.20, 0.30, 0.40, 0.60, 
0.80 and 1.20 by the usual ceramic techniques. 
The X-ray diffraction patterns obtained on a Norelco 
type diffractometer using FeKa radiation, showed 
only spinel phase for all samples. Ferrimagnetic 
resonance absorption spectra showed no changes 
about the full half-width 4H for all compositions 
below #=0.60, as shown in Fig. 1. Their absorp- 
tion powers, however, were weakened with the in- 
crease of chromium contents #. Saturation mag- 
netization at room temperature for the annealed 
samples are shown in Fig. 2. 

This behavior resembles to the one for the nickel 
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ferrite-aluminate series reported by Maxwell and 
Pickart), except for the fact that in the latter 
case 4H is increased with Al contents. Further 
investigations on the cation distribution of these 
mixed crystals and the constant 4H characteristics 
are now in progress and the results will be pub- 
lished in this Journal. 


Measuring freq = 9,345Mc 


o Sphere dia =0.5mm 

~o 1000 4 

® 4 

i) y 

he a 

o @, 

° ny 

£ Ke! 

ae ees 

¢ 
4 / 
/ 

= 500 Ni Ferrite — Chromite 

3 Ges 

5 

| 

Ke) 

Ge 

ie} 0.2 0.4 0.6 0.8 1.0 
—s» Xx (Cr and Alcontent) 
Fig. 1. Ferrimagnetic resonance half-width 4H 

OS ey 
) 
wo, 
Mm 
nN 
~ 

o 

a 

» 2000+ * 

5 
& > 
& 


° 
° 
ke) 


Saturation magnetization 41tJs 


08 1.0 
(Cr and At content) 


Fig. 2. Saturation magnetization 4nJ; vs. x at 
room temperature. 


Reference 


1) L. R. Maxwell and S. J. Pickart: 
92 (1953) 1120; ibid. 93 (1954) 682. 


Phys. Rev. 


232 


J. Puys. Soc. JAPAN 14 (1959) 232~233 


Barrier Temperature at Turnover 
in Germanium p-n Junction 


By Jiro YAMAGUCHI and Yoshihiro HAMAKAWA 


Faculty of Engineering, Osaka University, 
Osaka 


(Received December 5, 1958) 


In this note, the additional considerations are 
given for the barrier temperature at turnover in 
the reverse direction of germanium grown p-” 
junction, which has been previouly reported.) 

The experimental procedures are the same as 
our previous publication. Fig. 1(a) shows the 
experimental results of the barrier temperature of 
grown type junction at turnover, which is estimat- 
ed from the saturation current in reverse direc- 
tion. In this figure and the following ones, circles, 
crosses and dots express the results measured by 
the pulse of 160,80 and 40s duration, respective- 
ly, in repetition frequency of 1000c/s. It is found 
that the barrier temperature at turnover is nearly 


b) pas | 
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Barrier temperature (°C) 
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Fig. 1. Turnover barrier temperature estimated 
from saturation current at different ambient 
temperatures. 

(a): 


grown junction, (b): point contact 


Table I. 
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constant for a given specimen in the range of! 
ambient temperature of (—180~20)°C. | 

On the other hand, the barrier temperature can) 
be estimated by another means?) which has been | 
adopted to the point contact diode. Following this } 
method, we can obtain the relation between turno- > 
ver power and ambient temperature as Fig. 2 for 
specimens of No. 1 and No. 2 and the turnover ° 
barrier temperature can be indicated by the inter- 
section of linear part of these plots to the abscissa. 
These results and physical properties of specimens | 
are summarized in 1st and 2nd row of Table I anc 
there is a discrepancy between the barrier tem: ' 
peratures obtained by the above two methods. 
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Fig. 2. Powers dissipated at turnovr versus am- 
bient temperature in case of grown junctions. 


Furtheremore, we take the same considerations 
for the specimens of point contact type. These 
results are shown in Fig. 1 (b) and also in the 3rd 
and 4th row of Table I. From these results, the 
difference of barrier temperature measured by 
above methods is rather small. Comparing the 
results of point contact type with those of junction 
type, we can confirm that there may be the non- 
uniformity or patch in the germanium junction, 


Experimental results and physical properties of the specimens. 
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like as in the sillicon p-2 junction,?-© and the 
turnover occurs, when the barrier temperature 
reaches the intrinsic temperature at any spot in 
junction. 

The authors are indebted to Sony, Corp., Kobe 
Kogyo, Corp. and Nippon Electric Company Ltd. 
for the supply of the specimens. 
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Interaction of Water Vapour with 
Germanium Real Surface 


By Koji KAWASAKI, Kyoichi KANOU and 
Yoshiyasu SEKITA 
Electrotechnical Laboratory, Nagatacho, 
Chiyodaku, Tokyo, Japan 
(Received December 6, 1958) 


The adsorption isotherm of water vapour and the 
surface conduction current in the atmospheres of 
various relative humidities were measured for 
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germanium treated by CP4 etching solution. 

It was found that in general, the resistance R 
of »-type germanium decreases with the adsorption 
of water vapour, while that of » type sample in- 
creases with the adsorption. 

The relative variation of resistance, 4R/R, of 


Table I. 
Specific 
Samples | Resistivity AR/R 4Nr ss 
(acm) (no./cm?) 
p-type 
1 6.0 0.0038 1.610" 
2 Wy 0.0080 4.9x10U 
3 0.6 0.028 4.1x102 
4 0.8 0.009 6.2104 
5 6.0 0.0026 1.1x 100 
6 We 0.0058 5.9x 1011 
7 6.0 0.028 5.6 x 1011 
8 0.9 0.041 1.6 x 1012 
N-type erty it ae 
1 9.1 ~0.0014 | 1.5101 
2 0.9 —0.012 8.4 x 1011 
3 DS —0.0195 6.5x10u 
4 8.3 —0.023 1.3 x 1041 
5 47 — 0.0089 1.2 x 1010 
6 0.9 —0.014 9.5x10u 
7 Saya — 0.043 7.2100 
7 ® n-type p00! 
4 p~ 30 @ 
x p-type o~30 
6 p-typ Pp 9 
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Fig. 2. Adsorption isotherms of water vapour on 
germanium at 25°C. 


234 


m- and p-type germanium in the atmospheres of 
very low relative humidities are shown in Fig. 1. 
AR/R seems to be saturated at such low humidi- 
ties. Saturation values of 4R/R and the number 
ANr of charge carriers per unit area which must 
be introduced into the samples to produce the 
observed change in resistance with the adsorption 
of water vapour are shown in Table I for several 
samples. In the table, the values of d4Nr range 
between 104 and 10% for both m- and p-type. 
These values are larger than those obtained by 
S. R. Morrison. 

Next, the adsorptionZisotherms of [water vapour 
on germanium surfaces were obtained by the gravi- 


no. of adsorbed water molecules per cm* AN, 
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Fig. 3. 4R/R with number of the adsorbed water molecules or 


surface coverage. 


metric method using powdered specimens, i.e., by 
suspending the sample on the end of a sensitive 
quartz spring in a glass vacuum vessel and measur- 
ing the spring elongation with a cathetometer. 
Typical adsorption isotherms on the samples out- 
gassed at 25°C are shown in Fig. 2, where 
@ is the surface coverage as determined by 
the B.T.E. method. These isotherms are 
nearly in accordance with Law’s data.» 

From Fig. 1 and the logarithmic expression 
of adsorption isotherm given in Fig. 2, 4R/R 
for p-type germanium is plotted in Fig. 3 
versus the surface coverage 9. It can be seen 
that 4/R increases with @ and is saturated 
at a certain critical value of @. This critical 
value of the surface coverage @ lies between 
5x10-% and 8x10-3. The number 4N,4 of the 
adsorbed water molecules per unit area at this 
critical values of @ is about (5~8) x10”. 


battery 
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Size Distribution of Radioactivity of the | 
Natural Radioactive Dust 


By Koji KAWASAKI and Keiji KATO 


Electrotechnical Laboratory, Nagatacho 
Chiyodaku, Tokyo, Japan 


(Received October 7, 1958) 


In order to provide further information on the 


particle size distribution of the radioactivity of the | 


natural radioactive dust in the atmosphere near 


ground, an apparatus has been designed and the 
distribution of radioactivity has been measured. 


A copper wire was set as showr 
in Fig. 1 and the radioactivity 
captured by the wire was measurec 
by a G.M. counter. 
this measurement, the radioactivity 
of the dusts captured by the wire 
was almost zero when the wire 
was maintained at a high positive 
potential, but was measurable when 
the wire was at a negative poten- 
tial. These results indicate that 
the polarity of radioactive dust 
particles captured is positive, al- 
though there may exist in the at- 
mosphere neutral particles that have 
not been detected by this experi- 
ment. Furthermore, the radioactive 
substances were identified as RaB, 
RaC and ThB by the decay rate 
curve, as already reported.))»2) 


l2: 


Based on these facts, an apparatus for the deter- 
mination of the size distribution of the natural 
radioactive dust was designed as shown in Fig. 2. 
The air that is taken in by the blower flows into 
the cylindrical ion separator. The separator cap- 


Cu-wire (diameter =O,3mm) 


Porcelain 
insulator 


ground 


tits, aly 


tures the charged particles or the ‘‘ions’’, as 
they are called in the atmospheric electricity, that 
have mobilities higher than the cut off mobility 
determined by the equation 
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where & is the cut off mobility, D and d are the 
diameters of the outer and the inner cylinder re- 
spectively, 2 is the length of the cylinder, Q is the 
airflow, and V is the applied voltage. The charg- 
ed particles having the mobilities lower than the 
cut off mobility pass through the ion separator, 


d.c. Voltage (V) 
t 


ion separator 
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flow into the electric precipitator and are captured 
by the precipitator effectively.» After the ions 
have been collected, the chamber of the electric 
precipitator is closed by the glass valves A; and 
Az, and the d.c. high voltage applied on the tungs- 
ten wire of the precipitator is removed. This 
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£ Pp 
He 
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Fig. 2. 


chamber is then used as a G.M. counter, commer- 
cial methane being introduced into the chamber 
through the glass valve B; and exhausted through 
By, at slightly above atmospheric pressure. From 
this measurement, the fraction of total radioactivi- 
ty can be plotted versus the cut off mobility. 
Particle size is related to mobility by 


k=e{1+(b/pr)}/6nyr (2) 
where e is the charge of particle, 7 the viscosity 


of the air, 7 the radius of dust particle, p the 
pressure and 06 a constant. 
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A typical result of the particle size distribution 
of radioactivity is shown in Fig. 3. It is found 
out that most of the natural radioactivity in the 
atmosphere attaches itself to particles having radii 
in the range 0.01 to 0.04 micron and predominance 
of the activity is in the vicinity of 0.0175 micron. 


These results are nearly in accordance with the 
data given by Wilkening.») 
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Zeeman Study of Nuclear Quadrupole 
Resonance Spectrum in 
p-Dibromobenzene 


By Kenji SHIMOMURA 


Minami Bunko, Hiroshima University, 
Hiroshima 


(Received November 27, 1958) 


The Zeeman analysis” of bromine quadrupole 
resonance spectrum in p-dibromobenzene was per- 
formed employing the Zeeman analyzer which has 
been described previously. The single crystal 
was obtained by descending slowly a cylindrical 
glass container with a bottom tapered to a point, 
through a vertical furnace having a large tempera- 
ture gradient. 

The experimental results of the Zeeman analysis 
are shown in Fig. 1, which shows two nonequi- 
valent directions?) of z-axes of field gradient ten- 
sor. The angle between them was found to be 
71°59’+12’, which is in fairly good agreement with 
the angle between the two Br-Br directions 71°11’ 


236 


which has been obtained from the X-ray analysis.» 

The points representing the zerosplitting angles 
are plotted in Fig. 1 together with the zerosplitt- 
ing loci. The point D is plotted on the line AC 
connecting the point C which specifies the zero- 
splitting direction with the center A of the zero- 
splitting locus so that AD represents the angle @— 
53°, where 9 is the zerosplitting angle at C, and 
53° is arbitrarily chosen in order to clearly locate 
the maximum and minimum directions of the zero- 
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splitting angles about A. From the maximum or, 


minimum value of zerosplitting angle one obtains” 


7=0.05+0.01 for the asymmetry parameter of | 


field gradient tensor at the bromine nucleus. On 
the other hand, from the study of Zeeman splitting 
Kojima et al) have obtained 7=0.12+0.01, which 
is larger than our value. 
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Our value seems to be | 


more reasonable since it is nearly the same as | 


those of p-diiodobenzene 4.77 +0.40%, 3.6540.50%9 - 
which have been definitely obtained from the fre-— 
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Fig. 1. Zerosplitting-direction patterns of Zeeman lines of bromine in -dibromobenzene. 


Q, @ are polar angles specifying zerosplitting-direction with respect to the axes fixed 


to the sample. 


© represents the direction of zerosplitting. 


G@) represents the zerosplitting angle. 
Three circles around A designate the 54°, 54°44’, and 55° zerosplitting angles. 


A’ and 


B’ are the equivalent directions of A and B, respectively. 


quency measurements of iodine resonances. 

From the value of 7 and the resonance frequen- 
cy®) of pure quadrupole resonance spectrum of 
bromine we may obtain” 80.9%, 2.0%, and 17.1% 
for the amount of single, double, and ionic charac- 
ter for C-Br bond, respectively. 
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Errata 
On the Ferromagnetic Phase in Manganese-Aluminum System 


By Hiroshi Kono 
J. Phys. Soc. Japan 13 (1958) 1444 
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Gamma Rays from the Proton Bombardment of 
“Meg, *Mg and *Mg 
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and Hiji OKADA 
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Osaka University, Osaka 
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The gamma-rays following the inelastic scattering of protons by 4Mg, 
*Mg and Mg were investigated at proton energies up to 5.7 MeV. 
The energy spectra of the gamma-rays at several proton energies have 


been obtained for each isotopes. 


2* was assigned to the second, third and fourth excited level of *Mg 
considering the gamma-ray branching ratios for those levels. 

The yields of gamma-rays from the first excited levels were found to 
have peaks at proton energies of 4.0, 4.6 and 5.05MeV for #Mg(p, p’7) 
reaction, 4.9 and 5.4MeV for Mg(p, p’y) reaction respectively. These 
resonances correspond to the levels at 6.1, 6.7 and 7.14 MeV for Al, 


and 13.0 and 13.5MeV for 27Al. 


To determine the spins for those levels, angular distributions were 


measured at resonance energies. 


Spin values of 3/2 and 5/2 are probable 


for 7.14 MeV level in 25Al and 13.0 MeV level in 27Al respectively. 
For the 13.5 MeV level in 27Al, the spin of 3/2 is also probable, but 
5/2 can not be excluded because of the presence of the cascade gamma- 


rays from higher levels. 


The total cross sections for the gamma-ray emission are estimated to 
be about 700 mb at 5.05 MeV xesonance for #4Mg and a few hundreds mb 
for the 4.9 and 5.4MeV resonances for **Mg. 


$4. 


Inelastically scattered protons by magnesium 
have been observed by numerous workers at 
proton energies between 2.4 and 15.3 MeV”. 

The lst excited state of “Mg was deter- 
mined as 1.371+0.002 MeV by electro-static 
analysis”. The 2nd and 3rd excited state of 
*4Mig proved to be a doublet of 4.13-0.02 and 
4,24+0.02 MeV using magnetic analysis”. 

On the other hand in the study of beta-decay 
of #4Na, the energies of gamma-rays from the 
excited levels of *Mg were determined by 
magnetic spectrometer as 2.7535-£0.0010 (2nd 
— lst) and 1.3680++0.0010 MeV (1st > gnd)”, 
and the spins and parities of the gnd, lst and 
2nd state were assigned 0*, 2* and 4* respec- 
tively. 

Recently a large amount of informations 
has become available on *Na-+P reactions, 
and the 3rd excited state of *Mg was assigned 
jJ=2*, and the level at 5.26 MeV was observed 
with J=3 and probably negative parity”. 

The angular distribution measurements of 
inelastically scattered alpha particles to 1.37 


Introduction 


and 4.2 MeV level also agree with direct sur- 
face interaction for (0*) > (2+) transition and 
the level at 4.12 MeV (4+ state) is not excited®. 
These results are consistent with the above 
spin assignments. 

As the excited states of *Mg, the magnetic 
analysis of inelastic scattering of 8-MeV pro- 
tons by natural magnesium have revealed 
levels at 0.61, 1.62, 1.98, 2.56, 2.76, 3.41 and 
3.91 MeV, all 0.02 MeV”. In the study of 
gamma-rays in ~Mg(p, p’r) reaction, the 
branching ratios of the levels at 0.98, 1.61 and 
1.96 MeV were obtained”. From these results, 
the spins and parities of lower levels can be 
assigned as shown in Fig. 7. These assign- 
ments are also consistent with those from (d, p) 
angular distributions, log ft value in decay of 
2Na and *Al, shell model predictions and 
classifications of corresponding levels in the 
mirror nucleus *Al. The energy levels in 
*Mg were determined more accurately from 
*Mo(d, p)*Mg reaction at deutron energy 1.8 
MeV® and 2’Al(d, a)»Mg at 2.1 MeV® as also 
shown in Fig. 7. 
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The level energies of **Mg were found very 
accurately from the *Mg(d, p)*Mg reaction” 
using enriched targets as shown in Fig. 9. 
The magnetic analysis of inelastically scat- 
tered protons in *Mg(p, p’)*®Mg* reaction at 
proton energy 8 MeV gives levels at 1.8320.02 
and 2.96-£0.02 MeV®. 

The shape of the 8* spectrum determined 
the spin of the 1st level of *Mg as 2+. The 
angular distribution study in *Mg(d, p)*Mg 
reaction indicates for the 2nd, 3rd and 4th 
excited states to have /=2+ or 3*!¥, but 2* 
assignments are more probable for the 2nd 
and 4th excited states from the analogy to 
the levels of **Al!. 

In this paper we report the study of the 
gamma-rays produced in *Mg(p, p’r), *"Mg(p, 
pr) and *Mg(p, p’r) reactions, and discuss 
the properties of these levels. From the 
angular distributions of these gamma-rays the 
properties of the levels of the compound nuclei 
are also discussed. 


§2. Experimental Methods 


Experimental arrangement was the same as 
previously described!?. The 5.7 MeV _ proton 
beam from 44 inch cyclotron was used and 
the energy was degarded at 0.1 MeV intervals 
down to 2.5MeV by aluminum absorbers. 
The proton beam current was a few hun- 
dredths of a microampere. 

The targets used were magnetically sepa- 
rated isotopes of a few tenths of a mg/cm? 
in thickness on gold backings. In the present 
experiment we intended principally to inves- 
tigate *Mg(p, p’r) reaction. The mass sepa- 
rator was arranged to get the “Mg target as 
purely as possible. There was, therefore, 
some impurity of *{Mg in the target of Mg. 

The detector was a scintillation spectrometer 
consisting of a Nal(Tl) crystal 3’ in diameter 
and in length, viewed by a Dumont 6364 photo- 
multiplier. For the pulse height analysis 20 
channel analyser was used. 


§3. Results and Discussions 
Ike 24Mio 

The level scheme is shown in Fig. 1. The 
yield of the 1.37 MeV radiation by the deex- 
citation of the lst excited state of **Mg was 
measured at right angles to the beam as a 
function of the incident proton bombarding 


energy. The results is shown in Fig. 2 and 
in Table I. 


4.24 2+ 
4.122 4+ 
1.3680 e+ 
O+ 
24 
Mg 
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Fig. 1. The level scheme of #4Mg, and _ the 
gamma-rays observed in our work. 
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Fig. 2. The yield of the 1.37 MeV radiation by 
deexcitation of the Ist excited state of “Mg 
measured at right angles to the beam as a func- 
tion of the proton energy. 


Resonance energy Corresponding level 
MeV) energy in Al (MeV) 

4.0 6.1 

4.6 6.7 

5.05 lena 
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The peak at 4.0 MeV agrees with the pre- 
vious experimental data, and peak at 4.6 
MeV is newly found resonance. The large 
resonance peak at 5.05 MeV agrees with the 
experiment by Greenless, and the uncertain 
small resonance is observed at 5.4MeV. The 
total cross section for the excitation of the 
Ist excited state at 5.05MeV proton energy 
is about 700 mb. 
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Fig. 3. The gamma-ray spectrum: #4Mg-+proton 
at 5.1 MeV and 90° with respect to the proton 
beam. 
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Fig. 4. The gamma-ray spectrum: *Mg-+proton 
at 5.7 MeV and 90° with respect to the proton 
beam. 


The gamma-ray spectra are shown in Fig. 
3 and 4. The arrows indicate the positions 
of the peaks and the numbers show the cor- 
responding gamma-ray energies calibrated by 
the 4.43 MeV gamma-ray in YC(p, p’y) and 
1.33 and 1.17 MeV gamma-ray of °Co. 

The relative intensities of those gamma-rays 
are calculated using the shapes of the 4.43 
MeV gamma-ray of "C(p, p’r), 2.75 and 1.37 
MeV gamma-ray of #4Na, and 1.33 and 1.17 
MeV gamma-ray of Co, and the known effi- 
ciences for those energies. The origins of 
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Table Il. Gamma-rays in 4Mg(p, py) reaction 


at proton energy 5.7 MeV. 


at 
Gamma-ray | 


| 

energy | a aeure | Origin of the 

(MeV) | y | gamma-ray 
mr23io | 7.0. | 8rd-gnd in #Mg 
2.86 | 2.5 3rd-lst in 4%Mg 
(2975)8 | (2nd-Ist in Mg) 
1.83 | 0.5 Ist -gnd in Mg 
1.61 | 0.5 3rd-gnd in %Mg 
LHe Ist -gnd in #4Mg 


100 


5) 
ze 
© 
(oe 
we 
= 
| 
Or 30 60 90° 
Angle in degrees 
Fig. 5. Angular distribution of the 1.37 MeV 


gamma-ray in “Mg(p,p’7) reaction at proton 
energy 5.1 MeV. 


the gamma-rays and their relative intensities 
at proton energy of 5.7MeV are shown in 
Table II. 

The branching ratio of those gamma-rays 
agrees with the previous experiment™®. 

Next, to determine the spin of the resonance 
level at proton energy of 5.05 MeV, the angu- 
lar distribution of the 1.37MeV gamma-ray 
was measured. The result of this measure- 
ment is shown in Fig. 5. The solid line in 
this figure represents are least squares fit to 
the data, using even Legendre polynomials 
up to P., and is given by 

W(0)=1+(0.259+0.013)P2+ (0.012-0.023) Ps 

Fig. 6 shows the results of the calculation 


242 


using the theory by Biedenharn et al'®:17) , 
The results of the present experiment is also 
shown in this figure. This result shows that 
the angular distribution can be represented 
by Po and P, only, and therefore the spin of 
the compound state at 7.1MeV of **Al is 
probably 3/2. 


(36,32) tp weit) 
(135.355) 37; 
-05 G35) bigs pO hy 
23 (Bie (Ee Ao 
(\ 259 (3%) | % ) 
oS: 1% ) 
ito%,) 


Fig. 6. The results of the calculation using the 
theory by Bienharn et al. Open points indicate 
A;/Ao and Ax/Ao for various (1, J”, 1’, s’), where 
W(0)= Ao + AzP2(cos 6) -+ Ax Pi(cos 6) is the angular 
distribution of the gamma-ray of the (2+)>(0t) 
and state transition in (p,p/7) reaction, 1 and 
1’ are the orbital angular momenta of incoming 
and outgoing proton respectively, J* is the spin 
and parity of the compound state, and s’ is the 
channel spin of the outgoing channel. 

Cross A, B, C and D indicate the experi- 
mental results of the 1.37 MeV gamma-ray angu- 
lar distribution in 24Mg(p, p’7) reaction at proton 
energy 5.1 MeV and the 1.83 MeV gamma-ray 
angular distributions in Mg(p, p’7) reaction at 
proton energy 4.9, 5.4, and 5.7 MeV respectively. 


The angular distribution measurement of 
the inelastically scattered protons by magne- 
sium!® shows that the corresponding compound 
state seems to have the spin 3/2. From the 
energy dependence of this angular distribution 
it is probable that the reaction proceeds mainly 
through the compound nucleus. These results 
are consistent with the present experiment. 
2. ®Mg 

The low lying levels of Mg are studied by 
many workers, as is shown in Fig. 7. The 
present results are also consistent with these 
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informations. The gamma-ray spectrum at 
proton energy 5.7 MeV is shown in Fig. 8. 

The arrows indicate the positions of the 
peaks and the numbers show the correspond- 
ing gamma-ray energies. The results are 
tabulated in Table III. 

The yield curve of the most intense gamma- 
ray of 1.37 MeV was measured as a function 


MeV 


4.057 
3.960 
3.896 


3.404, 


my WN 
ie a 

No 
GS) KO 


o1 
on 


1.958 


.610 


0.977 


0.584 | 


Fig. 7. The level scheme of Mg. and the gamma- 
rays observed in our work. 
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Fig. 8. The gamma-ray spectrum: %Mg-4-proton 
at 5.7 MeV and 90° with respect to proton ceam. 
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Table III. Gamma-rays in %Mg(p, p’y) reaction 


at proton energy 5.7 MeV. 


aaeieg Relative Origin of the 

(MeV) | intensity gamma-ray 
2.9 1 3rd-Ist in Mg 
(9th-2nd in Mg) 
2.8 0.3 7th-gnd in Mg 
(2nd-Ist in #Mg) 
(8th-Ist in 2Mg) 
2.5 0.3 5th-gnd in Mg 
(8th-2nd in Mg) 
Zee, 0.5 7th-1st in Mg 
(6th-lst in 25Mg) 
2.0 1 4th-gnd in Mg 
(5th-Ist in Mg) 
(10th-4th in %Mg) 
1.8 4 Ist-gnd in %Mg 
(7th-2nd in Mg) 
1.61 10 3rd-gnd in *Mg 
(5th-2nd in Mg) 
1.37 30 Ist -gnd in *Mg 
(4th-lst in 2°Mg) 
0.98 7 2nd-gnd in Mg 
(4th-2nd in %Mg) 
0.58 1st-gnd in Mg 

0.55 Au 

0.40 | 2nd-Ist in %Mg 
0.35 | 4th-3rd in Mg 


of incident proton energy and proved to have 
the same shape as that of the 1.37 MeV gamma- 
ray from 4Mg(p, p’r) reaction described above, 
while the yield curve of 1.61 MeV gamma- 
ray, which is certainly due to the deexcitation 
from the 3rd to the ground state, shows the 
quite different form from it. It is, therefore, 
concluded that the most part of this intense 
gamma-ray is due to the impurity of *Mg in 
the target of ®Mg. The other results in Table 
III agree with the data of the other experi- 
ments”, 
3. %*Mg 

The yield of the 1.83 MeV radiation by the 
deexcitation of the lst excited state ef *Mg 
was measured at right angles to the beam as 
a function of the proton bombarding energy. 
The result is shown in Fig. 10 and Table IV. 

The total cross section for the excitation of 
the 1st excited state at 4.9 and 5.4 MeV pro- 
ton energy are estimated to be a few tenths 
of a barn. 
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The gamma-ray spectra at these resonances 
are shown in Fig. 11-14, and tabulated in 
Table V. The gamma-ray energies and their 
relative intensities were calculated using the 
same method as above described. 


ee 


2 


Oz5 


Fig. 9. The level scheme of 22Mg, and the gamma- 
rays observed in our work. 


As previously described, the lst state has 
been assigned 2* from **Al(8*), and the 2nd, 
3rd and 4th state are assigned 2+ or 3* from 
2>Me(d, p)*Mg. In the present experiment, 
from the gamma-ray intensity ratios in Table 
V we may discussed the spins and parities for 
these states by the use of the Moszkowski’s 
formula based on the single particle model. 

Considering the results of *Mg(d, p)*Mg 
reaction, we may consider only 2* or 3* for 
these states, 
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If the spin and parity of the 2nd state at 
2.97 MeV is 2*, the transition to the gnd state 
is £2, and the transition probability is, there- 


*®g +proton 


Relative Intensity 


09 2 3 4G 


6 
Proton Energy MeV 


Fig. 10. The yield of the 1.83 MeV radiation by 
the deexcitation of the 1st excited state of °Mg 
and the yield of the 1.14 MeV radiation by the 
transition to the lst state from the 2nd state, 
measured at right angles to the beam as a func- 
tion of the proton energy. 


Table IV. Resonances in 2*Mg(p, p’y) reaction. 


Resonances energy Corresponding level 
(Mev) | energy (MeV) in 27Al 
2.9 | 11.0 
Binks) 11.9 
4.4 12.5 
4.95 13.02 
5.45 13.50 
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Fig. 11. The gamma-ray spectrum: ?Mg-+proton 
at 4.9 MeV and 90° with respect the beam, 
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fore, 2.8x10!sec"t. 

If that is 3*, the transition is M3, and the 
transition probability is, therefore, 2.8x 10° 
Secs: 

For both cases, the cascade transition to the 
1st state is 1, and the transition probability 
ist 4 2pel 0 secay 

From the experimental data in Table V, 
the intensity ratios of these gamma-rays, 
1(2.97 MeV)/1(1.14 MeV), are both 0.12 at 5.7 
and 5.4MeV of proton energy. Then it is 
conculded that the spin and parity of the 2nd 
state at 2.97 MeV is 2*. 
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Fig. 12. The gamma-ray spectrum: %Mg-+proton 
at 5.4MeV and 90° with respect to the beam. 
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Fig. 13. The gamma-ray spectrum: 26>Mg-+proton 
at 5.4 MeV and 90° with respect to the beam. 
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Fig. 14. The gamma-ray spectrum: %Mg-+-proton 
at 5.7 MeV and 90° with respect to the beam. 
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Next we consider the 3rd state at 3.97 MeV. 
In this case also the state has the spin of 2+ 
or 3* only, and then the transition to the gnd 
state is E2 or M3, respectively, and the tran- 
sion probability is, therefore, 1.210" secu} 
or 2.2108 sec", respectively. 

The two cascade transitions to the 1st and 
2nd state are both M1, and these transition 
probabilities are 2.8x10sec"! and 2.8x108 
sec™!, respectively. 


Trble V. Gamma-rays in Mg(p, p’y) reaction. 


Gamma-ray Relative intensity 


Origin of the 


(Mew) Hp=—5.7, 954 (Mev) gamma-ray 
il aa | 5th-gnd in Mg 
4.35 | 4 AO | 4th-gnd in Mg 
307° —| it 3 3rd-gnd in Mg 
oT | 2 6 4 | 2nd-gnd in 2Mg 
(3.06) | ‘(5th-Ist in 28Mg) 
2.52 | Pons | 4th-Ist in Mg 
2.140 | 1.5 | 3rd-Ist in %Mg 
1.83 100 100 100 | Ist -gnd in Mg 
Leora | 14 J2 138 | 1st-gnd in *Mg 
(1.38) (4th -2nd in Mg) 
1.14 20 45 16 | 2nd-lst in Mg 
OES haat 8 An 


| ((5th-4th in 4Mg) 


- From the experimental data, these gamma- 
ray intensities are found to be of the same 
order. Then, it is concluded that the 3rd 
state at 3.97 MeV has probably the spin of 2*. 

The 4th state at 4.35 MeV has also 2* or 
3+, and the transition to the gnd state is E2 
or M3, respectively, and then the transition 
probability is 2.0x10!% sec"! or 3.7108 sec7}, 
respectively. 

The cascade transitions to the Ist, 2nd and 
3rd state are all M1 and these transition 
probabilities are 4.5x10'sec™!, 7.310" sec", 
and 1.5x10!%sec™?, respectively. 

From the experimental data, the intensity 
ratios, 1(4.35 MeV)/J(2.52 MeV) etc., are found 
to be 2 or 3, or larger. In this case, as the 
energy of gamma-ray 4.35 MeV is very close 
to 4.43MeV gamma-ray from }2C(p, p’r) re- 
action, we must take precaution against carbon 
which may deposit on the target during pre- 
paration or bombardment. But we took good 
care of the target preparations and the energy 
calibrations of the gamma-ray spectra, and 
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then the intensity of the 4.43 MeV gamma-ray 
was found to be negligible compared to that 
of the 4.35 MeV gamma-ray. It is, therefore, 
concluded that the spin and parity of the 4th 


Intensity 


0° 30° 60° 90° 
Angle in degrees 
Fig. 15. Angular distribution of the 1.83 MeV 
gamma-ray in *Mg(p,p’;7) reaction at proton 
energy 4.9 MeV. 
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60° 90° 


(Oy 30° 
Angle in degrees 
Angular distribution of the 1.83 MeV 
gamma-ray in *Mg(p,p’y) reaction at proton 
energy 5.4 MeV. 


Fig. 16. 


246 


state at 4.35 MeV is also probably 2*. These 
results show good agreement with the spins 
and parities of 7=1 isotopic spin triplet levels 
in *A}, 

The angular distributions of 1.83 MeV 
gamma-ray at proton energy 4.9 MeV, 5.4 MeV 
and 5.7 MeV are shown in Fig. 15, 16 and 17 
respectively. 


Intensity 


Angle in d grees 


Fig. 17. Angular distribution of the 1.83 MeV 
gamma-ray in *Mg(p, p’7) reaction at proton 
energy 5.7 MeV. 


The solid lines in these figures represent 
the least squares fit to the data using even 
Legendre polynominals up to Ps; and are given 
by 

W(@)=1+(0.206+0.015) P2 + (0.187+0.028) Ps 

W(@)=1+(0.229+0.013) P2—(0.0360.023) Px 

W(@)=1+(0.227+0.018) P2+(0.255-£0.034) P, 
respectively. 

These results and the calculations from the 
theory are shown in Fig. 6. 

At proton energy 4.9MeV, about 20% of 
the intensity of the 1.83 MeV gamma-rays is 
due to the cascade transitions from the 2.97 
MeV and higher levels. At proton energy 
5.4 and 5.7 MeV, these amount to about 50% 
and 20% respectively. Therefore, the expan- 
sion coefficients of the angular distributions of 
the 1.83 MeV gamma-ray by the direct excita- 
tion of this level by proton may be somewhat 
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larger than these experimental results. At 
proton enengy 4.9MeV, in spite of these cir- 
cumstances, the coefficient of P: is too large 
to be neglected. Therefore, the level at 13.0 
MeV in 2“Al have probably the spin of 5/2, 
considering the barrier penetrabilily. At pro- 
ton energy 5.4 MeV, the angular dirtribution 
can be fairly represented by Pp and P:, and 
the spin of the level at 13.5MeV in ?Al is 
probably 3/2, but the possibility of 5/2 can not 
be excluded on account of the presence of the 
cascade gamma-rays as described above. 

Both the angular distributions at proton 
energy 4.9 and 5.7MeV can be represented 
by Po, Px and Ps. This fact indicates that 
the spin of the lst state of *Mg is 2 or 
larger, and is consistent with the result of 8* 
decay. 
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Convex-Core Model of Molecules in Crystalline State 
By Taro KIHARA and Saburo KoBA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received December 4, 1958) 
The convex-core model of nonspherical molecules, introduced for the 
sake of treating the second virial coefficients of nonpolar gases (T. 
Kihara: Revs. Modern Phys. 25 (1953) 831), is applied to crystals of 
methane, carbon dioxide, and nitrogen. By use of model parameters 
determined from the second virial coefficients, lattice constants and cohe- 
sive energies are calculated. For methane, results of the calculations 
agree with observed values when the zero-point energy and the effect of 
potential non-additivity are taken into account. The crystal structure, 
the lattice constant and the cohesive energy of carbon dioxide are 
explained by use of a convex-core model with an embedded electric 
quadrupole. 
§1. Introduction Table I. 
The structure, the lattice constant, and the (m/a):| x», (rijay | om (rsfay2 my 
cohesive energy of a molecular crystal at 
absolute zero temperature can, in principle, 1 12 22 24 43 120 
be explained in terms of the potential energy 2 6 23 48 44 24 
between the constituent molecules. In the 3 24 24 8 45 120 
case of spherical molecules (i.e. inert-gas 4 12 25 84 47 96 
atoms) we can use, to a good approximation, 5 24 26 24 48 24 
the intermolecular potential 
* 6 8 27 96 49 108 
Y 12 Va 6 
U()= u| (*) = (2) | Gi, OWT Mopwasl Wsagianja [48isale 50 30 
r f 8 6 29 24 51 48 
depending only on the distance 7 between 2 36 31 96 52 72 
centers of molecules. Here 7 and Up are two 10 24 32 6 53 72 
parameters, which can be determined from the ie aH 2 96 5A 39 
second virial coefficients of the corresponding *- i = 48 55 144 
gas. There are several theoretical investi- 
e é )-7) 13 72 35 48 57 96 
gations on inert-gas crystals?-”. 15 48 36 36 58 fe 
Few investigations have been made, how- - re ae a 
ever, for crystals of polyatomic molecules. 1 12 | 
The present article is an application of a 7 48 38 24 | 60 48 
nonspherical molecular model, which has been 8 i a ica oes: ‘ey 
introduced by one of the authors? in order to 46 ip 40 24 | 63 144 
treat the second virial coefficients of nonpolar 
4 : Z 20 24 41 48 | 64 12 
gases. The model will be explained in the re _ 42 4g | 6s 48 
next section. | 
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In this article crystals of methane, carbon 
dioxide, and nitrogen are treated. These 
molecules are nonpolar and almost convex in 
shape; hence they can be approximated by 
our model. The crystal structures of these 
three are all cubic; moreover they are modifi- 
cations of the face-centered cubic structure 
of spherical molecules. For the face-centered 
cubic lattice, the number m of 7th neighbors 
of a lattice point and the distance 7” to the 
ith neighbors (divided by the nearest neighbor 
distance a) have been calculated in detail”; 
the results are given in Table I, a part of 
which will be used in the following. 


§2. The Convex-Core Model of Molecules 


We assume an appropriate convex body 
called core inside each molecule. The core 
of a (free) carbon dioxide molecule CO: is 
defined by a thin rod connecting the two O’s, 
the length / of the core being /=2.30A. The 
core of a nitrogen molecule Ne is also a thin 
rod connecting the two N’s, the length of the 
core being /=1.094 A. Let us define the core 
of a methane molecule CH. by a regular 
tetrahedron connecting the midmost points of 
C-H bonds. The distance of a vertex from 
the centered carbon atom will be denoted by 
1; then 27/=1.093 A, the C-H bond length. 
(There is no definite reason for this particular 
choice of the core of a methane molecule. 
However, for other hydrocarbon molecules in 
gaseous states, the choice of midpoints of 
C-H bonds as vertexes of a core is known to 
be adequate®.) 

The shortest distance between two cores 
will be called “intercore distance” and denoted 
by o. The potential energy U between two 
molecules is assumed to be a function of 0 
only, and moreover 


viey= uf (2)"—2(2)'], 


which is a generalization of (1.1). Here go 
and Uy are model constants determined from 
the second virial coefficients of the correspond- 
ing gas. Thus, 

0o=3.15 A, Uo/k=226°K for methane, 
0o=3.36 A, Uo/k=309°K for carbon dioxide, 
00=3.47 A, Uo/k=124°K for nitrogen, 

k being the Boltzmann constant. The cores 
and their parallel bodies at distance o/2 are 
shown in Fig. 1._ 


(2.1) 
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The model can be applied only to nonpolar 


molecules which are nearly convex in shape. | 


In gaseous state the model is also applicable 
to molecules with electric quadrupole moment, 
because the quadrupole interaction is mostly 
cancelled there®»?. 
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| 
| 
| 


In crystalline state, how- 


ever, this interaction must be taken into ac- 


count, for CO, in particular. 


Ne 


CH, 


COz2 
Vly Foal be 


§3. Methane CH, 


(a) Core-model interaction 


_ The carbon atoms in a methane crystal oc- 
cupy. the lattice points of a face-centered 
cubic structure. At temperatures below 20.4° 
K, the molecules do not freely rotate and 
seem to be parallel to each other with all the 
C-H bonds directed towards the body di- 
agonals!»”, The distance between nearest 
neighboring carbon atoms will be called “near- 
est neighbor distance” and denoted by a (so 
that the lattice constant by VY 2 a). 

A methane molecule has 12 nearest neigh- 
bor molecules at the intercore distance a— 
2V 2/3 7. In general, the square of the inter- 
core distance o,7 to ith neighbors is given in 
Table II, where m is the number of ith 
neighbors. 

Now, if the potential additivity is assumed 
and the zero-point energy is neglected, the 
cohesive energy per molecule is given by the 


minimum .of 
S Ni i( ie — (2) | 
t=1 01 Oi 


as a function of the nearest neighbor distance 
a. The expression (3.1) can be evaluated by 
use of Table II and, for farther molecules, 
Table I. It takes its minimum 

—-3.29 kcal/mol Jat -¢@=4:00 A . 


Observed values of the cohesive energy 
and the nearest neighbor distance are, respec- 
tively!”, 

—2.51 kcal/mol and a=4.16A . 
The discrepancy may be partly due to the 


1 
9 Uo (3.1) 
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zero-point energy and partly due to non- 
additivity of the intermolecular potential. In 
fact, according to our calculations to be men- 
tioned in (b), the zero-point energy is about 
0.48 kcal/mol and the effect of potential non- 
additivity is about 0.23 kcal/mol. These two 
effects slightly increase the nearest neighbor 
distance a. 


Table Il.» 
a | Lin Pe |, 
aS 
2/22) 
1 “! (a 3° 12 
fal Me ce 
2 (v 2a- 3 1) 6 
3 (Bday 2h (a? 
| > _\2 
an SH (2a~24/227) 3 i2 
2 2 coe 2 | 
5 5a 8/2al + 3 U 24 


(b) Zero-point energy and non-additive van 
der Waals interaction 

For methane crystal, the zero-point energy 
of rotational vibration must be taken into ac- 
count besides that of the translational vibra- 
tion. We assume for the rotational vibration 
the Einstein theory of specific heat, according 
to which the specific one of the paavoual 
vibration is 


Oa) oy 981 exp O81 717 
Gr er 3k( r y exp T *| exp T i 


per molecule. Here Qa=hyn/k; and hvya is 
the frequency of the rotational vibration times 
Planck’s constant. Then the zero-point energy 
of the rotational: vibration is given by (3/2)k@a 
per molecule; that of the translational vibra- 
tion is given by (9/8)k@p as usual, 9p being 
the Debye characteristic temperature. By use 
of observed values of the specific heat due to 
Clusius!?, Qn and Qn for methane are deter- 
mined as 
@p=78°K and O7=102°K. 


Hence the total zero-point energy is calculated 
to be 0.48 kcal/mol. 

The potential energy of the van der Waals 
attraction between three spherically symmetric 
atoms at large separation is of the form 


— W125 +723" ° +731) 
+V(112%23%s1)3(3 cos 01 cos O2 cos 63+1) . 
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Here vi; is the distance between ith and jth 
atoms; 9@:’s are inner angles of a_ triangle 
formed by the three atoms. Between mand 
v holds the approximate relation!” 

4yv=3ay 
with the polarizability a. The » is given by 

L=3M-CAl Amol/L , 

in which m, is the electron mass, c the light 
velocity, L=6.025 x 107, and ymo is the molar 
diamagnetic susceptibility. The relations hold 
also for molecules with isotropic polarizability 
and susceptibility. Using! 


a=2.60 A? , Amol 712.2 * 10=* cm> 
we have 
w=12.9X10"" erg A® 


According ‘to ‘Axilrod! contribution of the 
non-additive v-term to the cohesive energy is 
18.9va-® per molecule, which is 0.23 kcal/mol. 


for methane. 


§ 4. Carbon Dioxide CO, 


(a) Core-model interaction 

The carbon atoms in a carbon dioxide crys- 
tal form a face-centered cubic lattice, which 
is composed of four simple cubic lattices. On 
each simple cubic lattice the CO: molecules 
are in the same: direction towards the body 
diagonals, the direction being different on dif- 
ferent simple lattices’? (Fig. 2). The distance 
between nearest neighboring carbon atoms 
will again be denoted by. a. 


Fig. 2. 


A carbon atom has 12 nearest neighboring 
carbon atoms at the distance a; the intercore 
distance to any of the 12 nearest neighbors is 


Bias Demers 
(« / eater) if a ede 
A carbon atom has 6 second neighboring 
carbon atoms’ at. the distance Y 2a; the 


intercore distance to any of the 6 second 
neighbors is | — 


4 4 
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Table III. 
a J bi 3? Ni 5 a pis? Ni j 
| rw bly | /2. 2 
eee ee 5p) 225 — —/2 
1 ad a j Zale 12 13 13a2— 7 zat. 12 
| ro) ip aay 
Be a tial 2a*—2,/ Zal+t 6 || 13 130-5) 2al+50? 12 
=e 2 Beret 
3 Dall Sa? Gal +0 12 13 13a2— 5 sult sh 24 
wy 2 = 2 
3 2 3a2— guto? 12 13 13a2— 6 al+oP 12 
. ge a 
4 1 4a? —4 gute 6 iB 13a? — gut? 12 
ee ae 
4 2 da? 6 14 15a2 — 7 guts 12 
ss 1 
Sill eal Sa? Gal +3 2 | u 15a? - 5 Zal+50° 24 
| 
5 2 5a? 6 al +20 12 14 15a2—»/ 6 al +50 12 
6 | 1 |  6a2-2,/6al-+2 2 | 15 16a? — 8\/2al+8 6 
“ 3 
6 2 6a2—y 6 al bie | a 16a? 6 
| Dy Zz GS 2. 
7, 1 7a2—5/Zal+ 20 12 16 17a? — 7/ 2at+ 20 12 
7 2 7a2—y 6 al +2 p 1208 | 17a2-—5 | Lia 
7 3 | Ta / Gal ++ 12 7a? 2ah42 
3 16 17a?—5 gute 12 
ey Ta? By Qe 12 Wap Gare 
3 9 | 16 a*—y 6a ae 12 
8 1 8a? 4)/2al+P Se i aye 18a*—10)/ 2al+t° 6 
9 il gar—5,/2a1+21 | 1 
3 3 | old, 18a?—2yY Gal +l2 12 
Ps 2 = 
9 2 9a2-y Gal gt 12 17 18a? — 2,/ Jal+e 12 
e- 2 
9 S 9a2— / Gal +3? 12 
|| 
‘Omi 1 10a?-2)/ Gal +02 |} 1 | 
10 | 2 10a? — 24/ Sal+l 12 
' ght YES 
Wats ue ca 
11 1 a—5 galt 30 12 
11 2 Nat Gal+12 12 
Ter hate 1202 — 84/ Sal-+l 6 
Vy, 
12 2 1202 — 4/2at+r 12 
12 3 12a2 6 
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coe 1/2 ; my 
20 — 2 2 
(20 yj eat) if i<,/Za 


A carbon atom has 24 third neighboring car- 
bon atoms at the distance 3 a; the inter- 
core distance to a half of the third neighbors 
are 


a 1/2 cee 
(sav 6 al + oa bh ES Sg 


and those to the others are 


(30— paleo lS if itt 
2V 9 


when /<7/2/3 a, we denote by 
oij the intercore distance to mi; cores of ith 
neighbors, > my being the total number 7; of 


the ith neighbors. 
given in Table III. 

If the potential additivity is assumed and 
the zero-point energy is neglected, the cohe- 
sive energy per molecule is given by the 
minimum of 


bogml(ay-aCey] 


as a function of the nearest neighbor distance 
a. The expression (4.1) can be evaluated by 
use of Table III and, for farther molecules, 
Table I. It takes its minimum 


—4.72kcal/mol at a=4.19A. 
Observed values of the cohesive energy and 


the nearest neighbor distance are, respec- 
tively» 18), 


—6.44kcal/mol and a@=3.94A. 


The discrepancy cannot be explained by the 
zero-point energy or by the potential non- 
additivity. In fact, electrostatic interactions 
are dominant, as shown in the following. 


(b) Electric quadrupole interaction 
The CO: molecule has an electric quadru- 
pole”? 


Q = > edzP?—xi?)=3.12 x 10-* e.s.u. , 


In general, 


Values of pi;? and mj are 


where (xi, i, 2) are coordinates of an electric 
charge e:, z being in the direction of the 
molecular axis. 

The potential energy between the two 
quadrupoles at the distance 7 is given by 


Q? 
mere Gi; 92, Yr) 


in which 
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F(A, Yi; 2, 2) 

=1—5 cos? 01—5 cos? 2—15 cos? 41 cos? 42 
+2[4 cos 0; cos 62— 
Here 6:, g: are polar angles of the axis of 
one quadrupole with respect to the line con- 
necting the both, and 62, ~2 are those of the 
other. For the CO: crystal, the function / 
is given in Table IV, which is due to Jansen, 


sin 0; sin 02 cos (g1—¢2) |? . 


Table IV. 
Shell No. Distance Number 
from of F(91; G13 92, $2) 
4 j center molecules 

19 

1 1 a 12 ears 

28 

2 1 20 6 “193 

31 

areyy pe ene 

3 1 Y 3a 12 81 

=a 1 

3 2 13a 12 aaa 

9 

4 1 2a 6 +3 

13 

4 Z 2 6 -— 

? 9 


Michels, and Lupton”. It is important to 
note that the sign of f is negative for first 
and second neighbors. 

Contribution of the quadrupole interaction 
to the cohesive energy is 


i > % 21.4 Q/a5 (4.2) 
per molecule. The sum of (4.1) and (4.2) 
takes its minimum 


—5.90kcal/mol at a=4.16A. 


These values are close to the corresponding 
observed values written in the foregoing. 


(c) Crystal stability 

The crystal which we have treated is not 
a structure of closest packing. For the core- 
model of CO, there are two closest packing 
structures in which the molecules are parallel; 
they correspond to cubic and hexagonal clos- 
est packings of spheres. The cohesive ener- 
gies of these two are almost the same. 

In fact, if we consider the core-model inter- 
action only and do not take account of the 
quadrupole interaction, then the closest pack- 
ing structures become more stable, the cohe- 
sive energy being —5.26kcal/mol in com- 
parison with —4.72kcal/mol for the face- 


centered cubic structure treated in (a). 

However, the electric quadrupole interaction 
decreases the stability of the closest packing 
structures; they are less stable than the cubic 
structure when the quadrupole moment is 
larger than 1.2x10-* e.s.u. 

Thus we draw our conclusion. ' The core- 
model of molecules with an embedded quadru- 
pole can be applied to the CO, crystal and 
explains its cohesive energy, lattice constant, 
and crystal stability. 


§5. Nitrogen N: 

Below 35°K nitrogen crystallizes into a cubic 
structure which is somewhat similar to the 
structure of carbon dioxide. In detail, how- 
ever, the midmost point of the N-N bond is 
not on the face-centered cubic lattice. It is 
somewhat shifted along the molecular axis; 
and the point dividing the bond in the ratio 
4 to 7 is on the lattice”. This shift cannot 
be explained by our convex-core model of 
molecules. 

If we neglect the shift, we aren for our 
core-model of molecules, the cohesive energy 


—1.99 kcal/mol , a being 3.83A. 


Here the potential additivity has been as- 
sumed, and the zero-point ‘energy has been 
neglected. These results agree rather well 
with observed values!”,20 


—1.65kcal/mol and a=4.00A. 


(A nitrogen molecules has.an electric quadru- 
pole Q=1.29x 10-8 e.s.u.!, whose interaction 
energy: is —0:30 keal/mol.- Sum of the zero- 
point energy and the effect of potential non- 
additivity is about 0.6 kcal/mol.) 
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Interaction of Exciton with Electron Trapping Centers in 
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The quantum efficiency for the bleaching of F’ centers in the KCl cry- 
stal with incident ultra violet lights in the region of the fundamental 
absorption band was obtained to have five times larger value than that 
with the visible light in F’-absorption region. With the estimation of 
the absorption coefficient of the crystal at the fundamental absorption 
tail, it is infered that one exciton can bleach at least six F'’ centers. 
From the similar experiments to measure the quantum efficiency for the 
process of U- F transformation using monochromatic lights, it is con- 
cluded that one exciton is able to transform about three U centers. De- 
pendence of the quantum efficiency on the wavelength of exciting light 
was determined in the KBr crystal. 


Introduction 


§I. 

It is well known that exciton is formed in 
alkali halide crystal with the irradiation of 
ultra violet light in the region of characteris- 
tic absorption band. The investigation of ex- 
citon has been developed by many authors” 
from both theoretical and experimental view 
point, and much knowledges of its fine struc- 
ture, fluorescence and photoemission have been 
accumulated. 

On the interaction of excitons with electron- 
trapping centers, there are two important ex- 
periments of the external photoelectric effect 
by Apker and Taft” and photoconductivity 
measurements by Inchauspé”. Both experi- 
ments suggest that the exciton can migrate 


6 
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< 
~ 
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Fig, 1. The Photoconductivity measurement in 


KBr, crystal containing F’ centers at —80°C (by 
Inchauspé). 


through crystal and is captured by F center 
which is an electron trapped by a negative 
ion vacancy and transfer its large energy to 
F center and ionize it effectively. From the 
photoconductivity measurements of KBr con- 
taining F centers, Inchauspé has obtained the 
curve giving ywo versus wavelength of the 
irradiation light as shown in Fig. 1. Here 7 
is the number of photoelectrons produced per 
incident quantum on the crystal surface and 
wo is the displacement of a photoelectron in 
the field direction by unit electric field. 
Therefore, 7 is not the true quantum yield 
giving the number of photoelectrons per quan- 
tum absorbed in crystal. 

We found that ultra violet lights from the 
high intensity hydrogen discharge tube through 
LiF window can bleach F centers very easily 
in KCl crystals. A KCl crystal containing 
F centers of density of 5x10!"/cc was set in 
front of the window of hydrogen lamp to be 
irradiated by light.. One half of irradiated 
surface was covered with potassium iodide or 
glass plate to cut off the ultra violet light in 
the fundamental absorption band—we call it 
for brevity as extiton light—because, the ex- 
citon absorption band of KCl crystal starts at 
the wavelength shorter than 200my and the 
ultra violet cutoffs are 250 my and 290 my for 
the KI and glass plates, respectively. After 
a short irradiation period of 30 seconds or so, 
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the portion of the crystal which was irradiated 
by unfiltered light changes its red purple colo- 
ration due to F center to bluish color with 
more rapid rate compared to the another fil- 
tered portion, in spite of larger photon num- 
bers in F-absorption region than ultra violet 
region. 

Absorption spectra show that F band was 
bleached in part and M band enhanced, how- 
ever, after a continued irradiation, the rela- 
tive height of M-bands was reversed. This 
fact shows that M centers are more easily 
bleached than F centers by the exciton light. 

These observation suggested the possibilities 
of quantum yield determinations for the ioni- 
zation process of F centers and U — F trans- 
formation by the exciton, from both measure- 
ments of light quanta absorbed by the crystal 
and the number of F centers destroyed (in 
the case of F— WM) or increased (in the case 
of U-—F). These principles are the main 
logic of experiments described in the present 
report. 

Through this report, all experiments and 
measurements were carried out at room tem- 
perature and KCl and KBr crystals obtained 
from Harshaw Chemical Company were used. 


§2. Bleaching of F Centers by the Exciton 
in KCI Crystal 

F centers were prepared additively by the 
conventional method with heating crystals 
with potassium metal at 560°C for 12 hours 
in a pyrex glass tube. The potassium metal 
was carefully distilled to take off the trace of 
hydrogen gas. Crystals thus treated contain 
only F centers and there is no trace of U 
centers due to the hydrogen atom in ultra 
violet region. 

Concentrations of F centers mp were deter- 
mined optically as 5x10!7 per cubic centi- 
meters using Smakula’s formula”. 

n 
(n?-+ 2)? 
where is the index of refraction of the cry- 
stal at the wavelength of F-absorption peak; 
@m is the absorption coefficient in cm=! at the 
maximum of the F-band; H is the half width 
of the F-band in electron volts; f is the oscil- 
lator strength. Putting »=1.49, H=0.38, f 
=0.81 for the KCl crystal, we get the simpli- 
fied equation: m=1.19x10"* (—logio J/J), I/h: 
transmission at F-band peak. 


no f =1.31 x 107 


Aan: Hi , 
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The number of light quanta from hydrogen 
discharge tube in exciton region (shorter wave- 
length region than 200m) was determined 
by the proper set of filters as follows. 

Very crose to the window of the hydrogen 
discharge tube a pure uncolored KCI crystal 
of 0.5mm thickness and a KCI+¥F crystal of 
3mm thickness were set at position of 1 and 
2 as shown schematically in Fig. 2 and the 


. Watercooled . LiF window 


H,- discharge 
tube 


Irradiated. Crystal 
ll r7 < Thermopile 


pee 


Sliding Crystal and 
Thermopile mount 


Fig. 2. Schematic arrangement of filters and 
thermopile to measure the light quanta. 


Photon Energy 
70 65 6.0 iG 


2o-5— KG) crystal 
d= 0.75mm 
xe» KCl crystal 
d= 0.70mm 
KBr crystal 


“=log (1/ Io) 


195 200 205 210 ae 
» [mM p) 
Fig. 3. Absorption curves of KCl, KBr and KCl 
+ F' crystals. 


175 180 185 


photon energy transmitted through these fil- 
ters was measured with the thermopile made 
by Kipp. KCl+F crystal means the KCl cry- 
stal containing only F centers. Sensitivity* 
of our thermopile is 115mV/W/cm?. Ther- 
mopile was set always at a constant place of 
14mm distance from the window of hydrogen 


* 


The writers are deeply indebted to Dr. H. 
Sadone, Electro-technical Laboratory, Osaka, who 
has determined the absolute sensititivity of the 
thermopile. 
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discharge tube. Next, only filter 1 was re- 
placed by a cleaved pure KBr crystal of 0.5 
mm thickness and measured the photon energy. 
The difference of these two quantities gives 
the energy of ultra violet light contained be- 
tween wavelengths of the characteristic ab- 
sorption edges of KCl and KBr crystals i.e. 
from 200mz to 180mz as shown by the 
shadowed area in Fig. 3. The number of 
photon was thus measured as 9.3 x 10*/cm? sec 
averaged to the light of 190m when the 
hydrogen lamp was discharging with 2 KW 
powers. Fig. 3 are the absorption curves of 
KCl, KBr filter and KCl+F crystal. These 
absorption curves were measured with the 
vacuum monochromator constructed in this 
Laboratory, having a concave grating of which 
diameter of Rowland circle is 998 mm. 
Samples of KCI+F (d~ 0.3mm) crystals 
were alternatively placed at the position of 
thermopile and irradiated with the lights fil- 
tered by the KCI+F crystal of 3mm thick- 
ness. As visible F-lights from the hydrogen 
lamp are filtered by the F centers in this 
crystal, samples are irradiated mainly with 
ultra violet light in the region of 205 mz-180 
my, because the tail of the exciton band ex- 


for the curve a 
for the curve b 


apes 
MOs5 


Decrease of F-center 
fe) 


05 


3 x10 
15 xtole 


10) ' @ 
5 10 


Total incident or absorbed quanta 
Upper scale is for curve a 
Lower scale is for curve b 
Fig. 4. The relations between light quanta and 
bleached # centers in KCI+¥F' crystals when 
they are irradiated by the ultraviolet light (curve 
a) and F' light (curve b). 
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tends to 210 my as shown in Fig. 3. At sev- 
eral stages of irradiation period, decreases of 
absorption maximum of F band were mea- 
sured. The number of decreased F centers 
is calculated simply according to the equation: 


An=1.19 x 10!8- A(logio Lo/T) 


Here A(logio Jo/T) is the decrease of the ab- 
sorption coefficient at absorption peak of the 
F-band. A constant factor p greater than 1 
must be multiplied to the equation to obtain 
the real decrease, because the bleaching of 
F centers enhances the M/-band simultaneously 
and the second M-absorption band superposes 
to the F-band®. However the quantum effici- 
ency for the case of exciton-light irradiation 
is discussed with comparison to the case for 
visible light irradiation, and in both case the 
constant is common. Therefore, the factor 
can be omitted. Another factor S which gives 
the illuminated area of the crystal surface 
must be multiplied to the equation too, but 
for the uniform irradiation it is canceled out 
in the expression of quantum efficiency. 

Fig. 4a shows the relations between the 
number of decreased F centers and the total 
incident light-quanta in the tail of exciton 
bands for two samples. 


§3. Quantum Efficiency for the Bleaching 
of F Centers by F-light in KCl Crystal 


The difference of energies measured with 
the thermopile in two cases, where one case 
has a glass plate and a pure KCl crystal of 
0.3mm thickness interposed respectively at 
positions 1 and 2 in Fig. 2 and another case 
has a glass and a KCl+F crystal of 0.3mm 
thickness as filter 1 and 2 respectively, gives 
the energy of lights absorbed in F-band. 
When the hydrogen lamp was operated with 
the same condition as before, the number of 
photon (averaged to the wavelength of F-band 
peak) was calculated to 6.3 x 10"*/cm? sec. 

KCI+-F crystals of about [0.3mm _ thickness 
were placed at the position of filter 2 and 
they were irradiated by the light from the 
hydrogen lamp through the same glass filter. 
The number of decreased F centers are ob- 
tained as before and are plotted as a function 
of absorbed total quanta in Fig. 4b. The con- 
centration of F center is very large, there- 
fore, through the course of bleaching experi- 
ment, the absorbed light quanta remained to 
the constant value. 
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From Fig. 4a and 4b it is shown that the 
quantum efficiency for the destruction of F 
centers by the incident exciton-light is 0.15 
and it is five times greater than that due to 
the absorbed F-light, compared the tangents 
of slopes at zero irradiation. 


§4. Quantum Efficiency for the UF Trans- 
formation by U-light and Exciton-light 
in KCl Crystal 


The U center is considered a negatively 
charged hydrogen ion H-occupying substitu- 
tionally halogen ion site. U centers display 
a bell shaped absorption band in ultra violet 
region and its absorption maximum situates 
at 216my and 228my in KCl and KBr cry- 
stal, respectively. When the crystal contain- 
ing U centers is irradiated by the U-light, 
U-—F transformation occurs. There is no 
enhanced centers other than F center in this 
conversion process. 

Hilsch? has measured the quantum effici- 
ency for the U-—F transformation in KBr 
crystal and obtained 0.30 at room tempera- 
ture. However, the effect of exciton lights 
on U centers has not been investigated so far 
as we know. 

High concentration of U centers is prepared 
as follows. KCl crystal containing high den- 
sity of F centers colored additively was heated 
with hydrogen gas of 100 atomospheric pres- 
sure in Ni-Cr bomb at 540°C for several 
hours. All F centers initially existed are con- 
verted to U centers without any loss. 


A. Quantum efficiency with the light includ- 
ing both exciton and U-light 

The photon energy absorbed by KCI1+U 
crystals in the region of U-absorption band 
and exciton absorption tail was measured as 
follows. Two pure KCl crystal plates were 
set at positions of filter 1 and 2 in Fig. 2 and 
transmitted photon energy from the hydrogen 
discharge tube was measured with thermopile. 
Next, filter 2 was replaced by the KC1+U 
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crystal and transmitted photon energy was 
measured. The difference of these two ener- 
gies gives the photon energy which is ab- 


sorbed in the KCI+U crystal at the region | 


of U band and exciton tail, corrected the re- 


flection loss on the surface. 


KC1+U crystals were irradiated at the posi- 
tion of filter 2 and the increase of F centers — 
were measured. The number of enhanced Ff 


xO 


Increase of F-centers 
ine) 


2 4 x 10!6 
Absorbed Quanta 


Fig. 5. The relations between total absorbed light 
quanta and numbers of enhanced # centers in 
KC1+U crystals when they are irradiated with 
U+exciton light (curve a) and U light only 
(curve b). 


centers is plotted in Fig. 5a versus total ab- 
sorbed photon numbers averaged at 200 mz. 

The thickness of pure KCl filters and ir- 
radiated KCl+U crystals and absorbed light 
quanta are shown in Table I for three sam- 
ples. 

From the slope of Fig. 5a the number of 
enhanced F centers per sec at zero irradia- 
tion time was obtained as given in the fifth 
column. The quantum efficiency was then 
calculated and is given in the sixth column 
of Table I. 


B. Quantum efficiency with the U-light only 

The energy difference between the photon 
energies transmitted two sets of filters, one 
set has a pure KBr and a pure KCl crystal 
as the filter 1 and 2 and the another set has 
the same KBr and a KCl+U crystal at the 


Table I. Quantum efficiency for the U— F transformation with U-light including exciton light. 
KC1+U Crystal KCI crystal- Increase of 
crystal thickness filter thickness pupcces F'-centers Quantum 
No. (mm) (mm) quanta/cm? sec per sec efficiency 
a} 0.59 0.89 7.9 x 1044 1.27 x10" 16% 
0.56 0.56 4.7x1014 8.1 x108 17% 
3 0.88 0.80 5.41014 9.9 x10 18% 


| 
| 
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position of filter 1 and 2, gives the photon 
energy absorbed in U-band only, as shown in 
the shadowed area in Fig. 6. Fig. 6 is a 
group of absorption curves of the pure KCl, 
KBr and KCl1+U crystals of about 0.7mm 
thickness. 

KCl+U crystals were set at position of fil- 


ter 2 and irradiated with the light filtered by 
the KBr crystal. 


Photon Energy 
6.5 


(ev) 


—o-o- KCl crystal 
d=075mm 

— KCI + U-crystal 
d= 068mm 


—ao KBr crystal 
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Fig. 5b shows the relation between the ab- 
sorbed total light quanta and the number of 
F centers formed from U centers. Descrip- 
tion of samples, filter thickness, number of 
absorbed quanta, enhanced F centers and 
quantum efficiency are given in Table II. 

From Table I and II it is shown that the 
quantum efficiency of the U—F transforma- 
tion with U-light including the exciton tail is 


Fig. 6. Absorption curves of KCl, KBr and KC1+U crystals. 


Table I]. Quantum efficiency for the U— F' transformation with U-light only. 
KC1+U Crystal KBr crystal- Increase of 
crystal thickness filter thickness San F’-centers Coe 
No. (mm) (mm) q per sec leat tA 
4 0.88 0.80 3.2 x<104 1.8 x10 5.6% 
5 0.59 0.62 5.6 x 1014 3.0 x 1038 5.4% 
6 0.58 0.60 2.9x10"4 1.8 x 1038 6.2% 


three times larger than that with U-light only. 
From these facts, we can conclude that the 
ultra violet light in the exciton absorption 
tail has a large quantum efficiency for the 
transformation of U centers to F centers, be- 
cause of the very small absorption coefficient 
in the tail. 

From the preliminary experiment it was 
observed that when the KCI+U crystal of 
375mm thickness was irradiated with the 
monochromatic light of 190mz, the quantum 
efficiency has a large value as much as four. 


$5. Quantum Efficiency of the U— F Trans- 
formation and its Dependence on Photon 
Energy in KBr Crystal 
U centers were prepared in the KBr crystal 
as described before. The Concentration of U 
centers [U] are calculated with the following 
equation given by Hilsch”. 


(= 5. Loc LOM fe hoc: 


Where Ky is the absorption coefficient mea- 
sured in mm! and f,’s are constants depend- 
ing on the wavelength of light with which 


at room temperature. 
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the absorption coefficient is measured, and 
have the following values. 


absorp. 


Hg Cd Hg 

Amp) | peak |  o4e 254 257 265 
228 

21.2 | 43.2 | 235 


fr 1 8 


The value of 7.3x10""/cc was determined 


to the concentration of U centers in our 
crystals. 
Photon 
6.0 B.S) 


228 my 
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In KBr+U crystals U-absorption and the 
exciton bands situate closer with each other 
compared to the KCl crystal as shown in Fig. 
7 and there are no proper filters to separate 
two absorption bands, therefore, the similar 


method performed in the case of KCl crystal — 


can not be applied to KBr crystal. However 


the monochromatic lights in the region of 250 © 


my-190 my are obtained with high intensity 
using a vacuum monochromator constructed 
for the irradiation purpose. Optical system 
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Fig. 7. Absorption curves of KBr, KBr+U crystals and the dependence of the quantum 
efficiency for the process of U- F' transformation on the wavelength of the exciting 


light. 


of the vacuum monochromator is shown in 
Fig. 8. Mi and M, are off axial parabolic 
mirror* of 130x130mm dimension, 360mm 
focal length, and G is a plane replica grating 
which was purchased from Bausch and Lomb 
Optical Company having a dimension of 102 
x102mm as a ruled area. The blaze wave- 
length of the grating is 200my. When the 

* By the courtesy of Professor T. Sakurai, In- 
stitute of Scientific measurements, Tohoku Univer- 


Sity, these parabolic mirrors were polished in his 
Laboratory. 


hydrogen lamp are discharging with 2KW 
power the photon intensity from the mono- 
chromator are 1x10", 4x10!2, 2x10” and 1.8 
x10"? quanta per cm? per sec at 249my, 230 
mf, 200mz and 190myz respectively. Each 
monochromatic light has a band pass of 6 mz. 

Quantum efficiency of the U— F transfor- 
mation with the monochromatic light of Hg 
253.7 mz was measured as 18%. This value 
are determined with relatively high accuracy, 
because, the monochromatic light of 253.7 mz 
from a mercury lamp is very intense and the 
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response of the thermopile to this light is 
large. We have chosen this value of 18% as 
a standard, and obtained the absolute quantum 
efficiency for the monochromatic light with 
measuring the relative photon intensity and 
the relative numbers of enhanced F centers 
by the monochromatic light against for the 
standard 253.7 my light. 

KBr+U crystals of about 3mm _ thickness 
was irradiated at first with a monochromatic 
light, say 203 mz, for ten minutes and mea- 
sured the number of enhanced F centers using 
the Smakula’s equation, putting ~=1.53, H 
=0.36 (ev) and f=0.85. For the successive 
ten minutes the crystal in turn was irradiated 
with light of 253.7 my and the increment of 
F centers was measured. Thus, alternative 
ten mitutes’ irradiation with 203 my and 253.7 
my lights are repeated three times on the 
same crystal, and the numbe of F centers 
created independently with two monochromatic 
lights were averaged respectively. 


ma) 


eres 


SSS 


Fig. 8. The optical system of the vacuum mono- 
chromator. 


The relative intensity of the two mono- 
chromatic lights at the surface of crystal was 
obtained with measuring the fluorescence im- 
pressed on the sensitive flourescent film placed 
at the position of the crystal. A pump oil 
and sodium salicylate film were used for the 
fluorescent film. Both films are confirmed to 
have the same quantum efficiency to the mono- 
chromatic ultra violet lights from 300 mz down 
to 100 mz®. The relative intensities of mono- 
chromatic lights measured using two films 
coincided with each other within 10%. 

The absorption spectra of KBr+U and pure 
KBr crystal of 0.6mm thickness are shown 
in Fig. 7. It is clear that the exciton tail is 
not affected by the existence of U centers, 
i.e. there is no band corresponding to $-band 
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in the existence of F centers. The same 
conclusion can be said to the KCl crystals 
(ify Fig: 6). 

Quantum efficiencies of the U—- F trans- 
formation thus obtained in KBr crystal with 
monochromatic lights are shown in Fig. 7. 
Crystals used have the thickness of more than 
3mm and transmissions of crystals at all 
monochromatic lights were lower than 5%. 
Therefore, the correction for the differences 
of absorption coefficients was unnecessary. 

At 203 my and 209my, the quantum effici- 
ency has the maximum value and drops rapidly 
towards the exciton band which has a large 
absorption coefficient. 


§6. Discussions 


A. Bleaching of F centers by the exciton 

The quantum efficiency for the bleaching 
of F centers with the incident light in the 
exciton band was determined as 0.20 from 
Fig. 4a. To obtain the real quantum effici- 
ency 7 which gives the number of F centers 
bleached per absorbed quantum, we have to 
estimate the fraction of the energy absorbed 
in the crystal. 

KCI1+F crystals were irradiated by the ultra 
violet light from the hydrogen lamp through 
the thick crystal containg F centers of high 
density and so, ultra violet lights in shorter 
wavelength region than the §-band are fil- 
tered. On the other hand, the exciton band 
extends to the 210my as shown in Fig. 3. 
Therefore, the effective ultra violet light for 
the bleaching of F centers is limited mainly 
in the region between 180my to 205my of 
which total light quanta were determined as 
9.31018 per cm? persec. In these wavelength 
region, the spectral intensity distribution” of 
light from the hydrogen lamp is measured to 
have nearly the uniform intensity. 

Absorption curve of the exciton band in the 
tail shows that the light quanta which are 
absorbed in the crystal will be at most 3% 
of the total incident quanta. From these 
facts, it may be concluded that the quantum 
efficiency 70 for the bleaching of F centers 
per one exciton is at least six. 

It is unknown whether or not the mecha- 
nism of the bleaching of F centers by the ex- 
citon is the same to the process of F-light il- 
lumination, though the absorption spectra of 
the crystal after a short irradiation show the 
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enhancement of M band and with continued 
irradiations, R band become to appear. Now 
let us assume the same mechanism for both 
cases. 

When the F center absorbs F-light, it should 
be ionized in the first step with quantum effi- 
ciency 1 at room temperature, because Pick!” 
has obtained it at even low temperature in 
his observation of the photochemical reaction 
of FF’. At room temperature F% center 
is unstable and the back reaction of F’ ~ F 
occurs. This back reaction explains the ap- 
parent small quantum efficiency for the bleach- 
ing of F centers by the F-light that we ob- 
tained as 0.04. 

The efficiency of the F center bleaching by 
the incident ultra violet light is obtained to 
have 0.20 as shown in Fig. 4 and it is five 
times larger than that with the F-light. There- 
fore, if the assumption is correct that the ef- 
fect of excitons on F centers is the same as 
in the case of F-light irradiation, we have to 
conclude that one incident photon of ultra 
violet light ionizes five F centers. If we cal- 
culate the real quantum efficiency v7: 
number of ionized Ff centers per one absorbed 
quantum or exciton: it will reach a quite 
large value. On the other hand, the thermal 
dissociation energy of F center was calculated 
as 1.95ev for the KCl crystal by Mott and 
Gurney!” and the energy of an exciton is 
about 6ev, and so, even in the case that all 
energy of the exciton is used to ionize the F 
centers, the maximum value of F centers de- 
stroyed should be at most three. Therefore, 
the action of excitons on F centers which we 
observed can not be explained from the ioni- 
zation process only and the thermal effect 
which produce the reaction of such as f—> 
colloid must be considered to happen simul- 
taneously. 

Theisen and Scott’” has discovered the easy 
thermal bleaching of F centers in KCl crystal 
when the crystal containing F centers was 
kept in dark at above 150°C. They plotted 
the number of F centers bleached thermally 
as a function of time and obtained the activa- 
tion energy of 10.5+1.5kgcal/mol for the 
process of F— colloid. Though the mecha- 
nism by which the F centers coagulate is un- 
clear at the present time, if the exciton energy 
is given in full to the thermal process for the 
formation of colloid, one exciton can bleach 
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more than ten F centers. Therefore, the ob- 
served quantum efficiency of six for the bleach- 
ing of F centers by an exciton will be reaso- 
nable value. 

As mentioned before, at the initial state of 
the irradiation with the exciton light, the 
crystal shows the enhancement of VM band as 
in the case of F-light irradiation. From this 
fact it may be concluded that the energy of 
an exciton is shared to both processes for the 
ionization of an F center and for the thermal 
bleaching of F centers to the formation of 
colloids. 


B. Excitation of U center 

In KBr crystrl, 70 for the process of U->F 
transformation with U-light was determined 
as 0.46 at the U-band peak, which nearly 
coincides with the result measured by Hilsch. 

On the conversion of U— F, Mott and Gur- 
ney!» concluded that the excited state of the 
U center is metastable as a result of crossing 
of the crystalline Franck-Condon curves and 
that a hydrogen atom escapes from the center 
in the metastable state. By this mechanism 
the increases of efficiencies we obtained when 
the crystal are irradiated with lights of higher 
photon energies will be explained. 

With the photon energies of 209my and 
203 my, yo has the value larger thanl. Here 
the absorption coefficients of the crystal are 
the superposition of the absorptions due to the 
U-band and exciton band. Therefore, the 
total light quanta is shared to both absorption 
bands in proportion to the absorption coeffici- 
ents. From Fig. 7 it is estimated that the 
light quanta absorbed in the exciton tail are 
1/7 and 1/2.5 of the total quanta, respectively. 
From these facts 7 for the ionization of U 
centers are calculated to have the values of 
five and three with the exciton lights of 209 
my and 203 mz, respectively. 

With the lights of shorter wavelength than 
203 mz decreased rapidly. This fact might be 
explained as due to the destruction of excitons 
by the mutual interaction, because at these 
wavelength region the absorption coefficient 
of the crystal is large and almost of all in- 
cident exciton lights are absorbed in a thin 
layer of the crystal and the density of ex- 
citons is large. 

This drop of the quantum efficiency is also 
observed at shorter wavelength than hy=5.5 
ev by Inchauspé in his photoconductivity mea- 
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surements shown in Fig. 1. 


§7. Conclusion 


The large quantum efficiency for the bleach- 
ing of color centers with the ultra violet light 
in the region of the fundamental absorption 
tail was observed. It has to be considered 
that the effect of the exciton is mainly the 
thermal action, and that the color centers F 
and U are not uniformly distributed even in 
the case of the additive coloration but exist 
locally as the aggregations of atomic centers 
and receive the exciton energy with a good 
efficiency. 

To obtain the definite conclusion, more 
detailed experiments have being carried out 
at the lower temperatures. 

The authors wish to express our cordial 
thanks to Professor T. Muto for his kind 
interests. This work was aided by the Scien- 
tific Research Fund of the Ministry of Edu- 
cation. 
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The superlattice formation in the alloy CuAu; containing 75.0g atomic 
per cent gold was studied by measurements of electrical resistivity and 
by means of X-ray diffraction with a single crystal. After the alloy was 
quenched from 450°C, the isothermal change in resistivity was measured 
at various temperatures between 100° and 220°C. In most of the iso- 
thermal measurements, the resistivity increased monotonously with the 
time of annealing, possessing an activation energy of 25+2Kcal/mol. It 
was found, however, that after prolonged annealing at 162 and 175°C 
sluggish decrease in resistivity took place following initial increase. The 
transition point of this alloy was determined as 200+5°C. 

Corresponding to the resistivity measurement, X-ray diffraction pat- 
terns were taken at various states of ordering at 100°, 150° and 180°C 
as well as at the states quenched from 210° and 450°C. It was confirmed 
that nucleation and growth of small anti-phase domains in the disordered 
lattice take place in accordance with the rise in resistivity, and that the 
development of order within the domains plays an important role in the 
reduction of resistivity. Then even after three months annealing at 180° 
and 100°C, the ordered alloy CuAu3 has a two-dimensional, rather than 
one-dimensional, anti-phase domain superstructure with the linear dimen- 
sion of nearly 11 times the fundamental {face-centered cubic cells. In 
every stage examined, the main lattice reflections were surrounded by 
fairly strong diffuse scatterings, which is considered to be caused by the 
thermal motion of atoms, not by the lattice distortion due to ordering. 
Finally, comparing with the alloy Cu3Au, the change in resistivity due 
to ordering was discussed in connection with the result of X-ray study. 


Introduction 


§1. 

According to the statistical theories of order- 
disorder phenomena in binary alloys, one can 
expect three superlattices at the compositions 
of the atomic ratios 3:1, 1:1 and 1:3 for al- 
loys of a face-centered cubic structure form- 
ing an isomorphous series in the disordered 
solid solutions. The copper-gold alloy is a re- 
presentative of such alloys. In addition to 
the superlattices CusAu and CuAu, which have 
been investigated in detail since the earliest 
works on the order-disorder transition in al- 
loys, the superlattice at the composition 1 Cu 
and 3 Au was confirmed by X-ray diffraction 
and measurements of several physical pro- 
perties’? as well as by electron diffraction”. 
For the alloy CuAus, it was previously re- 
ported that the electrical resistivity increases 
as the ordering proceeds below the transition 
point”, but the residual resistance of the highly 
ordered state is slightly lower than that of 
the disordered one*”, On the other hand, 


for the alloy CusAu, as well known, the 
ordered state possesses a remarkably lower 
resistivity than that of the disordered state. 
It was recently found», however, that the 
resistivity of CusAu increases during the ini- 
tial process of ordering immediately below 
the transition point, and suggested that such 
increase may be due to the formation of small 
ordered nuclei. Since there seems an analogy 
with regard to the electrical resistivity be- 
tween CuAuzs and CusAu, we attempted to 
clarify the correlation between the resisto- 
metric and structural change due to ordering 
of CuAus. 

In the course of the present work, two pa- 
pers concerning with CuAu; were published 
by Wright and Goddard® and by Batterman”. 
Wright and Goddard found that the resistivity 
of CuAus increases initially and then decreases 
slowly during isothermal annealing at 167°C, 
and supposed that the presence of small or- 
dered domains may be attributed to the re- 
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sistivity increase. Batterman made an X-ray 
work in order to determine the degree of or- 
der as well as the transition point of this al- 
loy, and found the presence of anti-phase do- 
mains of size about 50 A in the well annealed 
state. These works are closely related to the 
present paper, so that they will be often re- 
fered later. In this paper, we will show the 
results of isothermal measurement of resisti- 
vity and X-ray diffraction study using a single 
crystal of CuAus, and then show the presence 
of anti-phase ordered domains as well as its 
contribution to the anomalous resistivity. 


§ 2. Experimental Procedures 


The CuAus alloy was prepared by melting 
together weighed amounts of electrolytic cop- 
per (99.9%) and gold (99.99%). Chemical 
analysis showed the composition to be 75.06. 
atomic per cent gold, which agreed well with 
the result obtained by X-ray measurement of 
the lattice parameter in the disordered state, 
as will be given later. The ingot, about 4 gr 
in weight, was homogenized for several hours 
at 850°C in vacuum, and then in part swaged 
and drawn into wire of about 0.4mm in dia- 
meter. A single crystal was grown from the 
residual ingot in a thin ceramic tube by means 
of the Tammann-Bridgman method in vacuum. 
Both the wire and the single crystal were 
again annealed at 750°C for several hours. 
In all cases, to attain the disordered state, 
the specimens sealed in evacuated glass tubes 
were heated at 450°C for two hours, and then 
quenched into ice water. The isothermal an- 
nealing was done in either vacuum or an oil 
bath. 

The electrical resistivity was measured by 
the potentiometric method. The leads were 
spot-welded to the wire of about 8cm in 
length. This specimen had been used to mea- 
sure the resistivity at low temperatures”. 

All X-ray diffraction patterns were taken 
by Cu Ka@ radiation. The diameter of the 
single crystal was reduced to about 0.2mm 
by etching in aqua regia. At each stage of 
ordering the crystal was mounted on an X- 
ray goniometer with either the [001] or the 


[110] direction set accurately along the axis 
of rotation. Then stationary and oscillation 
photographs were taken, using cylindrical film 
cassettes of 10 and 7cmin diameter. A 114.6 
mm Debye-Scherrer camera was also used to 
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determine the lattice parameters in both the 
annealed and the quenched states. 


§ 3. Experimental Results 


(A) Electrical resistivity 

The electrical resistivity of the alloy quen- 
ched from 450°C was measured during iso- 
thermal annealing at various temperatures 
from 100° to 220°C. Typical results are shown 
in Fig. 1, where the change of the specific 
resistivity is plotted for the initial period of 
annealing. A monotonous increase in resisti- 
vity takes place at each temperature. How- 
ever, by successive measurements at 162° and 


pa-cm 


Specific. Resistivity p 


is OC} CATALANO OiaCuntlO SERIOUD (4m (CeO Ue O: 
Annealing Time min x 103 


Fig. 1. Specific resistivity as a function of an- 
nealing time at various temperatures. 
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Fig. 2. Specific resistivity plotted against anneal- 
ing time at 162° and 175°C (A), and at 100°C 
(B). In the latter, the specimen was previously 
annealed at 162°C for 3.5104 min. 
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175°C, it was found that the resistivity de- 
creased gradually over the maximum near 
1x10‘ min, as shown in Fig. 2 (A). Further- 
more, at 100°C annealing following 162°C an- 
nealing of 3.5x10‘min, the resistivity de- 
creased with increasing time of annealing as 
shown in Fig. 2 (B), though even after 3.5 x 10 
min at 100°C the decrement was only about 
0.2% of the initial value. Accordingly it is 
reasonably suggested that the ordering reac- 
tion of this alloy proceeds through a multi- 
stage rather than a single-stage process. 


wa-cm 


Specific Resistivity 


O 100 200 300 
Temperature (ey 
Fig. 3. Isochronous curves of resistivity against 
temperature. Each closed circle shows the re- 


sistivity finally reached at each temperature, 
and a dotted line shows a curve obtained when 
the specimen was reheated from 180°C at a rate 
of about 2 deg/min. 
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Fig. 4. Om-0/0m- 00 plotted against annealing 


time. 


Fig. 3 shows the specific resistivity at the 
annealing times 10, 107, 10? and 10* minutes, 
in addition to terminal value finally reached 
at each temperature. The transition tem- 
perature is determined as 200-45°C from the 
maximum negative temperature coefficient of 
the resistivity corresponding to the finally 
reached states, which may approximately be 
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thought as thermal equilibrium. The increase 


in resistivity at 210° and 220°C is probably ] 


due to the formation of the short range order. 
If the alloy is heated at the rate of about 2 
deg/min, after the resistivity has reached the 
maximum at 180°C, the transition from order 
to disorder occurs near 240°C, as depicted by 
the dotted line in Fig. 3. This fact agrees 
well with our previous report’, and the heat- 
ing curve is entirely different from thermal 
equilibrium since the heating rate is too large 
to maintain the equilibrium state. 
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Fig. 6. Resistivity change at 180°C annealing. 
The meaning of curves (a) and (b) is stated in 
the text. 


Next, in order to obtain an activation energy 
in the first stage of ordering process, the func- 
tion ~m—pe/pm—po was plotted against log t. 
Here Om and o> are the maximum and initial 
resistivity respectively, and ¢ is the annealing 
time. Typical curves of this function are 
given in Fig. 4, from which one may obtain 
the relaxation time t at each temperature. 
In Fig. 5 the values of logt are plotted as a 
function of the reciprocal of the absolute tem- 
peratures. The value t corresponding to the 
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first stage of ordering is appreciably longer 


than that of CusAu®, and one may expect 


much longer value of ¢ for the second stage 
of ordering, which corresponds to the decreas- 
ing resistivity. If the ordering of atoms is a 
diffusion process, the relaxation time should 
approximately satisfy the equation, ct= 
toexp(—W/kT), where to is a constant, W 
the activation energy necessary for ordering 
and YT the absolute temperature. Thus the 
activation energy 252 Kcal/mol is evaluated 
from the slope of the curve in the tempera- 
ture range below 165°C. It appears from Fig. 
5 that the transition rate is highest around 
180°C and is rather lower near the critical 
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Superlattice Lines 


Photo. 1. Debye-Scherrer photograph of CuAus 
annealed for about four months at 150°C. Mono- 
chromatic Cu Ka radiation is used, and the 
exposure time is about 24 hours. 


Photo. 2. Oscillation photograph of CuAuz3 an- 
nealed for 5hr at 180°C. [110] is vertical, and 
the crystal is oscillated by 25~30° from [001] 
direction. Diffuse superlattice reflections 104 
and 014 are shown. 
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temperature. Such a behavior was already 
reported for other ordered alloys, such as 
CusAu® and CuAu”, and coincides with the 
theoretical predictions™. 

Fig. 6 shows the change in specific resisti- 
vity at 180°C plotted against annealing time. 
Curves (a) and (b), marked with open and 
closed circles, correspond to ordering pro- 
cesses immediately after quenching from 450°C 
to ice water and immediately after annealing 
at 210°C for 30hr, respectively. Here it is 
noted that the initial ordering rate of the al- 
loy quenched from the higher temperature is 
higher than that of the alloy having fairly 
high degree of short range order. 


210 
y 


36 


fLaue spot 
Photo. 3. Cross-like superlattice spot 210!of CuAug 
annealed for 10 hr at 180°C. [001] is vertical. 
gy is the angle between the incident beam and 
[100] direction. a: oscillation photograph, b 
and c: stationary photographs. 


(B) X-ray diffraction study 
(1) Polycrystalline specimen 

The polycrystalline specimen was used to 
determine the lattice parameteres in both the 
ordered and disordered states and also to de- 
tect the superstructure lines. The lattice 
constants of the alloy quenched from 450°C 
and annealed at about 150°C for four months 
were 3.9764 and 3.9730kX respectively, which 
were determined by means of the Nelson- 
Riley graphical-extrapolation method using Cu 
Ka radiation*. Accordingly the linear con- 
traction due to ordering is about 0.085%, 
which agrees well with the dilatometric 


af Wavelengths | used: 
Koay=1.5412 kX. 
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study. Many superlattice lines were clearly 
observed on the powder pattern of the highly 
ordered alloy, as shown in Photo. 1. Here it 
should be pointed out that the line breadths 
of the superlattice reflections vary with their 
indices. This photograph was taken by using 
a LiF monochromator and a 90 mm-camera of 
Burger-type, in which the film was tightly 
held against the inner cylindrical surface. 
(2) Single crystal specimen 

After the single crystal was quenched from 
450°C into ice water and was annealed at 
100°, 150°, 180° and 210°C for various dura- 
tions, X-ray diffraction photographs were 
taken of the superlattice reflections and of the 
diffuse scattering around the main lattice re- 
flections. At first the series of 180°C anneal- 
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Photo. 4 (A) and (B). Stationary crystal photo- 
graphs of CuAus3 annealed for 37 hr at 180°C. 


[110] is vertical. In addition to many super- 
lattice reflections, main lattice reflections sur- 
rounded by diffuse scattering are observed. 
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ing after quenching from 450°C will be de- 
scribed. In this course the diffraction pat- 
terns were taken at each stage of annealing 
for 30min, 100 min, 5hr, 10 hr, 37hr, 108 hr, 
219hr and one month. After keeping for 30 
min at this temperature, any superlattice re- 
flections could not yet be observed. They be- 
came faintly visible from the stage of 100 min 
annealing and grew intense with time of an- 
nealing. Photos. 2 and 3 show examples of 
superlattice reflections at the annealing states 
for 5 and 10hr, respectively. In Photo. 2 two 
superlattice reflections appear very faintly and 
broad, while in Photo. 3 one can clearly see 
the cross-like spot of the 210 reflection. After 
37 hr annealing at this temperature, such cross- 
like superlattice reflections became more defi- 
nite, as shown in Photo. 4 (A) 
and (B). The former corre- 
sponds to the sections passing 
through such superlattice spots 
as 100, 110 and 221 in reciprocal 
space, and the latter corresponds 
to a series of the successive 
sections passing through 001, 
012, 123 and 223. The diffuse 
scatterings around the main lat- 
tice spots 113 and 133 are ob- 
served in these photographs. 
Similar diffraction patterns were 
obtained in both the states of 
108 and 219 hr annealing. 

The diffraction patterns of the crystal an- 
nealed for one month at 180°C are given in 
Photo. 5 (A) and (B), which are taken under 
similar conditions to Photos. 4 (A) and 3 re- 
spectively, except annealing durations. From 
these photographs, it will be noticed that, as 
the ordering advances, the splitting points of 
superlattice reflections approach each other 
and at the same time their intensity increases. 
From such a number of successive stationary 
photographs for many superlattice reflections, 
one may deduce the intensity distribution in 
reciprocal space as given in Fig. 7. This dis- 
tribution explains reasonably the variation of 
the line breadth with indices of the super- 
lattice lines seen in Photo. 1. From Fig. 7 it 
is suggested that the highly ordered alloy 
CuAus has such an anti-phase domain struc- 
ture as observed in the partially ordered state 
of CusAu1, or in the ordered alloy 
Ag3sMg'?!), Cu;Pd!®:15) and others. The size 
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of anti-phase domain, which can be deter- 
mined from the separation of splitting super- 
lattice reflections, increases with time of an- 
nealing. The result is given in Fig. 8. After 
one month annealing at 180°C, the domain 
size reaches about 11 times the lattice con- 
stant. Comparing Fig. 8 with the curve (a) 
in Fig. 6, one can find fairly good correspond- 
ence between the increase in the domain size 
and that in the electrical resistivity. 
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Photo. 5 (A) and (B). Stationary and oscillation 
photographs of CuAus annealed for one month 


at 180°C. 


[110] is vertical. 


X-ray photographs were also taken at vari- 
ous annealing states between 2 hr and 45 days 
at 150°C after being quenched from 450°C. 
In the diffraction patterns the general appear- 
ance seems almost similar to that at 180°C 
annealing mentioned above. The superlattice 
reflections begin to appear from about 5hr 
annealing, and the diffuse scattering surround- 
ing the main lattice reflections is observed 
from the initial period of annealing. Even 
after 45 days annealing, however, the splitt- 
ing superlattice spots are comparatively broad, 
and on the average the size of anti-phase do- 
mains is nearly 19 times the fundamental cell. 

After the alloy was annealed for one month 
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at 180°C, it was subsequently heated at 100°C, 
in order to examine how far this heating af- 
fected the ordered structure, because the re- 
sistivity decreases continuously during a simi- 
lar heat treatment as shown in Fig. 2 (B). 
Photo. 6 gives the diffraction patterns of the 
alloy annealed for two months at 100°C. The 


Photo. 6. Diffraction photographs of CuAu3 an- 
nealed for one month at 180°C and subsequently 
for two months at 100°C. 


(A): [110] is vertical. Stationary photograph 
(A= 115)", 

(B): [001] is vertical. Oscillation and_ sta- 
tionary photographs showing superlattice 
reflection 210. 

(C): [001] is vertical. Oscillation photograph 


showing splitting superlattice reflections 
Pipl, Byall evavell Ail 
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separation of splitting superlattice reflections 
does not change from the stage reached after 
one month annealing at 180°C, but the inten- 
sity of them becomes stronger. It means that 


mains increases. 
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Photo. 7. 
(A): Series of stationary photographs showing diffuse scattering around 


the main lattice spot 113. [110] is vertical. 
(B): Series of stationary photographs showing diffuse scattering around 
the main lattice spots 113 and 222. [110] is vertical. 
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in this course the domain growth takes little 
place but the degree of order within the do- 
Here it is noticeable that 
the diffuse scattering around the main lattice 


points such as 133 and 
224 remains with con- 
siderably large intensity, 
and, especially that, the 
anomaly of intensity is 
seen in 221 as well as 
in 321 in Photo, -61O- 
The former reflection 
seems to consist of a 
pair of splits, and the 
component in the side of 
lower diffraction angle is 
fairly weaker than that 
in the side of higher 


angle. The latter con- 
sists of two pairs of 
splits, and the compo- 


nents in the side of lower 
angle are also weaker 
than those in the side 
of higher angle. From 
the microphotometry of 
321 reflection in this 
photograph, it was found 
that each component of 
lower angle side had only 
almost half the intensity 
of that of higher angle 
side. Such an asymme- 
try in intensity is also 
seen in Photo. 5 (B). But 
it appears to increase 
with the advance of 
ordering at 100°C. The 
discussion on this fact 
will be given in the fol- 
lowing section. 

The diffuse ‘scattering 
around the main lattice 
reflections was examined 


in detail in the short- 
range ordered _ state 
quenched from 210°C 


after keeping for 30 hr. 
In this stage the main 
lattice reflections were 
‘certainly surrounded by 
the diffuse scattering, 
while very diffuse super- 
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ing kinetics. In terms of this effect it is 
reasonably interpreted that the ordering rate 
varies appreciably, even at the same tempera- 
ture of annealing, by the initial condition with 
or without local order as shown in Fig. 6. 

The present X-ray diffraction study in the 
course of annealing at 150° and 180°C shows 
that the development of order is made not 
through homogeneous increase in short-range 
order throughout the crystal, but essentially 
through a nucleation and growth of small or- 
dered domains in the disordered lattice. From 
Figs. 6 and 8, it is conclusively said that the 
growth of the anti-phase domains takes place 
in the first stage of ordering, where the re- 
sistivity increases. At the early period of 
this stage only a few domains exist in the 
lattice, while prolonged annealing causes a 
large number of domains with a fairly definite 
size of about 44 A to occur. In the second 
stage of ordering, corresponding to the de- 
crease in resistivity, the domain growth takes 
little place but the degree of order within 
domains increases progressively. 

Now we shall consider the increase in re- 
sistivity at the initial stage of the ordering 
process in the light of the present X-ray dif- 
fraction study. Such inverse change of re- 
sistivity is not so unusual but is already found 
in such ordered alloys as CuszAu%, Cu;Pd!” 
and AgsMg!, all of which form anti-phase 
domain structures. Rise in resistivity of these 
alloys has been qualitatively explained by the 
presence of anti-phase ordered nuclei, of which 
the linear dimension is smaller than the mean 
free path of conduction electrons. The latter 
is given in monovalent metals by the formula 
A=h/pe?(3/xN?)*, where po is the specific re- 
sistivity, e the electronic charge and N the 
number of conduction electrons per unit 
volume”. Assuming that there is one con- 
duction electron per atom for CuAus, the value 
of 2 is about 100 A for the annealing state at 
180°C. This value is larger than the size of 
the anti-phase domain, 44 A, existing at 180°C, 
so that such domains may act as scattering 
centers for electrons. Therefore, as the or- 
dering proceeds, the inhomogeneity enhanced 
by the formation of small anti-phase domains 
induces the increase in resistivity, but the 
growth of domains intends to decrease the 
resistivity. Thus the rise of resistivity in the 
initial stage of ordering is probably caused by 
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the fact that the effect of formation of domain 
boundaries overcomes that of domain growth. 
Formation and growth of domains is stopped 
when the lattice is closely filled with domains, 
and then the subsequent reduction of resisti- 
vity is reasonably thought to be produced with 
the development of order in the domains. 
Successive coalescence of the anti-phase do- 
mains, which may likewise induce the decrease 
of resistivity, is not observed in the present 
X-ray study of the isothermal ordering. 

Next we shall discuss the superstructure of 
the ordered alloy CuAus;. Even at the final 
state of annealing above 100°C, CuAus pos- 
sesses the anti-phase domain structure with 
about 44 A in length, which accords well with 
the value estimated by Batterman”. At the 
present time, as described above, we know a 
number of the ordered alloys of AsB type 
with various anti-phase domain structures, 
i.e. as the one-dimensional anti-phase domain 
Ag;Mg"))19, AusCd', AusZn? and so on, 
and as the two-dimensional one Cu3Pd'”, 
AwZn™) and Au;Mn”. From the intensity 
distribution of superlattice reflections in reci- 
procal space given in Fig. 7, it is probable 
that the highly ordered state of CuAu;3 has 
the two-dimensional anti-phase domain struc- 
ture rather than the one-dimensional one. The 
reason is given in the following. If the lat- 
ter would be the case, every original super- 
lattice spot should be !flanked by four satel- 
lites in reciprocal space. On the other hand, 
if the former would be the case, the central 
spot at every superlattice reflection position 
should vanish leaving only satellites, because 
the central spot would also be split, as pre- 
viously reported in our paper’. In the highly 
ordered state of CuAus, the central spot of 
every superlattice reflection position is hardly 
observable or much weaker than the satellite 
splits as shown in many photographs*. It is 
not clear from the diffraction patterns to which 
satellites the central spot is split and what 
kind of two-dimensional domain is realized, 
but any other origin than described above can 
hardly be conceivable for the vanishment of 
the central spot. It remains unsolved whether 
such an anti-phase domain structure exists in 


* The superlattice reflections of Cu3Au reported 
in the references 11) and 12) also seem to show the 
disappearance of the central spot of superlattice 
reflection similarly to the present patterns of CuAu3. 
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the stable state as in several ordered alloys 
mentioned above or in the intermediate one 
as in Cuz;Au'?)!4, because it takes extremely 
long duration to attain the ordered state in 
an equilibrium below the transition point as 
low as 200°C. In order to answer this ques- 
tion, however, it seems necessary to obtain a 
more highly ordered state of the alloy by any 
other means than a prolonged heating, e.g. 
by irradiation of high energy particles. It is 
of some interest to note, here, that the anti- 
phase domain in CuAu; has, roughly speak- 
ing, similar size to that in CusAu. The lat- 
ter sizes are 7, 10~11 and 18~19 times the 
fundamental face-centered cubic cell at 300°, 
320° and 330°C, respectively™. 

The remarkably asymmetrical intensity of 
splitting superlattice reflections seems some- 
what complicated but is interesting*. Some 
possible explanations may be considered. One 
of them is the effect of diffuse intensity due 
to difference in size of the component atoms 
in alloys proposed by Warren, Averbach and 
Roberts». This effect has actually been ob- 
served in the short-range ordered state of 
CuAus” as well as of Cu;Au2 and CuAu™. 
It is hardly expected, however, that the con- 
tribution of the size effect gives rise to highly 
asymmetrical intensities of splits in super- 
lattice reflections, as these splits are very 
close to each other. An alternative explana- 
tion of this phenomenon is probable on the 
analogy of X-ray pattern observed in precipi- 
tation process of an Al-Cu alloy». X-ray 
diffraction photographs of the alloy containing 
4 weight per cent copper showed diffuse 
streaks emerging from diffraction spot on one 
side only. It was qualitatively explained? 
by a combination of varying lattice parameter 
and varying structure amplitude owing to the 
segregation of solute copper atoms on to par- 
ticular atmic planes in the matrix. The asym- 
metrical splittings shown in the present X- 
ray photographs of CuAus may be interpreted 
in the same way. It may reasonably be sup- 
posed in the anti-phase domain structure of 
this alloy that out-of-step boundaries differ 
in the lattice spacing as well as in the struc- 
ture amplitude from the inside of domains. 
Therefore the spacing and the structure am- 


* Such a phenomenon has been pointed out in 
CuzPd by Wilkens and Schubert2)), 
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plitude vary periodically with the same period 
as that of out-of-step. If both of the modu- 


lations synchronize in such a way that the | 


maximum spacing coincides with the mini- 
mum structure amplitude, the split spot of 
the superlattice reflection on the lower diffrac- 
tion angle side becomes weaker than that on 
the opposite side. Of course, this is only a 
qualitative explanation, and the knowledge on 
amplitudes of both of the modulations is ne- 
cessary to explain this phenomenon quantita- 
tively. 

Finally the diffuse scattering will be dis- 
cussed. The characteristic diffuse streaks, 
which are directed along <110> directions, have 
also been observed in early stages of ordering 
in CoPt?? and CuAu?®, and in these cases 
qualitatively explained by the lattice distortion 
associated with the ordering process. The 
fact that the unit cells of both the ordered 
and disordered structures of these alloys dif- 
fer considerably from each other in the cry- 
stal symmetry as well as in the lattice spac- 
ing has been considered to be a main cause 
of such a lattice distortion. In CuAus, how- 
ever, the circumstances are not the same, 
i.e. no change in the crystal symmetry takes 
place and the change in the lattice spacing is 
far less than in these alloys. Therefore, the 
diffuse diffraction due to a lattice distortion 
could not be expected in the present case. In 
fact, it was concluded from the low tempera- 
ture diffraction patterns that the diffuse dif- 
fraction observed in CuAus is caused by the 
thermal scattering. This conclusion is also 
supported by the considerably low Debye tem- 
perature?” and the diffuse intensity distribu- 
tion in reciprocal space shown in Fig. 9. The 
diffuse diffractions in this figure have the same 
sectional shapes of equal diffusion surfaces 
caused by thermal vibration of certain cubic 
crystals with the elastic anisotropic factor 
2c44/C1r—Ci2 Of more than unity. 

In conclusion the author wishes to express 
his sincere thanks to Professor S. Ogawa for 
his kind guidance throughout the work. His 
thanks are also due to Mr. D. Watanabe for 
his valuable discussions, and to Mr..K. Fuji- 
wara for his helpful assistance in measure- 
ment of the resistivity. This work was sup- 
ported in part by the fund of the Ministry of 
Education in Aid of Scientific Researches. 
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The electrical resistivities of arc-evaporated carbon films were studied. 


The resistance has a large negative temperature coefficient. 


The an- 


nealing diminishes remarkably both the resistance and its temperature 
dependency. The specific resistivity depends on the film thickness and 
increases rapidly below 500A. It seems that the lattice imperfections 
play the most important role, and then from the annealing curve, their 


distributions are discussed. 
also measured. 


Introduction 


§1. 
Several years ago, Bradley has invented an 
useful method of preparing the relica for 
electron microscope by arc-evaporated carbon 
film. The evaporated film has a very amor- 
phous structure and therefore can reproduce 
a faithful replica of the specimen. Since his 
invention, this technique became one of the 
most important and usual methods for electron 
microscopy”, but the various properties of the 
carbon film were not fully studied. Blue and 
Danielson® have measured its electrical resis- 
tivities, while Agar? and Cosslett®? have 
studied the relation between the optical den- 
sities and the film thickness. Kakinoki et al. 
have studied the structure by electron dif- 
fraction and discussed its singularity. 

Carbon films are produced under several con- 
ditions, for example, thermal decomposition 
of organic compounds (pyrolytic carbon)?-™™, 
painting with colloidal carbon”, decomposi- 
tion from carbon brush!”, and so on. But, 
in most cases, these products lack the uni- 
formity or contain some volatile matters, 
whose driving-off requires the heat-treatment 
at higher temperature. On the contrary, the 
arc-evaporated carbon film has a _ uniform 
thickness and homogeneous composition over 
the whole area, and furthermore, the evapo- 
ration can be made on substrates maintained 
at desired temperature, hence making possible 
to study the annealing of lattice imperfec- 
tions in carbon. 

As consequences of measuring the proper- 
ties of the film, believed as the most amor- 


The aging effect on the resistance were 


phous carbonaceous solids, we have obtained 
some interesting results about the aging effects 
of electrical resistances, the relation between 
the conductivities or their temperature coeffi- 
cients and the film thickness, and the anneal- 
ing effects on them. 


§2. Experimental Methods 


Carbon rod for carbon replica, 0.5cm in 
diameter, of Tokai Electrode Co. was used as 
the evaporating material. The sharpening 
contact was heated by alternating current. 
The substrates were photographic glass plate 
or transparent fused quartz, 0.5cmx1.5cm in | 
sizes. These substrates were arranged in | 
a bell-jar, about 12cm apart from the car- | 
bon source. The vacuum was maintained | 
below 10°*mmHg and the evaporating are ) 
was about 50A/sec. 

The film thickness was measured by a | 
multiple-beam-interferometer’ using the light | 
of 5461A of Hg lamp. We measured also the | 
optical density against the incandescent tun- 
gsten light by a microphotometer. 

Gold film electrodes were evaporated on the | 
carbon film at the two ends, leaving the nak- | 
ed carbon film 0.5cm in breadth and 1cm in 
length. The electrical resistance was measur- | 
ed potentiometrically or by micro-micro-am- | 
meter under vacuum or in argon or air. In | 
the case of glass substrates, the annealing: 
was achieved under 400°C, while the quratz | 
substrates were heated to 900°C in various; 
atmospheres. | 
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§3. Results 


Optical densities were defined as D=logio 
(ho/I), where J is the light intensity trans- 
mitted through the film, while J) the one 
without film. If the films have the same 
absorption coefficient and the reflection at the 


surface is neglected, following relation should 
hold. 


SING. 
where @ is absorption coefficient and Tt is 
thickness. J and Jy» were measured by a 
microphotometer. 
There holds an approximately linear rela- 
tion between the film thickness determined 
by multiple-beam-interferometer and the op- 
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Fig. 1. Optical density versus film thickness. 


tical densities (Fig. 1). Cosslett has pointed 
out that the proportional constant has depend- 
ed on the process of evaporation and that for 
thinner films than 200A, the relation has de- 
viated from the linearity. Thorn and Wins- 
low have found two straight lines with 
different gradients according to the tempera- 
ture of heated carbon source. Also in our 
cases, there exist some random variances 
from the straight line, but the relation is use- 
ful to deduce the thickness of thinner samples 
from its optical density, as it cannot be de- 
termined by the interferometry. 

Heat treatment of films always brings the 
optical density to increase. About 30 per cent 
increase was observed by 400°C annealing. 
The increase, however, is very small compar- 
ed with the rise of electrical conductivities. 

Though the coefficients of thermal expan- 
sion differ between glass and fused quartz 
about ten times, there is no difference be- 
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tween the temperature coefficients of electri- 
cal resistances of carbon films evaporated on 
both substrates. But when the thinner films 
were heated above 250°C, the carbon evapo- 
rated on glass was more easily annealed than 
the one on fused quartz. The annealing of 
carbon, 200A thick, at 380°C brought 20 per 
cent difference of resistance between two sub- 
strates, though for the film thicker than 400A 
this was not the case. The following results 
are concerned with quartz substrates. 
Annealing was performed in atmospheres 
of argon or air of atmospheric pressure below 
400°C, there being found no differences be- 
tween them, and above it, the heat treat- 
ment in vacuum of 107° mmHg was used. 
Fig. 2 shows an example of resistance 
change with temperature and annealing effects 
on it. The annealing begins at once above 
the evaporated temperature and brings a 
rapid decrease of resistance. Below the an- 
nealing temperature, the resistance changes 
with temperature reversibly. The curves of 
log R versus 1/T are concave downwards for 
all specimens and for all temperature ranges. 
As it is, however, known that the expres- 
sion R=R.. exp (4E/2kT) holds for carbonace- 
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Fig. 2. Temperature dependence and annealing 
effect of resistance. Thickness is 380A. An- 


nealing temperature: I, Unannealed; II, 140°C; 
III, 245°C; IV, 380°C; V, 500°C; VI, 900°C. 
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ous solids having the conjugate double 
bond'-!?, we will adopt this representation 
frequently. Fig. 2 suggests that 4H for each 
film is not a constant, but it may have a 
continuous distribution over a certain region. 

Blue pointed out that the curve of logR 
versus log T was linear and we also found 
it true, namely, R=aT-*. 6b decreases with 
the film thickness and the annealing tempera- 
perature. We have found b=9 for the 100A 
film without annealing. 

The thicker becomes the film, the less ra- 
pidly the resistance changes with tempera- 
ture in the reversible region, while the more 
easily the annealing takes place. In Fig. 3, 
one can see the dependence of annealing ef- 
fect on the film thickness. It shows the spe- 
cific resistivity changes at 0°C accompanied 
with annealing. 

The electrical resistivities at 0°C of the 
unannealed films change with film thickness. 
Below 500A, the specific resistivity increases 
rapidly with the decrease in thickness. Above 
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Fig. 3. Annealing effects on the specific resistivity 
at 0°C, for four films. Thickness: I, 110A; 
II, 200A; Ill, 3804; IV, 2000 A. 
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500A, it is almost constant and equals to 0.5 
to 1 ohm-cm (Fig. 4). 

Though the relation R=R.. exp (4E/2kT) 
does not strictly hold, we have calculated the 
energy gap 4E as an indicator of tempera- 
combining 


ture coefficient, the value at 
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Fig. 5. 4H versus film thickness. 4H is calcu-. 
lated from the straight line combining the values 
at 0° and‘ —73°C in Fig. 2. 
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—73°C with the value at 0°C by a straight 
line. 4E depends also on the film thickness 
and is larger for thinner film. (Fig. 5) With 
the rise of annealing temperature, 4E falls as 
well as resistivity (Fig. 6) 

Fig. 7 shows the relation between the 
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Fig. 6. Annealing effects on 4# of four films. 
Thickness: I, 110A; II, 200A; III, 380A; 
IV, 2000 A. 
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Fig. 7. Specific resistivity at 0°C versus AE. 
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specific resistivity at 0°C and 4E. It includes 
the values of ten films of different thickness 
ranging from 100 to 2000A, unannealed and 
annealed at various temperatures under 900°C. 
There is a clear dependency, and in spite of 
different thickness or of annealing tempera- 
ture, the carbon films of definite specific re- 
sistivity have the same temperature coeffici- 
ent of resistivity. The result suggests the 
following fact; the carbon films with different 
thickness have different structures before an- 
nealing and the annealing rates for them 
are also different, but even though there are 
these varieties, when the specific resistivities 
become the same order, the carbon film have 
the resembling microscopic structure. It is, 
however, expected that this simple relation 
might not hold, when the thickness is extre- 
mely small. 

In all experiments described above, the 
films were taken off after evaporation from 
the vacuum into the air and replaced in the 
resistance measuring vessel. The time ex- 
posed to the air was so long that the gas 
adsorption, if occurred, would reach the sa- 
turated state. Then, we intended to measure 
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Fig. 8. Aging effects on resistance in vacuum 
and in air. Thickness: I, 40A; II, 50A; III, 
80 A; IV, 290A; V, 4504. Arrow shows the 
introduction of air of atomospheric pressure. 
Note; for I, full time scale is six hours. 
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the aging effect of resistance just after the 
evaporation. 

Quartz substrates were preliminarily gold- 
evaporated at both ends, leaving bare space 
of 0.5x0.5cm2. D.C. 100 volt was given 
between the electrodes during and after the 
evaporation, and we observed the changes of 
electric resistances by micro-micro-ammeter. 
During the evaporation, the current indica- 
tion could not be defined, presumably by 
disturbance of A.C. induction or ion current. 

Fig. 8 shows the resistance variation after 
the deposition for several specimens of dif- 
ferent thickness. Electric resistances for all 
films increased with time, and the smaller 
the thickness, the more remarkable the 
change. Though there seemed to be some 
differences according to the evaporation rate, 
they could not be made clear. Introduction 
of air brought further irreversible resistance 
increase for some thinner films. 

The aging of silver or other metal film 
strongly depends on the evaporating condi- 
tion and the thickness!?-2, Aggregation 
makes the resistance higher, while the dif- 
fusion of Frenkel type doublet imperfections 
to the regular sites makes the resistance 
lower. For carbon film, however, the resis- 
tance always increases, more or less, what- 
ever the thickness is. It is known that the 
evaporated carbon rather hardly aggregates 
in island, and our vacuum is not so good 
that it is inevitably influenced by oxygen. 
Furthermore, the irreversible increase after 
the air introduction suggests the possibility of 
oxidation. However, if the gas adsorption is 
a principal cause, it is questionable why the 
time constants of resistance increase are com- 
parable for all thickness. There may be 
some effects of cooling of substrate after the 
evaporation and we are now clarifing them. 
Discussion 


§ 4, 

Carbonaceous solid is a general name for 
the extensive materials spreading over the 
range of aromatic compounds to graphite as 
two limiting cases. It is specified as having 
the z-electron network?-2%), and one can find 
a continuous characteristic change in the se- 
quence, though the magnitude varies over 
some tens order. On the other hand, carbon 
atoms construct the tetravalent large crystal, 
namely, diamond. This has also some varie- 
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ties in electric conduction and optical absorp- 
tion or other properties****, but these depend 
principally on the impurities or mosaic struc- ; 
ture, in other words, on extrinsic causes”. 
Kakinoki et al. have discussed the probable: 
existence of diamond structure in carbon film, 
and if so, it might play some important roles: 
in electric conduction. From the fact that the 
carbon film is black and subjected to the con- 
tinuous annealing effect, we will, here exclu- 
de the contribution of diamond structure. 

In organic compounds, when thermally de-: 
composed, there develops progressively the z- 
electron network and carbonized materials be- 
come more and more conductive with the 
treatment temperature. The effective size of 
z-electron network determines the conduction: 
electron density and the forbidden energy 
gap??. It is not equal to the crystallite 
size, but depends on lattice imperfections, 
volatile impurities, and the electronic configu- 
ration on the periphery carbon atoms. The 
last one serves as surface acceptor level in 
some cases”. The carbon film has as large 
number of lattice imperfections as other eva- 
porated metals. These imperfections not only; 
play the role of scattering for conduction, butt 
also destroy the z-electron network and so: 
diminish the effective size. | 


Vand has given a good analyzing method! 
to investigate the decay of scattering cen-- 
ters, and it is effective for studing the re-- 
sistance annealing of neutron-irradiated poly-. 
crystalline graphite®. For the carbon film: 
which has very small crystallites, one can: 
not, however, apply Vand’s method in its: 
original form. Vand’s thought are as follow-. 
ing; lattice defects decay in mutually inde- 
pendent process and the rate of decay is ex-. 
pressed by a relation, 


dN/N=-—c-exp (—&/kT)-dt, 


where N is number of defects, c is a fre- 
quency factor, and € is a decay activation 
energy. Using an appropriate approximation, 
he has found a distribution of defects as 


function of €. For materials with larger 
crystallites, one can put 


Ri=R—TdRz/dT= a 


r(€)-N(E)-d€, 
where R: total resistance, 


Rr: resistance caused by thermal os- 
cillation of lattice, 


: 


- 


strictly well-founded. 


Ri: resistance caused by lattice im- 
perfections. 


From the annealing curve, one can not obtain 


‘increase of crystallite size. 


- 


r(€) and N(€) separately, but their product. 
For the carbon film, it is obvious that R; 
is not proportional to the number of imper- 
fections, but we have assumed that JE might 
be proportional to N. The assumption is not 
It is, however, well 
known that the forbidden band energy gap 
Become progressively small in the sequence 
from aromatic compound to graphite with the 
If 4E is propor- 
tional to N, it turns into the assumption, 
from the relation seen in Fig. 7, that N would 
Be proportional to log R. Several years ago, 
we have studied the oxidation effect on the 
carbon contact resistance. Oxidation increa- 
ses the resistance considerably and also aug- 
Ments the adsorption power of alkali*.*», 
adsorption gives the activity of carbon, which 
is considered as singularity of electronic con- 


figuration on the peryphery carbon atom. As 


2 result, we have found that the adsorption 


_ Was proportional to the logarithm of contact 


fesistance. Though the two cases are not 
always parallel, linear dependency of 4E on 
N is one of the simplest and probable 
thoughts. 

Blue has found that there happened no 
development of long-range-order in the film 
by the annealing below 900°C. 
more, from a correlation, as seen in Fig. 7, 
among all the thickness which we have 


measured, it is not unreasonable to apply a 


common model of same crystallite size to all 


' the films. 


_three thickness. 


According to these assumptions and using 
Vand’s tempering method, we have calculat- 
ed the function, Fy(€)=4e(E)- N(E), which be- 
longs to the imperfection distribution before 
annealing. 4e is the contribution to 4E of 
ome imperfection. Fig. 9 shows /y(&) for 
The ordinate is in arbitrary 
unit, but the curves are normalized under the 
condition that 


|, 4@Mede 


0 


is proportional to 4E. & corresponds to the 


evaporated temperature and the appropriate 
forms are assumed for the curves above the 
highest annealing temperature. It is clear 
that when the film thickness becomes smaller 
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the peak rises and the distribution spreads 
over the wider region of activation energy. 
The distributions are not so different from 
the one for displaced atoms in neutron-irra- 
diated polycrystalline graphite, but somewhat 
shift to higher energy. 

When annealed at 900°C, the specific resis- 
tivities of films reach the same order as the 
carbonized organic compounds. Accordingly, 
the evaporated carbon has enormous number 
of lattice imperfections and the annealing 
brings them into regular sites without much 
larger crystallite growth. Extinction of im- 
perfections increases the effective size of z- 
electron system and diminishes 4E and the 
resistivity. 


Fo (€)- ARBITRARY UNIT 


3,0 


20 


ACTIVATION ENERGY-ELECTRON-VOLT 


Fig. 9. Fy(e)=4e(e) N(e) for three films. Thick- 
ness: I, 110A; II, 380A; II, 2000A. Though 
the ordinate is in arbitrary unit, the curves, 


drawn as |. Fu(e)dex 4E, are mutually compa- 
9 

rable. If 4e (contribution of one imperfection) 

is independent of ¢, the curves show the dis- 


tribution of the number of imperfections, except 
unknown proportional constant. 


It is not clear why the resistance increases 
irreversibly at room temperature after the 
evaporation. In the research of carbon con- 
tact resistance, which is sensitive to the sur- 
face gas adsorption, author* has found that 
in some cases there happened a reversible 
adsorption effect of oxygen on resistance*”. 
Uebersfeld and Erb*? have observed the re- 
versible effect of oxygen on paramagnetic re- 
sonance absorption. These may be explained 
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as an interaction between the free radical on 
the peryphery carbon atom and oxygen. For 
polycrystalline graphite, it was reported that 
an irreversible oxidation at elevated tempera- 
tures becomes fast, when neutron-irradiated, 
the effect being caused by displaced atoms*”. 
One can expect that the evaporated carbon, 
containing many imperfections, is apt to be 
influenced by gas adsorption, but it is a pro- 
blem left hereafter to clarify the whole 
mechanism. 


§5. Summary 

The results are summarized as following. 

1) Arc-evaporated carbon films have much 
higher resistivities than the orther carbon 
materials, in spite of their large carbon 
contents. 

2) Resistivity depends on film thickness. 
It is equal to a nearly constant value as thick- 
ness exceeds 500A, but it increases rapidly 
with decreasing film thickness below 500A. 

3) Themperature coefficient of resistivity 
is negative and depends on film thickness in 
a similar way as resistivity. 

4) Annealing reduces the resistivity and 
its temperature dependency. Annealing rate 
becomes slow as the film thickness decreases. 

5) For the films with various thickness 
from 100 to 2000A and annealed at different 
temperatures up to 900°C, there holds an ap- 
proximately linear correlation between 4E and 
logarithm of resistivity. The relation seems 
to justify the application of a common struc- 
ture model to all the films. 

6) These special characteristics are consi- 
dered to be attributed to the imperfections 
existing in the evaporated carbon. Lattice 
imperfections destroy z-electron network in 
carbon, and even if the films have the same 
crystallite size, the contents of imperfections 
bring about remarkable varietis of electric 
resistivity or its temperature coefficient. 

7) Annealing displaces the imperfections 
into regular sites, and results in resistance 
and temperature dependency decrease. From 
the change of 4E accompanied by annealing, 
distribution of imperfections as a function of 
decay activation energy is calculated. The 
distributions have maxima about at 1.5 to 2.1 
eV, depending on film thickness. 

8) As film thickness becomes extremely 
small, e.g., below 100A, an effect of irreversi- 
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ble oxidation on resistance is observed. 

We wish to thank Mr. H. Hirabayashi for 
his kindful advices and are grateful to Mr. 
H. Shibata and Miss T. Ayakawa for their 
co-operations. 
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The electrical resistivity, Hall coefficient and thermoelectric power 
were investigated over the temperature range from 100°K to 800°K on 
pure and impurity-doped SnSe crystals. An anomalous hump of the Hall 
coefficient was found to occur at about 200°C in most of the as-grown 
crystals and this seems to make the conventional analysis based on a 
simple semiconductor model impossible. Anisotropies in the resistivity 
and Hall coefficient were also studied on single crystals and the observed 
anisotropy in the resistivity seems to be ascribed to an anisotropy in 
the effective mass of holes. Hole mobility varies as T-?-9 at high tem- 
peratures and its discrepancy from TJ-1-5 law is explained on the as- 
sumption of both optical and acoustical mode scatterings. Further 
investigation was made of the anomalous Hall coefficient on heating the 
specimen at various temperatures in vacuum. This anomalous phenome- 
non was found to depend on the heat-treatment history of the crystal 
and the experimental results were analysed on such a simple model that 
acceptors are introduced into SnSe by impurity diffusion above 200°C 
and caused to disappear on heating at lower temperatures. General 
features observed seem to be in fair agreement with the proposed model. 


Introduction 


St: 

The systematic investigations have recently 
been made of IV-—VI intermetallic compounds 
in our laboratory with respect to the electrical 
properties and crystal structures. The crystal 
structure of SnSe included in the same group 
has already been reported to be orthorhom- 
bic? and the preliminary experiments on 
electrical properties have shown that SnSe 
behaves as an ordinary p-type semiconductor”. 
The original aim of the present investigation 
was to obtain such physical quantities as the 
energy gap between the conduction band and 
valence band, its temperature dependence, 
the effective mass of electrons or holes, the 
ionization energy of impurity levels, etc. by 
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performance of the further investigation on 
electrical properties of very pure SnSe single 
crystals. In the course of the experiment, 
we have encountered an anomalous phenome- 
non which might make the performance of 
our original aim impossible: the Hall coef- 
ficient exhibits an anomalous hump at about 
200°C for most of the as-grown crystals as 
will be described later. According to a simple 
semiconductor model the Hall coefficient of a 
p-type semiconductor decreases with increas- 
ing temperature corresponding to the ioniza- 
tion of acceptors. After full ionization of the 
acceptors the Hall coefficient takes a constant 
value and then begins to decrease rapidly 
with the onset of intrinsic conduction. There 
should be no temperature range in which the 
Hall coefficient takes a positive temperature 
coefficient. 
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The positive temperature coefficient of Hall 
coefficient found in Ge has been explained 
by impurity band conduction» or two hole 
model”. The Hall coefficients of p-type SnTe” 
and p-type GeTe® have also been found to 
take positive temperature coefficients and 
those of p-type GeSe”, n-type InAs® and n- 
type GaAs” to show an anomalous behaviour. 
The mechanism is not yet fully understood, 
but in the case of u-type GaAs it is suggested 
that at 650°C a number of vacancies exist, 
possibly occupied by impurities, which trap 
electrons from the conduction band and give 
rise to a larger value of the Hall coefficient. 
Our interests have transfered to the problem 
of studying some mechanism for the explana- 
tion of the observed anomalous behaviour for 
SnSe. 


§ 2. 


In the earlier experiment? SnSe crystals 
were prepared in air from a melt containing 
larger amount of Se than in stoichiometric 
proportions which was covered with rock salt 
powder to protect from oxidization. This 
method is undesirable from such points of 
view that the obtained crystal might be af- 
fected considerably by oxygen, rock salt and 
excess selenium. All specimens used in the 
present investigation were prepared in vacuum 
as follows: the stoichiometric amounts of tin 
(J. M. 99.998% pure) and selenium (S. K. 
99.999% pure) were sealed into an evacuated 
quartz tube. The inside of some quartz tubes 
was previously coated with thin carbon film 
in order to reduce oxygen diffusion, if any, 
from the wall of the tube into the SnSe melt. 
When the mixture of tin and selenium con- 
tained in the tube is heated to melt and then 
cooled to solidify, the tube is always forced 
to be broken and this results in the oxidization 
of SnSe by air. The unfavourable circum- 
stance, however, may be avoided by a double- 
sealing technique: in spite of the break-up of 
the inner tube, the crystal is free from oxi- 
dization for the benefit of the outer tube. 
Putting the tube vertically into a furnace, 
where there is monotonously longitudinal and 
no transverse temperature gradient, it was 
kept at 1000°C for two days to expect the 
complete reaction. It was then cooled rapidly 
to 900°C and then with the cooling rate of 
10°C per hour to 700°C (the melting point of 
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SnSe=860°C). The melt begins to solidify 
from the bottom of the tube. In order to 
reduce such crystal imperfections as disloca- 
tions which might be present on solidification, 
the tube was annealed at 700°C for one day 
and cooled to 400°C with the speed of about 
20°C per hour. The final stage of cooling 
process to room temperature was done by 
natural cooling after switching off the heater 
current. On cutting the obtained SnSe single 
crystal there must be paid a great care be- 
cause of easy cleavage along the plane normal 
to c-axis. Specimens were cut in the shape 
of a rectangular parallelepiped of about 2x 
3x10mm? whose surfaces were polished by 
emery-paper. Some of the specimens used 
for anisotropy measurements were cut nearly 
in the shape of a cube whose edges were 
parallel to the three crystal axes. 


§3. Experimental Procedures 


An ordinary d.c. method was used on meas- 
uring the resistivity and Hall coefficient. 
Metallic electrodes were applied by means of 
vacuum evaporation of gold. Four constantan 
probes, the three on one surface and the rest 
on the opposite one, were welded by a con- 
denser discharge method on a specimen set 
on a porcelain sample holder. The sample 
container was evacuated for low temperature 
measurements and was filled with nitrogen 
gas for high temperature measurements. In 
the course of low temperature measurement 
the sample container was immersed into a 
liquid air Dewar vessel between pole pieces 
of an electromagnet. High temperatures were 
realized by exchanging the Dewar vessel for 
a silica tube surrounded by a heating coil. 
The potential drop between a pair of resisti- 
vity probes was found to be linear with applied 
d.c. current up to 120mA at both room and 
liquid air temperatures. Hall voltages at both 
temperatures were also shown to be a linear 
function of magnetic field strength up to 5 
kilogauss which was measured using a search 
coil calibrated by a proton resonance technique. 
The d.c. current of 10mA and magnetic field 
of 4 kilogauss were chosen for the most of 
the measurements. On measuring the poten- 
tial difference between resistivity probes or 
Hall probes, we tried to eliminate the effect 
of the thermo-electromotive force which might 
be present, by reversing the direction of the 
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current or the magnetic field. 

So long as the resistivity and Hall coefficient 
are independent of magnetic field intensity, 
the galvano-magnetic effect can be expressed 
by the following equation’): 

Fiy= 01515 +&ijxRemlj Hin ; (iy) 
where Ei, J; and Hn represent, respectively, 
the rectangular components of the eleciric 
field, current density and magnetic field ap- 
plied to a crystal. pi; and Rem are the tensor 
quantities corresponding to the resistivity and 
Hall coefficient. In the case of SnSe which 
belongs to the space group D.,, the above 
tensor components may be written in the 
form’? 


pa, 0 0 i 0 0 
Oij=| 0 Px O |, ee (Onmeeees o0 0) 
0 O- 033 0 0 Rss 
(2) 


€ije in equation (1) is a tensor of the third 
rank which is equal to zero when i=j or k, 
or j=k, but equal to 1 when 727k=123, 231 or 
312 and equal to —1 when ijk=213, 321 or 
132. Taking a, 0b or c-axis of the crystal as 
X1, X2. OY X3-axis, respectively, and J or HA in 
an adequate direction, we can measure six 
tensor components in consideration of equ- 
ations (1) and (2). This situation is shown in 
Table I. 


Table I. Description of directions of both electric 
current J; and magnetic field Hy, to determine 
Oij and Uigienee 


Hy = i315 + eijnFemd Hm Measurable 
uantities 
[mm | Hm | Bm | mw | 4 
| oul 0 RoehHz| pu, Re» 
In | Hz | R33l2H3) 02202 0 022, R33 
In| 0 RulH| 03313 033, Lei 


On measuring the thermoelectric power a 
pair of copper-constantan thermo-couples were 
inserted between brass current electrodes and 
the specimen. In order to obtain the temper- 
ature gradient two copper blocks with heating 
coils were in good thermal contact to the 
brass electrodes, but insulated electrically by 
thin mica films. 


§ 4. Experimental Results 
(i) Resistivity and Hall coefficient 


Electrical Properties of Stannous Selenide 


283 


The resistivity 0 and Hall coefficient R have 
been measured over the temperature range 
from 100°K to 800°K. The d.c. current and 
magnetic field were applied parallel and per- 
pendicular, respectively, to the plane perpen- 
dicular to c-axis of the single crystal. In 
Fig. 1 (a), (b) and (c) are, respectively, shown 
the values of 9, R and Hall mobility defined 
as (8/3z)Ro for pure SnSe crystals. Fig. 2 
shows the similar experimental results on 
impurity-doped and annealed SnSe crystals. 
The specimens used in these investigations 
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Fig. 1. Resistivity (a), Hall coefficient (b) and 


Hall mobility (c) versus inverse absolute tempe- 
rature for pure SnSe crystals (p-type). 
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are listed in Table II. Specimens 38102 and 
3NC11 were prepared for the purpose of 
detecting the effect of oxygen or rock salt on 
electrical properties by comparing the data 
with those of the specimen (S5) used in the 
earlier experiment”. 
(ii) Anisotropy 

In Fig. 3(a) and (b) 0:3; and Rim defined in 
§3 are plotted, respectively, against inverse 
absolute temperature for single crystal 311 
prepared in a carbon-coated quartz tube. 
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Fig. 2. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tempe- 
rature for impurity-doped and annealed SnSe 
crystals. For comparison, the data for as-grown 
sample 3SB72 are also included. 


Measurements of pi; and Rem were made first 
in the low temperature range and then in 
high temperatures according to the description 
given in Table I. All curves are on heating 
and numbers on the high temperature curves 
represent the order of the measurements. Once 
the specimen was heated up to high tempera- 
tures, then oi; and Rim took smaller values 
than the initial ones at room temperature as 
seen in Fig. 3. Further investigation will be 
described later with respect to these irreversi- 
ble phenomena. Rim shown in Fig. 3(b) is 
the value after a correction due to sample 
dimension». Rim after a correction seems 
to take a definite value independent of km in 
the low temperature measurements. Figs. 4 
and 5 show pi; in temperatures near room 
temperature for other SnSe crystals 305V1 
and 305V3. 


(iii) Thermoelectric power 

The potential difference between both ends 
of the specimen due to the temperature gradi- 
ent was measured, the temperature difference 
being within 10°C. Fig. 6 shows the thermo- 
electric power determined from the slope of 
the curve of the thermo-electromotive force 
plotted against the temperature difference. 
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Table II. Description of specimens. 


vor Origins of component Origial Given 
pecimens me a composition Heat-treatment type 
381 J.M. Ske SnSe single 
316 J.M. A.S. SnSe poly 
314 J.M. A.S. SnSe single 
305V2 CEP (Gn SnSe single 
3NC11 J.M. SI SnSe+10%NaCl | having any history of heat-treatment | poly 
319 J.M. Sake SnSe+a little I | 200°C, 91.5hr. in vac. poly 
3SB72 J.M. Ske SnSe+0.1% Sb 200°C, 91.5hr. in vac. single 
38102 381 SnSe 200°C, 12hr. after 600°C, 70hr. inair| single 
311 Jevis Saks SnSe* single 
305V1 Glee (CaRe SnSe single 
305V3 GRP: (C12. SnSe single 


Symbols: J.M. Johnson-Massey & Co. 
S.K. Shindengen Kogyo K. K. 
A.S. American Smelting and Refining Co. 
C.P. Commercial pure. 

* Prepared in a carbon-coated quartz tube. 
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Fig. 3. “Tensor components corresponding to re- Specimens used in the measurements are also 
sistivity (a) and Hall coefficient (b) versus in- listed in Table II. The thermoelectric conee 


verse absolute temperature for SnSe single ‘ ; 
crystal 311. Numbers on high temperature of the single crystal 314 BAS) measured in a 
curves represent the order of measurements. direction perpendicular to c-axis. 
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(iv) Irreversible phenomena 

In connection with the anomalous hump of 
R shown in Fig. 1(b) or with the discontinui- 
ties of oi; and Rim in Fig. 3, the detailed 
investigation is considered to be essential. 
We, here, attempted to make further experi- 
ments in order to clear up whether the anomal- 
ous hump of # should be reversible with the 
temperature, and how the discontinuities of 
oij and Rim should be dependent on the tem- 
perature and time of the heat-treatment. 
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Fig. 6. Thermoelectric power versus absolute 


temperature for SnSe crystals. 


(a) Irreversible change 

When o and R of an as-grown crystal were 
measured with increasing temperature they 
exhibited maxima at about 200°C as shown 
by the O-curve in Fig. 7. When the temper- 
ature was decreased from the temperature 
corresponding to these maxima, o and R did 
not vary in accordance with the original 
curves but took higher values at room tem- 
perature: these increased gradually as the 
specimen was repeatedly subjected to heating 
cycles between 200°C and room temperature. 
This aspect is shown in Table III: each column 
of the table shows, from the left, respectively, 
the order of a heating cycle, the maximum 
temperature, the time for which the specimen 
was maintained at the maximum temperature, 
the cooling speed to room temperature. The 
values of o and R measured at room temper- 
ature after each heat-treatment are also shown 
in the last two columns. “Low” cooling 
speed means that of about 50°C per hour and 
“high” means such a speed that the time 
required for the decrease of temperature to 
a half value of the maximum temperature is 
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of the order of ten minutes. The anomalous 
hump of R is no longer seen on the B-curve 
in Fig. 7(b), which corresponds to the meas- 
urement after the 16th heat-treatment in 
Table III. The anomalous hump was observed 
to be appreciable again when the specimen 
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(c) Hall mobility 
The curve is calculated from equation (4). 


Fig. 7. Resistivity (a), Hall coefficient (b) and 
Hall mobility (c) versus inverse absolute tempe- 
rature for SnSe single crystal 381. Curves O, 
B, A and C are obtained on as-grown, annealed, 


quenched, and again quenched crystal, respec- 
tively. 


1959) 


Electrical Properties of Stannous Selenide 


287 


Table III. Changes in resistivity Or, and Hall coefficient R,.; at room temperature with a series 
of heat-treatment for SnSe single crystal 381. 


Order Tmax (°C) Time (hr.) Cooling speed Ort. x 10? Fert. 
(Q cm) (cm?/coulomb) 
0) as-grown —— — 08 
1 199 3.0 low 9.24 as 
206 0.5 low 11.8 91.2 
3 243? 0.5 low 9.91 15.0 
4 154 0.5 low 12.8 19.3 
5 300 8.0 high 2.93 7.91 
6 275 0.5 low 4.08 13.7 
7 531 0.5 high 1.95 4.55 
8 496 0.5 low de43 4.25 
9 193 0.5 low 2.89 7.83 
10 206 0.5 low 5.534% 14.2 
11 215 0.5 low 3.31 20.9 
12 222 0.5 low 4.06 20.6 
13 212 0.5 low 4.03 25.0 
14 199 0.5 low 3.59 27.9 
15 204 0.5 low 3.78 30.6 
16 184 0.5 low 16.3 28.2 
17 519 0.5 high 2.03 4.32 
18 490 0.5 low 1.87 4.47 
Me 3 (OSS low — ———s 
00 12.0 | low 13.4 19.4 
21 346 0.5 low 5.51 9.88 
22 494 0.5 low 3.05 7.41 
23 437 0.5 | high 2.53 4.09 


* This series of low resistivity may be ascribed to a systematic error caused by a crack found 


parallel to the plane perpendicular to c-axis. 


was gradually heated to 200°C after quenching 
to room temperature from 519°C after the 
17th heat-treatment in Table III. This is 
shown by the A-curve in Fig. 7(b). Repeat- 
ing the similar measurement after quenching 
to room temperature from 490°C, o or R 
varied as shown by the C-curve which is 
nearly identical with the A-curve in Fig. 7. 
Fig. 7(c) shows the Hall mobility, Ro, cor- 
responding to the three measurements, O, A 
and B. The principal results obtained in the 
present experiment are summarized as follows: 

(1) R at room temperature increases after 
the heat-treatment below 200°C and is inde- 
pendent of cooling speed, but by the heat- 

treatment above 200°C RF at room temperature 
becomes smaller with higher cooling speed or 
higher temperature of the heat-treatment. 

(2) The anomalous hump, being found to 
be irreversible, appears when FR is small at 
room temperature, but disappears after F be- 
comes larger by the heat-treatment below 
200°C. 

(3) The irreversible change in o or R seems 
to be ascribed to that in hole concentrations, 
because the Hall mobility undergoes no change 
in spite of the remarkable changes observed 
in p and R as seen in Fig. 7. 


(6) Correlation between R at room tempera- 
ture and the heat-treatment temperature 

It is easily seen from the above experiment 
(a) that R at room temperature undergoes a 
remarkable change after the specimen is sub- 
jected to a heat-treatment at high tempera- 
tures. And from the fact (3) in (@) it seems 
that the heat-treatment at high temperatures 
should cause some new acceptor level to occur 
close to the valence band. It is worth while 
studying how R at room temperature depends 
on the temperature of the heat-treatment. 
The specimen sealed into an evacuated Pyrex 
tube is suddenly put into a furnace whose 
temperature was kept at 100°C. The specimen 
was kept at 100°C for 100 minutes and then 
quenched to room temperature by putting it 
out of the furnace. Then p and R were 
measured at room temperature. Next, the 
similar heat-treatment was made at 160°C for 
100 minutes again. Repeating the measure- 
ment after increasing the temperature of the 
heat-treatment, R at room temperature varied 
as the B’-curve in Fig. 8(a). The A’-curve 
shows the result obtained by repeating again 
the similar experiment after that of the B’- 
curve. Hall mobility does not change through 
the series of the heat-treatment as shown in 
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Fig. 8(b). Though the A’- and B’-curves in it is noted that the abscissa of Fig. 8 (a) is} 
Fig. 8(a) are, respectively, in close resem- not the temperature of the measurement but | 


blance to the A- and B-curves in Fig. 7(b), that of the heat-treatment and measurements } 
of Fig. 8(a) are always made at room tem-. 


s 3! A a sis (114) (44) (23) perature. 
: (c) Correlation between R at room temper- 
s ature and the heat-treatment time 
© As seen in Fig. 8 (a), R with a small value 
ow is inclined to become gradually larger, while 
. (65) (70) (190) a specimen is being kept at room temperature 
2 not completely in dark. And it is seen from. 
8 the experiment (a) that R takes a larger value 
= by a series of heating cycles below 200°C. 
SP RN aoe i Bee Mee Se In order to understand the anomalous behav- 
Heat-treatment temperature T (°C) iour of R it seems useful to investigate how 
(2) Sali oesicrene R at room temperature depends on the time 
Fs of heat-treatment for a fixed temperature of 
8 heat-treatment. The results of annealing ef 
22 fect at various temperatures are shown in 
aren Fig. 9. Here the left. part of the curveq 
3 = De 08 f200 ee OY ae shows a decrease in R which occurs when 
of Ss Heat-treatment temperature T (°C) 


- the temperature of heat-treatment is above 
(b) Hall mobility 200°C and the right part corresponds to the 
Fig. 8. Hall coefficient (a) and Hall mobility (b) heat-treatment below 200°C. In both cases 
at room temperature versus temperature of the heat-treatment was made in an evacuated 
subsequent heat-treatment for SnSe single crystal Pyrex tube. In Fig. 9 it is evident that for 
382. The heat-treatment period at each tempe- annealing at high temperatures R falls to a 

rature is 100 min. Curves B/ and A’ are obtained : : : - 
: constant value in a few minutes, while R in- 

on the first and second cycles of the heat-treat- ‘ . ; 

creases slowly with time for annealing at low 


ment, respectively. Numbers in parentheses 
show the times (in hours), for which the sample temperatures. The value of R for long an- 


is being kept at room temperature not completely nealing time at low temperatures is also shown 
in dark, and which correspond to the period be- ON each curve in the right part. A similar 
tween two measurements indicated by the ar- aspect by heat-treatment is seen in po and 
rows from the numbers. there is no remarkable change in the Hall 
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Fig. 9. Hall coefficient at room temperature versus time for various annealing temperatures for 
SnSe single crystal 382. 
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mobility. It may be concluded that R ap- to the annealing temperature in the case of 
proaches in a long time a definite value inde- heat-treatment above 200°C. In Fig. 10 the 
pendent of temperature in the case of heat above constant saturation value of R is plotted 
treatment below 200°C, while R reaches in a against the annealing temperature above 200°C 
few minutes a constant value characteristic for a number of specimens listed in Table IV 
(as for 3SB72 and 3NC11, see Table ID. 


§5. Discussion 


(1) Resistivity and Hall coefficient 
It is seen in Fig. 1 that for pure as-grown 
specimens (314, 316 and 381) which have no 
heat-treatment history, the resistivity increases 
monotonously with increasing temperature up 
to 200°C and then falls via a weak step at 
about 350°C, and the Hall coefficient, being 
constant in the temperature range from liquid- 
air to room temperature, shows an anomalous 
hump at 200°C and then falls abruptly via a 
step at about 350°C similar to that in the 
resistivity. As seen in Fig. 2, among impurity- 
doped specimens the annealed antimony-doped 
one 3SB72 especially has large values of the 
resistivity and Hall coefficient in low temper- 
atures, but the Hall coefficient decreases ab- 
ruptly from —70°C and approaches a common 
curve for pure SnSe specimens. This behav- 
iour suggests that antimony atoms in SnSe 
act as donors at low temperatures and as ac- 
ceptors at high temperatures. Here, such a 
model may be proposed that donor levels lie 
B00 aaa 400 500 above the valence band by 0.15eV_ estimated 
Heat-treatment temperature T (°C) from the slope of the curve of the Hall coef- 
Fig. 10. Staration. Hall coefficient versus tem- ficient in the low temperature range. If there 
perature of heat-treatment for various pure, is any covalent character in SnSe and antimony 
impurity-doped and annealed SnSe crystals. atoms enter into the lattice by substitution 


Saturation Hall coefficient Rs (cm*/coulomb) 


Table IV. Description of specimens. 


Specimens emenateriais Posh Heat-treatment ea 
382 Aalgls Sie SnSe single 
S5* Cle. C.Ps SnSe single 
3SB10 J.M. Selee Sno ,9955bo,0059e 200°C, 91.5 hr. in vac. single 
391 J.M. Sle SnSe1 002 single 
8SE81 381 SnSe** 200°C, 150hr. in Se-gas single 
382EA 382 SnSe*** 750°C, 3hr. in 10 cmHg-A-gas single 
383A JM. S.K. SnSe | 750°C, 3hr. in 10 cmHg-A-gas single 


Symbols: J.M. Johnson-Massey & Co. 
S.K. Shindengen Kogyo K. K. 
C.P. Commercial pure. 
* used in the earlier experiment”). 
** Se-film evaporated on the surface before heat-treatment. 
*& the surface cleaned by HNO; before heat-treatment. 
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for tin atoms, it is reasonable for antimony 
atoms to act as donors in low temperatures. 
While no remarkable change is observed in 
the Hall coefficient for iodine-doped (319) or 
heat-treated (38102) SnSe, the impurity scat- 
tering is observed to be predominant in low 
temperatures as seen in Fig. 2(c). The reason 
is not yet understood why the temperature 
dependence of the Hall mobility of the an- 
nealed antimony-doped specimen is remarkably 
different from that of the as-grown one as 
shown in the figure. As there is almost no 
difference between pure and impurity-doped 
SnSe as to high temperature curves of the 
resistivity and Hall coefficient, it may be con- 
sidered that a certain conduction mechanism 
is dominant at high temperatures which is 
independent of impurity concentrations. We 
shall discuss with respect to this point in a 
later section. 

As seen in Fig. 1(c) the Hall mobility of 
holes in SnSe varies with temperature as 
T-?.°. If we take into account an optical 
mode scattering in addition to an acoustical 
mode scattering and an impurity scattering, 
the mobility is given approximately as 

1/p=bT?/2+c{exp (9/T)—1}7+aT? . 

(3) 
The first term of the equation corresponds to 
the acoustical scattering and the second the 
optical one with the Debye temperature @ 
and the last the impurity one. In the case 
of the specimen 381 the experimental points 
are well represented by the following equ- 
ation: 
L/a=5s6 X105*T 4/2 
+3.6 x 10-2{exp (580/7)—1}- 
sta OSL Os: deena (4) 


as shown in Fig. 7(c). In the earlier experi- 
ment” the reversal of the Hall coefficient was 
observed at high temperatures and the results 
were analysed to show b=3.2 as the ratio of 
electron to hole mobility and E,=0.8eV as 
the energy gap between conduction band and 
valence band, but we cannot perform the 
analysis of the present results on a simple 
semiconductor model. The reason will be 
presented later. The specimens used in the 
present experiment have smaller Hall coef- 
ficients but larger hole mobility than in the 
earlier specimen”. This means that there took 
place much compensation between donors and 
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acceptors due to more impurities in the latter. ! 
It is of interest that the difference in electrical _ 
properties between the earlier specimen and | 


the present ones seems to be attributed to 
the deviation from stoichiometric compositions 
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in the former, because the effect of oxygen or | 


rock salt which might be considered to exist in 
the specimen there has been proved to be less 
important for electrical properties in the high 
temperature range as shown by 3NC11 in Fig. 2. 
(ii) Anisotropy 

As the shape of specimens used in the study 
of anisotropy is nearly cubic a uniform cur- 
rent flow is difficult to be realized and Hall 
voltage must be corrected owing to the geo- 
metry of a specimen. From these points of 
view a cubic specimen seems to be undesira- 
ble, but it may be worse to make measure- 
ments and discussions on three specimens of 
different orientations elongated along the direc- 
tion of the current flow: an anisotropy may 
be covered with some differences of electrical 
properties from sample to sample. We, here, 
adopted a cubic specimen, the relative values 
being more important than the absolute ones 
in an anisotropy experiment. 

The first of characteristics which are seen 
in Fig. 3 is that once a specimen is heated 
up to high temperatures, the Hall coefficient 
does not go back to its initial value but 
takes a smaller value. As this will be discus- 
sed later in detail, we shall here restrict the 
discussion to the low temperature range. The 
fact that there is no anisotropy observed in 
R after correction seems reasonable in con- 
sideration of the proportionality of the Hall 
coefficient to inverse carrier concentrations. 
From Figs. 3(a), 4 and 5, it is found that 
there holds the relation, 


033 > P22 = O11 C5) 


and the ratio, 033:022:011, seems to be inde- 
pendent of the temperature except for the 
specimen 305V1. The electrical resistivity 0 
is written in the form 


o=(peun) , (6) 
where p and yz» are the hole concentration 
and mobility, respectively. The mobility is 
expressed by 


(7) 


é 
Ln > oR 
Mn 


in terms of effective mass mp, and life time 
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tr, Of holes. Then we attempt to attribute 
the anisotropy observed in the resistivity to 
that of mobility or effective mass of holes, 
assuming an isotropy of t. From equations 
(5), (6) and (7) the following relation holds 
between mu, 22. and m3: 


M33 > M22 = M1 


(8) 


where each suffix corresponds to that of the 
resistivity. If a constant energy surface is near- 
ly of the shape of the ellipsoid of the revolu- 
tion which is elongated in the direction of x3- 
axis in momentum space, the relation (8) may 
be understood. This seems to be compatible 
with the fact that the lattice spacing along 
x3-axlS 1S great compared with other spacings. 
On account of the incompleteness of the ex- 
periment, we cannot make further discussion 
in connection with the electronic structure’. 


Gii) Thermoelectric power 

The thermoelectric power Q in the impurity 
range of non-degenerated semiconductors is 
expressed by Johnson and Lark-Horovitz'® as 
follows: 


Q=(k/e)[in (\R| T3/2)—In r—7.16 
+q+(3/2) In (mn/mo)], (9) 


where FR is the Hall coefficient, my the free 
electron mass, 7 and q are numerical factors 
which depend upon relative proportions of 
lattice and impurity scatterings, the lattice 
scattering being assumed to be due to the 
acoustical mode only. As seen in Fig. 1 (c) 
lattice scattering is predominant in low tem- 
peratures and we may approximately assume 
q=2 and r=1.18, respectively. Then the ef- 
fective mass of holes may be estimated by 
substituting R in Fig. 1(b) and Q in Fig. 6 
into equation (9): 


mMs14=0.5Mo for single crystal 314, 


and 


Msi6=1.4mM0 for polycrystal 316. 


As to the difference between the above two 
estimated values of m we cannot discuss in 
detail with confidence, but may explain as 
follows: effective mass which contributes to 
hole flow to build up the thermo-electromotive 
force may be probably regarded as the mean 
of m1 and mz» for the single crystal sample 
314 or of 711, M22 and ms3 for the polycrystal- 
line one 316, respectively. The relations, 
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mir ™314 Ke M22 
and (10) 
(mu Ss) M22.< M316 <1 33 , | 
and then 
M314< M316 (11) 


will be expected from the relation (8). The 
relation (11) is in a qualitative agreement 
with the experimental results. 


(iv) Irreversible phenomena 

The irreversible change observed in the 
resistivity or Hall coefficient may be ascribed 
to the change in hole concentrations because 
the value of hole mobility is independent of 
the heat-treatment. In order to make the 
matters in question clear we will summarize 
the principal results given in § 4 (iv): 

(1) Hole concentration at room temperature 
increases by the heat-treatment above 200°C 
and approaches a constant value in a few 
minutes. 

(2) The increased hole concentration de- 
creases slowly by the heat-treatment below 
200°C. 

(3) For the heat-treatment above 200°C 
hole concentration at room temperature takes 
a saturation value which is characteristic to 
the temperature of heat-treatment, and for 
the heat-treatment below 200°C it approaches 
in a long time a definite value which is inde- 
pendent of the temperature of heat-treatment. 

(4) The saturation values of hole concen- 
trations which are characteristic to the tem- 
perature of heat-treatment differ from sample 
to sample depending upon the impurity con- 
centrations. 

(5) The above saturation values seem to 

approach a definite value with increasing tem- 
perature of the heat-treatment. 
- Recognizing the above five facts we can 
explain straightforwardly an anomalous hump 
at 200°C and a step at 350°C on the A-curve 
in Fig. 7(b). The increase in the Hall coef- 
ficient with increasing temperature may be 
attributed to a decrease in hole concentration 
corresponding to the low temperature heat- 
treatment by (2). With further increasing 
temperature the Hall coefficient decreases due 
to increase in hole concentration by (1). The 
observed step at 350°C seems to show that 
the intrinsic conduction begins to take place, 
being superposed on the increase in hole con- 
centration by (1) and (5). 
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At first we assumed a “trap model” to 
explain the anomalous phenomena. This 
states that there are electron trap levels below 
the conduction band and a number of electrons 
are trapped at high temperatures. On quench- 
ing a specimen from high temperatures trap- 
ped electrons are not afforded to escape from 
the trap levels. If the direct recombination 
of trapped electrons with holes in the valence 
band is forbidden, trapped electrons must 
jump in the conduction band to recombine 
with holes in the valence band by getting 
sufficient thermal energy. This occurs with 
increasing temperature and will result in an 
anomalous hump on the A-curve in Fig. 7(b). 
But we should abandon the above trap model, 
because it seems unable to explain a decrease 
in hole concentrations which occured in the 
intrinsic range in the specimen Sd showing 
the reversal of the Hall coefficient at high 
temperatures. 

Then an alternative model—an “ zmpurity- 
diffusion model ”—is proposed. When SnSe is 
heated at above 200°C a certain number of 
acceptors are generated under thermal equi- 
librium. On quenching, these acceptors are 
left generated. This causes to increase hole 
concentrations even at room temperature be- 
cause an ionization energy (not a formation 
energy) of the acceptors is considered to be 
very small as suggested from the A-curve in 
Fig. 7(b) in which the Hall coefficient is 
shown to be constant down to liquid air tem- 
perature. We should distinguish these ac- 
ceptors from the original ones whose density 
is never changed by the heat-treatment. Ac- 
ceptors generated on quenching disappear 
gradually to re-establish a new condition of 
thermal equilibrium at room temperature as 
shown in Fig. 8(a). The time required for 
this recovery is very long on account of the 
small thermal energy at room temperature. 
An increase in the Hall coefficient with in- 
creasing temperature to 200°C may be then 
expected reasonable. It is considered probable 
that acceptors are formed by diffusion of a 
certain kind of impurity atoms into certain 
sites in SnSe at high temperatures just as in 
the case of Cu in Ge!”?. The impurity atoms 
do not seem to come from the surface but 
seem to exist originally in the bulk, because 
the acceptor formation does not depend upon 
thickness of the specimen or cleanness of the 
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surface (382EA). Another possible mechanism 
for the acceptor formation is expected to be 
lattice imperfections which might be present 
at high temperatures. If the acceptors were 
originated only from the Frenkel-type imper- 
fections'®, the acceptor density should increase 
exponentially with increasing temperature of 
heat-treatment as exp(—E/kT) and never 
approach a definite value at high temperatures 
as seen in all of the specimens. And then 
the acceptor density generated at high tem- 
peratures should be a function of the temper- 
ature of heat-treatment only and should not 
depend upon impurity concentrations as seen 
in Fig. 10. It is likely that a considerable 
number of Se vacancies exist in SnSe crystals 
and impurity atoms diffuse into these vacan- 
cies to act as acceptors. Precautions were 
taken to reduce Se vacancies while preparing 
the specimen 391 or 3SE81, but it was not 
clarified whether Se vacancies might not be 
reduced or the reduction of Se vacancies 
might be ineffective on acceptor formation. 
And also in order to reduce the imperfections, 
e.g. dislocations, which are likely occupied 
by impurity atoms, care was taken in pre- 
paring the specimen 382EA or 383A, but no 
useful results were obtained. In the present 
investigation we have nothing to refer to the 
kind of impurity atoms or the location of 
acceptor sites. 

We shall here discuss the experimental re- 
sults on a simple model described above, as- 
suming that impurity X-atoms (wo/cem?) in 
certain sites (wo/cm*) act as acceptors when 
they diffuse into certain sites (vo/cm?) of vacan- 
cies. To distinguish the above impurity atoms 
from the original impurity atoms which are 
never affected by the heat-treatment the term 
X-atom is adopted. If the vacancies are oc- 
cupied by p(cm-’) of X-atoms at the tempera- 
ture 7, the variation of p with time may. be 
written in the form 

ap =Ci(vo—p)(wo—p) — Cop? , (12) 
where Ci; and C2 are functions of T. The 
first term on the right side of equation (12) 
represents the acceptor formation and the 
second term the acceptor disappearance, re- 
spectively. Under thermal equilibrium equa- 
tion (12) is equal to zero and this leads to 
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Variation of added hole concentrations with time for various annealing temperatures for 


SnSe single crystal 382. The added hole concentrations are derived from the Hall coefficients 


given in Fig. 9. 


a 
r= 15 | 
={(vot wo )tV (Vo—Wo)?+47v0W0 }/21—7) 
for, 72siLS) (13) 
where 
4=Gi/G. (14) 


Introducing equation (13) into equation (12) we 
obtain 


OP EE — pw p—8) . (15) 


dt 


Thus, under the initial condition of P=fo at 
t=0 the solution of equation (15) is expressed 
as follows: 


a—BA exp [Ci(l—r)(a—B)t] 


= : 16 
f 1—A exp [Ci(l—7r)(a—B)t] :. 
where 
po—a@ 
A= +—., a7. 
fo—B 2M 


Under thermal equilibrium p is easily proved 
to be represented by 8 (not by a). And itis 
also seen that the general feature of the 
curve of p versus ¢ in equation (16) corre- 
sponds to the left part for fo<c8 or to the 
right part for po>>8 of Fig. 11 in which the 


numbers of added holes calculated from the 
Hall coefficient in Fig. 9 are plotted against 
the time of heat-treatment. 

First, in the case of the heat-treatment 
below 200°C the hole disappearance exceeds 
the hole formation as observed in the experi- 
ment. Thus, the first term of equation (12) 


Heat-treatment time t 


(min) 


Reciprocal of added hole concentrations Pp (cm3) 


Fig. 12. Reciprocal of added hole concentrations 
versus time for three annealing temperatures 
for SnSe single crystal 382. 
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may be neglected approximately, obtaining 


oe 


Pp po 
Fig. 12 shows the plots of 1/p versus ¢ at 
three different temperatures. We can obtain 
C, at each temperature by drawing a rough 
straight line. The linear relationship in the 
plot of log C. versus 1/T is shown in Fig. 13, 
obtaining 


C2=1.8x 10716 exp (—0.25/RT) , 


(18) 


(kT in eV). (19) 
io 
; 
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™m 
e 
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Fig. 13. Plot of Cy versus reciprocal of heat- 
treatment temperature for SnSe single crystal 
382. 
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Fig. 14. Comparison between theoretical and 
experimental values with respect to added hole 
concentrations versus time for three annealing 
temperatures for SnSe single crystal 382. 


A comparison of the theoretical curve with 
the experimental points for p is shown in 
Fig. 14. The experimental values tend to 
deviate from the theoretical curve with in- 
creasing time and increasing temperature. 
This deviation seems to be ascribed to the 
above neglect of the first term in equation 
(12). 

Next, we shall discuss with respect to the 
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heat-treatment above 200°C. Under thermal 
equilibrium condition, p is equal to B as men- 
tioned above, and under the assumption voe=wWo 
which means that all of Se vacancies are 
occupied by the same number of X-atoms 
when the crystal is grown from the melt, 
equation (13) is reduced to the simple form, 
V0 
be ee (20 
B 14Vr 
On the other hand, C; and Cz may be, respec- 
tively, written in the forms 
Ci=Cro0 exp (—E,/kT) 
and (21) 
C2=Coo exp (—E2/kT) , 


where Cio (or Coo) is independent of 7, and £1 
(or E:) corresponds to the formation (or dis- 


appearance) energy of acceptors. We thus 
obtain 
B ee (22) 


~ 14+/ Ca]Cu exp {—(E1—Ev/2kT} 


by substituting equations (14) and (21) into 
equation (20). Experimental values of f ob- 
tained from the curves in Fig. 10 are shown 


B) (cm) 


= 


Saturation added hole concentrations p, ( 
® 
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Reciprocal of heat-treatment temperature T (°K) 
Fig. 15. Comparison between theoretical and ex- 
perimental values with respect to saturation 


added hole concentrations versus reciprocal of 
heat-treatment temperature. 
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in Fig. 15. It is easily seen that these ex- 
perimental points may be represented by 
equation (22), which is expected to show nearly 
a straight part at the low temperature range. 
From the average slope of their straight parts 
for samples 382, S5, 3SB10 and 3SB72, the 
value E:—E,=1.18 eV is obtained. Using this 
value we may estimate the value of vp and 
V C2o/Cio so that the theoretical curves can fit 
the experimental points. The theoretical 
curves with the common value of 1/C2/Ci = 
2x10-° and the different values of vp x 107!7= 
34, 5.3, 1.1 and 9.6, respectively, for samples 
382, S5, 3SB10 and 3SB72 are shown in Fig. 
15. Thus Ci may be expressed as follows: 


Ci=4.5 x 1077 exp (—1.43/kT) . (23) 


Calculated curves of C: and C: are shown in 
Fig. 16 and that of 7 in Fig. 17. 


10°/ Temperature T (*K") 


Fig. 16. Plots of Ci and C2 versus inverse ab- 
solute temperature. 


=C,/C,) 


v 


10,/ Temperature irae AKG) 


Fig. 17. Plot of 7(=C2/C1) versus inverse absolute 
temperature. 


At last, we shall show that the steep in- 
crease in p as seen in Fig. 11 may be ex- 
plained on the proposed model. At elevated 
temperatures, we obtain from equation (16) 

Vo—Ppo (24) 
1+(vo—po)Cit 
because 7<1 from Fig. 17. The time required 


for attainment of p to a half of (vo—po) is of 
the order of 10-4min. at 1000°K. When 7v=1 


p~r~vo 
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which corresponds to 670°K, p is represented 
from equation (12) as follows: 


pb~ = a ( a5) exp (—2Civol) . (25) 


The value of p reaches approximately the 
half maximum after ¢ © 1/2Cyv) ~ 107! min. 
The values of these times agree qualitatively 
with the experimental results shown in Fig. 11. 


$6. Conclusion 


The electrical resistivity, Hall coefficient 
and thermoelectric power of SnSe crystals 
were investigated, but we could not analyse 
fully on a simple semiconductor model. The 
reason is that a conventional assumption that 
the hole density in the valence band is equal 
to the sum of electron density in the conduc- 
tion band and acceptor density does not hold 
on account of acceptor formation at high 
temperatures. Experimental results could be 
interpreted qualitatively on a simple model 
of acceptor formation. Impurity band con- 
duction model or two holes model does not 
seem to be applicable for the present case of 
SnSe, because either model is expected to 
imply only the reversible phenomena with 
temperature, while there take place the ir- 
reversible phenomena in SnSe. And also the 
positive temperature coefficient observed in 
the Hall coefficient of SnTe or GeTe is re- 
ported to be reversible with temperature. In 
these points of view the anomalous Hall coef- 
ficient for SnSe may be concluded to be es- 
sentially different from the positive tempera- 
ture coefficient observed in some materials 
described above. The irreversible phenomena 
observed in SnSe seem to resemble the case 
of GaAs or GeSe. Such a change in carrier 
concentrations with the heat-treatment as ob- 
served in SnSe is also observed in pulled Si? 
crystals though in the case of Si the donors 
are found to be introduced at about 500°C 
after a long time of the heat-treatment and 
caused by the presence of oxygen?” probably. 
Appearance of donors at lower temperatures 
and their disappearance at higher temperatures 
seem to be equivalent to saying that acceptors 
disappear at lower temperatures and appear 
at higher temperatures. 

We attempted to ascribe the mechanism of 
acceptor formation to the impurity diffusion 
rather than lattice imperfection and resulted in 
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a qualitative agreement with the experimental 
results. The value of 0.59eV of (E2.—F1)/2 is 
of comparable order with 0.55eV or 0.80 eV 
as the corresponding formation energy of 
donors found in PbS or PbSe and PbTe at 
high temperatures?”, in which the mechanism 
is not yet known. But some arbitrary as- 
sumptions were adopted in the present dis- 
cussion to simplify the calculations: the 
numbers of X-atoms are equal to X-atom sites 
or vacancies in their numbers. In reality, we 
can say nothing as to the kinds of X-atoms 
or the mechanism by which the acceptor is 
formed. It is probable that the number of 
Se vacancies will vary with temperature and 
at high temperatures lattice imperfections of 
other kinds may take place. But the fact 
that experimental results can be explained on 
a simple impurity diffusion model seems to 
suggest that the model described above is a 
main factor in the mechanism of acceptor 
formation. A further investigation especially 
on optical absorption is desired to obtain the 
energy gap and the trap level, if any. 


In conclusion, the author should express his 
sincere thanks to Prof. A. Okazaki for his 
kind guidance and encouragement. He is also 
indebted to Dr. T. Okada, Dr. K. Hirakawa, 
Messrs. Y. Matsukura and K. Hashimoto for 
their interests in the present investigation. 
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Polarimetric study of very thin dielectric surface layers on dielectric 
substrates has been most frequently based on Drude’s theory, or on 
Sissingh and Groosmuller’s theory obtained by improving the approxi- 
mation of Drude’s calculation. These theories are derived by modifying 
the boundary conditions for Maxwell’s equations. A quite different ap- 
proach to this problem is possible, however, which is based on discussions 
concerning the interference of light inside the surface layer. 

It has been proved by several workers that Drude’s theory is consistent 
with the interference theory. It is proved in this paper that Sissingh 
and Groosmuller’s theory is also consistent with the interference theory. 
Some formulae derived in the process of proof are believed to be useful 
for further discussions in this field. 


§1. 

The usual method of polarimetric study of 
a thin dielectric surface layer, be it the so- 
called transition layer or an alien film, on a 
homogeneous dielectric substrate consists in 
allowing a parallel beam of linearly polarized 
light fall on the surface and observing some 
of the parameters of the elliptical vibration 
orbit of the reflected light. It is at least in 
principle possible to express any parameter 
P of this vibration ellipse like : 

P=P(d;&; €15Es, 91,'Qo, 4)’ (eh) 

where the symbols in the right-hand side 
stand for the following quantities respectively 
(see Fig. 1): 

d: thickness of the surface layer. 

€,& and &: dielectric constants of the sur- 
face layer, the ambient medium and 
the substrate respectively. 
angle of incidence. 
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Fig. 1. Miustration for Eq. (1). 
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azimuth of the incident linearly polar- 
ized light. 
a: wavelength of light. 


ao: 


The refractive indices of the surface layer, 
the ambient medium and the substrate are 
given by n=Y &, m=VY& and m=V6&, re- 
spectively. 

Parameters included in Eq. (1) other than 
d and € may be regarded as known quantities. 
Hence, if we know the functional form of P, 
and if € is homogeneous throughout the sur- 
face layer or if it denotes the mean dielectric 
constant of the layer, we can evaluate some 
simple combination of d and €, say xd, by 
the measurement of P. It will be possible to 
evaluate d and & separately if two mutually 
independent P’s can be measured. Equations 
of the type of Eq. (1) shall be called the equ- 
ations of polarimetry in this paper. 

The equation of polarimetry which has been 
most frequently used in this kind of study is 
that of Alkemade? and Drude” (Eq. (8)). 
Some workers®”” preferred to Sissingh and 
Groosmuller’s®? two equations (Eqs. (13) and 
(15)) derived by improving the approximation 
of Drude’s calculation. The above mentioned 
authors start from a model illustrated in Fig. 
2(a), in which it is assumed that 
1° & is a continuous function of z (z is the 
coordinate parallel to the inward normal of 
the surface): &(z). €&(z) is equal to & at the 
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boundary 1 and is equal to & at the boundary 
Zs 

DB Gh <a: 

They derive the boundary conditions for Max- 
well’s equations valid for the composite sur- 
face 1-2 by integrating Maxwell’s equations 
under the assumption 2°, and obtain the 
amplitude reflectives, so to say the modified 
Fresnel coefficients, valid for this composite 
surface. In this calculation Drude neglects 
the second and the higher powers in d/A and 
arrives at Eq. (8), whereas Sissingh and Groos- 
muller take the second powers in d/A into 
consideration and arrive at Eqs. (13) and (15). 
It would be noteworthy that, although these 
theories assume a continuous variation of & 
in the surface layer, what is actually evaluted 
is nothing but &€, a kind of mean value of 
E(z) (see below). For the convenience of 
later reference, we shall call these theories 
the boundary condition theories. 


E E 
} 2 ‘ livai2 
ee es 
E(z) € 
ey i a &; 
sak Zz dF Zz 
(Q) (b) 


Fig. 2. Models adopted in (a) boundary condition 
theory and (b) interference theory. 


A quite different approach to this problem 
is possible, in which one starts assuming that 
the dielectric constant is homogeneous and is 
equal to € throughout the surface layer (Fig. 
2(b)). In this case, any parameter of the 
elliptical orbit of the reflected light can be 
calculated by considering the interference of 
light in the surface layer, or rather film. 
Theories of this kind shall be cited as the 
interference theories. 

Now, a question arises: Do the boundary 
condition theory and the interference theory 
yield the same equation(s) of polarimetry if 
€ in the former theory is equated with &€ in 
the latter theory? As for the first order 
theories in which only the first powers of d/A 
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are taken into account, it has been proved by 
several workers” that Drude’s result is con- 
sistent with that of the interference theory. 
But no proof has yet been given of the agree- 
ment of the results of Sissingh and Groos- 
muller’s theory with those of the interference 
theory where terms up to the second powers 
in d/A are taken into account. 

The immediate purpose of this paper is to 
present an elegant proof of this consistency. 
Some formulae derived in the process of proof 
are believed to be useful for further discus- 
sions in this field. 


§2. Preparatory Notes 


For the convenience of later reference, a 
brief description of the equations of polar- 
imetry referred to above will be given in this 
section. To avoid unnecessary complications, 
it will be assumed in this and the following 
sections that 

&=1 and a=n/4. 


(2) 
From the second assumption it follows that 
the ratio in amplitude reflectivity of the p- 
and the s-components of the electric vector, 
r,/rs, is equal to the ratio in (complex) ampli- 
tude of the p- and the s-components of the 
reflected beam, R,/Rs. 
a) Drude’s theory (D-theory) 

In this theory in which only the first powers 
in d/2 are taken into account, it can be shown” 
that 


rep ha Li oad cos (¢1+ ¢2) 
Rs rs COS (G1— 2) 
, {i+i Az &> _COs $1 Sin? Gy 
A 1—&2 sin? g:—&2 cos? ¢1 


(3) 
Here ¢: denotes the angle of refraction of the 
substrate for the angle of incidence ¢,, and 


= ( CRUEN ES) a, (4) 


If g: is equal to gg, the Brewsterian angle 
of the substrate, i.e. if 


(i=¢s=tan" V6, , | ¢itGs=z/2, (5) 
Eq. (3) is reduced to 
=| ~;ZVI+& 
e a a ee 


The suffix B indicates that this is the value 
for ¢i=¢s. If we represent the ratio in real 
amplitude R,/Rs and the phase difference of 


1959) 


the p- and the s-components by o and 4 re- 
spectively, 
Vi KGS 
RR. R; 
From Eq. (6) and Eq. (7) we get* 


4g=t7/2. (9) 
Eq. (9) means that if g1=¢s one of the prin- 
cipal axes of the elliptical orbit of the reflected 
beam lies in the plane of incidence, or that 
the Brewsterian angle ¢g is equal to the 
principal angle of incidence Gp. 
Thus measurement of 9, the ellipticity of 
the orbit at the Brewsterian angle incidence, 
will give 7. If we apply the mean value 


e4= oe'4 


ee 


Op== 
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theorem to Eq. (4) and define the mean dielec- 
tric constant of the surface layer € by 


PANES a 


a combination of d and & as given by Eq. (10) 
can be determined experimentally. If we 


could assign an appropriate value to &€ by 
some other reasoning, we would be able to 
evaluate d itself. 


b) Sissingh and Groosmuller’s theory (SG- 
theory) 

These authors®? took the second powers in 
d/A into account and arrived at the following 
equation under the same assumptions as those 
underlying the derivation of Eq. (6). 


Ro) _, ™VIF+& ,y 40? 6 
Be |p ae Cm ial 
fe i) A 1 —E€&, le 7 ATs Pde) ( ) 
Here yx is given by Eq. (4) and 
Basalt Sime ee dz. (12) 
1 
From Eq. (11) are derived the following equations which correspond to Eqs. (8) and (9). 
ee V1+€&, 13 
asap et (13) 
cot 4g= ode (14) 


A(1— &:V/ 1+ & © 


The difference between D-theory and SG-theory lies in that the latter clears up the inequality 


between ¢» and ¢p (4g2< 7/2). 


au ete 7 
P =Pn—¥B= 


The difference is very small, however, and can be shown to be 


EV Es 


7 | (15) 


A* (1-31-67)? 


Now, if we make measurements of ¢’ and pg, we can make a separate evaluation of the 
thickness and the dielectric constant of the surface layer from the simultaneous equations of 


polarimetry, Eqs. (13) and (19). 


For this, however, again we have to apply the mean value 


theorem to Eqs. (4) and (12) and equate the mean value of the dielectric constant € defined 
by Eq. (10) and that defined by the following equation: 


(16) 


0 


c) The interference theory 


—(1+-&2){E"(8-+E2)—E(L + 4E2— Es?) FEL —Es)} 
- é 


If we adopt the model illustrated in Fig. 2 (b) and calculate rp and rs considering the inter- 
ference due to multiple reflections inside the surface layer, we can easily obtain 


Rp Tp 


Viptrep EXP (—iax) 


ris tVes EXP (—1ax) ous) 


=> oe4 


Rs rs 


_ 1+71p%2p EXP (—iax) 


1+71sr2s exp (—iax) ” 


* The sign of the right side of Eq. (8) 


is to be chosen so as to make d included in 7 positive, 
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where /ip, Vis and 72p, 72s represent the Fresnel mations agree with D-theory and SG-theory 
coefficients of the p- and s-components of the respectively. This will be shown to be the 
electric vector at the boundaries 1 and 2 re- case in the following sections. 

spectively, and 


emda 3 (18) 
a=4mn cos ¢. (19) 


gy in Eq. (19) stands for the angle of refrac- 
tion of the film corresponding to the angle of 
incidence ¢1 (Fig. 3). 

Eq. (17) is too complicated for practical 
application to the polarimetric study of a film, 
but approximate equations can be derived by 
expanding it in powers of x (=d/4). It is 
expected that the first and the second approxi- Fig. 3. Interference theory. 


§3. Expansion of Eq. (17) 


a) Fresnel coefficients for ¢i=¢p 
Yip in the right side of Eq. (17) is given by 


tan ¢1 sin 91 1 sin ¢1 
tan (¢i—¢) 1 V n?— sin? ¢1 tang: Wn?—sin? ¢1 
Np = = ; = (20) 
tan (¢i+¢) 1 —sin ¢1 tan ¢1 —sin ¢1 


tang, Wn?—sin?¢ il V n?— sin? 1 


When ¢:=¢s=tan Yé&, , i.e. when the angle of incidence is equal to the Brewsterian angle 
of the substrate, Eq. (20) is reduced to 


E 
[nivle = cue ’ (21) 
where 
k=VEE,+E-Ex . (22) 
It can be shown in the same way that 
cee 
[72p]B= Pyne ’ (23) 
k—1 
[7is]a= pee (24) 
&.—k 
[vosle= en (25) 
b) L&xpansion of Eq. (17) 
If we put 
L(x)=ript+Yap exp (—iax) , (26) 
Mx)= 1+71s/2s Exp (—iax) (27) 


(1+/1p/2» exp (—tax)) (11s +1es exp (—iax)) ’ 
Eq. (17) can be written as 


R,/Rs=L(x) N(x) . (28) 
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Expanding the right side in power series in x=dl/a, we get 


Fee THe LONO) + L’(0) LO) : 
5 —N(0) MO) 
1) Qe £0) LO) WO pa, 
2 ‘lee NO) eae oe baat C2) 


L(x), L(x), +++ and N(x), N’(x), +++ are, in general, complex numbers. But it is obvious from 
Eqs. (26) and (27) that 


L™(0) and N™(0) are real* for even values (including zero) of 2, 
and 


L™(0) and N@ (0) are imaginary for odd values of x. 
Hence, if we put 
L’(0)=iLe’ (0) , N’(0)=iNr’ (0) (30) 


and substitute into Eq. (29), an expression for R,/Rs is obtained in which all the parameters 
are real: 


R 


Ha — pelt LOMO) + Hide ot TAY | 


—Nr’(0) NO) 
+4 {| (0) = £0) | Ln OaeNeso) 


2 3 
1} —V’(0) (0) —Lr'(0) Na’(0) la SAO le (31) 


Now we shall calculate [R,/Rslzp and [R,/Rs]p, i.e. the ratio in complex amplitude of the 
p- and the s-components for ¢gi=¢s and ¢1=@, respectively. 


1 [R,/Rslp 
From Eqs. (21) and (23) it follows that 


[L(0)|z=0 . (32) 


Hence 


[Ry/Rels=ilLx’ (O)NO)]ox+ > [L’"(0) NO) —2Lr’(0) Nr’ (0) px? +O(2?) . (33) 


2° [Re/Rs]p 
This has to be a pure imaginary number because 4=7/2 for gi=¢p». Hence the first and 
the third terms in the right side of Eq. (31) drop, and we obtain 


[Ry/Rs]lp=7[ Lr’ (0) NO) + L0)Ne’(0))px+O(x*) . (34) 
§ 4, The First Order Theory this approximation. Accordingly,** 
If we neglect the second and the higher os==-[Lr’(0)NO)]b= > . (36) 


power terms in x=d/4 in Eq. (33), we get [Lr’(0)]g and [M(0)]z are immediately obtained 
[R,/Rslp=[o exp i4]p=i[Ln’(0)N(O)]}ax . (35) from Eqs. (26) and (27) respectively: “a 
As [Lr’(0)N(0)]z is real, this means that 4s= [Lx’(0)Ia= —larao]n (37) 


z/2, or that the Brewsterian angle gp agrees [ NOe=| 1+71sfes | (38) 
with the principal angle of incidence 9% in (1+71pfen)(Nis tes) |B 


* L(x) and Nx) represent the n-th deriva- ~# The right sides of Eqs. (35) and (34) are identi- 
tives of L(a) and N(«) respectively. cal. See Eq. (82). 
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Inve, [v2r]B, “slg and [7es]p have been given 
in Eqs. (21)-(25). Substituting these equations 
into Eq. (36), we get 


zVI+E: 
fey aes RUS 
Pa Ppt 7 


(39) 


where 


pater Wee) 


z hee 


(40) 
In deriving Eq. (39) we need az, the value of 
a for ¢i=¢s. This can be calculated by 
writing cos ¢ in Eq. (19) as a function of ¢1, 
&€, and € and computing its value for gi=¢s. 


ap=4nk/V1+6&s . (41) 


Thus it has been proved that the interfer- 
ence theory in which the second powers in 
d/A are neglected agrees with D-theory. 


§5. The Second Order Theory 


Now let us proceed to the approximation in 
which the terms up to the second powers in 
x=d/A are taken into account. 

As is clear from its derivation, Eq. (34) 
holds in the second order theory as well. 
The parameters included in this equation can 
be expanded about ¢i=¢, as follows: 


[L(0)]p>=[LO)]a+Gig’ +--+, 
[Le’(0)|p>=[Lr’ (0) Ip+Qig’+-:-, 


(42) 
[M(0)]p>=[NO) IB +Csy’ +--+: , 
[Ne (0)lp=LNe’ (0) B+Cig’ +--+ . 
Here 
2 =Pp—Or. (43) 


Ci, C:, Cs and CG, are functions of 6, € and 
€, which can be shown to be of the order of 
1~10 for the cases usually met with. The 
difference between the principal angle of inci- 
dence and the Brewsterian angle, ¢’, must 
be a small quantity of the second order, be- 
cause this was equal to zero in the first order 
theory. Hence 


Cie’x=O(x?) 


and may be neglected in the present approxi- 
mation. Accordingly, 
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[R>/Rs]p=iL Le’ (0)N(0) +L(0) Ne’ (0) |p ¥ 
=i[Lr’(0)NO)+LO)Ne’ (0) |B x 
=i[Lr’(0)N(0)|px . (45) 

The last transformation is due to Eq. (382). 

Since 

[Rr/Rs]p= E20» , 

Eq. (45) means that p, is again given by Eq. 
(36). Thus it has been proved that the inter- 
ference theory in which the terms up to the 
second powers in d/A are taken into account 
gives the same ¢ for ¢1=@p as that calculated 
by SG-theory if € in the former theory is 
assumed to be equal to & in the latter theory 
(See Eq. (13)). 

[R,/Rs]g in the second order theory is given 
by Eq. (83) in which O(«*) is neglected. This 
is not equal to [R»/Rs]p given by Eq. (45). 
But os, which is calculated from Eq. (33) as 

0s?=[R,/Rs]n*|Rp/Rs]z ’ 

can be shown to be equal to g, in so far as 
O(x«*) is neglected. Hence 

Pr= 0B (46) 
in the second order theory as well as in the 
first order theory. (This relation is only im- 
plicitely suggested in Sissingh and Groos- 
muller’s paper®?). 

Next we shall show that Eq. (14) is con- 
sistent with the second order interference 
theory. Making use of the relation 


R,/Rs=o cos 4+i7 sin 4 


we can compute 4g, the difference in phase 
between the p- and the s-components at ¢1=@sp, 
from Eq. (33): 


cot 4p= 


1 ee ai (47) 


2 |_ E20) N(O) 

In this expression, [Zr’(0)|g and [M(0)]p have 
been calculated in Eqs. (37) and (38), and 
[L’(0)jp_ and [Nr’(0)]g can be immediately 
obtained from Eqs. (26) and (27). Substituting 
these values into Eq. (47), and further sub- 
stituting Eqs. (21)-(25) for i», 2», ms and 
‘2s, We obtain 


jal od (44) an O 
dp= 3 
SU, eae (48) 
— sniOF where 
O, = TAFE) {EB +2) —E14+462—&2") +:(1—E,)} (49) 
; ; 


Substituting for ag from Eq. (41), and for x from Eq. (18), we finally obtain 
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cobdgayes obOud 


KI—ENVI1 +S ee 


Thus it has been proved that cot 4g calculated by the second order interference theory agrees 
with that given by SG-theory (Eq. 14) if € in the former theory is assumed to be equal to 
€ in the latter theory*. 

Now that the expressions for p, and 4g in both theories agree with each other, it is almost 


self-evident that the same holds good of v’=%,—¢s. To make sure, we shall prove this 
below. 


As was pointed out in the derivation of Eq. (34), the sum of the real terms in IE cea(Sil)) 


must vanish for ¢1\=@¢p: 


L’’(0) 


iL 
L(O)N(O —- 
[£(0) oe hea 


N(O) 


Substituting from Eq. (42) and neglecting the 
third order terms in x=d/A (see Eq. (44)), we 


get 
| Mee 
B 


(53) 


dee celle 
2G, NO)IB L|2LR’(0) 


_[ 2L@) | 
Cc [ Avo 5 ) 


as is clear from the derivation of Eq. (42). 

All the parameters included in Eq. (51) can 
be written in terms of [/iplg, [“2nln, [“islp 
and [vs]g. If we further substitute for these 
Fresnel coefficients from Eqs. (21)-(25), we 
obtain 


Nz (0) 
N(O) 


ar” EnV Ex 

2 (+6) —&")2 
in agreement with Sissngh and Groosmuller’s 
theory. (Here 7 is defined by Eq. (41), and 


79 (54) 


Q =Op— B= 


L(0){_ | Lx’(0) 


Nr (0) 


(51 
SO Ne 0) 


| x(n 
p 


@ is defined as O,d using @ given by Eq. 
(48)). 
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A technique making a sheet of replica which casts two surfaces simul- 
taneously is described. This was successfully applied to the alkali halide 
crystals which were rubbed gently with velvet or which were irradiated 


either with x-ray or with ultra-violet light. 


With using such a replica, 


it was possible to obtain the informations regarding to the effects which 
were induced by these treatments inside the crystal just beneath the 
outer surface, and it was also possible to measure with precision the 
depth in which region these treatments influenced. The results obtained 


were also described. 


Introduction 


§ 1. 

Except for the specimen in a form of thin 
film, it is usual to use the replica of a speci- 
men as an object of the electron microscope. 
Though the various methods have been found 
for making replicas, there remains several 
points to be improved. One of them will be 
successive electronmicroscopic observations on 
the same spot of the surface”. 

During the course of electronmicroscopic 
studies of the alkali halide crystals®»*? which 
were coloured additively or with X-ray etc., 
it was necessary to observe the interior of 
the crystal. In order to achieve this experi- 
ment, the specimen was cleaved along the 
{100} surface normal to the outer surface, and 
the fresh cleavage plane obtained was ex- 
amined electronmicroscopically by means of 
replica techniques. Although this method 
offers a greater amount of informations regard- 
ing to the effects induced in the inner part of 
the crystal by the applied treatments, it was 
inconvenient to measure the distance of the 
observed spot from the outer surface. More- 
over, according to this procedure, it was im- 
possible to observe the interior directly beneath 
the outer surface. 

The present paper describes the technique 
improved on these points. 


§2. Method 
The description is given to the case of al- 


* The present address: Department of Physics, 
The Faculty of Science, Tohoku University, Sendai, 
Japan. 
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kali halide crystals whose replica is usually 
made by obliquely deposited Cr film reinforced 
subsequently with C film in a high vacuum 
(see, Fig. 1(a)). The deposited film is removed 
from the crystal by solving it into the water. 
This film is used as an object of the electron 
microscope. 

If the proper amounts of chromium and 
carbon are deposited on the specimen, the 
deposited film both on the (010) and on the 
(001) planes can be removed from the sur- 
faces as a sheet of replica, avoiding that it 


specimen 


was destroyed along the intersection of these 
two planes by the force of surface tension of 
the solvent water (see, Fig. 1 (b)). This pro- 
cedure was especially favourable to the case 
of alkali halide crystals, because these cry- 
stals have flat cleavage surfaces and hence a 
linear intersection of the two cleavage planes. 

Though this method is a slight modification 
of the one stage replica technique, this will 
presumably be applicable to metal which is 
observed by two stage replica, if the proper 
precautions are taken. 


Ine, 72, 


§3. Experimental Results 


(a) After the plate of the KCl single cry- 
stal was cleaved from the block crystal, it 
was cut along the (010) plane normal to the 
outer (001) surface, and the replica was made 
both for the fresh (010) cleavage plane and 
for the outer (001) plane according to the 
procedure described above. Fig. 2 is the elec- 
tron micrograph taken with such a replica. 
It can be observed that a few straight cleav- 
age steps on the (010) plane run quite parallel 
to the intersection of the two planes. 


(b) When the (001) surface of the INCI 
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single crystal was rubbed gently with velvet, 
this surfaces turns into quite complicated one: 
Crystallites appear on the one part of the 
surface as a result of the thermal effects in- 
duced by the mechanical friction between the 
velvet and the surface of the crystal, and 
shallow grooves are formed on the other part. 


Fig. o: 


The latter phenomenon is probably induced 
both by the adhesion of the contact surfaces 
and by the mechanical corrosion according to 
the present status of the experiment of fric- 
tion». Fig. 3 is the electron image of such 
a surface and the fresh (010) surface which 
was obtained by cutting the specimen normal 
to the (001) surface after the rubbing. The 
broken line in the figure corresponds to the 
intersection of the two planes. The paral- 
lelopiped crystal, whose edges are parallel to 
the <110> of the basal plane, appeared align- 


ing along the [101] and [101] directions on the 
fresh (010) plane down to the depth of 5 mi- 
crons below the intersection of the two planes. 


‘ 


306 Tetsuhiko TOMIKI (Vol. 14, 


(c) Fig. 4 shows both the (001) surface of 
the KCl crystal which was irradiated with X- 
ray (Cu target; the applied potential=30 kv) 
and the fresh (010) plane which was obtained 
by cutting this crystal after the irradiation. 
In this case, the distance between the speci- 
men and the X-ray source was 50cm, and the 
irradiating time was 60 minutes. The cleav- 
age steps on the fresh (010) plane can be seen 
as white lines nearly parallel to the intersec- 
tion of the two planes. However, they are 
not straight as in the case of Fig. 2, but be- 
come to be slightly wavy. It must be noted 
that the crystallites did not grow on the ir- 
radiated (001) surface of this crystal (see, Fig. 
4) and of the crystal which was _ irradiated 
with X-ray for 60 minutes at the distance of 
5cm from the target, even though the latter 
crystal was deeply coloured. (This fact does 
not contradict to the phenomena reported ear- 
lier by Hibi and Yada”, because the crystal- 
lites of the KCl specimen come out on the X- 
rayed surface with the irradiation time of 
several hours. In the case of the KI single 
crystal which was irradiated with X-ray at the 
distance of 50cm from the target for 60 Fig. 4. 


(a) (b) 
igcesor 


1959) 


minutes, the crystallites grew on the irradiated 
surface®, ) 


(d) On the contrary, if the KCl crystal is 
illuminated with light lying in the tail of the 
first fundamental absorption band, growth of 
crystallites occurs both on the irradiated (001) 
surface and the side planes parallel to the 
incident beam, although the colour of the 
crystal was hardly observable. This is  il- 
lustrated with Fig. 5 (@) which is the elec- 
tron image both of the (001) irradiated sur- 
face and of the (010) side surface of the KCl 
crystal which was illuminated with ultra-violet 
light for 30 minutes at the distance of 1mm 
from the light source. Here, the light source 
was a hydrogen dischage tube with LiF win- 
dow. We can see that the crystallites grew 
on these surfaces. The intersection of these 
two planes is not a straight line, but is a 
zigzag which will probably represent the cry- 
stal imperfections such as the mosaic structure 
or the grain composed with a low angle bound- 
ary in the single crystal. 

Fig. 5 (6) shows the (001) front surface as 
well as the fresh (010) cleavage plane which 
was produced after the illumination with ultra- 
violet light for 15 minutes at the distance of 
1mm from the light source. The wavy steps 
appeared on the (010) cleavage plane down to 
the depth of 7 to 5 microns beneath the front 
surface as the result of the illumination. The 
step AB corresponds to the crystal imperfec- 
tion such as internal surface or the grain 
boundary, because this step is perpendicular 
to the direction of the cleavage steps. Per- 
haps this is the first time that such a imper- 
fection is observed electonmicroscopically on 
the single crystal without the process such as 
etching or decoration. 

The wavy steps have been confirmed elec- 
tronmicroscopically that they always appear 
whenever the crystal growth occurs”. The 
nature of these steps have not yet been clari- 
fied, but it is probably that they are produced 
by the thermal spikes of excitons when they 
were annihilated at the crystal imperfections. 
The important results obtained from Fig. 5 
(6) are as follows: — 

(i) The crystallites on the (O01) front sur- 
face grew as a result of the ionic motions 
inside the crystal and this fact confirms also 
the experimental results obtained by Hibi and 
Yada» (see, for example, the crystallite C in 


Electronmicroscopie Observations of Alkali Halide Crystals 307 


Fig. 5 (6)). 

(72) The step AB changed its shape into 
the zigzag one as the growth of the crystal- 
lites proceeded and this fact is also quite in 
agreement with the suggestions made on the 
previous experiments»). 

The physical considerations regarding to 
these phenomena induced by irradiation with 
ultra-violet light will be described in detail 
in relation to the action of exciton in another 
place”. 


§ 4, 

A method for making a replica which casts 
simultaneously both the (001) and the (010) 
surfaces of alkali halide crystal was described, 
and some results using with such a replica 
proved that this method is very effective to 
observe the inner part of the crystal just 
beneath the surface on which the various 
treatments were applied. 


Conclusions 
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Nuclear magnetic resonance of the water molecules sorbed on the 
native cellulose, ‘‘ mulbery- paper ’’ was studied. 

The measurements of the line width were made under the condition 
of water content ranging from 10 to 180% at 20°C, by using Varian 
high resolution type spectrometer. 

Within the range of 10 to 20%, the line widths rapidly decreased with 
increasing water content, and gradually decreased beyond the region. 
Although this tendency was similar to that of dielectric relaxation, the 
experimental value of ty obtained from Kubo-Tomita equation was much 
greater in the order of magnitude than that of the dielectric relaxation 


time tp. Accordingly, zy and cp do not satisfy the BPP’s relation of 
tw=1/3-tp. This result suggested to us that the water molecules in the 
sorbed state do not rotate with spherical symmetry like in the liquid 


state. 


$1. Introduction 


Several authors have recently measured the 
motion of water molecules in the sorbed state, 
using a nuclear magnetic resonance (NMR) 
method.?-*% 

When the molecular motion becomes rapid 
and the correlation time small, a high homo- 
geneity of the magnetic field is necessary to 
measure the line width of absorption line nar- 
rowed by the motional-narrowing. According- 
ly, no experiment has not yet been made ex- 
cept in the case of low water content, name- 
ly except in the case of rather restricted 
motion. 

We tried to extend the measurement in the 
region of high water content, by using a 
high resolution magnet of Varian Association 
Spectromete.r*? 

According to either BPP theory or Kubo- 
Tomita’s one’, spin-lattice relaxation time 7; 
and spin-spin relaxation time TJ». are related 
with the correlation time ty of Brownian 
motion of nuclear spins. Thus, we can get 
ty through the observation of either 7, to 
ihoe 

On the other hand, the relaxation time tp 
for the reorientation of the electric dipole of 


*) NMR measurements were carried out at the 
Chemical Research Institute of Non-Aqueous Solu- 
tions, Tohoku University. 


sorbed water molecules has been obtained 
through the measurements of the dielectric 
relaxation.»-® Both ty and tp are the para- 
meters indicating molecular motion and are 
expected not to be independent of each other. 
If we assume the spherical symmetric rota- 
tion of a molecule, the theory of Brownian 
motion gives us the following relation between 
Tw and Tp 


tw=1/3-to=427a7/3koT , (1) 


where 7 is the viscosity coefficient, and a the 
radius of molecule. It is well known by ex- 
periments that Eq. (1) holds approximately in 
the case of liquid.42 However, our experi- 
ments showed that Eq. (1) does not hold for 
water molecules sorbed on fibrous materials. 

At the last section it is discussed that it 
may be appropriate to consider the unspherical 
symmetric rotation for the motion of sorbed 
water insteated of the spherical symmetric 
ones. 


§2. Measurements and Results 


Employing a Varian high resolution type 
NMR spectrometer, we have measured the 
line widths of water sorbed on the native cel- 
lulose, “‘ mulberry paper’’, in the range of 
the water contents from 10 to 180% (weight of 
sorbed water/weight of dry cellulose) at 20°C. 
Samples were “placed in 6mm O.D. glass 
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tube. The portion of the magnetic field oc- 
cupied by the samples was found to be uni- 
form within 0.9 milligauss. For samples 
whose water content was less than 10%, the 
line widths were too broad to be detectable. 
This means that the absorption line due to 
protons in the cellulose is undetectable. The 


examples of the line width are shown in Fig. 
i 


At first it seemed probable to presume that 
the motion of the OH groups in the cellulose, 
which are free from hydrogen bonds, be- 
comes more active, as the water content in- 
creases. However, in the measurement on 
the cellulose diacetate-acetone solution within 


(a) 


(b) 


(c) 


(d) 


Fig. 1. Absorption lines of sorbed water on the 
native cellulose (a, b, c) and that of diacetate- 
acetone solution. (a) 21% (b) 39% (c) 180% 
(d) 5% acetone solution 
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10% (weight of cellulose/weight of solvent), 
the absorption line due to the CHs group is 
the only observable and no other absorption 
lines coming from OH and CH are observable 
as shown in Fig. (1d). These facts tell us 
that the freedom of the motion of each radi- 
cal in the cellulose is hindered considerably 
even in the case of a liquid solution. Thus, 
we can reasonably assume that the protons 
in the water molecules absorbed on the cel- 
lulose are the only observable. 

Half width vs. water content is shown in 


20 40 60 80 100 120 140 I60 180 


water content (%) 


Fig. 2. Variations of half width of absorption 
(—Q—©O—) Our data, 


lines vs. water content. 
(—x—x—) Shaw’s data. 


i 
1 "2 


log (%) 

Fig. 3. Variation of half width of lines as a 
function of water content A (%) in the loga- 
rithmic scale. Solid line represents our data. 
One of the broken line (- -x--x-—-—) represents 
Tanaka’s data and the other (-O--O--) 
Shaw’s data. 


510 


Fig. 2. In Fig. 3 the data obtained by other 
researchers,?-» are shown for comparison 
with our data. There is a fairly good agree- 
ment between the gradients of each curve in 
the same range of concentration. As is 
shown in Fig. 2 and Fig. 3, the line widths 
rapidly decrease with increase with increas- 
ing water content within the range of the 
water content of 10 to 20%, and gradually 
decrease beyond the region. 


§3. Apparent Correlation Time of NMR 


The theories of Kubo-Tomita®? and Solo- 
mon” show that the line width may be ex- 
pressed in terms of the correlation time, tw. 
If the correlation function of the local mag- 
netic dipolar field is given by the following 
equation, in the condition of ty<a", 


K(i)=exp (—|él/tw) ; GZ) 


the spin-spin relaxation time 71 of two spin 
system is expressed by 


i | Seat 
(3) 


where y is the nuclear gyromagnetic ratio 
and b is the inter-proton distance in a water 
molecule. 

In the derivation of Eq. (3), the inter-mole- 
cular interaction is neglected, but this appro- 
ximation is supposed to be unreasonable in 
case of a considerable amount of sorbed 
water. The contribution from inter-molecular 
protons to J» is estimated to be the same 
order with that from intra-molecular protons, 
in the case of free water.‘? Consequently, it 
shoud be considered that the spin-spin interac- 
tion between protons in another molecules 
contributes to 72 of sorbed water in addition 
to between protons in a water molecule. 

If we assume the correlation time as the 
type of Eq. (2), however, it is shown by 
Kubo-Tomita® that Eq. (3) consists too in 
many spin system, substituting for b-® to 
& bs* where py means the summation over 


20 


1 +4?t y? 


5tw 
1+o?ty? 


inter-molecular protons. 
JT; is also given by another form of 


£ <d02> 5tw 
T271= —+43 ; —— 
3 Cae 1+o?ty? 


2tw 
ne + ae ; 
(4) 


where <0”) is the second moment of rigid- 
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time (72)o in the rigid case is given by 


(Tr =V a. (5), 


As the (T2)o of sorbed water, we will use the 
value measured for ice at —40°C, 


Gio < l0stsec: 


(6) | 


In the case that an absorption line is shar- 


pened in the type of the Lorentian curve, a 
half width is related to 72 by the following 
equation 


AYyp= T21/n+Av’, 


where 4v’ is a broadening due to an inhomo- 
geneity of a magnetic field. 

Using above equations, from Eq. (4) to Eq. 
(7), we have a relation between tw and the 
water content, which is shown in Fig. 4. In 
the same figure, we have plotted a similar 
relation between dielectric relaxation time tp 
and the water content in case of wood”, 
paper,” and starch.® It is worth noted that 
ty is much larger than ty in the same con- 
centration. 


§ 4. Comparison with the Dielectric Mea- 
surement 


According to the dielectric measurements 
on sorbed water, sorbed water is classified 
into two classes, that is, localized sorbed 
water and mobil sorbed water, the latter 
having two states moreover. Also, through 
the dielectric measurements the states of sorb- 
ed water are grouped by water content into 
three categories, viz. 0-5%, 5-20% and over 
20%.° Comparing the molecular polarizabili- 
ty of each state of sorbed water, Windle and 
Shaw’ concluded that localized water was 
bound so that it had little freedom of rotation. 

In the NMR measurement of sorbed water, 
the observation of the line width due to lo- 
calized water is beyond the range of the 
observation of our apparatus. Therefore, the 
observed variation of the line widths, which 
are plotted in Figs. 2 and 3, are reasonably 
expected to come from mobile water. It is 
quite apparent that mobile water is not uni- 
que but divided into two states having dif- 
ferent dependence on water content, that is, 
the state with a sharp gradient and that with 
a gradual gradient. The boundary of these 
states is at the water content of 20%. Ac- 
cording to the conventional idea of a mobile 


case. It is shown that the spin-spin relaxation | state of sorbed water, such a water molecule 
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is expected to be similar to water in the li- 
quid phase’. However, these authors! 
found that the molecular polarizability of 
mobile water was smaller than that of free 
water, and also explained this fact by assum- 
ing that mobile water consists of the truly 
mobile water molecule, which is quite similar 
to free water, and intermediate water, which 
is in a intermediate state between localized 
and truly mobile ones. This interpretation 
seems to be qualitatively applicable to the ex- 
planation of the existence of the two states 
of mobile water in the NMR observation. 


=F, 
- a 
\ 
{ 
ti 4 = 
ar 
: 
= =8 
g v 4 
2) ‘Ae _ | 
J 
= . = 
ao) *S 
es) AY 
i —S as 
S Se 
z 5 
te a 
oS -9 ale 
SE K = ie di 
! ! i 


i i | | 
20 «40 60 80 100 \20 140160 
Water content (%) 


Fig. 4. Comparison of the correlation times ry 
of NMR calculated from Eq. (2) with the di- 
electric relaxation times rp at 20°C, respectively. 
Broken curve represents ry. Solid curves re- 
present cp obtained from Takeda’s data 
(--x--x--), Seidman’s data (--O--O©O--) and 
and Ono’s data (—~@®—@—). Ono’s curve is 
plotted bxtrapolating from the values at —15°C 
to those at at 20°C. 


§5. Discussion and Conclusion 


Although there is a qualitative similarity 
between two correlation times tw and Top, 
there is a quantitative discrepancy between 
the experimental result shown in Fig. 4 and 
the relation expected from Eq. (1), as men- 
tioned in the preceding section. 

In the free water molecule, ty and tp are 
found to be about 10-'sec. Then, the ex- 
perimental value of tw of sorbed water is 
seemed to be anomalously greater in the order 
of magnitude than that of free water. 

Concerning the reason why the order of 
magnitude of tw differs from to, we were in- 
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clined to presume that the water molecules 
in the sorbed state do not rotate with spheri- 
cal symmetry even in mobile water, because 
ty must be in the same order of magnitude 
with that of tp is the spherical symmetric 
rotation as is shown in Eq. (1). In the liquid 
phase the water molecules rotate breaking the 
hydrogen bond among molecules, and the rate 
of this breaking is expected to proceed iso- 
tropically. Thus it is possible to treat such 
a rotation as a spherical symmetric. 

In the sorbed state, however, some of the 
water molecules are bound so strongly with 
hydrophilic group of the adsorbent that these 
molecules are considered to be localized. The 
remainder of the sorbed water molecules is 
expected to deposit on the monolayer of such 
localized water molecules. The farther from 
the adsorbent the water molecules deposit, 
the more freely the water molecules can 
move. Thus, as the water content increases, 
the fraction of free water molecules increase. 
On the other hand, the fibre is swollen by 
the water molecules which are sorbed among 
the non-crystallized state of the fibre. Hence, 
the interaction between water and the cellulo- 
se molecules which are sorbed at the non- 
crystallized parts of fibre may be expected to 
rotate as freely in the plane of adsorbed layer 
as free water does, but such molecules are 
also expected to be strongly bound in the 
vertical direction of the sorbing surface. 

It is easily shown that Eq. (3) is not satis- 
fied in the simplest 2-dimensional case in the 
unspherical symmetric rotation. Namely, the 
term of finite value caused by the stationary 
part of the magnetic dipolar field fluctuating 
randomly still remains in the line width, 
though the correlation time ty becomes very 
small. The term was given by Gutowsky 
and Pake'” as follows: 


(8) 


where @ is the angle between a direction of 
a nucleus paier and an axis of rotation. 
Therefore, if we apply Eq. (3) to the case 
of the restricted motion of molecules, the cor- 
relation time obtained from Eq. (3) will be no 
more than an apparent one. We should con- 
sider a modification of Kubo-Tomita’s equa- 
tion» to apply to the general case of un- 
spherical symmetric rotations of molecules. 
However, it seems to us that the mecha- 


(Tarot = 4-8 cos? 1 Ts ote 
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nisms, by which the anomaly in the apparent 
correlation time is caused in the sorbed state 
of water, are very complicated. One of 
them may be supposed to be the fact that 
the potential barrier hindering the rotation 
of water molecules is existent in the sorbed 
state of water. We have already given the 
theory on the restricted rotation in the field 
of the potential barrier and the application to 
Ti and T2 of NMR.!” But, it may be doubt- 
ful that the hindering potential is kept in 
constant within the correlation time of the 
Brownian motion of water molecules without 
being disturbed from thermal fluctuations. 

If it is considered that the time variation 
of the potential barrier occurs rapidly, we 
had better consider that the rotational motion 
of water molecules is anisotropic. It is thus 
considered that values of mobilities are not 
equal in the vertical and the horizontal direc- 
tion to the absorbent plane. The anisotropic 
Brownian motion of molecules has been also 
reported by us in another paper.* 

Both of these mechanisms give the modifi- 
cation of Eq. (3) to J2 and correct meaning 
to the correlation time not being the apparent 
correlation one. 

If we take into account effects of the un- 
spherical symmetry rotations, we may come 
to a conclusion that there is a possibility to 
give agreement between the NMR results and 
dielectric result of sorbed water. It is not 
yet decided, however which mechanisms 
mentioned above should be correct in the 
sorbed state of water, because we have to 
have more accurate information of motions in 
sorbed water. 

In conclusion it may be desirable to mea- 
sure the spin-lattice relaxation time 7) in ad- 
dition to 7: and especially to obtain the acti- 
vation energy of motions from data of 7i 
and 7, vs. temperature relation. The dis- 
cussion of these problems will be given in 
the near future. 

Although the effects of multiple phase were 
treated for 7: and 7: of sorbed water,*»1# 
the present paper neglected the non-uniformi- 
ty of the sorbed state, since the water mole- 
cules sorbed on fibrous materials are consi- 
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dered to be distributed uniformly. 


However, it seems to us unquestionable | 


that the BPP relation of ty=1/3-to would not 
hold for many other cases of the molecular 
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motions, for instance, in case of the mole- | 
cular motion of polymeric materials in the | 
region of temperature above ‘‘ glassy transi- | 


tion temperature ’’. 
toward these lines are being undertaken. 
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A phenomenological theory of the non-linear visco-elasticity of three 
dimensional bodies is presented. We start from the two elementary 
models of the classical linear theory of visco-elasticity, that is, the so- 
called Maxwell and Voigt models. These models are extended to three 
dimensional non-linear case by adopting the energy consideration. The 
three dimensional Maxwell model is defined by ‘‘ series connection’’ of 
a ‘‘non-Hookeian spring’’, i.e. the internal elastic mechanism and a 
‘“non-Newtonian dashpot’’, the energy dissipation mechanism, and the 
three dimensional Voigt model is represented by the “ parallel connec- 
tion’’ of these mechanisms. Making use of the Maxwell model, we dis- 
cuss the tensile viscosity for the stationary simple elongation of elastico- 
viscous liquids. Our models are shown to be successful in analyzing 
the so-called normal stress effects, i.e., the Weissenberg effect for elas- 
tico-viscous liquids and the Poynting effect for visco-elastic solids. The 
non-linearity in visco-elastic properties is classified into three cases: 
elastic, viscous or relaxational, and geometric non-linearities. An essen- 
tial feature of the three dimensional bodies is the geometric non-line- 
arity. The typical examples of this are the said normal stress effects 
and the velocity gradient dependence of the tensile viscosity coefficient. 


Introduction 


§1. 

Elegant phenomenological theories? on 
linear visco-elasticity have been developed 
since the foremost works of Maxwell,” 
Voigt,» Kelvin? and others. In these theories 
two fundamental models and the so-called 
superposition principle play important roles. 
One of the two models is the Maxwell model 
corresponding to viscous liquids having in- 
stantaneous rigidity (elastico-viscous liquids), 
and the other is the Voigt model correspond- 
ing to elastic solids possessing retarded elas- 
ticity (visco-elastic solids). These are schema- 
tically represented by series and parallel con- 
nections of a spring and a dashpot, respective- 
ly. The mechanical properties of each model 
can be described in terms of strain and 
stress by a suitable first order linear dif- 
ferential equation with respect to time. 
Making use of the superposition principle the 
theories have been extended to cases of more 
general visco-elastic properties which are de- 
scribed by suitable higher order differential 
equations. This generalization corresponds to 
considering the generalized Maxwell model 
which is a parallel connection of a number 


of Maxwell models, or to considering the 
generalized Voigt model which is a series 
connection of several Voigt models. Further- 
more the relaxation time spectrum and/or the 
retardation time spectrum have been introduc- 
ed to characterize these generalized models, in 
terms of which various mechanical proper- 
ties of these materials can be consistently 
described. From the mathematical point of 
view they have the same structure as in the 
cases of electric circuits, dielectrics, etc. In 
fact these theories have been unified in the 
form of the so-called excitation-response 
theory.*? 

Recently, several observations have been 
made on a number of mechanical behaviors 
including large deformations of the samples, 
stimulated by the progress made in chemical 
physics of highpolymeric substances. Exam- 
ples of these phenomena are the so-called 
structural viscosity (non-Newtonian flow), 
the Weissenberg effect,” etc. Many of these 
phenomena cannot be described by the said 
classical linear theories. The structural vis- 
cosity is a typical example which results 
from the non-linearity in stress-strain rela- 
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tions. As to the Weissenberg effect, we 
observe not the shearing stress but the 
normal stress components for simple shearing 
flow, as has been pointed out in the preced- 
ing paper.» These normal components are, 
moreover, essentially non-linear with respect 
to the rate of shearing (the velocity gradient). 
Thus, it is not only the non-linearity in 
stress-strain relations but also the three di- 
mensional character of bodies that should be 
considered in the study of such mechanical 
properties. Here we can see the essential 
difference from linear cases such as electric 
circuits, etc. 

In the case of purely elastic materials, 
three dimensional phenomenological theories 
of elasticity involving non-linear properties 
have been successfully developed by several 
authors. Their details are given, for exam- 
ple, in Novozhilov’s text, Truesdell’s review 
articles, etc.-!? The tension vs. elongation 
curve of vulcanized rubber is upword convex 
in the range of relatively small elongation. 
Mooney! showed that this behavior is due 
to the shrinkage of free sides of the sample 
which corresponds to the incompressible 
character of this material. When a cylindri- 
cal piece of certain elastic materials such as 
steel, lead or vulcanized rubber is subjected 
to a torsional couple, the cylinder shows a 
change in its length (usually it elongates).!” 
We call this interesting phenomenon the 
Poynting effect. Mooney’? and _ Rivlin!” 
pointed out that, in order to constrain the 
simple shearing deformation to these elastic 
materials, it is necessary to apply an addi- 
tional tension in the deformation-direction the 
magnitude of which is proportional to the 
square of the displacement gradient. They 
also suggested that the Poynting effect is es- 
sentially due to this additional normal tension. 
Accordingly in the recent terminology, both 
this effect and the Weissenberg effect which 
is considered to be the visco-elastic analogue 
of that effect, are called the normal stress 
effects. 


In the meantime, the theory of elasticity 
has been established so general that the stress 
tensor is given its expression for any finite 
deformation of three dimensional bodies, with 
the help of differential geometry, and that 
many elastic behaviors are successfully ana- 
lyzable by this general theory. As regards 
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visco-elasticity, on the other hand, the pheno- 
menological theory mentioned at the beginning 
of this section just corresponds to the classi- 
cal linear theory of elasticity. And it has 
been hoped to extend the theory to include 
the said non-linear three dimensional visco- 
elastic effects. Indeed several attempts have 
been made for this purpose up to the 
present,!)-18 but there is no satisfactory 
theory yet, we believe. Many of these were 
carried out by applying the simple mechani- 
cal models (the Maxwell model and/or the 
Voigt model) independently to every compo- 
nent of the stress and strain tensors. It is 
needless to say that these theories cannot de- 
scribe the cross effect such as the Weissen- 
berg effect. 

In this paper, we shall try to formulate 
phenomenologically a general theory of visco- 
elasticity in due consideration of the non- 
linear as well as three dimentional characters. 
To this end, we start from the Maxwell and 
the Voigt model which are essentially one 
dimensional, and extend them to correspond- 
ing three dimensional ones. Then it will be 
shown that the three dimentional Maxwell 
model has the mechanical properties of elas- 
tico-viscous liquids, whereas the three dimen- 
sional Voigt model corresponds to visco-elas- 
tic solids. Furthermore, non-linearity of the 
stress-strain relations will be classified into 
three categories: elastic, viscous (relaxational) 
and geometric non-linearities. It will be sug- 
gested that the structural viscosity is mostly 
due to the relaxational non-linearity. The 
Weissenberg effect is essentially the geome- 
tric effect, thereby the elastic and relaxatio- 
nal non-linearities being of minor importance. 

In Part A of this paper we review the one 
dimensional models and then give the gene- 
ral consideration for their three dimensional 
extension. The three dimensional Maxwell 
model is treated in Part B, and the Voigt 
model in Part C. Simple elongations (com- 
pressions) and simple shearings are also stu- 
died in those parts for each of the two 
models. We treat the so-called tensile visco- 
sity for steady simple elongation of the 
elastico-viscous liquids and the Poynting ef- 
fect of the visco-elastic solids. In Part D 
we discuss about the classification of non- 


linearity and about the generalization of the 
models. 


1959) 


A. General Consideration 


§2. Maxwell Model and Voigt Model 


In this section, we shall review the classi- 
cal, one dimensional mechanical models. The 
so-called Maxwell model and Voigt model are 
represented by series and parallel connection 
of a spring and a dashpot, respectively. The 
spring obeys the Hooke’s law 


On=KQAqA 


ae) 
and the dashpot contains the Newtonian 
liquid 


On=YAn . 


(2) 
o and @ are stress and strain, respectively. 
The suffixes E and 7 denote the elastic and 
the viscous part of them, « the elastic modu- 
lus, and 7 the viscosity coefficient. Then, 
these two models are characterized by the 
conditions 


(Maxwell) (3) 


0=0n=07 
and 


a=An=Ay , (Voigt) (4) 


respectively, with apparent stress o and ap- 
parent strain a. 

Denote the work done by external force 
per unit time by dW/dt, the rate of change 
of the elastic energy in the system by dw/dt, 
and the rate of energy dissipation by 66&/dt, 


in the unit volume of material. Now we 
have 
Oe outin (6) 
and 
0€ : 
pag" (7) 
The law of energy-conservation 
dw dw , o& 
= 8 
nee dh ai 8) 


can be written as follows: 
(Ce) 


Eqs. (1)-(4) and (9) lead the well-known 
stress-strain relations 


OA=OnAgtOnQr . 


pee COT ar ely (10) 
k 0 


and 


o=Kxatya. (Voigt) (11) 
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In the extension of those models to three 
dimensional non-linear case, we may adopt 
Eqs. (3), (4) and (8) as the fundamental equa- 
tions of the theory. 


§3. Deformation and Internal Deformation 


Let us consider a deformation of visco- 
elastic material, owing to which two points 


— 
Ay and Bp initially at a close distance AoBo 
=Aro in the material are shifted during a 
time interval ¢ to A and B at distance 


—> 
AB=A4r, respectively. The deformation ten- 
sor a(t) may be defined as 
4r=a(t)-4ro, (12) 
refering to a spatially fixed coordinate system. 
a(t) is either a symmetric or an asymmetric 
tensor depending on the nature of deforma- 
tion. 
Consider the change of deformation in the 
time interval (f, t+0t). Eq. (12) leads to 
4r+0(4r)=(a+0a)-4ro=(1+0a-a)-4r, 
(13) 
which means that the deformation produced 
in d¢ is represented by (1+0a-a™). The time 
rate of change in the relative coordinate of 
two points 4r is, then, given by 


d(Ar)_ da. 
at at 

Besides the above deformation tensor, we 
will soon introduce two ‘‘internal’’ deforma- 
tion tensors as and a, which are responsible 
for elastic and dissipative mechanisms, respec- 
tively. Whereas a is directly observable 
quantity in the measurement of deformation, 
@n and @ are virtual quantities correspond- 
ing to change in lengths of spring and dash- 
pot, respectively, in the classical visco-elastic 
models. The equations analogous to Eqs. (12) 
and (14) may be supposed to hold for these 
internal deformation tensors, if suitable de- 
finitions are given to displacements in inter- 


nal mechanisms. 


a?-dr. (14) 


§4. Energy Relation 

The rate of displacement of points on the 
surface of a unit cube of material is repre- 
sented by deformation-rate tensor (da/dt)-a™. 
Hence, denoting the stress tensor as a, the 
time-rate of work done by external force per 
unit volume of the material is written in the 
form 
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aa 7-1 
dt ° yy 


da oi 
=Sp| di a |: 


with the well-known stability condition o=o*, 
where + denotes the transposed tensor. 

The analogous expressions may be written 
down for two internal mechanisms. Let us 
introduce the effective internal stress tensors 
on and oy which correspond to forces acting 
on the spring and the dashpot, respectively, 
in the classical sense. The rate of change of 
the elastic energy per unit volume of material 
may be read 


BW gp| gg Fay 
dt =Sp| os AF “an il 


and the rate of energy dissipation will be 


(15) 


(16) 


given 
d€ dan 1 
“ Sp| o 1D I. (17) 
The law of energy-conservation 
AW.) di». 0€ 
dean wae. AE (8) 


must be satisfied by these rates of energy 
change. The second law of thermodynamics 
requires non-negative dissipation of energy, 
that is, 


(18) 


B. Maxwell Model 


§ 5. 


The three dimensional Maxwell model may 
be characterized by the condition 


Internal Deformation in Maxwell Model 


o=Cn1=07n , (19) 
which is the analogue of Eq. (3). From Eqs. 


(15)-(17) and (19) we find a particular solution 
of Eq. (8): 


da_da 1 da\* 
dix a & aie) 


where we have made use of the abbrevia- 
tions 


(20) 


a=an (21) 


and 


(22) 


Eq. (20) may be interpreted as follows: 
For the case of visco-elastic material, the de- 
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formation tensor a(t) which ‘can be observed 
does not directly give the situation of the in- 
ternal elastic mechanism or the stress state. 
For instance, actually the state of internal 
elastic mechanism may relax even when the 
observed deformation is fixed. 

Define the internal deformation tensor @ as 
the deformation tensor of equivalent elastic 
material exhibiting the same stress state as 
in our visco-elastic material. If the dissipati- 
ve mechanism were absent, the real and in- 
ternal deformations produced in the time in- 
terval dt 

(1+0a-a™) and (1+éa-a™) (23) 
should be identical. In the actual case, how- 
ever, there occurs a difference between them 
due to dissipation mechanism. This is the 
meaning of Eq. (20). 

The dissipative term in Eq. (20), (da/dt)* 
must satisfy the following restrictions: 

i) (da/dt)*—0 with a-1. (24) 
ii) The energy of dissipation must be non- 
negative: 


OE _ _(9a\*. 0-1 
y= 5?| 2 es a 2°. 


In what follows, except in §12, we shall 
adopt a simplest form of the dissipative 


term 
(5) =-a—» 


where § is a positive scalar function depend- 
ing on the invariants associated with the in- 
ternal deformation tensor a. Eq. (26) satis- 
fies the above restrictions. @ represents a 
measure of the rate of dissipation, and r=1/8 
is the so-called relaxation time. When 8 is 
constant, we may call Eq. (20) to be linear. 

Eq. (20) with Eq. (26) determines the inter- 
nal deformation tensor a(t) with the knowled- 
ge of the apparent deformation a(t) as a 
function of time. 


(25) 


(26) 


§6. Internal Strain Tensor and _ Strain 


Energy 
The internal deformation tensor a(t) is in 
general a real asymmetric tensor. However, 
there are an orthogonal tensor R and two 


real positive symmetric tensors as and as 


such that 
a=R-as=a;'-R (27) 


where 


1959) 


R*-R=R-R*=1, 


as*As=at-a, 


(28) 
(29) 
and as and a; have the same eigenvalues. 
Geometrically R corresponds to a rotation, 
and as and a;’ to pure extension or compres- 
sion along each of three principal directions. 
Eq. (29) implies that arbitrary deformation a 
is given by a ‘‘ pure deformation ”’ as preced- 
ing to a rotation R, or as’, following to R. 
We shall call as and a;’ right and left inter- 
nal strain tensors, respectively. The left in- 
ternal strain tensor as’ defines the internal 
strain ellipsoid in the deformation state. On 
the other hand, three principal axes of the 
right internal strain tensor as give the initial 
directions of the principal axes of internal 
strain ellipsoid. #& represents the mutual ro- 
tation of the material during the deformation. 

A internal deformation tensor will physical- 
ly be characterized by a set of three invari- 
ants associated with its internal strain tensor, 
because the internal state of the material may 
not be affected by pure rotation. While the 
factors , J, and Jz of 47, 25 and 4°, respec- 
tively, of the eigenvalue equation, 


las—A1|=0 (30) 
give an example of such a set, it will be 


convenient to take instead the following three 
expressions: *? 


Qs -as' =a-a*, 


»”? 


J=h=Sp a@s=Sp as’, (31) 
J=l?—Z), 
=SDP) @s-@s=Sp as’ - as” (32) 
=Spa-at*=Spa*-a 
and 
K=Iz=|as|=|as’|=Ial . (33) 


Any scalar function of deformation will have 
to be considered to depend solely on these 
three invariants. The increment of free 
energy density in the material due to internal 
elastic deformation is a typical example of 
such scalar functions: 


w=wl fois) (34) 


*) Rivlin et al. define the strain tensor by 
at-a=a;-as instead of @s or a’, in terms of 
which three invariants are given by 


J=Spat-a, (31)! 
L=Sp at-a-at-a (32)’ 

and 
K=|a*-a| (33") 


instead of Eqs. (31), (32) and (33). 
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We shall call this quantity the internal strain 
energy density. 


§7. Stress Tensor 


Consider a unit cube of the material whose 
edges are parallel to the coordinate axes at 
time ¢ when the internal deformation is a(t). 
Let the sample be subjected to an additional 
virtual small internal deformation 1+e, 
(e<1). Thereby the internal deformation 
changes to (1l+e)-a. By w(a; «) we denote 
the internal strain energy density of this sam- 
ple. The virtual displacement of points on 
the surfaces of our unit cube is given by the 
components of e. Then, it is obvious from 
the consideration on the work done by sur- 
roundings to our unit cube that the stress o 
is obtained by differentiation 


\ 


Ow(a; e) 

ousfa)=( OE; 5 ne 

As will be seen in the Appendix A, the 

internal strain tensor, Eq. (29), and, there- 

fore, w(a@; e) contain symmetrically the non- 

diagonal elements of the virtual deformation 

tensor, e. Hence, the stress tensor, Eq. (35), 
is symmetrical: 


(35) 


(36) 
which is a condition of stability of the de- 
formation. 

w(a; e) is considered to be a function of 
the three invariants associated with the inter- 
nal deformation (1+e)-a. Then, as a result, 
Eqs. (31)-(85) lead the stress tensor into the 
expression 


o=Ryas' +2Qua-a*+ Pul (37) 


where the scalar coefficients Rw, Qu and Py 
are the functions of J, J and K given by 


Ry =Ow/ol . 
Qu=dw/d0J 


a(a)=a"*(a@) , 


(38) 
and 


Pu = [ow/OK\K . 


Detail of the calculation is given in the Ap- 
pendix A. 

We adopt Eqs. (20) and (37) as the funda- 
mental equations describing the stress-defor- 
mation relation of the three dimensional non- 
linear Maxwell model. 


§8. Flow Tensor 
Now, we define a new tensor J 
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(39) 


J represents the residual deformation of the 
material just after the internal strain (and, 
also stress) is suddenly removed, i.e., the de- 
formation impressed upon the dissipative me- 
chanism during the time interval in which 
the stress is constrained. We may call J the 
flow tensor. This is the three dimensional 
analogue of the length of dashpot in the clas- 
sical Maxwell model. 

From Eq. (20) the equation of motion of J 
is written in the form 


J=a'-a. 


(dJ/dt)- J-!= —a™!-(da/dt)* (40) 
or 
dJ-!/dt=a™'-(da/dt)* . (41) 
The energy dissipation density, Eq. (17), 
may be read 
ap 780 | @-a-(Ge)- a |. (42) 


If (da/dt)* is a tensor function of a@ (and 
a~) only, we can exchange the order of pro- 
duct of the last two factors in the square 
bracket of Eq. (42), and Eq. (42) reduces to 


oon & dJ y-1 | ’ (43) 


dt dt 
Eq. (43) suggests that the energy dissipation 
is, aS has been expected, produced by the 
“flow ’’ of the material. 


§9. Steady State 

Steady states may be characterized by 
time-independence of internal deformation a 
because of the direct connection of @ with 
stress o which should be constant in such 
states. Then, the right-hand side of Eq. (20) 
must be equal to zero, that is, 


qpeta+(s) <0 (44) 


dt dt 
The dissipation term of Eq. (44), (da/dt)* is 
considered to be a function of @ only, and its 
time-derivative should vanish in steady states. 
Hence we have the necessary condition of 
steady state such that 


ee gy 
dt a ) 0. 
With the deformation satisfying this condition 


the steady internal deformation tensor @ is 
obtained from Eq. (44). 


(45) 
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§10. Steady Simple Elongation (Compres- 
sion) 

In this and the next section, we shall treat | 
two typical examples of steady deformations, | 
i.e., the steady simple elongation (or compres- — 
sion) and the steady simple shearing flow. 

The deformation tensor for simple elonga- 
tion in the x-direction is written in the form 


a(t) 0 0 
alty=|"O"*, Geyeno (46) 
0 Oo C@ 


The so-called Poisson ratio s may be defined 
by ' 
s=—log a’(t)/log a(f) . (47) 
This seems to be a reasonable extension of 
that in the case of small deformation 
s=—(a’—1)/(a—1), ja—1|, |a’—1|<1. 
(48) 
The volume of the material in the defor- 
mation state is given by 
v(t)=alh)O 09 , (49) 
where vo is the initial volume. s=1/2 corre- 
sponds to incompressibility of the material. 
The condition of steady state, Eq. (45) re- 
sults in the exponentially varying components 
of the steady deformation tensor: 
ain=e* (50) 
and 
ahaep ee (51) 
In these expressions we have adopted the 
initial condition, a(0)=1. 2’ is the parameter 
characterizing the rate of deformation. 
Substituting of Eqs. (46), (50) and (51) into 
Eq. (44), and making use of Eq. (26) for the 
dissipation term, we obtain the steady inter- 
nal deformation tensor 


(PiaaenO 0 
w= || 0) a 0 
a ae a 
[ Bi B—”’) 0 0 
= 0 B/(B+s2’) 0 
eal 0 B/(B+s2’) 


(52) 

The Poisson ratio s* of the internal defor- 
mation may be defined similarly to Eq. (47): 
_loga’ _ __ log [1+s(4’/8)] 

log a log [1—(4’/B)] * 

When the rate of deformation 2’ is sufficient- 


oS (53) 
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ly smaller than 8, we have simply 
SiG. WA oye 1. (54) 
In our case @ is symmetric, and 
Chae S07, IB=Al. (95) 
Substitution of Eq. (53) into Eq. (37) gives the following expression of stress tensor 
Ry 2Q ie 
Ga = : as ee M M 
1—G791 ih —@/@r APSO DE en 
Ry Ru 20" PB 
022 = 033 5 ip = 
l+s07@) 1 +s0OF * GAIL +SO DP a 
oij=0, (isj=1, 2, 3). (59) 
The rate of dissipation of energy density, Eq. (25), is written in this case as 
o€ 
7 78 SP le-A—a)| 60) 
_ 1 1 1 
Se rs 1420 J 2 : 
[1—(’/8)] [1+s(’/B)] “G7 —F ‘ [1 + sQ’/B)/P 
1 
+Pu(1l—2s 
M29) ame |: a 
The so-called tensile viscosity coefficient 7*(4’) is defined by 
n*(4’)=(1/A?)(0E/dt) . (62) 


From Eqs. (61) and (62) we can easily obtain the explicit expression of 7*(J’). 


In particular, 


in the case of incompressible materials, we obtain 


Ru 


3 
* 6 = 
Oe, aaa er ea 


+ 


Qul[4—(1’/B)] | (63) 


(1—(4’/8) PLL + 34/8) P 


If 2’ is sufficiently smaller than 8, 7*(4’) can be expanded in a power series with respect to 


X’/B such that 


7*)= en +20u)-+( 


2 


If the side surfaces of the sample are free 
from any external forces, we have 


(65) 


In this case, Eq. (58) determines the value of 
the Poisson ratio s* when the functional form 
of the internal strain energy w, i.e., those 
of the coefficients Ru, Qu and Py are known. 
However, it would be difficult to obtain mo- 
lecular-theoretically the complete form of w 
as a function of strain invariants. In many 
cases the treatment of dilatation-dependence 
of w is more difficult than that of its shape- 
dependence, because of the liquid-like molecu- 
lar distribution in many visco-elastic materials. 


022 =033=0 . 


At 1 3 Oy joie 


(64) 


In such cases we can obtain theoretically the 
expressions of Rw and Qu but Pw, and Eq. (58) 
with Eq. (65) determines the value of hydro- 
static pressure Pw with the experimental value 
of the Poisson ratio. The tensile stress o=011 
becomes 
Ae 1 

(41) B )L®« (1 —@’/A)I +5278) 

[2—(—s)(4’/6)] ] 
[1—(’/8)P[1+sQ/8)P 4 

In Fig. 1 are shown the curves of a, a’, 
s*, o and 7* versus (4’/8) for the incompres- 
sible material (s=1/2) having the free side 
surfaces. If Rw, Qu and @ are constant, a, 


+2Q (66) 
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o and 7* diverge at 4’=8. Then sample 
cannot be elongated with larger rate of de- 
formation 2’ than the reciprocal of the rela- 
xation time 8=1/r, even if any large tensile 
force acts on both ends of the sample. In 
actual cases, however, Ra, Qw and 8 should 
not be constants but functions of 2’, and any 
value of deformation-rate may be observed. 


Of, «7 
3 s* 
ey 
a 
(ed -4 
3 
“2 
! , 
+! 
O 2 4 66 8 1-0 
©! s2 64 wo <8) TO) 
ee ee X/8 
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Fig. 1. Internal strain, internal Poisson ratio, 

tensile stress and tensile viscosity coefficient 

for the simple elongation of an incompressible 
Maxwell material. 


62=033=0, 


3 
= “og eur" +4Q 1772") . 


The curve of 7* vs. 4’ intersects the 7*- 
axis with a finite, positive slope; the “‘ tensile 
flow ’’ has essentially the property of so-call- 
ed non-Newtonian “‘ anti-structural ’’ viscosity. 
This behavior is experimentally observed by 
Nitschmann and Schrade for concentrated 
diphenyl chloride solutions of nitrocellulose.1” 


§11. Steady Simple Shearing Flow 


Consider the steady simple shearing flow in 
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the x-direction with a constant velocity 
gradient 4 in the y-direction. The deforma- 
tion tensor 


eS ee 
EDO VIes0 (67) 
0. rt one 


of course satisfies the condition of steady 
state, Eq. (45). Assuming the dissipation 
term, Eq. (26), Eq. (44) gives the following 
steady internal deformation tensor: 


1 4/B 0 
a=| 0 1 0 (68) 
0 0 it 


This is a typical asymmetric tensor, and the 
symmetrization is necessary. as, a and R 
in Eq. (27) may be writien n the form 


— 


[ cos 6 sind 0 
as iis a ee ae 
cos 8 
le a 0 i) 
aa 2 =a 
cos 0+25 . nd 0 
ie 70 
Se sin 0 cos@ 0 ue 
¥ 0 0 Ly 
and 
cos@s sin Gan0 
R=| —sin@,.cosé@. 0 |, (71) 
0 0 1 
where 
6=Tan“*(4/2p) (72) 


gives the angle of “‘ rotation”’ of the effective 
internal elastic mechanism around the z-axis.*? 

Eqs. (37), (68) and (70) cast the stress ten- 
sor into such a form that 


611= Rw cos O[1+2(a/8)?]+2Qu[1+(4/8)]+ Pu, 


(73) 
622.=Ry cos O0+2Qu+ Pu, (74) 
633=Ru+2Qu+Pu, (75) 
O12=0m=Ry» sin 0+2Qx(A/B) (76) 

and 
013 =031=032= 023=0 . (77) 


The rate of the dissipation of energy den- 
sity, Eq. (60), is reduced to 


*) @ is related to the extinction angle x of the 
flow birefringence in the form 


(x/4) - (0/2) =x . (A) 


1959) 


o€ 
dt 


The viscosity coefficient 7(4) is given by 
(A) = (1/a?)(BE/dt) =012/A (79) 
=Rw sin 0/A+2Qu/B . (80) 


For sufficiently small values of 2, we have 
the following expanded form of 7(A): 


a=p| (384204) Be 24...) 


(81) 

Comparison of Eq. (81) with Eq. (64) gives 
the so-called Trouton’s relation 

0*(X’ =0)=3y(A=0) (82) 

at the limit of zero rate of the deformations. 
For such a special case that 

m=O" 


=A[Ru sin 0+2Q u(A/8)]= dors. (78) 


Qu=00/2=const. (83) 
and 
B=const. , 


the stress tensor is reduced te the simple 
form 


1+(4/8) 2/8 0 
c= 4/8 ag in ig ra or ina <5) 
0 Ort 


This is identical with that obtained in the 
previous paper® on the Weissenberg effect 
for the Gaussian network structure. This 
system shows the typical Newtonian flow. 
The non-linear additional tension in the flow- 
direction o0(4/8)? plays an important rdéle in 
the Weissenberg effect. Since the detailed 
analysis of this effect has been given in the 
previous paper, we omit it here. In more 
general cases, the viscosity coefficient is no 
longer constant, and the Weissenberg effect 
also has more complicated velocity gradient- 
dependence. 


§ 12. Visco-elasticity of Gaussian Network 

In this section, we shall consider an appli- 
cation of the present theory to visco-elasticity 
of the weak rubber-like network model con- 
structed by Gaussian chains, which has been 
treated in detail in the preceding papers.?” 
It has been shown that the internal strain 
energy function w of such system is written 
in the form 


stl 1 al \|\sp [a*-(68)-al] 


x Fo(€, N)dé+E(lal) , 


(85) 
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where Fy(€, N)dé gives the number of chains 
in the natural state which consist of N-free 
rotating segments of the fixed length a and 
which have the end-to-end distance between 
€ and €+dé€. If the distribution of chains in 
the natural state is spherically symmetric, 
Eq. (85) is reduced to 


w=Q Sp (at-a)+E(\al) , (86) 
where 
quits all lene, N)dg (87) 


is a constant scalar coefficient characterizing 
the network structure. E(\a|) is a part of the 
inner energy due to the liquid-like segmental 
distribution and depends only on the dilata- 
tion of the material. 

From Eqs. (37) and (38) we have the follow- 
ing expression of the stress tensor: 


o=or+F1, 


On=2Qa-a*. 


(88) 
(89) 
In order to obtain directly the stress-defor- 


mation relation, Eq. (20) is substituted into 
the time derivative of Eq. (89) with the result 


don da 


=—-@7!-on+on-at}- 


dat don HY 
dt dt dt ope dt ) : 
(90) 
where 


don \* da da 

ee Se aaa 91 
(GF) OF) ete(G) | oD 
gives the stress production due to the dissi- 


pative mechanism. The expression of 
(don/dt)* in the network theory is given by 


(d22)" AE Sn 5 |\@@lee, 0 


dt 
Ale, N)F(G, N, Olde. (92) 


In this equation F(é, N, #) is the distribution 
function of chains in the deformation state, 
B(é, N), the probability of the breakage of 
chains, and G(&, N, 7¢), the instantaneous dis- 
tribution function of deformed chains. If 
G(é, N) is spherically symmetric and #(, N) 
is a constant Bn, Eq. (92) is reduced to 
Ce \= K1—Bnon - 

On the other hand, the simple expression 
of (da/dt)* in our phenomenological theory, 
Eq. (26), leads to the following stress produc- 
tion: 


(93) 
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(94) 


Gai =28Qu(a-+a*)—2Ban . 


This expression is essentially different from 
that of the network theory, Eq. (93). Let us 
consider instead of Eq. (26) the internal de- 
formation production 


(Z)= Bla—a*)4+(e—x*)a-? (95) 


with the antisymmetric tensor (x—x*) satisfy- 
ing the equation 


ee a _da. Sy HOY 7 Rasa 7 HONG BO +-1da* 
2Q(x aan a:a*—a-at-a a 
(96) 
This also satisfies Eqs. (24) and (25). In this 


case Eq. (91) is reduced to the essentially 
similar expression to that of the network 
model, Eq. (93). Then, the Gaussian weak 
network model is characterized by Eqs. (86), 
(95) and (96) in our phenomenological 
theory. 

Eqs. (26) and (95) are both qualified for the 
internal deformation production due to the 
dissipative mechanism. Eq. (26) leads to the 
simple equation for internal deformation and 
the complicated stress equation. On the 
other hand, Eq. (95) makes the stress simple 
and the internal deformation equation com- 
plex. Which expression would better be 
used can not be determined from our treat- 
ment of this paper, but comparison with ex- 
perimental results. 

For the system in which Eqs. (85) and (95) 
are satisfied, the essentially similar results as 
those of the last two sections may be obtain- 
ed for the steady simple elongation (compres- 
sion) and for the steady simple shearing flow, 
although the detailed calculations are ignored 
here. 


C. Voigt Model 


§ 13. Stress Tensor in the Three Dimen- 
sional Voigt Model 

Corresponding to Eq. (4), we can charac- 

terize the three dimensional Voigt model with 


such a condition that 
a=aAn=aQy. 


(97) 


The law of energy conservation, Eq. (8), is 
written in this case with Eqs. (15)-(17) that 


Spl {o— peter “a. Ay > feo. (98) 
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Then, we have a tensor relation 
O=O0n+0n.- (99) ° 

This relation should be considered as the | 
fundamental stress equation for the three) | 
dimensional Voigt model. i 
The stress-strain relation is obtained by ex- |f 
pressing oa and o» in terms of a and a. 


§14. Elastic Stress Tensor 


The elastic stress-strain relation can be 
obtained by the similar procedure to the case ff 
of the stress tensor for the three dimensional 
Maxwell model in §7. Define the symmetric 
tensors as and as’ by 


a=a;s-R=R-as (100) — 
with the relations 
a;'=as, Gs *—as (101) 
and 
R*- R=R- R= (102) 
We choose the following three invariants as- 
sociated with a 
l’=Sp a;=Sp az; (103) 
J =Sp at-a=Spa-at* (104) | 
and 
KA leis (105) 
The elastic strain energy density w may be | 
a function of these three invariants: 
WaT hy ee (106) 
Then, the elastic stress tensor oa is written 
in the form 
oo=—Rvast+2Qva-a*+Prl, (107) 
where the coefficients Ry, Qr- and Py are 
given by 
=00/Or 5 
QOr=dw/oy (108) 
and 
Py=[0w/0K’|K’ 


analogous to Eqs. (37) and (38). 


§ 15. Viscous Stress Tensor 

At a glance it might seem that a similar 
relation to that of ow hold for o» with replace- 
ment of a by a=(da/dt)-a“!. However, it is 
not the case. For example, let us consider 
the simple shearing deformation, 

Le Ae 0 

p= || <\) 1 0 

0: VAG 1 


(109) 


1959) 


In this case, 


Bie Ay 20 
a=| 0 0 0 (110) 
Te Omeerall=-450 
and 
i ANOM! OL] 
&-at=| 0 0 (111) 
a De 5 0) 
Hence we have 
Divi OUGHTA 
‘ue amelie Velie) (112) 
0 0 0 


Then all non-diagonal elements of the viscous 
stress tensor corresponding to Eq. (109) should 
vanish; the relaxation terms do not exist in 
the shearing stress components ¢j2=02. This 
results contradicts to our common observations. 
It is expected that the dissipation mechanism 
depends not only on the rate of deformation 
but also on the deformation state. Then we 
must start from the general tensor relations. 

Let us consider a symmetric tensor A. Any 
symmetric tensor, say, B, of which principal 
axes coincide with those of A, is represented 
in such a form that 


B=s1+tA-+uA? , (113) 


where the scalar coefficients s, ¢ and zw are 
functions of the invariants of A and B’. On 
the other hand, for any symmetric tensor, 
say, C, consider three symmetric arbitrary 
tensors Ai, A: and A; of which the sets of 
the principal directions do not coincide with 
each other. It can be shown that there is a 
symmetric tensor C’ which is a linear com- 
bination of these three tensors and of the 
square of one of these, say, Ai, with suitable 
scalar coefficients ai: 

C =a A1+02A2+03A3+44A1", (114) 
and of which the set of the principal direc- 
tions is the same as that of the tensor C. 
(Appendix B.) 

Eqs. (113) and (114) suggest that any sym- 
metric tensor may be expressed by a suitable 
linear conbination of three reference symme- 
tric tensors with different sets of principal 
directions, their squares and the unit tensor. 

In our case, a, is a symmetric tensor de- 
pending on @. If @ has any kind of sym- 
metry property, for example, rotational sym- 
metry around a axis or reflection symmetry 
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with a plane, etc., a, should have the same 
Symmetry property. Hence, as the reference 
tensors we can choose the following three 
symmetric tensors 


(1/2)(@+4*), Gs and a’, (115) 
where 


io) ° 
as’=a*-a and @s?=a-a"*. 


(116) 


The viscous stress tensor oy may be written 
in such a form 


on=p1t+q(at+a*)+n(a+a*) 


+Q2@*-a+rnas+q3sa-a* +rsas'. (117) 


The scalar coefficients p, g’s and 7’s are func- 
tions of invariants of the reference tensors 
(115) and, in general, of those associated with 
the deformation tensor. The condition of 
positiveness of the energy dissipation, 


o€ ° 
iP [on- a] = 0 
makes a restriction to those scalar coefficients. 

Among others the most important are Eqs. 
(99), (107) and (117), and these are the 
fundamental stress-strain equations for the 


three dimensional Voigt model. 


(118) 


§ 16. 


As an example of deformation, let us con- 
sider a simple elongation (compression) along 
the coordinate axes. The deformation tensor 
is diagonal: 


Simple Elongation (Compression) 


a(t) 0 0 
a= 0 gai) 0 (119) 
0 0 as(t) 


and, hence, is equal to the strain tensors as 
and as’. Then, Eq. (107) gives the diagonal 
elastic stress tensor of which the normal 
components have the form 


(on)u=Ryart2Qvar?t Py . (120) 


Furthermore, a=(da/dt)-a~™ is also diagonal, 
and the three reference tensors coincide with 
each other: 


(1/2)\(a-+6*)=Gs= as 


ax(t)/ai(Z) 0 0 ‘i 
ube 0 a(t) /a2(t) 0 . (121) 
0 0 as(t)/a(t) 


The viscous stress tensor oy is also diagonal, 
and from Eq. (117) its normal components are 
written in the form 


(an)is=1(Gi/ai) +Q(ailai) +P . (122) 
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ry, q and p are the functions of invariants as- 
sociated with a(t) and a(t). They must satis- 
fy the condition (118) which is reduced to 
ri (ailai?+q du (Gi/air+p du (ai/a:) = 0. 
(123) 
From Eggs. (120) and (122) we have the total 
stress tensor of which diagonal elements are 
ou(t)= Py’ +2Qvar2()+Rraitt) 
+q(ailai)??+r(ai/ai) . (124) 
Let us consider a special case in which an 
incompressible material is stretched in the x- 
direction by a simple tensile force. The 
diagonal components of deformation and of 
stress tensor should have the following forms, 
respectively: 
a(t=att) , 
a,th=ah=WVa ; (125) 
and 
ou(t)=oa(t) ’ 
022 = 033(t) =0 A (126) 
Eq. (124) and both the second members of 
Eqs. (125) and (126) determine the hydrosta- 
tic pressure P,’, and tensile stress component 
o(t) is reduced to the form 


a()=20r( aX) a ap te (aw) ee Jan) 
5 (a)\*, 3 at) 
healeeg, ey (127) 


The restrictive condition Eq. (123) for r, q 
and p becomes 


qa@)/at))+2r=0. (128) 


§17. Simple Shearing Deformation 


Making use of the arguments of §11, we 
can easily write down the exression of stress 
tensor for the simple shearing deformation, 
Eq. (109), using the similar procedure to that 
of the last section, such as 


6n=ERLYA+G P+P, (129) 
On=r/Atq’ R+P , (130) 
d33=Ry(1—2/Y 4422) +P, (131) 
6s=01=6n=El+yh 5 (132) 
023 = 032=031=013=0 . (133) 


In these expressions we have adopted the ab- 
breviations 


E=(Ry/V4+22)+2Qr , 


VTi, 


(134) 
(135) 
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(136)) 
(137) 


LiF , 
q’=Uut@ , 


V=P3 5 


G=HntG, 


and 


P=(2Ry/V442)+2Qr+Py+p. (138) 


The condition of positive dissipation of | 
energy, Eq. (118), requires the positiveness of H 
‘‘ viscosity coefficient ’’, | 

nie (ie (1393 
The other coefficients may take arbitrary | 
signs and magnitudes. 

Eq. (132) shows that the shearing stress os 
satisfies formally the classical Voigt equation. 
However, in our case, the coefficients E and 
” are in general not constants but functions 


of 2 and Re, that is, Eq. (132) does not exclude © 
non-linearity in the shearing stress-deforma- 
tion relation. 

The term £2? in on is an additional ten- 
sion analogous to that arises in the three di- 
mensional Maxwell model which gives rise to 
a normal stress effect (Weissenberg effect). 
In the present model, a visco-elastic normal 
stress effect exists as will be discussed in the 
next section. This is called the Poynting 


effect. 7A and q/#?2 in on and similar terms — 
in ¢22 can be interpreted as (nonlinear) relax- | 
ation cross effects. These are due to the 
terms associated with ds and a’s in Eq. (117). 


§18. Poynting Effect 


Let the circular cyclindrical Voigt material, 
of which the radius is R and the length ish, 
be twisted by a torsional couple acted on its 
ends. Denote the twisting angle 40(t). The 
simple shearing deformation is produced in 
the ¢g-direction with the displacement gradient 

A(t)=(40(8)/h)r=sr (140) 
in the z-direction. 

Denote by M the moment of force which 
is applied on the ends of cylinder. This is 
obtained by integration of the shearing stress, 
Eq. (132), over the cross sectional area, that 


M=kst+us , (141) 
where 
R 
c= \ 2707E(so)do (142) 
and 
R 
b= | ‘ 270?u(so)do . (143) 


| 1959) 


| 


} 


Then, the moment of force and the twisting 
angle obey the classical Voigt type stress- 
deformation relation. 

Non-isotropic terms in the normal stress 
components give rise to the additional pres- 
sure, as has been seen in the treatment of 
the Weissenberg effect in the previous paper®. 
Distribution of pressure JI (7) is obtained by 
solving the Euler equation with the stress 
tensor Eqs. (129)-(133). In the simple case 
of R=0, I(r) becomes 


IT (r)= Pot 3E324+(7 —r' sr +(3q —q/) 87? , 


(144) 

where 
B={2\"Z( Baap “i Pp, (145) 
Pa =| |code} ih r, (146) 
7={2\"a sooo dp ee (147) 


and Po is the pressure acting on the side 
surface of the cylinder. In order to keep 
the length of the cylinder constant, it is ne- 
cessary to apply the total pressure JJ; on the 
ends, of which magnitude is given by 
Ti=SPo+ Ks?+P5+y8", (148) 
where S=zR? is the area of the cross sec- 


tion and we have made use of the following 
notations: 


K= =| "E(o)o%do (149) 

b=2n| "7 —r)otdo (150) 
and 

ran "@—2q" 0%". (151) 


If the ends of the cylinder are free from 
the normal stress, its length may elongate or 
shorten depending on the signs and magni- 
tudes of K, # and x. 

Although experimental investigation of this 
effect has been scarcely made, it should play 
an important réle in the analysis of visco- 
elastic properties of the sample, as that of 
the Weissenberg effect in the case of the 
Maxwell model. Especially, responses of the 
sample to sinusoidal twisting experiment will 
give valuable informations about its mechani- 
cal behaviors. Non-linear visco-elastic pro- 
perties may be detected by the treatments of 
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overtones in the responded stress and/or 
strain components. Those in the shearing 
stress or strain give a measure of the “‘ struc- 
tural viscosity ’’ of such material, and those 
of the normal stress and/or strain correspond 
to the Poynting effect. Analysis of phase 
and magnitude relations between such exci- 
tations and responses will give the estimation 
of conformity of our three dimensional Voigt 
model with actual visco-elastic materials. 


D. General Discussions 


§19. Non-linear Behaviors 

In the classical theory of visco-elasticity, 
the considerations are restricted within the 
framework of linear relations between stress 
and strain; the elastic modulus and the vis- 
cosity coefficient are independent of the stress 
and the strain state. These systems are 
characterized by the internal elastic energy 
density which is proportional to the square 
of the internal elastic strain or of the elastic 
stress, and by the constant relaxation or re- 
tardation time. 

Our three dimensional visco-elastic theory 
permits us to treat non-linear visco-elastic 
properties such as non-Newtonian flow, normal 
stress effect, etc. Non-linearity of visco- 
elasticity can be classified in three types: 
elastic, viscous or relaxational, and geometric 
non-linearities. 

Define the elastic linearity by the (internal) 
strain energy density which is proportional to 
the sum of squares of three eigenvalues as- 
sociated with the (internal) deformation ten- 
sor, apart from the additional term depend- 
ing only on the dilatation. Such additional 
strain energy corresponds to the additional 
isotropic hydrostatic pressure in the stress 
tensor. This definition may be a natural ex- 
tension of that of the classical theory. A 
typical example of such elastically linear 
system is the Gaussian network of which 
strain energy density is given by Eq. (86), 
and it corresponds to the linear tension- 
elongation relation of a Gaussian chain. The 
stress tensor of our elastically linear system 
is written in such a form as Eqs. (88) and 
(89) with a constant elastic modulus Q and 
the hydrostatic pressure P which depends 
only on the dilatation. We can attribute the 
dependence of Q on the stress state and the 
existence of R-term to the elastic non-lineari- 
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ty of our theory of visco-elasticity. 
Relaxational linearity for the Maxwell 
model is defined by the constant ‘“‘ relaxation 
coefficient’’ 8 in Eq. (26). To be more gene- 
ral, 8 should be replaced by a fourth order 
‘‘relaxation tensor’? B=(8ij,x«.), and creation 
of the internal deformation is written in the 


form 
* 
(Ff). = — Bi5,nr(@er—On) « 
When £ is constant, the system may be call- 
ed relaxationally linear. In this case, Eq. (20), 
which determines the internal deformation 
tensor, is essentially linear with respect to 
every components of the internal deformation 
tensor. 

Although the resultant stress tensor is es- 
sentially the same as that corresponding to 
Eq. (26) for stational simple shearing flow, 
the system with different type of creation of 
the internal deformation, Eq. (95), should be 
classified in the relaxationally non-linear sys- 
tem. The relaxation tensor is given in this 
case by 


Bij,n=[{Ba—a*)+(x—x"*)a}}- 
-(a—1) Jax d jr « (153) 
In the case of the Voigt model, the defini- 
tion of viscous linearity becomes very arbit- 


rary. One of its possible definitions will be 
given by the following stress tensor 


(152) 


On=7(at+a") (154) 
with a constant viscosity coefficient 7. This 
viscous stress tensor gives the shearing stress- 
deformation relation of simple Voigt type, 
Eq. (11), for simple shearing deformation, if 
the system is elastically linear, too. Further- 
more, this viscous stress leads to no cross 
effects in viscous stress-deformation relation, 
excepting the symmetrization in each pair of 
complemental non-diagonal elements. The 
other terms in Eq. (117), apart from the hy- 
drostatic pressure pl, give non-linear stress- 
strain relations in the usual sence, and/or 
cross effects at least for asymmetric deforma- 
tions. Then, the said definition of the vis- 
cous linearity, Eq. (154), is reasonable in our 
system. Deformation-rate dependence of 7 
and/or existence of the other terms in Eq. 
(117) give causes of viscous non-linearity. 

Even if the system is elastically and vis- 
cously linear in the above sense, some non- 
linear behaviors and cross effects may happen 
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to occur between stress and deformation com- 
ponents. One of the typical examples is the 
normal stress effect. The square terms 
oo(A/B)? in Eq. (84) and E/? in Eq. (129) are 
such non-linear cross terms, which are essen- 
tially due to the three dimensional nature of 
materials. We shall call these the geometric 
non-linearities. It is easily shown that the 
upward convex tension-elongation curve of 
rubber-like elasticity in the range of relative- 
ly small elongation is another example of the 
geometric non-linearity. 

The experimental separation of non-lineari- 
ty into these three parts can be carried out 
by independent observations of two or more 
different stress-strain relations. A typical set 
of such observations is those of the shearing 
viscosity and of the Weissenberg effect for 
elastico-viscous liquids. The details of this 
analysis have already reported in the previous 
paper®. 


§ 20. Generalized Model 


Visco-elastic properties of the Maxwell and 
Voigt models in the classical theory are 
mathematically expressed by the first order 
linear differential equations of stress, strain 
and their time derivatives, Eq. (10) and (11). 
More general linear visco-elastic properties 
correspond to linear differential equations which 
contain higher time derivatives of stress and 
strain. It is well known that suitable paral- 
lel and/or series connections of the simple 
Maxwell and/or Voigt models represent these 
general linear visco-elastic properties. This 
generalization has led to the considerations 
of the so-called relaxation and retardation 
times, or, in other words, to the considera- 
tions of the relaxation and retardation spec- 
tra. This is closely connected with the prin- 
ciple of superposition, which has meanings 
only for the linear systems. 

The stress-strain relations of our three di- 
mensional theory are in general non-linear in 
the usual sense. Then, such generalization 
procedure may strictly be impossible. How- 
ever, we can consider formally the parallel 
and/or series connections of three dimensional 
Maxwell and Voigt models. Parallel connec- 


tion is characterized by the condition 
a=a=a,=::- 


(155) 
and 


G01 boats 5 


(156) 


1959) 


and series connection, by 


a=a+a2+--- (157) 


and 


o=d1=02.=::-. (158) 
The concept of the relaxation and retardation 
time spectra may not be kept in these sys- 
tem in which the principle of superposition 
is no longer estimated. When we restrict 
our consideration in the special deformation, 
however, it is possible to define the relaxa- 
tion and retardation times and their spectra. 
Let us consider the case of simple shearing. 
Define the relaxation time for a Maxwell 
model of which creation of the internal de- 
formation is given by Eq. (26), by 
t(A)=1/B(A) . (159) 
This is in general a function of the velocity 
gradient. For the generalized Maxwell model, 


relaxation time spectrum may be given by 
the quantity 


F(c)=(1/t)[R(At)(Sin 6/ar)+Q(At)] = (160) 
with 

tan 0=Ar/2. (161) 
Then, the spectrum depends in general on 
the velocity gradient 2. On the other hand, 
the retardation time for a Voigt model may 
be defined by 


r#(2, A)=(A/E(A) , (162) 
Retardation time spectrum of the generalized 
Voigt model takes the form 
G(c*)=E(c*)/r* (163) 
as usual. This depends on the magnitudes of 
the deformation and its time derivative, too. 
It is easily seen that these definitions of the 
spectra are natural extensions of those in the 
classical theory. 


§ 21. 


A phenomenological theory was presented 
on the non-linear visco-elastisity of three di- 
mensional bodies. The Maxwell and the 
Voigt model which were essentially one di- 
mensional were extended to corresponding 
three dimensional ones. We started from the 
energy consideration, and defined the “‘ series 
and parallel connections’’ of mechanical 
elements, i.e., the spring and the dashpot. 
In the case of the three dimensional Maxwell 
model, we introduced the internal deforma- 
tion as the deformation of equivalent elastic 
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body which possesses the same stress state 
as that of our visco-elastic body at each in- 
stant. The stress tensor was obtained by ap- 
plication of the three dimensional theory of 
elasticity to the above internal deformation. 
In the Voigt case, the stress is divided into 
two parts; the elastic part and the viscous 
part. It was assumed that the elastic stress 
tensor obeys the same stress-strain relation as 
that of the theory of elasticity, while the vis- 
cous stress tensor may have the more com- 
plex strain dependence. For examples of ap- 
plications of our theory, we treated the sim- 
ple elongation and the simple shearing for 
both models. Non-linearities in the stress- 
strain relations were classified into three 
categories: elastic, viscous (relaxational) and 
geometric non-linearities. It was shown that 
deformation-rate dependence of the so-called 
tensile viscosity and the normal stress effects 
(the Weissenberg effect and the Poynting ef- 
fect) are essentially geometric non-linear be- 
haviors due to the three dimensional charac- 
ter of the materials. A typical example of 
the elastic non-linearity is the upward con- 
cave tension-elongation relation of the rubber 
elasticity for large extension of the sample. 
The structural viscosity, or, in the other 
terminology, the non-Newtonian flow is main- 
ly due to the viscous (relaxational) non-lineari- 
ty.» 

If the deformation is not uniform, the 
treatment of the problem becomes in gene- 
ral complex, and the exact solution may 
hardly be obtained. In such cases the so- 
called variation-principle of the stress-strain 
relation should play an important réle for the 
derivation of an approximate solution. This 
problem is now being considered by the author. 
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Appendix A 


Let us consider two closely occupied points 
A and B of the internal effective elastic 
mechanism. The distance between them is 
changed by the internal deformation from 
Or) to dr. The square distance is written in 
the form 

(Os)?=(6r)*- (Or) =(6ro)- (a*-a)- (Oro) 

= Digat-a)izOri070; , (A.1) 
which must be positive for any Or. This 
implies that the symmetric tensor a*-a@ is 
real positive, i.e., its three eigenvalues 4:?, 
A2* and 43? are all real positive. We define 
the new real positive symmetric tensor as 
which has three positive eigenvalues 41, dz 
and 43 and the same principal directions as 
those of a*-a. Obviously, we have 


As*As=a*-a. 
The tensor R defined by 


R=a-as} 


(AGZ) 


(A.3) 
is orthogonal: 
R-R*=R*-R=1. (A.4) 
Define the real positive symmetric tensor 
as =R-as-R™, (A.5) 
which has the same eigenvalues as those of as 
but different principal axes. Eqs. (A.3) and 


(A.5) give the expected separations of inter- 
nal deformation tensor @ such that 


a=R-as=as-R. (27) 


Let us prove that when a small deforma- 
tions, say, (l+e), (e<1) is superposed on a, 
as(e) contains the components of e sym- 
metrically. Actually, the equation giving 
as(e), 

as(e)-as(e)=a*-(1+et)-(1+e)-a@ 
~at-ata*-(e+tet)-a (A.6) 


is symmetric with respect to the components 
of e, and the above statement is proved. 
Then, any invariant of the tensor as(e) sym- 
metrically contains the components of «. 

The stress tensor a is given by differentiat- 
ing the internal elastic strain energy density 
with respect to each component of «, and by 
taking the limiting process, e-0. The inter- 
nal elastic strain energy is a function of the 
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invariants of as(e). Symmetrical property of 
the stress tensor, which is a stability condition 


of the deformation, is maintained because of | 
Usually, the follow- | 


the above circumstance. 
ing three invariants of as are used: 


Lh=SiA=Sp as, (A.7) | 
h= diets - (A.8) i 
Ig=AiAndz=|aas| . (A.9) 


However, in what follows, we shall choose 
the different sets of invariants (J, J, K) or 
Cb), 
I=h=dyuiks=Spas, 
Jel? —2h= di dF=Sp as-as=Sp at-a , 
(A.11) 
K=Ig= 1A2A3=|as|=|a| 
and 
L=['+2)h?+2hb—4I’h 
== Act Op (Qs) = OP a 24a oan 
(A.13) 
In the text, we have used the set UJ, J, K). 
Making use of another set (J, L, K) we ob- 
tain another expression of the stress tensor, 
although this difference may be only apparent. 
Rivlin et. al.” have adopted the different set 
of invariants, 


L/=J=Spa*-a, (A.14) 
Tf = J?°—L)= Sucjaeaz , (A.15) 
I37=K?=|a*-al , (A.16) 


which corresponds to their definition of strain 
tensor, a*-a. 

In obtaining the expressions of stress ten- 
sor necessary are the differentials of the in- 
variants associating with the internal defor- 
mation (1+e)-@ with respect to each compo- 
nents of e for the limiting case of e—0. 
pihaterss 


i) Ie) 
In Eq. (A.6), put as(e)=ast+das. 
at once 


We have 


as: 4as+4as-as=a*-(e+e*)-a. 

Then, Eqs. (27) and (A.5) result in 
4as+as'-das-as=as!-a*-(e+e*)-a@ 
= (Rt- as’) R)- (R*-as’)-(e+et)-as’-R 


(A.17) 


=Rt-(e+e*)-as’-R. (A.18) 
Therefore we get 
2Sp das=Sp (e+e*)- as’ (A.19) 


or, 


(A.10) | 


(A.12) 5 
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T(e)=Sp a@s+4 dix (ix tei (as ei . (A.20) 


Making use of the symmetrical property of 
as we obtain 


eo 


) 
OE ux (A.21) 


) =(as’ )ix : 
0 
ii) Sle) 


From Eq. (A.6), we have 
JK&)=Sp as¢)- as(e) 
=Sp a*-a+Spat-(e+e*)-a 
=Sp at-at Dix (Eiet+Exi)-(a-a@*)er. (A.22) 


Then, 
iO) eee shee 
Ce ) 2a a" ix . 


(A.23) 
iii) K(e) 
In this case, 
K(e)=|(1+e)||al~d+S6u)lal , (A.24) 
and we have 


BIC ce 
a ) ala £0 


(A.25) 
iv) Le) 
The expressions 
L(&)=Sp [(as)*] 
=Sp [at-(1+e*t)-(1+e)-a-a*-(1+e*) 
-(1+e)-a] 
=Sp at-a+2 Sp [(e+e*)-a-at-a-a*] 
=Sp at-at2 Six (Cie t+En)(a-at-a-a*)ei 
(A.26) 
give the differentials 
tae ) (aor aa") : (A.27) 


Eqs. (A.21), (A.23), (A.25) and (A.27) give 
the expressions of stress tensor for the two 
sets of invariants UJ, J, K) and (Jj, L, K) 
such that 


i) For the set VU, J, K): 


o=Ras +2Q(a-at)+P1, (A.28) 
where 
R=owl, J, Kye , (A.29) 
Q=00wly J K)/ey (A.30) 
and 


P=[dw(, J, K)/OK\K. (A.31) 
ii), Fon. the set) (/,, C, A): 
o=20'(a-a*)+4S'(a-at-a-a*)+P1, 
(A.32) 


where 
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Q’=0uw, L, Kos, (A.33) 
S’=dw( J, L, K)/OL (A.34) 
and 
P’=(0u(J, L, KOK|K. (A.35) 


Appendix B 


Take the three linearly independent sym- 
metric tensor Ai, Az and A3 which have dif- 
ferent sets of principal axes from each other. 
Let us prove that for any symmetric tensor 
A, we can find a suitable linear combination 
of above three tensors and the square of any- 
one of them, say A:, such that the linear 
combination has the same set of principal 
axes as that of A. Through the transforma- 
tion of coordinate which diagonalizes A, 
above three reference tensors and, thus, their 
squares cannot be brought into diagonal 
forms simultaneously. If one of our referen- 
ce tensors happens to become diagonal, our 
statement is trivial. Then, we assume that 
our reference tensors are all non-diagonal in 
the new coordinate system. We can define 
the three dimensional ‘‘vectors’”’ of which 
elements are the non-diagonal elements of re- 
ference tensors and of their squares, that is, 


U.=(At.o3, Assi, Ai.iz) , 
liss=((As*)23, (Ad?)a1, (Ad)a2). (BI) 


Because of linear independence of the vectors, 
we have the relation 


Qh +d2b+as3lst+ah=0 (B.2) 


with suitable coefficients a. Hence, with 
these coefficients, our linear combination of 
tensors may be brought into a diagonal form 
together with tensor A. 
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We study the characteristic features of single, double and triple bonds 
between carbon atoms by idealizing the problem to the electronic struc- 
ture of fictitious diatomic molecules =C-—C=, =C=C= and -C=C-, 
where the “open” bonds of carbon atoms are represented by a suitably 
hybridized orbitals, associated with free spins. Thus, adiabatic potentials 
are non-empirically and numerically computed and bond energies and 
equilibrium internuclear distances are evaluated. We obtain 3.le.v., 
1.25e.v. and 0.20 A, 0.10 A for the values of relative bond energy differ- 
ences and bond distance differences of single and triple, double and triple 
bonding. The corresponding experimental values are 2.9e.v., 1.0e.v., 


and 0.34 A, 0.12 A respectively. 


§1. Introduction 

The nature of the single bond was quantum- 
mechanically disclosed by many authors by 
working out quantitative theories of the ss- 
and sp-bonds. However the quantum-mechani- 
cal nature of the double and triple bonds has 
not yet been fully known. The double bond 
was first discussed by Hiickel” on the basis 
of quantum mechanics. The theory was later 
improved to some extent by Pauling”, Pen- 
ney» and Mulliken®. It was known that the 
double or triple bond was due to two or three 
p-electrons partly associated with s-electrons. 

Although the relation between bond order 
and bond length is of great importance in the 
theory of carbon compounds, the quantum 
theoretical study for these has not yet been 
fully carried out. Systematical and quantum 
theoretical investigation of the true nature of 
single, double and triple bonds is of great 
importance, especially from a chemical point 
of view. Among the bonds between simpler 
atoms (for example, oxygen, nitrogen and 
carbon atoms), those formed between two 
carbon atoms are of special interest in organic 
chemistry. The typical cases of these bonds 
occur in C2He, C2Hs and C2H:, so that the 
problem is a study of the electronic structure 
of polyatomic molecules. In this paper, we 
intend to study the characteristics of single, 
double and triple bonding between carbon 
atoms. 

It has been suggested that each bond in a 
polyatomic molecule possesses an energy which 


is independent of the other bonds in the mole- 
cule and that the dissociation energy of the 
molecule will be equal to the sum of the 
energies of various bonds occurring in the 
molecule (semi-empirical “rule of bond addi- 
tivity ”)». For example, the energy of for- 
mation of methane is equal to fourtimes of 
the energy of a C—H bond; that of ethane 
to the sum of the bond energies of one C—C 
bond and six C—H bonds, etc. 
In general, for the molecule CrHons2, we 
may write 
E=(n—1)Ec-o+(2n+1)Ec-n (els) 
where EFco-c and Ec-n represent respectively 
the bond energies of the C—C and C—H 
bonds. We may therefore use the data for 
the molecules from CsHiz to CisHee for the 
calculation of the energies of the C—C and 
C—H bonds and using the method of least 
squares, obtain”, 
Eo-c=62.77 kcals , Ec-1=85.56kcals. (2) 
In a similar manner, the double bond energy 
Eo-c, the triple bond energy Ec=c are deter 
mined from the dissociation energies of ethy- 
lene molecular system, and of acetylene mo- 
lecular system, and we obtain 
Eo-c=101.16 kcals , 


Eo=c=128,15 kcals . 


(3) 
(4) 


Quantum Theoretical Treatment of 
Single, Double and Triple Bonds be- 
tween Carbon Atoms 


According to chemical experiences men- 
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tioned above, each “bond” seems to retain 
its individuality fairly well irrespective of the 
condition of neighbouring bonds, and the bond 
distances of single, double and triple bonds 
between carbon atoms are 


Ro-c=1.54 A ’ Re-c=1.32 A ’ Ro=c= 1.20 A 
respectively (see Fig. 1 and Table I). 


Bond energy (kcal/mol) 


Bond distance 


Fig. 1. Bond energies and bond distances between 
carbon atoms. 


Table I. Dissociation energy D of CpHon+2. 
CrHon+e D Expt. D Calc. (kcal/mol) 
CH, 348.6 342.2 
CoH¢ 579 576.1 
C3Hg 811.6 810.0 
CsHi9 1044.8 1043.2 
CsHie 1277.8 1277.8 
CeHis 1511.9 ily 
C7Hig 1745.8 1745.6 
CgHig 1979.5 1979.5 
CoH 2213.5 2213.4 
CioH22 2447.1 2447 .2 
CruiHos 2681.3 2681.1 
Ci2H 26 2914.2 2915.0 


We may therefore hope to be able to study 
the characteristic features of these carbon- 
carbon bonds by idealizing the problem to 
fictitious diatomic molecules =C—C=, =C= 
C= and —C=C-, where the “open” bonds 
of the carbon atoms are represented by 
suitably hybridized orbitals, associated with 
free spins, which mean all possible structures 
having @ or @ spin in each “open” bond. 

In other wards, we do not explicitly take 
account of the presence of hydrogen atoms 
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(or other atoms forming bonds with the carbon 
atoms) but only consider their effects by keep- 
ing the carbon atoms in their appropriate 
valence states, and 1s electrons are not treated 
quantum-mechanically but we take account 
of the effect of the shielding of the nuclear 
field by them. 

Thus we have merely to deal with only an 
eight electron system, with the Hamiltonian 


= (Het dH)tEGuty (5) 
where 
ee yer ee 
2 Fa Ves Vc (6) 


Hi is the hamiltonian operator for the ith 
electron in the field of the nuclei alone, and 


AH, =2| \ ened yc ale (7) des} 
Vos To'j 
pega: 


Tei 


(7) 


Gis=1/745 (8) 

R is the carbon-carbon internuclear distance. 

4H; is a correction term which takes ac- 

count of the finite extention of 1s electron 

orbitals in the carbon atoms. c(j) and c’(j) 

are the wave functions of 1s electrons in the 
carbon atoms C and C’ respectively. 

All quantities are measured in atomic units: 
lengths in units of the Bohr radius @z=0.529 
A; energies in units of 27.204e.v. (This is 
twice the ionization energy of the hydrogen 
atom.) In these units, the kinetic energy 
operator for an electron is —34, the potential 
energy of an electron at a distance 7 from a 
nucleus of charge Z is —Z/r, and the repulsion 
energy of two electrons 7 and 7 at a distance 
rij apart is 1/r4;. 

A. H-L-S-P Method 

There are two fairly distinct and funda- 
mental methods of investigating the electronic 
structure of polyatomic molecules. One is 
associated principally with the names Hund”, 
Mulliken®, Lennard-Jones® and _ others, 
(namely the molecular orbital method), while 
the other owes its development chiefly to 
Heitler, London’?, Slater! and Pauling! 
(namely the valence bond method). The H-L- 
S-P method on based on the idea of electron 
pairs. The spin of an electron on one nucleus 
is coupled with that of another electron on 
another nucleus to give a resultant spin zero, 


Vert 
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and the pair then forms a saturated bond. 
Pairing occurs between the spins in such a 
way as to give a maximum bonding energy, 
and the number of free spins capable of being 
paired with electrons on other atoms consti- 
tutes the valency of the atom. 

It is a well-known fact™ that the valence 
bond method including ionized siates and the 
molecular orbital method including interaction 
between configurations eventually give identi- 
cal results. The H-L-S-P method is the one 
most closely associated with the chemical 


Fig. 2. Model I. The tetrahedrally hybridized 
bonding in ethane molecule. 


Fig. 3. Model Il. The tetrahedrally hybridized 
bonding in acetylene molecule. 


The «x orbitals on C and C’ are not shown 
to avoid confusion. They are directed per- 
pendicularly to the plane of the paper. 

Fig. 4. Model III. The trigonally hybridized bond- 
ing in ethylene molecule (trigonal sp? hybridi- 
zation model). 
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treatment of molecular structure. In this 
paper, we consider the localized fictitious mo- 
lecular system and therefore calculate by the 
H-L-S-P method. 
B. Models 

We take the following models for these dia- 
tomic molecular system. (see Fig. 2-6). Model 
I and Model II represent the tetrahedrally 
hybridized bonding’ in ethane and acetylene 
molecule. Model III shows the trigonally hy- 
bridized bonding in an ethylene molecule as 
superposition of a o bond formed by overlaps of 


'y y! 


Cc Ge 


Fig. 5. Model IV. The tetrahedrally hybridized 
bonding in ethylene molecule. 


The four r-orbitals of the two atoms C and C’ 
are not shown. They are in perpendicular 
pairs at right angles to the line CC’. 

Fig. 6. Model V. The x-model in acetylene 
molecule. 


two trigonal hybrids and a z-bond formed by 
overlaps of two unhybridized p-type orbitals 
(trigonal sp? hybridization model). Model IV}? 
shows the tetrahedrally hybridized bonding 
in ethylene and Model V is the z-model in 
an acetylene molecule which is composed of 
one o and two z bonds and here also the z- 
bonds are formed between electrons in non- 
hybridized p status. The o electrons, two to 
each carbon atom, are located in sp hybrid 
orbitals, formed by the linear combination of 
one s and one p wave function and the mole- 
cule is therefore linear. 


C. Atomic orbitals 

Of the free atom AO’s, the self-consistent 
field AO’s of Hartree and Fock are the most 
accurate for atomic calculations, but it is not 
guaranteed that they are the best for molecu- 
lar calculations as well. For the latter, the 
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simple atomic orbitals of Zener!” and Slater’® 
are most often used. 

The following set of Slater atomic orbitals 
is therefore adopted: 


(1s) = (6/7)? exp (—0’r) 
(2s) =(05/37)1/27 exp (—67) 


(2px) = (65/7)1/2r sin 6 sin 6 exp (—67) (9) 
(2py) =(6°/z)1/2r sin 8 cos ¢ exp (— Or) 
(2p.) = (05/7)/2r cos 6 exp (—<dr) 
where 
C= 3.10-. O= 1,625 (10) 


The atomic orbitals on one atom are norma- 
lized and mutually orthogonal, except that the 
nodeless Slater 2s is not orthogonal to the 1s. 


Table II. 
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Orthogonal 2s functions are formed from the 
original 2s and 1s in the following way™: 


_ (2s) —0.2205(1s) 
a oie 
=(2s)+a(2s)—b(1s) 


(11) 
where 
a=0.024 , b=0:2205% (12) 


The normalized orbitals are then orthogonal 
to all the other orbitals of the same atom. 
The notations c, s, x, y, z will be adopted 
for the carbon ls, 2s, 2pz, 2hy and 2p, orbitals 
respectively, with c’, s’, x’, y’, 2’ for the cor- 
responding orbitals of the second carbon atom. ~ 
The 2p. orbitals are directed along the inter- 


Interatomically orthogonal 2s, 2p-hybrid orbitals. 


N. N 
¢, =a; Sta,etayytaxe 


Model I and Model II. 


V; ye , 
3 
= 1 
al,, ait 3 Y6’ 
i. ese 
? VY 6 > 
Y 2 tana, OF 
Model III. 
(eal iL 
Ra Wane 
BENS 1 1 
M5 Ya rere 
0, 0, 
L. Wanna? 0, 
Model IV. 
Vaan igh ans 
1 af 1 
yoo a gs 
a3 1 
———9 9/1 
Cpe " 
1) ¥ I? 0 
sy oae : 
Model V. 
ler] One 1; 
0, 0, 
ayy lege: 
sina’, 0, 
costa’, 0, 
1/2 
where v=(cost a- =) é [cos On 


w!=(cos 28)1/2/cos B , 


0; +2 tana 
wel De 
= Wag © Fy x tana 
rertee nay oe 
yp. + = ana 
0, 4¥Y¥ 34 
1 a! 
0, — 7 tana 
1 
OF _ 7g tana 
Ve 0 
OF w i 
1 ss 
On - yp tana 
1 
5 -_-—_— 
/ 2 tana 
il 1 ? 
oye yo an 8 
1 1 
nivae * yo tang 
OF 0 
i 0 
0, —cos a’ 
0, Sin a’ 


w=(cos 2a)1/2/cos a, 


(tan? a+tan2 p= 13 
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nuclear axis, and the positive direction of both 
2pz orbitals is taken in the positive z direction. 
D. Interatomically orthogonal 2s, 2p-hybrid 
in homopolar bonds 
In general, we construct the interatomically 
orthogonal 2s, 2p hybrid AO’s in homopolar 
bonds corresponding to each model. The re- 
sults are shown in Table II. 
These include the most frequently used 
orthogonal! sets?” as follows: 
For 90° bond angle: 
For tetrahedral bond angle: 
WOME WE WG 
For 120° (trigonal) bond angles: 
LY, TPO Lh OO 


7/ 


7 
See a 


For 180° (diagonal) bond angles: 
She, i, 70... OF Ot, ai, #,. m . 

Symbols differing by the use of one or 

more primes in (13) denote mutually ortho- 


gonal and geometrically equivalent but differ- 


ently oriented AO’s. 


E. Structures associated with free spins 

We discuss the case of Model I. We con- 
sider the possible structures associated with 
free spins in the “open” bonds of carbon 
atoms. Since the bonding orbinals gs and gy, 
which are supposed to point to z and 2’ direc- 
tions respectively, are occupied by electrons 
with anti-parallel spin, the possible spin orien- 
tations are (a,8) and (f8,q@). For each of 
these two, there are 26=64 possible structures 
corresponding to the spin orientation of the 
remaining six electrons housed in ¢1, ¢2, $3, 
v1, Yy and ¢3. We shall divide these orbitals 
into two groups (¢1, 2, 3) and (¢3", G2’, $1’), 


and, according to their spin orientation (aaa), 


(aaB), (Baa), (aBa), (a@BB), (Bap), (BBa) and 
(888), denote the structures of these two 
groups by A,B,C, --: and H and a,b,c, -:-. 
and h respectively. Then the structures of 
the total eight electron system can be specified 
by the combination as Pg, where P and q 
stand for any one of A, B, ---,H and of a,b, 


3| Ort 20r, at 


General Theory of Bond Energy and Bond Distance 


(1) 


335 


--+, h respectively, and by the spin orientation 
of the bonding electrons. For the structures 
with (a, 8) spin of (¢1, gv) we shall use the 
symbol Pg, and for those with (8, a) spin of 


(¢4, Gu) the symbol Pq will be employed. 

Then, the unnormalized wave function for 
any one of the structures Pg, say Aa, is given 
by 


$sa=(IPiP2PsPipur vs Pr Pr) , (14) 

and the function for Aa is 
_ Bia=(lPiP2PsPipuesP2Pr'l) « (15) 
The notation (|---|) represents the usual 


Slater determinant (multiplied by 1/81), the 
orbitals without bar including a-spin and with 
bar 8-spin functions of electrons in them. 

The wave function of the structure corre- 
sponding to the electron pair bond between 
gs orbital and gy orbital is 


ee (16) 


i 

F. General formulas for electronic energy 
We have to derive the general formulas for 
the adiabatic potential which characterizes the 
nature of binding of the molecular system. 
We shall illustrate it in the case of Model I. 
According to the chemical experiences as 
mentioned in §1, we may hope that the bond 
energy can be calculated by the wave func- 
tion of the electrons which are housed in 
carbon-carbon atoms, and therefore if we re- 
move the surrounding atoms in the real satu- 
rated compound to infinite distance, the energy 
of this. system is the sum of the energy EF of 
the fictitious molecular system defined in §2 
and the proper energy of the surrounding 
atoms. Thus when we consider the nature of 
bond between carbon atoms in this case, we 
may calculate the energy E of the fictitious 


molecular system. 


Based on this idea, the total energy FE of 
the fictitious molecular system with open 


~ bonds =C—C= is found to be given by 


Cra 3200. de > 


(17) 


WES 
3\OrutOre dt 


C veto a» 


where <Q) means the average value of the quantity Q taken over all 2° possible structures 
Pq mentioned in §E. For the proof of this formula, the reader is refered to Appendix I. 
In our calculation, as the overlap integrals Si; between the non-bonding orbitals are small, 
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we expand E in powers of Si and we neglect all terms of third and higher powers in Si. 
Thus in our approximation, we take into calculation terms up to the second power in non- | 
orthogonality between non-bonded orbital. 

When we substitute (16) in (17), we obtain 


B= | \ rd treba) |Y 
+ ([ | Gerda (Gou— dra) a | 
=C[ Feat ee-trude) +3 ([trit5e° bm: de) —(| one? 24rd) | 
“ ea ays de) +5 (erator de) -( [onto ae)) (18) 


If we calculate the integration [tat oe da dt substituting (14) in ¢@4a, we obtain 


[Psat O10 de=(b1al 7 \ba) 


5 (—1)" | o*a(tos*@a2)es"B)a(8)ouat) 


x Gar*(5)B(5)p3"* (6)a(6) Ga"*(7)a(7) gr*(8) a8) 
x SH Poi (1)a(1)g¢2(2)a(2) ¢3(3)a(3) 4(4)a(4) 
x gu(5)B(5) 9s(6)a(6)g2(T)a(7)or(8)a(8) 
x dt dtz dt3 dts dts dts dtz dts 
=|62* 2 OR de—| OR" BOR det --- 
= Ey—Co— S92 (ij 147) + Six iy + Hy) 
+Si5-( SS Hex) +2Siy SS (Gj: RR)+Siy> (RR: }+--- 
Kt, J” k>st, J” Kk, laej, 5” 
= Ey—Co— DG {(6j’ 217 Si tt: fF) +S G0: F'7’) 
+2i9 His —S§( Aut Hy )+Si5-(> Hex) 
+2Siy Si (ij’ :RR)—Siv > {(ii: kk) +(7’7’ :RR)} 
+Siy, 3 {(ii: RR)+(j’j’ RR} +++ 
=Khy—Qo—>2 Siv{> Hiex+ = CAD: 
— SP {Gi 479) SRG fF ) 2S ag Haye 
—Sij( Ht Ay) +219 SL (ij: RR) 
kt, J” 
—Sijy X(t: RR) +97’ RR) ++ 
= Ei—Co—Eo( S98 Si) -—CQ2 ++ ++ | (19) 
where 


Eu= [nr ce oe de=D Hat X Gisii) (20) 
(Coulomb integral term) 


Caa= Dida Guy , (21) 
(Interatomic exchange integral) 
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Cia Cae (22) 
(Interatomic exchange integral) 

Gi = (19) — Sy ti: 9’ 7) +2Si9 Hay — (Ha + Hy) S88, 

2 Tia — 2 ‘8 Mer ia 
+25: Pon, Rk) Stir Si A (ci: kA) +(7 j’ :kR)} (23) 
ies [ora Haye s(t) de, (24) 

(One-electron potential and kinetic energy integral) 
(ij :i7’) -| pe(2)py*(2) > ell os() drs drs (25) 

Tiz 
(Exchange integral) 

b4a= DVGa(—1)? Per(1)a(1) 2(2)a(2) 9s(3)a(3) (4) ac(4) 

X g4(5)B(5) G3"(6)a(6) G2(7)a(7) G1(8) a8) . (26) 


The notation {2 means the summation over all possible single exchanges in the structure 
Aa. 


In a similar manner, we obtain 


| sia" o7 de=(b7al 7 \b7@) 


=Ey—Co—Eo SRS -—CQ + (27) 
—\ Pst 0° be de=—( baal %\$10) 
= Ey Su —CoSav — Eo 1285) Si + CH +: (28) 
where 
CP =Gu . (29) 
Thus, substituting (19)-(29) in (18), we obtain: 
F alnestib eacabyats ev rare +k)+C,}+(1+k—ks?) 
2D) Co BE (Ol) GW = (CXS 
== Hg Cott Cs Tia ZO C5) (30) 
where In a similar manner, the general formulas 
Eo=>. Hut DS (ii:jj) (31) for electronic energy in the cases of Model II, 
. ow: 3 Model III, Model IV and Model V are obtained. 
Co=3(12:12) +3(14:14) (32) The results are given in Table III. 
C= 3 Gut 3G 3Gaw (33) G. Numerical calculation 


The adiabatic potential between two atoms 
in the molecule is the eigenvalue of electronic 
energy as a function of the distance between 
the nuclei. In order to know explicitly this 


C,Y= Gu (34) 


Cs and C,™ are defined in such a way that 
the former contains only Gi;, associated with 


non-bonding electron orbitals ¢ and ¢j-, while 
the latter contains only Gi;, associated with 
bonding electron orbitals. 


k=Si, 
9F={> DOS 5 


(35) 
(36) 


dependence on the distance we have to evalu- 
ate the eigenvalue for various distances. For 
this purpose we have to carry out the numeri- 
cal calculations of molecular integrals Si;, 
His, (pa:rs) etc., which may be rather tedious 
and laborious, but they can be carried out in 
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Table III. The general formulas for electronic energy in each model. 
Model I and Model II: 


Ey=2Hs5 + 4H exe + 2a + (3 z tant a— & tan? a+ Fees: = - Sa- —2 tan? a)(1+tan? a)(sz:8z) 


16 
“2 ( 2 tant a+4 tan? a +— Z = (ea: ee) + +@- —2 tan? ee ee) tan? a(wz:a2) 


+2(aa:yy)+(ss:s's’)+2(ss:2/2') -+(e2:2/2) +4(au:s's’) 
16 
+-A(aca:2!2!) + 2(aru za!) + 2(aa:y’y) + 
Model III: 


E=2H ss + 40x + 2H + je + tant a—tan? a (cess) —2(1+3 tan? a)(1 —tan? a)(sz:sz) 


1 
+(- 3 tant aw + 2 tan? a (eevee) +(6—tan? a)(au:z2) —2 tan? a(wz:x2) +5 (wa :ae) -++(ss:s/s’) 


+2(ss:2'2') +(eze:2!2') +4 (aa :s's!) +4(aw:2!2!) + 2(cca:a!a0!) + aw:y'y") +e 
Model IV: 
Eo=2Hs5+4Hrx + 2H (> + tan? a tan? B){(es:88) +2(ss:22)-+(ez: 22) } 
—Atan? a tan? B (sz:sz) 43(ss:20) +3(ex 122) +(aa:ax) + 2(am: yy) — 2(sx:sx) —2(2x0: 20) -+(ss:s/s!) 
+2(ss:2/2')+(zz:2!2') +4(aa:s/s!) +4(am:2'2!) + 2(arae:a!a!) + Qan-y"y!) +a 
Model V: 
Ey=2H¢5 +4 er +2Hz +2 sin? a’ cos? a! {(ss:8s) — 2(ss:2z) +(22:22) —4(se: se)} 
+2(ss:22)+ 2(am: Ve) Ree. ss)+4(au:2z) + (ss:s's!)+2(ss:2/2') +(2e:2'2!)+4(ax:8!s') 
+4 (are: 2!2!) +-2( aca sa Ion!) 4-2aran: y'y')+2(1 — sin? 2a’)(ss:2! lao 
Model I and Model I: 


Ci—302; 12)+, 3(14:14)= (= tant a— tan? a— > iss: ss)+(> ! 


3 +2 tan? a— - tan a )(eev:a) 


a 8 
Model III: 


5 6 32 
+(2 ——> tan2a care tant a \(sz:s2) +(2 — = tan? a (eat - + tan? a(wx: 22) + (ay :vy) 


Co=(12: 12) +2(13:13) +2(14:14) +(34:34)=(— > - > tan2 at tan4 a )(ss:8) 
j, (AS Dy | 
+(+ + tan? a — oe tant a eevee) +(2—2 tan? a+3 tant a)(se:sz)+3(en:22) 
_ S tan? a(wu:zz)— tan? a(em: za) 


Model IV: 


Co= (12:12) +2(13: 13) +2(14: 14) + (34:34)= — i tS tan? a tan2 8 )(ss:ss) 


oul 1 
+(+ -f 2 tan? a tan? p \(eezee) — op (eee) +(2—2 tan? a tan? 8)(se:sz)+2(ea: 20) 


Model V: 
Co= (12:12) +-2(13: 13) +2(14: 14) +(34:34) 
=sin? a! cos? a’ {(zz:22) —(ss:zz) — 2(sze:sz)} +2(se:sz)+3(ex:2x) 
Model I: 
1 . 
Ces (ga! 188!) + (sa! :a02’) +-2(sx! : sar!) +2(zar! : 20’) +-(se!:82!)-+ (ay! ay!) 


— [2 tant a{(ss!: ss’) +(zz!: 22’) — 2(ss! :22!) —2(s2! :82') —2(s2! :s/z)} 

+2 tan?a{(ss’: 22’) -+(sz':sz’)+(sz’:8!z)—(zz!:22!)} +4 6 v tan3 a{(ss’:8sz2!)—(ze!:82!)} 
+2 6 v tan a(ze!:se’)] +3[{(SuH — Si Hi)} +{(2S12/ His’ — S}o(Hin + Hy)} 
+{2Si4’ Hw — Sia(Hu + Hy) }] 
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where 


2 Nile 
v= (cost a>) [cosa 


1 
a Gig! + 3G! + 3G = (88! 88!) +5-(ea! sea!) += (wa! :arar!) — 5 {es ara’) 


Model II: 


+(sw!: 8x’) + (sa! :8'a)} +2(sa! :8a!) +2(ea! :20!) +(sz! 782!) + (ay! say’) 

~ + {tant a{ (ss! :88') + (ze! :22!) —2(ss!:22’) — 2(se’ se’) — 2(se’:s's)} + tan? a{(ss!: zz’) 
+(s2!:s8z') + (sz!:s’2) —(ss!:8s’) +2(awa! :zz!) +2(ea! : 2a!) +2(ea! :2x) — 2(ss! : aa!) —2(sa! : sac’) 
— 2(sx!:8’x)}+2Y 6 v tan? a{(ze!:sz’) —(ss!:82/)} + 6 v tana 

x {(ss/:8sz!)-+2(xa! :sz’)+ 2(sar! :2!x) +2(sx! :e00!)} 

+ [(Sia' Hi! ~ Sai) +3{2S32' ia! — Sta (Hi + Ha/2/)} +3{ 2814’ ~ SH + Haat) }] 


DP oNii/2 
v=(cos*a~ =) [cosa 


; 
CSY=Gust+ Gro +2G43' + 2G44 + Gyr (6s! J88)) +5 wa saa!) +-2(sac! ssa!) + 2(ea0! : car!) +(sz!: 82’) 


where 


Model III: 


+(wy!: xy’) — + Itant a{(ss’:ss!) +(z2!: 22!) —2(ss!: 22!) — 2(sz!:sz!) — 2(se’:s!z)} 


+2 tan? a{(ss!’:22’)-+ (sz! :sz’) +(sz’:s'z) — (ez! :22')} +4w tan  a{(ss’:sz’) — (zz! :s2z/)} 
+4w tan a(zz’:se’)] +[2{SiuHi — Sty His} + {2S2/ Hie! — Sion + Az/2/) 
+ 2{2Si4' Mia — Sia(Hu+Hae)}] 


where 
w=(cos 2a)'/2/cos a 


Model IV: 


3 I a 
CO=Gul+Giz’ + 2G43" + 2G 1 + Gt == (88! 88") += (a! sa!) +75 (war :@e!) +2(sa! zs’) 
+2(2a! : 2!) -+-(sz!:sz’) + (xy! xy’) + 3(se’:s/z) —M(es! 222!) + (82! :82!)+(sz! 382) +(aa! :22!) 
+(e! : 20!) + (za! 2/0) } — [+ tant B{(ss’:ss’) +(ez!:22') —2(ss!: ze!) — 2(sz!:sz’) — 2(sz’:s'z)} 


+> tan? a{ss’:ss’)+(ss’:aa!)+(sax!:sa’)+(sa!:s!'x) —(ss!: 22!) —(sz’: sz’) —(sz!:8/2) 
— (zz! :aa!) — (eae! :20!) — (ear! :2/0)} +tan a tan? B{(ze!:sz’) —(ss’:sz’)} -+tan a tan B{(ss':sz') 
+(aca!: 82!) +(sar! : 207’) +(sx!: 2x) +-2(sar! :2/x) — 2(sa! :2e)} | +[20Su/ Ay — SivHu) 
+ {2Sio'Hhia) — S'9"(Hi1 + Ho2!)} +2{ 2813's! — Si3((Hin + He's/)} 
+2{ 2814's! — Sis’(Haa + Hi's!)} + (2S 2/Hse — S sass + Ha'a)}] 
Model V: . 

CaF Gas + G2! +2G413'+2Gi4! +G@34/= (6s! So) +5 (ee! 122!) +2(sa! :sx!) + mon 2200) ) 

(se! se!) +(ay! ey!) +[(Ssg"H351 — S35’ Hiss) + {2Ss4' Hiss! — S34'(Hs3 +Ha's’)}] 


Model I: 
CyD= (ze! :22') +[4 tant a{(ss’:ss’)+ (ze! :22’) — 2(ss’ :22!)— 2(se’:s2’) — 2(sz’:s'z)} +4 tan? a{(ss’: 22") 
+(sz!:sz!)+(se!:8'2) — (ee! :22/)} +8y 6 v tan? a{(ss':sz’)— (ea!:sz!)} +4 6 v tan a(zz! :sz’)] 
-kk)—- Sur > : IAI Ie 
— Sig(44:4'4!) + 2 Sua Haat — S tg? Hig) + [281s on (44! :kk)—- S44 ety {(44: kk) +(4/4’:kk)}] 


where 
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Model II: 


C= 3G = (68! 93!) (an! :a000!) 4- SLs! sara!) + (sar! : sar!) +-(sav!:8’x) } 


+ Itané a{(ss!:8s!)-+(zz! :22!) — 2(ss! :22’) — 2(sz! : sz’) — 2(sz’:s'2)} + tan? a{(ss!’:ze’) + (sz! 87’) 
+(sz’:8'z) —(ss!:ss’)-+2(aa! :22!)+2(ear! :200') +2(ea! :2'm@) — 2(ss! :aar!) — 2(sar! : sax’) — 2(sax! :8!x)} 
+2 6 v tan? a{(zz!:sz’)—(ss!:8z’)} + 6 v tan a{(ss!:82’)+2(aa! :sz!)+-2(sx’:2!x)+2(sx!:2a')}] 
—3S33(11:1/1/)+6(Si Hn! ~SivHy)+3/Su > (11! :kk)- Six ars {(1/1/:kk)+(11:kk)}] 

Ra ? i 


2 1/2 
v= (cos! a- =) [08 a 
5} 
Model III: 


Co = G33 + Gus = (22! 122!) + (aan! :vaz!) + [tant a{(ss’:ss’)-+(ze! :22/) — 2(ss!:22!) —2(sz! : sz’) — 2(sz’:8!z)} 
+2 tan? a{(ss!:22!)-+(se!:sz’)-+(se!:s’z) — (ze! :22')} +4w tan3 a{(ss’: sz’) — (zz! :sz’)} 
+4w tan a(ze! :82’)] — S33"(33:3/3’) — S447(44:4/4) + 2(Se3'H53/ — S33" Hes) 
+2(S14' Hig! — S Fea) +O Sg oy (33/ : kk) = Sa oy {(83:kk)+(8/3! :kk)} 


+2Sur S (44':kk)-Sia Y {(44:kk)+(4'4' kk} 
K-44’ h4,4’ 


where 


where 
w=(cos 2a)V/2/cos a 
Model IV: 
C,O=G33r + Gag = — (ee! 88!) + (a0! sac!) + {(ss!: 22!) +(sz! +82’) +(se!:s/z) +(x! :22') 
+(zac! s zac!) +- (ear! :2!a)} > tant B{ss’:ss’)+(ez!:z2') — 2(ss!:22!) — 2(sz!:sz!) — 2(sz’:s'z)} 
+tan? a{(ss’:ss’)+(ss! : aa!) +(sa! : sa’) +(sx!:s!x) —(ss’:2e') — (sz! :s2!) —(sze!:8!z) — (ee! : 22!) 
— (zu! :20!) — (ee! :2'x)} +2 tan a tan? B{(ee!:sz’)—(ss’:sz’)}+2 tan a tan B{(ss’:z2’)+(aa! :sz’) 
+(sa! : za!) + (sa! sa!) | - S331(33 3/3") — Siar(44 4/47) +-2(:833/H33/ — S33'Hss) 
+2(Sus' Hig! — Sin His) +2Ss3/ 2 (33':kk)—Si3r_ >) {(83:kk)+(3'3!:kk)} 
53,3" K=3,3’ 
+2Sur D. (44/:kk)-Siar DX {(44:kk) +(4/4/ : kike)} 
h364,4/ k>64,4/ 
where 
tan® a+tan? B=1 
Model V: 


3 
CpY=G4uy + Go2t + Gu = “9 (ee! 222!) + 2(aca! sac") +[> cos! a! {(ss’:ss’)+ (ze! :22') — 2(ss! : 22) 
— 2(sz!: sz!) —2(sz!:s8'z)} +3 cos? a! {ss! :22') +(sz!:sz') +(sze!:s'z)— (ze! :22')} 
+6 cos? a’ sin a’ {(ss’:sz’) —(ze!:s2')} + 6 cos a’ sin a! (ze! :82') |-282e1(«0:0'" 
be Si41(44 5 4/4’) +4(Srz'Hex! tea Sei) +2(Si.'Ha/ baad SiH) 
+2[2Sex! 3 (wae! skh) Sixt > { (soa: Keke) + (o0': kk) }] 
ku, 0" kx, 0" 
+2Suat YL (44 :kk)-Siar YL {(44:kk)+(4/4':kb)} 
Kae4,4/ K4,4/ 
where 


a=tana! 


a straight forward way by making use of only ordinary desk machine of the type 
table of Kotani et al.2, and other tables?”.  Liger ®.. 

In order to make use of the tables for our 
calculation we have to prepare some supple- §3. Result and Discussion 
mentary formulas and tables for the integrals, The numerical calculations of the adiabatic 
(see Appendix II). Actually we have used potential are carried out in cases as follws: 
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For Model I and Model II 
a=tan“(1// 8) 


For Model III a=30° 
For Model IV a=PB=tan-(1// 2) 
For Model V Ca A52 


The results of evaluating the adiabatic 
potential according to the general formulas 
given in Table III are shown in Table IV. 
The potential curve E(R)—E() are plotted 


Table IV. Relative bond distances and bond 
energies. 


Bond distance | Bond energy 

Relative value of | Calc-0.20A | Calc. 3.1 ev. 

C—C and C=C | Expt. 0.34A | Expt. 2.9 ev. 

Calc. 0.10A | Calc. 1.25 ev. 

C= Crand C—C : 2 
Siig Expt. 0.12A | Expt. 1.0ev. 
E—ES 
| p=bR 
| 250 3.00 350 400 450 5.00 

-Ol 
-Q2 
- Q3} 
-04 
-O5} 
-06 
-Or 
-as8 
-o9 


| 


Fig. 7. Adiabatic energy potnntial H(R)— Hc) 
in each model neglecting the inner shells. (in 
the atomic unit: the unit of energy=27.204 e.v.) 


Table V. The relative values of H(c) in each 
model. 


Beardsley: Phys. Rev. 39 (1932) 913. 
Ufford: Phys. Rev. 53 (1938) 568. 


Van Vleck: J. Chem. Phys. 2 (1934) 297. 
J. Chem. Phys. 3 (1935) 20. 
M. Kotani: ‘‘ Quantum Chemistry ”’ (The valence 
theory) (1939) 145. 
C. A. Coulson: ‘‘ valence’’ (1951) 196. 
Voge: J. Chem. Phys. 4 (1936) 581. 
) Err1(~) ) Ey() 
t Hye) Hr1() t Ey() t 
Eqr1(°)-Ey(~)  Hy(0)— H7(0) 
TALON Oee 
=e OSU SEN 
.) 


Normal state of carbon 
(C: s%p* 8p) 
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in Fig. 7. The binding energies of the mo- 
lecular system and corresponding equilibrium 
distances between two nuclei are evaluated 
from these curves. It should, however, be 
noted that, when the molecular system dis- 
sociates into each atom, it may give rise to 
valence atoms, not normal atoms. Relative 
values of E(co) in each model are shown in 
Table V. 

Thus we obtain 3.le.v., 1.25 e.v., and 0.20 
A, 0.10A for the values of relative bond 
energy differences and bond distance differ- 
ences of single and triple, double and triple 
bonding. The experimental values of these 
quantities are 2.9e.v., 1.0e.v., and 0.34 A, 0.12 
A, respectively. 

These results of our numerical computation 
are in good agreement with the experimental 
values, in spite of all possible sources of error 
in molecular calculation by H-L-S-P method, 
in addition to the approximations adopted 
here. 

There are several possible sources of error 
in the numerical values carried out by our 
calculation as follows: 

Best energies should really be determined 
by a method which includes inner shell elec- 
trons explicitly. Of this question, we shall 
discuss later in detail. 

The forms of the AO’s which are used in 
constructing the atomic bond orbital should 
themselves be determined by a variational 
procedure. Even in atoms, Slater functions 
cannot be made to fit the true self-consistent 
field). The use of Slater functions reduces 
the electronic interaction between non-neigh- 
bors too much, since Slater functions die down 
more rapidly than Hartree-Fock SCF orbitals 
at large distances. The Slater 2p AO’s 
with 20=3.25 which we have used might thus 
need to be strongly modified. This question 
of the form of the atomic orbitals to be used 
in molecular calculations appears to be one of 
the most serious and difficult problems”. 

There are other sources of error caused 
by neglecting the ionized states and higher 
permutation terms in H-L-S-P method. But 
among higher permutation terms, some of 
double permutation terms, for example, in the 
case of Model III, ((44’)(33’)), ((437)(4’3)), 
((14’)(12)), ((44(12)) etc., are taken in our 
calculation. 

Approximation of expansion in powers of 
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Sijr, between non-bonding 
for obtaining the general 


overlap integrals 
orbitals is made 


Table VI. 
pendix II). | 
Calc. Absolute values of the equilibrium distances | 
Hons USN | eae lire eel SES between two nuclei in each model are shown > 
a in Table VI, compared with the experimental 
Ro-c Model I | 1.064 | 1.50A 1.54A values. These values shift uniformly toward 
smaller values than the corresponding experi- 
sf ates A nO 1.32A mental values. We can account for this dis- 
Model IV| 0.98A | 1.30A crepancy by taking account of the effect of | 
Model 1 | 0.854 * inner shells. If we estimate the contribution 
=o 1.20A to the energy by taking account of Is elec- 
Model V | 0.90A 1.094 trons, we obtain the following expression. 
* For Model I], the adiabatic energy potential 4E=4,—€ (37) 
does not show minimum. where 
£29 —2a(Cze'e’ eC! 38 
1= "Pp (Gee CYPACECE) (38) 


Sigeru NAGAHARA 


formulas of adiabatic energy potential in each 
model and further approximations are made 
for the evaluation of hybrid Coulomb-exchange 
molecular integrals (for the latter, see Ap- 


(Coulomb interaction energy between 1s electrons and 1s electrons in each carbon atom) 


€=4,+43+As (39) 
(Exchange interaction energy term between 1s electrons and s, x, y, z electrons) 
4,=2(cs’ cs’) +2(c2 202’) +4(cx ex’) (40) 
43=6Aev +2 Aca for Model I and Model II 
43=4Aer+2 Aca for Model III rr 
43=4 Ae +4 Aes for Model IV “ 
A3=2Ac3-+2 Aca for Model V 
4,=6 Bev +2Beu for Model I and Model II 
As=4 Bev +2 Bear for Model III 
Ae=4Bov+4Bes for Model IV co 
A4=2Bes +2 Bes for Model V 
Acir=2S ci Ho — Sei Hee + Hii’) (43) 
Bor= 25a ; 2: (ic’ 37) —Seir ; =a (('t’ : 77) +(ce:77)) (44) 
gyi Jeter) de. (45) 
Carrying out the numerical evaluation of agreement with experimental values. It has 


4E, we obtain the total energy which takes 
into account of the ls electrons and these 
results are shown in Fig. 8. 

Evaluating from these potential curves, we 
obtain the equilibrium distances between two 
nuclei in each model and the results are shown 
in Table VII. These results are in very good 


been pointed out by James? that the inner 
shells of the atoms may have an important 
effect on the value of molecular binding and 
may either increase or decrease it and’since 
their effect is associated with electron ex- 
change, it appears that they cannot be replaced 
by an equivalent potential field without serious 
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error. The effect of the inner shells (chiefly 
4; effect) seems to give rise to a repulsive 
potential in our calculation, varying much 
more rapidly with distance than the other 
terms in the adiabatic potential. For suf- 
ficiently large separations of the atoms, this 
effect would presumably sink to negligible 
value, but for internuclear distances of the 
order of the equilibrium distance, it is by no 
means unimportant. 

We consider the absolute values of bond 


E(R)-E(eo) 


0.5 
0.4 
0.3 
0.2 
O.t 


-0.1 | 
-O2 
-0,3} 
-0.4; 
ae 


Fig. 8. Adiabatic energy potential H(R)— H(.) 
in the case of Model I taking into account the 
inner shells, (in the atomic units; the units of 
energy and length being 27.204e.v. and 0.529 A 
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energy, (for example, in the case of Model I). 
When the molecule dissociates into each atom, 
it may give rise to atoms in valence states. 
We have to study the valence state of carbon 
atom. Van Vleck?” pointed out that the 
valence state which is characteristic of tetra- 
valent carbon compounds involving four elec- 
tron pair bonds, is shown to involve an in- 
crease of about 7.le.v. in the internal energy 
of the carbon atom over that in the ground 


Table VII. 
Cale? 
Bond energy Expt. 
a case | b case 
Ee-c Model [| | 15.0e.v. | 3.04e.v. | 2.9e.v. 


a case: case of neglecting the inner shells. 
b case: case of taking into account the inner 
shells. 


state. Thus, we assume that each bond in 
the tetravalent carbon valence atom has one- 
fourth of 7.1e.v. The absolute value of bond 
energy between carbon-carbon atoms is calcu- 
lated by the following formula. 


He-o— |e) — Ecol 2 Fx Leve 


=|E(R.)—E(c)| —3.55 e.v. (46) 


respectively). where E(R-) represents the adiabatic potential 
Table VIII. 
Binding energy (e.v.) Equilibrium separation (A) 
Calc. Expt. Gales Expt. 
Vise Hoe abst 1.09 1 A 2.4 ZeOM 
H-L a-f 0.33 3.07 
H-L + 0.28 3.18 
Variationalf 0.62 
LiH. H-L a.b.A 2.30 2.56 1.44 IG 
Na. H-Ltt 0.81 0.76 2.83 3.08 
K. H-Lft OroD 0.51 4.18 3.91 
. Semi-empirical with H-L° 0.19 4.0 
KH. Semi-empirical and Ionic 0.8 2.06 2.0 
terms. 
a: signifies use of interaction operator+ 
b: denotes neglectz of inner shells 
* J. E. Bartlett and W.E. Furry: Phy. Rev. 38 (1931) 1615. 
t H.M. James: J.C. P. 2 (1934) 794. Phy. Rev. 43 (1933) 589. 
A. E. Hutchisson and M. Muskat: Phys. Rev. 40 (1932) 340. 
tt N. Rosen and S. Ikehara: Phys. Rev. 43 (1933) 5. 
tt N. Rosen: Phys. Rev. 38 (1931) 255. 
© H. Hellmann: J.C.P. 3 (1933) 61. Acta physicochimica U.R.S.S. (1935) 913. 
+ H.M. James: J.C.P. 2 (1934) 794. 
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energy in equilibrium internuclear distance. 

We obtain 3.04e.v. in the case of taking 
account of the inner shells and 1.50e.v. in 
the case of neglecting these inner shells for 
bond energy Eo-c. Compared with the ex- 
perimental value Ec-c=2.9e.v., the satisfacto- 
ry agreement is obtained in the case of taking 
account of the inner shells and the latter shows 
good agreement also in equilibrium internuclear 
distances. 

But in the calculation of the heats of dis- 
sociation of Liz molecule, James shows, for 
instance, that the nice agreement which Bart- 
lett and Furry?® found between their calculated 
value 1.09e.v. of the heat of dissociation of 
Liz by the Heitler-London method and the 
observed value 1.14 e.v. is completely destroyed 
when one includes the effect of the 1s elec- 
trons, the calculated value is then 0.3 e.v. 
Consequently better wave functions are needed 
than those in the Heitler-London method. 
James finds that by using a variational method 
he can increase the calculated value to 0.7 e.v. 
(see Table VIII). Omission of the inner shells 
in the calculation of Liz molecule tends to 
correct for a serious underestimate of the 
binding energy associated with the external 
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electrons and also shifts the computed equi- | 


librium nuclear distance strongly toward small- 
er values. 


The general formula (30) corresponds to the | 
equation (2) or (4) in the paper of Serber™® — 
who calculated the energies of a number of | 


hydrocarbon molecules by the H-L-S-P method. 
Our general formulas involve no semi-empiri- 
cal parameters but are calculated non-empiri- 
cally. Results obtained here show that the 
non-empirical calculation can give useful 
quantitative knowledge in the _ problems. 
Therefore, these formulas have more advanced 
contents for the evaluation of bond energies 
and bond distances between carbon atoms. 
Our results seem to encourage further work 
along similar lines about various chemical 
bonds between atoms other than carbon. 
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Appendix I 


Proof of 


E-(2 [Ort Oe ie i 5 |orut@eate )=(€ | det LV rs a> / ¢ \deutOruie >) 


As an example, we discuss the case of model I. 


ethane molecule is 


VL = S1{(|P1P2PsGsGur G3 G2 Gi Mihohshshyhy|) —(| PiP2P3Pspu P32 Gv hihohshshyh1|)} 


The wave function of the complete 


(A.1) 


where /; etc. are the wave functions of the bonding electrons in the surrounding atoms. 
According to the determinant theory, the determinant 


(lPrP2P3sPsParPs' Px Gi tiihshshshyhy|) 


is expanded in the sum of the products of the minor eight-by-eight determinants having 
only the wave functions g and the minor six-by-six determinants having only the wave 


functions /; as follows: 


(lPiP2PsPsPer Gs Ga Gr tirhehshshyhy|)=SMMaalG: ts, i2,-++, is)Naa(h: jr, Jas** Je) 


(A.2) 


t+ Where & means the summation over all possible spin configurations corresponding to the 8x8 


structures Py. 


tt Where S means the summations over all possible combination (41, 42, °+ 


-, ag) and (jas Jes +++, Je) of 


the coordinates of the electrons which are put in the Mua(¢: %, to, +++, ig) and Naalh: ji, Ja, +++, Je) 


1959) General Theory of Bond Energy and Bond Distance 345 
where 
Made: 11, da, > 18) =(|P12P3sPsps' Ysa Gr’|) (A.3) 


Naah: a Ja,° hae Jo) =(ltihehshshehy|) (A.4) 
In a similiar way, we obtain 
(lP1G2P3GsGu Gs'Ge Gi tihehishyhyhy|)=S Male: t1, ta,-*° , ts) Naath: ji; Ja, ORT je) (A.5) 


where 


Maal: iz, t2,+++, is)=(|PiG2P30s0u' Gs" GrrGr'|) 


ae. HS ; (A.6) 
Nah: Uli DS Dit Je)=Naalh: Bis gps, Jo) 
If we integrate the [resever, substituting (A.2) and (A.5) in ¥Y, we obtain: 
[ersev de =533\ (Mato: tr’, 12’,+++, ig’) —Mas*(@: 11’, tr’,++-, is’) 
x Nash: fr’, Jo’s* +, Je) (Merg—Me(¢: th, t2,++-, ts) 
x Nedh: fi, Jar-+, Je)dt1, dt2,--+, dtu. (A.7) 
When there is at least one pair of the different co-ordinates (for example, we assume this 
pair as ji and ji’) in the combinations (ji, js, ---, je) and (ji, je’,-++, Je’) of the coordinates 
of the electrons which are horsed in the minor determinants Noh: ji,---, js) and Nash: 


ji',-++, Je), we integrate the | (Mas — Mi)" Nn 52 (Miu Mra) Noate des for these coordina- 
tes ji: and j:’ and we remove the surrounding atoms to infinite distance and then the integral 


(MaMa rs* SH (Mpq— Mp) Nradtj,dt;, vanishes. Therefore, we may consider only 


the case of the same combinations (ji,---, je) and (ji,---, je) of the coordinates of the 
electrons which are put in the Ned h: ji, j2,---, jo) and Nrs(h: ji, Ja,-++, Je). 
As the hamiltonian & is invariant for all permutations over 1, 2,---, 14, the following 


equality is obtained: 


[rece vdem 2 [Masto: ilk 2,° rises, 8)—Mas*(¢: iL. 2,° chery 8))Nrs*(h: 9, 10,- ah 14) 
x IE (Mra— Me ¢: 1, 2," ree 8)Nedh: SB URE “ed 14)dr (A.8) 


The spin configurations of the electrons which are put in the wave functions gi, corres- 
pond to the spin configurations of the electrons which are put in the wave functions /; re- 
spectively and so if we integrate for the spin coordinates of the electrons which are put in 
the wave functions J, the interaction energy between the structure Pg and Rs does not 
vanish only in the case that the structures Pg and Rs have the same configuration of spin. 

Thus, we obtain 


[rrsevans Meee: 1, 2, ---, 8)—Ma;*(¢: 1, 2,---, 8)) 
x (Melo: 1, 2,+++, 8)—Mad¢g: 1, 2,-++, 8))dt1, dea,+++, dre (A.9) 
In a similar way, we obtain 
[verde=2\ (Marto: 1, 2,-++, 8)—May*(o: 1, 2,-++, 8)) 


x (Med¢: LO e rs 23 8)—Mel¢: ip DSO 8))dt1, dt2,° PBS) dte (A.10) 


346 Sigeru NAGAHARA (Vol. 14, 
Taking account of the equality of (Mey—Ma;)<(¢ra—$q)* Org, we obtain 
b= |W eV de. O -AT14 /\errde: C “dt 14 


=(3 | One 5 Wout . ase) /(2\0e*Oeates es drs) +60=E +60 (A.1) | 


where & is the proper energy of the surrounding atoms. 


Appendix II. Evaluation of Molecular Integrals 


In this appendix II, the evaluation of the molecular integrals occuring in our calculation © 
is explained. 

A. The overlap integral Si;’, one-electron potential and kinetic energy integrals, exchange 
integrals for interatomically orthogonal 2s, 26- hybrid orbitals are expressed in convienent 
form and are easily evaluated using the Table of Kotani, et. al.. 

B. In computing the hybrid Coulomb-exchange integrals, we use the following 
approximation.*” 


ij’ :RR)=Sij (i 7’ :kR) (A.12) 


Where 7 and j’ are the atomic orbitals associated with the center of gravity, which has to 
be chosen in a suitable way. 

These exchange integral term associated hybrid Coulomb-exchange integrals are not 
negligible. 

C. The molecular integrals involving 1s orbitals are calculated as follow: 

One-electron potential and kinetic energy integrals and Coulomb integrals are calculated 
by using Roothaan’s formulas.3? 

Exchange integrals and hybrid Coulomb-exchange integrals are calculated by the following 
approximation formulas®” 


kof 67 )= Sei OF 967) (A.17) 
(cj :RR)=Ses(c 7’: RR) (A.18) 
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In a many-electron system, one is faced to some difficulties when one- 
electron wave functions are not orthogonal to each other. For example, 
the inner product (@, @) (@ is a Slater determinant made from these non- 
orthogonal wave functions) loses its meaning as the number of electrons 
becomes large. We avoid this difficulty by using the expansion coeffici- 
ents instead of the inner products, in order to define the matrix ele- 
ments of operators. Applying this method to a magnetic problem, in 
which there are some doubts about the validity of the Heisenberg model 
AS 244, jSi-Sj, we can derive the energy of the ground state and 

v 


The results are written as 


N 
Wo= di fis +3 x x (915,45 9e3, 54) » 


the energy spectrum of spin waves. 


and 


(K)=¥, ax )B KC) 


Some mathematical difficulties which occur in the case of the state in 
which more than two spins are reversed are discussed. 


Introduction 


§1. 

The Heisenberg model, usually used in mag- 
netic problems, has a difficulty arising from 
non-orthogonality of atomic functions. This 
is the following: Let us consider an electro- 
nic configuration in which each atomic orbital 
gi (¢ denotes the number specifying an atom) 
is occupied by one electron, and solve the 
spin degeneracy in this configuration. If the 
orbitals are orthogonal to each other, the Ha- 
miltonian for a spin system can be rigorously 
written in a usual form” 


FC = —2 D>) Ji,5Si-S3 , Gay 
a) 


where Ji,; is the exchange energy between 
the orbitals g; and gj, and S; is the spin ope- 
rator of the orbital 7. In this case, however, 
Ji,j has always a positive value, and all ma- 
terials should be ferromagnetic. This is con- 
trary to the original idea of the Heisenberg 
model in which we can distinguish ferro- and 
antiferro-magnetism according to the sign of 
Ji,s. 

To keep the advantage of the original Hei- 
senberg model we must use the non-orthogonal 
atomic orbitals. In this case, however, the 
Hamiltonian cannot be written in such a sim- 
ple form as Eq. (1.1). Therefore, an attempt 
to investigate the situation in detail will be 


important and desirable. We suppose that the 
form of Eq. (1.1) is probably valid as a first 
approximation, but it is difficult to show this 
mathematically because of the following situa- 
tion. As Slater? has pointed out, the inner 
product (9, ) of the Slater determinant made 
from the non-orthogonal orbitals tends to in- 
finity as the number N of electrons becomes 
large. This is physically meaningless. Of 
course, this divergence should cancel out in 
the expression (@, A®)/(0, 0). However, it is 
very difficult to prove this for general cases. 

In this paper we shall avoid this difficulty 
using the expansion coefficients instead of the 
inner products to define the matrix elements 
of operators. This method is very useful in 
the problems in which non-orthogonal func- 
tions appear. Previously, the author applied 
this method to liquid He’, and succeeded to 
obtain the smooth connection between the 
Bose condensation theory and the phonon-roton 
model. 

We consider the idealized case only, in which 
each atom has only one electron. Moreover, 
the orbital configuration of electrons is limited 
to non-ionized one. Thus, there is just the 
same number of orbitals as electrons, and 
there is neither empty nor doubly occupied 
orbital. The extension to more realistic case 
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in which each atom has more than two elec- 
trons can be done easily. Moreover, we shall 
treat the ferromagnetic case only, although 
the antiferro-magnetic one can be treated si- 
milarly. 

For the ground state of a ferromagnet, in 
which all electrons have parallel spins, there 
is no spin degeneracy, and the energy eigen- 
value can be easily calculated by calculating 
the value of (0, H@)/(®, 0). For an excited 
state, in which a certain number of spins are 
reversed, the situation is not so simple as for 
the ground state, and it is difficult to get the 
energy eigenvalue by calculating the value of 
(0, H®)/(®, 0). In this paper, we use the 
above-mentioned method and obtained the 
rigorous expression for the energy spectrum 
of spin waves. The solution, in which more 
than two spins are reversed, would be ob- 
tained in a similar way, but we could not do 
it due to some mathematical difficulties. 

In §2, we shall show the outline of the 
method used. In §3, this method will be ap- 
plied to the case of hydrogen molecule in 
order to illustrate the features of this method. 
In §4 and §5, we shall treat the N-electron 
system and derive the energy spectrum of 
spin waves. Some difficulties in the problem 
of the scattering between spin waves will be 
discussed in § 6. 


§2. Outline of the Method 


As mentioned above, the difficulty of the 
non-orthogonality arises when one wants to 
calculate a matrix element in a form (%, AQ;), 
where ®;, @; are many-electron wave func- 
tions. Here, we do not use such an inner 
product at all, but use the following proce- 
dure. Let us consider a set of functions |2), 
which is complete in the Hilbert space con- 
sidered, but not orthonormal. We represent 
an operator A in terms of the following a;,:, 


Ali)=> |/)as, - (2.1) 
Using this matrix representation, the eigen- 
values a of A is determined from 

|a;,,—@0;,4|=0. (222) 
Compare this equation with that appears in 
the usual method, i.e., with 

|Aj,.—a(jlz)|=0, (2.2’) 
where Aj,=(j|A|z) is the inner product of 
Ali) with (j|. The relation between aj,, and 
Aj,t is 
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Ajn= (j\k)ax,e « 


The basic concept of the present paper is to 
use Eq. (2.2) instead of Eq. (2.2’). 

In the present problem, there are two dif- 
ferent ways of choosing |i). We shall il- 
lustrate these two methods in the following. 

(I) The direct application of the above 
method leads to the following results. As was 
done by Dirac?, we write %o=¢9;(1)9.(2)::- 
gw(N) where g;’s are atomic orbitals, and 
limit the space considered to that which is 
made from WN! functions Pd, where P de- 
notes the permutation operator of electron co- 
ordinates. According to Eq. (2.2), we can 
define the matrix elements hp-,p of the Ha- 
miltonian H by 


HPho= 3 P’dohp-,p . 


(2.3) 


(2.4) 


Then, the effective Hamiltonian & for spin 
variables can be written as 


A =% (—1)?¢h, ,pPo ’ (2.5) 


where P. is the permutation operator of elec- 
tron spins, and the relation hp-,p=Mm,p--ip is 
used. The derivation of Eq. (2.5) is comple- 
tely similar to that due to Dirac”. 

This method appears to be quite simple, but 
the difficulty arises when we want to calcu- 
late the value of 41,p. As is seen from Eq. 
(2.3), it is necessary to calculate the inverse 
of the overlap matrix (P’¢o|P¢%). The dimen- 
sion of this overlap matrix, however, is N! 
and it is as difficult as to use the inner pro- 
duct to calculate the inverse matrix when 
atomic orbitals are not orthogonal. Moreover, 
in order to derive the form such as Eq. (1.1) 
from Eq. (2.5), it is necessary to write Po in 
the form of the product of the interchange 
Pu,y, and to express Po,j in terms of 
(Si-S3), Pi,s=4(1+4(S:-S5)). And then we 
must pick up the terms proportional to (S;-S)). 
Since the number of such terms is very large, 
we have the same difficulty and in the usual 
method. 

(II) Next, we use the one electron wave 
functions gi (atomic orbitals) as |z) in Eq. 
(2.1). Hamiltonian of our system consists 
from the sum of one-electron functions and 
of two-electron functions, 


ge by FODFEE EC) - (2.6) 


we define the matrix elements of f and g in 
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accordance with Eq. (2.1), 
N 
FMedD= el fse» 


Ni arn, 


> Ge(1)Gi(2)gx2, 45 « 


=1l=1 


gl, 2ei(1ei2)=3 
(2.7) 


Using these fj,, and gxz,.3, we can define the 
matrix elements of H. The relations between 
these f;,, and gi,4; and the usual matrix ele- 
ments Fy,,=(j|f 12), Gites = (Ri|gli7) can be 
written as 


Fin=X tj xP x,t » 


(2.8) 
ul tj= Ds Ss ti ,mttnGmn,tj ; 


where ¢ is the inverse of the overlap matrix 
S (Si,;=(gil¢;)). In this case, the dimension 
of the overlap matrix S is only N, compared 
with N! of (P’%|P¢o) used in method (I). 
Thus, the inverse matrix ¢ can be calculated 
very easily. For example, let us assume that 
the overlap integral (g:|¢;) has a value 1 
when i=7 and a value a when 7 and j are 
nearest neighbours to each other and vanishes 
otherwise. The formal expansion of the in- 
verse matrix of (P’¢|Pdo) by power series of 
a converges only when Na? <1, which means 
that @ must vanish in practice. When one 
uses ¢ instead, however, the expansion para- 
meter is za (z=the number of nearest neigh- 
bours) and the expansion converges if za?< 1. 

If za? ->1, we must use another method to 
calculate the matrix ¢, and this is in fact 
possible. However, when a is too large, the 
approximation of Heitler-London, in which 
atomic functions are used, becomes inferior 
to the band approximation, in which the func- 
tions of Bloch type are used. Slater” dis- 
cussed about this point by using Wannier 
functions and Bloch functions in each case. 
We can do so quite similarly by using atomic 
functions ¢; instead of Wannier functions and 
the tightly bound approximation (1//)N) 
Bo sOH7) of Bloch functions. Since the 


essential point does not differ from that of 
Slater, we shall discuss no more about this 
point, and employ the viewpoint of Heitler- 
London, only. 

It is to be noted here that the method (II) 
is not equivalent to (I), while the latter is 
equivalent to the usual method. In the method 
(I) we consider N! functions Pd, where each 
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function Pid has the same energy as ¢o. In 
the method (II), however, we must consider 
functions involving ionic states, although some 
of these are inhibited by Pauli principle. It 
is not permissible in the method (II) to neg- 
lect the ionic states from the begining, be- 
cause then it is not equivalent to the method 
(I) or the usual method. In other words, 
when and only when the spaces to be con- 
sidered are the same, the method using the 
expansion coefficients is equivalent to the usual 
method using the inner products. In the 
method (II), Hdo=H¢i(1)¢2(2)---gw(N) does 
not involve Po except P=1 and P=Paj 
(interchange), but necessarily involve many 
ionized states such as ¢1(1)9:(2)---¢w(N). 
Thus, the space to be considered is not same 
to that of the usual method in which we neg- 
lect the ionized states. In the method (I), 
however, we restrict the space to N! states 
Pd from the begining, that is same as the 
usual method. In this case, Hw involves all 
Po generally, so that the calculation becomes 
very complicate. Here, we employ the method 
(II). In this case we must find an approxima- 
tion equivalent to the usual method in which 
we neglect the ionized states. Before going 
into the general discussion, we shall treat the 
hydrogen molecule by three methods, the usual 
method, method (I) and (II), in order to il- 
lustrate the features of each method and to 
find the approximation in the method (II) 
equivalent to that in the usual method in 
which the ionized states are neglected. 


$3. A Simple Example; Hydrogen Molecule 


In order to show the equivalence or the dif- 
ference among three methods mentioned in 
§2, and to find the above-mentioned approxi- 
mation for the method (II), first we treat a 
simple example, that is, a hydrogen molecule. 
(a) Usual method 

Let two protons of the hydrogen molecule 
be a and 3b, ane the s-functions of each atom 
be a(r), b(r), respectively. In the approxima- 
tion neglecting the ionized states, we may 
consider only two orbital configurations, |1) 
=a(1)b(2) and |2)=b(1)a(2). Thus the secular 
equation can be written as 


Hi—W Hi2.— W(1|2) 
Ay — W(2|1) An— W 


where H;,;=(i|H|j). If we set [anoondtr=a 


=0, (3.1) 


J 


Yan: 
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then (1]2)=(2|1)=a?. From the symmetry 
consideration, we can set Hu=Hy»=A, My 
=Hx,=B. Using these notations, the solu- 
tion of Eq. (3.1) can be written as 
S53 
cS . 

1+a? 
Corresponding orbital wave functions are 


(3.2) 


Lear Rane eer leg 
Be 75 lt) (2), aetvaralis 12)). (3.3) 


These are well-known results. 
(b) Method (1) 
In this method, we define the matrix ele- 
ments of H as follows, 
H\1)= LAr +|2)heor , 
A\2)= |L)hiz+ |2)hze 
From the symmetry considerations, we can 
set Mu=hye=a, kiz=h»=b. The secular 
-equation can be written as 
a—W b _0 
b a—W j 
The roots of this equation are 
Ws=a—b, Wi=a+b. 


FfMal=ah foto , 
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The corresponding wave functions are same 
as Eq. (3.3). The overlap matrix (i|j) has a 


form as 
( 1 a 
CY ) ‘ 


so that the inverse of this matrix becomes 


il ( 1 —a 
1—a'\—a? 1 ie 
Thus, @ and 6 can be written in terms of A 
and B, using Eq. (2.3) 
1 


l—at 


ee Ee eee ene 
l—at* 


(323) 

Substituting Eq. (8.4) into Eq. (3.2’), it is 
easily seen that Eq. (3.2’) coincides with Eq. 
Qe) 
(c) Method (II) 

The Hamiltonian of this system can. be 
written as 

H= f(1)+f(2)+g(2) . 


We can define the matrix elements of f and 


(3.2’) g in accordance with Eq. (2.7), 


fDYbA)=ahfAtodfo , 


&(12)a(1)b(2) = a(1)b(2) ko + b)a(2)jo + (a1 )a(2) +b) b(2))0 , 
&(12)b(1)a(2) = a(1)b(2) jo +b(1)a(2)ko + (a1 )a(2) +b) B(2))E 
g(12)a(1)a(2) = (a(1.0(2) +b(1)a(2))l’ +a(a(2)kr FO(0(2)f1 , 
2(12)b(1)b(2) = (a(1)b(2) +b) a(2))’ +a(l)a(2)j1 +b b(2)Ai « 


As was previously stated, we can not neglect the ionized states a(1)a(2) and b(1)d(2) from the 


begining. It is to be noted that the above matrix representation of g is not hermitian be- 
cause J/+</’. Using these matrix elements, the secular equation can be written as 
2fotko—W Jo fiatl fitl 
Jo 2fotko—W fitl dash Aa5t (3.5) 
f:tl Atlr 2fotki—W ji 
Atl Atl h 2fot+ki—W 


Now, we set ¢i2=1// 2 (a()b2)+b(1)a2)), fre=1V 2 (aQ)a(2)£b0)b2)), and use 92, $1, $1, 


d. aS a new base of the representation. 


Then, Eq. (3.5) becomes 


Dfothe—je-W : : 
0 2fotkotjo—W 2 fitl) 0 = 0. (3.6) 
0 f+) 2fotkth—W ® 
0 0 0 2fotki—ji—W 
Thus, the triplet state g2 is separated out and the energy sek ket dahl 
Wi=2fotko—Jo . 3-0) 
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(The state ¢ is separated out also, but this is 
an ionized state which we are not interested 
in.) This arises from the fact that the state 
in which all spins are parallel does not inter- 
act with the ionized states in which at least 
one spin must be reversed, and it is due to 
this fact that the energy of the ferromagnetic 
ground state can be easily calculated. 

It is also easy to calculate the energy Ws 
of the singlet state from Eq. (3.6), but the 
problem is how to get the solution which co- 
incides with Eq. (3.2). As mentioned in §2, 
to neglect the third and fourth lines in Eqs. 
(3.5) and (3.6) leads to a result quite different 
from (a) and (0). 

To neglect the ionized states in the usual 
method, corresponds to the approximation that 
(aa|H|aa) is set to be very large compared 
with (aa|H|ab) etc., and that the ratios 
(aa|H |\ab)/(aa|H|aa) etc. are set equal to zero. 
The essential difference between (aa|H|aa) 
and (aa|H|ab) etc. is that the former involves 
the term Go =(aal|g|aa) while the latters do 
not. Thus, we may also make an approxi- 
mation setting Go oo in the method (II). Go 
corresponds to the ionization energy in the 
treatment in which the atomic orbitals are 
not changed even when the atom is ionized. 

According to Eq. (2.8), the matrix elements 
involving Go are ki, 7; and l’. Thus, we may 
set 


ky =2aajaa~ts,aGo ) 
(3.8) 


. * 2 
Ji =L00,a0~to,aGo , 
if ap aa~la,alo,alro 5 


That is to say, 2x,43 involves the term pro- 
portional to Go when and only when 7=7, and 
we can set 


Sx1,ig~te,itr,jGo . (3.8’) 
The relation will be used in the general case 
considered in § 4. 

Thus, in the limit of Go 00, the equation, 
determining the single energy Ws, can be 
written as 


2fotko+jo—Ws 2(fr +) 
2ta,atv,aGo (t,a+t,a)Go 


where we have used the fact that Ws does 
not involve Go. Solving this equation, we 
get 


We=2fo-t hot jo— ent Dhaasto a 


(fiat a) A) 
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of course, we also get this solution by solving 
Eq. (3.6) exactly and then setting Go. 


: i E 1 
Now, ¢ is the inverse matrix of (=5) so 


i 1 «: lees} 
l-a\—a 1] 


Substitution of Eq. (3.10) into Eq. (3.9) gives 


4a( fitl) 
Ita? ~ 


that 


(3.10) 


Ws=2fotkot+jot+ (3.99 


We can easily see that Eqs. (3.7) and (3.9’) | 


coincide with Eq. (3.2) using the following 
relation; 
f= *_(Fr—aF) fiz (-aF+Fi) 
where 
M=alfla, A=Clfla) 
and 
Pere 
(l—a?)? 
epasl 
(la)? 
1 
(1—a?)? 


Ro 


(K+a?J—2aL) , 


jo (J+a’K—2aL) , 


[= (1+a)L—a({K+J)) , 


where 
K = (ab\g|ab) , 
J = (ab\g\|ba) , 
L=(aalgiab). 


The wave function for the singlet state has 
a form ¢i+cd¢: where ¢: is nothing but Ys; 
of Eq. (3.6). ci: expresses the mixing of the 
ionized states, but c is of the order of L/Go 
and we can set c=0 in our approximation. 
For the ionized state, the wave function is of 
the form as ¢1+c’¢1, where c’ is of the order 
of 1 compared with L/Go. That is, the ionized 
state is largely affected, but the non-ionized 
state is hardly affected. 

From the above discussion, we can find the 
approximation in the method (II), which is 
equivalent to neglect ionized states in the usual 
method: We must include the ionized states 
at first, but, in solving the secular equation, 
we may set Go—oo. Gp is involved in the 
terms such as x1,« which is set tz,itz,, Go in 
this approximation. 

At first sight, it might appear that the 
method (I) is much simpler than the method 
(II). The above example, however, is a two- 


1959) 


electron system, so that the dimension of the 

overlap matrix is 2!=2 in the method QD, 
which is same as in the method (II). Ina 
N-electron system, the dimension of the over- 
lap matrix is much less in the method (II) 
than in the method (I), and the former is 
much simpler than the latter. 


§ 4. N-electron System 


In this section, the method (II) is applied 
to N-electron system. As mentioned in §1, 
we treat the idealized case, in which each of 
NN atoms has one electron. Thus, there are 
N atomic orbitals, which is denoted as 1, 

G2,°--, gv. The Hamiltonian of the system 
has a form, Eq. (2.6), 

N 
H=Zfro+ yy 2(Vij5) . (4.1) 
Since there are many orbital configurations, it 
is convenient to write the Hamiltonian in the 
form of second quantization. In our case, the 
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basic one-electron wave functions are not or- 
thogonal to each other, but we can follow the 
Fock’s method® to quantize the Hamiltonian 
as follows: The functions 

9i(1)9i,(2)-+- Gi. (im=1, 2, +++, N) (4.2) 
are linearly independent with each other, 
though not orthogonal. We confine the space 
considered to that consists from these func- 
tions and expand the projection of any func- 
tion to this space in terms of these functions. 
For the sake of simplicity we consider the 
orbital parts of the wave functions only, and 
shall attach the spin parts after a while. 
Thus, we can write 


P= Bi clin} oi (1) 94,(2)- “+ Piy(N) . 
Now, we must solve the equation 


4 OP 
ih. Hd. 


Using the matrix elements defined in Eq. (2.7), 
we obtain the following relation, 


= Son ()- ; Pig(N)=E 3 fistg Pall): = * Pin (M—l P(N) Ping (M+): +> Gey) 5 


3 >> &(m, n)Gi(1)- ++ Giy(N)=4 x = S Lib sb hn Pt 4(L)* * * Pigg 1 M—1) Ge) Pin, +1) 


tS Pin N—l]) Gin) Pin. (+1): 3 -Piy(NV) : 


Thus, the equation for the coefficients c’s is obtained by equating the coefficients of ¢:,(1)¢:,(2) 


-+-gi,(N) in both sider of i#(0/0t)= Hy, 


5 N = A 55 
AE SESUESS Syn (1a eae ae Seen) 
ot n=1 j 


NN 
+2 > 2 > Pictgke Ctl; =" 


’ tml, k, dm-+1, DAE In-1) ip Intl, ** "5 iy) ° 


Here, we attach the spin function to each orbital, and express c’s in terms of the occupation 
numbers of each orbital. Taking into account of Fermi statistics, we introduce the annihila- 
tion and creation operators dis, dis. Then the above equation becomes 


inte) — 392 {mn s}) 


where 


SE =X, Df sAFoQist4 


jas: k,l 


and 


[aisaj,s'l+ ad 0%,50s,8" , 


[@i,s, aj,s'\+ =0 


* 
Siri jAesig’ js'Cis , (4.3) 


$587 


etc. (4.4) 


Eqs. (4.3) and (4.4) are completely same in form as in the case of orthogonal orbitals. In 
our case, the orbitals are not orthogonal. So that, if we use the inner products to define the 
matrix elements, the Hamiltonian involves much higher powers of a, a®*® and is much com- 
plicated than Eq. (4.3). As was proved above, if we use the expansion coefficients instead of 
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the inner products, we obtain the same form of Hamiltonian as in the case of orthogonal 
orbits. The only difference between orthogonal and non-orthogonal orbitals is the coefficients 
fis and Zu1,i3 which become (j|f|i) and (kilg|i7) in the case of orthogonal orbitals. As men- | 
tioned in §3, the special care must be taken if the configurations considered are limited. 

In the following, we shall calculate the energy eigenvalues of 4, Eq. (4:3); in ethexcase 
of ferromagnet. The approximation used must be equivalent to that in the usual method in 
which we neglect the ionized states. 

(a) Ground State 

The energy of the state ® in which all spins are parallel can be calculated very easily. | 
In this state, each orbital is occupied by one electron and there are neither empty nor doubly | 
occupied orbitals. Let the spins of all electrons are oriented to z direction, which is denoted — 
by: s=-+. Then 


G.09=0 , aO%o=0 ~=for all7z. 


Using these properties, we obtain immediately 
N We INF 
KE W=}: fost 3 Ds & (Biss e058) | Oo= Wo . (4.5) 


If we express Wo in terms of (j|f|z)’s and (Ri|g\i7)’s we get 
Wo=d bi IF lt) +2 p = (tint j,1—ti at j,x)(Allg ity) , (4.6) 
ty) 4 


which completely coincides with the result which Lowdin” obtained by the usual method. 
(b) Excited States (Energy Spectrum of Spin Waves) 


In order to consider the excited states, we define the operator which transfers an electron 
at j site to /] site reversing its spin, 


Bijy=ai_aye. (4.7) 


Bi;0o=91,; is the state in which there are two electrons with + and — spins at 7 site and 


a hole at 7 when /+-j. @;,, is the state in which each atom has one electron but the spin 
at 7 site is reversed. 


First, we calculate F’,; 


FE V1,5= W154 |S, Bio (4.8) 


The second term of this equation becomes 
[Zz BF 1O={>, (fit +s Santas 
2 (Pit FB (Bnjmi—Snj im) Bii—D. Ds Sms uBi}o . (4.9) 


The physical meaning of each term on the right hand side is obvious as follows; The first 
term represents the transition of negative spin at / site to m, the second of positive spin at 
zt to j, that is, of the hole at 7 to 7. While the negative spin moves in the first term, the 
positive spin moves in the second, so that there is the exchange term with other spins 
>i nj,in. The last term represents the transitions of negative spin at / to m and positive 
spin at 7 to j. 

It is very difficult to solve Eq. (4.9) exactly. However, we need not solve it exactly. As 
mentioned in §3, we adopt the approximation which is equivalent to neglect the ionized states 
in the usual method. This approximation is to set (jj|g|jj) = Gy 0. Now, we pick up the 
term proportional to Go in Eq. (4.9), 


(HL —W)01,5=[H, BE] O~ Go = {tm ,it1,1Bm,j—tm ty,1B Xo « (4.10) 
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For the ionized state, /+<j, the right hand side of this equation does not vanish, so that the 
other terms which was not written in Eq. (4.10) may be neglected. For the non-ionized state, 
J=j, Eq. (4.10) vanishes and the rigorous expression of [4, Bi*;]®) must be used. 

Taking the Fourier transform for the motion of the center of gravity, we define 


1 
Bas=7yBOSBiiy, — Oxs=BE Mo, (4.11) 


where the states j=<0 correspond to ionized states. The inverse transformation of Eq. (4.11) 
is 


1 1 
BY,= VN PRE 4 Or, fa ee Ox. (4.11’) 


Using Eqs. (4.11) and (4.11’), we obtain from Eqs. (4.9) and (4.10), 
(2° — Wo) x 0= 3 Lon,no(l—et*=") Do 
+i le —)—> ($in,on— 8 snyno) FE“ 3) (Snjon— Sng 000") Ox, 
= €(K)Ox,; +3 Bx(j)Ox,; (4.12) 


(4° — Wo) Ox, j= Gottol fe —1) Oxo + DX (tot s-sre! BO —b st_ eI) Ox, y} »  (j4<0), (4.18) 
I* 
where we have used the property of the translational symmetry, that is, 

tm,m+j=to,j == t; ’ Sovm+j=So,3 > Smrk mel ,m+i,m+j—Lkl,tj - 


We need the energy eigenvalue of the non-ionized state Ox,. If we neglect the state 9x,; 
(j2=0) in Eqs. (4.12) and (4.13), the result is quite different from the usual approximation, 
as was mentioned in §3. Since (4“—Wo)9x,; (j =<0) involves 9x,o in the order of Go, we 
cannot neglect ®x,; in the right hand side of Eq. (4.12). This is the only complicated feature 
of this method. 

Now, we consider the transformation which eliminates 9x, from Eq. (4.13). To do this, 
we may set 


Vx,j=Ox,j—Ax(f)Oxn, (j2=0). (4.14) 


The transformation is not unitary. We need not use, however, the unitary transformation, 
because our Hamiltonian, Eq. (4.3), is not hermitic. Since, (4/?+W0)9«,o is lower order 
compared with (4° —Wo)9x,;, we get 


(FF —Wo)¥ x,5 = (A — W)Ox,; . 


We use Eq. (4.14) to express the right hand side of Eq. (4.13) in terms of ¥x«,j; instead of 
Ox,; and determine ax(j) in such a way that the coefficient of 9x,» may vanish. Then, the 
equation for ax(j) becomes 


tot (e*I—1) +S axx(j tot s-yet*O- —tjt_ye*"]=0 . (4.15) 
j=0 


This can be solved easily, 


Ak(f=CK DY SyeX1b5j,,5 5 (4.16) 
Ji 


where cx is determined from the condition ax(0)=1, which gives 


(cx)? =2: sje" Nt_j, « (4,17) 
1 
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s; is the overlap integral s;=s0,;=(9o, ¢). Eqs. (4.16) and (4.17) can be written in another 
form, 


5 Gag =6k,j the) Ge ~ix,j SK +i) 4.16’) | 
A ea Py eR N ee J s(Ki) ? ( ) | 
1 ce le ok s(K + Ki) (4.17) | 


COG ik ERS s(Ki) 


where s(K) and ¢(K) are the Fourier transforms of s; and fj, respectively, 


s(K)= di sye*! , (K) => tec*) . (4.18) 
j 


These s(K) and ¢(K) are eigenvalues of the matrices (si,;) and (¢:,;) respectively, and we have 
the relation 


sS(K)t(K)=1. (4.19) | 


It is clear from Eq. (4.16) that when K=0, we have 
(7) =95,0. (4.20) 
Now, substituting Eq. (4.14) into Eq. (4.12), we obtain 
Cae Wo)Oxo=[6(K) +> a&x(7)Bx(f)]9x«,o + Bx(j)¥x,5. (4.21) 


Since (4H — Wh )¥ x,; does not contain Oxc,o in the order of Go, we can neglect ¥Yx,; on the 
right hand side of Eq. (4.21), and we have the energy of the state Oxc,o, given by 


8K) =8(K) +E ae(HBx(d) (4.22) 


or using the relation ac(0)=1, Bx«(0)=€’(K) 


EK) = 2s are(7)Bx(Y) - (4.22) 


Thus, the energy eigenvalue of the state in which one spin is reversed is obtained in the ap- 
proximation neglecting the ionized states. This is just the energy spectrum of spin waves. 
The above expression is valid irrespective of the value of the overlap integral. The only 
approximation made is to set Gyo, that is, to neglect the ionized states in usual method. 

The calculation of the energy of the state, in which more than two spins are reversed, is 
necessary in order to discuss the interaction between spin waves, but there is a mathematical 
difficulty, as will be discussed later. Before doing this, we shall discuss a little more about 
the energy spectrum in the next section. 


§5. Concrete Expression for Energy Spectrum of Spin Waves 
The expression for energy spectrum of spin waves, given above has the form 


EK) = ax(j)Bx(J) , (5.1) 
where @«(j) and Bx(j) are given by Egs. (4.16) and (4.12), respectively, 


CK -~iK j;(K+Ki) 
nize 


ax( /)=CK > $56" Nt5,,5= i s(Ki) (5.2) 
Bx(j)=f3,0(e-**5—1) = (Zjn,on—nj,on) te "XI >» (Ljn,on—Lnj on™) , (5.3) 


First, we can see, immediately, 
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€(0)=0, (5.4) 


since a@(j)=46j,0 and Bo(j)=0. This is an expected result, because for K=0 the wave func- 
tion has the same symmetry as the ground state. 

The above expression is rigorous, as mentioned in § 4, how large the overlap integral may 
be, but contains unfamiliar quantities such as fj,0, 2jn,on, etc. These quantities can be ex- 
pressed in terms of familiar quantities such as ( J\F 10), (julgl0n), etc. using Eq. (2.8). In so 
doing, however, we obtain very complicated expression, so we make further assumptions not 
unreasonable in order to get a simple expression. 


The first assumption is that the atomic orbitals overlap only between nearest neighbours. 
Then, we can set 


(Gt, Gj) =Si,;=1 , for 7=7", 
=a 4 for t=j+0 (2 and j are nearest neighbours of each other) , (5.5) 
=). otherwise , 
and 


(vi, f¢)=Fo, for i=j, 
ie for 7=7+06, (5.6) 
—())e otherwise , 


and, finally (R|g\z7) vanishes except the following elements, 
(0d|g|00)=K , (0d|g|60)=/, (00|g|00)=L , (00|g|00)=Go . (Sat) 


Here, we have assumed that the overlap integral between nearest neighbours has no direc- 
tional dependence. 
Secondly, we assume that za@*<1, where z is the number of nearest neighbours. 

Under these assumptions, we expand &(K) in power series of a and keep the terms up to 
a’, This can be calculated very easily, but the calculation of the next term of a? becomes 
very complicated. This expansion converges if the second assumption is valid. If @ is so 
large that za? >1, the expansion loses its meaning. In such a case, however, our basic as- 
sumption that the ionized states can be neglected becomes invalid, and the band approxima- 
tion becomes better than the Heitler-London approximation, as was mentioned in §2. Since 
we have implicity assumed that the Heitler-London approximation is good, the second as- 
sumption can be permitted. 

Under these assumptions, we obtain the eigenvalue s(K), Eq. (4.18) of the matrix (si,,), 


saipnay ha rk) = x Cee, (5.8) 
where the summation in 7(K) is extended over the lattice points of nearest neighbours. 


After a long but straightfoward calculation, we obtain for the energy spectrum of spin 
waves, 


&(K)=(1 (0) —7(K)){J—2aF, — 20°F) +. 0°(1—27 (0) K—a[2—7 (0) 27 (K) J} +0(@*), (5.9) 


where 7(0)=;1 is equal to the number z of nearest neighbours. 
In the case of orthogonal orbitals, we obtain 


&(K)=SI(r(0)—-7 (4) 
setting a=0. This is a results expected from the Hamiltonian 


SH = —2J x SiS5, 
<i,j> 


where the summation is extended over all pairs of nearest neighbours. 
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§6. Interactions Among Spin Waves 


Let us consider the states, in which more than two spins are reversed. An example of 


such states can be written as 


— e a oe 
Dizi. bas J1dgee*Sn = OU -Fy— 


This is a state in which the up spins at fi, jo, - 
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In. This can be expressed by using the operator By, defined in Eq. (4.7), 


aK *K * 
D1 sae tgs SpJq¢* Sn = Bt IP ty Iq" o Bin in Po ? 


although this division into the product of B i, is not unique. 


When operating & on this state, we obtain 


(GE — Wo) @izty tgs Sadar--In =D U Bis le, BE; tad UW Bi MX, Bis )Bi.s] » 


1 tp 


p>g=1 tp, 


(6.2) | 


because [[[ 4%, B*]B*|]B*]=0. This expression, of course, is independent of the method of 


division Eq. (6.1’). 


Now, the single commutator in the first term of Eq. (6.2) was calculated 


in §4, Eq. (4.9), and the double commutator in the second term can be calculated as 


lA, Bi \BiyJ=> SL Sine, Ope 
mn 


“ok * OK KOK 
+2457 mn@{-Qy-An+Am+— Lm)" ,inAm—Ay —An+Aj+— Lj ,tnAm—Ai—-An4Qj"+} ‘ 


(6.3) 


The terms which are proportional to Go in Eq. (6.3) is 


* LX Kt 
—Go ps (bm tt j",18m—Ay A144 j4 +hm,uvtj,17Am-Qi-Q1'+Qjrs) : 


Since Eqs. (6.3) and (6.4) are of 4-th power of 
a* and as, we can write these as quadratic 
forms of By; The way of expressing these 
in such forms, however, is not unique, as 
mentioned above. For example, we can write 


Qi-Ay -0540j4=Br Bey 
or 
=—Br, Br 4. 
Now proceding the discussion as in $4, we 
first calculate [[4*, BE,;|Bk-,,]| and properly 
express the terms corresponding to Eq. (6.4) 


in terms of Bu, j, Then, we make the trans- 
formation given by Eq. (4.14), i.e., 


BE j=Cz,jtax({)Beo. (6.5) 


If the expression for the ionized states does 
not contain the non-ionized states at all, we 
can carry out the similar calculation as in § 4, 
and we get the interaction terms between 
non-ionized spin waves. These express the 
scatterings between two spin waves and the 
direct interactions among more than three 
spin waves do not appear. 


Unfortunately, this is not the case. The 


(6.4) 


transformation (6.5) can not eliminate the ef- 
fect of the ionized states on non-ionized states, 
when more than two spins are reversed. This 
transformation can be used only in the case 
of one spin reversed. So that, we must find 
another method than that of § 4. 

This, however, is very difficult. For ex- 
ample, consider the state in which two spins 


are reversed. From Eggs. (4.9) and (6.4), we 
obtain 


(FP — Wo) Ow, 557 
=Go >: {totm,v Om, 55+ totm,:Dmr, 55° 


—tn,vt jv Om, jv —tm tj ,1Dvm, jn 


—tn,vtj,vOm,vj—tm,t 5,10 vm, jy . (6.6) 


For the non-ionized states, that is, when (J, I’) 
=(j,j") (this means that J=j, l’=j’ or [=j’, 
’=j), the right hand side of this equation 
vanishes, so that the rigorous expression must 
be used. In other cases, we may pick up the 
non-ionized states from the right hand side, 
and must find the method to eliminate these 
states from Eq. (6.6). Obviously, when Ei 
=< Jj, j’ (this means that /-~j, 7’ and 1’ j, 7’), 


‘Cin -Cjgs?* *AjzsAjy+Dp « (6.1) | 
-+, jn are reversed and moved to h, hk, ---, 
(6:13 
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Eq. (6.6) does not contain the non-ionized state. 
When one of the pairs is equal, for example 
l=j, l’+<j’, the non-ionized states appear in a 
following form 

Gotot 57,.( D1 5" ,15°-—O uw, 11") 

This term can be eliminated by the trans- 
formation (6.5) or Eq. (4.14). However, when 
this transformation is applied to the case /, // 
“J, I’, (F—W)Ow,;" becomes to involve 
non-ionized states. These states appear from 
the term ®,,.3 involved in (4 — Wo) Ow, 55. 
So, we must proceed in a following way: 
First, we mix the one hole states (/=/, I’ +7’, 
for example) in the two-hole states, /, I’ *<j, 7’ 
to eliminate the former from the equation for 
the latter. Next, we mix the non-ionized states 
(J, l’)=(j, 7’) in the one-hole states to elimi- 
nate the former from the equation for the 
latter. Finally, we express (4 —Wo)Ow,w 
in terms of these new ionized states and pick 
up the non-ionized states. 

This procedure, however, can not be applied 
in practice, because Eq. (6.6) involves four in- 
dices in the right hand side and we must 
solve about N‘ equations. Of course, the mo- 
tion of the center of gravity can be separated 
out, so that the number of the effective states 
is reduced to about N*%, which is still very 
large and the rigorous calculation is nearly 
hopeless. The more the number of the re- 
versed spins is, the more this difficulty in- 
creased. We can not find the approximate 
treatment, so that the discussion about this 
point is deferred to another occasion. 


Conclusions and Discussions 


S 7: 

We have developed a general method to 
treat the non-orthogonal wave functions and 
applied this to Heisenberg model in magnetic 
problems. This method was previously applied 
to liquid Helium by the author, who obtained 
the modified phonon-roton model which showed 
the phase transition of second order due to 
Bose condensation. In the magnetic case 
treated in this paper, we calculated the energy 
eigenvalues of the ferromagnetic ground state 
and of the excited state in which one spin is 
reversed. This latter represents the energy 
spectrum of spin waves. These results are 
rigorous for any values of the overlap inte- 
grals. Only approximation made is that we 
have neglected the ionized states. This is a 
reasonable approximation if the treatment of 
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Heitler-London type is valid. 

The energy spectrum of spin waves has a 
very simple form but it contains unfamiliar 
quantities, such as f;,; or gxi,i3. If these 
quantities are expressed by familiar ones 
(j|f\c) or (Ri\g\i7) the expression becomes very 
complicated, so that we have calculated it 
under the two assumptions mentioned in § 5. 

We have treated an idealized case only, that 
is, each atom is assumed to have only one 
electron. The extension to more realistic case 
is possible, but the result will be much more 
complicated. Although the problem treated 
in this paper is considered to be rather acade- 
mic, so that it is questionable whether such 
an extension to realistic cases has any physi- 
cal meaning, and the results obtained here can 
be considered to give a qualitatively correct 
conclusions even in the realistic cases. These 
are the reasons why we do not attempt to 
extend the discussion to more realistic cases. 

We have wished to calculate the interac- 
tions among spin waves, but the mathemati- 
cal complexity has prevented it. It is certain, 
however, that, in order to describe the scat- 
terings between spin waves, the Hamiltonian 
such as Eq. (1.1) is not sufficient. The terms 
which involve more than three spin variables 
are necessary. Thus, when the atomic orbit- 
als are not orthogonal to each other, it is still 
questionable whether the interactions between 
spin waves deduced from Eq. (1.1) have any 
physical meaning. The energy spectrum of 
spin waves, deduced from Eq. (1.1), has a 
physical meaning, however, if the values of 
the exchange integrals /i,; are taken properly. 
For example, we can use the coefficient of 
(r(0)—7(K)) in Eq. (5.6) as Js in Eq. (1.1). 

The higher order terms, which are neces- 
sary to discuss the interactions among spin 
waves, may be of higher order of a. There- 
fore, if the overlap integral @ is so small 
that the higher terms of a can be negiected, 
the Hamiltonian, Eq. (1.1), may be used as a 
first approximation. 

As was mentioned in §1, the method used 
in this paper is very powerful in the case in 
which a set of non-orthogonal functions plays 
an important role. In the case treated here, 
it is possible to calculate the energy spectrum 
of spin waves by the usual method under 
certain assumptions”, so that it might appear 
somewhat troublesome, to use this method in 
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order to obtain the results mentioned above. 
The Hamiltonian, Eq. (4.3), in our method, 
however, has a very simple form and we can 
say that our method is much easier than the 
usual method. For example, the superex- 
change interactions which are discussed by 
several authors» may also be discussed by 
using our Hamiltonian. 


The author wishes to express his sincere 
thanks to Prof. R. Kubo in Tokyo University 
and Prof. M. Toda in this university for their 
valuable discussions. 
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On Quantitative Measurement of Turbulence by Means 


of a Constant Resistance Hot-wire Anemometer 


By Nisiki HAYASI 
Transportation Technical Research Institute, Mitaka, Tokyo 
(Received November 14, 1958) 


Constant resistance hot-wire anemometry has been improved to measure 
velocity fluctuation quantitatively. For this purpose, the effects of the 
resistance of the galvanometer circuit and current variation due to resis- 
tance variation of hot-wire are calculated for general case. The values 
of the turbulent energy reached by the older method would be several 
part of correct ones in our experiment. A direct calibration method 
using alternating current has been devised. This method is easy to 
apply. Experiments show that the results obtained by the two methods 
completely agree with each other. Owing to the possibility of the cali- 
bration in the actual circuit, the constant resistance method would be 
superior to the constant current method. 


§1. Introdnction 


Since H. L. Dryden” carried out his pioneer 
work for the hot-wire anemometer technique, 
many authors have developed and refined this 
powerful equipment for the studying of tur- 
bulence. Most investigators, however, have 
dealt with the constant current method, while 
few authors?®).” have used the constant re- 
sistance method. In either method, the effect 
of the variations of electric current and heat 
transfer due to the variation of hot-wire re- 
sistance and other effects scattered the ex- 
perimental results when the temperature of 
hot-wire was varied, thus permitting in gene- 


ral only qualitative measurements to be done. 

Simmons and Salter” showed the effect of 
current variation due to resistance variation 
in a special version of constant resistance 
method. Kovasznay® pointed out this effect in 
the constant current method. Shigemitsu® 
neglected this effect in the simplest one of 
constant resistance method. Ruetenik®») show- 
ed the main effect of the heat transfer varia- 
tion due to resistance variation. 

In this paper, the first effect is evaluated 
for the general case of the constant resistan- 
ce method. Moreover it is pointed out that, 
in general, the effect of the finite resistance 
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of the galvanometer circuit cannot be ignored. 
When these effects are taken into account, 
the results are independent of the wire 
temperature. 

Further, the direct calibration method for 
the dynamic characteristics using alternating 
current is developed to save calculation. This 
calibration is easy to apply. The experimen- 
tal results obtained by the use of the calcula- 
tion method and the direct calibration method 
completely agree with each other. Owing to 
the possibility of the calibration in the actual 
circuit, the constant resistance hot-wire ane- 
mometer would be superior to the constant 
current hot-wire anemometer. 

§2. Measurement of Turbulent Intensity by 
Calculation Method 


The equation of cooling of the hot-wire is 


Ls eee ge 7 
A eT ©); 


where H and T are the heat energy and the 
absolute temperature of the wire, u and @ 
are the velocity and the absolute tempera- 
ture of air, 7 is the electric current, 7 is the 
resistance of the wire, and 


fu, N=Krn)+Dnu , 
KQn=aGre 
D(r)=bkL(d/v)™ , 
where a and 0 are constants, k and v are the 
thermal conductivity and the kinematic vis- 
cosity of air, and L and d are the length and 
the diameter of the wire. 
On the other hand 
ie ere 
GMP © 
where m and s are the mass and the specific 
heat of the wire, respectively. If we use the 
temperature coefficient of resistance a, we 
have 


(1) 


(2) 


(3) 


T-9="—" | 

ary (4) 
ein lal dt 
‘dt aro Gt: 


where 7» is the resistance of the wire at air 


temperature. From (1), (3) and (4), 
ms AY _ iy f(y, pla” (5) 
aro dt ANON, aro ~ 


In the case of stationary state with constant 
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wind velocity U, we have 


ieP=f(U, A —, (6) 
Aro 

where 7 is the resistance of the wire and i, 

is the electric current through it. To keep 

the wire resistance constant, it is convenient 

to use a Wheatstone bridge. 


When the air speed fluctuates, 


Uu=U+u' , @e) 


If we can neglect small quantities of O(a’/U)?, 
O(w’r’/Ur) and O(7’/7)?, we have from (5) and 
(7) 


T=. 


FU, 1) +f U, Pw’ +f U, Ar’} 
det LEICA, 


Aro ATO 


x 


where suffices uw and 7 represent partial dif- 
ferentiation. If the circuit constants are such 
as shown in Fig. 1, 


Lrigtio- i 


—II- 


Rb 
Fig. 1. Bridge circuit. 
7R2=RikR3 ? 
i=(E+toR»)RsG/(74) , 
i= ERYB, 


[=[{EG+R3)—ioRs(7+Ri)} 
+E(G—R:iRe)r’\l(74) , 
where small quantities of O(o7’/E) are neg- 


lected and 
A= Ay + Aor’ ’ 
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4,:=BG/7 ; M=ms|(ie2ro@A) 5 
4.={G(Ro+ Rs) +Ri(RiRk3—R>Re)}/7, ci=—(%—1o)ful(ie2ro@A) , 
B=RiF+Rs) + RsF+R1) 5 ca=2Rs7[(EA) , ay) 
G=Re(7+Ri1)+RiGF+R3) . yes Yo ie 1—YNo 


—Ti9 1e?QYo 


If we choose ie>|do], then we have, neglect- 
From (6) and (9), we have 


ing small quantities, 


ii. QAVor Rs y ak 
ie wu (Ob iii <= E ) = (12) 
I=i(1+7/Rs) (9) sisi 2VU F—1) \7 + Rs] OVU 
POF+Y )=i{F + 2ioF Ro/E+(1—p)r’} 5 Also (2) gives 
where bar denotes the time average and fa ee se 
2 In this equation, 
0=27A2/A, . Aes aoe 
Hence from (6), (8) and (9), we have K=ahL,(>-) {i+ aay 1) , 
D4 ok where @ is the effective temperature of air, 
IME =e at ? 10 
dt pea ree (0) suffix 1 represents the standard state, 
where M is the time constant of the wire de- @=+(T+6), = 2(T, +9) 
fined as 2 2 


and @ is the coefficient of linear expansion of the wire. Thus 


a T1:+9+(r—nlan 2 lipase | 
K=ahiLa} T,+0 [I+B i 1) , 


where B=§/a. Hence 


K’=K 2 : 
| ar(T+0@)+r-n Foe ‘ 
On the other hand, 


di\™ @ \e-5m12 7 @+C \m 
(DZ AE | = dl Ef ie eae Se EUS, 
; {Ge eae u} fens Cees) : 


where C=107°C. Then 


, m+1 wo—5m/2 m 
De) —— ee ee 
r—n+n/B an(T:+@)+r—n * ari(T1+O0+2C)+r—n 


If we choose r=n=7, Ti=T, 


na? pu™ gee 1 
fAU, F =f oe +B LE |B ; an 
ee ey aie 2 ao T+ 0) aT+O420) ° 


But from (2), we have 
mDU"= Ufu 3 


Therefore, considering that B is negligible (0.0023 for platinum, 0.00083 for ‘tungsten), we 
obtain, from (6) and (12), 


; Pro? 3VU OP {i+ ReUMS. I . (13) 


 GoaTS OME aH OVU Sus Oa 
Usually, w can be taken as 3/4. 
On the other hand, the output voltage of the bridge is 


1959 ital? 
) Quantitative Measurement of Turbulence 363 
e= or’ ; (14) 
where 
o= —i-RiRe/G ’ 


When we use the hot-wire ijn fluctuating air flow, in=0. Then 


dy’ 


IM, aed = Cr 


dt 


To find the relation between 7’ and u’, these are expressed as time-dependent 


(15) 


Fourier series 


—_ (An COS Wat + Bn sin nt) ? 


ip x (Cn COS Wnt + Dn sin Ont) . 


If we put these formulas in (15), we get 


C1 


< = V1ItMPonr 


{An COS (Ont — gn) + Bn sin (Ont a; 6} ; 


On=tanas (Mon) ‘ 


That is, the fluctuation of the wire resistance 
is reduced in the ratio of |eil/7/1--M?o? in 
amplitude, and retarded by an amount of 
tan-'(Mw) in phase. When this effect is eli- 
minated by use of a compensating amplifier, 
the equivalent bridge output becomes 

(16) 
oC, is the sensitivity of the hot-wire anemo- 
Meter. 

As ci: can be calculated by (11), (12) and 
(13), the turbulent intensity Vu’? can be found 
by means of (16) by measuring Ve? . 

From (9), it is clear that represents the 
effect of current variation due to resistance 
variation. By definition o is always positive, 
and hence, by (11), A is increased, so that 
M, ci and cz, are decreased. Thus the time 
constant of the wire decreases with the sa- 
crifice of the sensitivity. 


BORE 


§3. Measurement of Turbulent Intensity by 
- Calibration Method 
For the calibration of the hot-wire, we place 
it in the wind at constant speed without fluc- 
tuation, and superpose an alternating current 
on the direct current through the wire: 


io=a cos wt . (17) 


Then 
dr’ 
M s 
dt 


+7’ =Colo, 


Ve 


r acos (wt—¢) , 


ge ee 
Vit Ma? 

@=tan(Mo). If we use such w as Mw <1, 

r’=C2lo, SO that the bridge output becomes 


(18) 


When the dynamic calibration has been per- 


Cc=OC2I10 9 


formed, c. can be obtained by (18). Now, 
from (11) and (12), we have 
eee ear 
: ATHAU 10 0VAUe© 
Thus 
€e Or? , (19) 


MTinV 0 OVO 
From this equation, measurement of turbulent 
intensity can be immediately carried out 
without complicated calculation. 


§4, Comparison with Experiment 


To investigate the effectiveness of the 
above-mentioned methods, a series of measure- 
ments of the same turbulence with various 
hot-wires were performed. For this purpose, 
the decay of turbulence behind a square 
mesh grid at air speed of 4m/s was inves- 
tigated. The grid was 2.8x2.5mm?’, made 
with circular rods of 0.75mm diameter. This 
grid was placed in an N.P.L. type wind tun- 
nel with 20x30cm? rectangular test section. 
Turbulent intensity was measured at the cen- 
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ter line of the test section. The hot-wire 
was Wollaston processed platinum wire whose 
diameter was 2.5 micron. We used an equal 
arm Wheatstone bridge in the same manner 
as Shigemitsu® had done. In this case, Ro 
can be far greater than 7, and the output 
voltage over the hot-wire is approximately 
1.5+7/Re times that over the galvanometer 
without superposed alternating current®. This 
point is important for the measurement of 
small velocity fluctuation, although, in this 
case, the calibration method cannot be used. 
The output of the bridge was led to a com- 
pensating amplifier and mean-square unit*. 


lOxlo” 
: Shigemitsu’s method 
ut? (iig, RO, f0) 6 
(sm)* 
5 
(e) 
=e x (cm) J 
Fig. 2. Error due to various simplified assump- 
tions. 


The temperature of the wire was varied 
fEOm lH De CamrOmA on C uml 1 Come mithemnesult 
at 413°C is plotted using the calculation 
method—(16)—and the calibration method— 
(19). In this figure, the result obtained by 
the use of Shigemitsu’s method® is also 
shown for comparison. The latter is about 
ten times as large as other two results. 

Shigemitsu assumes that the current and 
heat transfer variations due to the resistance 
variation are infinitesimal and the resistance 
of the galvanometer circuit infinite. So the 
above-mentioned difference may be deemed due 
to the effects of these variations and of the 
finite resistance of the galvanometer circuit. 
In order to clarify this, the result calculated 
by the assumption of infinitesimal heat 
transfer variation and the result calculated by 
further assumption of infinite resistance of 
the galvanometer circuit are also plotted in 
this figure, From this figure, it is clear that 
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the main cause of the difference is the cur- 
rent variation due to the resistance variation, 
nevertheless the effects of the finite resistan- 
ce of the galvanometer circuit and heat 
transfer variation cannot be ignored. 

In Fig. 3 is shown the effect of tempera- 
ture variation for Shigemitsu’s method. The 
scatter of the results is due to the tempera- 
ture variation of this effect. 


10x10” 


T =413°C 


u 
(s/m)* 
5 
“present method 
(Fig.4) _ 
O 


SON xe (em) 100 


Fig. 3. Temperature dependence of the result 
obtained by the old method. 
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Fig. 4. Temperature independence of the result 
obtained by the present method. 


In Fig. 4, the results obtained by using 
our two methods are presented. It will be 
seen that the temperature effect is complete- 
ly eliminated, and further, all the experi- 
mental points lie on a single line. Thus we 
may safely state that the present results are 
quantitatively correct. 


§5. Summary 
Two experimental methods for quantitative 
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measurement of turbulence are described. 
These two methods have been applied to in- 
vestigate the decay of the turbulent energy 
behind a grid. In spite of the variation of 
the temperature of the hot-wire, results ob- 
tained were in complete agreement with each 
other. It is remarked that the older method 
which neglects the effects of the finite resis- 
tance of the galvanometer circuit and the 
current variation due to resistance variation 
of hot-wire would lead to values about ten 
times as large as correct ones at the highest 
wire temperature in our experiment. 

In conclusion, the author wishes to express 
his hearty gratitude to Dr. Masando Hanaji- 
ma and Mr. Yutaka Shigemitsu for their kind 
support. His cordial thanks are also due to 


Professor Itiro Tani, Professor Isao Imai and 
Mr. Junji Iwayanagi for the interest shown 
to this work. 
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The Effect of the Room Shape on the Sound Field in Rooms 
(Studies on the Measurement of Absorption Coefficient by 


the Reverberation Chamber Method 1) 


By Kozi SATO and Masaru KoYASU 


Kobayasi Institute of Physical Research, Kokubunji, 
Tokyo, Japan 
(Received August 18, 1958) 


In order to carry out accurate measurements of absorption coefficient 
by Sabine formula, the assumption of diffuse distribution of sound energy 
in the reverberation chamber must be fulfilled. Thus, this work was 
started from the basic researches of the sound field in the two and three 
dimensional model rooms. 

The standing wave pattern of each normal mode was investigated using 
the dust figures and other methods. 

At low frequencies, normal mode of vibration existed even when the 
room shape was made adequately irregular, and for each normal mode, 
spatial variation of sound pressure did not depend on room shape. 

However, as the room shape becomes irregular, the nodal lines of 


successive normal modes distribute at random in space. Also, in the 
properly irregular room, the variation of decay rate for each normal 
mode was much smaller than that of a rectangular room. 


$1. Introduction 

The acoustics of the theatres, concert halls, 
auditoria, etc. and the noise reduction in facto- 
ries, offices, houses have recently become a 
significant problem. One of the important 
problems in these cases lies in measuring an 


accurate absorption coefficient of acoustic 
materials and furnitures by the reverberation 
chamber method. 

A large number of literatures have been 
published as to the measurement of absorp- 
tion coefficient by the reverberation chamber 
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method». And it is believed that the sound 
field in the chamber forms the most important 
problem. Namely, the reverberation chamber 
formulae presuppose the following two con- 
ditions as premises: 

1. To obtain the uniform distribution of 
sound energy throughout the reverbera- 
tion chamber. 

2. To secure the equal transfer of sound 
energy in all directions throughout the 
reverberation chamber. 

Thus it is essential that the assumption of 
uniform distribution of sound energy should 
hold in the reverberation chamber. 

Generally it is accepted that, as the fre- 
quency of sound becomes lower and the wave- 
length of sound draws closer to the size of 
the reverberation chamber, the sound field 
goes against the assumption mentioned above. 
Such being the case, many attempts have 
been made to approach to the premised con- 
ditions by considering the room shapes, use 
of microphones and loudspeakers, the position 
of a sample material and so on. Since most 
of the typical reverberation chambers had 
been set up before the aforementioned con- 
dition of uniform sound field was apprehended 
from the viewpoint of the present wave 
theory of acoustics”, these counterplans have 
mostly been taken up empirically. 

As far as the rectangular reverberation 
chamber is concerned, the relation between 
the room size and the sound field has been 
thoroughly investigated by Hunt et al». How- 
ever, full investigations on general room shape 
have not yet been made in relation to the 
characteristics of the reverberation chamber. 
Although Venzke recently submitted a report 
on the relation between the shape of the 
reverberation chamber and the measured de- 
cay curve, the results alone are believed 
not necessarily to bear witness to the irregu- 
lar chamber with plane walls being the same 
with the rectangular one. Also, Nimura and 
Shibayama are conducting analyses and ex- 
periments on the subject of the relation be- 
tween room shape and steady-state character- 
istics. However, consideration from another 
angle is now urged for the reverberation 
chamber. 

In a sense as mentioned above, we thought 
it most desirable to start off with the basic 
studies on the sound field within the room. 
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Since the number of normal modes decreases 
particularly at low frequencies, it would be 
necessary to consider the characteristics of 
individual normal modes which participate 
with the sound field at those frequencies. 
Even when the room shape is extremely ir- 
regular, there exist distinct normal modes 
determined by room shape. This fact is well- 
known at least from theoretical considerations. 
In this case, we believe that the spatial distri- 
bution of nodal lines of successive normal 
modes and the direction of propagation of the 
wave front would play an important role. 

This paper intends to report the results of 
model room experiments relating the effect of 
the shape and size of the room on the steady- 
state and transient characteristics of sound 
waves in it, within the range of comparatively 
low frequencies. As a result of these experi- 
ments, it was made sure that, in a properly 
irregular room, nodal lines of successive 
normal modes distributed at random through- 
out the room. It was also confirmed that the 
fluctuation in decay rate of all the normal 
modes became smaller in this case than in 
the case of rectangular room. 


§2. Two-Dimensional Model Room Experi- 
ments 


The shape and size of two-dimensional 
model rooms are shown in Fig. 1. Side walls 
were 5cm in height. The bottom and side 
walls were made of wood with a thickness 
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Fig. 1. Plan of two dimensional models. 
centimeter, 
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of 3cm, and a glass plate with a thickness 1 
cm was used for the upper surface so that 
we can look into dust figures to be mentioned 
later. Although every considerations were 
taken to make each area of model equal, it 
was impossible to attain the perfect equality 
of all areas under the various conditions in- 
cluding the experimental apparatus. However, 
since the comparison among the same mode 
of vibration was the main purpose of these 
experiments, the difference of areas in some 
measure was believed to be allowable after 
all. 


2.1. 


With a view to obtaining a spectrum of 
normal mode of vibration, sound from the 
loudspeaker was sent into the model room 
through the hole made in the side walls, 
changing continually the frequencies of the 
oscillator. Sound pressure received by the 
microphone which was fixed on the other point 
was amplified and registered by the level 
recorder. 

Attaching a tube with a length of 30cm 
(in which aluminum wires were heavily stuff- 
ed) to the driver unit, and letting sound go 
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Fig. 2. Spectrum of normal mode of vibration. 
microphone position; ———- Mj, --~- Mp 
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into the model room through the orifices made 
at the end, we had the loudspeaker suffer 
from reaction as little as possible. Loud- 
speaker and microphone were placed in the 
different corners of the model room. Ex- 
changing their positions from the one to the 
other, spectrum of several combinations was 
measured for each model room. 

Spectrum of normal modes for each model 
room is shown in Fig. 2 as an example. The 
scale seen at the bottom of the illustration 
for the purpose of correcting the area differ- 
ence is the non-dimensional frequency ~ whose 
relation with frequency »v is as follows: 
Ne (1) 


C 


‘w= 


Here S is the area of the model and c is the 
velocity of sound. For the convenience of 
comparison, the abscissa of spectrum in each 
model room was made to match on vu. 
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Fig. 3. Normal frequencies of parallelogram and 


trapezoid. 


(i) The normal frequency in parallelogram 
and trapezoid 

Since parallelogram and trapezoid are the 
simplest transformation from rectangle, the 
change in the normal frequency is considered 
to form the basis of general transformations. 
Furthermore, the calculation in this case was 
comparatively easy by Feshbach’s perturba- 
tion method, and so the comparison with that 
was also made. 

When the transformation as shown in Fig. 
3(a) takes place, frequency vw of normal mode 
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of vibration N (vz, my) is given in the follow- 
ing formula”. 

oxen dite (2) 
Yeo No 
vwo and veo are the normal frequencies in 
N(nz, Ny), K(Rz, ky) mode of the original rec- 
tangle and the sum of the second term equals 
the answer with K=N excluded. Bolt and 
others calculated on the trapezoid room®. 
Here we further calculate the Axw of_parallel- 
ogram room, which is carried out as follows: 


Aras (—1) Cathy tng*ny-2)/2. 4aMxMn 


J (( b ) Nx Ry? +Ny?) ny? 
a (Ry?—Ny?)? hy?—n;? J 


(3) 


In this case 


a (2—0on_)(2—Oon,) be 
es 4ab nijeee 
Oon = f 1 its 0 


(0 


a=tan 0, 2a and 20 are lengths of the sides 
of the original rectangular room. And in this 
case kz and ky, obey different combination 
rules for 7z, %, from those of trapezoid room. 


n>=(0 


Nx ke Ny Ry 
even odd even odd 
odd even odd even 


Fig. 3(b) shows the change of normal fre- 
quencies with @ as calculated from Eqs. (2) 
and (3), and compared with the result of ex- 
periments. 

In some of the normal modes, the calcu- 
lation and experiments show so large a dis- 
agreement that the approximation by the 
perturbation method does not seem to hold 
good, as shown in the figure. However, the 
figure will serve to tell the tendency of varia- 
tion. 

Some modes in the illustration show the 
same normal frequency with that in the rec- 
tangular room, while others are considerably 
different. For the case of parallegram and 
trapezoid shown in Fig. 3(a), the distance 
between one pair of opposite sides is the same 
with that of the original rectangular room. 
The shift of normal frequency is very small 
for those modes which form nodal lines paral- 
lel to these sides. 

The mode of vibration with nodal lines ex- 
tending in only one direction in the rectangle 
results from plane waves going back and 
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forth in the direction perpendicular to nodal| 
lines. It follows from this that when the! 
distance between the opposite sides does not! 
change by transformation, the frequency comes } 
under little influence. 


(ii) The distribution of adjacent normal fre- 
quencies | 
Next, for the convenience of comparison oi | 
differences in the distribution of normal fre-. 
quencies which occur to each room shape, 


Frequency spacing index 


(3) 10 = 20 30 
Bey. 
Fig. 4. Frequency distribution of normal mode 
(expressed by frequency spacing index). 


the differences were arranged into Fig. 4 
which is based upon Bolt’s frequency spacing 
index VY. Using the aforementioned non- 
dimensional frequency yw, ¥ is given by the 
following formula. 
By 
PN Ow? (4 — Ha)? ) 
a 

In this case, N is the number of spaces in 
the normal modes between ya and ys, and 
Ov=pv+i—Hw. If the distribution of normal 
modes is at equal intervals, the formula be- 
comes ¥=1. It follows from this that the 
modes D, F, etc. in Fig. 1 are the nearest to 
the formula ¥=1 throughout the range. Also, 
in the case of non-symmetrical polygons, when 
the longitudinal and latitudinal lengths are 
almost in the same order as in the models, 
E, G, etc., there is a tendency that normal 
modes get together into several groups. This 
is, of course, one of the examples. For in- 
stance, if the ratio of the longitudinal length 
to the latitudinal one is changed, the distri- 
bution varies even in the case of rectangle. 
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2.2. Mode of normal vibrations (Position of 


nodal lines) 


The position of nodal lines of normal modes 
has hitherto been checked up by moving the 
microphone and has been figured out from 
the sound pressure distribution or from the 
phase-reversal®. This method becomes ex- 
tremely troublesome when the nodal lines get 
complicated due to the irregularity of the 
room shape. And it takes a lot of time just 
to examine one mode. Under the circum- 
stances, we took up the dust figures for the 
investigation of normal modes. Since experi- 
mental methods and the details of results will 
be given in another report, we mention here 
in this report only the results used in these 
model room experiments. 

Cork dust was scattered on the floor of 
model room, and a horn speaker unit was 
fixed at the hole made in the side wall through 
which sound was let in. When the frequency 
of sound is brought in line with that of the 
normal vibrations of the room, the dust starts 
to move and forms a stripe pattern. This 
pattern is formed around the position of 
maximum particle velocity, in the same man- 
ner as in one dimensional Kundt tube experi- 
ment. Therefore, it is possible to locate the 
rough position of nodal lines. 


aN Ul eS AMEE 


of normal mode of vibration. 


Fig. 5. Dust figures 

Photos in Fig. 5 show examples of the dust 
figures of normal modes obtained by this 
method, while Fig. 6 shows schematically the 
variation of nodal lines with room _ shape, 
based upon these dust figures. 

When there are parallel walls or symmetry 
as in the case of parallelogram or trapezoid, 
the variation of nodal lines has a certain 
regularity. On the other hand, the more the 
room shape becomes irregular, the more com- 
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plicated the nodal lines become. This seems 
to be an important factor for obtaining the 
uniformity of sound field. Sound field after 
sound source is off is obtained by the super- 
position of the decaying normal modes excited 
at the time of cut off. The nodal lines in 
the rectangular room are so regular that nodal 
lines of different modes overlap one another 
to some extent. In such a case the normal 
modes taking part in decay become extremely 
different in nature (axial, tangential or oblique 
modes) in different parts of the room. On 
the other hand, when the room shape and so 
the position of nodal lines are irregular, the 
superposition of decaying normal modes would 
show nearly the same nature throughout any 
part of the room. 
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Fig. 6. Schematic representation of nodal lines 
obtained from dust figures. 


2.3. Sound pressure distribution of normal 
modes 


Letting sound into the model room in the 
same way as in the spectrum measurements, 
we measured the sound pressure distribution 
by probe tube microphone. 

Fig. 7 shows sound pressure distribution of 
some normal modes for each model room in 
the range of low frequencies. The direction 
of the microphone movement and the position 
of nodal lines found from dust figures are 
shown in the illustration. 

Sound pressure level is different in different 
corners except in those of rectangular model. 
This was rather an expected result, since 
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nodal lines found by dust figures become 
asymmetric and approach the corners in some 
cases. 

Next, the ratios between maximum and 
minimum values of sound pressure level in 
the room showed no apparent difference for 
different room shapes. The results thus at- 
tained accord also with those of Bolt’s experi- 
ments which was done for a slightly deformed 
rectangular room”. 


§ 3. Three-Dimensional Model Room Experi- 
ments 


A three dimensional model room was con- 
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Fig. 7. Sound pressure distribution along a line 
parallel to the wall. 
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Fig. 8. Three-dimensional model with non-parallel 
walls. Size in centimeter 
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structed with nonparallel walls and the sound 
field of this model was compared with that 
of three-dimensional rectangular models. The 
shape of the bottom of the irregular room is 
a non-symmetrical pentagon based upon the 
model F in Fig. 1. Its shape and size are 
shown in Fig. 8. On the other hand, the 
rectangular models used for comparison com- 
prised two kinds; the model I had the same 
base area and volume with irregular model 
(48 cm x37 cm*x35 cm), while the model II was 
relatively large in size and volume (125cmx 
75 cm x 50 cm). 


Fig. 9. Sound pressure distribution of normal 
modes. Figures show relative level in decibel 
and dotted line shows the nodal line. 


3.1. 


(i) Sound pressure distribution by pure tone 

Fig. 9 shows an example of the sound pres- 
sure distribution of normal modes for the ir- 
regular model and the rectangular model I on 
the plane parallel to the floor. The sound 
pressure distribution is shown with contour 
lines drawn at the intervals of 2 decibels 
from the position of maximum sound pressure. 
The dotted lines in the illustration indicate 
the minimum sound pressure (nodal lines). 
Since sound pressure contour lines get close 
together around the nodal lines, only the lines 
of —15 and —20 decibels and the nodal lines 
are shown for pressure levels lower than —10 
decibels. The ratios between maximum and 
minimum values of sound pressure level were 
30 to 40 decibels in either case of model 
rooms. 


(11) Sound pressure distribution by warble tone 
Next, we investigated sound pressure distri- 
bution when various normal modes were ex- 
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cited at the same time. Since the size of the 
actual reverberation chamber that was to be 
designed would be 10 to 20 times as large as 
the model in linear dimensions (chamber 
volume: 250~500 m’), we adopted 1000~2000 
cycles per second for the center frequency of 
warble tone. As an example Fig. 10 shows 
the comparison of sound pressure distribution 
between the irregular room and rectangular 
model I, with 1260 cycles per second as its 
center. While the sound pressure of irregular 


Fig. 10. Sound pressure distribution by warble 
tone. vo=1260c/s, d4v=250 c/s 


rectangular modeé II. 
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room changes intricately in different parts, 
that of rectangular one is distributed almost 
symmetrically and becomes minimum in the 
center of the room. But the range of varia- 
tions of sound pressure level was almost the 
same in each room shape. This value is ex- 
tremely small as compared with the difference 
of the sound pressure levels for each normal 
mode by pure tone, which tells the fact that 
the warble tone has the effect of uniformizing 
the sound field. 


3.2. The effect of room shape on the decay 
of sound 


(i) Decay curve for each normal mode 

We further investigated the decay of each 
normal mode in the irregular model and rec- 
tangular model room II by pure tone. Fig. 11 
shows one of the example of decay curves 
recorded in order from low to high frequencies. 

Since the rectangular model had eight times 
as large volume as the irregular one, it would 
be safe to suppose that the normal mode of 
the irregular model that corresponds to a 
certain normal mode of the rectangular model 
has about twice the frequency as that of the 
rectangular room. Therefore, when the com- 
parison on decay was made as in the case of 
Fig. 11, we made the frequencies in case of 
rectangular room correspond to twofold fre- 
quencies in case of irregular room. 

Next, we determined from this record the 
decay rate of each decay curve, which is 
shown in Fig. 12. In this case, due to the 


Fig. 11. Decay curves for each normal mode. large volume of the rectangular room, the 
reverberation time becomes 

absec about twofold in the average 
100 rectangular mode IT (one-half in decay rate). So the 
RE BEN ordinate was doubled for the 

s a rectangular model for the con- 

oY vcs venience of comparison. What 
is evident from the results of 

5 0 l the two model rooms is that 
we oo? the fluctuations in the decay 
& La ) | rate of irregular room are much 
2 IU TE 8 =) smaller than those in the rec- 
xX XXX Rees XXX ee tangular model. This applies to 

Kan Sy yx %y wider oe ae Xa all the normal modes except to 

a x XK RS i some normal modes with low 
: frequencies. Namely, at fre- 

i; bob Bae 3000 % quencies higher than 700 cycles 
Frequency per second in the irregular 

Fig. 12. Decay rate for each normal mode. room, the ratio of the fastest 
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to the slowest of the decay rate is only one 
and a half. On the other hand, in the case 
of rectangular room, normal modes which 
are extremely slow in decay rate are found 
below about 1000 cycles per second (which 
corresponds to 2000 cycles per second in the 
irregular room.) 

In the case of rectangular room, all the 
normal modes whose decay is extremely slow 
correspond to the normal modes caused by 
sound waves reflecting back and forth between 
a pair of walls which stand opposite each 
other (axial mode) or to similar ones, while 
in the case of non-symmetrical rooms as this 


Table I. 
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irregular room which has no _ parallel walls, 
the average difference of reflection distance 
between the walls becomes small for all the | 
normal modes. For this reason, it is quite 
natural to think that the fluctuations of the. 
reverberation time become small for irregular | 
rooms. 
(ii) Decay curve by warble tone | 
Next, using the warble tones with center 
frequencies of 1260 and 2650 cycles per second > 
(620 and 1260 cycles per second in rectangular 
model II), we measured the decay curves 
from which we obtained the decay rate as 
shown in Table I. It is clear, when compared 


Decay rate when warble tone is used for sound source. 


Irregular model 


Rectangular model II 


frequency | 


frequency decay rate 


decay rate | 
2650+ 300 c/s 120 db/sec 1260+ 150 c/s | 67 db/sec 
1260 + 250 109 620+ 120 50 (0~ —15 db)* 


27 (from —15 db) 


* This shows that the range from steady-state (0db) to —15db is different from the range less 


than the above in decay rate. 


with the aforementioned measurements by 
pure tone (Fig. 12), that the decay rate in 
this case would be obtained by averaging the 
decay rates of each normal mode within the 
variation range of warble tone. With 1260 
cycles per second for center frequency in the 
irregular room, the decay curve is perfectly 
logarithmic, while in case of 620 cycles per 
second for rectangular model, that corresponds 
to 1260 cycles per second for irregular room, 
the decay curve is bent and the decay rate 
at the beginning part of the decay curve is 
steeper than that at the tail. This is because 
the normal modes whose decay is extremely 
slow are included within the range. 


§ 4. Conclusion 


One of the most important problems in 
measuring the absorption coefficient of acoustic 
materials by the reverberation chamber method 
depends upon the realization of uniform sound 
field. For this reason, we conducted the 
model room experiments to investigate the 
effects of the room shape and size upon the 
sound field in the room. The object we set 
for the basic consideration is how the normal 
modes depend on the room shape and size, 


The following is the summary of the experi- 
mental results. 

(1) As was expected from theoretical con- 
sideration, there exist normal modes deter- 
mined by the room shape, and the sharpness 
of pressure distribution for each normal mode 
is not affected by the room shape. But, when 
the room shape becomes properly irregular, 
the nodal lines of normal modes get distributed 
in a complicated manner, and so the number 
of normal modes taking part in decay become 
almost uniform in any part of the room. 

(2) In this case, the fluctuation in the de- 
cay rates of each normal mode begin to de- 
crease from the comparatively low frequencies. 
This fact would indicate that the distinct 
axial mode becomes difficult to exist in such 
an irregular room. 

From the experimental results mentioned 
above, we believe that, in order to obtain a 
desirable sound field for a reverberation 
chamber, one of the advantageous way is to 
make the room shape properly irregular, and 
that this would prove far more advantageous 
at least than a rectangular chamber with the 
same volume. Moreover, in this way we can 
anticipate fully satisfactory results, 
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Germanium-Silicon Alloy Junctions 


By Yasuo MATUKURA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received December 9, 1958) 


When a germanium dot is heated on a silicon 
wafer, a molten alloy of the equilibrium composi- 
tions of Ge and Si is formed on the silicon wafer. 
As cooled with a temperature gradient, Si-enriched 
Ge-Si alloy is recrystallized on the adjacent pure 
Si, and the succeeding recrystallization produces 
gradually Ge-enriched Ge-Si alloy, which energy 
gap is abruptly modified from Si value to Ge-Si 
alloy’s one and then gradually to Ge one. If alloy 
is made from Ge and Si doped with opposite type 
impurity of the segregation constants, k; and kp, 
respectively, these impurities will be segregated 
during the successive solidification. Difference 4C 
between m- and p-type impurities at any point g, 
where g is a fraction which has solidified, is given 
by the following formula”. 


Nema tena gn-[ Pa -g-m—-1], (1) 
2 2, 


where, Co, and Cog are the impurity concentrations 
in the initial molten phase. If Co1, Coo, ki, ke, and 
alloy temperature are suitably chosen so as to make 
AC zero at some g, then a pm junction will grow. 
Fig. 1 shows relations between g and 4C calculated 
by Eq. (1). This estimation was made for alloying 
of arsenic doped m-Si and gallium doped p-Ge at 
1150°C so as to produce pm junctions at g=0, g=0.5 
and g=0.8. Donor concentrations in Si is 7.3x 1014 
cm-%, and acceptor concentrations in Ge are shown 
73xl0m> 


donor density | 
in Si 


Fig. 1. The variations of 4C, band gap, and 
alloy composition with the fraction of solidifica- 
tion. Parameter is the acceptor density in Ga 
doped p—Ge. 


in Fig. 1. The segregation constants for the alloy 
were assumed the same as the ones for Si at 
1420°C3).* In the figure, the variations of the com- 
position and of the energy gap H, of recrystallized 
alloy are shown together. 

Preliminary experiments were performed by using 
arsenic doped 2.5cm m-Si and gallium doped 0.05 — 
acm p-Ge so as to produce a pn junction at g=0. 
A small dot of Ge was put on a Si wafer of thick- 
ness of 0.3mm and heated at 1150°C for 30 minutes 
in Hy gas, and then cooled at the rate of 2°C/min. 
The measurements by hot probe method and a re- 
sult of etching on the section of Ge-Si alloy showed 
that a pz junction was formed at g=0.1. This re- 
sult shows that the assumptions for the segregation 
constants is almost reasonable. The influence of 
impurity diffusion on 4C was estimated to be very 
small. 

As the total thickness of recrystallized Ge-Si al- 
loy was about 1mm, the gradient of 4C,a, in Fig. 
1 can be estimated at the pm junctions. If La=m/a 
is compared with Lg*) by using the values of the 
intrinsic resistivity), it is seen that these px junc- 
tions are nearly of abrupt type rather than graded 
one.** In Ge-Si alloy recrystallized at high tem- 
peratures, the variation of Hy, is so small that Hy 
at both sides of the px junction grown at g+#0 will 
be nearly equal, and the pz junction is localized in 
nonuniform semiconductor®. On the other hand, 
the variation of Hg will be increased by low tem- 
perature alloying. In this case, it is seen that Wy, 
at both sides of a gm junction is not equal. At 
g=0, it is considered that one side of the pn junc- 
tion has Hy of Si and the other side smaller Ey. 
This tendency will be increased by decreasing alloy 
temperature. Further investigations on the charac- 
teristics of these particular pm junction will be re- 
ported later. 

The author is indebted to Mr. M. Kikuchi for 
helpful discussions. 
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Electronmicroscopic Observation of the 
KCl Crystal Containing Potassium 
Colloid Particles 


By Tadatosi HIBI 
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Sendai, Japan 
(Received January 20, 1959) 


As reported previously), electronmicroscopic ob- 
servations on the additively coloured KCl crystals 
illuminated with green light showed that the small 
hemispherical humps having a spongy structure ap- 
peared on the illuminated surface. It was sug- 
gested there that these structures might be caused 
by the coagulation of potassium metal. This ex- 
periment was started to observe colloidal particles 
in KCl crystal electronmicroscopically. When KCl 
single crystal was heated in the atmosphere of 
potassium vapour for 4 hours at 550°C, followed 
by the furnace cooling to room temperature in 
about 12 hours, the crystal was decorated with po- 
tassium particles along the dislocation lines. Fig. 
1 is the optical microscopic photograph of such a 
crystal. Since the crystal in this case was not de- 
formed mechanically beforehand, the decorated net- 
works of dislocation are not so regular as those re- 
ported by many authors?), but it is sure that the 
colloidal particles are imbedded in the crystal. 
When the fresh (001) cleavage plane of this crystal 
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is observed electronmicroscopically using one stage 
replica technique, hemispherical pits surrounded by 
tiny droplets can be seen on the flat (001) plane as 
shown in Fig. 2. These pit structures have not 
been observed on the freshly cleaved (001) surface 
of the KCl single crystal either grown from the 
melt or coloured additively with excess metal. 
Moreover, the diameter of these pits have a mean 
value of 0.5 microns and, on the other hand, the 
colloid particles of Fig. 1 are estimated as larger 
than 0.4 microns in diameter. Judging from these 
facts, it will be reasonable to consider that these 
pits have a relation to the colloid particles, though 
Scott and his coworkers?) had failed to observe 
colloid centres in the alkali halide crystal with an 
electron microscope. 


Fig. 2. 

If the above explanation is valid, the pit will 
probably be produced by the scattering of the col- 
loidal metal, under the actions of cleaving process, 
etc., arround the position at which it was located, 
thus leading to the formation of tiny droplets of 


colloid as satellites of the pit. Usually, etching 
techniques» provide the “etch” pits on the surface 
where dislocations exist, but the surface layer of 
several microns in thickness is removed from the 
crystal at the same time. This is one of the dis- 
advantages in achieving the electronmicroscopic ob- 
servation on the relation between the pattern of 
cleavage steps and dislocations. It has generally 
been accepted that the points where colloid particles 
exist have a close relationship to the crystal im- 
perfections. Then the pit reported here may also 
offer one of the useful means for the electron- 
microscopic studies of the crystal imperfections as 
the chemical or thermal etch pit did for optical 
microscopy. The experiments are now in progress 
with the deformed crystal which was decorated 
with excess metals. 
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Etch patterns are useful to investigate the domain 
structure of ferroelectric crystals and to study their 
polarization reversal, as has been demonstrated by 
the special etch pits exhibited by barium titanate 
etched in various acidsY-. Researches on the 
etch pits of GASH have been also reported5)®), 
though the correspondence to domain structure was 
not clear. The author has examined the effect of 
various etchants on triglycine sulfate and found out 
obvious correlation between the etch pits and the 
polarization of ferroelectric domains. 

Etchants examined are methyl alcohol, ethyl al- 
cohol, m-butyl alcohol, ethylene glycol, ethylene 
glycol mono-methyl ether, water, acetone, ether, 
carboxyl acids, and some alcohols containing potas- 
sium hydroxide, etc... 

Mono-valent alcohols examined gave similar etch 
pits, though the etching rate decreased with the 
increase of molecular weight. Methanol gives clear 
patterns in a relatively short time. By applying 
an electric field to a thin crystal, cut perpendi- 
cularly to b-axis, it was confirmed that negative 
pole surface has a compapatively flat appearance, 
while positive end becomes very uneven. Fig. 1 
shows a pattern on a crystal etched in methanol 
at 27°C for four hours, after removing the evapo- 
rated gold electrodes. Natural cleavage surfaces 
exhibit various etch patterns with either rectilinear 
or irregular boundaries. Most of the rectilinear 
patterns penetrate throughout the crystal parallelly 
to b-axis, while this is not the case ‘for irregular 


Fig. 1. Etch pits produced by methyl alcohol. 
(Darker area in the flat part is the silhouette 
of the electrode on the back surface). (x53). 


Fig. 2. Etch pattern produced by methyl cello- 
solve. (x 180) 


ones. When re-etched in methanol after applying 
an electric field above Curie temperature, complete 
disappearance of all kinds of boundaries proves 
that the crystal has turned into a single domain. 

Alcohols containing KOH give sharp striped pat- 
terns. Ethylene glycol gives different rectilinear 
markings. Ethylene glycol mono-methyl ether, the 
so-called methyl cellosolve, etches the surfaces in 
a somewhat characteristic manner. Fig. 2 shows 
an example of a natural 6-plane of the crystal im- 
mersed in this etchant for two weeks at room tem- 
perature. The figure again shows a twin boundary, 
which was ascertained to correspond to a domain 
boundary. 

More comprehensive description will be published 
elsewhere. 
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The Proton Magnetic Resonance Absorption 
of the Trichloroacetic Acid in Solid Phase 


By Masashi YAGI and Masayasu UETA 


Department of Physics, The Faculty of Science, 
University of Tohoku 


(Received December 20, 1958) 


Simple chain monocarbonic acids RCOOH has been 
confirmed by the several experimental results)-” 
and by the proton magnetic absorption) to take 
the coagulation state of dimers which are formed 
through the bridge with two hydrogen bonds in the 
liquid phase. But in the solid state, the crystal 
structures are not well known except for the formic 
acid which has been observed to have the chain 
structure®, 

One of the present authors? has studied the 
acetic acid CH;COOH with the proton magnetic 
resonance method at the temperatures ranging from 
the room temperature to about ~—180°C. In this 
material, however, # contains three hydrogen atoms 
and the resonance due to these hydrogen atoms in 
the COOH radical, therefore, it was difficult to 
talk definitely about the situation of the hydrogen 
bonding between two radicals. This ambiguity is 
avoided by the investigation using the trichloro- 
acetic acid: CCl;COOH. The melting point of this 
material is 57°C. 

Samples of the commercial guaranteed reagent 
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Fig. 1. The derivative of the proton magnetic 
resonance absorption of the trichloro-acetic acid 
Sie WoC, 


je 
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Ho- H* (gauss) 

Fig. 2. .The resonance absorption line obtained 
by integrating the derivative curve of Fig. 1. 
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(purity of 99%) were redistilled and solidified in 
the thin glass tube. Experiments were carried out 
in the magnetic field of 2500 gauss with using the 
conventional regenerative oscillator method. The 
derivative curve of the resonance absorption ob- 
tained at the room temperature has a fine structure 
as shown in Fig. 1. The absorption curve obtained 
by integrating the derivative curve given in Fig. 2 
indicates the symmetrical pattern consists of the 
main and side pairs of peaks which separated with 
2.9 and 5 gauss respectively. The line shape is 
considered as the two proton system of the small 
interbroadening. 

The separation of the main peaks of the absorp- 
tion line in two proton system is given as a=3yr-3 
if the crystal lattice is assumed to be rigid and the 
interaction between two neighbouring two proton 
systems is neglected as small. When a is equated 
to the value of 2.9 gauss which was obtained from 
the derivative curve, the distance 7 between two 
protons in the solid of the trichloro-acetic acid is 
calculated to have the value of 2.47A. The second 
moment corrected against the field modulation was 
obtained from the derivative curve as 2.67 gauss?. 
From this value of the second moment, the distance 
rv of H-H was also calculated and was given the 
value of 2.45A, by neglecting the interaction with 
other neighbours. From these values the distance 
of two protons was determined as 2.46+0.03A. 

On the other hand, from the data in liquid and 
vapor phase of chain mono-carbonic acids and the 
formic acid, the value of the distance of H-H in 
dimers is estimated to have the value of 2.2~2.5A. 
From these facts it is concluded that the trichloro- 
acetic acid takes the form of dimer in the solid 
state. Nearly the same rosonance absorption curves 
were kindly taken at the Laboratory of Professor 
Kakiuchi, The Institute for the Solid State Physics, 
Tokyo University. 

The full report of this work will be published 
with the results of other chain mono-carbonic acids. 

The present authors are deeply indebted to Pro- 
fesor Y. Kakiuchi for his interest to this investiga- 
tion. 
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On the Dielectric Loss of Oxidized 
High-Density Polyethylene 


By Shigeharu OKAMOTO 


Department of Applied Physics, 
Waseda University, Tokyo 


and Keisaku TAKEUCHI 


Kijima Communication Wire Co., 
Litd., Tokyo 


(Received January 21, 1959) 


In recent papers by a number of authors, it has 
been reported that for branched low-density poly- 
ethylene three peaks are observed in the mechani- 
cal loss data measured as a function of tempera- 
ture, while for unbranched high-density polyethyl- 
ene only two loss peaks can be observed and the 
so-called 8 peak is missing. 

In connection with the mechanical losses, it is of 
interest to observe dielectric losses as a function 
of temperature. But reports in this field are very 
few. In a recent note”, Oakes and Robinson have 
reported that for one type of oxidized polyethylene 
(probably a low-density one) there exist three di- 
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Fig. 2. Tan6 contour map for high-density poly- 
ethylene. 


electric loss peaks. On the other hand, Nakajima 
and Saito?) mentioned, that for oxidized high-density 
polyethylene two dielectric loss peaks (8 and 7) 
could be observed, but not the so-called a peak in 
the temperature range below 105°C. 

In view of these situations, careful observations 
were carried out on the temperature dependency of 
the dielectric loss using high-density polyethylene. 

The high-density polyethylene used was Hi-zex 
3500, supplied as pellets by Mitsui Chemical In- 
dustry Co., Ltd. The photo-oxidation of the poly- 
ethylene specimen has been carried out by exposure 
to the ultraviolet radiation from a mercury quartz 
lamp for 60 hrs. Dielectric measurements were 
made over a temperature range of —75 to +100°C 
and a frequency range of 30 to 10®c/s. 

The results of dielectric loss tangent (tané) on 
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-70 -60 -50 -40-30 -20 -IO O 10 20 30 40 50 60 70 80 90 100 IO 
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Fig. 3. Variation of tan 6 of the high-density (C) 
and the low-density polyethylene (@) at 10 kc/s. 
Both samples were exposed to ultraviolet radia- 
tion for 60 hrs. 


the high-density polyethylene are shown in Fig. 1, 
2 and 3. 

As shown by Fig. 1, three loss peaks could be 
clearly observed also for the high-density poly- 
ethylene. Furthermore, as can be seen in Fig. 3, 
for the high-density polyethylene sample the a peak 
rises at a temperature higher by about 15°C than 
for the low-density sample. The shift of the a 
peak for high-density sample towards higher tem- 
peratures may be attributed to its high degree of 
crystallinity. The activation energies obtained from 
the results of our experiments were 25, 20 and 6 
kcal/mol for the peaks a, 8 and ; respectively. 
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Nuclear Quadrupole Resonance Spectra of 
N' in Urea Crystal 


By Takehiko CHIBA, Masaharu TOYAMA 
and Yonezo MORINO 


Department of Chemistry, Faculty of 
Science, University of Tokyo 


(Received January 27, 1959) 


There have been reported only a few papers)-») 
on the pure nuclear quadrupole resonance of N14. 
We have observed N! resonance in urea crystal. 
The apparatus used was a Pound-Knight-Watkins 
type spectrometer®) with Zeeman modulation of 230 
cps. The signal was displayed on a_ recorder 
through a lock-in detector. Particular care was 
taken so as to apply a modulation field strong 
enough to cause a sufficient Zeeman shift of the 
resonance line even when the atom under study had 
a fairly large asymmetry parameter 7. (The field 
strength of the Zeeman field in the usual run was 
about 60 Gauss.) 

It has been established from the study of NMR”, 
x-ray®), neutron diffraction”, and infrared spec- 
tra!,11) that all the atoms in urea molecule are 
located in a plane. A transition was observed with 
proton resonance by Kromhout and Moulton! in 
the range from about 0°C to 100°C. This transi- 
tion was considered to be due to rapid reorienta- 
tion of NH, groups around the C-N axes. If this 
is actually the case, it may be difficult to observe 
a nuclear quadrupole resonance at higher tempera- 
tures. Thus the measurement was first made at 
dry-ice temperature and a fairly strong absorption 
was found at 2.87 Mc. The asymmetrical shape of 
the line indicated the presence of large 7. It is 
also examined by measuring the resonance at dif- 
ferent field strength of modulation. At a certain 
weak field of modulation the absorption became 


—> Frequency (kc) 
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—> Temperature (°K) 
Fig. 1. Temperature dependence of N1*-resonance 
frequency in urea crystal. 
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very weak in urea, though still strong in hexa- 
methylene tetramine which has 7=0. The change of 
the shape with the change in the sweep velocity or in 
the sweep direction (from higher frequency to lower 
one or vice versa) showed an appreciable satura- 
tion effect similar to the case mentioned by Bray”. 
From the shape of the absorption and the change 
of signal strength with the modulation field it was 
concluded that the observed line was the higher 
frequency component of the doublet due to 7. The 
other component is expected to lie somewhere 
around 2.6 Mc, but no attempt to find the line has 
been successful heretofore. 

The temperature dependence of the resonance line 
was also measured. The line became weaker with 
increasing temperature and was barely observable 
at 22°C. At this temperature the frequency of the 
line was definitely smaller than those at the lower 
temperatures, as shown in Fig. 1. The frequency 
change is normal at lower temperature range, the 
fractional change being much larger than those in 
the usual cases such as Cl resonance. This may 
be due to large amplitudes of oscillation of NH: 
groups about the C-N axes. Near 0°C the curve 
of the temperature dependence makes a distinct 
bend downward. This anomaly can be considered 
to be due to the setting-in of rapid reorientation of 
NH, groups, in good accord with the corresponding 
change in the line width of the proton resonance’), 


N'4-resonance frequency in 
urea crystal. 


Table I. 


Temperature (°K) | Frequency (kc) 


2913.2 


177 
196 | 2872.8 
245.5 | 2852.3 
278.0 | 2835.7 
284.0 | 2832.0 
289 | 2828.7 
292 2827 
2825 
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Electrical Properties of Dilute Alloys of Zinc 
with Manganese at Low Temperatures 


By Yoshio MUTO, Yoshio TAWARA, Yoshio SHIBUYA 
and Tadao FUKUROI 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, Sendai 


(Received January 21, 1959) 


It seems that anomalous electrical properties of 
dilute alloys at low temperatures are classified 
into two groups. The alloys of the first group 
such as Cu-Sn alloys have a minimum in the re- 
sistance-temperature curves in zero magnetic field 
and their magnetoresistance behaves similarly as 
the narmal alloys. The alloys of the second group 
such as Cu-Mn alloys have a maximum and sub- 
sequently a minimum in the resistance-temperature 
curves and show the decrease of the resistance in 
the magnetic field below the temperature corre- 
sponding to the resistance-maximum. Although no 
plausible explanation of the resistance-minimum has 
yet been given, K. YoshidaV showed that in the case 
of Cu-Mn alloys the decrease of resistance below the 
temperature presumably corresponding to the re- 
sistance-maximum might be related to the s-d in- 
teraction between the conduction electrons and the 
d-electrons of Mn ions. The solvent metals of 
dilute alloys which exhibit the resistance-anomaly 
at low temperatures are confined as yet to the 
monovalent noble metals such as Au, Ag and Cu 
except for Mg, the only divalent metal in which 
the resistance-anomaly has been found so far. We 
believe that it 1s quite interesting to examine whe- 
ther Zn is really the normal solvent metal without 
any resistance-anomaly as has been believed and 
whether dilute alloys of Zn containing a small 
amount of Mn does not show a spin dependent 
characteristic in their electrical properties. 

Three specimens including pure Zn (99.96 percent) 
were used for the preliminary experiments. All 
specimens were melted under an atmosphere of 
argon in a high-frequency induction furnace in 
crucibles described below. The alloy containing 


Short Notes 


(Vol. 14, 


0.099 atomic percent Mn melted in an alumina 
crucible was contaminated with Fe included in the 
crucible, the quantity of Fe, however, being less | 
than that of Mn. By using the crucibles made of 
S. B. glass in place of alumina, pure Zn and its | 
alloy of 0.43 atomic percent Mn were melted. It was | 
then confirmed that the amount of Fe contained in — 
the above just mentioned specimens was sufficiently 
small. 

The electrical resistance of pure Zn is constant 
below 5°K and the resistance increases with the 
intensity of magnetic field. For the alloy containing 
0.099 atomic percent Mn, the resistance-minimum 
appears at about 14°K and its maximum does not 


appear down to 1.5°K as depicted in Fig. 1. The 
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Fig. 1. Electrical resistance versus temperature 
of Zn alloy with 0.099 atomic percent Mn. 
The inset is the enlarged figure below 5°K. 
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Fig. 2. (Ry—Rp)/Ro versus magnetic field st- 


rength for Zn alloy with 0.099 atomic percent 
Mn at 20.4°K, 4.2°K and 1.54°K, respectively. 


inset, however, shows more clearly that the rate 
of resistance-increase diminishes as the tempera- 
ture becomes lower. Fig. 2 shows that, in the 
range of liquid hydrogen temperatures the resistance 
increases with the intensity of magnetic field in the 
Same way as for pure Zn, while in the range of 
liquid helium temperatures the resistance decreases 
with the intensity of magnetic field and the rate of 
decrease is more enhanced with lowering tempera- 
ture. For the alloy of 0.43 atmic percent Mn, a 
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similar behaviour is also found. 

Since the electrical properties of these alloys are 
quite similar to each other and the. behaviour 
in magnetic field resembles to those of Cu-Mn 
alloys»»®), we are led to presume that these pheno- 
mena are closely related to the magnetic states of 
Mn ions. More detailed reports including electrical 
properties of Zn-Sn alloys will shortly be published 
elsewhere. 

The authors wish to express their sincere thanks to 
Assist. Prof. S. Tanuma for his helpful suggestions 
and discussions. The present work was supported 
partly by the Grant in Aid for Fundamental 
Scientific Research from the Ministry of Education. 
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On the Growth Conditions of Germanium 


By Takeo SASAKI 


Research Laboratory, Nippon Electric Co., Ltd. 
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The effect of the growth conditions of pulled, 
single crystal germanium on the structural and 
physical properties has been investigated. 

The n-type germanium single crystals containing 
a very small amount of arsenic, are pulled in the 
(111) direction, and four kinds of crystals with 
different growth conditions shown in Table I are 
chosen. These conditions comply with the sugges- 
tion by F. D. Rosi and E. Billing? giving the 
thermal stress for the pulled crystal. 

The CP-4 etch pit density in the cross section 
perpendicular to the growth direction is found to 
depend on the growth condition which is represented 
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Fig. 1. But it is not apparent which factor is the 
most effective. 

Next, it is easy to find the spiral pits among the 
many concentric pits by the Rhodes’ etching tech- 
nique» as shown in Fig. 2. These spiral pits, 
however, are not caused from the thermal stress 
as shown in Fig. 1. The terrace width of the spiral 
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Fig. 1. The dependency of CP-4 etch pit and 
spiral pit density on the growth rate. 
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Fig. 3. The relationship between noise and light- 


by the growth rate for convenience, as shown in intensity. 
Table I 
sample No. it D 3 4 
growth rate 50 200 400 700/min 
growth temperature gradient in 30°C 
condition the liquid-solid interface* 35 35 130 130°C/cm 
temperature variation during 0.5 1.0 3.0 5.0°C/min 


the crystal growth** 


* The temperature gradient was varied by using the crucibles which had different wall heights. 


** The temperature variation was represented by the rate of the temperature decrease for 
maintaining the constant diameter of the pulled crystal in the initial stage of the growth. 
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pit is relatively large, being of the order of 0.8 p, 
and has no dependency on the growth condition. 
The terrace width of the concentric pit, on the 
other hand, depends on the growth rate and from 
this fact the platelet growth is considered to occur 
in germanium». 

To measure the noise characteristics germanium 
bars, each measuring 0.3x0.3x3mm are cut from 
these samples, and after the surfaces have been 
carefully treated each of them is hermetically 
sealed in a case having a glass window. The 
amount of noise has turned out to be inversely 
proportional to frequency within the range of from 
100 c/s to 10 kc/s and it increases with increasing 
growth rate or dislocation density), The variation 
of the noise when the samples are illuminated is 
shown in Fig. 3. The value of the noise remains 
constant when the light intensity is low, but it 
decreases suddenly when the intensity exceeds a 
certain value. This critical point is closely related 
to the growth condition. The number of photo- 
excited carriers at these points are calculated to 
be of the order of 10% or 10!5/em’, which is com- 
parable to the number of the original conduction 
electrons. Thus the existence of the qualitative 
relationship between the dislocation density and the 
noise has been verified. But the reason why the 
noise decreases abruptly is not yet explained and 
further experiments are now being made to clarify 
this phenomenon. 

Finally the author would like to express his ap- 
preciation to Dr. Y. Ishikawa for his encourage- 
ment during the course of these experiments. 
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Non-Existence of Bound States with 
Positive Energy 


By Tosio KATo 


Department of Physics, 
University of Tokyo 
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Consider the wave-mechanical system described 
by the schrédinger equation 
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4e+[aA-Vi(a, y, z)lg=0. (iy 
It has been believed that such a system has mo 
bound state with positive energy if the potential 
V tends to zero at infinity with a certain order of 
rapidity. Mathematically speaking, this amounts 
to saying that (1) has no positive eigenvalue 4 with 
a square-integrable eigenfunction ¢. 

Strangely enough, however, it seems that this 
fact has never been proved, except in the special 
case in which V is spherically symmetric and there- 
fore permits the separation of variables. It is true 
that some sufficient conditions) have been proposed 
for the non-existence of positive eigenvalues in the 
general case, but these conditions are rather strong 
and restrict the behavior of V in the whole space. 
To the best of the author’s knowledge, no suffici- 
ent condition has been given which restricts only 
the asymptotic behavior of V at infinity. It is to 
be remarked that the underlying mathematical 
problem is far from trivial once V is allowed to 
deviate from spherical symmetry even slightly. 

Recently we have been able to prove the follow- 
ing theorem, which gives a satisfactory answer to 
the above question. 

Theorem. Jf V(x, y, 2) is continuous for r >0 
and V=o(r-1) for r >, then (1) has no positive 
eigenvalue with a square-iniegrable eigenfunction 
¢ #0. 

The assumption that V=o(7-1) does not admit of 
any essential improvement. As is well known», 
there is an example of a potential V with the as- 
ymptotic form 


ya* sin 2kr = of 2 ), 
r ie 


Too, (23) 


for which there is a positive eigenvalue 4=k? with 
a Square-integrable eigenfunction ¢. 

The above theorem can be extended to the dif- 
ferential equation of the form (1) in the 2-dimen- 
sional space. The proof will be published else- 
where®). 
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The Crystal Structure of CoCl,-6H.0 


By Joji M1zuNo, Kazutoshi UKEI 
and Tadashi SUGAWARA 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, 
Sendai, Japan 


(Received January 28, 1959) 


It was reported by Haseda and Kanda) that the 
susceptibilities of powered samples of CoCl,-6H,O 
show an antiferromagnetic behavior below about 
3°K. The magnetic measurement on a single cry- 
stal of this salt is in progress, and it has been 
found up to now that the antiferromagnetic order 
of spins occurs along ¢ axis of the monoclinic lat- 
tice». The complete structure determination of 
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Table I. Atomic positions in CoCl,-6H,O. 

Kind 

of Position x Yy z 
atom 

Co origin 0 0 0 

Cl 4(0) 0.278 0 0.175 

Ox 8(7) 0.0288 = 0).221 0.255 

On 4(i) 0.275 0 0.700 


other by hydrogen bonds, Oy- --H—Oy—H---Oy and 
O;—H---Cl, in the plane parallel to (001). This 
structure leads to the perfect cleavage parallel to 
(001) by Groth?). 

In a powdered sample of NiCl,-6H,O isomorphous 
to CoCly-6H:,O an anomalous magnetic behavior has 
been observed below 6~8°K®. According to a 
preliminary study on the structure analysis of this 
salt by one of the authors) the 
arrangement of atoms seems to be 
similar to that in CoCl,-6H;O. Full 
reports on the crystal structure of 
these two salts will be published 
later. 

The authors wish to express their 
sincere thanks to Prof. E. Kanda 
and Prof. S. Ogawa for their con- 
tinued encouragements throughout 
this work. 
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Fig. 1. The arrangement of atoms projected (a) on (010) and (6) Ory Haseda- Private -conmunt: 
on (100). Broken lines represent the hydrogen bond. Cation: 
3) P. Groth: Chemische Kristal- 


the salt has not yet been done, while it is indis- 
pensable to the elucidation of the magnetic beha- 
vior. The present work was thus undertaken. 

The single crystal used was the same (monoclinic 
prismatic) in its habit as Groth described®). X-ray 
rotation and oscillation photographs were taken 
about a and 6b axes, using Mn-filtered FeKa and 
Zr-filtered MoK»z. Unit cell dimensions were given 
as a=10.34 A, b=7.06 A, c=6.67 A. For the angle 
8 and the density values found in literatures, 122°19’ 
and 1.924 gr/cm’, were used. These data gave two 
formula units per unit cell. Space group was de- 
termined as C3,—C2/m. Atomic positions were ob- 
tained from (hol) Patterson map and from (hol) and 
(okl) Fourier maps, as given in Table Ie 

The arrangement of atoms projected on (010) and 
(100) is shown in Fig. 1 (a) and (b), respectively. 
As seen from Fig. 1, two Cl- ions and four water 
molecules are octahedrally coordinated to Co?* ion 
to form the group [CoCl,-4H.O], and the other two 
water molecules of the formula unit are relatively 


free, The groups seem to be joined with one an- 


lographie, 1 Teil (Wilhelm Engelmann, Leipzig, 
1906) 248. 

4) T. Haseda and M. Date: 
13 (1958) 175. 

5) J. Mizuno: Read at the Annual Meeting of the 
Phys. Soc. Japan held in Oct. 1958. 
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Change of Surface Recombination Velocity 
of Germanium by 7 ray Irradiation, 
Using P-N-P Alloy Transistor 


By Kiich KOMATSUBARA 
Semiconductor dep. Kobe Kogyo Cop. Kobe 
(Received September 6, 1958) 


In this note, the change of surface recombination 
velocity, S, as a function of 7 ray dosage is dis- 
cussed. Values of S are derived from the change 
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of aep vS. emitter current, Je, curves of transistor. 

The equation for ae, as a function of Je for 
p-n-p alloy junction transistor has been presented 
by Webster as follows, 


1 San l+z ) [2742 Ww mat 

rae ames 

doo. MA Gee J WALL ae 
(1) 

where 
Wuele 

hs wae en De 
ssc Ry a ER: (2) 


cs» is conductivity, r is the hole life time in base 
Germanium, Dy, pe, oe, and DL, are well known 
constants, W and A, are constructional constants, 
and <A; is effective area for surface recombination. 
This equation reduces to the asymptotic expres- 
sion for large value of Z as 
1 _ SWAs ooW ria 
Qed Mace 2D pAe ieee 
and the difference between the ttn equation 
and this asymptote is 
if ) i aes ( 1 )=fe). 
Aen Jats 2DyAe \ 14+2z 
If the value of Je is extrapolated to the zero 
value, then this equation becomes 
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Se Te a 


K+)» (3) 
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This difference is the function of S only, if it is 
assumed that, for small carrier injection, As is 
constant independent of 7 irradiation. 


tt) before irradiation 
(2) after irradiation. 
43) ofter 20hrs annealing 
the curves wos the same as {}) 
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Fig. 1. The changes of ag,»—Z, curves by 2.9x 


107 r6ntgen 7 ray dose. 


1) before - irradiation 
(2) after irradiation 
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Fig. 2. The changes of ae,»—ZJ, curves by 5x10? 
rontgen 7 ray dose. 
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Fig. 3. The changes of S ac, and I/r by 7 ray 
dose in p-n-p G, alloy transistor. 


The curves of ae, as a function of Je are shown 
in Figs. 1 and 2as examples. Fig. 1 shows the case 
of 2.25 réntgen dose, and Fig. 2 shows 5.7 réntgen 
dose. In Fig. 3 the change of S and of ag, and hole 
life time as a function of dose are shown. At this 
measurement, seven groups of several transistors 
each were used, and each groups were exposed to 
y ray field of afout 3x10° rGntgen per hour for 
different time intervals. So it was not the measure- 
ment of successive changes of same transistor, and 
the measurements had some troubles because of 
very prompt annealing effect, especially in the case 
of small dosages of 7 ray where the changes of S 
were small and negative, the annealing speed of S 
was very large. For examples, at 2.2x 107 réntgen 
dose, the value of S recovered perfectly after 
twenty hours from removing the 7 field at about 
30°C atmospheric temperature. And in the case 
on heavy dosage of 7 rays, where the change in 
values of S was positive, the annealing speed was 
relatively small. The reason for the changes of 
the value of S by 7 ray dosages is not yet clarified 
at the present stage of research. But the decrease 
of the conductivity in the interior of germanium 
should have caused the decrease of S®. The 
changes of S may be explained if we assume that 
the surface conductivity becomes gradually low and 
changes to P type (P type channel on N type 
germanium) and increases again successively by the 
dosage of 7 rays. 

This analogy to the view point of chemical im- 
purity may have to be regarded as rough approxi- 
mation, however, as the surface state density would 
become large by 7 irradiation and deep lying vacan- 
cy level may act as recombination centers. 
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Pre i i i 
paration of Anodic Oscillator Tube abnormal glow untill the glass wall was covered 


using Glow Discharge 


By Kazuyuki OGAWA 


Matsuda Research Laboratory, Tokyo Shibaura 
Electric Co., Kawasaki 


(Received January 8, 1959) 


Generally, oscillatory phenomena in gas discharge 
have very complex features on the variation of its 
frequency, wave form, coherency, amplitude etc. 
Hence, there are poor reproducibilities among each 
experiments. Author reports some notes on the 
preparation of fairly stable anodic oscillator tube, 
with which the quantitative treatment of its charac- 
teristics is acceptable. This tube may be called 
“oscillatron ” for convenience. 

Fig. 1 illustrates the typical structure of oscilla- 
tron. A is a needle anode (about 1mm diameter), 


Fig. 1. Construction of oscillatron. 


K is a circular disc cathode (about 20 mm diameter) 
and A-K spacing is a little thicker than the 
Faraday dark space which is determined by the 
nature and pressure of gas. Both electrodes are 


made of pure molybdenum and are simply pinched ey 
upon the nickel poles of the glass seal. The glass Fig. 2. 
envelope should be made sufficiently large so that (a) Oscillatron for spectroscopic analysis of an- 
the wall effect is negligibly small. odic phenomena. 

The evacuation and the filling processes of gas (b) Wave form of the voltage oscillation at 20 mA 
must be carried out very carefully, for the anodic (Ne 50 mmHg, A-K spacing 10 mm). 


oscillation is greatly affected by gaseous impurity, 
especially by molecular gases such as air, H»2, H,O 
vapour. For example, in our laboratory, the pro- 
cedures of the preparation are as follows. The bi] IS nim 
electrodes were electrolytically polished, and after | AVN | 
mounting the whole assemblage was washed up 
ethyl alcohol and boiling distilled water alternately. 
The glass tube was also cleaned beforehand and 
the glass work was done in an atmosphere of dry 
nitrogen gas in order to prevent oxidation of the 
metal parts. After baking out the tube at high Si : é 
temperature and after heating the electrodes with : 7| 
high frequency current, the pressure of residual 
gas reached to 4.5x10-®8mmHg. When all usual 


processes of evacuation were finished, the internal 
pressure of the tube was kept as low as 2.5% Fig. 3. Variation of the frequency, amplitude, 


10-7 mmHg for 30 minutes even after the pumping tube drop vs the tube current of oscillatron 
was cut off. Then, the pure Ne or Ar gas, which (Ne 50 mmHg, A-K spacing 10 mm). 


Amplitude (peak to peak volt) 
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= 
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with a sufficiently thick layer of sputtered molybde- 
num, the polarity of d.c. source was reversed now 
and then in order that the both electrodes equally 
sputtered. The essential part of this process had 
been proposed by T. Jurriaanse et al.V with regard 
to production of reproducible and stable cathode 
drop. When it is necessary to use the tube of 
knotty shape or the very large one for requirement 
of individual experiment, conventional barium 
getter must be also used to absorb the gas result- 
ing from naked parts of the glass wall. Lastly, 
the gas was renewed and the tube was sealed off. 

Fig. 2 (a) shows a type of oscillatron which was 
used for spectroscopic analysis of the anodic 
phenomena, and (b) shows the oscillogram of its 
voltage oscillation between the electrodes. Fig. 3 
shows the variation of frequency, average tube 
drop, and amplitude of the oscillation over whole 
range of the tube current. The oscillation includes 
the anodic mode only, and above 16mA the oscil- 
lation is very stable and reproducible within a 
fluctuation by a few per cent. The tendency of 
these characteristics is almost the same for any 
type of oscillatron as long as the tube is prepared 
with great care. 


Studies on the anodic oscillation using oscillatron 


will be reported on other papers. 
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Terminal Zone Cropping and Ultimate 


Zone Purification 


By Louis GoLp 
Edgerton, Germeshausen and Grier, Inc. 
160 Brookline Avenue, Boston 
15, Massachusetts 


(Received January 8, 1959) 


An aspect of zone melting which apparently has 
not been reported on as yet! concerns the explicit 
degree of purification achieved after any number 
of passes. A rather fundamental parameter, termed 
the purification factor, was introduced several years 
ago to identify the potential state of purity achieved 
in an ingot at any stage of the zone refinement 
process”). 

To apply this concept in paractice, the technique 
of terminal zone cropping may be employed; the 
initial zone serves as a sink for impurities having 
a distribution coefficient k >1, whereas the final 
zone accretes impurities having k<1. Such a 
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procedure was found helpful in the preparation of | 
single crystals of beryllium». 

It is well known that as the number of passes 
n>, an equilibrium distribution of impurity in | 
the ingot is approached. Further purification may 
be accomplished by removal of the terminal zone. 
If the back reflection of impurity from the terminal 
zone into the bulk of the ingot is ignored, a rather 
straightforward analysis of the purification becomes | 
possible. This simplification allows ready calcula- | 
tion of the upper bound on the degree purification- - | 
the actual state of purity that can be attained can. 
not exceed the values computed by the reduced . 
formalism. For certain situations approximating 
the semi-infinite ingot, the idealized purification 
factor to be offered here may suffice. 

Thus the cumulative total fraction of impurity 
potentially removable in the terminal zone can be | 
expressed as follows: 


Ae Veer : 
ee 5 \; ena Nae 


where ¢po is the initial impurity concentration, LD is 
the ingot length and / the zone width. C,(wx) is the 
positional impurity concentration after the zth pass 
for which a number of formulae has been worked 
out-®); these are of varying degrees of complexity. 
Still another manner of describing c,(a#) has been 
formulated which appears particularly suited for 
explicit numerical computation?. Thus in the rela- 


Ga 


tion 
Cn(@)/eo=1— Qn —k)e-(k/Vx Cay 
the quantity Q, involves the summation 
. ((A/U)x)"—P 
= 
Qe Ae (3) 


where the Ay obtain from a certain, iterative 
generating function. 

Purification factor data of likely practical value 
are to be made available at a later time when a 
full account of the findings will be offered. 
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Measurement of Bremsstrahlung Spectra with Sodium 


Iodide Scintillation Crystal 


By Motoharu Kimura, Naosi Mutsuro, Yuji OHNUKI, Katsufusa SHODA, 


Masumi SuGAWARA, Tsutomu ToHEI and Haruo YUTA 


Department of Physics, Faculty of Science, 
Tohoku University 


(Received August 21, 1958) 


The bremsstrahlung spectra of the 8.5 MeV electrons for the forward 
direction were measured with a scintillation spectrometer of a sodium 
iodide crystal 4in. in diameter and 4in. in length. Be, Ni and Pt of 
several thickness were used as the targets. The measured spectra were 
compared with our semi-empirical calculation. The calculation was based 
upon the response function for Nai crystal which was constructed refer- 
ring to the method developed by NBS group and also to the actual 
response curve for the monochromatic gammas of 1.12 and 6.14 MeV, 
instead of using Monte Carlo method which had generally been used in 


the former researches. The agreement is rather good if we assume 
Schiff’s formula for the intrinsic bremsstrahlung spectra. 


§1. Introduction 


It is of importance to measure the brems- 
strahlung spectrum as accurate as possible 
because of its extensive use in the investigation 
of photonuclear reactions and of the experi- 
mental check of the theory of bremsstrahlung. 
Many experiments have been made using a 
pair spectrometer and other detectors.?-” 
Recently, Starfelt and Koch measured the 
bremsstrahlung spectra for the electron ener- 
gies of 2.72, 4.54 and 9.66MeV using the 
scintillation spectrometer of a sodium iodide 
crystal 5in. in diameter and 9in. in length. 
These results show that the spectral shapes 
obtained with the beryllium and aluminun 
targets agree with theories of Schiff, Sauter, 
and Gluckstern and Hull, for the electron 
energies of 2.72 and 4.54 MeV. However, the 
9.66 MeV-experiment gives 20% higher value 
as compared with the theory at the low energy 
regions of photon. For gold target, the ex- 
perimental cross sections at the higher photon 
energies were larger than the theory, the dis- 
crepancies increasing with decreasing primary 
electron energy. 

In the present experiment, the forward 
bremsstrahlung spectra produced by 8.5MeV 
electrons were measured by scintillation spec- 
trometer using a sodium iodide crystal of 4 in. 
in diameter and 4in. in length. Targets of 
beryllium (Z=4), nickel (Z=28) and platinum 
(Z=78) were used. The results show that 


387 


the measurements for Z-dependence agree 
with the theory” if we neglect the effect of 
the target thickness. In order to obtain the 
target-thickness dependence of bremsstrahlung 
spectra, three platinum targets of 0.2, 0.08 
and 0.025mm thickness were used. These 
results were compared with the theory taking 
into account the multiple scattering of electron 
in the target. Complete agreement was not 
obtained. The discrepancy is believed to be 
the edge effect of the target, that is, the 
target in the donut presented an effective 
thickness less than the geometrical one be- 
cause an important fraction of the radiation 
would originate at the target edge during the 
shrinkage of the betatron orbit. 

For the comparison of the theory with the 
present experiments, the bremsstrahlung 
theory of Schiff® was used. Assuming an 
exponential screening law of atomic potential 
Zelr-exp(—r/a), Shiff integrated the Bethe- 
Heitler differential cross section” over all the 
outgoing electron angles and obtained the 
analytical expression of the intrinsic differ- 
ential cross section d?o/d2dE. Because of the 
Born approximation, his expression is restricted 
to energies that are large compared with moc’. 
Taking into account the multiple scattering 
of electrons in the target, Hisdal®? calculated 
the corrected bremsstrahlung spectra in the 
forward direction using Schiff’s® and Mor- 
liere’s® theory. His calculation was used for 
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the comparison with our measurement of 0.2, 
0.08 and 0.025mm Pt target. 


§2. Experimental Procedures and Results 


8.5 MeV electrons were produced by the 
betatron acceleration of 40MeV Synchrotron 
of Tohoku University. The shrinking elec- 
trons by the saturation of flux bars bombarded 
the target in the donut, and produced the 
continuous X-ray which passed through two 
collimators and led to the head of a scintil- 
lation spectrometer which was situated 4 me- 
ters from the target. The experimental ar- 
rangement is shown in Fig. 1. 
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Fig. 1. Experimental arrangement for the 


measurement of bremsstrahlung spectra. 


OSCILOSCOPE 


Fig. 2. Block diagram. 


The block diagram of the scintillation spec- 
trometer is given in Fig. 2. The photomulti- 
plier DuMont 6364 and the sodium iodide 
crystal of 4in. in diameter and 4 in. in length 
which was polished and mounted in our labo- 
ratory were used. In order to avoid the high 
back ground counting rate, the gate circuits 
were used which were open during the burst 
of X-ray beam. Using these gate circuits, 
the background countings were suppressed to 
about 1/30 of those when the gating was not 
applied. The background counts were meas- 
ured under the same condition with that when 
the bremsstrahlung spectra was measured but 
with shielding the X-ray beam by a lead brick 
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| 
in front of the last collimator. The measured | 
background counting rate is shown in Fig. 3. | 
Fortunately, the background counting rate 
was independent of the beam intensity and 


was equal to the natural background, thus 


BACKGROUND 
COUNTING RATE 


COUNTS/MIN 


° 50 10OV 


CHANNEL VOLT 


Fig. 3. Measured back-ground counting rate. 


the measured spectra of the bremsstrahlung, 
S(io, E) is represented by the normalized 
ratio, I’ as follows; 


S(£o, E)=const-T' , (2.1) 
where FE and & are the photon and the total 
electron energy respectively and I’ is given 
by 
atJNp=attot. 
- Nu—nut : 
where Nv and Nw are the measured counts 
of the detector and the monitor respectively 
and mp and mw their background counting 
rates and ¢ the time requied for the measure- 
ment of Np and Nw. 

In order to measure the counts of the moni- 
tor, Nw, “Self monitoring” method was ap- 
plied for almost all of the measurement. 
Using the same detector crystal for the meas- 
urement of Np, the integral counts of pulses 
higher than a certain level were used as the 
normalization of the channel counts. As 
shown in Fig. 2, the monitor counts were led 
from the A-1 amplifier through a discrimi- 
nator. 

Because of the short duration of the beam, 
the pile up effect of the detector was expected 
to be important, making the normalized ratio 


~ (2.2) 
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dependent on the beam intensity. In order 
to avoid this effect, moderately low intensity 
of the beam was used for the measurements. 
The energy of bremsstrahlung photons was 
frequently checked by comparison with the 
1.12MeV gamma-ray line from Zn, The 
pulse height of Zn® line was always measured 
before and after each run. The linearlity of 
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Fig. 4(a). Calculated shape near the high energy 


end of the bremsstrahlung spectrum. The cross 
point of the tangent along the linear part of the 
curve with the energy axis indicates the maxi- 
mum energy of photons, Emax. 
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Fig. 4(b). Measured shape near the high energy 
end of the bremsstrahlung spectrum. 


the amplifier was checked by several gamma- 
ray sources of different energies. The drift 
of the spectrometer was within 1~0.5% during 
the course of several hours’ run. 

The maximum energy of photons was deter- 
mined as shown in Fig. 4. If the cross sec- 
tion of the bremsstrahlung are approximately 
given near the high energy end of the spec- 


trum by 
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Lp eID; 
(2.3) 
= fie cine 
where Em is the maximum energy of photons 
and a is a constant to be determined experi- 
mentally, then the curve corresponding to the 
measured spectrum near the high energy end 
of the spectrum will easily be calculated with 
the following assumption. We assumed that 
the energy spread of electrons has 4% half 
width with Gaussian distribution and the re- 
sponse function of the gamma ray as shown 
in section 3. The resulting curve is shown 
in Fig. 4(a). Drawing a tangent along the 
linear part of the curve, the cross point with 
the photon-energy axis will indicate the maxi- 
mum energy of bremsstrahlung photons, En. 
An actual example is shown in Fig. 4 (b). 
Beryllium, nickel and platinum were used 
as the targets. The thickness was determined 
by micrometer as shown in Table I. 


Table I. 

Target | Z | Thickness in; Thickness in 
material mm radiation length 

Be 4 0.5 0.0012 

Ni 28 0.2 0.0136 

lene 78 0.2 0.0695 

Et 78 0.08 0.0278 

Pt 78 0.025 0.0087 


The measured bremsstrahlung spectra for 
various targets are shown in Figs. 5, 6, 7, 8, 
9 and 10, comparing with the theory. These 
will be discussed in more detail in section 4. 


§3. Calculation of Bremsstrahlung Spectra 
from the Response Function 


1) Differential cross section of the brems- 
strahlung, d?c/d2 dE 

The differential cross section of the brems- 
strahlung was calculated by Schiff? from 
integrated Bethe-Heitler? differential cross 
section, considering the screening effect. 
From his expression, differential cross section 
d’c/d@ dE for the forward direction is given 


as follows; 
@a 42? i e a) Eo ) ; Ok 
GOdE -137 moc? Moc? Qn 
ChE? +(o-E)? In M0 ) 
= Ee Ey Or 


(E < Eo—moc?). (3.1) 
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where Fp in the total energy of electrons and For the convenience of remaining calcula- | 
E is the photon energy, and M(0) and the tions, a following notation is used, | 
constant C are given by 


Pt (Z=78) 


Be (Z=4) 


RELATIVE NUMBER OF PHOTONS/Mev 
RELATIVE NUMBER OF PHOTONS/MeV 


fe) 0.5 1.0 
) 0.5 1.0 neces 
bare 2 
feo~ moc Fig. 7. Measured spectrum for Pt(Z=78) of 0.2 
Fig. 5. Measured spectrum for Be(Z=4) of 0.5mm mm thickness (open circle) and calculated curve 
thickness (open circle) and calculated curve from from Schiff’s formula. (solid line) 
Schiff’s formula. (solid line) Emax=8.5 MeV 


Emax=8.1 MeV 


Ni (Z= 28) 


RELATIVE NUMBER OF PHOTONS/Mev 
RELATIVE NUMBER OF PHOTONS/Mev 


° 0.5 LO: 
c¢) 0.5 1.0 

EK y—moC2 
Ef o- mo C Fig. 8. Measured spectrum for Pt of 0.025mm 
Fig. 6. Measured spectrum for Ni(Z=28) of 0.2 thickness (open circle) and calculated curve 

mm thickness (open circle) and calculated curve correcting the target thickness. (solid line) 
from Schiff’s formula. (solid line) Emax=8.5 MeV 
Emax=8.6 MeV 
no, E) 
Lag (mle =1{ _@B—E) , E+(Ey-E) 
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Since this expression is valid in an infinitely Hisdal® evaluated the bremsstrahlung spectra 
thin target, corrections must be applied for in the forward direction corrected for the 
the case of finite thickness. For a target of multiple scattering in the target of platinum. 
less than 0.1 radiation length, the effect of He tabulated the factors by which the intrinsic 
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Fig. 9. Measured spectrum for Pt of 0.08mm Fig. 10. Measured spectrum for Pt of 0.2mm 
thickness (open circle) and calculated curve thickness (open circle) and calculated curve 
correcting the target thickness. (solid line) correcting the target thickness. (solid line) 

Emax=8.4 MeV Emax=8.5 MeV 


energy loss and absorption in the target and differential spectrum must be multiplied in 
the double radiation process should be negli- order to obtain the relative corrected spectrum 
gible. Another correction comes from the in Pt. For our calculation of the spectra of 
multiple elastic scattering which the electrons Pt target, extra and interpolated values from 
undergo in the target before radiating. his table were used. 


2) Response function of sodium-iodide scintillator 
Response function R(E, E’’) is expressed by Berger and Doggett!” as follows; 


RB / Ts AY EY’ —E)? 
RB, = YE) eee exp i ee ) jae+ Seo ex besiege , 


(3.4) 


where E is the energy of impinging photon and E” is the output pulse height expressed in 
energy scale. Y(E) is the efficiency of the crystal for the photon of energy #, and Ist and 
2nd term in the large blacked represent the compton tail and photo peak. The exponential 
factor means the Gaussian distribution of the secondary electron energy. Since the integration 
of R(E, E’’) over E”’ is the efficiency of the crystal, 


co BE 
| R(E, E”) dE” =¥(B)| | KE, E’) dk+p(E) | 

0 0 st 
=AV(E) | (3.5) 
following normalization will be obtained; 


|, KE. BE) dE’ +p(E)=1. (3.6) 


0 
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This means that ese E’) dE’ is the fraction of Compton tail and P(E) is the fraction of 
0 


photo peak. 

Since there are one and two quanta escapes in the response curve of 6.14 MeV photons as 
shown in Fig. 12, one and two quanta escape fractions, pz, and pz, must be added in our 
response function as follows; 


/ deny ON 2 - 


eT a 

V 2ra(E—2mvoc?) 2a(E—2moc?) 
pee DENCE, _(E"+me—E)] ,_ p(E) | --e 3.7 
| 2nalE —myc®) = [ 2a(E—moc”) V 2naE sia 2aE tye 


where a is a constant and gives the width of Gaussian distribution and is chosen to be 0.00146. 

The functions K, pz,, Px, and p can be evaluated using the Monte Carlo method. However, 
in the present calculation, these function were determined referring to the synthesis procedure 
of Koch and Wyckoff!” which based on the experimental data obtained by monoenergetic 


electrons. 


From their synthesis procedure, these functions are expressed in terms of the 


photoelectric (rc), pair (z), Compton (c) and total (z) absorption cross sections. 


photo fraction: 


fraction of one quantum escape: 


fraction of two quanta escapes: 


where the constant @ is the fraction of the 
total pair production events for which both 
annihilation quanta are absorbed in the crystal 
and the constants Ai and Az are the fraction 
of the total pair production events for which 
one quantum and two quanta escape from the 
crystal respectively. The relation between 
Ai, Az and a is 

AitA:+a=1. (3.9) 
The constant 0 is the fraction of the Compton 
scattered photons that are multiply scattered 
and totally absorbed in the crystal. Koch and 
Wyckoff!” showed that the strinking similarity 
exists between the Compton electron distri- 
butions for a single- and multiple-interactions 
for the same photon energies. Thus, the 
function K of the Compton tail was chosen 
as the Compton electron distributions for a 
single interaction, 


; 1—b/mec?\{ E Fa 
KE, £9 =0,185 = - py ce 
( ) Lu ( 12, ee E 
4 {BE (me? +E) YP 
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E 
je eel a 
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p(E)= t-tan+bo 

doy (3.8) 
Lu 
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where the numerical coefficient 0.135 was de- 
termined to fit the total cross section of Com- 
pton scattering electrons in a sodium iodide. 
Instead of (3.6), the normalization of the re- 
sponse function, (3.7), is given in terms of fp, 
bz,, bu, and K(E, E’) as follows, 


(Ke, E’) dE’ +pE) + pe(E) + Pe(E)=1 . 


(3.11) 


The energy resoluion of the response function 
expressed by (3.7) is obtained as follows: 


oe eee 
E He sd 


From the measured spectrum of 1.12 MeV 
gamma ray line, which gives the energy re- 
solution 8.5%, the constant @ is determined 
0.00146 as stated before. The measured spec- 
trum and the response function using the 
constant a=0.00146 give the energy resolutions 
4.7% and 3.6% at 6.14 MeV respectively. This 
deviation comes from the difference of the 
distributions of the response function and the 
actual spectrum; the response function con- 
tains the Gaussian distribution only which 
comes from the statistical fluctuation as given 


(3.12) 
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in (3.7), whereas, the actual spectrum contains 
the non Gaussian part which comes from the 
energy loss from the crystal. 

The fractions of photo-peak, one quantum, 
escape, two quanta escapes and Compton tail 
are determined from the areas of these parts 
in the measured spectra of 1.12 MeV and 6.14 
MeV gamma-ray lines using the normalization 
relation (3.11). Since the constants Ai, A» 
and @ are independent of the photon energies 
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Fig. 11. Pulse height distribution produced by 
the 1.12 MeV gamma rays from Zn® (solid) and 
the response function used for the calculation 
(dashed). The dashed curve is drawn from 
(3,7) using the constants as shown in the text. 
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Fig. 12. Pulse height distribution produced by 
the 6.14 MeV gamma rays from the reaction of 
F1%(p, a)O18 (solid) and the response function 
used for the calculation (dashed). The dashed 
curve is drawn from (3,7) using the constants 
as shown in the text. 


and only depend on particular geometry of 
the scintillator, these constants are determined 
from the measured fractions at 6.14 MeV using 
the relations (3.8) and (3.9) as follows: 
A,;=0.500 
G04 lie 
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At the same time, the parameter b in (3.8) 
is determined from measured fractions. To 
determine p and b as the function of the 
gamma ray energy, the inter- and extrapola- 
tion procedure are performed along the data 
of Koch and Wyckoff, using p and b at 1.12 
MeV and 6.14MeV. The curves of p and b 
given in Fig. 13. 
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Fig. 13. Fractions of photopeak » and Compton 
tail b. The values of (5’’é x9’’) and 0(5/’¢ x9) 
are taken from Koch and Wyckoff (reference 
(12)). The values of p(4’’¢ x 4’’) and b(4/¢ x 4’") 
are determined experimentally and used for the 
present calculation. 


The efficiency of the sodium iodide crystal 
of 4in. in diameter and 4in. in length was 
taken from the data of the sodium iodide 
crystal 5in. in diameter 4in. in length’. 
Because of long distance (4m) between the 
target and the last collimator and of smallness 
(0.8cm¢) of its slit aperture, the efficiency of 
the crystal is given as the following; 


Y(E)=1—exp [—H(E)L) (3.13) 


where L is the length of the crystal. This 
efficiency almost agrees with that of 5”%¢x4”, 
which was used for the present calculations. 


3) Bremsstrahlung spectrum 

The bremsstrahlung spectrum converted 
into the measured spectrum, S(fo, E”’) is 
given from (3.3) and (3.7), without constant 


factor, by 
S(4£o, Br) =|" n(E, E)-R(E, E) dE. (3.41) 
0 


This can be decomposed into four terms, that 
is, the integrals containning Compton tail (So), 
one quantum escape (Sz,), two quanta escapes 
(Sz.) and photo peak (Sp) 
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SEs, E =| az |’ TEE exp | co |B, BE). 
These four terms were calculated to the 2nd donut. This correction factor was around 


order of approximation, the error being less 
than 0.5%. 

The most important correction came from 
the absorption of photons in the glass of the 
donut. In this case, the corrected spectrum 
should be expressed by 


ak E <p Bab RS MEL aE 


0 

Gal) 
where a(F£) is the correction for absorption to 
the photon energy FE. Furthermore, if the 
target thickness were taken into account, 
S(E£o, E’”’) should be expressed in the term of 
the correction factor z(t, £) for the multiple 
scattering in the target, 


So, £’’) 


S(Eo, B= 


-\" aE) n(t, E) n(Ey, E) RE, E’)dE , 


(3.18) 


where ?¢ is the thickness of the target. The 
theoretical curves of beryllium and _ nickel 
were calculated from (3.17). The target thick- 
ness was only taken into account in the theo- 
retical curves of platinum targets. These 
curves are shown in Figs. 5, 6, 7, 8, 9 and 
10, together with the measured spectra. 


§4. Discussion 


The absorption of photons between the 
target and the head of scintillation spectro- 
meter, the effects of the finite thickness of 
the targets and the effects of penetration of 
collimator edge and the scattering by the wall 
surface in the collimator must be taken into 
account for the theoretical curve. The ab- 
sorption of photons was negligible in alumini- 
um of the sodium iodide crystal housing and 
the air between the target and the head, and 
was the most important in the glass of the 
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10%, and was applied to the spectra. The 
collimator effect mainly came from the last 
lead collimator with the aperture of 8mm#@¢. 
An approximate calculation of this effect 
showed that both contributions of transmitted 
photons through the wall of the collimator 
and of scattered photons were about 1% in 
together at all energy. Because of the un- 
certainly of the calculation and the smallness 
of the magnitude, these effects were neglected. 
Normalizing point of theory with experiment 
was chosen at the point of E/(Ho—moc?)=0.5. 
Near the high energy end of bremsstrahlung, 


statistical error became high because of low | 


counting rate, and some deviations of the 
theory from experiment occurred. However, 
little may be said about the high energy end 
of bremsstrahlung. Recently, Fuller et al!” 
measured the shape of the high-energy end of 
the bremsstrahlung spectrum, using the reso- 
nance scattering of photons by the 15.11 MeV 
level in C¥%. The data indicate an excess 
number of photons in the tip of spectrum, 
when compared with Bethe-Heitler spectra 
corrected for target thickness. 

In order to see the Z-dependence of Brems- 
strahlung, the ratio Ni/Pt and Be/Pt are given 
Fig. 14 together with the theoretical ratios. 
These ratios are normalized to 1 at E/(Eo—moc?) 
=0.5. If the differential cross section of 
bremsstrahlung with atomic number Z were 
given in the form of mz(Eo, E), then the 
theoretical ratio I'(Z:/Z) will be given as 
follows; neglecting the thickness of targets; 


[PoE RE, E’’)nz,(bo, E) dE 
I'(Z1/Zo)= + 


aE) RCE, EB”) ng (Eo, BE) dB 


0 


(4.1) 
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The main contribution of R(E, E’”’) to the 
integrals is photo- and one quantum escape- 
peak at the energy of E and E—0.511 (MeV). 
Thus the ratio 7’(Z:/Z.) depends only slightly 
on the shapes of the response functions in the 
region of slow change of mzi(Ey, E) with E. 
Therefore I'(Zi/Zo) gives us the direct know- 
ledges for the bremsstrahlung spectra inde- 
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Fig. 14. Z-dependence of the experimental and 
the theoretical ratio 

@ : experimental point of Ni/Pt 

© : experimental point of Be/Pt 
theoretical curve of Ni/Pt 
theoretical curve of Be/Pt 
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Fig. 15. Thickness dependence of the experi- 
mental and the theoretical ratio 
@ : experimental point of 0.025 mm/0.2 mm 
© : experimental point of 0.08 mm/0.2 mm 
theoretical curve of 0.025 mm/0.2 mm 
experimental curve of 0.08 mm/0.2 mm 


pendent of the ambiguity of the shape of the 
response function. As shown in Fig. 14, the 
measured ratios agree with the theoretical 
ratios within the statistical error, neglecting 
the thickness of targets. 

The measured spectra for the platinum 
targets of 0.2, 0.08 and 0.025mm thickness 
are shown in Figs. 8, 9 and 10. The ratios 
0.08 mm/0.2mm and 0.025 mm/0.2mm_ are 
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shown in Fig. 15, which also shows the theo- 
retical curve corrected for the target thick- 
ness. These ratios are normalized to 1 at 
E/(Eo—mvoc?)=0.5. Not so good agreement 
was obtained. The shrinking velocity of the 
betatron orbit is the order of 10-*~10-5 cm per 
one revolution, and the effective thickness 
of target will be less than the geometrical 
value. The effects of target thickness will be 
very difficult to be discussed quantitatively. 

In the calculation of 7Z-dependence, the 
thickness of targets was neglected, that is the 
case of the infinitely thin target was used. 
There exists, however, fairly large deviations 
of the spectra of both experiments and calcu- 
lations from standard one of 0.2mm thickness 
of Pt target. Thus, we can not say much 
about the Z-dependence of the results, where 
the accurate estimation of the effect of target 
thickness is very difficult. In conclusion, 
though we found it rather difficult to check 
the theory of Schiff in full, it was a fairly 
useful method to calculate the shape of brems- 
strahlung using the response function deter- 
mined experimentally. 
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The angular distributions of protons scattered elastically and inelas- 
tically by Ne29 and Ne22 have been observed at six energies from 4.95 to 


5.50 Mev. 


The shape of angular distribution of inelastically scattered 


protons varies rapidly with incident energy in boths cases of Ne?? and 


Ne??, 
(Q=— 1.63 Mey). 
features. 


the compound nucleus formation process. 


An anomaly is found at 5.25 Mev in the reaction Ne2%(p, p’)Ne?? 
The elastic scatterings also exhibit the corresponding 
These results suggest that the reaction proceeds mainly through 


The spin and parity of the 


compound state seem likely to be 5/2(+). 


$1. Introduction 

The present work is a study of the variation 
with incident energy of the differential cross 
sections for elastic and inelastic scattering of 
protons by neon nuclei. Protons of energies 
up to 5.5Mev were produced by the Osaka 
University 44 inches cyclotron”. 

Natural neon contains three isotopes. The 
most abundant isotope Ne” has the first ex- 
cited state at 1.63 Mev above the ground state. 
The angular distributions of protons scattered 
inelastically from Ne”, exciting the 1.63 Mev 
level, were measured by Heitler et al® and 
Freemantle, et al®? at the proton energies of 
4.2 and 9.5 Mev respectively. At present there 
are two types of theories that attempt to 
explain and predict angular distributions of 
product particles in nuclear reactions. The 
first is based on the formation and subsequent 
decay of a compound nucleus*. General theo- 
ries applicable to this types of reactions are 
able to give information on the angular distri- 
bution’. If the reaction proceeds through a 
single level of the compound nucleus, the 
angular distribution is symmetric about the 
scattering angle @=90° in centre-of-mass sys- 


tem. If some levels with different natures 
are involved in the reaction, the distribution 
may become more complex and be asymmetric 
about the 90° angle when the interference 
between outgoing waves of different parities 
is present. Finally if the reaction proceeds 
through a large number of levels of the com- 
pound nucleus which are contained within the 
energy spread of the incident beam in the 
so-called continuum region of the primary 
energy, the distribution is again symmetric 
about 6=90°. In these cases interferences 
between the many overlapping levels are 
thought to be cancelled out by each other on 
the statistical average. 

The second type of theories considers that 
the reaction proceeds either through a direct 
interaction between the incident proton and a 
nucleon in the target nucleus or through ex- 
citation of the nuclear rotational state. 

It has been shown by McManus and Butler? 
that the angular distribution of inelastically 
scattered protons studied at 9.5 Mev by Free- 
mantle et al is well interpreted by the direct 
interaction process mentioned above. On the 
other hand, the theoretical calculation for this 
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_ experimental result based on the excitation of 
the rotational state has been carried out by 
Yoshida®. 

The experimental works described here were 
undertaken in order to get further information 
of the problem mentioned above. The results 
obtained at six points of incident energy from 
4.95 Mev to 5.5 Mev will be shown. 


§2. Apparatus 
The Osaka University 44” Cyclotron pro- 
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duced the proton beam used for the experi- 
ment. Fairly standard techniques of scattering 
experiment were used, some details of which 
are stated below. The whole layout is shown 
elsewhere” and the experimental arrangement 
in Fig. 1. The movable scintillation counter 
could be set within 0.1 degree of any angle 
between —70° and 164°. The protons scat- 
tered by the gas target passed through the 
slit system composed of two rectangular slits 
before counter. 
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FARADAY CUP \ 
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CELL 
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Nal(Tl) scintillation crystals cut to the 
dimension of about 0.8 x 12 x 20 mm* were used 
as detectors with Du Mont 6291 or 6292 photo- 
multiplier tubes. When the latter type tube 
was used, somewhat special arrangement as 
shown in Fig. 1 was adopted. Although the 
pulse heights of the gamma ray backgrounds 
in this detector were not so high, it affected 
fairly the accurate counting of the inelastically 
scattered proton groups at large scattering 
angles. Various efforts such as to interpose 
the lead gamma-ray absorbers into the beam 
ducts, covering the beam-exposured faces of 
various slits with gold foils, and the shielding 
of the detector with lead plate reduced these 
background by about a factor of thirty. The 
pulses generated in the scintillation detector 
system were amplified and analysed by an 
Atomic Model 510 20-channel analyzer. Some 
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The experimental arrangement. 


typical pulse height spectra obtained are shown 
later in Fig. 3(a), (b) and (c). The energy 
resolution of these detectors were about 4.5%. 


§ 3. Procedures of Experiment 


A. Measurements of energies of the incident 
proton beams 

The thickness of the aluminium absorption 
foils interposed to the beam in front of the 
scattering chamber were chosen so that the 
beam energies would be reduced successively 
by nearly 0.1Mev. The absolute values of 
the beam energies corresponding to each thick- 
ness of these foils were determined as follows 
by referring to the excitation function for the 
C(p, p)C reaction published by the Rice 
Institute group’. Changing the foil thickness 
successively, we observed the variation of the 
yields of the protons elastically scattered at 
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the scattering angle 9=160° from propan 
target. A typical comparison is shown in 
Fig. 2. The values of the beam energies de- 
termined in this way were always compared 
reasonably with that obtained by other methods. 
The uncertainty of the values thus obtained 
seems to be within 30 Kev. The energy spread 
of the primary beam, on the other hand, 
seemed to be about 50 Kev, which would be 
increased gradually with reduction of the beam 
energy by inserting of absorption foils. 
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Fig. 2. Determination of the energies of the in- 
cident protons. 


B. Pulse-height spectrometry 

Fig. 3(a) shows a typical pulse-height spec- 
trum obtained from the detector at the scat- 
tering angle 0@=90°. We observed three proton 
groups, elastic scattering group from neon 
nuclei, inelastic (Q=—1.63 Mev) group from 
Ne” and the inelastic scattering (Q=—1.27 
Mev) group from Ne??. 

Beside these groups from neon, the elastic 
scattering group from helium, contamination 
in the target, was found a little in the region 
of scattering angles 0<100°. It overlapped 
with the inelastic scattering from Ne” at the 
angle 0~ 75° and with that from Ne” at the 
angle @~90°. The corrections were about 
4% for the inelastic scattering group from 
Ne” at @=90° and almost negligible for the 
elastic scattering groups at the forward angles. 

The inelastic scattering groups from both 
neon isotopes were affected by the background 
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at the forward angles 0<(30° as is shown in 
Fig. 3(b). This background seems to be pro- 
duced by the slit-edge and multiple scattering 
of the incident and scattered beam. The» 
intensities of this background decreased rapidly 
with increasing scattering angle and its effects , 
were sufficiently small at @=30°. 

At the backward scattering angles the ine- | 
lastic groups from Ne” suffered further from | 
the background of gamma-rays which seemed 
to be produced at the collimator slits for the 
incident beam, (Fig. 3(c)). In the region of » 
medium scattering angle 40°<.@6<140°, the 
amounts of background which affected the 
inelastic scattering groups from Ne” were at 
most 5% in total number. 
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Fig. 3. The pulse-height spectra of the protons 
scattered from neon. 


C. Deduction of the differential cross section 

The differential cross section in laboratory 
system o(@) at a scattering angle @ is given 
in usual way. The correction owing to the 
finite size of the target and the beam were 
less than 1% even at small scattering angles. 
The zero of the scattering angle was checked 
experimentally by the comparisons of the yields 
at two corresponding scattering angles with 
respect to the incident beam (@==60°, and 
+70°). The gas pressures were of the order 
of 150mmHg. As the intensities of protons 
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at small angles are very large due to the 


elastic scattering, the counting rates were al- 
ways adjusted so that the counting loss cor- 
rections would not exceed 1%. 

Besides the errors for those factors stated 
above, there were further sources of errors. 
As will be shown in section 4, the measured 


cross sections showed remarkable variations 


with the change of proton energy. A change 
of energy by 0.1 Mev made in some extreme 
cases the cross sections varies by amounts of 
factor. Therefore we paid our attentions to 
the error resulting from the drift of the energy 
of incident beam which the small variations 
of the operating conditions of cyclotron might 
produce. However, the effects were found to 
be fairly small. 

Considering all the factors mentioned in 
this section, the accuracies of our cross section 
measurement would be about 6% in relative 
values and about 10% in absolute values. 


D. Measurements 

The cyclotron were usually operated con- 
tinuously for some ten hours. At every oper- 
ation, the energies of the incident beam were 
measured as has been stated in section A. 
Six sets of measurements of the angular 
distributions for both scatterings were then 
performed at 5.50, 5.40, 5.30, 5.20, 5.05 and 
4.95 Mev of incident proton energies. The 
inelastic scatterings from Ne” were studied 
simultaneously. The angles of scattering in 
these measurements ranged from 20° to 164.5° 
in laboratory system with steps of 5° or 10°. 


§ 4. Experimental Results 

Fig. 4 shows the results for the elastic scat- 
tering from neon. At the smallest angle of 
scattering 9=21°, the observed values are 
within 10% deviation from the calculated 
values based on pure Rutherford scattering. 

Fig. 5 represents the results for the inelastic 
scattering from Ne®. An anomaly is found 
at the energy of 5.25 Mev. Kondo, et al in 
our laboratory have measured also the scat- 
terings of protons from neon by emulsion 
technique’. Both results are compatible in 
the position of the anomaly, the shapes of the 
angular distributions at corresponding energies 
and the feature of variations of cross sections 
with energy, except the relatively small dif- 
ferences in absolute values of cross sections 
especially in the region of reasonance peak. 
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§5. Discussion 


As we can see in Figs. 4 and 5, the angular 
distributions of both elastic scattering groups 
from neon and inelastic scattering groups from 
Ne” change their shapes rapidly with proton 
energy. At the energy of 5.25 Mev, we ob- 
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Fig. 4. The angular distributions of the elastic 
scatterings of protons from neon. 
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Fig. 5. The angular distributions of the reactions 


Ne2(p, p’)Ne2*, Q= —1.63 Mev . 


serve also an anomaly in the elastic scattering. 
Next, as is seen in Fig. 6, the angular distri- 
butions of the inelastic scattering groups of 
Ne22. show the different shapes from those of 
Ne”? at the same enegy. The distribution 
shapes also change with energy. 

All these features seem to support that our 
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reactions proceed mainly through the forma- 
tion of the compound nucleus. This arguments 
would be reasonable from the following two 
points. First, the energy region studied is 
not much higher than the so-called resonance 
region’. Thus the situations of both regions 
would not be different greatly. Second, the 
occurrence of resonance phenomena in our 
energy region seems to arise from the fact 
that the excitation energies of the compound 
nucleus Na”! are relatively low. As the sepa- 
ration energy of proton in Na” is only 2.45 
Mev, the excitation energy of Na*! correspond- 
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Fig. 6. The angular distributions of the reactions 
Ne22(p, p’)Ne?*, Q= —1.275 Mev . 


ing to the proton energy of 5.5 Mev in nearly 
7.8 Mev and is little higher than the excitation 
energy of 6.76 Mev in the mirror nucleus Ne”! 
formed by the Ne”? nucleus with zero energy 
neutron. 

Here we should like to argue the shapes of 
the angular distributions of the inelastic scat- 
tering from Ne”. The overall shapes of six 
results obtained are similar to each all and 
especially they are not so different from that 
obtained at 9.51 Mev. As has been stated in 
introduction, the latter distribution shape has 
been interpreted by the direct interaction 
theory and the distribution shape is expected 
to vary slowly with energy. Thus, in spite 
of the many materials supporting the possible 
dominance of the compound nucleus formation 
process, this apparent insensitivity of the 
shapes to energy make ones fear that the 
direct process might play the main role in 
the energy region mentioned above. This 
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argument is however, denied by our measure- ; 
ments of angular distributions which have} 
been made at higher energies of 8.0, 9.5, 11.0, | 
12.5 and 14.0 Mev. Among these results, 
the one at 9.5 Mev has showed the same distri- | 
bution shape with that by Freemantle, et 
al. This distribution shapes at other ener- 
gies have been, however, quite different from | 
that at 9.5 Mev and also from that obtained 
by us in the neighborhood of 5.25 Mev. There-_ 
fore the distribution shape at 9.5 Mev is not 
the one which varies slowly with energy but © 
the one which is seen rather especially in the 
restricted region of energy. 

Now standing on the point of view that 
our reactions proceed through the formation — 
of the compound nucleus, we shall discuss 
further our results. 
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Fig. 7. The evergy dependence of the total cross 
sections for the reactions 
Ne2(p, p’)Ne2*, Q@= — 1.63 Mev. 


It must be emphasized that the anomaly 
found has a broad energy width of nearby 
300 Kev. The experiments at energies below 
4.4Mev referred show that the mean level 
distance is about 0.2 Mev and the half widths 
of the nine levels observed are ranging from 
12 Kev to 100Kev, being usually some tens 
kilo volts’. The energy width observed by 
us is quite broader than those of lower levels. 
Here, we consider that this anomaly is due 
to a single level because the excitation curve 
for total cross sections vary with energy in 
the usual resonance behaviour as is shown in 
Fig. 7 and also the angular distributions do 
not change their shapes during the course. 


i ie 
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1 
Then it seems that the most parts of total 


| 


cross sections are attributed to this anomaly. 


Fig. 7 shows that at the resonance energy of 


5.25 Mev the cross section of this resonance 
stands for at least more than two third of the 
total cross section. The rest part may be at- 
tributed to the effects of some far levels or 
the direct process if possible. The extents to 
which the resonance parts amount in the total 
cross sections are, however, not so definite. 
In Fig. 7, the dotted line represents the part 
which varies slowly with E,-! dependence 
and the rest shows the resonance part which 
has a peak cross section of 230mb at 5.25 
Mev and a level width of 300 Kev. 

The total cross section for the inelastic scat- 
tering of nucleons from a nucleus of a spin 
zero through a compound nucleus of spin J 
is given at resonance by the following well- 
known formula: 

AT pal yrs 


o(b, P= Bh I+ ee (1) 


Where & is the wave number and I’,, Ips 
and /’»-; are the total width, the partial width 


_ for the incident protons and that for the out- 


going protons of the relevant compound level. 
Now z/k?=137 mb and we may put approxi- 
mately [y;=Ip7+I' pz. The factor z(J+4)/k? 


‘In equation (1) represents the maximum value 


of the cross section for the reaction which 
proceeds through an intermediate state of spin 
j. Thus comparing the values of the experi- 
mental and theoretical cross sections, we can 
first eliminate the case /=1/2. In our case, 
the some fraction of resonance peak cross 
section, say 230 mb, is thought to be the result 
of a single level resonance. However, we must 
retain the possibility of /=3/2. As 32/k? is 
larger than o,=340 mb above, the cases J= 5/2 
have the general possibility that even the 
whole of the peak total cross section are yet 
in the limit of the theoretical value due to a 
single level resonance process. 

On the other hand, general consideration of 
the nuclear size and the incident proton energy 
limits the orbital angular momentum / in the 
incident state to /<3 or 4 at most. There- 
fore J/=/+3 would be limited to J/<7/2 prob- 
ably. 

Further selection of j among these values 
and assignment of parity z of the compound 
state must be performed under inquiring of 
the results for the angular distribution. The 
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general theory of the angular distribution of 
product particles in a nuclear reaction which 
is applicable to our problem has been given 
in reference’. The theoretical predictions are 
compared with our results, which is given by 
the following formula for the case of E,»=5.20 
Mev: 


oO) (114 PH 0-18 Py 0.88. 
Rk? Q7r 
—0.18P:+0.16P,). (2) 


Here Pn means the Legendre polynomial 
Pn (cos @). As contribution of the odd m part 
is relatively small, let us study tentatively 
one process through a compound nucleus level 
which can respond to the whole even parity 
part of the distribution formula and therefore 
seems to be dominant in our resonance phe- 
nomenon. 

When we take into account the term P., 
we must exclude all processes with /<3/2 be- 
cause of the Yang’s rule for the complexity 
of the angular distribution of the reaction. 
Then the process in which 


1=2, J(x)=5/2(+), U=0 and 2, and s’=5/2 


seems to be preferable. Here s’ is the channel 
spin after the reaction, and the interference 
between outgoing waves has been taken into 
account. Next when we neglect the term P,, 
the distributions of type A—BP,(cos@) are 
reproduced respectively by the processes 
through J(z)=3/2(—), 3/2(+) or 5/2(—). 

Here, let us turn to the results for the 
elastic scattering. In order to search its 
anomaly, we rearrange our data shown in 
Fig. 4 into excitation curves at fourteen angles. 
Then the anomaly is found to vary with angle 
roughly according to the angle dependence of 
—P,(cos@). The feature seems to support 
J=2 for the incident waves as the dominant 
process. 

Concluding these arguments, we recommend 
5/2(++) as the most possible state of the com- 
pound nucleus for the anomaly. As the phe- 
nomena are, however, rather complicate, the 
assignments 3/2(+), 5/2(—) and 3/2(—) have 
also some possibilities. 
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An effective interparticle potential, which is a modified Debye-Hiickel 
potential, is introduced and discussed in order to eliminate simultaneous 


interactions between three particles or more in an ionized gas. 


For this 


potential weak-interaction asymptotes of collision cross sections necessary 
for the theory of irreversible processes are calculated without making 


further approximations. 


These cross sections are applied to relaxation 


between ion and electron temperatures and to the coefficient of viscosity. 


§1. 

In a previous paper” by the same author 
phenomenological thermodynamics of irreversi- 
ble processes was applied to plasmas. In the 
present paper the coefficients of irreversible 
processes in a gaseous plasma are treated in 
molecular terms. 

Transport and relaxation phenomena in a 
highly ionized gas were treated recently by 
many authors. Their methods can be divided 


Introduction 


into two types. The one is the treatment by 
Cowling”, Landshoff?? and Chapman”. It 
starts from the Boltzmann equation for dilute 
gases. The other is due to Spitzer and his 
coworkers») who treat the problem as a 
stochastic process. To avoid divergence of 
cross sections these authors use a cut-off pro- 
cedure or similar. When the cut-off is made 
at a length of the order of Debye shielding 
length, conclusions drawn from these two 
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types are the same so far as the weak-inter- 
action limits are concerned which do not de- 
pend on the length of cut-off. 

In the present paper we are interested not 
only in the weak-interaction limits but in the 
asymptotic forms for weak interaction. 

It is impossible at present to obtain exact 
expressions of the asymptotes. Hence all we 
can do is to make calculations in a least 
arbitrary way. Use of an effective inter- 
particle potential is less arbitrary than the 
cut-off procedure, when the effective potential 
_ seems to be adequate. 

In §§2 and 3 a model of effective inter- 
particle potential will be discussed. By use 
of the model, weak-interaction asymptotes of 
cross section necessary for the theory of relax- 
ation and transport phenomena will be calcu- 
lated in §4 without making further approxi- 
mations. These cross sections will be applied, 
in §5, to the relaxation between ion and 
electron temperatures. They will further ap- 
plied, in §6, to the coefficient of viscosity, 
for which accurate value even at the weak- 
interaction limit was not obtained before. 


§2. Potential of Average Force between 
Two Particles 


We first consider a highly ionized gas in 
thermal equillibrium composed of _ several 
species of particles with electric charges e; 
and number densities mj; (j=1,2,---). The 
gas is supposed to be neutral 


> 25e;=0. (2.1) 


All the particles is assumed to have no internal 
structure. 

The charge of any particle in the plasma 
is shielded by surrounding charged particles. 
Our essential assumption is that the shielding 
is shared by many particles within a sphere 
of shielding radius. In other words, the 
plasma is assumed to be close to an ideal 
gas; or the absolute value of potential energy 
between two particles at the mean distance 
is assumed to be much smaller than the 
particle kinetic energy. 

Then the electrostatic potential g¢ around a 
particle in the plasma satisfies, in the time 
average, the linear differential equation (the 
Poisson-Boltzmann equation)” 


p= (2.2) 
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with the Debye-Hiickel characteristic constant 
« defined by 

K=Ar >) nyez{kT , (2:3) 
kT being the Boltzmann constant times the 
temperature. The electrostatic potential around 


a particle with charge e: is given by its well- 
known solution 
g=ejexp(—xr)/r , 

yr being the distance from the particle. 

Now, let us consider the potential of average 
force between two charged particles shielded 
in the plasma. Relative position of the two 
particles is assumed to be fixed. Then the 
electric potential ¢g in the time average around 
the two-particle system is a solution 


(2.4) 


g=* exp (—«r) +2 exp (—k/z2) 
Vy 72 

of the equation (2.2). Here e: and é are 
particle charges; 71 and 72 are distances from 
1 and 2, respectively. If we multiply the ¢ at 
the position 1 by e: and the ¢ at 2 by ez, 
sum up these, divide the sum by two, and 
take out the term depending on the distance 
y between the two particles, then we obtain 


€1€2 exp (—xKr)/r (2.5) 
as the potential of average force. This isan 


elementary derivation of the result obtained 
by Kirkwood and Poirier®. 


§3. Mayer’s Theory and Effective Inter- 
particle Potential 


The free energy of an ordinary gas com- 
posed of N particles in volume V can be ex- 
panded into 


ONE Se nad 
y=1 y+l1 

where v=V/N, and Fiacai means the free 
energy of an ideal gas. The coefficients fy’s 
are given by Mayer’s irreducible cluster inte- 
grals. When the interparticle potential is a 
function of the interparticle distance 7 only, 
8: in particular is given by 


ss Ni Ni{” _ PisdN)\ _ | 2 
| nev Le fe) lr, 
(S22) 


where Nj/N is the mole fraction of jth species 
and ¢;(7) is the potential between ith and jth 
species. 

In our case of plasma ¢(7) is a Coulomb 
potential; hence the integral (3.2) for #6: and 


A04 
corresponding integrals for 2, B3,--: all 
diverge. Replacing first the Coulomb potential 


l/r by exp(—ar)/r with a>0 and taking the 
limit a—>0 at the end, Mayer, in his paper 
on ionic solutions, found however that the 
asymptotic form of (3.1) for weak interaction 
agrees with the Debye-Hickel law 


a V werT 
F= Fiaeai 3 An ? 
«x being the Debye-Hiickel characteristic con- 
stant. 


As a trial let us put 


(Sio° 


(3.4) 
in pace of qi;(7) in (3.2) and replace the right- 
hand side of (3.1) by its first two terms 


- Ni N35 
ee 3 1 AEST] 
Fyaeaa— NRT - 220 2 NN 


x |" | exp Fees, -1| POF. 


Here «’ is a positive constant. This becomes, 
when we take the weak interaction limit and 
use (2.1), 


0: ;(7)=e1e; exp (—K’r)/r 


27N Ni Nj 
vkRT a NWN 


” 1 ( eesy op ae 
xf Hear 2k’ r)r? dr 


Figen Thi 


or 
Fiaear— NRT v «4/3276 : 

The last expression coincides with (3.3) when 

k= 3K/8" (3.5) 
Hence the Mayer series, the right-hand side 
of (3.1), is equal to the sum of its first two 
terms in which the Coulomb potential e:e;/r 
are changed to ee; exp (—x’r)/r with an effec- 
tive shielding constant «’ =3x/8. 

This fact may have some physical meaning. 
The vth term of the Mayer series comes from 
configurations in which »y particles interact 
simultaneously. Interactions between three 
particles or more can be eliminated by use of 
a shielded interparticles potential instead of 
the Coulomb. This effective interparticle 
potential (3.4) is not far from the potential 
(2.5) of the average force. The effective 
shielding constant is somewhat smaller than 
the Debye constant. 

We have so far discussed in order to find 
a basis for using an effective interparticle 
potential in the calculation of coefficients of 
irreversible processes. For irreversible phe- 
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nomena, unlike equilibrium properties, it is 
extremely difficult to calculate simultaneous 
interactions between three particles or more. 
Hence we shall neglect these interactions by 
use of an interparticle potential of the type 
Di j(r)= e153 EXP (—Kisn)/r . (3.6) 
Here «:;’s are shielding constants which are 
assumed, for example, to be 3«/8. Although 
we can not exactly give the values of the 
shielding constants, final results do not sensi- 
tively depend on these values. 
Only the case of weak interaction 
C65 = leves|aj/RT <1 
will be treated in the following. In this case 
many particles may be present in a sphere of 
shielding radius. One might therefore think 
that, in such a situation, negligence of simul- 
taneous interactions between three particles 
or more would not be permitted. This is not 
necessarily so. Let us consider, for example, 
diffraction of a light particle by two heavy 
particles according to a Coulomb field. Then 
it is true that in a configuration as shown in 
Fig. la the comming particles does not suffer 


for any ¢,7\. Gen) 


: 


SSS SS 
1 


Fig. 1. 


diffraction although its effect will be counted 
twice in our approximation. However, there 
is also such a configuration as shown in Fig. 
lb, where the scattering is four times as large 
as a single encounter. Since both configura- 
tions occur with equal probability, and since 
more general configurations are alike in this 
respect, the interference effect may be mostly 
cancelled in the average. 


$4. Collision Cross Sections for the Shielded 
Potential 
Having reduced the plasma to a “dilute” 
gas with the interparticle potential (3.6) we 
adopt Enskog-Chapman-Cowling’s methods! 
of solving the Boltzmann equation. It is first 
necessary to calculate effective cross sections 


| 
| 
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$= |" d—cos! 0) gb db Gao) 4.15 Sept yee 
° and mj is the reduced mass, 
for encounters between ith and jth species 
having particle masses m; and m;. Here @ 
is diffraction angle for the orbit of relative 


Mij=mimj(mitm;). 
The cos @ in (4.1) is a function of 


motion with the relative speed g and the x=mijb and y= mizg?/2leieslmis. (4.3) 
impact parameter b. Then we have to know By use of a dimensionless parameter 
their statistical averages Cis = levejleis/RT=S?/y , (4.4) 


2 can be expressed in the form 


DekT \A/ exe; y sh 
(t) ar r\Gij) » 4.5 
oppiry=( SAE" (28 Ve), 48) 


M30)=Va\ 6 B'*2 exp (—H) dz, (4.2) 


(v=, 1+1, ---) where 


FQa2tr\" |\-a ZRGe OY, ax | wren Cleyiedy:. (4.6) 


What we need is the asymptotic forms of F;,'(€)’s for weak interaction, €<1 (compare (3.7)). 
It will be shown in the following that these asymptotes are 


FE) (r—1)! Un 3/4€)—Bi+C,] , (4.7) 
where 
2 5) 
B=, B= ; Bs=3 > Bua ? 
3 11 
Gi= Or Grea Cars ; Cre j 


The asymptote of the integral (4.6) is determined by the integrand with y>1. Hence the 
asymptote of [(1—cos 6)x dx for y>1 will be first evaluated. When two particles encounter 


with sufficiently large relative speed, effects of the shielding are negligible unless 0<1. 
Hence we have : 
tan (@/2)=e.e;/mijg?b unless 0<1. 


For 0<1, a treatment similar to the perturbation method in classical dynamics can be applied: 


tan $= ("2 1 a ae 


2 g\>o r my dr \-di 
where ¢ is the time and dr/dt=g1/7—b? /r. Hence 
0 ees ,(~ ad exp (=e) 3_.p2)-/3 dy 5 _ F(4) , 
i ae Sele al r ogy mis 2d 
where x is given by (4.3), ™ £(x) 
Ke aatere an) eh aA, ; 
= Deel) 0. 
#) | 1 do 0 xe 
The function f(x) decreases continuously x 
from f(0)=1 to f(%)=0 as shown in Fig. 2. NY 
For all 0, therefore, we obtain, when y>1, ne < 


a G6 _ ee; Foe een 
2 mij3Z7b 2xy ee 


(2xy)?— f(x)? © 
(2xy)?+ f(x)? | 2 aa : 
Let us choose an % satisfying y-!<*#s1<1 and 
divide the domain of 


or cos @= 
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co x ak oo 
| (1—cos! 0) x dx into \ +| . 
0 0 24 1 
Then 
ay ay (2xy)2—1 ) | 
oD 1h —- x dx 
| [ eR aE 
1 (2@,y)? (St ) | 
== 1—( 2—— d 
8y? \ | a | . 
1 (@zw)? 2 Rs I! ( 2 y 
boy ])P-1 d 
8y? \ > ) pid—p)! \E41 6 
A i [In (2x1y)—Bi] 
where 


. BES vo ee for 122; 
Se ted cab ivmee D ok a ee ae 


i ~ i zi ae dum si EKA dx 
xy oxy 


an 2ye vy x 
ar ae 
~~ u E : | : Le | 
Dye XM 0 g 
ite, Pies 
\ dy? \ = Oe 
Hence for yS>1 we obtain 
Elin 22 ‘|. 


* 1—cos! 0)x dx ~ 
\ ( ) 2y? | 


where 
In eae ve dx =0.384 . 
0 x 5 


BY 
Substituting the result into (4.6) we have 


FiQ)~ ier "(in ae :) 9" exp (C9) dy 


=(r—pii(In u — Bi) +1" 9-9! exp (<9) da 
(ei 0 


Let the last integral be (yv—1)! J, then holds the recurrence formula 
Tra =1[yp+r} for eyes 


and 


1a J, Ina-exp (— de 
50 J5 


=lim [= {i N-eXp oh ate ee an| 


lo tne \" exp(—7) gy 
0 0 1 | 
=In (1/7) , 


where In7 is the Euler constant 0.577. Our final result for the asymptotic form is, therefore 


FAQ) + (7-1) [In 2/rr’G)-—Bi+Cr] , 
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where 


il il 
r—1 r—2 


ane ae ll tor F#e2. 


This is equivalent to (4.7) since the constant 2/r7r’ is close to 3/4. 


§5. Ion-Electron Relaxation 


In this and next sections we consider a plasma composed of one type of positive ion (species 
1) and electrons (species 2). The mass, charge and number density of the ion will be denoted 
by mi, e:=Ze and m and those of the electron by mz, €2=—e and m, respectively. We 
assume Zm=m2, and Z<(my/mz)!/?. 

Since the mass ratio is far from unity, energy transfer per unit time is much smaller 
between an electron and an ion than between electrons or between ions. Hence the ion 
temperature 7; and the electron temperature 7, are often different although the velocity 
ditributions are both uniform and Maxwellian: 


et aN (= wey 
Files) nf ee) exp ORT; (5.1) 


(7=1 and 2) c; being the particle velocities. These velocity distributions vary with time ¢ 
through the temperatures only: 


Of; -( mc; = fs aT; (5.2) 


pie OLE ale), och. 


Our aim is to calculate the rate of relaxation between ion and electron temperatures. 
The 0f,/0t for ions is given by its time rate of increase due to encounters with electrons: 


( me? 3 ) fidTy =|\lwn nae db dé de» , 


2kTi 2 paper 


in which g=|ei—e2| as in §4. Here fi’ fo’—fife is the abbreviation for fi(er’) fo(ex’) filer) fo(er) ; 
ci and e,’ are the final velocities of an ion and an electron encountering with the initial 
velocities ¢1, c:, the impact parameter 5 and the diffraction azimuth & for the orbit of rela- 
tive motion. Multiplying both sides by (mici?/2kT1)—(3/2) and integrating with respect to 
c:, we obtain 


a peae = | aaa ’ fa fi fr) Bb db dé dey dex . 
4 Tiedt =| oer 5 ft fe’ fifa) & odes 


The right-hand side can be transformed into 


% er \\\er ne hh gb db dé de, des 


by use of the inverse encounters for fi’ fx’. Introducing the center-of-mass velocity G and 
the relative velocity g by 


M1 M2 


= Clas C2 and g=a-C , 
Wit Me M+ Me 


we have 


Pm anette. (Gg 97) ; 
M1+Me 


where g’ =c1’—c,’ is the relative velocity after encounter. Hence 


3 ype — mm G-(g—g’) gb db dé der de» . 
ge a ris || fh 
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Taking two unit vectors, A and i, perpendicular to g and to each other, we can express g’ as 


g =g cos 9+ghsin #0 cos €+gisin #sin€ . 


Hence 
[\o-o20 ao de= 2m" g(l—cos 0) gb db=2n7oMg 
0 
by the definition (4.1) for 6. Thus we have 


dTi_ __ 4m mma “Coad@idesd 
a dt 3 mms \\iune a2 Regions 


Similarly 


: it Ar Mims 4 Md. d. 
Make = 3 mare \\ hfe gP Ci AC2 . 


From these two relations we obtain 


k 


d 2s “ M1 +N» Mims eS . @ qd, di 5.3 
ae? =e ee Nin» a Ce C4 


The cross section ¢@ is a function of the reduced mass 17m2/(71+m2) and the relative 
speed g. In the present case the former can be put equal to mz, and the latter is 


2=(C12—2er- co + C22)? = C2— C1: Co/Co , 


Hence the cross section becomes 


6g) =4O(c,) ~ es BOT | 
C2 Oc 


Inserting this into (5.3) with G and g expressed in terms of ce: and c, denoting ¢(e2) by 
@™ anew, and neglecting small quantities we have 


LAG ears Be ane LN Al Omet—muce) oO + mover de: de, 
dt 35 Mn, mM 3 Oc2 


2 : q@) 
4 (47)? M1 +n» al fl GAT. mer) +RTic2 us C2 dey , 
3 M2 = M1 Jo dcx 


which can be reduced, after integration by parts, to 


dun _py__ (4m)? m+n. (m2) T.— 
“ar ty) 3 N» Mi T2 


ak fr bMe,4 dCe 


or 


—_— i d 
T2—T1 dt 


(T2-Ti) = “(tms)™ ae ma \. EXP (2?) bMVEo4 dé» 


with €=(m2/2kT2)“/?c.. Hence, by the definition (4.2) for 2, we finally obtain 


1 32 
Fog iBr = Fmt) Op) . 6.4) 


Here 2()(1) is given by (4.2) with (4.7), but it refers to the electron temperature: 


2nkT2\/2/ Zeer \* 3kT> 
21) =| =—— ] ; 
wl) ( Me ) (eA) 7m 4 Ze? ky» (5.5) 


| 
} 
} 
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This is an improvement of the corresponding 
result by previous authors (Compare Spitzer’s 
fract®? Eq. (5.31)). 

In the particular case where the tempera- 
ture difference is small, the rate of relaxation, 
the right-hand side of (5.4), is independent of 
the time, and |7:—T;| is proportional to exp 
(—t/r) with a constant relaxation time ct. 
Appendix to §5. 

It is interesting to note that a similar con- 
clusion can be drawn from the viewpoint of 
the collective motion of plasma oscillation 
with the thermal energy. The collection of 
electrons is considered to make thermal oscil- 
lations of the wave length greater than the 
order of the Debye shielding length «~! (com- 
pare Pines and Bohm!”). The collective mo- 
tion in unit volume therefore has approxi- 
mately «*? degrees of freedom. Since each 
mode of oscillation has the energy of order 
kT, the electric field due to one mode of 
oscillation is (kT )1/2._ Hence the total electric 
field acting on an ion is of the order of 
(x®kT )'/2, the acceleration being (Ze/m1)(«*kT )'/? 
with the ion mass m1. The velocity which a 
rest ion has after one period ty, of the plasma 
oscillation is therefore (Ze/mi)(2kT)!/r,, and 
after N (1) periods, N/? times this quantity. 
The relaxation time t is given by the relation- 
ship 


M1 


t \1/2 Ze 
Zs I( =) M1 


2 
tTi~ WA KT». 
m1 


RT)» [~ SRT 


or 


Since n?~ne?/RT and tp~ (m:2/ne?)”? with the 
number density and the mass mz of elec- 
trons, we finally obtain 


ti ~ n(ZeV(kT )-3/2 m2? m1} , 
which agrees with the previous result so far 
as the order of magnitude is concerned. 


§ 6. Viscosity 

Chapman-Cowling’s!” scheme, slightly modi- 
fied by the present author’, of approximation 
to the coefficient of viscosity will be used in 
the following. We are to take into account 
the fact that the ion mass m: is much larger 
than the electron mass m:, and hence the 
momentum is transported only through ions. 

Thus, first approximation 7 to the viscosity 
y is given by 
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M1=5RT/822(2) . 


Substituting our expression for 2, (4.5) with 
(4.7), we obtain 


oe 5 | kT ) (in 3kT 4 ae 
8 7 Ze? MV, 267 14 7, B 
(6.1) 
A second approximation yy is of the form 
au=711+6€) , (6.2) 
where 
en d(T _ ay 
AOV2 OPO) 
tot Bee oe 1 2 
asl D In aii ; OD) 


Since € is small, it is natural to expect that 
higher approximations are close to the second. 
In fact, at the weak-interaction limit where 
In (RT/Z e711) >1, 7 is equal to 1.1671, while 
yn=1.1477 . 

Coefficients of other transport phenomena 
can be treated likewise, although first approxi- 
mations are not accurate enough and higher 
ones are complicated. 


The author wishes to thank Mr. Y. Midzuno 
for helpful discussions. 

Note added in proof. Collision cross sections 
for the shielded Coulomb potential have just 
been treated in a similar manner by R.L. 
Liboff: Phys. Fluids 2 (1959) 40. 
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The General Theory of Transport: 


The Difference between 


Electric Field and Density Gradient 


By Tadao KASUYA 
Physical Institute, Nagoya University 
(Received August 4, 1958) 


The difference between the electric currents due to the external electric 
field and the gradient of the chemical potential is discussed based on the 


general theory of transport coefficients. 


In the limit of weak magnetic 


field (hw<x«T, where w is Larmor frequency, « Boltzmann constant, T 
absolute temperature) and weak collision (4/-<«T, where ct means the 


relaxation time), Einstein relation is applicable. 


In the limit of strong 


magnetic field, the current due to the gradient of the chemical potential 
exhibits the oscillatory behaviour similar to that of diamagnetism. 


Introduction 


§1. 

In the previous paper titled “A Theory of 
Impurity Conduction IP” (hereafter refered 
to as [I] for brevity), we discussed the general 
theory of transport equation and emphasized 
that under the strong magnetic field the well- 
known Einstein relation is not applicable. 
That is, the electrical currents due to the 
external electric field and the gradient of the 
chemical potential are different in general, be- 
cause the former is induced by the motion 
due to the external force and the latter is 
induced by that due to the internal strain of 
the system. 

In this paper, we discuss this problem in 


<j(r, ))=Tr exp (B15) +e ant’ al Phegdah cae Wee away wee ina 


where 


i(r, t)=exp GX1|h) > {vi0(r—ri) + 0(r—ri)ui} exp (—i FF thy) , 


and & is the Hamiltonian of the system. 
When the potential is given by 


g(r, t)= 9, exp (kr) , 


more detail in the case that the Hamiltonian 
of the system is written by the sum of one 
electron Hamiltonian, namely in the case of 
impurity scattering. In the case that the 
many body correlation is essentially important, 
the situation is fairly complicated and is not 
treated in this paper. 


§2. General Discussions 


As was treated in [I], when the external 
force is written in terms of the potential 
y(r,t), the expectation value of the electrical 
current density operator j(r) at position rand 
time ¢ is given by 


(1) 


(2) 


(3) 


(4) 
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it is convenient to use the Fourier component of the current density operator j(r), namely 
je= [am exp (kr) dr 
=F (exp (kr) +exp (kr) wi). (5) 
Then, Eq. (1) becomes 
< j-t)> tore = Tr exp (— Bee)| jatikoen |’ an\" a njalttind} f (6) 


On the other hand, when there exists the internal strain and it is given by the potential 
of stress, that is, —gsexp(ikr), the expectation value of the current density operator is given 
as follows as is given in [I], 


(J-KE) strain = J-n(b) aa t+ ¢ J-K(b)> toree ? (7) 
< 5-a(t)>sa=—Tr exp (“R5E)\ al gum) jn , (7) 

where 
ni(iha)=exp (AF) x exp (tkri) exp (-AF) . (9) 


In Eq. (7), the second term is the same as the expression (6) and the first term, that is given 
by Eq. (7), is the additive term characteristic of the strain. Our main problem is how to 
evaluate Eq. (8). 

At first, we calculate Eq. (6). We assume here that the Hamiltonian & is written as 
the sum of the one electron Hamiltonian and rewrite the operators jx and m, by the second 
quantization method taking the eigenfunction of the one electron Hamiltonian as the basic 
wave function. Then performing the integrations with respect to 4; and 4, Eq. (6) becomes 


eee Bae BH) D3 = <slduls’><s’lials> eae 
«| ; (2 cos a5 1) #sin ELE {nd —ne) 
+3 & -<slels><o/|i-als’ dem ne | mn" 


where ns is the operator of the occupation number of the state s and has the eigenvalue 0 
or 1. Performing the trace as usual, ms is replaced by the Fermi distribution function in 
thermal equilibrium /(&), that is 


A ie Ge 11 
rs eee ay) 


tele rie ss  e= 


In the second term, when s’ is the same state as s, the relation nsms=ns is used. Thus Eq. 
(10) becomes 


Ah Ce Anes (sl duls’XS|F-s19> gee FCS, 9) 


| : (1 cos 251 )+sin Ene 
1 


h 
+= slials><s' dal 1S OFE)+ AO}! | ; (12) 


where 
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F(s, = $= fOSOV=FC, 5), (13) ) 
and | 
Al=fOU-fOP=E+DA +9 - 14) | 


This equation is equivalent to Eq. (22) of [I] when jx is replaced by j. 
Next, we evaluate Eq. (8) by the same method as the above, then we obtain the equation | 


Cee a 3: <slatels’><s’ 7x19 F (5, 8’) 
ele $2287 


+3, B <shrtuls<s!i-als FOS (EC) + AEB} | ; 


Considering the relations 


x <s|nuls>f(E)=0 , 


and 


EXS, s)=lim Fs, s’)= fil€) ’ 


Eq. (15) becomes 


<j-ult)>a= x x «Slates 6S 1FaulsI(S,5 
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(15) | 


(16) 


(17) 


(18) 


Now we assume that the external potential g(r) varies very slowly in space and it is suf- 
ficient to take only the linear terms of k (hereafter we choose the direction of the gradient 


of the potential, k, as the x-axis). 


Then we may expand m, as 1t+ik Durit--:: 


and take 


only the linear terms of k. Further replacing the matrix element of ri by that of ji, Eq. 


(18) becomes 


: See 
(G-K(t) ra = eT 


The above expansion of mu may be allowed 
when the extension of the electron wave func- 
tion or the mean free path of the electron is 
smaller than k-?. 

From the above equation, we can obtain 
easily the following result that the additive 
current of x direction vanishes. This result 
implies that the well-known Kelvin relations 
concerning the thermoelectricity are satisfied 
in general. 

The additive current perpendicular to the 
potential gradient does not vanish in general 
when the system has a particular direction 
(say the z-direction). The typical cases are 
such that the external magnetic field is ap- 
plied in the z-direction, or the electron spins 
are ordered in the z-direction. Even in these 
cases, however, the additive current becomes 
very small if F(s,s’) and 3{fa(6&)+ fa(é’)} are 
nearly equal. From Eq. (13), the above con- 
dition is equivalent to 


= {ke-<slils’><s’ lgls)—<s|dls’>R-<s’ Iyls>} 


h , 
gp hes)-fe|. a9) 
Es—Es ; 
[EP oF Ls (20) 


In the phenomena such as the anomalous 
Hall current in ferromagnetic metals, where 
the inter-band transition is essentially import- 
ant, the above condition is not applicable. 
Concerning this current there were some dis- 
putes and detailed discussions may be given 
in another paper? . 

In the phenomena where the intra-band 
transition is important, the above condition is 
written approximately as 


ho h 
ET Sik, eT al, (21) 
where w is the Larmor frequency 
(Cid: 
Oi me ? (22) 


and t is the ordinary relaxation time, because 
the matrix element ¢s|j|s’> is nearly zero 


f 
| 
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‘when the energy difference E;—E,, is larger 
than fo or h/t. The conditions, (21), are just 
equivalent to the condition that the ordinary 
Boltzmann equation is applicable. As was 
discussed in [I], the condition that the Boltz- 
mann-Bloch equation is applicable is approxi- 
‘mately replaced by h/t€ <1 instead of #/cnT 
<1, the same situation is also seen in Eq. (19). 
The more qualitative discussions in the case 
of strong magnetic field are given in the fol- 
lowing section. 


§3. Hall Current in a Strong Magnetic Field 


As is discussed in the above section, the 
Hall currents induced by the electric field and 


B= s | be +( dt Hx.) +p." ; 


The eigenfunction of this Hamiltonian is 


Sre,tynlt) =exp (ihyy +ike2) exp ( z 
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the gradient of the chemical potential differ 
from each other when hw/«T is much lager than 
unity. Here, we consider this problem in more 
detail. For simplicity, we consider the case 
that the collision effect is negligibly small and 
the system is treated as free electron system 
with effective mass m. 

We choose the direction of the magnetic 
field as the z-axis, the direction of the force 
as the x-axis and consider the electrical cur- 
rent in the y-axis. We choose the gauge to 
write the vector potential A(r) as 


AL Ar—() ’ Ay=Hx . (23) 
Then, the Hamiltonian is written as 
(24) 
Hal aie ) ; (25) 
2a a 


where H;(x) represents the function of the m-th order harmonic oscillation with the centre 


at =X, and 


hc he 
a F) eS ames peace) 7 avy (26) 
OCDE * 4 eH hy 
The eigenvalue of the Hamiltonian is written as 
Enx, =nhw+- n “he ; (27) 
2m 
where 
pee (28) 
MC 


In the steady state, the Hall currents due to the electric field and the gradient of the 
chemical potential are written from Eqs. (19) and (12) as 


iets 


< 4¥5-k) foree= 


Les 


€Ju,—k>atrain = 


pe {<s| jels><s'| juls>—<sl Fuls’><S'| Je IS} Be 


ee {<s| jels’><s’|Juls>—<s| Juls><s” Jel} ae 


Bhs IO) (29) 


pop) - (30) 


because, considering the conditions mentioned above, the first term of Eq. (19) cancels out the 


current of Eq. (12) in steady state. 


Using our model, the matrix elements of jz and jy become 


<s1 jal’) =ie( 22). 


<s| juls>= a) 


CN ON, 
(31) 


<s|a4-+a-|s> , 


where the matrix elemenis of a; are written as 
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<nla.|n—1)=<n—l1la_|m=Y n , (32) | 
other elements being zero. 
Eqs. (29) and (30) become 
<Ju,-k> force = ber 7 {nF (s,S—)+ATDEG s+), (33) | 
< [e-eat= thon i (2n+1)fil€) , (34) | 


where (s—1) means the state (n—1, ky, kz). 


At first, we consider Eq. (33). Performing 
the summation of ky and kz replaced by inte- 
gration, Eq. (33) becomes 


2 em}/2 [S/%o] 
Cy ees ie 


x Vo—nho €—nho , 

(35) 
where [x] means the integral part of x. On 
the other hand, the chemical potential € is 


determined by 


TIQ=N , (36) 
where N is the number density of the elec- 
tron. Now performing integration over ky and 
kz one obtains from Eq. (36) 


3/2 | 
V2 om Venlo = 


72 h? p> 


Substituting this ies into Eq. (35), we get 


=N. (37) 


< J¥,-k> force = ikgx—N : (38) 


Jef 


This result means the well-known fact that 
when the external electric field F=kg,;/e is 
applied in the direction perpendicular to the 
magnetic field, each electron moves in the 
direction perpendicular both to the magnetic 
and the electric field with the velocity Fe/H. 

Next, we consider Eq. (34). To perform 
the integration over kz easily, we approximate 
the function fi(€) as follows 


fié)=1, Ee a 
={() E<G—F For H<GEs 19(89) 
Then Eq. (34) becomes 
1/2 
Ss, Danske au x Gn ’ (40) 
Gn=(n+3) rent PE nho+K«T/2) 
—V P(€—nho—«T]2)} , (41) 
Cy) yey eee 
— eee (42) 
In Fig. 1, 3’Gn is plotted as a function of 


= Gn becomes (1+(1/2n))V/Ec/h 


x=C/hw. When €—nhw is much larger than . 
«xT, Gn is written approximately as 


=1(n+4)//x(x—n) . (43) 


This approximation is equivalent to replacing 
fil€) by d(€)-function as usual which is not a_ 
good approximation when €—uhw becomes 
smaller than «T because in this range the 
state density of the system becomes infinity. 
When the broadening of each level by the 
collision mechanism, namely #/t, becomes 
larger than «7, the height of each peak of 


x{V ple —n+anT]20)— V p(x—n—axnT/20} 


° i Si 3 n n+ x=3/kw 


Fig. 1. The graph of 2nG,p as a function of 
¢/iw nGn hanse peaks at points e=n=integer 


with the height of eg ee In this 
22 nT 


graph we plot the curve by choosing the value 
of V¢o/nT as 3, where ¢o is the value of the 
Fermi energy when the external magnetic field 
is zero, and the value of ¢ as a function of x 
is obtained in Fig. 2. The straight line is ob- 


tained by replacing Y» by integral [an 


instead of 


(1+(1/2n))V€/eT. Thus, changing the value 
of the magnetic field H, <jy,-x>strain oscillates 


with sharp peaks at the points where the 
condition 


1959) 


pa =/=integer 


ho 2) 


is satisfied. The chemical potential € varies 
also with H as is seen from Eq. (37) and 
Fig. 2. When €/ho is larger than unity, how- 
ever, the change of € is much smaller than 
that of py Gn and € is regarded nearly con- 


stant, namely 


= antNy , 
2m 


C=Co= (45) 
which is the same as the value where the 
magnetic field is zero. When ¢€/fiw becomes 
smaller than unity, however, the change of 
€ becomes large and not negligible compared 
to >'Gn. Then € is given by 


ie «he “4 Ce 
a = = 46 
6 oN ma 9 (€w)?’ (46) 
and thus 
£ : 1 2,2 
< fur Dstrain =1h GK ie (47) 


This character of the Hall current is re- 
cognized as follows. As is shown in Fig. 3, 


n=0 


te) 1 2 3 n 


n+I 


Fig. 2. The graph of (¢0/¢)3/2 as a function of 
c=C/ho . 

(€o/€)3/2 has minima for integral values of «a. 
If we replace the summation over 2 by inte- 
gration, (¢o/¢) becomes unity, that is, ¢ becomes 
¢). Which is the value corresponding to the 
case of zero external magnetic field. Each 
minimum of (¢/¢°)3/2 is larger than unity and 
the difference becomes (3/4) for sufficiently 
large value of m. The amplitude of the oscil- 
lation of (¢/¢0)3/2 becomes (3/47/ 2 )z-8/2 for suf- 
ficiently large 2 as is shown in the above graph. 
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the current density flows in the y-direction 
when the magnetic field and the density 
gradient exist respectively in the z- and x- 
directions». When the density gradient is 


leet ; 
- 


: a 


Zé 


Fig. 3. A schematic explanation of the current 
density in the y-direction when the external 
magnetic field is applied in the z-direction and 
the density gradient exists in the a-direction. 


induced by the gradient of the chemical poten- 
tial y€, this current is proportional to the 
state density at the Fermi surface when the 
system is in Fermi degeneracy. Thus the 
oscillatory behaviour of the current density 
jyr) is just the same as that of the state 
density at the Fermi surface. Thus the pe- 
culiar behaviour of j,(r) in a range of ex- 
tremely strong magnetic field, namely €< ha, 
is also understandable such that the smaller 
N is, the smaller kz is, and the larger H is, 
the smaller the distance between the neigh- 
bouring states 2z/c/eH is, and thus the larger 
the state density at the Fermi surface is. 


§4. Concluding Remarks* 


Knowing my conclusion concerning the Ein- 
stein relation S. Nakajima has reformulated 
this problem from the stand point of kinetic 
theory and obtained the same result as mine 
(Progr. Theor. Phys. 20 (1958) 948). Unfortu- 
nately publication of the present paper was 
unduly put off because of long delay in the 
process of reference after the receipt of the 
manuscript by the editorial committee. 
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The electrical and thermai conduction phenomena are discussed by 
taking account of the effects of Coulomb interaction and Umklapp pro- 


cesses of electron-phonon collisions. 


The contributions of electron binary 


collisions through screened short range Coulomb potential to a relaxation 


processes are evaluated. 


The effect to the coupling parameter of 


electron-phonon interaction is also considered in the range of called 


Umklapp process. 
paper. 


$1. Introduction 

The conduction phenomena of monovalent 
metals have been investigated by many 
authors, since Bloch. However, there are 
some ambiguous points even in alkali metals, 
where the theoretical treatment seems to be 
rather simple. In particular, how to evaluate 
the effects of the Coulomb interactions be- 
tween electrons is one of the most serious 
problems and many attempts have been done 
so far. Recent works of D. Bohm—D. Pines? 
and J. Bardeen—D. Pines”? have made it con- 
siderably clear by introducing the plasma 
mode. Our attempt in this paper is to see 
what effects should be caused by taking ac- 
count of the Coulomb interactions between 
the conduction electrons on the conduction 
phenomena in metals. Here we shall confine 
ourselves to the case of sodium. 

The problems considered are the following: 
i) The contribution of electron binary collisions 
by screened short range forces to the relax- 
ation process. ii) The contribution of the 
Coulomb interactions to the effective coupling 
parameter of electron-phonon interactions, in- 
cluding the range of Umklapp process. _ iii) 
The deviation of energy spectrum from free 
electron approximation by the correlation ef- 
fect between electrons. In turn, this may 
give rise to the change of electronic level 
density. In §2, these problems are discussed 
in some detail. 

In §3 and Appendix II we shall obtain the 
concrete expressions 
thermal conductivity taking account of so 
called Umklapp process and finally these re- 
sults will be compared with the experiments. 


for the electrical and 


The effect of phonon drag is not considered in this 


§2. Preliminary Discussions 


i) Electron binary collisions 

According to the theory of Bohm—Pines, 
the conduction electrons in metals exhibit both 
the collective and the individual particle mo- 
tions. 
force which corresponds to the long wave 
length part of the electronic density fluctua- 
tions causes the organized oscillation of the 
electron system as a whole. This mode is so 
called plasma oscillation. While, the motions 
corresponding to the short range part of the 
electronic density fluctuations are described 
by individual particle modes, and they interact 
with one another through the screened short 
range Coulomb forces. In this section, we 
shall consider the electron binary collisions by 
this short range potentials. 

If the individual electronic state is described 
by a plane wave, the total wave vector is 
conserved in a process of electron binary col- 
lision, 1.e., Ai-+-Kk,2—k3—ki1=0 where the ki and 
k, mean the wave vectors of two initial elec- 
trons, k3 and ks the wave vectors of final 
electrons. Therefore, these processes will not 
make any contribution to the electrical resist- 
ance in the first approximation. In higher 
approximation, of course, it might give rise 
to some effects even in this process because 
the distribution function of the electronic state 
undergoes a certain change by collision. How- 
ever, in usual steady state in which the elec- 
trical resistance is mainly determined by elec- 
tron-phonon collisions, the distribution function 
of Kramers type 


[{exp (A7k?/2m—C)/kT+e-k} +1], 
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The long range part of the Coulomb © 


ee 


1959) 


where ec is a constant vector and means a 
displacement of the gravity center of Fermi 
asphere, will be a good approximation. On the 
other hand, this Kramers distributions function 
represents the generalized equilibrium state 
of the system, where only the processes of 
electron binary collisions conserving the total 
energy and wave vector occurs. Thus this 
kind of effect also scarcely contributes to the 
electrical resistance. However, the electron 
is to be represented by Bloch’s wave function, 
since it moves in a periodic crystalline field, 
and then there occur the so called Umklapp 
processes, say ki+k.—k3—ks=Kn where Kn 
means the principal wave vector of the re- 
ciprocal lattice. Thus only these Umklapp 
processes contributes to the electrical resist- 
ance through the electron binary collisions. 
On the other hand, as to the thermal re- 
sistance, the circumstances are different, be- 
cause it is determined by the relaxation mecha- 
nism of energy flow. When the electron 
system is in steady state under a given tem- 
perature gradient and the conditon of no elec- 
trical current, the distribution function becomes 
such as shown in Fig. 1. The electrons with 
wave vector of positive direction have a char- 
acter of higher temperature range and those 
of negative direction have that of lower tem- 
perature range. Thus the electrons with 
energies higher than Fermi level flow in the 
positive direction and the electrons with lower 
energies flow in the negative directions. These 
two flows of the electrons are mixed together 
by the binary electron collision processes and 


He-c=3 SPP es V(si82 A $384)As,*Asy*As,As, OK +h, k3tkyt+ Ky, 


Ss] oo) $3 $4 
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the electron system approaches to the equi- 
librium. In consequence, these collision pro- 
cesses may contribute to the thermal resistance 
even in the plane wave approximation, as well 


dence 


ie 


Fermi surface 


high temp. low temp 


Fig. 1. 


as do the electron-phonon collision processes. 
It seems to us that Ginzburg and Silin®, who 
discussed the effect of the electron binary 
collisions on the conduction phenomena, over- 
looked such a process as mentioned above. 

The electrons to take part in the collisions 
are those which fall in the energy range kT 
near Fermi level and hence we find that the 
frequency of binary collisions is proportional 
to T?. On the other hand, that of the elec- 
tron-phonon collisions is proportional to T at 
high temperature and to T* at low tempera- 
ture. Accordingly, if we consider only the 
temperature tendency, the relaxation process 
by the electron binary collisions may dominate 
that of the electron-phonon collisions an suf- 
ficiently high or low temperature. 

In order to calculate the resistance by the 
electron binary collision quantitatively, we as- 
ume the Hamiltonian of electron-electron inter- 
action such as 


(2.1) 


where s means the electronic state of band / (including spin quantum number) and wave 
vector k, as* and as means respectively the creation and annihilation operators of state s, and 
K,, the principal wave vector of the reciprocal lattice. We shall call hereafter the term of 

~Kn=0 as normal process (N-process) and one of Kn2<0 as Umklapp process (U-process). 
When ki, k, and ks are given, ki and Ky are determined uniquely. The transition matrix 
element V(sis2; 8384) is given by 


V(s1823 8384) = » Murer | e- Km"? 45,* (1) us, (1) dr) x (| e-'Kn-Km)'Ty5.* (1) Us,(1) ar) (Ze) 
V2 Q4 2 


where 2 is the volume of unit cell and MM, 
is the Fourier component of the interaction 
potential V(|ri—ryj|), that is 


My=\e"rVO) dr. (2.3) 


If we assume that the system is represented 
by one band model and the electronic wave 
function of this band is represented by plane 
wave in a fairly good approximation, which 
means that us(r) is nearly constant and will 
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be applicable in monovalent metals, especially 
in alkali metals, then 7 means only the spin 
quantum number and in Eq. (2.2) the terms, 
say Kn=Km=0 are most important. These 
terms, however, mean N-processes and hence 
no contribution to the electrical resistance. 
Amongst the terms corresponding to U-process, 
most important terms are these of Kn=Ko, 
Kn=0 and Kn=Kn=Ko. Then Eq. (2.2) be- 
comes 

(My-ky +} Mi-k,+K) A(Ko) (2.4) 
where 


A(Ko)= \, e~*Ko'r u(r) dr , O25) 


where we substituted m(r) for u(r) by the 
above mentioned approximation, and the value 
of A(Ko) is estimated numerically by using 
uo(r) given by Wigner and Seitz. 

Considering the effect of Fermi statistics, or 
spin quantum number of electron, the trans- 
ition probability from the state (Kili; kal) to 
the state (k3l2; kali) differs whether the spin 
directions of J; and /2 is parallel. The squares 
of these matrix elements become such as 

| W p( (hike) ; (Keka) |? 

=> | Vikike ; k3k.— V(kiks c kks) |? 

| Wa((kikz); (Ksk«))|?=|V (Kiko; ksks)|? . 
The transition probability of parallel spin elec- 
trons becomes small by the effect of exchange 
correlation. 

The main contribution to the thermal re- 
sistance comes from the N-process as men- 
tioned above. Using again the approximation 
u(r)~ u(r), Eq. (2.2) gives the matrix ele- 
ments obtained by using the plane wave in- 
stead of the Bloch’s function, and as well 
known the results agree with what computed 
by the Born approximation. However, as to 
the conduction electrons in a metal, it seems 
that the Born approximation is beyond the 
criterion of its validity, since their energies 
are at most a few e.v.. Therefore, we shall 
evaluate the exact probability of transition by 
using the partial wave method. 

As the short-range potential we can consider 
the various forms as indicated in Fig. 2. 
Among them the following type is adopted 
because it is convenient for the calculation of 
the cross section. 


Vora la | 
=0 


(2.6) 
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where a is chosen as 2-71. In sodium, (Re/ho) 
~0.70 where ko and ke are respectively the 
magnitudes of the Fermi maximum and of 
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(a) Partial wave method neglecting spin effect 
o 4 @ \A7 0. 
BS a SS 2 in2 
magt (easy ( A (sin? 7 +3 sin? 71) 
(b) Partial wave method 
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(c) Born approximation neglecting spin effect 
ie 2n ere (@=sin x? | 
may (ka)? \ao/ Jo x 
where ap is Bohr radius and a/ay=5.87 in our 


case, 7% and 71 are respectively the phase shifts 
of s- and p-waves. 
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plasma cut-off wave vector. The calculation 
of cross section is given in Appendix I. The 
curves (c) and (a), shown in Fig. 3, represent 
respectively the total cross sections obtained 
by the Born approximation and by the partial 
wave method computing the phase shifts of 
S- and p-wave, where the spin effect is not 
considered. We find the Born approximation 
gives the larger cross section than that of the 
partial wave method. The curve (b) is the 
total cross section considering the spin direc- 
tion (see Appendix I). 


ii) The effective coupling parameter of the 
electron-phonon interaction 

The Coulomb interactions between electrons 
contribute directly to the electrical resistance 
by their binary collisions, as mentioned above. 
In addition it has the effect of shielding the 
ionic field by the effective self field induced 
by coupling with the lattice vibrations. This 
was first investigated by J. Bardeen”, who 
evaluated the probability for the electron to 
be scattered by the phonon, taking account 
of the Hartree’s field; and Toya” furthermore 
considered the exchange interactions of the 
electrons in the simplified Hartree-Fock’s ap- 
proximation® and pointed out that this corre- 
lation between the parallel spins diminished 
the shielding effect given by J. Bardeen. One” 
of us also took into consideration the corre- 
lation between the anti-parallel spins in the 
same way as Toya did. Recently J. Bardeen 
and D. Pines discussed the problem of coupling 
between electrons and phonons by introducing 
the plasma mode and indicated that since the 
long range correlations between the electrons 
are included in the plasma mode, the coupling 
constant of electron-phonon interaction scarcely 
affected by the correlation effect of electrons 
when the wave vector of the phonon is smaller 
than k, and thus the effective matrix ele- 
ments were in agreement with those obtained 
by J. Bardeen. 

However, if the phonon wave length be- 
comes comparable with or shorter than 27/k-, 
the correlation between electrons through the 
screened Coulomb potential would have the 
appreciable influence on the electron-phonon 
interactions. In other words, the degree of 
shielding effect decreases when the correlation 
between electrons are considered, and hence 
the probability of electron-phonon collisions 
increases. Pines showed that this correlation 
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of individual electrons was so large that it 
might contribute to the cohesive energy. 
Therefore, as to the formula of the matrix 
elements of electron-phonon interaction we 
use the following results. When the wave 
vector of phonon q is smaller than ke, the 
result obtained by Bardeen is applicable. 
When q becomes larger than k-, we calculate 
the correlation effect by using the simplified 
Hartree Fock’s method, rewriting the corre- 
lation energy which depends only on the elec- 
tron density into the form of the potential 
energy. The results are plotted in Fig, 4. 


(b) G%u)=I- 4,65%+-4,50u8 


0.6} 
0.4 
0.27 ~ 
ON 
LS 
+ + | OS 
fo) EAT KO eee Ta) 
O35 3, O63 5 us P 
Fig. 4. (a) is the curve which was obtained by 


taking account of the correlation effect, which 
was calculated by using the simplified Hartree 
Fock’s method, rewriting the correlation energy, 
which was evaluated by Pines@) and depends 
only on the electron density, into the form of 
the potential energy. (b) is the curve which 
was obtained by interpolating the curves (a) 
and (c). (c) is the curve which was obtained 
by Bardeen®. 


According to the usual Bloch’s theory, the 
probability that an electron emits or absorbs 
a phonon with wave vector q is given by 


Wek, k’, q) 


Y fee) 
= Or ++ 2.8 
(ZClk k ) oMNoy As me me), 


and the coupling parameter C is regarded as 
a constant of the same order as Fermi energy 
€ and independent of the value of |kK—k’|. 
However, aS mentioned above, considering the 
shielding effect of electrons, C changes with 
|k—k’|. By using Bardeen’s notation we 
write C as follows 


420 
C=€6(u) (2.9) 
where 
wpe lt Saat 
BAe Rao 
and G(z) is written by 
ars 4 (Vols) —E0)(302/8€) 
CO) = 84) Fa (1—(3/2)(1—0.34)02} + (2207/8) 
(2.10) 


This function differs from that of Bardeen 
only in a term —(3/2)(1—0.34)u? in the denomi- 
nator. These terms —(3/2)u? and (3/2) x 0.34u? 
come respectively from taking account of the 
correlation field of electrons with parallel and 
antiparallel spin. Fig. 4 shows that the 
quantity |G(w)|?, which is proportional to the 
transition probability, becomes small markedly 
in the range where p is larger than k.. We 
adopt in this paper the curve (b) which is 
obtained by the interpolation using both the 
curves (a) in the range of small value of p 
and the (c) in the range of large p. 

In a range u > (qo/2ko) ~ 0.63, U-process may 
occur, where gq is the magnitude of Debye’s 
maximum wave vector. 

In order to calculate G(u) we require the 
matrix element of perturbing potential derived 
from electron clouds sorrounding about a bare 
ion. Then we must evaluate the value of 
(Vo(vs)—Eo) in the numerator of Eq. (2.10), 
where Vo(7s) denotes the value of the undis- 
torted potential on the surface of s-sphere and 
Eo energy in the lowest state. As the value 
of (Vo(vs)—Eo), Bardeen® took 0.2e.v. and 
Toya? 0.22e.v., while Ziman used 1.3 e.v. 
reffering to Mott. 

The equation to be solved by us is 

Soe ei SAG el 
2m 
Vo(r) =v +0e+Veor 


where v, ve and Ueor denote respectively the 
potenial of bared ion, Coulomb potential by 
electron of uniform density and correlation 
potential, and ¢o the wave function of the 
ground state. Wigner and Seitz took the 
—(h/2m)p?+v as the unperturbed Hamiltonian 
and 7. as the perturbation. Moit’s result 
correspond to the zeroth order, while Bardeen 
considered to the first order, namely 


= LH GE 
a4 ry aa Pl 4 
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which was obtained with an Bisieihim,:. 
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u(r)~1. In our case though veor also should 
be considered as a perturbation, we may con- 
sider that veor gives merely the constant energy 
of correlation independent of the position, be- — 
cause the Coulomb repulsion causes each elec- 
tron to stay apart uniformly from point of | 
view of the simplified Hartree Fock method, 
and also in sodium the wave function of the | 
lowest state in nearly constant at the major 
portion of s-sphere. Therefore we adopted 
the Bardeen’s result. It may be reasonable 
that we modify the Bardeen’s result not by 
the alternation of the value of (Vo(7s)—£o), 
but by taking account of the correlation field. 
However incidentally the interpolated curve, 
which is adopted by us, coincides fairly well 
with that which was used by Ziman'?. 


ili) The energy spectrum 

The energy spectrum of electron deviates © 
from that in the free electron approximation 
by the various factors. First, the crystalline — 
field will be the most important cause. In 
alkali metals such as sodium, the wave func- 
tion of electron may be expected to be nearly 
flat in the whole space except the points very 
near the ions, and hence a free electron model 
may be a good approximation. Second, the 
introduction of the plasma mode from the 
standpoint of Bohm and Pines brings the im- 
portant effects. The effective mass of electron 
may be increased by the electron-plasma inter- 
action and may be decreased by the restriction 
of the electronic states by the subsidiary con- 
ditions. The former has been estimated by 
D. Bohm and D. Pines, but the latter is the 
complicated problem. However, these effects 
may be not so important in Na because the 
treedom of phasma mode is not so large and 
they have the effects to cancel out each other. 
As for the rest of factors, one can consider 
the effects of the exchange energy through 
the screened short-range  electron-electron 
interaction. In this case, we may expect not 
only the change of the effective mass of elec- 
tron, but also the complicated change of the 
energy spectrum near the Fermi level (as well 
known, the state density near Fermi surface 
becomes abnormally small when we use the 
non-screened Coulomb potenial). F. J. Blatt 
and R. Barrie? and Tuji!® have discussed 
the influences of exchange interactions through 
the screened Coulomb potentials on the level 
density and the relaxation time to determine 
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the conductivities. If we consider this inter- 
action between the electrons, then we also 
must take account of the effect of the electron- 
phonon interaction on the energy spectrum. 
However, the phenomena on which the struc- 
ture of energy spectrum is supposed to affect 
delicately, particularly the thermoelectric phe- 
nomena at low temperature, will be reserved 
for another occasion, and in this paper we 
assume that the energy spectrum of electronic 
State is represented by the free electron model. 


§ 3. Fundamental Transport Equation 


To calculate the steady flow of the system 
under the external force or strain from the 
standpoint of the gas kinetic theory, we must 
obtain the velocity distribution function of one 
body in the steady state by solving the well 
known Boltzmann-Bloch equation. As is well 
known, there are two main mechanisms for 
the resistances with respect to the electron 
transport in metals, that is, the scattering of 
electrons by the thermal oscillation of the 
lattice (phonon) and by the static imperfection 
of the lattice. The latter mechanism is im- 
portant at low temperature and in some sub- 
stances causes a peculiar phenomenon of so 
called resistance minimum. In this paper we 
do not treat this mechanism. but confine our- 
selves to the resistance by phonon scattering. 
In usual treatment to calculate ideal electrical 
conductivity one assume that the phonon distri- 
bution is in the thermal equilibrium. But 
since Peierls, there have been various com- 
ments for this problem and recently many 
authors have discussed the influences of the 
deviation of the phonon distribuion function 
from the equilibrium value on the transport 
properties in metals and  semi-conductors, 
particularly on the thermo-electric phenomena. 
However, the treatments of this problem are 
compelled to be qualitative, because it is dif- 
ficult to treat the relaxation processes of 
phonon system quantitatively. And as are 
pointed out by Sondheimer!” and us’, some 
incomplete points are involved in a few papers” 
of theirs. The detailed discussions about this 
problem will be given in another paper, and 
in this paper we assume that the phonon 
distribution is in thermal equilibrium. How- 
ever, so far as the thermal conductivity is 
concerned, the results obtained in this paper 
may be applied without essential modification, 
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even if the effect of so-called “ phonon drag ” 
is taken into account. 

Provided that the deviation from the equi- 
librium distribution function of electron fo is 
small and the system is homogeneous, the 
electron distribution function f(k) may be 
represented by 


F(k)= fle ke-o()°HE. (3.1) 
where 
fE=C41, E=(E-OleT. 8.2) 


To solve Bloch’s integral equation with respect 
to c(€), Sondheimer applied the variation 
method, in which the trial function c(€&) is 


expanded by the power series of € Now 
taking until the second term, it is 
c(E)=C1 +2-E : (33) 


These terms mean respectively the uniform 
displacement of the Fermi sphere as a whole 
and the change of distribution in the neighbor- 
hood of the Fermi surface. For the electrical 
conductivity, we need only the first constant 
term, and if we regard the coupling parameter 
of the electron-phonon collision as a constant, 
then we have the Griineisen formula for its 
ideal part. On the other hand, the thermal 
conductivity under the condition j=0 is deter- 
mined by the second term, the odd function 
of €. However, it was pointed out by Kasuya® 
and Klemens!” that this function c2-€ could 
not be a good solution at the low temperature 
and furthermore the exact solution had to be 
a odd function of € which approaches to a 
constant value as € increases. Therefore, as 
a function with such a property we assume 
the following simple form 

Sc 
as 
In our case, though we must consider the 
distribution function under electron binary col- 
lisions as well as electron-phonon collisions, it 
will be allowed to assume that in the first 
approximation the electron distribution may 
be determined by electron-phonon collisions 
and given by Eq. (3.3) or (3.4). 

In order to solve the equation of c(€), we 
use the following method which is substantially 
equivalent to the variation method. Let us 
multiply on the both side of Bloch equation 
by ev(k), where v(k) is the electron belocity 
and e electronic charge, and sum over k. 


Cele cr Cs tanh (3.4) 
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Then this equation represents that the changes sider only these components of currents. Then 
of the electrical current density j per unit the following two equations representing the 
time by the external field and by the collision total balance of the electrical and thermal 


processes keep balance in a steady state. flow are sufficient to determine two unknown | 


Similarly, if «T€v(k) is multiplied, where € is constants ci and Cz (or ¢:’). 


given by Eq. (3.2), the equation means the dj dj 
balance of change of the thermal current Car ( uP Shaheed? (3.5) 
density Q per unit time. Hereafter let us dQ dQ 
suppose that the directions of external fields (SS) (5) =0 (3.6) 
are parallel to the x-axis for brevity and con- erits gol 
Here the drift terms are 
Centos ep OFk) LK mee 3.7) 
( dt Joss sabes = v2(k){ h £ Okx + valk) Ox ‘ ( 
dQ edz, OF (Kk) Of 2 
aa =— s — Ff} —-<~ 4 y,(k) 1. 8 
lea ote “dicate hls Glex Wieediast hie a 


If we confine ourselves to the treatment linear concerning the fields, we may substitute fo(€&) 
for f(k) in the drift term and then can easily perform the summation by replacing with the 
integration over k as usual. Next the collision terms owing to the electron-phonon and 
electron-electron collisions are given by 


sas) E, a SVD Wk, k’, Of —feNNa+)—fvrl fe) No Ov —0n)20( Ee — Ex hog) 
coll k ik’ q 


ered Dy Da Da Dy W(Kikaksks) fics fig(1 —frcg)(1 —faeg)(Okg +U ky — Vk, — Vk) 20(Ex, + Ee,—Ex,—Eny) 


hh “(kyky) kp) 


(3.9) 
= a = EF SEE WR’, fell feat Df SN} 
coll k k’ @ 
x (ExVK — EnV) 20( Ey — Ey, — hig) 
+ are T Ss DS, a wW(kikaksks) fey fko(l—frs)(1 PEC Oke +€4,UR,— EkVk, — ExVk,)2 
h  “Uakp Gakp 
S< O( En, +E, —Ex;—En,) (3.10) 


where W(k,k’,q) is the square of the transition matrix element of electronphonon inter- 
action and given by Eq. (2.8), while w(kik.k3k:) that of electron binary collision. As mentioned 
above, we assume that the phonon distribution is given by 


Nq=No(x)=(e*—1)"! , X=howg/kT (3.11) 


where No(x) is the thermal equilibrium distribution of phonon, and the electron energy spec- 
trum is written by 


h? hk 
E = eee k 2 4 => SSS 
a |k| VE Yes (3.12) 
where m means the effective mass of electron. In the following, we shall treat separately 
the electrical and thermal conductivity. 
The electrical conductivity o—For the electrical current, the odd part of c(€) can be neglected 
since it gives only the higher orders of «T/€, while in the drift term OT/Ox is zero and thus 
we obtain 


j=e S vlh)f (=F eTes , (3.13) 
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d Z) Cn? Ofo ne? 
— =—(——_) F > ke =—F . 
ie drift G ) = OE m z ina 
Here it is convenient to introduce the average relaxation time tz which is determined by the 
equation 
<2) Sy. 
& coll To ; B19) 


Then it follows that using Eq. (3.13) to (8.15) and Eq. GS), 
2 
o=j/F=" c, (3.16) 
m 


Provided that two collision processes are independent of each other, we have 


1 iV & 
= nets (3.17) 


om eGo: To 


where t.” and t.* denote respectively the average relaxation times of the electrical current 
by electron-phonon and electron binary collision processes. These calculations are performed 
- in Appendix II. 
The thermal conductivity «—If we express the second term in Eq. (3.3) or (3.4) as co(€), 
which indicates the odd function of &, c(€) is written by 
c(€)=c1+c0(€) (3.18) 
where 


Co(E)=C2°& or oy’ tanh ; (3.19) 


Using Eqs. (3.1) and (3.18), 7 and Q are given by 


Pl _ ne de Ges SU fo ae) 
j=e Dok) f=" eT} a( 14+ : i?) : r\"_ eeu) at dé} (3.20) 
Q=«T © fvelk) f(®)= a e7| a Br—r\ ec oh as ; (3.21) 


in the approximation to take until the order of («7T/€)?=7?. 
Now we consider the thermal current density Qo under the condition 7=0. By Eq. (3.20), 


this condition is equivalent to the relation 


=-§ Se tlaae eT SMUD 8:22 
a=sr(1— : | ool) Be de (3.22) 


Substituting this relation into Eq. (3.21), we can easily see that the first term is negligibly 
smaller than the second. Therefore, in our approximation we may define Qo by 
oo Toe 1 


Q=— Fer | bole) Fe ea ZeTe, em ypea or pay (3.23) 


By the same consideration as the above, the drift term depends only on OT /0x and the term 
proportional to (eF+0€/0x) becomes higher order with respect to y and is negligible in our 


approximation, that is, 


(2) aay xineT dT (3.24) 
at J aritt 3m = dx 


If we introduce the average relaxation time Tx of the thermal flow by 
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iG oy hg (3.25) 
dt coll TK : 
the thermal conductivity « becomes 
gamegy/ ie Ee (3.26) | 
dx 3m | 


Corresponding to the case of electrical resistance, tx is written by t«” and rt.’ by 


ncaa of: ; (3.27) 


Their evaluations are shown in Appendix II. 


$4. Comparison with Experimental Results 


In the first place we shall consider the thermal and electrical conductivities «? and o” which 
are attributed to the electron-phonon collisions and then compare them with the experimental 
results. 

We obtain the full expressions for «” and o” by inserting t~”, A(2.7) and t.”, A(1.9) into 
the Eqs. (3.26) and (3.16). To compare with the experimental results at high and low tempera- — 
tures, we have give the limiting formulas of the above expressions. Concerning «”, we use 
the expression of A(2.9) at low temperature. At high temperature, the both expressions of 
A(2.8) and A(2.8’) are equal. 


3x heky TL?) O18 —’ =| 0 BB 
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nae “4A lice ener a ed a e 
1 \4e Toe ee rr BEDE ae T? pol (4.3) 
oe | am? hike (0.41, | 0.54 oe 
let Mal tt Ga |’ ‘oy i a 
The experimental data of Na are listed in Table I. 
Table I. 
low temp. oe high feanin : 
0.42 3.8% 10-478 (B.M.@8)) 
P 0.05 Watt-!-cm-deg k=1.38 Watt-cm-1!-deg-! 
r 3.5x 10-478 (M.W.W.09) © 
9.05 x 10-9 rsa 
eds 10-8 Oat x 10 ue (NL Q-cm Fem la. 
o= 
2 8.4x10-%75 (8~15°K) | (M.W.W. oK= = : 
Ea +86 x 10-1078 aw OPK) AW ay CH ee Sa 


As discussed at the beginning of §3, the pected that this has some contribution to the 
effects of the deviation of the phonon distri- electrical conductivity though it depends on 
bution function from the equilibrium value the relaxation process of phonon system. 
have not been considered in our treatment. Therefore, first we shall fit @ and 0’ by com- 
This contributes to the thermal conductivity paring with experimental results of thermal 
only in the higher order, but it may be ex- conductivity. However, it should be noticed 


+ 
| 
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that @” in Eqs. (4.1)~(4.4) must be interpreted 
as a mean value over the variation of sound 
velocity, since the sound velocity which is one 
of factors determining @ or ’ is fairly aniso- 
tropic. 

i) For x” at low temperature we can see 
that the contribution from U-processes is 
negligibly small. Thus by comparing the first 
term in Eq. (4.1) with experimental valuc, we 
obtain 

@ =~ 263°K (B.M.) , (4.5) 

O~ 268°K (M.W.W.). (4.6) 
The value of © depends on the from of the 
function co(€) and the above result is obtained 
by using the c’ term in Eq. (3.19) which is 
not the exact solution of Bloch equation at 
low temperature. According the Klemens'”, 
who solved the Bloch equation numerically in 
a limiting form at the low temperature, the 
numerical factor of the normal part in Eq. 
(4.1) is not 72.7 but 64.0. Hence, if we take 
account of this fact, O decreases about 9°K. 

ii) For «” at high temperature we fit 0’ 
of Umklapp part to the experimental value 
by using Eq. (4.5) or (4.6) as @ of N-part (i.e. 
first term) in Eq. (4.2). The value of @ de- 
fined at low temperature is the mean value 
of @-*. At higher temperature, however, the 
mean value of O-? is aquired. These differ- 
ences are, however, very small and we use 
the Eq. (4.5) or (4.6) for @. And it should 
be noticed that in the U-process both the 
longitudinal and transversal phonons contribute 
with nearly the same weight. For simplicity 
we here assume that both the modes partici- 


pate in this process at the ratio 1:2. Then 
we have, using the Eq. (4.5) 
O~153°K..: (4.7) 


Even if we take Eq. (4.6) instead of Eq. (4.5), 
the above value scarcely changes. If we use 
Eq. (4.7) for the left hand side of A(3.3), we 
can estimate g’ which is a parameter intro- 
duced in Appendix II and approximately evalu- 
ated as a mean wave vector of phonon con- 
cerning to U-process. 
F Ido 0-75 

This value may be reasonable. In Fig. (5) 
the thermal resistance («)“! are plotted by 
using Eq. (4.5) as @ and Eq. (4.7) as 0’. (In 
our case, unknown parameters are reduced to 
two Debye temperatures 9 and @’.) As has 
been pointed out by many authors, the con- 
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ductivity calculated by considering only a 
normal process has a fairly conspicuous mini- 
mum near T7/@9~0.2 and the temperature 
dependence is in disagreement with experi- 
ment. Our normal part curve (a) has also 
same tendency. But Fig. (5) shows that this 


‘3 (c) (c) tend to 0.725 (T-+08) 


02 


Fig. 5. 


(a) Normal part which was fitted to experimental 
value at low temperature. (@=263°K) 

(b) Umklapp part which was fitted to experimental 
value at high temperature. (@’=153°K) 

(c) (a)+(b) 
Dotted curve shows the experimental result. 
(B.M.G8)) 


minimum is cancelled almost completely by 
the Umklapp part (b) and the coincidence with 
the experimental results is fairly good. 

iii) It is evident from Eqs. (4.2) and (4.4) 
that Wiedeman-Franz’ law «/oT=(zr/e)?/3 is 
valid in the limits of high temperature. There- 
fore, o” at high temperature is in a good 
agreement with the experiment by using @ 
and @ which are chosen to fit to «? for high 
temperature. However, experimentally this 
law is invalid near a melting point, for ex- 
ample in sodium it is near 370°K and the 
resistance is not proportional to 7.* It seems 
to us that this increase of resistance is due to 
the self-diffusion of ions or the production of 
lattice-vacancy. Actually Gutowsky reported 
the motional narrowing of line width in nuclear 
magnetic resonance of sodium. 

iv) Next, let us consider the electrical con- 
ductivity in low temperature. If we ignore 
the Umklapp part and consider only the normal 
part with @ in i), the theoretical values of 
electrical conductivity becomes too large. As 
stated previously, the effect of non-equilibrium 
of the phonon distribution might be important 


* See Bradshaw and Pearson?) for the resistivity 
of Na. 
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in the electrical resistivity at low temperature. 
However, this effect has the tendency to de- 
crease the electrical resistivity and thus no 
contribution to remove this discrepancy. Here 
we shall estimate roughly to what extent it 
can be adjusted by taking account of Umklapp 
process. Since the sound wave has fairly 
large anisotropy, we shall make use of the 
averaged one. (See Appendix III). Then, at 
low temperature, Umklapp part of (0”)7? 
results 


G=— (Oi: +2U:) 


1 0.54 a; RS 
=> (0.54 6,’ exp ( T ) 


3 ie 
Jt O10’ 
Oi0 ae ( de )) 


by using Eqs. A(3.5) and A(3.6). From the 
comparison with the experimental value at 
T=10°K, we obtain 
O10’ ~ O10’ ~ 85°K 5 

if we substitute @ of normal part for the 
value in Eq. (4.5). And we find that Umklapp 
part is about four times normal part. But 
the above evaluation is very rough and also 
the temperature dependence is not necessarily 
in agreement with experiment at low temper- 
ature, in which the electrical resistance is 
proportional to T*® or T*®. However, since 
this temperature dependence is only valid in 
a very narrow range of temperature, our re- 
sults seem to be not so unreasonable. 

Lastly it remains to consider the contri- 
butions from the electron binary collisions 0° 
and x’. Using t.° and rt,’ given by respectively 
A(1.23) and A(2.20), we obtain for Na 


= op teat 


+ = 0.01.2 Orot ies 
o° e 
a 1ixd07*# 22 (@-cem)., (4.9) 
1 _ 5.0 hko jal bs 
r) ae 106 c 
~6.0x10-°T (watt"!-cm-deg) . (4.10) 


If we compare these results with the ideal 
part (i.e. that which the residural resistance is 
deducted from the experimental value), we 
find that both at 5°K and 300°K the thermal 
resistance (4.10) is smaller than ideal part by 
a factor of the order 10-2 and the electrical 
resistance (4.9) is smaller than the experimental 
value at low temperature by a factor of the 
order 10-*, at high temperature by a factor 
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of the order 10-*. Hence, we may say that in 
monovalent metals the electron binary collisions 
may scarcely contribute to the resistances. In 
multivalent metals, however, the value of A(Ko) 
becomes nearly unity in interband transitions. 
If we take A(Ko) as unity, the electrical re- 
sistance by electron binary collisions becomes 
the same order of magnitude as that of electron- 
phonon collision in very low temperatures. The 
transport theory of multivalent metals has, 
however, many difficult problems and is not 
treated in detail in this paper. 


Appendix I. Calculation of the Cross Sec- 
tion by the Partial Wave Method 

The Schrédinger equation can be exactly 
solved for the potential given by Eq. (2.7). 
When the wave function is expanded into the 
partial waves, for r<a its radial part Ri(r) 
is so-called Coulomb function; 

Ri(r) x Fy(Kr)/Kr ; 

where 


Fi Kr) =(Kr)'e'*" f 1+-1+ 1 |21+-2| —21K7) 


K?=k?+(qMa) , 1K (205) ea, 
ad: Bohr radius 
2k=ki—k: , O0<|k|< Ro 


and f is the confluent hypergeometric func- 
tion that is regular at the origin. For r>a, 
Ri(r) «cos niji(kr)—sin yini(kr) , 
where j: and m are respectively “ spherical 
Bessel and Neumann” functions. The re- 
quired phase shift y (/=0,1.2,---) is com- 
puted by the boundary condition that the 
logarithmic derivative of Ri(r) for r2a be 
continuous at r=a, and then it follows 


a ji(ka)—ju' (ka) 


tan y= ’ 
ain (ka)—ni' (ka) 
where 
af (SGM ys 
a ic dr ss : | /ka ; 
The values of (7/F)(dF/dr),-0. are tabulated 


on the reference (5) (Bloch, et al.) (in our case 
Ka falls in the range 2.4~3.8). 7, was calcu- 
lated from J=0 to /=2. However, 72 is very 
small and hereafter neglected. Thus the total 
cross section is given by 

o= (sin? yo+3 sin? 71) . 


(a) 


As we consider the collisions of two identical 
particles with spin 4, we must take into ac- 


1959) 


count that collisions described by the sym- 
metric and antisymmetric wave functions in 
the spacial part occur at the ratio 1:3, and so 
the differential cross section becomes 


a(0)=—-(04(0)+304(6)) 


where o:(@) and oa(@) are respectively sym- 
metric and antisymmetric differential cross 
sections and are given by using the scattering 
amplitude f(@) as follows 


o6(0) = If O+ feo sin? 79 


6a(0)= IFO) fa) p= 2 sin? 71 cos? 0 
and so the total cross section becomes 
Owe= — (sin? yo-+9 sin? y1) . (b) 


In the range of larger ka, the contribution 
of p-wave becomes comparable order of that 
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by the potential of type shown in Fig. 2(d). 
In our case oy: depends scarcely on k as 


shown in Fig. 3(b) and the constant value is 
about 


Ont 19.0zao2 . 


Using the scattering amplitude 
9) = — me | ‘| il 
ACD he Ory 7 


' : 
ae a0 =e 4) ee Ne he 
ao x7 5 Z 


(b’) 


me \r sin Kr dr 
a 


and thus the cross section in the Born’s ap- 
proximation through the potential given by 
Eq. (2.7) is given by 


o=2n\"|f(O)l sin 0 d0 


_ 2n Cale (x— sin x)? He 


R? ao 0 52 
This result was plotted in Fig. 3 in order to 
compare with the result (b) in which the spin 


(c) 


of s-wave. Abraham” computed only the 7)» quantum number is not taken into account. 


Appendix II. Calculation of t 
1) Electrical conductivity 


Calculation of t-’—Using Eqs. (8.9), (3.13), (3.15) and (3.17), t.? becomes 
il 27h 


= SS DS > Wik, k’, Q) So(Ex) fo(Ex)No(x) Ck (Re—Rn)* (Ey — Ey, hog) i A(1.1) 
To? mn kk 4 
Introducing the new variables by. 
ji = pdiin (ang, aterm A(.2) 
«Tl 


A(1.1) may be rewritten as follows 


especie > Wpi, a) fo(€) fo(€ +x) e8**No(x) px? OE’ —E— hag) 


To? = mnKeT § p@ 


where for brevity we rewrite yv, & and Ey, Ex by &, € and E’, EF and dipq means the 
summation respect to Normal and Umklapp processes, as will be illustrated later. As usual 
these summations may be replaced by the integral over k and p, furthermore the polar coordi- 
nates (k, 01, ¢1) with the polar axis in the direction p is used for the integration over k and 
(p, 02, 92) with the polar axis in the direction x (direction of field) is used for the integration 
by p. Performing the integral over 41, 1 is determined by the property of d-function such as 


E’—E—hho=~ (2pk cos 6") —hon=0 , A(L.3) 
m 
and for another slowely varying quantity of 41, #1 is substituted by 
Emig 2 A(L.4) 
COs 4) = Pane PO 


Then one can readily perform other integrals apart from the integral over p and obtains 
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‘th nveme: i. dp PW pla) _ me? nap eR A(1.5) || 
c.? Grthin \y “’ (en—L(l—e~*)  27m®MNnheT Jy ~* (e#—1)—e-*) | 


where n and N are respectively the densities of electron and ion. We carry out the integra- | 
tion over p by separating the integral range into two parts as follows 


0<p<q or | Ou ey 7068 A(1.6) 


q<p<2ko or 0.63<u<1 A(1.6% | 


where fy) and go denote respectively the magnitude of the Fermi maximum and Debye cut off | 
wave vectors. In the range A(1.6) the Normal (or N-) process occurs, where the variable p 
may be replaced by the magnitude of phonon wave vector g, and G*(w) in A(1.5) is given by © 
the approximate formula 


G?(u)=1—4.65u?+4.50u3 


4.65 (8\2,, 4.50/0)* fe) qo | 
= eee 2 eT (ee - 5 ———— - o=- = A le 
: 4 ( t ye a 8 ( t ) J he Ro ( 


as shown in Fig. 3(b). On the other hand, in the range A(1.6’) the so-called Umklapp (or 
U-) process occurs, where |p|=p is determined by the relation p=q+Ko (Ko is a pana! 


vector of the reciprocal lattice), depending on both the magnitude of q@ and angle q- Ko. 
However, it is very difficult to perform the integration A(1.5) over this range rigorously by 
taking into account of this relation with gq. By using the approximation that g and x is 
constant, the integration over p is performable numerically such as 


| ap pF) = he du u®G*(u) ~0.0084(2ho)® A(1.8) 
% 2ko 0.63 

which was obtained by using the curve for uw >0.63 in Fig. 4. It is easily seen that the © 
wave vector q of the phonons contributing to the U-process have the values close its maxi- © 
mum value and in contrast to the Normal process not only the longitudinal but also the © 
transversal phonons play a equally important role. However when qg becomes large, we shall | 
be no able to distinguish these polarization modes and it will be also not a good approximation 
to use the relation wg=cog, where cy represents the sound velocity (even if we allow this 
relation, practically co depends on temperature and exhibits an anisotropy as mentioned in 
§ 4). According to the facts stated above, we shall introduce a parameter 0’ defined by the 
relation hcoq’=«@’, in which q’ means an averaged wave number of phonons contributing to 
Umklapp process, apart from @ corresponding to go. Thus rt.” is written with the two para- 
meters, say 0/T=t and 0’/T=t’, such as 


’ 4.65/6\2... 4.53/63 
dD j ae peat 2 aE Ses ch MEE 3 
1 mC? (ay fae 4 elliniae (Z)*} 


Ge ~ 973M NnheT t 0 (e*—1)(1—e-*) 


(2hy)® 
"@ pds") ey ia | 
_ zme! 1 4 1.95 Pi) de@)) 1 .  0.54¢’ 
rae po {OU 185 SR + LASS bingy Ces s A 


To obtain the last expression we used A(1.8) and relations 


3 3 3 
pike Nees a= (4) =2 (for monovalent metal) A(1.10) 


37? ; 67? 0 


and ¢,(¢) is given by 
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brit) dx “ A(l 
' Vf ( — C ; . i 
Jo (#1) —e-*) aa 


In A(1.9), if we ignore the Umklapp part and keep only the term ¢;(t) and replace € with 
the coupling constant C, we obtain the well known Griineisen’s formula. 

Calculation of c.’—In order to compute the tc.’ defined by Egs. (3.15) and (3.17) analytically 
we assume that the transition probability w(kikeksks) in Eg. (3.9) is not dependent on the 
wave number k, but constant w. From Eqs. (2.4), (3.1) and Eq. (8.9), and taking account of 
the number of pairs 4 for the spin direction, we obtain 
Nar 3) 


ari ~ - ~ w fo(E1) fo(Ex) fo(—E&s) fo(—&4) Koa? 6(E1 + E,—E3— Ey) A(1.12) 
where since we allowed that the suffixes of this summation run over independently each 
other, we multiplied a factor }, and for simplicity denoted E,, and £,, as & and Ei. Now 
we put 


Aitke=s ; k3+ks=r A(1.13) 


and use the approximation that for the calculation of summation in A(1.12) we consider only 

the processes of electron collisions in which both vectors s and r have the same directions 
as Ky. This corresponds to the assumption that the system is homogeneous. Introducing 
the polar coordinates (k3, 63, ¢3), polar axis being in the direction r, (R:z, 02, g2), one being in 
ky and (ki, 41, ¢1), one being in x, and then replacing the summation by the integration as 
follows 


Lay's 
Sy > ( —- ) |B? dhe d21\ ko? dh: dQ2\ kz? dk; d2s , 
oes col ; i | ies | A(.14) 
d2;=d(cos 6:) agi 5 til Zs 3 
we can perform these integrations, using the following relations 
|x| ~ |Kal ~ |kes| ~ |keal Ro , 
E,=- ie pe (72+ ks?+ 2rks cos 8s) , 
2m 2m 
A, + 2,—E3—E4= FE (bet be? 2h? — hor cos A3) 
he). 
~ —~— (724+ 2hor cos 63) , PNOL IS 
2m 
Ko. = ©" hyX(cos 61 +.c08 a) , ex E19) 
52 
s?=2ko?(1+cos 82) , A(1.17) 
cos a=cos §; cos 82+8in 41 Sin G2 COS @2 . A(1.18) 


Then as to the integration over 63, we notice only the d-function and 93 is given by the 
relation A(1.15)=0. From the restriction |coo 63|<<1, the following relation 


16 


= ea or s> Ky—2kh , 
2k 


exists or in view of A(1.17) it becomes the restriction respect to cos G2; 1.e. 


_ Ko 


= . AC 
2ko ave 


cos 6, > 2(b—1)?—-1, b 
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Then the integrations over solid angle 2; is performable using A(1.15)~(1.18) and becomes 


| Kee OF 4+ h,—EH3— E4) dQ, dQ, dQ: 


2xm ( Ko? 
dQ; df: 
FANG 2 Av 
_ __ (22)®mKo? (* og re g,) COS" Ai. +08 92)? +3 sin? 9: sin? 02 
sitet ppp, 7 | tie, bahcos Bs) \adleos 08) eras Fv meee ecose 
_ (2n)332m_ {| Oey eta et ] A(1.20 
opr 0) te OR ete (1.20) 


In the remaining integrals over k (ki, kz, ks) we make use of & instead of ki. Then we © 


find that these integrations are transformed into a form of A(1.11) in which ¢ is taken as 
infinity. Thus to’ becomes 


il 3 mko [os Re eS 2 ie oes 
1-2 n( : ) ol wb S{1+ log (b yy. A(1.21) 


For the transition probability w in above expression we may substitute |2MA(Ko)|? given in 
Eq. (2.4) when Born approximation is applicable. When Born approximation is not applicable, 
we assume that M can be replaced by the total cross section calculated in the case of the 
thermal conduction (see Appendix I and A(2.19)). As a result, 


4rh* 


m? 


wf~~ 


6w02| A(Ko)|? . A(1.22) 


Here A(Ko), given in Eq. (2.5), were numerically calculated from Wigner-Seitz’s result for 
sodium (using the wave function m(v) at the ground state and 7;=3.96 Bohr unit) that is 


A(Ko).~4.7x 107? . 


Substituting A(1.22) with this result, ¢2(cc) ~3.3 and b=(Ko/2ko) ~ 1.14 (for sodium) for A(1.21), 
we obtain the final result 


_ 2 
1 = 0,044 2» ar( = A(1.23) 


To m 


Or if we define the mean free path by [?=r’vp=fhkor’/m, 


1,°=0.044n ao ) A(1.24) 


2) Thermal conduction 


Calculation of t~?—From Eggs. (3.23), (3.28), (3.29) and (3.31), tx” is rewritten by the same 
way as that of to” 


Dy = Wk, k’, q) fo(&x) fo(Ex) e*®’ No(x){Re’ co(Ex") —Rxco(Ex)} 


k/ 
x (Eye! —Exkz) 0(Ey—Ex—hwq). A(2.1) 


After the integration by solid angular variables, A(2.1) becomes 


1 % 2k © 
ar bathing, 0) 2 Wal, @) PNW) AME) AME+DeKE, PD), A2.2) 


where 


| 
} 
| 


| 
} 
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KE, p)=xk?{co(E +x) —c0(€)} += {Eco(E+x) + (E+x)c0(€)} + aR {(2x+&)eo(E+x)—(E+x)c0(&)} . 
A(2.3) 


soe co(E+x) into c(€) by means of the following relations for the odd-function 
Co Ole 


i de XE ta) +O0(E) _ 9 \- fee GAs CaS 6 ey 


(e-?-+-1)(e?##+1) = (e-® +1)(e8#7+1) 


and substitute Eq. (3.19) for co(€) and then integrate over &, A(2.2) and A(2.3) are reduced to 


ip) Bian iy xPWilpl, 9) _ 3¢7¢ 5) A(2.5) 
: 


tT. 62°h?nc)o (et—1)(1—e-*) 
r 7D 2 
ca} ta ne 1-4 al (for high temp.) 
K(p)= i ‘ 
(rea arre eaere dj 
cx | 0 ice tigy Uy \\oridees AU Geen ees (for low temp.) 


A(2.6) 


where c in A(2.5), being defined by Eq. (3.23), means cz or ¢2’ in accordance with that in 
K'(p). 

Now if one takes Eq. (2.8) for W and the term involving c. for K’(p) and neglect the 
Umklapp process, one obtains the well-known expression for the thermal conductivity 
(Wilson?”). In our treatment, Eq. (2.8) combined with Eq. (2.9) is substituted for W, then 
A(2.5) becomes 


1 mC? ra Pp bp CG (p/2ko) K’(p) , 


t.”  27n*MNnheTc (e*—1)(1—e-*) 


The integration over p can be performed by separating integral range into the regions defined 
by A(1.6) and A(1.6’) in the same way for to”. In the latter range we use the relation 
A(1.8) and 


lat 3 pce( p )=@h{ du uG*(u) ~0.014(2ko)* 
dp 2ko 0.63 


to calculate the U-process. 
As a result we have 


1 = _amn? | USE) (for high temp.) A(2.7) 
ct. 3MNAcT \ g’(t,t) (for low temp.) : 
where 
at =F {a+0. 1919)( d+ ae éslt))— (0. = Site EO ey bald} 


0.54 
; 1+0.76¢’2) , 
+ @opaae)! + ) 


OVC eae o, Capel ET 
Hd T HO- ena ea} 


vd, ya f2. 521s(4)—10.306() pane b(t) += J 


.180 t’(e"’ —e-”" 
re 0.18 (e an 


cota ae 


These limiting expressions for the high and low temperatures are given by 
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= me i <1 A(2.8) 
se a 

i +0.540(1-+0.764) t,U>1 A(2.9) | 

0.413 5, 280 t¢’<1 ~ A(2.8’) 
FUMEL oS, 

at +0.180(1-+2’) e~*” > A(2.9) 


where we used ¢3(cc)=7.212 to obtain the first term in A(2.9’). The first terms of these 
equations indicate the contribution from Normal process and the second terms from Umklapp 
process. It is found from A(2.8) and A(2.8’) that in the limit at the high temperature they 
may attain to the same result whether c2 is adopted for co(€) in Eq. (3.19) or cs’, but for the 
Normal part at low temperature A(2.9’) become smaller than A(2.9). 

Calculation of t.@—From the definition of tx’, Eqs. (3.25), (3.27), and (3.1) (8.23), tx’ 1s 
calculated in the same way for to’ as follows: 

a See 2 


SD DD wlkikeksks) fo(Es) fo(Ez) fo(—€Es) fo(—E4) 


Tx? MNKTC “hy “hy By bey 
x {RxCo(Es) + Raxo(€s) —Ri2Co(E1) — Reeo(E2) }(R32€3 + Rav€s—kizE1—ox€2) 0(L1 + E2—E3— E1) 
A(2.10) 


where for simplicity €: and €, denote €;%, and €,,. Here we consider only the process which 
conserves the total wave vector; i.e. 


kitk.—kz—ki=0 A(2.11) 


and use for w the total cross section which was obtained by the partial wave method in 
Appendix I. Now if we put 


k3—ky=k2—ku=l > A(2.12) 


four sums over k’s are reduced to those over ki, kz and I. Then introducing three polar 
coordinates (hi, 1, ¢1), (J, 62, G2) and (ke, 43, gs), their poles being respectively the directions of 
I, kz and x (the direction of temperature gradient), and representing the angles that x makes 
with k; and lJ respectively by a and 8, we can make the following replacement, 


1 =f ¥ 2 2 
pee Gs) \ dl 4.0.) Bis 4.25) By doe 
d2,=d(cos 0;) agi 5 j=. ee 3 : 

Riz=ki cosa, Roxz= ke COS 83 , Ecosse: 


cos a=cos 61 cos B+sin # sin B cos ¢: , 
cos B=cos 62 cos 83++sin Oz sin 63 cos G2 


and for the energy, 


h?l 
Est Ex Ei—Ea=— (ha cos 61—k, cos 4,+1) r A(2.13) 
&3—=6,—G,=2 , A(2.14) 


where 


z= Al(2hk: cos 0:4+1)= Al(2k2 cos A:—1) , A(2.15) 
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A=h?/2mkT . A(2.16) 
Furthermore transforming the variables @; and & into z and € as follows, 


dz dé 
1 OR IAN namie 
ROS Melina Appin alld BARS gigs 


it is easy to carry out the integration respect to the angles except @:, for which we need to 
notice only the variable cos @; involved in the 6-function and to replace @; in another slowly 
varying part with 


cos 6;=(k» cos 62—1)/k, , 


which is derived from the condition of energy conservation, say A(2.13)=0. From A(2.15) 
and |cos #:|<1, the range of z is restricted by 


AP —2ki/1)<z< APA4+2h/)) . A(2.17) 


Since the range of / is in 0</< 2k from A(2.12) and hence the value of A? falls into the 
range 0< AP?’<4€/eT, we may be possible to approximate as follows 


—oo< g< +00 ; 


instead of A(2.17). Thus after the integration of the angles except #2 we have 


°° 


1 


é 
K 


=(192n'nbeTAte)-'0) at| de\" ae,\" dEx fo(&1) fo(E2) fo(E1 +z) fo(E2—2z) 


Kereta (Gis, eZ) me WAS) 


where 


3 
KG, 6s, 1, z)= re {co(€1) + co(E2)} + (2? —2ho%e Base \Keo(6:) —Co(E2)} 


+ P{Eyc0(E1) + €2¢0(E2)} — a {E1C0(€2)—€2¢0(E1)} , A(2.19) 


where to obtain A(2.18), A(2.19) we used A(2.4). We find that when we integrate over & 
and &, the first and fourth term in A(2.19) vanish, if we remember that co(€) is the odd- 
function of € and the Fermi function fy has form given by Eq. (3.2). Therefore it remains 
that we substitute the concrete form of co(€), Eq. (3.19), for the second and third term (now 
since our attention lie in low temperature we take c.’ term) and integrate respect to the 
remaining variables. The final result is 


Tien ef EL A(2.20) 
da(em)u(“-) 


Te ah? 


Here as mentioned previously, replacing w with the total cross section oo: by 


w= ELE os: A(2.21) 
m? 
and using ¢2(cc)~3.29, we have 
d = 2 . 
a GGnow th( =) A(2.22) 
TK? m a 


or writing by the mean free path 


2 
1e=6.6n00( , A(2.23) 
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Appendix III. Anisotropy of the Sound Velocity 
The sound velocity of sodium was measured by Quimby-Siegel’? and Bender?». Both 


results are fairly different, and Blackman”? estimated @* by using the latter result. We here | 
adopt the former. According to this result, the sound velocities of longitudinal and transversal 
waves C1, C; can be expressed approximately by the following experimental formulas; 


c.={1.4+4.0 sin? 0(cos? 6+4 sin? 0 sin? 2¢)} x 10° cm/sec , AG.) | 
c:={2.4—4.7 sin? (cos? 0+} sin? 0 sin? 2¢)} x 10° cm/sec . A(3.2) | 


. | 
It may be thought that only the longitudinal wave contributes to the Normal process, and 
hence all @” in Eqs. (4.1)~(4.4) are to be understood as (fqo/«)c.”. To the Umklapp process _ 
we must consider the contribution from the phonons with two polarizations. Now if the both — 
types of sound wave are mixed together at the ratio 1:2, those which we require are the 
following. First in high temperature, 


aE at | A(3.3) | 
Q2 INO hqo Ce (hi 


where q’ is defined by the relation «9’=hcq’ (see §4 (ii)). Estimating roughly the mean 
values of c:-? and c:-? from the above experimental formulas these values are nearly equal; 
i.e. 


Cr? cr? 0.24 x 10-19 (cm-sec™2)-? . AG.4) 


Next in low temperature, we need the mean value of the following quantity 


Y il hq’ ci hq cr 
exp | = J =34 € a ey are 
P(g] oe (ee) +200 (ef 
In order to evaluate the above quantity approximately, we shall expand c around its minimum 
point since we consider the case O’}T. c, has the minimum values in the six directions, 


that is, 9=0, z and 0=z/2; g=nz/2 (n=0,1, 2,3). As each direction is equivalent, expanding 
around z-axis, we have 


cr (1.4446?) x 10° cm-sec™! . 


On the other hand, c; has the minimum values in the eight directions, that is, cos 0=-+3-¥?; 
g=7/4+n7z/2 (n=0,1, 2,3), and hence we must the original coordinate system into the new 
coordinate system with z’-axis, being in the direction cos@=3-/?; g=7/4, then the transfor- 
mation matrix is given by 


i 1 


sin 0 cos ay eyes 0’ cos Ee sin 0’ sin Aas ei ae COM . 
3 .) il sae ; 1 er en ee IL 
S18 Y SiN Oe cos g a sin ¢ peat! 
cos 6= TH 2 Gags i Y 
= 3 sind sin @ nae Gee 5 


Hence we have 
sin’ 6(cos? 6+sin? 6 cos? ¢ sin? y) ~ 4(1—26”2) 
and using this result, c; becomes 


Cr (0.84-+3.16’2) x 105 cm-sec-! , 
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Thus as the mean value of Umklapp part of electrical resistance at low temperature over 
the sound velocity we obtain 


T= BO alae exp (—Hateit #) 
0 


Ai IP = ie dh 
0.54 4.3. 7 Ow’ 
SS ex es : 
T "8.0 On’ p( ip ) gy: 
where 
KO’ =hd’ x 1.4 10° 
and 
== 1545345 7, Oro" 
On2 eX ale A(3.6 
tio Mia P90’ ks adenhs 7G Ce 
where 
KO’ =hq’ x 0.84 10° . 
(1956) 391. I. I. Hanna and E. H. Sondheimer: 
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Using a high temperature electron diffraction camera, Cu3Pd alloys 
have been investigated in thin oriented, evaporated films at temperatures 
below and above the critical point of order-disorder. The present work 
has elucidated that, in alloys of a’’-phase, the line-up number of anti- 
phase domains and the degree of order inside domains decrease with 
increasing temperature in the range of 20~40°C below the critical point, 
and an abrupt decrease of the line-up number of domains occurs at the 
critical point. In the range of 100~150°C above the critical point, short 
chains of one-dimensional anti-phase domains with the same period of 
out-of-steps as in the ordered state remain randomly in an equilibrium 


state. 


On the other hand, anti-phase domains are absent in the alloys 


of a’-phase below as well as above the critical point. 


Introduction 


SL. 
In Part I of the present study”, the structure 
of ordered copper-palladium alloys has been 
investigated by electron diffraction in the 
composition range from 10 to 28 per cent Pd*, 
using thin single-crystalline films prepared by 
evaporation. It was shown that the alloys 
with compositions of 18 to 28 per cent Pd 
(a’’-phase alloys) have a two-dimensional anti- 
phase domain structure in a fully ordered 
state, a fundamental cell of which is face- 
centred tetragonal with an atomic arrangement 
of the ordered CuzAu type. Alloys with 
palladium less than 18 per cent (@’-phase al- 
loys) have the ordered Cu;Au type structure 
with cubic symmetry, being consistent with 
the results obtained by Jones and Sykes”. 
The two-dimensional anti-phase domain struc- 
ture has been satisfactorily confirmed in bulk 
specimens in Part II® and by Schubert, Kiefer, 
Wilkens and Haufler’?, both using X-rays. 

In Part I, weak diffuse maxima with peculiar 
splitting have been reported to remain at 
superlattice reflection positions, having more 
distinct contrast than those obtained from a 
quenched disordered CuAu alloy», as shown 
in Fig. 6 of Part I, after quenching of the 
alloy films from temperatures above the critical 
point of order-disorder (T;). As a relaxation 
time for ordering is considerably long in the 


* In the present paper, all percentages refer to 
atomic per cent. 


present alloys”, the above splitting of super- 
lattice reflections after quenching will reveal 
the actual state of the alloys above 7. and 
suggest the presence of anti-phase domains 
with nearly definite size. In order to obtain 
a distinct conclusion, however, it is necessary 
to observe diffraction patterns directly at high 
temperatures. According to Jones and Sykes”, 
there is a well-marked tail on the specific 
heat versus temperature curve of the alloy 
containing 24.9 per cent Pd above T; (465°C), 
and in this respect, this alloy resembles Cu;Au. 
On the electrical resistivity versus temperature 
curves of the present alloys, a peculiar anomaly 
has been found above 7~ by Borelius, Johansson 
and Linde? and by Kaya’’. These anomalous 
effects also seem to be attributed to the 
presence of some local order. Thus, the 
present work has been undertaken to elucidate 
the high temperature state of CusPd alloys 
up to 700°C, using a high temperature electron 
diffraction camera. 

Until now, several high temperature diffrac- 
tion studies on the alloys CusAu and CuAu 
have been carried out by various authors, us- 
ing X-rays® as well as electrons”. Raether’s 
work of single-crystalline films of CusAu gave 
an important information on the existence of 
anti-phase domains with various sizes at tem- 
peratures above T:, 388°C, and is intimately 
connected with the present work. In the 
present paper, it will be shown that out-of- 
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steps, classified into “the first kind”, with 
nearly definite period remain even at temper- 
atures above 7; in the equilibrium state of 
a’’-phase alloys, while such out-of-steps are 
absent in a’-phase alloys. The mode of line-up 
of anti-phase domains was studied also in the 
range of 20~40°C below Ty. 


§2. Experimental Method 

Four kinds of single-crystalline films of 
copper-palladium alloys containing 13, 18, 25 
and 28 per cent Pd respectively were prepared 


(d) 
iEnKen, Ae 


in the same way as described in Part I. 
These films were annealed for about 300 hours 
in the temperature range between critical 
points and 250°C and were cooled down to 
room temperature. This treatment was suf- 
ficient to complete the ordered state. Then, 
they were heated in the electron diffraction 
camera provided with a small high tempera- 
ture furnace with heating velocity of 1~0.3°C/ 
min. The diffraction patterns were observed 
on a fluorescent screen during heating and 
suitably recorded on dry plates. 
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Fig. 1. Diffraction pattern obtained at 500°C from 
a’-phase film containing 13 per cent Pd. 


(b) | 4 (c) 


(e) | | (f) 


Diffraction patterns obtained at various temperatures from a’/-phase film containing 25 per cent 
Pd. (a) room temperature (fully ordered state), (b) 442°C, (c) 451°C, (d) 453°C, (e) 685°C, (f) 476°C 
(cooling case). Indices assigned to normal reflections are referred to the disordered cubic lattice. 


Fig. 3. Diffraction pattern obtained at 413°C from 
a’'-phase film containing 28 per cent Pd. 
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The diffraction camera used was the same 
as described in Part I. The high temperature 
furnace was of a similar type to that used 
by Germer, Haworth and Lander’ in its 
construction and size, but was made of 
stainless steel instead of copper in order to 
avoid specimen contamination due to evapora- 
tion of copper at high temperatures. The 
heat loss by radiation was depressed by a 
shield made of stainless steel located around 
the furnace, and the conduction loss was 
estimated to be fairly low because both the 
furnace and the shield were connected with 
a supporting metal block only through a disk 
of steatite. A maximum temperature attained 
by a specimen film was about 750°C at 30 
watt. The temperature was measured by 
means of a Pt-Pt-Rh thermocouple of 0.1 mm 
in diameter and a high resistance millivolt- 
meter. The temperature scale indicated on 
the latter was compared with critical points 
of order-disorder of the films of Cus;Au and 
CusPd of known atomic compositions, and the 
apparent temperature was found to be about 
10°C lower than the true temperature of a 
specimen film in the range between 380 and 
500°C. In the present paper, temperatures 
indicated by the millivoltmeter are used for 
convenience’ sake. 


§3. Experimental Results 


(1) a@’-phase alloy (13 per cent Pd) 

The sharpness and the intensity of diffrac- 
tion spots did not change up to about 440°C 
(see Fig. 5 in Part I). Above 450°C, however, 
superlattice reflections gradually weakened 
with increasing temperature, their sharpness 
remaining scarcely changed. These reflections 
became diffuse abruptly and still fainter at 
494°C, as shown in Fig. 1, but remained visible 
even at 600°C. The ordered structure known 
from the pattern is analogous to that of 
CuzsAu, and the shape of the superlattice 
reflections shows that any kind of anti-phase 
domains is absent in this alloy below as well 
as above Te. 

(2) a@’-phase alloys 

The ordered alloys of this phase have a 
two-dimensional anti-phase domain structure 
characterized by the two kinds of out-of-steps, 
as reported in Part I. According to the 
present high temperature study, the anti-phase 
domain characterized by the second kind of 
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out-of-steps gradually faded away as the 
temperature approached T., while the other 
kind of anti-phase domain was preserved up 
to T, throughout a’’-phase. It is remarkable 
that fairly well defined out-of-steps still per- 
sisted above J+. Details of these aspects will 
be described about the sample of 25 per cent 
Pd as follows (see Fig. 2): While such a 


Ms =3 

(1) Ns=2 
(2) Ns=3 
(3) Ns=4 
(4) Ns=6 


IF [Eg Egy I” 


! 
ali =alls = 
"i 4M3 2Ms3 4M3 Mz 


Fig. 4. The profile of split maximum along [00hs] 
in reciprocal space, given by numerical calcula- 
tion. 


Fig. 5. Microphotometer curves of split superlat- 
tice reflections of the alloy containing 28 per 
cent Pd, at various temperatures. 
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pattern as shown in Fig. 2 (a) almost persisted 
up to about 420°C, the superlattice reflections 
exhibiting complex splits were gradually 
weakened with increasing temperature in the 
range between about 430 and 452°C, and, 
especially, the splits due to the second kind 
of out-of-steps almost faded away, as shown 
in Fig. 2 (b) and (c). The intensities of the 
splits due to the first kind of out-of-steps 
became far weaker immediately below 452°C 
than those of the splits in the fully ordered 
state, the sharpness being scarcely changed 
visually. At 452°C, these reflections became 
diffuse abruptly and fainter slightly, as the 
case of 13 per cent Pd, but diffuse maxima 
with peculiar splitting still remained, having 
far more distinct contrast than those in disor- 
dered CuAu alloy®:!?. They were weakened 
gradually with increasing temperature and 
became very weak at about 490°C, but were 
visible even at about 600°C. Fig. 2 (d) shows 
the diffraction pattern at 453°C. At about 
700°C, shapes of the faint diffuse maxima 
could no more be distinguished (Fig. 2 (e)). 
When the specimen was slowly cooled from 
700°C with cooling rate of 1°C/min., the 
pattern changed almost reversibly (Fig. 2 (f)). 

For 28 per cent Pd, the split sharp superlat- 
tice reflections were gradually weakened at 
temperatures above about 380°C and became 
very weak at 398°C. At 400°C, they became 
diffuse suddenly and fainter slightly, but 
separations of split maxima were scarcely 
changed though the splittings characterized by 
the second kind of out-of-steps disappeared. 
On further heating, the diffuse split maxima 
behaved themselves almost similarly to those 
of 25 per cent Pd (Fig. 3). For 18 per cent 
Pd, the behavior of superlattice reflections with 
rising temperature was essentially the same, 
except that the second kind of out-of-steps 
was not observed from the beginning. 

The fact that the superlattice reflections in 
the alloy film of CusAu decrease their intensi- 
ties and become diffuse suddenly at Js, 388°C, 
as reported by Raether”, enables us to 
estimate the true temperature using this alloy 
film, which was found to be about 10°C higher 
than the apparent temperature as already 
described in §2. Taking into account both 
this measurement and values of 7. for CusPd 
alloys determined by several investigators?”»!, 
we are able to regard the temperatures, at 
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which the superlattice reflections become 
diffuse abruptly, as critical points of the 
present alloy films. 

§4. Interpretations and Discussions for the 
Results 


The following conclusions may be given 
from the above results about the mode of 
line-up of anti-phase domains in a@’’-phase 
alloys below and above Ty. The fact that 
the split superlattice reflections continue to 
be considerably sharp up to T. seems to mean 
the keeping of a large line-up number of 
anti-phase domains, and the intensity decrease 
immediately below 7; may be mainly caused 
by the decreasing degree of order within each 
domain. Above T7:, diffraction maxima at 
superlattice reflection positions consist of 
diffuse split maxima with tolerable contrast, 
and the separations of their splits are much 
the same as in the ordered state, as shown 
in Table I. Therefore, we may have to con- 
sider that there remain anti-phase domains, 
characterized by the first kind of out-of-steps 
with nearly definite period, in a crystal where 
long range order vanishes. It seems that the 
model for such a state should be what is 
definitely distinguished from that below T- in 
the line-up number of domains as well as in 
the degree of order within each domain, 
because the “disordered state” is treated. 

Next, we shall examine the observed results 
in detail, considering the diffraction effect 
caused by the anti-phase domain structure on 
the basis of the one-dimensional structure 
characterized by the first kind of out-of-steps. 
If the line-up number of anti-phase domains 
along the z direction is N3 and the period of 
out-of-steps, i. e., the size of anti-phase do- 
main, measured in atomic distance, is M3, the 
absolute value of the structure amplitude, |F', 
is given for such a crystal by the following 
two equations, corresponding to even and odd 
values of N3 respectively, at positions, /1, he, 
h3:n3, in reciprocal space”: 


sin M3n37 sin N3M3n37 
CMO Fe Hou « sin 137 * | cos M3n3r 
(1-1) 


for N3=even, and 


* Here, hi, hy and hz represent reciprocal lattice 
points, as usual. 


440) 
ie 4 sin M3n3x , cos N3M3n37 
Pe et sin 370 cos M3n37 
(1-2) 


for N;=odd, where fi and fz are mixed, 73 
is continuous variable, and Era and Ecu are 
the atomic scattering factors for electron of 
palladium and copper respectively. If Ns is of 
the same order of magnitude as M3, the posi- 
tions of maxima of |/|? are determined both by 
| sin N3Msn32 /cos M3nsz |? or |cos N3sM3ns7/ 
cos Msn3z|2 and by |sin M3m37/sin m37|?, con- 
trary to the case where WN; predominates. 
Fig. 4 shows |F\?/|Eea—Ecu|? along the hs 
direction for small N3 values, 2, 3, 4 and 6, M3 
being assumed to be 3. It can easily be seen 
from this figure that the peak of a split maxi- 
mum shifts from the position, /3-:(1/2Ms), 
toward the original superlattice reflection 
position, fz, and its half value breadth 
increases as V3 becomes small. On the other 
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hand, it is located in the position, s+(1/2Ms), 
when N; is larger than 6. The same holds 
for other M3 values. If the collapse of order 
inside each domain occurs, the peak intensities } 
of split spots decrease, since the scattering; 
intensities of superlattice reflections are pro- - 
portional to S?, where S is the long range} 
order parameter, but the sharpness will be? 
unaffected. 

Now, we can estimate N; values for various } 
temperatures from the half value breadths of” 
split maxima in the intensity curves obtained | 
from microphotometer traces (Fig. 5). The: 
results are given in Table II with mean sizes } 
of chains of domains corresponding to them. 
From this measurement, it was found that N; ; 
is about 10 or more in the fully ordered state: 
of 25~28 per cent Pd films and it gradually 
decreases with increasing temperature in the 
neighbourhood of T:., reaching about 5~6) 


The separation of the split maxima in reciprocal space, ™, 


- and the period of out-of-steps, M3. 


18% Pd (T,~483°C) 25% Pd (Te~452°C) | 28% Pd (Te~400°C) 
{| 
Tempera- Tempera- | Tempera- 
ture (°C) mn Ms ture (°C) m Meiers tate (°C) Ts, Weeks 
fully ordered 2a3* 36 fully ordered 2a3* 3.0 
state TAD ; state Gol: ‘ 
2a3* 2a3* 2a3* 
440 — 9.4 442 ese 3 
18.8 76 3.8 395 6.3 3.2 
2a3* ~ 2a3* 2a3* 
470 —=- | 10.8 451 — 3 me AS 
21:5 ye =a it 6.2 | (2.8) 
2a3* 3.9 
453 SS : 
eat (3.5) 
2a3* 4.0 
462 aut) 
8.0 (3.6) 


In this table, m corresponds to the separation in superlattice reflections split along the h3 


direction in Fig. 11 of Part I, and a3* is the reciprocal lattice constant. 


M3 has been calculated 


from the following relation: m/2a3*=1/2M3. Parenthesized values have been estimated, assuming 


N3 to be 3. 


Table II. 


In general measured values of M3 are not integer, as in the fully ordered state!3), 


Nz values estimated from the half value breadths of split maxima and 


mean sizes of chains of domains corresponding to them. 


25% Pd 28% Pd 
Temperature (°C) N3 Mean size (A) Temperature (°C) | N3 | Mean size (A) 
340 >9 > 140 340 >10 >120 
442 8~7 ~100 395 7 ~ 80 
451 6~5 ~ 70 398 6~5 ~ 60 
455 ~3 ~ 40 413 ~3 ~ 30 
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immediately below Ts. This decrease of N3 
causes peak intensities of split spots to be 
reduced approximately to one fourth. But 
the visually estimated intensities immediately 
below 7. are surely smaller than this expected 
value, as readily seen from Fig. 2. Therefore, 
some of the intensity decrease should be 
ascribed to a fall of the degree of order inside 
each domain. From the abrupt decrease of 
Ns to about 3 immediately above Tv, it is 
suggested that a chain of anti-phase domains 
is cut to pieces by disordered regions appearing 
at T:. In this case, however, an enormous 
change of intensity is not observed, as can 
be seen in Fig. 2. In order to explain the 
above-mentioned fact, the following model 
may be considered for the line-up of anti-phase 
domain structure in a’’-phase alloys: The 
line-up number of domains, 3, decreases 


ZN bats 
20° 2. on 
ey ° A 


@ @ Cu 


shaded regions indicate the disordered lattices. 


proposed for the anti-phase domain structure 
above 7:. It is a structure with a consider- 
able size of a completely disordered region 
between comparatively ordered domains. The 
domain size and the period of out-of-steps are 
expressed by P;:a; and Ms;a3 respectively*. 
In the expression of the structure amplitude 
of superlattice reflections for such a lattice, 
the disordered region has nothing to do, and 
therefore the following expression is readily 
obtained for |F| of superlattice reflections: 


sin P3737 sin N3M3n3r 

l= |Bee oul sin 137 | cos Manar 
(2) 
for Nz=even, where N3; and m3 have the 


* @z is the lattice constant along the z axis in 
terms of the fundamental cell. 
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almost to half with increasing temperature 
in the range of 40~20°C below 7., and at 
the same time the degree of order inside 
each domain decreases rapidly, reaching the 
state with low ordering of atoms at Ty. 
Immediately above T., Nz is diminished to 
about 3 which definitely distinguishes the 
state of the alloy from that below 7., but a 
strong collapse of the degree of order seems 
not to occur within each domain. As the 
split maxima are visible even in the range 
of 100~150°C over T., it is certain that 
there is a sporadic random distribution of 
short chains of anti-phase domains in this 
temperature range. Inside a domain the 
degree of order is considerably lowered, but 
between domains the anti-phase relation yet 
remains. 

A model shown in Fig. 6 is tentatively 


a Beng of 


CAE an 7 in 
eee 
Cane v aia 


2--ledeo-- 


o> 


co Pd 


Fig. 6. Anti-phase domain structure including a disordered region at each domain boundary. The 


same significance as in equation (1). This 
equation leads to a similar result to that 
obtained from equation (1). That is to say, 
positions of split maxima are determined by 
1/2M; for N; larger than Ps, and a profile of 
splitting is similar to Fig. 4 for N3 as small 
as P;. But the peak intensity is much 
lowered in proportion to |sin P3737/sin m37|? 
/\sin Mgnsr/sin msz|?. It is chiefly the period 
of out-of-steps that determines the separation 
of split, while the intensity decreases with 
decreasing domain size. The present model 
seems to explain qualitatively the behavior of 
superlattice reflections at temperatures not too 
higher than 7s. For the intensity decrease of 
split maxima with further temperature rise, 
the decrease of P;, N3 and S inside domains 
will be responsible. Above 150°C over Ty, 
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the peculiar shapes of diffuse maxima become 
indistinguishable, indicating the vanishing of 
domains, and faint superlattice reflections 
caused by the pure short range order are 
left. 

An opinion might be given that the survival 
of anti-phase domain above TJ. is not in 
equilibrium. However, the fact that when a 
film of 25 per cent Pd was cooled down from 
about 700°C the pattern reversibly changed 
denies this opinion. Because, if observed 
domains at rising temperature did not exist 
in an equilibrium state, the film cooled down 
should not have given peculiar forms of 
superlattice reflections. Thus, anti-phase do- 
mains characterized by the first kind are 
definitely present in an equilibrium state even 
above J; in @’’-phase alloys. The formation 
of anti-phase domains has been found ina 
CuzAu alloy®? above 7s, but the split maxima 
were so diffuse that these were not regarded 
as separated. It is remarkable that diffuse 
split maxima in the present a@’’-phase alloys 
above 7. are sufficiently separated to enable 
us to recognize that the period of occurring 
out-of-steps is the same as that in the ordered 
state. The short chains of anti-phase domains 
formed above J, are reasonably considered 
to be nuclei of anti-phase domains in the 
ordered state. Thus, the nucleation of order- 
ing begins to occur in the range of 100~150°C 
over Tc. In the X-ray study of CuAu alloy, 
Roberts® observed the outward shift of the 
(100) and (300) diffuse peaks above Jo, and 
suggested the existence of micro-regions of 
layered material similar to the ordered state. 
In the present alloy, however, the shift of 
split maxima corresponding to the tetra- 
gonality was not observed above TJ., as the 
axial ratio almost attains unity immediately 
below To. 

In the following, some discussions will be 
given of the present result, in connection 
with the physical properties of CusPd alloy. 
Jones and Owen™ concluded from the tem- 
perature dependence of the tetragonality that 
the long range order of the ordered alloy 
CusPd decreases with increasing temperature 
slowly at first but more rapidly above about 
420°C, vanishing at 460°C. The change of 
anti-phase domain structure with increasing 
temperature below 7. revealed by the present 
work coincides fairly well with their conclu- 
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sion. Moreover, the fact that the second kind 
of out-of-steps vanished in the temperature 
range of about 20°C below T~ in the heating 
case of the 25 per cent Pd alloy supports the 
suggestion given by Hirabayashi and Ogawa” 
that a well-marked maximum at about 400°C 
in the specific heat versus temperature curve 
obtained by Jones and Sykes” probably means 
the transition from the two-dimensional to the 
one-dimensional anti-phase domain structure. 
As is commonly known, a large change has 
been found to occur at 7; in physical proper- 
ties of CusPd such as specific heat, electrical 
resistivity, etc?»®»?. According to the pre- 
sent experiment, on the other hand, the 
remarkable, crystallographical change at T~ 
in a@’’-phase alloys is the change of the 
line-up number of anti-phase domains rather 
than that of the degree of order inside domain. 
It should be remarked that such a structural 
change at J. has not been found as yet on 
any alloy other than CusPd. According to 
Borelius, Johansson and Linde® and Kaya”, 
the electrical resistivity of Cuz;Pd somewhat 
decreases with increasing temperature between 
470 and 600°C, and normally increases above 
600°C. They attributed this effect to the 
presence of a short range order and its collapse 
in connection with the corresponding anomaly 
on the specific heat versus temperature curve, 
but did not confirm these by X-rays. The 
short chains of anti-phase domains 30~40A 
long found by the present work in the 
temperature range of 100~150°C above TJ, 
may be responsible for the anomaly in 
electrical resistivity as well as in specific heat. 


$5. Conclusion 


According to the present high temperature 
electron diffraction work using thin single- 
crystalline films, the crystallographical states 
below and above the critical point of order in 
the CusPd alloys have been elucidated, con- 
cerning particularly the behavior of anti-phase 
domains. In @’’-phase alloys, the line-up num- 
ber of anti-phase domains decreases gradually 
with increasing temperature, reaching about 
5~6 immediately below the critical point, and 
the degree of order inside each domain 
decreases also. At the critical point, the 
abrupt decrease of the line-up number of 
domains takes place rather than that of the 
degree of order within domains. Diffuse 
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scattering with peculiar splitting remains at 
superlattice reflection positions in the range 
of 100~150°C over the critical point. This 
means that in this temperature range the short 
chains of anti-phase domains, corresponding 
to the out-of-steps characterized by the first 
kind and with the same period as in the fully 
ordered state, are present, being scattered in 
the disordered state, in equilibrium. The 
above results seem to be consistent with the 
changes of physical properties accompanying 
the order-disorder transformation so far 
observed. In a’-phase alloy any kind of 
anti-phase domains is absent below as well 
as above the critical point. 
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The KCl single crystal which was grown from the melt, thermally 
quenched, and additively coloured with potassium metal were observed 


electronmicroscopically using replica technique. 


Growth of crystallites 


was seen both on the outer surfaces and in the interior of the crystal 
when it was thermally quenched or it was coloured additively. The 
crystallites grew more markedly in the latter case than in the former. 
The mechanism by which F#’ centres are formed were considered. 


§1. Introduction 

Since Hedges and Mitchell” succeeded in 
decorating the dislocations in AgBr crystal 
with printed out silver particles, many similar 
experiments have been carried out on the 
alkali-halide crystals”, divalent ionic crystals® 
and silicon. These experiments have a 
characteristic feature that the dislocation 
patterns inside the crystal can be seen by an 
opitical microscope. This promotes the study 
about the possible arrangements of disloca- 
tions, the interaction between them, the 
movements of dislocations under various cir- 
cumstances and the interaction between stoi- 
chiometric excess metal or segregated metal 
and dislocations. 

One of the present authors has given 
attentions to the correlations between crystal 
growth and colouration of crystals, and carried 
out electronmicroscopic observations, using 
replica technique, for the alkali halide crystal 
coloured with X-ray. This experiment in- 
dicated that the crystallites appeared not 
only on the X-rayed (001) surface and side 
faces of the crystal, but also in the inner 
parts of this crystal as the irradiation of the 
crystal with X-ray proceeded, and that the 
grown crystallites disappeared in the reverse 
course of growth when the X-rayed crystal 
was bleached thermally and photochemically. 
These phenomena were also confirmed with the 


* The present Address: Department of Physics, 
The Faculty of Science, Tohoku University, Sen- 
dai, Japan. 


successive observations on the definite portion 
of the (001) plane of the same KCI crystal ir- 
radiated with X-ray and subsequently bleached 
photochemically, using the two-stage replica 
technique». This confirmation led to the 
conclusion that these phenomena could hardly 
be ascribed to the mere surface phenomena. 

This article reports electronmicroscopic 
observations of the KCl single crystal which 
was coloured additively with excess potassium 
metal, here the observations were made with 
one-stage replica technique. Our main inte- 
rests were directed upon the changes induced 
on the outer surfaces and in the inner parts 
of the crystal when it was coloured additively. 


§ 2. Experimental Methods 


Prior to the study of the crystal coloured 
with excess potassium metal, electronmicro- 
scopic observations were made on the pure 
KCl single crystal which was heated and 
subsequently quenched to room temperature in 
vacuum. In this section, therefore, descrip- 
tions are given about the thermal treatment 
of KCl crystal in vacuum, the additive 
colouration of KCl crystal with potassium 
metal, and the preparation of replica. 


2.1 The heat treatment 

The KCl single crystal of about 1x1x2cm 
in the evacuated (10-* mmHg) and _ sealed-off 
pyrex glass tube was heated in an electric 
furnace at the temperature of 520° to 580°C 
for 4 hours and then cooled very rapidly to 
room temperature. These conditions are the 
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same as those of colouring the crystal ad- 
ditively except for one point, the lacking of 
potassium metal. 


2.2 Additive colouration of crystal with po- 
tassium metal 

The KCI single crystal containing only F 
centres was obtained as usual by heating the 
crystal in the atmosphere of potassium vapour 
at the temperature of 520° to 580°C for 4 
hours and then by cooling it very rapidly. 
Although the colouring agent, potassium 
metal, was more carefully distilled in vacuum 
than the case of usual optical study, it was 
difficult to avoid for the surface of distilled 
metal to be whitened slightly. 

As is well known, when the amount of 
sealed potassium metal is too much, the 
surfaces of coloured crystal are covered with 
the residual metal. This metal film or drops 
of residual metal, together with the dark 
brown film usually enclosing the coloured 
crystal, disturbed the electronmicroscopic ob- 
servation, because the replica was destroyed 
when it was removed from the surface of 
crystal in water (cf. Part 2.3 in this section) 
or because the replica became too thick to 
allow an electron-beam of an electron micro- 
scope to pass through it. After several trials, 
it was found that the appropriate amount of 
potassium metal to avoid these disturbances 


(a) 
A fresh {100} cleavage plane of the KCl crystal grown from the melt. (b) and (c): {100} 
was heated at 580°C for 4 hours and was quenched? sub- 


Fig. 2. (a): ; 
outer surfaces of the KCl crystal which 
sequently to the room temperature. 
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was obtainable, in the range of temperature 
employed, by distilling the metal the amount 
of which was that required to form F centres 
of density of about 10!* cm-°. 

It was also confirmed that the coloured 
crystal showed only the F absorption band in 
the wavelength region of 2,300A to 10,000A. 


2.3 Preparation of replica 
Electronmicroscopic observations on the crys- 
tal surface were made using the one-stage 
replica technique. The methods for prepara- 
ting replicas consist of two processes: (i) The 
crystal surface to be examined is obliquely 


Carbon-Beam 


Fig. 1. The schematic diagram for the prepara- 
tion of replicas. 


(b) (c) 
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deposited with evaporated chromium in high 
vacuum. The direction of chromium-beam 
was chosen to be parallel to one of the <100> 
direction of the crystal and the angle between 
chromium-beam and the crystal surface # was 
tan @=1/3. This chromium film was sub- 
sequently reinforced with carbon film. The 
schematic diagram of the apparatus for mak- 
ing a replica is shown in Fig. 1. (ii) The 
film was then removed from the replicated 
crystal surface by disolving the salt in water. 

In order to observe the inner parts of the 


(c) 


{100} outer surface of the KCl crystal which was 


Fig. 3. (a) and (b): 
coloured additively at 580°C for 4 hours. (c): 


enclosed by black lines in the figure 3 (b). 
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crystallographic directions which appeared on the surface region (a) 
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crystal, the replica was prepared on the | 
fresh {100} cleavage surface of the crystal 
according to the procedures just described. | 


§3. Experimental Results 

The descriptions are conveniently classified 
as follows: 

3.1 The growth of crystallites on the 
surface of the KCl crystal which was quenched 
from high temperature in vacuum, and those 
on the surface of the KCl crystal which was 
coloured additively with excess potassium 
metal. 

(a) The {100} cleavage 
surface of the KCl crystal 
cleaved from the block 
crystal. 

(b) The {100} outer 
surface of the KCl crystal 
quenched thermally. 

(c) The {100} outer 
surface of the KCl crystal 
coloured additively. 

3.2 The inner part, 7.e. 
the fresh {100} cleavage 
planes of the KCl crystal 
which was quenched from 
high temperature in vacu- 
um and those of which 
was coloured additively 


with excess potassium 
metal. 

(a) The fresh {100} 
cleavage planes of the 
KCl crystal quenched 
thermally. 


(b) The fresh {100} 
cleavage planes of the 
KCI crystal coloured ad- 
ditively. 


3.1 The growth of 
crystallites on the 
surface of the KCl 
crystal which was 
quenched from high 
temperature in vacu- 
um, and those on 
the surface of the 
KCI crystal which 
was coloured ad- 
ditively 

The {100} cleavage 
surface of the KCl 


1959) 


single crystal cleaved from the block 
crystal 
Fig. 2 (a) shows one of the typical electron 
images of the freshly cleaved { 100} surfaces 
of the KCl single crystal grown from the 
melt. In this figure, two linear cleavage 
steps can be seen on the flat and smooth 
surface. The step marked with white line 
makes an angle of 60° with the <100> direction 
of the KCl crystal (.e. an angle of 15° with 
the <110>) and the other step (dark line in 


CRY) 


Sw 


(d) 


Fig. 4. (a), (b) and (c): 


brownish film. (d) and (e): 
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the figure) makes an angle of 30° with the 
<100> direction of the crystal (¢.e. an angle 
of 15° with the <110>). 

In general, the observed steps were straight 
and parallel to the crystallographic <100), 
<100>+15°, 110) and <1105+15° directions of 
the basal plane, though the steps composed 
of steps segments each of which is directed 
to one of the crystallographic directions just 
above (we term such a step as “composite 
step”, for brevity) were rarely observable. 


(e) 


Three representative structures on the {100} outer surfaces of the KCl crystal 


iti 2 hown was covered with thin 
i dditively at 570°C+10°C. The surface area s 5 f i 
A Ni eed ate outer surfaces of the KCI crystal coloured additively at 570°+10°C 


for 4 hours. The surface area shown corresponds to the real surface of the crystal not having 


the thin film. 
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The freshly cleaved {100} faces of KCl crystal 
were electronmicroscopically flat and smooth 
except for the cleavage steps. These cha- 
racteristic features were used as a reference 
state in deciding whether the surface of 
crystal changed or not under the applied 
treatments. 


(b) The {100} outer surface of the KCl crystal 
quenched thermally 

When the KCI single crystal in the evacu- 
ated and sealed-off pyrex glass tube was 
f quenched rapidly from 580°C to room tem- 
perature, the crystal surface became white 
visually. 

Fig. 2 (b) is the photograph of the surface of 
this crystal. Many parallelopiped crystallites, 


Bige 5: 


(a), (b) and (c): 
crystal which was heated in vacuum at 580°C for 4 hours and was then 
quenched to the room temperature. 
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The fresh {100} cleavage surfaces of the KCl 
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the surface density of which was estimated 
as 10’cm-*, can be seen on the flat {100} 
basal plane and they are about 0.4~0.5 microns 
or less in heights. Their side planes are 
parallel to the <100> directions of the base 
crystal. In the case when the basal plane 
turns into a humpy state as shown in Fig. 2 
(c), it can be seen that parallelopiped crystal- 
lites appear in the various crystallographic 
orientations. These humpy structures of the 
basal {100} plane are resulted from the 
network of the V-type grooves, which may be 
possibly corresponded to the mosaic structures 
(and the network of dislocations). 


From Figs. 2 (b) and (c), it is sure that 
the parallelopiped crystallites came out on the 
{100} surface as the result 
of the thermal treatment, 
though their  crystallo- 
graphic orientations seem 
to depend closely on the 
microgeometry on the 
surface of the KCl crystal. 


(c) The {100} outer 
surface of the KCl 
crystal coloured ad- 
ditively 
Fig. 3 (a), which was 

taken in the early stage 

of this experiment, shows 
the {100} surface of the 

KCl single crystal which 

was coloured additively by 

heating it in potassium 
vapour at the temperature 
of 580°C for 4 hours. Net- 
work patterns and many 
crystallites can be seen. 

As to the network pat- 

terns, we considered them 

to have appeared as a 

result of either (i) the 

wrinkles of the replica or 

(ii) the decorations of the 

netwerk imperfections 

with KCl molecules, i.e., 

network structure of KCl 

layer newly built up pre- 


ferentially along the 
imperfections on the 
surface. 


Continuing observations 
to decide experimentally 
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which of these two occurs 
are shown in the next 
series of photographs. 
The network patterns ap- 
peared on the KCl {100} 
surface are, as shown in 
Fig. 3 (b), composed of 
the mountain ranges 
whose directions are 
mostly directed to the 


<100>,.-<100)3-15°, .-<1105 
and. <110>-£15° of the 
basal {100} plane. The 


results of these analyses 
were also shown in Fig. 3 
ce); = Dhus, it.is hard to 
consider that the replica 
wrinkles in conformity to 
the crystallographic di- 
rections of the crystal, 
and so it is more natural 
to consider these patterns 
correspond directly to the 
changes on the surface of the crystal itself. 
Furthermore, these patterns vary from places 
to places depending on the microgeometries 
of the {100} surfaces of a crystal plate. They 
are roughly classified into the next three 
types: 

(I) The type of well-defined network patterns 

The network pattern of this type is shown 
in Fig. 4 (a). These network patterns are 
also composed of the protruding mountain- 
ranges whose directions are parallel to the 
“00>. 1002952 <110> and <110>=-15° of 
the base crystal. In this figure, the network 
patterns are larger in their size and more 
regularly arranged than those shown in Fig. 
3 (b). The surface of the basal crystal is 
covered with many small grains. 

On the surface region of the crystal having 
the features of this type, the parallelopiped 
crystallites, side planes of which were parallel 
to the <100> of the basal plane, could be 
occasionally observed. They grow usually at 
the kink sites of the protruding mountain 
ranges, or at the end points of the isolated 
segments of mountain ranges. 


(IT) The type having the dendritic patterns 
and the network patierns 

The characteristic feature of this type is 

shown in Fig. 4 (b). The dendritic patterns 

can be seen on the right lower part and the 


(a) 
(a) and (b): 
which was coloured additively at 580°C for 4 hours. 


Fig. 6. 
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(b) 
The fresh {100} cleavage planes of the KCI crystal 


network patterns grow on the left upper part 
of this figure. In general, it has been deduced 
from observations that these two patterns do 
not appear on the same portion of the surface 
of the crystal simultaneously and that the 
directions of the preferential growth of the 
dendrites are parallel to the <110> of the 
basal plane. 


(WT) The type having a regular alignment 
of grains along the <110> 

The characteristic feature of this type is 
shown in Fig. 4 (c). The grains of about 0.2 
microns in size arrange regularly along the 
<110> directions of the basal plane and the 
network patterns do not develop markedly. 

As was stated in §2, the surfaces of KCl 
crystal coloured additively with excess potas- 
sium are usually covered with the dark brown 
thin film, even with the careful determination 
of the quantity of metal to be used. Figs. 3 
and 4 are electron images showing the surface 
area covered with such film. But we have 
no needs to alter the preceding results and 
the analyses that the crystallites appear in 
the form of the network patterns or the 
isolated protuberances as shown in Fig. 3 (a) 
after the colouration of the KCl crystal. Fig. 
4 (d) and Fig. 4 (e) will serve as these evi- 
dences. Fig. 4 (d) is the electron image of 
the surface area which was covered with the 
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thin film (left side) and was not (right side). 
On the latter part of the surface, crystallites 
of about 2 microns in size grow and their 
shapes are very similar to those shown in 
Figs. 3 (a) and 4 (c). The lamellar structures 
can also be observed. Especially, the crysta!- 
lites in a cross shape (marked as C in the 
figure) are continuously connected to the 
patterns of mountain range (AB in the figure) 
on the surface area covered with the film. 
The surface structure AB is certainly the 
same type as the network pattern described 


(c) (d) 
(a), (b), (c) and (d): 
KCl crystal which was coloured additively with excess 


igweya 


potassium metal. 
deeper in the alphabetic order. 
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The fresh cleavage planes of the 


The colouration of the crystal becomes 
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above. The protuberances in the shape of 
mountain range in Fig. 4 (e) where the real 
surface of KCl crystal is shown are also 
corresponded to the network pattern and their 
directions can easily be assigned to the 
crystallographic directions such as the <100>, 
<110> etc. of the basal plane. It is also 
observable in Fig. 4 (d) that the granular 
structures on the thin film, which have been 
already shown in Figs. 4 (a)—(c), disappear dis- 
continously on the surface area not having the 
thin film. On the basis of these observations, 
we can safely conclude that the 
KCI crystallites grow either in the 
shape of the mountain range whose 
directions can be assigned to the 
crystallographic <100>, <110> etc. 
directions of the basal plane or in 
the form of the isolated protuber- 
ances and the lamella structures, 
when the KCI crystal was coloured 
additively with excess potassium 
metal. We can also state that the 
granular structures are not related 
to the growth of KCl crystal. The 
dendrites and grains aligned along 
the <110> will probably be composed 
of potassium metal. 


3.2. The inner part, 1.e., the fresh 
{100} cleavage. planes of the 
KCl crystal which was quenched 
trom high temperature in 
vacuum and those of which 
was coloured additively with 
excess potassium metal 

(a) The fresh {100} cleavage planes 
of the KCl crystal quenched 
thermally 

The typical features of the fresh 
cleavage {100} planes normal to 

those shown in Figs. 2 (b) and (c) 

are represented in Fig. 5. The 

thermal conditions were already 
described in §2.1. The cleavage 
steps in Fig. 5 (a) are straight, but 
they have either the lamellar 

structures (perhaps it will be im- 

possible to discern them in the re- 

production) or the protuberances in 
the form of mountain range (step 

AB in the figure). In Fig. 5 (b), 

the step is not linear, but is com- 

posed: of the step setments having 
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the crystallographic <100) and <110)=215° ‘di- 
rections. At the kink sites of this step, a 
crystallite grows. The elliptical hills, as shown 
in Fig. 5 (c), were occasionally observed on 
the fresh {100} cleavage planes of the KCl 
crystal thermally quenched. The closed con- 
focal elliptic steps forming this structure are 
decorated with many small elongated crystal- 
lites and are quite independent of the cleavage 
steps, for the latters are usually normal to 
the propagation front of the cleavage crack. 
It is deduced from observations that the 
mean value of the ratio of the major axis to 
the minor axis of these ellipses is about 1.3, 
and the lengths of the major axes vary from 
0.5 to 0.7 microns. 


(b) The fresh {100} cleavage planes of the 
KCI crystal coloured additively 

Figs. 6 (a) and (b) show the fresh cleavage 
planes of the crystal coloured additively at 
the temperature of 580°C for 4 hours, and 
the {100} outer surfaces of this crystal were 
already shown in Fig. 3 (a). The steps are 
not linear, but are composed of the segments 
of step directed either to the <110> or to the 
<100>. The crystallites can be seen at the 
kink sites of the step in Fig. 6 (a), and they 
are nearly parallel to the step directed to the 
<100> direction. These phenomena are quite 
analogous to those found in the crystal which 
was treated thermally (cf. Fig. 5 (b)), but it 
is clear that they appear in a larger scale 
than in Fig. 5 (b). 

Since these changes of the inner parts of 
the crystal are decidedly caused by the coloura- 
tion (or heat treatment), it is necessary to 
give attentions to the correlation between the 
changes of the inner parts of the coloured 
crystal and the degree of its colouration. 
When the comparisons were made, in achiev- 
ing this experiment, betweeen the fresh 
cleavage planes of the crystals each of which 
had a different concentration of F centres and 
was. coloured uniformly in itself, the results 
were too divergent to extract the correlation. 
This is probably due to the differences of the 
distribution of lattice imperfections inside each 
crystal, even when they were cleaved off 
from the same block of the crystal grown 
from the melt. We coloured, therefore, a 
single block of the KCl specimen in such a 
way as to produce inhomogeneity of colour 
inside the crystal. In this experiment, the 
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colour was deeper in the central part of the 
crystal. Fig. 7 are the electron images of the 
fresh {100} cleavage surface of this crystal. 
The surface area corresponding to the inner 
part which is nearest to the outer surface of 
the block of the coloured crystal is represented 
by Fig. 7 (a) and the surface area correspond- 
ing to the central part of the coloured crystal 
is shown by Fig. 7 (d). Two intermediate 
parts, one of which is nearer to the region 
shown by Fig. 7 (a) and the other is nearer 
to the region shown by Fig. 7 (d), are repre- 
sented by Fig. 7 (b) and (c), respectively. On 
the basis of the observations of these electron 
images, the followings can be summarized: 
As the degree of the colouration of the crystal 
proceeds, the zigzag steps and the crystallites 
appearing at the kink sites of steps become 
more numerous. These correlation between 
the degree of colouring of the crystal and 
the changes induced inside this crystal were 
quite identical with those found earlier in the 
NaCl and KBr crystals irradiated with X-ray”. 
It is also remarkable that groups of wavy 
micro-steps, in addition to the zigzag steps, 
appear on the cleavage plane where the 
colouring was deeper and the zigzag steps 
with crystallites appear remarkably (see Figs. 
7 (c) and (d), for example). 

It must be mentioded that, although the 
crystallites coming out at the zigzag steps 
were observed frequently, the reverse struc- 
tures of the fresh cleavage planes, 7.e., the 
hollow structures in which the crystallites are 
to be fitted to form the continuous crystal 
lattice were not observed. Furthermore, the 
shadows of the crystallites indicate that each 
crystallite is connected to the cleavage plane 
only at the kink sites of the step and the 
remainder sticks out upon the cleavage sur- 
face (see Fig. 7 (c), for example). Judging 
from these phenomena, the zigzag steps will 
probably be a kind of internal surfaces 
surrounded by the clusters of vacancy or 
cavities into which the crystallites come out (a 
kind or “crystal growth” inside the crystal). 

From the observations of the fresh cleavage 
planes of KCl crystal which was thermally 
treated and which was coloured additively, it 
is concluded that these processes cause the 
changes inside the crystal, and that the effects 
are enhanced by the colouration. 
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§ 4. 

In this paragraph, descriptions are given on 
the next three: 4.1, the fresh (100) cleavage 
planes of the KCl crystal grown from the 
melt; 4.2, the crystal growth of the KCl 
crystal which was thermally quenched and 
4.3, the crystal growth of the KCl crystal 
coloured additively and the mechanism of 
additive colouration. 
4.1 The fresh {100} cleavage planes of the 

KCI crystal grown from the melt 

Many authors’! have been interested in 
the cleavage surfaces of the crystals and 
have carried out the extensive experiments 
mainly with an optical microscope. Their 
main purposes were directed either to the 
propagation process of the cleavage crack or 
to the correlation between the patterns of the 
cleavage steps and the crystal imperfections. 
Confining these experiments to the ionic 
crystal, these works will be summarized as 
follows: The cleavage steps are usually 
perpendicular to the front of the cleavage 
crack and are the rough indication of. the 
propagation direction of the crack. When a 
crack is propagating with velocity larger than 
a critical value (~6.10* cm/sec in LiF crystal, 
for example”), the cleavage steps appear 
relatively linear, and if the velocity of the 
propagation of the crack front is less than 
this, a crak proceeds unstably or stops sealing 
the loops of the dislocation into the crystal. 
In this case, the cleavage steps kink and new 
cleavage steps are formed at places where 
the dislocation loops were sealed in. Forty 
termed these places as “ deformation zone”). 
On the other hand, when a cleavage crack 
meets a twist boundary, the same phenomena 
appear, and new cleavage steps are formed 
at screw dislocations. These observations 
with an optical microscope are not sufficient 
to interpret our results, because the detailed 
lineage of steps was not resolved optically. 

According to the electronmicroscopic ob- 
servations on the cleavage planes of the KCl 
single crystal grown from the melt (cf. 3.1 
(a)), the cleavage steps were parallel to the 
crystallographic <100>, <110>, <100>-415° and 
<110>=415° directions and were straight, while 
the cleavage steps on the “ deformation zone ” 
became rather complicated. Taking account 
of the ambiguities of the Cr-shadow directions, 
<100>15° and <110>+415° can reasonably be 
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assigned to the <120>, <230> and <130> direc- 
tions of the basal crystal. Thus, we can 
conclude that the fresh cleavage {100} plane 
of the KCl crystal grown from the melt is 
flat and has steps having the directions of 
the <100>, <110>, <120>, <230> and <130), 
provided that the crystal is perfect. This 
conclusion does not contradict to the observa- 
tions that the cleavage steps run radially 
from the point at which the cleavage crack has 
been introduced, because they are considered 
to be composed of steps having the directions 
mentioned above. 


4.2 The crystal growth of the KCI crystal 
grown from the melt 

In the case of thermally treated KCI crystal 
in the evacuated and sealed off glass tube, 
many parallelopiped crystallites and the net- 
works of V-type groove appeared on the 
outer surface of the specimen, while on the 
fresh cleavage plane of such a crystal com- 
posite steps and elliptic steps can be seen. 

In genaral, when the KCl crystal in the 
evacuated, sealed off glass tube was heated, 
it is considerable that the KCl molecules 
evaporate from the surface of a sealed KCl 
crystal, thus the vapour pressures of solid 
phase and gas phase become equal at the 
prolonged heating at a given temperature. 
In this equilibrium state, the number of KCl 
molecules escaping from the surface and 
arriving at the surface must be equal. On 
the other hand, the KCl crystal kept ata 
higher temperature will acquire more vacan- 
cies than the crystal at room temperature. 
These vacancies can be supplied both from 
the outer surfaces and from the internal 
surfaces by diffusion process or from the 
dislocations by their climbing!”. 

Taking these situations into account, the 

present results can partly be explained. 
Concerning the growth of the parallelopiped 
crystallites on the outer surface of the 
specimen, three possible mechanisms may 
exist: 
(i) The parallelopiped crystallites may have 
been resulted from the preferential flow of 
the matter from the interior, because if the 
vacancies diffuse uniformly from the outer 
surface into the crystal, outer surface must 
acquire a new layer of crystal. This pre- 
ferential flow of matters may occur through 
dislocations or a kind of internal cracks. 
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Gi) The climb of composite dislocations sealed 
in beneath the surface during the cleaving 
process may also lead to the growth of 
crystallites, if the circumstances are availa- 
ble!®. 

(iii) When the crystal in a pyrex glass tube 
was quenched to room temperature, the 
superfluous KCl molecules in gas phase may 
condense to form parallelopiped crystallites 
epitaxially grown on the outer surface of the 
specimen. 

On the other hand, networks of V-type 
groove may result from the preferential 
thermal evaporation of KCl molecules from 
the subboundaries. 

According to Figs. 5 (b) and (c), it is con- 
ceivable that internal surfaces and dislocations 
may serve as vacancy sources. We are 
inclined to consider that the composite step, 
or zigzag step such as shown in Fig. 5 (b) 
and Fig. 7, may correspond to such a kind of 
internal surfaces, because the crystallites at 
the kink sites grow sticking out on the fresh 
cleavage plane. Therefore, a zigzag step and 
a crystallite along it must be resulted from 
a crystal growth occurred on the internal 
surface, which associated with the flow of 
vacancies into the inner lattice sites. Espe- 
cially, elliptic steps are quite independent of 
cleavage steps, and they are in a closed form. 
This is the reason why we consider an elliptic 
hill to correspond to the lattice misorientations 
which are quite independent of the cleaving 
process. One of the possible explanations 
for this structure may be the following: When 
an edge dislocation climbs delivering the 
vacancies into the interior to form dislocation 
rings, each rings will be pushed forwards by 
mutual repulsion, supposing that the edge 
dislocation is fixed at both ends. Then, if 
the cleavage crack happens to pass across 
this region, dislocation loops will come out on 
the fresh cleavage plane taking a shape of 
an elliptic hill because of easy cleave caused 
by the localized concentration of stress field 
arround the dislocation loops. Usually, these 
steps are decorated with crystallites as shown 
in Fig. 5 (b). The detailed explanation includ- 
ing these effects is impossible at present. 

4.3 The crystal growth of the KCl crystal 

- coloured additively—the mechanism of ad- 


ditive colouration 
Colour centres in the alkali halide crystals 


Electronmicroscopie Observation of Additively Coloured KCl 
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have been an outstanding interest for many 
decades, and have been studied both from 
the theoretical and the experimental points of 
view!18), However, the electronmicroscopic 
studies have never been carried out on the 
additively coloured crystal (and also the 
thermally quenched crystal”). 

It is clear from the present observations 
that various kinds of changes appeared both 
on the outer surface and in the inner part 
of the KCl crystal which was quenched 
thermally and coloured additively, and that 
these changes occurred more markedly in the 
latter case: In the case of the KCl crystal 
coloured additively, crystallites grew on the 
outer surface of a coloured crystal block 
either in a form of mountain range or in a 
form of isolated protuberances; on the other 
‘hand, in the interior of the coloured crystal, 
the zigzag steps having crystallites at their 
kink site appeared more remarkably as the 
colouring of the crystal became deeper. 

Now, the conditions of the additive coloura- 
tion differ only one point from those of the 
thermal quenching in our experiment; the 
crystal was heated in the atmosphere of 
potassium vapour instead of KCI vapour. 

Mott and Gurney’” discussed the mechanism 
by which F centres are formed additively: 
An atom of potassium metal is adsorbed on 
the surface, for example, at a point such as 
a kink site of the surface’. Then an 
electron of the adsorbed atom is released 
into the conduction band; the positive ion left 
on the surface draws a negative ion beneath 
to form new layer of the crystal; the vacant 
lattice point then migrates to the interior and 
eventually traps the electron to form an F 
centre. In this case, the crystal is assumed 
to be ideal except for the surface. 

In practice, however, an ideal crystal can 
hardly be obtainable, because the lattice 
imperfections can be sealed in the crystal in 
various modes both during crystal growth and 
during the process of cleavage. We consider 
that the growth of crystal having a lamella 
structure, such as shown in Fig. 4 (d), may 
corresprnd to the Mott and Gurney’s case, 
approximately. Since the network patterns (cf. 
Figs. 4 (a) and (b)) grow preferentially on the 
outer surface of a coloured crystal, it is 
necessary to take these phenomena into 
account. In an alkali-halide crystal, slip takes 
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place usually on the {110} along the <110), 
so the array of the screw dislocation appears 
along the <110> on the {100}, while the array 
of the edge dislocation lies along the <100> on 
the {100}. According to the analyses of the 
present observations, the directions of the 
above pattern were parallel to the <100>, <110> 
and to the directions deviated 15° from them, 
as shown in Figs. 3 (c), 4 (a) and 4 (b). 
Therefore, the network patterns having a 
shape of mountain range correspond- to the 
KCl layer preferentially built up along the 
array of dislocation emergences on the {100} 
outer surface. This fact indicates that ions 
can diffuse more freely through dislocations 
than through the perfect crystal lattice. In 
the real crystal, therefore, / centres can also 
be formed by potassium atoms which diffused 
into the interior of the KCl crystal through 
the internal surfaces or dislocations, in addition 
to the processes discussed by Mott and Gur- 
ney: Potassium atom is adsorbed not only on 
the outer surface, but also on the inner 
surface at a kink site or jogs of dislocations; 
electrons may be released from the potassium 
atoms to the conduction band, then, the 
positive ions are left at adsorbed places and 
draw the negative ions to form the KCl 
crystal lattice. This leads to either the 
crystal growth on the outer surface or the 
changes inside the crystal, i.e., the crystal 
growth interior of the crystal or changes of 
the shape of internal surface. The vacant 
lattice points migrate to the interior and trap 
eventually the released electrons to form F 
centres. The crystallites sticking out on the 
fresh cleavage planes and zigzag steps may 
probably be built up by the mechanism des- 
cribed above. These interpretations do not 
appear to contradict to the facts that the 
changes induced inside the crystal are en- 
hanced in the coloured crystal relative to 
the thermally treated one. 

Now, this crystal growth inside the crystal 
becomes more markedly as the colouration 
proceeds (cf. Fig. 7). If this can be served 
as a measure of a degree of colouration of 
the crystal, it would be reasonable to consider 
that F centres are formed preferentially in 
the region where imperfections exist: In the 
additive colouration of the KCI crystal by 
heating in the atmosphere of potassim vapour, 
F centres are produced uniformly at most in 
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the localized region of the specimen. 


§5. Summaries 


Electronmicroscopic observations were made 
on the KCl single crystal either cleaved from 
the block, or quenched from high temperature 
to room temperature in the evacuated, sealed 
off glass tube or coloured additively with 
excess potassium metal, by means of replica 
technique. The important results obtained 
from these observations are summarized as 
follows: 

(1) The cleavage steps on the fresh {100} 
cleavage plane of the KCl single crystal 
cleaved from the block are straight and parallel 
to the <100>, <110>, <120>, <130> and <230> 
of the basal plane, if the crystal is perfect. 
(2) When the KCl crystal in the evacuated, 
sealed off glass tube was heated, followed by 
the rapid quenching, the changes are induced 
not only on the outer surfaces, but also in the 
interior of the crystal. These phenomena are 
considered to be resulted from the formation 
of vacancies inside the crystal. 

(3) In the case of the coloured crystal, the 
crystallites grew on the outer surface either 
in a form of mountain ranges or in a form 
of isolated protuberances, and the crystal 
growth occurred more markedly inside the 
crystal than the thermally treated one. The 
mechanism by which F centers are formed 
was considered. 
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The surface changes in a given part of the same KCl crystal during 
colouration by X-rays and in the process of bleaching by natural light 
have been successively observed by using two-stage replica. <A 
slightly modified Bradley’s method was used for making two-stage re- 
plica. By this method, the surface change at the definite position of 
the same KCl crystal was observed successively. According to the pre- 
sent results, it has been clearly confirmed that crystallites grown on the 
KCI crystal during X-ray colouration disappear during bleaching through 
the process quite reverse to the crystal growth in colouration and that 
the behaviour of the crystal growth and its disappearance are not simple, 


but very peculiar. Results obtained have been briefly discussed. 


§1. Introduction 


From electronmicroscopic observation of 
coloured NaCl and KBr crystals by X-ray ir- 
radiation and also of bleached crystals by 
natural light, one of the authors’? observed 
the growth of crystallites on the front face, 
on the side face and on the new cleavage 
face of crystals with the progress in colouration. 
It was also observed that crystallites grown 
during colouration disappeared in bleaching by 
natural light through the process quite rever- 
se to the crystal growth in colouration. A 


peculiar growth of crystallites was also ob- 
served on the front face with the progress in 
colouration. All these results were obtained 
by using ordinary one-stage replica. After 
making the deposited fims on the surfaces of 
many specimens irradiated by X-rays for dif- 
ferent periods of time, alkali-halide crystals 
were dissolved in water and then deposited 
films were used as one-stage replica. How- 
ever, crystallites appeared on the front face 
are not uniform in form and the behaviour of 
the crystal growth is not simple. According- 
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ly, after an exhaustive observation of several 
specimens obtained under the same experi- 
mental conditions, the ordinary method in 
which some characteristic properties are sta- 
tistically determined was adopted. The result 
obtained by such a method should have some 
obscurities. Therefore, successive electron- 
microscopic observations of the change in a 
given part of the same crystal are highly 
desired. In this experiment, the surface 
change in the given part of the same KCl 
crystal with colouration by X-rays and in the 
process of bleaching by natural light has been 
successively observed by using two-stage 
replica. 


§2. Experimental Method 


Direct electronmicroscopic observation of 
coloured and bleached alkali-halide crystal is 
impossible because of the change caused by 
electron bombardment in the course of its 
observation. So, replica method should be 
used and two-stage replica is also necessary 
for successive observation. However, it is 
difficult technically to locate the definite posi- 
tion of the same specimen always on the de- 
finite place of the definite hole of the fine 
mesh. A few methods” were hitherto pre- 
sented for this purpose, and two electron- 
micrographs before and after a change in the 
specimen were shown by these methods. 
Only Bradley® reported on the possibility of 
successive observation of corrosion process of 
pearlitic steel, in which he succeeded in the 
illustration of the effect of etching time on a 
given field of a metallurgical specimen. Re- 
cently, Fourie reported on the method for 
making successive replica based on Bradley’s 
method to observe the successive change of slip 
lines appeared on the a-brass single crystal with 
plastic deformation. We first tried another 
method® to obtain a successive replica of the 
definite position of the specimen more ac- 
curately, though it was more difficult techni- 
cally than Bradley’s method. The defect of 
this method is in the difficulty of stripping 
one-stage replica from alkali-halide crystal. 
Therefore, in place of the above method a 
slightly modified Bradley’s method was used 
in this experiment as described below. 

The specimen was fixed on the glass plate 
by about 20% gelatin in water. After drying 
gelatin, some reference was marked on the 
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surface of the specimen. A few scratched 
traces at right angle to each other along <100> 
direction were marked as reference by using 
fine tungsten wire 0.14mm in diameter. The 
width of this scratch trace is several microns 
and it can be seen easily by optical micro- 
scope with 60 times magnification. After 
marking the reference on the crystal, a thin 
film of methylmethacrylate was cast on the 
surface from about 0.5% solution of benzene. 
As alkali-halide crystal is poisoned by chloro- 
form which is solvent of Formvar, Formvar 
solution used by Bradley could not be used 
in this experiment. 

Copper sheet mesh to 150 holes per inch 
having larger hole (0.15mm in diameter) in 
the centre than other holes was used as the 
specimen grid. The position of this central 
hole can be found easily by the observation 
of intermediate image of electronmicroscope. 


cee 
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Fig. 1. The apparatus for obtaining successive 
two-stage replicas. 


Fig. 1 illustrates the apparatus for the pre- 
paration of replicas as desired. In this figure 
A is glass plate, and B is the specimen. 
Sheet mesh C is attached to the tips of pins 
D which are soldered to holder E with a 
small amount of adhesive. Holder E is put in 
G which is movable in two directions horizon- 
tally by four screws F. To prevent the in- 
terest part of the specimen from being poison- 
ed by mechanical contact when the mesh was 
displaced, the mesh was bent a little and 
only both ends touched to the thin film of 
methylmethacrylate. Observing by optical 
microscope H, reference mark of the specimen 
was brought into the marked opening of the 
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Fig. 2. Electron image of contamination which 
is supposed to be a substance removed from 
the specimen surface. 


a 


Fig. 4. The effect of humidity on KCl crystal: 


drying it in a desiccator. 


ican: 


replica, (c) 3rd replica. 


mesh by four screws F. Next, one or two 
drops of a few percent, methylmethacrylate 
solution in benzene were droped on the mesh 
by using an injector, and then it was dried 
in air stream from a fan. After perfectly 
drying methylmethacrylate the mesh was re- 
moved from the specimen. And then Cr obli- 
que two-stage replica reinforced by C was 
made. The evaporation angle of the replica 
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Confirmation of reproducibility of successive replicas: 
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Fig. 3. Electron image of which the physical 
origin is not yet clear. 


Oe Ne 


(a) the case of high humidity, (b) after 


(a) Ist replica, (b) 2nd 


was about tan-+(1/3) for the front face. 
Special care was taken to cast the shadow 
perpendicularly to the cube edge of the crystal 
in the replication of the front face. After 
replication, the mesh was placed on the brass 
net with large squares and then it was im- 
mersed in the mixture of equal amount of 
benzene and chloroform. The brass net with 
the mesh was picked up gently from the 
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Fig. 6. The successive electron images of some crystallites appeared on the scratched 


trace on the surface of KCl crystal by holding it in air: 


(a) the standard crystal, (b) 


and (c) the same crystal held in air for 4 days and 7 days and after (a), respectively. 


Fig. 7. The successive electron images of the smooth surface of KCl crystal by holding 


it in air: (a) the standard crystal, 


and 7 days after (a), respectively. 


solution after dissolution of methylmethacryla- 
te. The mesh was ready for examination 
under electronmicroscope. 

When methylmethacrylate was dissolved, 
deposited thin film remained fixed in its 
original position, as pointed out by Bradley, 
and so it was not so difficult to obtain re- 
plicas of the definite position of the same 
specimen. However, we met with many other 
technical difficulties. It was necessary to 
choose the suitable tickness of deposited film, 
because rents would often occur in the film 
if the film was too thin, and the resolution 
of electron image would be lowered when the 


(b) and (c) the same crystal held in air for 4 days 


film was too thick. Besides, as contami- 
nation would often appear at the position to 
be observed, successive observations by replicas 
would be impossible. There were many kinds 
of contamination, namely, those clearly attri- 
buted to the dust and those to the residues 
of the methylmethacrylate. In addition, con- 
tamination due to the substance removed 
from the specimen surface was also observed, 
as shown in Fig. 2. Pattern shown in Fig. 3 
also appeared, though it was still unknown 
whether it was attributed to adsorbed gas or 
moisture on the surface or to the change of 
crystal itself.. When such an effect gave a 
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mark on the surface of KCl crystal: 
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(a) the standard crystal, 
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Fig. 8. The successive change caused by X-ray irradiation that appeared on the reference 


(b) the crystal coloured 


by X-ray irradiation for 4 hours and (c) the crystal coloured by X-ray irradiation for 3 


hours in excess after (b). 


Fig. 9. The successive change on the smooth surface of KCl 


irradiation: (a) the standard crystal, 


strong influence, successive observations be- 
came again impossible. However, these dif- 
ficulties could be removed or minimized by 
technical training to the extent making suc- 
cessive observation possible. The largest 
technical difficulty was, however, the effect 
of humidity. When humidity was high, the 
contour of crystallites appeared on the surface 
became obscure, as shown in Fig. 4 (a), while 
clear crystal form shown in (b) could be 
obtained when observation was made as soon 
as possible after drying it in a desiccator. 
However, it was difficult to strip one-stage 


rystal coloured by X-ra 


(b) and (c) the same crystal coloured by X-ray 


irradiation for 4 hours and for 10 hours after (a), respectively. 


replica from the specimen when humidity was 
too low. It was found that the humidity of 
about 65% was the most suitable condition for 
replication. 

In this experiment artificial KCl crystals 
were used as specimens, because they were 
comparatively insensitive to humidity and 
other conditions. The crystal was cloven in 
air into cubic pieces of about 4mmx5 mmx 
0.5 mm and fixed on the slide glass by gela- 
tin. The crystals were always used without 
pre-treatment such as water-polishing or an- 
nealing. They were also always irradiated 
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by X-rays of 7mA, 40 KV radiating from Fe 
target, and were kept in the dark during the 
X-ray irradiation. The distance between the 
specimen and the target was about 4cm. Al 
foil of about 0.02mm thickness was used as 
a window of X-ray tube. It took about 15 
minutes to make the replication. In this ex- 
periment, therefore, coloured crystals were 
exposed to light only for this time interval. 


$3. Experimental Results 


To confirm whether the surface of KCl 
crystal will change or not by the casting of 
methylmethacrylate for making one-stage re- 
plica, some crystallite appeared on the sur- 
face of KCl crystal by scratch was selected 
as a standard to follow any change in the 
specimen. The result is shown in Fig. 5: 
(a), (b) and (c) are the electron images of the 
lst, 2nd and 3rd replica. In this figure a 
little change is seen, but any essential change 
is hardly observable. Accordingly, it was con- 


firmed that the specimen change due to cast- 
ing of methylmethacrylate was very small. 
Whether the surface of KCl crystal will change 
or not by holding it in air for several days 
Fig. 6 


was also. confirmed. shows’ the 


SS a 


Fig. 10. 
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electron image of some crystallites appeared 
on the surface of KCl crystal by scratch: (a) 
is the image of the standard specimen, (b) 
and (c) are the images of KCl crystal held in 
air for 4 days and: for 7 days after (a), re- 
spectively. Fig. 7 also shows the electron 
images of the smooth surface of KCI crystal: 
(a) is the image of the standard specimen, (b) 
and (c) are the images of KCl crystal held in 
air for 4 days and for 7 dayc atter @), re- 
spectively. In these figure a little change is 
seen, but any essential change is hardly re- 
cognized. Therefore, it was also confirmed 
that the change on the surface of specimen 
due to humidity or contamination occured by 
holding it in air for several days was very 
small. 

Fig. 8 shows the successive changes caused 
by X-ray irradiation that appeared on the re- 
ference mark on the surface of KCl crystal. 
(a) is the electron image of the standard KCl 
crystal, (b) that of the crystal coloured by 
X-ray irradiation for 4 hours, and (c) that of 
the crystal coloured by further X-ray irradia- 
tion for additional 3 hours after replication of 
(b). From this figure, it is clearly seen that 
in alkali-halide crystals coloured by X-ray ir- 


| @) KCl 
(b), (c) and (d) the same crystal 


obtained 1 day, 2 days and 3 days after colouration, respectively. 
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radiation crystal growth appears on and along ed by X-ray irradition: (a) is the electron 
the reference mark. Fig. 9 shows the change image of the standard specimen, (b) and (c) 
on the smooth surface of KCl crystal colour- are the images of crystal coloured by X-ray 


Fig. 11. The successive change of the definite position of the same KCl patios accent 
by X-ray irradiation and then bleached by natural light: (a) the nen crys 20 a 
(b), (c) and (d) the crystal coloured by X-ray irradiation for 4, 7 evel : ee me a . 
tively. From (e) to (1) shows the result of the process of bleaching by ae Ls 
after colouration by X-ray: (e) 30 minutes, (f) 1 day, (g) 2 days, (h) 3 days, (i) ays, 


(j) 24 days, <k) 29 days, and (1) 53 days, after (d) respectively. 
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irradiation for 4 hours and for 10 hours after 
(a), respectively. It was found in these ima- 
ges that crystal growth would also appear on 
the smooth surface by X-ray irradiation. 

Fig. 10 shows the result of successive ob- 
servations on the process of bleaching by 
natural light. (a) is the electron image of 
KCI crystal coloured by X-ray irradiation for 
11 hours in which crystal growth is seen on 
both the reference mark and the smooth sur- 
face. (b), (c) and (d) are the images of the 
same specimen obtained 1 day, 2 days and 3 
days after colouration, respectively. It is 
clearly seen from the results that the crystal- 
lites appeared either on the reference mark 
or on the smooth surface by X-ray irradiation 
disappear through the process of bleaching 
by natural light. It should be noted that the 
behaviour of disappearance of crystallites is 
not simple, but very peculiar 

To obtain further confirmation of above- 
mentioned experimental results, the surface 
change of the definite position of the same 
KCl crystal coloured by X-ray irradiation and 
then bleached by natural light was observed 
successively. Fig. 11 shows the result: (a) is 
the electron image of standard specimen, and 
(b), (c) and (d) are the images of the same 
specimen coloured by X-ray irradiation for 4, 
7 and 11 hours respectively. From these 
images it is clearly seen that a pronounced 
and peculiar crystal growth appears on the 
reference mark and also on the smooth sur- 
face. (e) to (1) illustrate the result of the 
process of bleaching by natural light after 
colouration by X-rays. (e), (f), (g), (h), @, (j), 
(k) and (1) are the electron images of KCl 
crystal obtained 30 minutes, 1 day, 2 days, 3 
days, 23 days, 24 days, 29 days and 53 days 
after (d), respectively. It is clearly seen 
from these that the crystallites grown during 
colouration disappear in a peculiar manner in 
bleaching by natural light and also that (k) 
and (1) obtained 29 days and 53 days after 
colouration are very similar to (b) coloured by 
X-ray irradiation for 4 hours. From this it 
was clearly confirmed that the crystallites 
grown during colouration disappeared in the 
course of bleaching through the reverse pro- 
cess to the crystal growth in colouration. 


These results agree with the previous experi- 
mental results”. 
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§ 4. Consideration 

From the above-mentioned results it was 
clearly confirmed that the crystallites grown 
on KCl crystal during colouration by X-rays 
disappeared during bleaching possibly by the 
process quite reverse to the crystal growth 
during colouration. It is difficult to explain 
this experimental fact as being the change of 
alkali-halide crystal only due to the surface 
evaporation or the surface migration. Accord- 
ingly, we must consider the mechanism of 
crystal growth due to ionic or atomic diffusion 
from the inner part of crystals for the ex- 
planation of the present phenomena and it 
will also be necessary to consider the reverse 
process for explaining the disapperance of 
crystallites during bleaching. In this experi- 
ment only surface observation was made. As 
seen in the previous experiment”, it may 
naturally be anticipated that crystallites grow 
or disappear on mechanical imperfections (e. 
g., dislocations) in the crystals during colour- 
ing or bleaching process, respectively. 

From this experiment it was found that the 
more pronounced crystal growth was seen on 
and along the artificial damage such as the 
scratched trace of the reference mark than 
that on the smooth surface. This fact is in 
agreement with the previous experimental 
result» that crystallites is easier to grow on 
the mechanical imperfections than on the 
smooth surface. It was also found in consis- 
tent with the previous experiment” that the 
behaviour of crystal growth and its disap- 
pearance were not simple, but very peculiar. 
The structure, similar to the one on the deposit- 
ed thin film, that appeared in the cases of 
NaCl and KBr was not obtained from this ex- 
periment throughout the processes of colour- 
ing and bleaching. We did not also observe 
here such a special case as seen in previous 
experiment», in which the <100) direction of 
the crystallites was predominantly parallel 
either to the cube edge of the substrate or to 
the diagonal of the substrate. It seems that 
we missed observing such a stage in this ex- 
periment. Further successive observation is 
desirable to confirm clearly such phenomena 
and also to know finer changes in the crystals. 
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A study has been made of the influence of order-disorder on the creep 
of a superlattice alloy NizsFe. The results obtained strongly support the 
dislocation-climb mechanism. The activation energy for creep, independent 
of applied stress, slightly increases with the degree of order: 45.8 kcal/ 
mol for disordered and 47.5+2.0 kcal/mol for ordered phases. A dis- 
continuity occurs at the critical temperature, 7.e., 505°C in the curves 
of creep rate versus the reciprocal of temperature. A remarkable ac- 
celeration of creep has been observed on the disordered alloys below To, 
which were obtained by quenching from 800°C, as compared with the 
rates expected from the values above Jy. A semi-quantitative theory 
has been proposed for such a configurational acceleration of creep in 
terms of order-disorder kinetics and dislocation processes in the super- 
lattice alloy of ABs; f.c.c. type. 

In ordered alloys, the vacancy diffusion introducing the dislocation- 
climb is thought to be anisotropic with regard to the orientation of slip 
bands. This will result a significant difference in the stress dependence 
of creep rates in ordered phases from the one in disordered phases as 


5) T. Hibi and K. Yada: to be published. 


observed here. 


$1. Introduction 


As the possible mechanisms for high tempera- 
ture creep of close-packed metals the following 
are to be considered, (a) stress-induced diffusion 
of vacancies, (b) cross-slip, (c) intersection of 
other dislocations, (d) dislocation climb and (e) 
grain boundary flow. While (a) plays a pre- 
dominant role in producing noncrystalline flow 
only near the melting point,” others are pos- 
sible over a wide range of temperature, and 
all except (b) have more or less direct con- 
nections with the formation and the migra- 
tion of the vacancy in those metals. The 
activation energy for creep, however, is 


* The present experiments were performed in 
1949 to 1950, and read at the Meeting of the 
Physical Society of Japan in 1951 (Bull. Phys. Soc. 
Japan 6 (1951) 321). 


thought to be different from each other in 
magnitude and in the dependence on applied 
stress. Mott has first discussed the impor- 
tance of (d) and showed that the activation 
energy, independent of applied stress, should 
be close to that for the self-diffusion.» Many 
experimental works on high temperature 
creep of metals, e.g., by Dorn ef al.,» have 
since contributed to the promotion of theoreti- 
cal surveys. 

The most recent development of theories 
has been established by Weertman.” It has 
been understood that the steady-state creep 
occurs at a balanced state between hardening 
and recovery in metals concerned. The We- 
ertman’s model for the hardening and the re- 
covery responsible for the creep is as follows: 
The slip dislocations are piled-up in front of 
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barriers such as grain boundaries or the 
Lomer-Cottrell sessile dislocations, and intro- 
duce hardening. At high temperatures, where 
the equilibrium concentration of vacancies 
sets up near the lead dislocations, the vacan- 
cy flow along 
between those dislocations will induce disloca- 
tion climb. The metals will thus recover 
from the hardened state and continue to 
flow. He obtained the creep rate at steady- 
state as 


K=Aof/kT for nob?/kT<1, (1) 


where A is a constant, k is Boltzmann’s con- 
stant, T is absolute temperature, o is applied 
stress, 0 is the Burgers vector and m is the 
number of piled-up dislocations in one group. 
In this equation the exponent m is a factor 
to be determined by a detailed process of the 
dislocation climb, and ¥ has a form of Bexp 
(—Q/kT), where B is a constant. If the 
stacking-fault energy is so large as to be able 
to maintain the equilibrium concentration of 
vacancies near the dislocation lines, Q is the 
activation energy for the atomic diffusion by 
vacancy mechanism in the metals. The above 
assumption will be valid in metals such as 
aluminium, lead and zinc. It is to be noted, 
however, that Franks and McLean,» and 
Semmel and Machlin® have found by etching 
technique such a dislocation climb to occur 
during creep at high temperatures even in 
copper or silver with the low stacking-fault 
energy. 

In the following, we will draw attention to 
the creep in a superlattice alloy of ABs; f.c.c. 
type. Since the rate of vacancy diffusion in 
such alloys is thought to depend upon the 
degree of order, the creep rate should be in- 
fluenced by ordering if dislocation climb is 
rate-controlling for the creep as predicted by 
the theory. In beta brass, only one example 
in which tracer diffusion experiment has been 
done in an alloy with long-range order, the 
activation energy for the isotope diffusion has 
been found to be different from each other in 
the ordered state and in the disordered 
state.0* It is hence worth examining the 
variation of Q in Eq. (1) with atomic order 
not only from the points of the creep mecha- 


* Very recently, Goering and Nowick®) have 
obtained a similar result in the alloy CujzAu by 
anelastic measurements. 
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nism but from those of the order-disorder 
kinetics. 

It is conceived that the vacancies in an 
well-ordered alloy diffuse by a highly correla- 
ted motion in such a way that the state of 
order is not destroyed by the movements of 
vacancies. Accordingly, the diffusion of va- 
cancies resulting dislocation climb will be 
faster along the slip bands than in the per- 
pendicular direction, since the slip dislocation 
introduces a disorder into the alloy along the 
slip bands. This situation is similar to the 
creep of tin crystals having anisotropic diffu- 
sion coefficients.» In such cases, it is expect- 
ed that the dependence of creep rate on ap- 
plied stress designated by the exponent m in 
Eq. (1) is different from what is expected for 
the case with the isotropic diffusion coefficient. 
In the present case, therefore, the value of 
m will depend on the initial degree of order. 

As far as we know, there has been given 
one experiment on the creep of order-disorder 
alloy of beta brass done by Herman and 
Brown.’ Although this is a pioneer work 
in this field, they interested only in the chan- 
ge of creep strength with temperature. They 
paid no attention to the problems as describ- 
ed above. Furthermore, beta brass is not 
necessarily adequate for the present aims, 
since the alloy equilibrated so rapidly that we 
cannot retain the disordered state by quench- 
ing. 


§2. Experimental Procedure 


An ingot of the alloy of about 10cm length 
and 2cm diameter was prepared by melting 
together of measured amounts of Mond nickel 
and electrolytic iron with 0.5% Mn in an alu- 
mina cruicible in vacuum. The ingot was 
hammered and drawn finally to the wire of 
0.05cm diameter for creep specimens. The 
specimen wires of 12cm length were obtain- 
ed and annealed in vacuum for about 1 day 
at 1000°C. The mean grain size thus obtain- 
ed was smaller than the specimen diameter. 
The composition was checked by chemical 
analysis and found to be of 74.6 at. ¥ Ni. 
Specimens for the measurements of specific 
heats were machined from the same ingot. 
They were obtained in a cylindrical form hav- 
ing a diameter of 1.5cm and a length of 2.5 
cm. Some were cold-worked in compression 
at room temperature and, then, a hole of 0.8 
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cm diameter and 2cm length was drilled 
with special care toavoid an excess heating, into 
which a heating coil of nichrome wire was 
inserted. One end of the differential thermo- 
couple of Pt and Pt-Rh 13% was fixed to the 
specimen and the other end to the inner wall 
of a copper container surrounding the speci- 
men. The apparatus and the methods were 
the same as one of the present authors used 
before for the measurements of heat emission 
associated with recovery of cold-worked cop- 
per.!) 

The fully ordered specimens were obtained 
following Kaya’s procedure, i.e., by holding 
in vacuum for one week at 490°C (Tc¢=505°C) 
and then cooled to 450°C at a rate of 10° per 
day. The disordered specimens were quench- 
ed from 800°C in air as. sealed in an evacuat- 
ed quartz tube of 2mm inner diameter and 
0.5mm wall-thickness. 


SPECIMEN 


ne 


Fig. 1. A grip of specimen wire for creep testing. 


The specimens were pulled in air at various 
temperatures and stresses in an apparatus with 
a special device,'*? which applies a constant 
stress independent of the change of cross- 
section with elongation. Both ends of the 
specimen were gripped by pin-vices made of 
stainless steel after tightening each end by 
a bolt screwed into the vice as shown in Fig. 1. 
The effective length of the specimen be- 
tween the grips was about 9cm. The vari- 
able arm was set in a position to give a con- 
stant stress to the specimen during the test. 


The elongation was magnified by an optical 
lever system and it was read by telescope 
and scale. The sensitivity was 4.04x10-5cm 
per millimeter of the scale at the distance of 
one meter. 

The temperature of the specimen was kept 
constant within -+0.01°. Over most of the 
temperature range the specimen reached 
thermal equilibrium within eight minutes. 
The specimen were held for about thirty 
minutes at each temperature before the creep 
test being started. 


§3. Results 


Stress-strain curves for the ordered and dis- 
ordered alloys were taken in compression at 
room temperature at the strain rate of 2x 
10-% per second. As seen in Fig. 2, the dis- 
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Fig. 2. Stress-strain curves in compression for 
the ordered and disordered alloys measured at 
room temperature: (a) disordered alloy which 
was quenched from 800°C in air; (b) ordered 
alloy. 


ordred alloy (curve (a)) behaves similariy as 
most polycrystalline metals of face-centred 
cubic structure at relatively high tempera- 
tures. On the other hand, the stress-strain 
curve for the ordered alloy (curve (b)) is 
almost linear and has a high yield stress than 
that of the disordered alloy. It resembles to 
that of the above metals at low temperatures. 
It is very important, however, to remark that 
both polycrystals and single crystals of CusAu 
behave in the opposite way such as the yield 
stress of the ordered alloy is lower than that 
of the disordered alloy.» It is seen in 
Fig. 2 that after the rapid hardening stage 
the hardening rate of the disordered alloys 
decreases to the value smaller than that of 
the ordered alloys. Such a phenomenon is 
called dynamical recovery by Seeger et al.1” 
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The recovery in this case is induced by ap- 
plied stress. At high temperatures, the cor- 
responding recovery by the same or some 
other mechanism is greatly helped by thermal 
energy, which will have a close connection 
with creep to be studied here. 

Before going further, it will be helpful to 
study the static recovery from a cold-worked 
state. We measured specific heats of cold- 
worked alloys at the heating rate of 1.5° per 
minute. Fig. 3 shows two cases; (a) an well- 
ordered alloy and (b) a disordered alloy. 
Curves (c) and (d) indicate specific heat versus 
temperature curves of undeformed alloys with 
the corresponding degree of order, respective- 
ly. The amounts of compression strain are 
shown in the figure. The recovery starts 
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Fig. 3. Specific-heat versus temperature curves 
illustrating annealing process from quenched, 
disordered state or cold-worked state: (a) an 
well-ordered alloy deformed to Im ho/h=0.132; 
(b) a disordered alloy deformed to In ho/h= 
0.211; (c) an well-ordered alloy without cold- 
work. 


from about 300°C in both cases. There are 
two minima in both curves of (a) and (b). 
The corresponding minima are also found in 
the quenched specimen without cold-work. 
A similar result as shown by (d) was later 
obtained by Iida!® and he studied it more in 
detail in connection with the ordering kinetics 
in NisFe. It is clearly seen from Fig. 3 that 
the heat generations corresponding to the two 
minima are accelerated by the presence of 
the dislocations. It suggests a close correla- 
tion between recovery and ordering through 
the atomic diffusion process. A peak in the 
specific heat versus temperature curves 
between 500° and 600°C relates to the atomic 
order-disorder and ferromagnetic transforma- 
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Table I. Creep data of ordered and disordered 
alloys of Ni3Fe. 


pace gee Creep rate TK 
ture stress =e °K. sec-1 
Ch). EEE or cat nae Se atniee 
(a) Disordered alloys 
573 26.1 2.18 x 10-8 5.10 x 10-8 
28.2 3.15x 10-8 1281 x 105% 
29.9 4.76 x 10-8 PHI OE AOS” 
Size 4.67 x 10-8 2.67 x 10-5 
613 Zao Passes 1.68 x 10-4 
28.1 Sy Ces ill) 2.29 x 10-4 
Seal 6.32 x 10-7 3.88 x 10-4 
653 18.1 8.21 x 10-9 5.36 x 10-5 
2168 4.00 x 10-7 2 6leclOes 
DAES 8275)<L0=" 515 x 10-4 
26.3 9.40 10-7 6310-4 
28.2 1.56 x 10-6 12025q0s3 
28.7 1267 x 10-5 1.09 x 10-3 
693 10.1 2.91x 10-9 2; 02 >akO ae 
1373 TOS o0s= VAN WSS YS 
20.6 3.48 x 10-7 2.41x 10-4 
21.4 5.84 x 10-7 4.04x 10-4 
23.6 2.14x 10-§ 1.48 x 10-8 
24.1 QAAS1O=E 1.69 x 10-8 
28.2 5h x0=6 4.00 x 10-3 
813 10.1 627GX Wet 5.50 x 10-4 
Wet 1.28 x 10-6 1.04 10-3 
13.8 1.46 x 10-6 1.19 x 10-3 
15.0 2.00 x 10-§ 1.63 x 10-3 
16.8 3.42 x 10-6 2.78 x 10-3 
853 9.5 2. 1451058 1.83 x 10-3 
10.7 3.22058 2.75 0m 
Ls 3.28 x 10-6 2.80 x 10-3 
12.8 4.85 x 10-6 4.13 x 10-3 
13.9 7.04 x 10-6 6.01 x 10-3 
891 Bal 5.98 x 10=7 5.32 x 10-4 
4.9 1.65 10s W407 <1052 
8.0 4.76x 10-6 4.27 x 10-8 
10.4 9.82 10-6 8.75 x 10-8 
1255 1.36 x 10-5 12d 102 
(b) Ordered alloys 
643 26.1 1.09 x 10-8 6.98 x 10-8 
28.2 1.58 x 10-8 1.02 x 10-5 
29.8 Bal O82 1. 355< 1028 
SVacill 4.49x 10-8 2.88 x 10-5 
673 218 1.49 x 10-8 1.01 x 10-5 
ak I 5.20 x 10-8 3.50 x 10-5 
28.2 1.08 x 10-7 7.29x 10-5 
29.8 O35 Ome 1.30:x 10=4 
182 2AeS 2.54 10-7 1.86 10-4 
24.4 De O2 10" 3.68 x 10-4 
26.8 4.04 10-7 2.96 x 10-4 
2802 165 Sc SS 1201 Oe 
30.5 3.40 x 10-6 2.49 x 10-3 
753 19.9 2.69 x 10-7 2.03 4104 
23.6 6.06 x 10-7 46x 10=4 
26.0 1.00 x 10-6 (.53x1058 
28.1 2.97 x 10-8 2.24 x 10-3 
773 16.8 1.91 x 10-7 1 47x 10565 
19.9 6.28 x 10-7 4.84x 10-4 
24.4 PspAitorg MO 1.70 x 10-3 
26.8 4.98x 10-8 3.85 x 10-3 
28.2 6.88 x 10-6 5.32 x 10-3 
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tions, which is not of interest in the present 
paper. 

Creep curves of the ordered or disordred 
alloys were found to be quite similar to those 
of other metals like aluminium. The creep 
rate was constant over a large portion of the 
strain investigated. The observed steady-state 
creep rates of all the specimens have been listed 
in Table I along with the test temperatures 
and initial stresses. 

The activation energy of creep can be found 
from a plot of the logarithm of the creep 
rate K times the absolute temperature T 
against the reciprocal of absolute temperature. 


Such plots are shown in Fig. 4. The two 
roy 
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Fig. 4. Logarithm of KT versus inverse absolute 
temperature. 


curves below the critical temperature 7 cor- 
respond to the specimens of ordered and dis- 
ordered alloys, respectively. Each point was 
obtained at the stress of 28.2 kg/mm?. Above 
Tc, however, creep rate at this level of stress 
is too fast to be observed by the present 
method. The plot in this region therefore 
was obtained at the stress of 12.5 kg/mm?. 
Although the points at 380° and 420°C for 
the quenched specimens deviate appreciably, 
the linear part of the curve below Tc has ap- 
proximately the same inclination as that of 
the curve above Tc. The activation energy 
thus obtained is 45,8 kcal/mol. On the other 
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hand, the curve for the ordered alloy runs 
almost linearly up to 460°C and it gives the 
activation energy of 49.5 kcal/mol, slightly 
higher than that for the disordered alloy. 
No information of the activation energy for 
the atomic diffusion in NisFe to be compared 
with the above results has been given so far, 
however. 

The last column of Table I lists the values 
of TK of all the specimens. Since a precise de- 
termination of @ below 7c seems to be rather 
difficult, the following tests were undertaken. 
Fig. 5 gives the plot of TK exp (Q/RT) versus 
the logarithm of stress for the disordered 
alloys. The points obtained at 300° and 340°C 


ro) 
sia Pong ae 


T Tah erty 


(sec-°K) 


eG OE 
ow a 
SS 
SG \ it 
oni 
3 
aie 
=“ bas 
3 63 
re ® 300 
Vv 340 
10° o 380 
+ 420 
4 540 
E ° 580 
e x 618 
F 
loll | | | | | | 
Og 1.0 | 1.2 13 14 > 15 16 
leg ao ( o in kg/mm?) 
Fig. 5. Plot of TK exp (Q/RT) versus logarithm 


of stress for the disordered alloy. 


are on a straight line almost parallel to the 
one above Jv. This suggests that the esti- 
mated value of Q is sufficiently appropriate 
over the whole range of stress investigated. 
The inclination of the curves gives the value 
of m in Eq. (1) to be 3.1. 

The points at either 380° or 420°C are, 
however, on different straight lines with lar- 
ger slopes, respectively. It appears that the 
slope of the curve in this region of tempera- 
ture near To increases with testing tempera- 
ture. It will be related to the increase of the 
degree of order in the specimen alloys by an- 
nealing before and during the tests. The 
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similar plot on the ordered alloys in Fig. 6 
must be compared with the above cases. 
Fig. 6 shows one example of the plot with 
Q=49.5 kcal/mol. The points are scattered as 
compared with those for the disordered alloy 
above 7c or at lower temperatures. The 
minimum scattering was obtained for Q= 
47.5+2.0 kcal/mol. It is conceivable that all 
the points are not on a single line, because 
the degree of order will change at tempera- 
tures such as 480° and 500°C in the neigh- 
bourhood of Tc. The slope of the straight 
lines shown in Fig. 6 gives m=7.1, which is 
remarkably larger than that for the dis- 
ordered alloy. 

The creep rates are plotted on a semi- 
logarithmic scale versus the reciprocal of ab- 
solute temperature for (a) o=31.6 kg/mm?, 
and (b) o=15.9kg/mm? in Fig. 7. The points 
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Fig. 6. Plot of TK exp (Q/RT) versus logarithm of 
stress for ordered alloy, using Q=49.5 kcal/mol. 


in the figure are obtained by the relatively 
unambiguous extrapolation of the measured 
creep rates listed in Table I. There are a 
few points to be remarked: 

(1) The activation energy Q, independent of 
applied stress, slightly increases with the 
degree of order. 

(2) A discontinuity occurs in the curves of 
creep rate versus 1/T at the critical tempera- 
ture. 2:enro0a “6: 
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(3) A remarkable acceleration of creep is 
found below Te for both ordered and disorder- 
ed alloys. The creep rate of the ordered 
alloy is lower for the stress of 15.9 kg/mm?, 
but higher for the stress of 31.6 kg/mm? than 


_ the extrapolated values from above Tc corres- 


ponding to each stress, respectively where 
the creep is free from the configurational ac- 
celeration. Regarding this it should be added 
that the consistent dependence of creep rate 
on stress observed in the alloy, originally well- 
ordered, suggests an appreciable degree of 
order still maintained during creep over the 
whole range of stress investigated. 
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Fig. 7. Logarithm of creep rate times absolute 
temperature versus inverse absolute tempera- 
ture; (a) o=31.6 kg/mm? and (b) c=15.9 kg/ 
mm?, 


(4) For creep of the disordered alloy below 
Tc, the increase of stress appears to suppress 
the development of order above 360°C. This 
is not unconceivable, since the dislocations, 
increasing in number with applied stress, 
bring forth essentially the effect of disorder- 
ing on atomic arrangements. The qualitative 
difference on this point from what we describ- 
ed in the last paragraph in (3) for the order- 
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ed alloy may be caused by a significant dif- 
ference in the way of slip deformation, 7.e., 
the resulting distribution of the dislocations 
between both cases. This will be discussed 
below. 


Discussion 


§ 4. 


(a) Configurational acceleration of creep 

The present results strongly support the 
theory that the observed creep is controlled 
by the process of dislocation climb through 
the vacancy diffusion. Such an influence of 
order-disorder on creep that gives rise to a 
configurational acceleration of creep (Fig. 7) 
is hardly expected from other mechanisms 
for high temperature creep such as, for in- 
stance, cross-slip. The activation energy of 
cross-slip is mainly determined by the stack- 
ing-fault energy according to Schoeck and 
Seeger.’ It may give the variation of the 
activation energy for creep with atomic order, 
but it does not appear to result such a con- 
figurational acceleration as observed. It also 
does not seem to be significant to take into 
account non-crystalline flow through the 
vacancy diffusion such as stress-induced dif- 
fusion or grain boundary diffusion. There 
is an evidence concerning the crystalline na- 
ture of the observed creep, which will be dis- 
cussed later in connection with the stress de- 
pendence of creep rates in the ordered and 
disordered alloys. 

In the disordered alloy of AB; f.c.c. typea 
vacancy will jump preferentially to one of the 
neighbouring sites so as to reduce the confi- 
gurational energy and the jump frequency is 
thus influenced by the configuration of its en- 
vironment. The first problem is to find the 
total number of vacancy movements occuring 
in unit time, in which a vacancy moves from 
one lattice site to another at a given tempera- 
ture and with a given environment. Using 
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this result, it is possible to express the flux 
of vacancies along the concentration gradient 
of vacancies between two climbing disloca- 
tions. It will be taken that the total number 
of vacancy movements in unit time is linear- 
ly related with the net change of the degree 
of order. In doing this we assume the sys- 
tem to be homogeneous and describable solely 
by means of a long-range order parameter S. 
Accordingly, if the distribution of vacancies is 
not so heterogeneous, the rate of flow of 
vacancies will be given by 


2nr(D+afrydS/dt)\ON/0r) , 


where @ is a proportional factor equal to a*No, 
a is the lattice constant, fy is the fraction of 
vacancies, dS/dt is the rate of change of the 
long-range order parameter, 0N/Or is the con- 
centration gradient of vacancies along the per- 
pendicular distance from the dislocation line and 
Dis the diffusion coefficient of the vacancies ina 
symmetrical environment, taking D=Dsa=Dz. 
Following Weertman we assume that the lead 
dislocation in a piled-up group of m disloca- 
tions is the one to climb. Then, the vacancy 
concentration N. in equilibrium with the lead 
dislocation is 


Ne=Noexp (£nob/kT) , 


where No is the equilibrium concentration in 
a dislocation free crystal. Under steady-state 
conditions, 


2nr ON/Or=Nonob?/kT 


when nob?/kT<1. It thus follows that the 
rate of flow of vacancies P is 


P=22N0(D+afvdS/dt)nob? kT. (2) 


The ordering rate dS/dt has been given ana- 
lytically by Vineyard as a function of S. 
According to him, it can be written as 


3(1—S)? exp (6VS/RT)—(3+S)(1+3S) exp (—6 VS/RT) 


F(S)=- 


In this expression, we simply assume V= V4 
=Vz, where Va=3(Vaa—Vaz), Va=3(Vae 
—Vusz), and Vaa etc. are the pairwise interac- 
tion energies between the nearest neighbours 
such as AA, BB and AB pairs, respectively. 
Inserting this into Eq. (2) one finds 


P=2nNoD(S)\1+16aF(S))nob3/kT. (4) 


6(1—S) exp (3 VS/RT)+2(5+3S) exp (—3VS/RT) 


It is clear from Eq. (4) that below Tc the 
climb rate of the dislocation, which is qual to 
b?P, is larger by the factor 16@F(S) than that 
above Tv, which is free from the influence 
of order. The above factor is an increasing 
function of S at S~0 at sufficiently low tem- 
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peratures and it can be far larger than unity.* 
If the change of S during the observation of 
creep rate is small enough, which normally 
takes about one hour, the creep rate will be 
given as a function of the initial value of S. 


In fact, the creep rates shown in Table I. 


were all obtained from the parts of creep 
curves with sufficiently constant slopes over 
the time of measurements. It is possible that 
16aF(S) is of the order of 100, which is the 
right order in magnitude in consistent with the 
observed results in taking account of a slight 
change of D with S. If we accept the We- 
ertman’s result, the creep rate K can be 
written as 


K=(climb rate x1/h)MLL’b, 


where / is the climb height of the dislocation, 
which is determined by equality between the 
repulsive force given by the barrier in front 
of the piled-up group of dislocations and the 
applied force to induce the slip motion of 
the climbing dislocation. MM is the number of 
the Frank-Read sources per unit volume, and 
L and L’ are the slip distances of edge and 
screw parts of a dislocation loop, respective- 
ly. Eq. (5) is reduced to the form of Eda. (1), 
where A depends on S and changes slowly 
with temperature in the temperature range 
investigated. 


(5) 


The present experiments gave m=3.1 for 
the disordered alloy above To and at low 
temperatures below Tv. It is remarkable that 
the observed value of m on many metals ex- 
cept for a few examples like tin are almost 3 
to 4. Theoretically Weertman has found m 
to be 3.6 for metals such as aluminium, 
although the theory is not so well established 
on this point. 


(b) Dislocation climb and creep in an 
well ordered alloy 


As well known, a single perfect dislocation 
in an well-ordered alloy of ABs; f.c.c. type 
introduces an antiphase boundary along the 
half of slip plane through the crystal.2)»2» 


* FS) has a zero at S=0. As discussed by 
Vineyard, the reason for this is that a completely 
disordered system has no preference for choosing 
any particular sublattice for A or B atom. We 
have to consider the effects of the short-range 


order to explain the acceleration of creep for 
S=0; 
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Taking two neighbouring dislocations on the 
same slip plane, one may be called the dis- 
ordering dislocation, while the other the 
ordering dislocation. The strips of disordered 
regions are arranged in parallel along the slip 
plane corresponding to the piled-up group of 
the dislocations which are illustrated in Fig. 
8(a). In practice, however, the jogs formed 


(a) 
barrier 


(b) 

Fig. 8. Antiphase boundaries in a slip plane 
introduced by slip-dislocations piled up in front 
of a barrier. (a) An ideal pattern without any 
disturbance due to jogs; (b) random strips of 
antiphase boundaries formed by intersecting 
other dislocations, which are not rigidly fixed. 


rather at random in these dislocations by in- 
tersecting other dislocations will scatter the 
strips into irregular forms.* The scattered 
strips are illustrated schematically in Fig. 8(b), 
which shows the antiphase-domain boundaries 
by hatching in the same slip plane. These 
boundaries are distributed at random in the 
parallel planes, of which width depends on 
the distribution of positive and negative jogs 
and on their length. When slip occurs in the 
ordered alloy, therefore, the crystal region of 
certain width parallel to slip plane will be- 
come less-ordered. 

On the other hand, the vacancy in an well- 
ordered alloy is tightly bound to its original 
position, and any jump to the neighbouring 
position increases the configurational energy 
and such jumps will be immediately retraced. 
For the vacancy diffusion without creating dis- 


* The formation of jogs by intersecting other 
dislocations may explain a large part of the harden- 
ing in an ordered crystal by the same reason. 
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order, therefore, it must need certain correlat- 
ed processes as suggested by Elcock and Mc- 
Combie.” The vacancy feels much more 
difficulty for its motion than in the disorder- 
ed phase. As a result, the vacancy diffusion 
is faster within the slip bands than in the 
regions between the slip bands. In other 
words, the vacancy diffusion is anisotropic in 
this case. Therefore, a couple of the climb 
dislocations lying in the same slip band as 
close as possible will be preferentially chosen. 
The diffusion problem to be discussed now 
becomes effectively a one dimensional one. 

If we take the effective diffusivity of the 
vacancies within the slip band equal to D’ 
and the diffusion length &, the rate of flow 
of vacancies from unit length of the disloca- 
tion through a volume along the slip band of 
width d is given by 

P=(d/R)NoD’ F(S)l6anob?/kT (6) 
instead of Eq. (4) for the isotropic diffusion 
case. The difference between the climb rates 
for the ordered and disordered phases is the 
factor (d/R) except for the diffusion coefficient. 
(d/R) should be of the order of 10-3(D/D’) at 
relatively low stress from the results shown 
in Fig. 7. Since it is reasonable to take d= 
10b~100b, R will be 104 to 10%. This is 
possible as the distance between the neigh- 
bouring piled-up groups of the dislocations in 
the same slip band. 

The width d of slip bands must be a rapid- 
ly increasing function of stress so that the 
exponent m on the stress in Eq. (1) becomes 
larger than 3.6 for the isotropic diffusion if 
the stress dependence of other quantities is 
unchanged. Experimentally it is found that 
m=7.1 for the ordered alloy as already de- 
scribed. It is of interest to note that creep 
of tin crystals, where the diffusion coefficient 
in the c-direction is fairly smaller than that 
in the a-direction, has a similar stress depen- 
dence, 7.¢., m=4.6~5.0,% although the situa- 
tion such as the angle between the climb dis- 
location line and the c-axis is not necessarily 
90 degrees renders the results more complex. 


(ec) Some note on_ stress-strain curves 
and specific heat-temperature curves 


As Friedel suggested, the initial part of 
stress-strain curve of polycrystalline metals 
resembles apparently to the second stage of 
that in single crystal of the same material. 


Creep of a Superlattice Alloy 


471 


This will be reasonably explained by the fact 
that multiple slips take place in both 
cases and so the intersection between disloca- 
tions and the formation of the Lomer-Cottrell 
sessile dislocations occur to an appreciable 
extent, resulting the rapid hardening. While 
the stress-strain curve of the disordered alloy 
shows a typical form for the high temperature 
deformation of most face-centred cubic metals, 
the ordered alloy undergoes deformation 
typical for the low temperature deformation of 
those metals. Taking into account both facts, 
it will lead us to conclude that a dynamical 
recovery cannot easily set in the ordered 
alloy at room temperature as compared with 
that in the disordered alloy. This is possibly 
understood by the reason that either cross 
slip or breaking the sessile dislocations needs 
the additional activation energy, since it hard- 
ly expects the pairwise motion of the disloca- 
tions in such cases. 

If such a recovery process takes place, slip 
lines becomes clustered and coarser. In fact, 
Taoka et al) have found electron-microscopi- 
cally only fine slip lines in their ordered alloys 
of CusAu and Ni;Mn and coarse lines in their 
disordered alloys. The difficulty for the mo- 
tion of jogs in an well-ordered phase, as dis- 
cussed before, will of course strengthen the 
above tendency. 

At the last on the stress-strain curves of 
NizFe alloys it remains to mention the yield 
stress of the ordered alloys. The change of 
yield stress with increasing degree of order 
in NizsFe and NizsMn is quite opposite to that 
in Cu;Au alloys as described before. It se- 
ems to be difficult to explain the above dis- 
agreement between Ni:Fe, NisMn and CusAu 
at present. 

lida has studied the heat generations in 
NisFe quenched from various temperatures 
above Jv. His results are in consistent qua- 
litatively with our results. He ascribes the 
first generation of heats to annealing and as- 
sociated ordering of some lattice defects such 
as quenched vacancies and dislocations, and 
the second to the development of local order. 
The present investigation including additional 
works on cold-worked specimens supports in 
general his explanation. In more details, it 
should be added that with the increase of 
order and with the progress of recovery from 
the quenched state by the ‘ diffusion’ of dis- 
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locations, it becomes harder gradually to 
advance such processes because of the increase 
of the activation energy for the vacancy dif- 
fusion as well as the decrease of the concen- 
tration gradient of the vacancies. The further 
development of order and recovery is there- 
fore somewhat retarded to produce the second 
generation of heats, even though the reaction 
rate in the cold-worked specimen is still higher 
than in the quenched specimen without cold- 
work. The situation is well illustrated in Fig. 
9, where the logarithm of electrical resistivity 
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Annealing Time (at 400°C) in hr 
Fig. 9. Annealing curves of disordered alloys at 
400°C. Electricalresistivity was measured at room 
temperature: (a) Without cold-work; (b) cold- 
worked in tension (In 1/lp>=0.137). Specimen 
wires were originally quenched from 800°C in air. 


measured at room temperature is plotted 
against annealing time at 400°C. There are 
three stages of ordering and recovery. The 
first rapid change appears to correspond with 
the first generation of heats in the c»-—T 
curves and the next linear stage with the 
second generation of heats. The rates of the 
first and second changes are both faster in a 
cold-worked alloy than in the alloy without 
cold-work. It is seen, however, that the 
above relation becomes reverse at the third 
stage of ordering. The first rapid change of 
electrical resistivity in curve (a) shows an 
anomalous behaviour with a maximum typical 
for ordering of this alloy at relatively low 
temperatures, which may be caused by the 
nucleation of order. 
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Effect of Electron Bombardment on Sodium Chloride 
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The absorption spectra ranging from 360 to 960 mp were measured on 
rock salt crystals bombarded with electrons at various temperatures. 
Three types of color centers, namely F’, 590 my and colloidal centers 
were formed as a function of specimen temperature during bombardment. 
The thermal bleaching of these three color centers was also investigated. 

From these results it is supposed that the color center with an ab- 
sorption peak at about 590 mp may correspond to a precursor of colloidal 


sodium. 


It is also suggested that there may be a correlation between 


coloration and dissociation of sodium chloride by electron bombardment. 


§ 1. 

The effects of ionizing radiation on non- 
metals have been investigated mainly on silver 
and alkali halides irradiated with ultraviolet 
light and X-ray, respectively”. However, 
the effects of electron bombardment on these 
materials have scarcely been reported’. In 
this respect, following our previous works” 
of the electron bombardment on alkali-earth 
oxides, we studied the effect of electron 
bombardment on rock salt. In alkali-earth 
oxides, it was found that the dissociation into 
constituent components occured under electron 
bombardment. In this paper we report the 
coloring of rock salt bombarded at various 
temperatures and the thermal bleaching of it*. 
We also considered the correlation between 
coloration and dissociation of sodium chloride 
by electron bombardment. 


Introduction 


§2. Specimens and Experimental Procedure 


All specimens used in this investigation 
were cleaved from rock salt crystal obtained 
from the Halle Company in Germany. After 
cleaving to the size of about 5x5x1lmm, 
platinum electrodes were applied to the both 
ends of the specimen by painting the aqueous 
platinum and baking it at about 750°C. After 
baking, the specimens were furnace-cooled to 
room temperature with a mean cooling rate 
of 4°C/min. This procedure was repeated 
three times for obtaining the well conductive 
electrodes. 


bes The preliminary results were already reported 
in the short note of this journal (J. Phys. Soc. 
Japan 12 (1957) 1422). 


t 
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The apparatus for electron bombardment is 
shown in Fig. 1. The electron gun was 
constructed with a hairpin tungsten filament 
F and a special Wehnelt electrode W”. On 
the interior wall of glass tube the colloidal 
graphite (Aquadag) was painted and used for 
the anode. The first anode A: was in contact 
with that wall. The specimen was supported 
by two thin copper plates L, which also served 


Fig. 1. Apparatus for electron bombardment. 
F: tungsten filament, W: Wehnelt electrode, 
Ay, Ag: first and second electrodes, G: secon- 
dary electron suppressor grid, S: specimen, 
H: heater, Z: thin copper plate for lead and 
support, J: junction (Pt-PtRh). 
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as the target leads, and placed in an electric 
furnace H. Between this furnace and glass 
wall the second anode A» was positioned and 
used as the thermal radiation shield. The 
Pt-PtRh junction J (0.08mm ¢) was attached 
to the opposite surface of the specimen. At 
the upper part of the specimen the grid G 
was placed and biased negatively so that the 
secondary electron from the specimen was 
suppressed. The sample, which was held at 
a distance of 35cm from the filament, showed 
the blue fluorescent radiation under bombard- 
ment so that we could find the focusing 
condition of electron beam on the specimen. 
In order to obtain the fine adjustment of 
focusing we used a permanent magnet from 
the outside of the accelerating tube. In this 
arrangement, we could obtain the focal spot 
of about 0.l1cm? on the specimen at the 
bombarding voltage of 18KV, the Wehnelt 
voltage of —60 V and the current density of 
about 40A/cm?. 

The electron bombardment was carried out 
under the vacuum of 10-*~10-°'mm Hg. Be- 
fore bombardment the sample was annealed 
in vacuo for 2 hours at about 450°C and then 
cooled slowly. The contamination of sample 
due to electron bombardment was produced 
especially at room temperature. Although 
the liquid air or dry ice trap was efficient for 
preventing the production of contamination, 
it was not possible to avoid it entirely. Under 
bombardment at higher temperature than 
about 200°C, the specimen was free from 
contamination. 

The optical absorption spectra of the bom- 
barded specimens were measured ranging 
from 360myz to 960myz by the photoelectric 
spectrophotometer (Hitachi EPU II). 


§3. Experimental Results 


(A) Coloration at room temperature 

Initially electron bombardment was carried 
out at room temperature. The bombarding 
voltage employed ranged from 7 to 20KV 
while the current density and bombarding 
time were fixed at 40“A/cm? and 60 minutes, 
respectively. The specimens were colored 
yellowish for the bombarding voltage below 
13KV. At the voltage higher than 16KV, 
blue colored parts developed appreciably a- 
mong yellowish ones. Under 20 KV bombard- 
ment the specimens acquired deep blue color. 
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In these cases, the coloration was limited to | 
the thin layers of bombarded surfaces. The 
absorption spectra of specimens bombarded 
at 10KV and 20KV are shown by the curve 
(a) of Figs. 2 and 3, respectively. The curve 


Opticaldensity 


400 500 600 700 800 900 


Wave length 


Fig. 2. Optical absorption curves for NaCl crystal 
bombarded with electrons at room temperature. 
Bombarding condition is V=10KV, Z=40uA/cm? 
and t=60 minutes. (a) after bombardment (b) 
annealed at 200°C for 30 minutes. 
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Fig. 3. Optical absorption curves for NaCl crystal 
bombarded with electrons at room temperature. 
Bombarding condition is V=20 KV, T=40, A/cm? 
and ¢=60 minutes. (a) after bombardment (b) 
annealed at 390°C for 60 minutes. 


(a) in Fig. 2 shows distinct F and M bands 
familliar to sodium chloride. On the other 
hand the curve (a) in Fig. 3 shows the strong 
absorption band with a peak at about 590 myz 
accompanied with the weak one at 390 my. 
The peak position of this strong absorption 
band was not constant and moved from 580 
my to 600myz due to the difference of the 
bombarding condition. This absorption band 
was frequently observed in an asymmetrical 
form instead of the symmetrical bell shaped 
one. From these facts it is suggested that 
the blue coloration is due to the mixture of 
various degree of coloration centers which 
were probably generated owing to local non- 
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uniformity of bombarding current on the 
specimen surface. For convenience we de- 
signated hereafter this absorption band as 
590 mvt band. On the other hand, the peak 
position of 390m band does not change 
appreciably. 

Usually in the case of bombardment between 
13KV and 16KV, the shape of absorption 
bands was not simple and it was difficult to 
obtain the reproducible results perhaps due to 
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Fig. 4. Opitical absorption curve for NaCl crystal 
bombarded with electrons at room temperature. 
Bombarding condition is V=16 KV, J=40,A/cm? 
and t=60 minutes. 
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Fig. 5. Optical absorption curves for NaCl 


crystals bombarded with electrons at various 
temperatures. Bombarding condition is V=18 
KV, Z=40yA/cm? and t=30 minutes. The tem- 
peratures are as follows; (a) 15°C (b) 150°C (c) 
234°C (d) 260°C (e) 283°C. 


the coloration at the intermediate state be- 
tween two conditions above mentioned. The 
absorption curve for the bombardment at 
16KV is shown in Fig. 4. As shown, it is 
characteristic of this absorption curve to 
spread over the wide wavelength range. 

We also observed the coloration of specimens 
as a function of bombarding current. It was 
found that the blue coloration developed with 
increasing current density even at the low 
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bombarding voltage. For example, the spe- 
cimen bombarded at 10KV and 40A/cm? 
for 60 minutes displayed F and M bands as 
shown in the curve (a) of Fig. 2, but with 
the increase of current density to 140A/cm? it 
acquired deep blue color corresponding to the 
strong absorption band at 590 my. From these 
results it is supposed that the blue coloration 
of sodium chloride bombarded with electrons 
is influenced greatly by the bombarding 
wattage. Although the rise of temperature 
was not noticed with the thermocouple at- 
tached to the back face of specimen, it may 
be considered that the increase in bombarding 
wattage is related to the rise of temperature 
on the bombarded surface. 


(B) Temperature dependence 

We next observed the coloration as a 
function of temperature. In these cases the 
bombarding condition was fixed as follows; 
voltage is 18KV, current 40A/cm? and time 
30 minutes. The temperature during bom- 
bardment was changed from room temperature 
to about 400°C. In Fig. 5 the absorption 
spectra of the coloration at 15°C, 150°C, 
234°C, 260°C and 283°C are shown. The peak 
position shifted towards longer wavelength 
and the shape of absorption bands became less 
sharp with increasing temperature. Above 
300°C, the specimens did not show any 
coloration and became cloudy. In Fig. 6 mi- 
crophotographs of these specimens are shown. 
It was seen that a number of cubic pits was 
formed on the bombarded surfaces and the size 
of these pits became larger with increasing 
temperature. 

For the specimens showing the absorption 
peak at above 600mz which was produced 
under the bombardment at elevated tempera- 
ture, we observed the scattering of dull red 
light from the bombarded surface. The dull 
red color corresponds to the complementary 
color of the pale blue one of the transmitted 
light. This behavior will be related to the 
scattering of light by colloidal particles. The 
weak absorption band with a peak at about 
300 mz was also found in this colloidal 
coloration but it seemed that the peak position 
shifted slightly towards the longer wavelength. 


(C) Effect of thermal bleaching 
The yellowish colored specimens which have 
F and M bands changed to reddish purple by 
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heating them to 200°C in air. For example, 
the curve (b) in Fig. 2 is the absorption 
spectrum of the annealed specimen which 
changed thermally from curve (a). Heating 
to about 350°C, the specimen bleached out 
gradually without further alternation of colora- 
tion. In this process, the colloidal scattering 
from the colored part was not observed. 


an { if Shag 
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(b) Bombarded at 373°C. 


Fig, 6. Microphotographs for NaCl crystals bom- 
barded with electrons at high temperatures. 
Bombarding condition is V=18 KV, J=40uA/cm? 
and t=30 minutes. (x 180) 


Although the yellowish colored specimens 
showed the optical bleaching at room tem- 
perature, the blue colored specimens with 
590 mv band were very stable under the same 
condition. In Fig. 3, curve (b) shows the 
effect of thermal bleaching on blue colored 
specimen. As shown, the peak position shifted 
towards shorter wavelength by annealing and 
reached to 565my after heating to 390°C. 
At the same time, the scattered light of green 
color, which is complementary one of reddish 
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purple of the transmitted light, became to be 
observed. Consequently it was concluded that 
the blue coloration with 590 my band changed 
to the colloidal coloration with an absorption 
peak shifted towards shorter wavelength. 
On the other hand, the colloidal coloration 
which was produced under the bombardment 
at high temperature did not change by 
annealing, and bleached out entirely at about 
ABO? C. 


§ 4. Discussion 


(A) Colloidal coloration 

As previously mentioned, if the temperature 
during bombardment was high the scattered 
light from the colored surface of specimens 
was detected. Since the color of this scattered 
light was complementary to that of the 
transmitted light, it may be concluded that 
the origin of coloration was the scattering of 
light by the colloidal particles, that is, perhaps 
the metallic sodium particles. According to 
Savostianowa® the peak position of the ab- 
sorption band of natural blue rock salt shifts 
towards the longer wavelength with increasing 
diameter of colloidal particles. For example, 
the absorption peaks at 600m and 650m, 
may be related to the scattering by the 
colloidal particles with diameter of 40 my and 
70mye respectively. Consequently the results 
of Fig. 5 show that the colloidal particles with 
larger diameter would be produced with 
increasing temperature. It may be also con- 
cluded that the broad width of absorption 
band at high temperature will be related to 
the mixing state of the colloidal particles with 
various dimensions. 

In additive coloration of potassium chloride, 
Scott and Smith” observed that the colloidal 
coloration was produced by the coagulation of 
F centers during thermal treatment and the 
colloidal centers were in thermal equilibrium 
with F centers. However, our colloidal 
coloration which is produced by electron 
bombardment at high temperature is different 
in manner of thermal bleaching from the one 
which is produced by additive coloration. In 
our case the colloidal layer was formed 
immediately near the surface, so these excess 
sodium atoms may sublimate from the surface 
before they are converted into F centers. 


(B) Blue coloration 
The blue coloration which has the absorption 


1959) 


peak at about 590 mz was produced under the 
bombardment at intermediate temperature, i.e. 
at lower temperature than the one where the 
colloidal center is produced and at higher 
temperature than the one where the F 
center is produced. Therefore, the blue 
coloration may correspond to the transition 
state from the F coloration to the colloidal 
one. This color centers changed to the 
colloidal particles with the small diameter of 
about 10 my (according to Savostianowa®) by 
heating. From these observations it is sup- 
posed that the center of blue coloration may 
correspond to the aggregate of excess sodium 
atoms, 7.e. the precursor of colloidal sodium. 
As previously mentioned, it was considered 
that this coloration originated in the mixing 
state of the various coloration centers having 
the different absorption peaks. It may be 
considered that they may correspond to the 
difference of the degree of coagulation and 
have probably the same nature as the R’ 
center observed by Scott and Bupp”. 

It is notable feature that the blue or 
colloidal coloration has always the weak 
absorption band at about 390my. This band 
may correspond to the peak of the photocon- 
ducting current curve plotted against the 
wavelength in blue or violet rock salt contain- 
ing colloidal sodium”. 


(C) Bombardment effect 

It was known that three types of color 
centers above mentioned were respectively 
formed as a function of specimen temperature 
under bombardment. According to the results 
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of electron bombardment on BaO, SrO and 
MgO”, it was recognized that oxygen mole- 
cules evolved from those samples and excess 
metal atoms were produced near the surface. 
Taking these results into consideration it was 
supposed that the excess sodium atoms were 
obtained as a result of the evolution of 
chlorine atoms and aggregated into colloidal 
or 590 my centers according to the degree of 
coagulation. On the bombardment at elevated 
temperature only cubic pits were formed on 
the surface and no coloration was observed. 
This result may be explained by the sublima- 
tion of equal quantity of sodium and chlorine 
atoms. 

In conclusion the authors wish to express 
their cordial thanks to Prof. T. Hibi for his 
stimulating discussions and to the Electrical 
Communication Laboratory of Nippon Tele- 
graph and Telephone Corporation for the 
grant in aid. 
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For Ca3(PO,)2:Cu phosphor, measurements of spectral distributions of 
luminescence, reflectivity and quantum efficiency, temperature dependence 
of luminescence intensity and decay constants are carried out. The one- 
dimensional configurational coordinate curves for the luminescence center 
in this phosphor are determined by analysing spectral data. Some 
characteristics expected from these curves are compared with the ob- 
served; the agreement in the absorption band width and the disagreement 
in the activation energy for nonradiative transition are obtained. The 
relations between one- and many-dimensional models are investigated and 
the cause for the above disagreement is attributed to the simplicity of 


the assumed model. 
transitions in this center. 


Introduction 


§1. 


The configurational coordinate (hereafter 
abbreviated as C. C.) curves have been widely 
used to explain qualitatively some character- 
istics of the localized luminescence centers. 
Accompanying with the advance in our under- 
standing, they have become to be discussed 
quantitatively? and a review of the recent 
progress has been given by Klick and Schul- 
man”. 

The role of the C. C. diagram is quite im- 
portant and it can be even said that the 
nature of luminescence center is thoroughly 
understood, if the C. C. diagram is completely 
determined for the center. There are two 
different ways of approach; one of these is 
by theoretical calculations and the other is 
by analysis of experimental results. 

The first way is interesting in principle but 
very difficult in practice, because it requires 
to solve many electron systems accurately. 
Williams® made detailed calculations for KCl: 
Tl and his results were in fair agreement 
with experiments. However, Knox and Dex- 
ter presented some critiques on his treat- 
ments suggesting that further improvements 
are necessary in calculations. 

The second way is a very practical one, as 
it is to choose the C. C. curves so as to fit 
them with the measured characteristics. While 
this procedure becomes quite significant when 
we have other independent experimental values 


Discussions are also "made on the nonradiative 


to be compared with those expected from the 
C. C. curves determined, because it is then 
possible to investigate the validity of the as- 
sumed model and the correlation among vari- 
ous characteristics. By this way, Klick and 
his colaborators derived the C. C. curves for 
the Mn-center in ZnSiO,°? and the F-centers 
in several alkali halides*? and Hameka and 
Vlam” derived those for the luminescence 
center in CaWQ,. 

Following the second way we shall consider 
the C. C. diagram for the luminescence center 
in Cas(POs)2:Cu. phosphor, which has been 
extensively studied by Uehara and his colabo- 
rators®. First we shall assume the one- 
dimensional model. Then we shall discuss 
the relations between the one- and many- 
dimensional models. 


§2. ©C. C. Curves and Spectral Shape 

As a large number of vibrational modes 
affect the energy of the luminescence center 
in solid, the C. C. space describing the center 
should be many-dimensional. To analyse ex- 
perimental data, however, the many-dimen- 
sional treatment is too complex, so that we 
shall assume the simplified one-dimensional 
model, which is considered to represent the 
interaction of the center with the most im- 
portant vibrational mode. Such a model has 
been adopted by all previous workers in their 
treatments of actual materials.2)»5)-7) 

In our simple model, the energies of the 
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ground and excited states are represented by 
parabolic curves respectively. Accordingly, 
each state can be treated as a harmonic oscil- 


lator. Fig. 1 shows these C.C. curves. The 
> 
Ne 
o 
Ss 
Ww 
Configurational Coordinate 
Fig. 1. One-dimensional configurational coordinate 


curves for a luminescence center. Arrows in- 


dicate optical transitions. 


vibrational frequencies are w,/2z in the ground 
state and w./2z in the excited state respective- 
ly. The force constants are «yg and «. for 
each of these two vibrations. The minimum 
point of the excited state curve is displaced 
by an amount U in the energy and by a dis- 
tance % in the coordinate from that of the 
ground state curve. The energy increase 
above the minimum at x in the ground state 
is X= gx? and that at the origin of the 


a(£)=const x E >) >) 


TG) =const x E* >) py | [Ponte Den(x) dx 


Configurational Coordinate Curves 
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coordinate in the excited state is Y=4nex?. 
These two curves intersect at the point, where 
the energy is W above the minimum of the 
excited state. Here W is the activation energy - 
for the nonradiative de-excitation. 


The energy difference between the m-th 
vibrational level in the ground state and the 
n-th vibrational level in the excited state is 


Enm= U- han } 3) hog(m-+3) ily 


When a transition occurs between these two 
levels, an absorption or emission of light is 
observed, the frequency of which is equal to 
Yum in Eq. (1). The absorption coefficient is 
proportional to vin|Mnm|?Wm’ and the lumines- 
cence intensity is proportional to vjn|Mrm|20n’’, 
Where Mnm is the matrix element of dipole 
transition between these two levels and wm’ 
and wWn’’ are the probabilities that the oscil- 
lator is in the m-th vibrational level in the 
ground state and that in the m-th vibrational 
level in the excited state respectively. 

The wave function, from which the above 
matrix element is derived, may be decomposed 
into a product of electronic and nuclear wave 
functions. Here we assume the so-called 
Condon approximation; i.e., we neglect the 
dependence of electronic matrix element on 
nuclear positions. The observed absorption 
and emission bands consist of many line spectra 
with different combinations of m and 7, over- 
lapping one another. Considering all combina- 
tions of the vibrational levels, we obtain the 
distribution function for the absorption coef- 
ficient a(&) and that for the luminescence 
intensity [(E); 


hYnm= 


* exp {—(m+ > \Fa {Em Ee (2) 
"exp col gia) + (Eon) ee 


where gm and en are the vibrational wave functions of the m-th level in the ground state 
and that of the m-th level in the excited state respectively and x denotes the nuclear position. 
In order to represent the shape of the normalized spectrum, f(£ ), we shall use the semi- 


invariants. 


f(E)= OE) OB) + SOE) ++ 


where 


(fe) dE=1, 


These are defined as the coefficients, 4:, in the expansion 


(4) 
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On(E)=—2~ OE) ; 


By an ingenious method, Kubo and Toyozawa” derived the semi-invariants of the absorp- | 
tion band neglecting the E-dependency in Eq. (2). These are slightly modified when the E- 
dependency is taken into account. Making use of the relations among the semi-invariants | 


and the moments, we have 


= 1 ‘eh th (Jee \ 0S : 
a= U+V44 2007 Dobe py ftton co hog . 
how 1 ee a g4-}) rt 
daa=7*Y hog coth (FH) + paeeaty (U+Y) 29 9 (7 Fiz 7 


(5) 


U 


>< (Heng)? coth? ( hor) + PT ae of feral 


2kT Ure 


h 
fpr 7*Y (ho)*4 143-1 coth? Gale Of(hwy)5} , 


where 


In a similar way, the semi-invariants of the intensity distribution of luminescence given by 


Eq. (3) are calculated: 


iy=U-X4 4" x mabe —1) io. coth ( 
7 


AUX nA 


eof") 


2kT U 


2 
x hoe g/l , ake ) xX 4 iX2 | 
2f =—- hoe <——] )—— —1 ment 
hoy ¥ ho. coth (Fee) +1(2, Ap U-X 7! Ux» 


(6) 


hwe 4 
2 2 = 
Xx (hw)? coth lee 


x 3/1 
Rapes —5 the.) 1a 


The inclusion of the E- or E‘-dependency 
produces alterations of the second order terms 
in these expressions. Therefore, we may 
neglect these dependencies in a discussion of 
first order quantities of spectral shape when 
high accuracy is not required. But we must 
include them in a discussion of second order 
small quantities, e.g. the temperature depend- 
ence of the peak position. It should be noted 
that Eqs. (5) and (6) do not contain the mass 
of the harmonic oscillator. Accordingly, an 
ambiguous assumption about it is unnecessary 
in our later analysis of experimental results. 


§3. Experimental Results 
(1) Sample preparation 
The sample is B-Cas(PO.)2:Cu powder pho- 


GH or 0, et 


sphor which was fired at about 1100°C for 
30 minutes in air and further 30 minutes in 
a reducing atmosphere (N:+Hz2)®. The acti- 
vator concentration is 5x10-% atoms of copper 
for three calcium atoms. 


(2) Luminescence spectrum 

Under excitation with 2537A radiation this 
phosphor emits bright blue luminescence. The 
luminescence spectrum was measured at various 
temperatures. As an example the result 
taken at 284°K is shown in Fig. 2. The 
spectrum is nearly Gaussian in shape over all 
the temperature range, so that it is a single- 
component band. 

The spectral width becomes broad with 
increasing temperature. In Fig. 3 the squared 
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half-width is plotted against absolute tempera- 
ture. According to Eq. (6), the squared width 
is proportional to hw. coth (hw./2kT) in a first 
approximation. We can thus determine the 
vibrational frequency in the excited state by 
choosing it so as to fit the calculated temper- 


ature dependence with the observed. The 
curve in Fig. 3 is proportional to 

© 10 
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Fig. 2. Luminescence spectrum of Ca3(PO,)s: 


Cu under 2537 A excitation at 284°K. 
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Fig. 3. Variation of the squared half-width of 
luminescence spectrum with temperature. Solid 
curve is calculated with the frequency 6 x 1012 
sec-1 and dotted line is its asymptote. 


hwe coth (ha./2kT ) 


with the frequency chosen, 6x10'%sec™!, and 
the dotted line is its asymptote. 

The peak position of the luminescence band 
shifts to shorter wavelengths with increasing 
temperature and its variation is shown in Fig. 
4 as a function of temperature. 
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The spectral shape is not strictly symmetric 
and in Fig. 5 the asymmetry defined by 
hyy—s(hys+hv_) 
Se = -, 7 
hy4.—hv_ me 
is plotted against temperature, where hyo is 
the energy of the peak position and hy, and 
hv. are the energies of the half-maximum 
positions on the high- and low-energy side 
respectively. 
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Fig. 4. Variation of the peak of luminescence 
spectrum with temperature. 
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Fig. 5. 
cence spectrum with temperature. 
metry S is defined by Eq. (7). 


(3) Spectral distributions of reflectivity and 
quantum efficiency 

The spectral distributions of the diffuse re- 
flectivity and the quantum efficiency were meas- 
ured for the phosphor and the pure host 
crystal by the apparatus made by Uehara and 
Masuda! in the writer’s laboratory.* The 
results are shown in Fig. 6. 

The quantum efficiency of luminescence is 
defined by the number of luminescence photons 


* The method of measurement is as follows.10 
A layer of the powder sample of sufficient thick- 
ness, which do not transmit light through it, is 
placed before an exit slit of a monochrometer. 
The intensity ratios of the reflected light and the 
luminescent light to the incident light are measur- 
ed separately by means of a combination of a fil- 
ter and a photomultiplier, of which the spectral 
sensitivity is calibrated previously. 
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emitted per a photon absorbed by the center. 
The ratio of the energy absorbed by the 
luminescence center to that of the incident 
light is taken equal to the difference in the 
value of reflectivity between the phosphor 
and the host crystal without impurity. We 
make a correction, considering that the emis- 
sion intensity measured on a thick layer of 
powder phosphor is (1+8.)/2 of the total, 
where FR, is the diffuse reflectivity of the 
phosphor in the spectral region of the lumi- 
nescence. 


Wave-Length (mp) 
260 280 300 


320 
we 


et ee ee eee 


Refrectivity and Quantum Efficiency 
re) ° g fey 


° 


52 5.0 48 46 44 42 40 3.8 
Eergy (ev) 


a 
b 


Fig. 6. Spectral distributions of (a) reflectivity 
of phosphor, (b) reflectivity of pure host crystal 
and (c) quantum efficiency of luminescence. 


In Fig. 6 there is no characteristic absorp- 
tion in the pure crystal and the reflectivity 
spectrum of the phosphor is symmetric in 
shape. On the contrary, the spectral distri- 
bution of the quantum efficiency is asymmetric, 
rapidly decreasing from the peak value on the 
low-energy side and slowly on the high-energy 
side. It should be noted that the peak position 
of the quantum efficiency curve is displaced 
by 0.35eV to lower energy from the minimum 
position of the reflectivity curve. 


(4) Temperature dependence of luminescence 
intensity 
The temperature dependence of the lumi- 
nescence intensity under 2537A excitation is 
shown in Fig. 7. The luminescence intensity 
is nearly constant up to about 550°K and 


** As the phosphor particles emit light uniformly 
in all directions, a half of the emitted light appears 
directly from the surface of the phosphor layer but 
another half emitted backwards is reflected by the in- 
ner layers of the phosphor particles and then appears. 
Therefore, the observed luminescence intensity on 
the thick layer of phosphor is (1+8,)/2 times of 
the total. 
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rapidly decreases above this temperature. 
The probability of the nonradiative transition 
is given by Bexp(—W/kT) and that of the 
radiative transition, A, is independent of tem- 
perature. Accordingly, the variation of the 
luminescence intensity with temperature is 
represented by 
a= (82 ene (8) 
A+Bexp(—W/kT) ’ 
where C is a constant. For the best fit of 
Eq. (8) with the observed temperature depend- 
ence following values are chosen; 


i 


+ r T 


iS} 


Luminescence Intensity (Arb, units) 


1 —L 
500 600 
Temperature (°K) 


= 
300 400 


Fig. 7. Temperature dependence of luminescence 
intensity under 2537 A excitation. Solid curve 
is calculated to fit the experimental points. 


W=0.82eV and B/A=7.6x10. 


The calculated curve is shown in Fig. 7; here 
it is assumed that the gradual decrease ob- 
served in the lower temperature region super- 
poses on the thermal quenching given by Eq. 
(8). 
(5) Decay constant of luminescence 

The decay constants of luminescence were 
measured under the cathode ray pulse excita- 
tion. There are two exponentially decaying 
components; the fast component, being about 
a half of the total in intensity, has the time 
constant of 0.13 wsec and the slow component 
has the time constant of 1.5 wsec. From these 
results we can conclude that the radiative 
transition is the allowed and there is a trap- 
ping state from which a transition is easily 
made to the radiative state. 


§ 4. Determination of C. C. Curves and Com- 
parison with Experiments 


From the conditions of preparation of the 
sample, we consider that the luminescence 
center is probably Cut substituted for Catt 
in the lattice. The ground state of Cut is 


| 


| 
| 
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1So(3d") and the excited state is assumed to 
be °P;(3d%4p). The transition between these 
states is forbidden in the pure state by the 
spin selection rule but is allowed in the crystal 
due to the spin-orbit interaction. 

We shall determine the C. C. curves for 
the luminescence center by analysing the ex- 
perimental data on spectral shape. The values 
of U, X, Y and ¢ are calculated by Eqs. (5) 
and (6) using the following experimental values 
at 286°K; 


position of maximum absorptance 
4.85 eV, 


position of maximum luminescence intensity 
2.59 eV, 
half-maximum width of luminescence spec- 
trum 0.44,eV, | 
vibrational frequency in the excited state 
6x10 secst: 
The results are 
U=3.49eV, X=0.96eV, Y=1.34eV 
ie — TAO: 
Here, 7 is surprisingly large. The energy 
diagram thus determined is shown in Fig. 8. 
Because the crystal structure of §-Cas(PO.)s 


is unknown, the vibrational modes around the 
center are uncertain; even if the atomic con- 


and 


8 


Energy (eV) 


Configurationa! Coordinate 


Fig. 8. One-dimensional configurational coordinate 
curves for the luminescence center, Cut, in 


Ca3(POx)2. 


Configurational Coordinate Curves 
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figuration around the center is known, it is 
not unambiguous in detail what nuclear dis- 
placements are meant by the one-dimensional 
configurational coordinate. Accordingly, the 
values of x), &g and «#e are not obtainable 
separately from X and Y, 

We shall compare the observed character- 
istics with those calculated from our C. C. 
curves by the help of Eqs. (5) and (6). In 
Section 3 we have made measurements of the 
diffuse reflectivity, since the sample is avail- 
able only as powder. In order to obtain the 
shape of the absorption band, the following 
relation between the reflectivity, R, and the 
absorption coefficient, a, is used; 


c=hy 
= CONST oe 
a=const x 


This equation is derived by a crude approxi- 
mation of a theory on the absorption and 
scattering and has been proved to hold within 
a wavelength range where the scattering is 
constant!’. The spectral distribution of the 
relative absorption coefficient due to the lumi- 
nescence center is calculated and is shown in 
Fig. 9.* The half-width of the absorption 


Wave-Length (my) 
BOOS as 2510) 280 


300 S20 
Earl me ml 


Relative Absorption Coetticient ( Arb. units) 


Energy (eV) 


Fig. 9. Spectral distribution of relative absorp- 
tion coefficient due to luminescence centers. 


* The relative absorption coefficient shown is 
the difference between the calculated value from 
the reflectivity at the specified wavelength and that 
from the wavelength-independent reflectivity at 
longer wavelengths of the phosphor. 
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band is 0.71eV in this figure whereas the ex- 
pected value is 0.75eV at room temperature. 
Thus the agreement is good. 

Because the two curves do not intersect in 
Fig. 8, the activation energy for the non- 
radiative transition is expected to be infinitely 
large. On the other hand, the activation 
energy of 0.82eV is obtained by analysing the 
temperature dependence of the luminescence 
intensity shown in Fig. 7. The variation of 
the peak of the luminescence band with tem- 
perature is 9x10-5eV/deg by measurements 
and 1.7x10-4eV/deg by the high temperature 
approximation of 417 in Eq. (6). The signs of 
variations with temperature are the same but 
the calculated value is about twice the ob- 
served. For the asymmetry of the lumines- 
cence spectrum, we expect the shape with 
slower decrease in the high-energy side than 
in the low-energy side at low temperatures 
and the opposite one at high temperatures. 
The experimental results in Fig. 5, however, 
show the asymmetry of the opposite direction 
at low temperatures, which diminishes as the 
temperature rises. The above disagreements 
are quite large. 


§5. One-and Many-Dimensional Models 


We shall consider possible reasons for the 
above discrepancies between the observed and 
calculated characteristics, especially, in the 
activation energy. (a) As there are several 
excited states in Cu* with comparable energy 
to °Pi,1% the nonradiative transition which 
contributes to the observed thermal quenching 
of luminescence may find an alternative way 
through another state from the excited to the 
ground state. However, we shall disregard 
here such a possibility because other disagree- 
ments than the activation energy are left un- 
settled. (b) Actually the potential energy 
would not be represented by a parabola up to 
a position where the nuclear displacement from 
the equilibrium position is large. The presence 
of anharmonic terms in the potential energy 
is suggested by the disagreement between the 
calculated and the observed asymmetry. By 
a qualitative calculation, however, it becomes 
clear that the anharmonic terms in the poten- 
tial of the ground state, which lower the 
activation energy in the C. C. diagram, have 
an effect to increase the disagreement in asym- 
metry. (c) The assumption that the electronic 
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matrix elements are independent of the nuclear 
positions may introduce an error. However, 
according to Dexter!, the correction for this 
assumption introduces only a smaller change 
in the transition probability than the E*- 
dependency which is proved in Section 2 to 
have no influence on the spectral shape to a 
first order approximation. 

Fundamentally it is doubtful whether or not 
the many-dimensional C. C. shape can be re- 
placed by the one-dimensional space for the 
sake of simplicity. The relations between one- 
and many-dimensional models will be investi- 
gated in the following. We assume that in 
the N-dimensional model, the energies of the 
ground and excited states are described by 
quadratic forms of the configurational coordi- 
nates with different origin, principal axis direc- 
tions and curvatures respectively. The semi- 
invariants of the absorption band due to the 
optical transition between these two states 
are given by Kubo and Toyozawa” to a first 
approximation; 


A= 8+ 404 : 


(2) 
h VIO ( AQ’ ) ee 
aes 42/22 coth ORT QA, 


In a similar way, the semi-invariants of the 
luminescence specrtum are also calculated; 
Aiy=€s— 4-40" 
(10) 


y=. 3079" coth( 2 
Here & is the energy separation between the 
minimum positions of the two electronic states, 
4 is the N-dimensional vector denoting the 
the distance between these minimum positions 
and 2” and 2’? are the N-dimensional tensors 
denoting the potentials of the ground and the 
excited state respectively. Since units are 
chosen here so as to the mass of the oscil- 
lators is unity, each element in 2’ and 2” is 
the vibrational frequency when these tensors 
are transformed into diagonal form. 

If all the vibrational frequencies in the 
ground state and all those in the excited state 
are the same in their groups respectively 
while the former and the latter frequency are 
not necessarily equal, i.e. 2’=w’I and Q”’= 
wT, Eqs. (9) and (10) may be simplified to 
coincide with the first order terms in the cor- 
responding Eqs. (5) and (6) of the one-dimen- 
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sional model,* where we set 4? equal to %?. 
The same activation energy is also obtained 
in both models. Consequently the one-dimen- 
sional model in this special case represents 
the nature of the luminescence center cor- 
rectly. 

Although various vibrational frequencies 
would actually be involved, the experimental 
results on the temperature dependence of 
' spectral width can usually be represented by 
assuming a single frequency. This is one of 
the reasons why the one-dimensional treat- 
ment has been used by many workers. How- 
ever, the temperature dependence of the 
squared spectral width in the many-dimensional 
model as a sum of several hyperbolic cotangent 
terms of different vibrational frequencies can 
be approximated by a single hyperbolic co- 
tangent term of suitably chosen frequency. 
We would not be able to discern experimentally 
the vibrational frequency spread within a 
range of several times in magnitude by meas- 
urements of the spectral width over the usual 
range of temperature. Consequently, the ex- 
perimental results themselves cannot be the 
evidence supporting the one-dimensional treat- 
ment. 

In the one-dimensional C. C. analysis, the 
vibrational frequency is determined by the 
ratio of the spectral width at 0°K to the rate 
of broadening at high temperatures. Thus 
the vibrational frequency in the ground state 
obtained from the analysis of the absorption 
band width is approximately equal to the 
following average of the actual frequencies; 
we have from Eqs. (5) and (9) 


2k Aza(0°K) ve 42//22/3Q//24 
h (dAzaldT ) 7-0 AB! 22! -2.2//24 p 


In the same way, the vibrational frequency in 
the excited state obtained from the analysis 
of the luminescence band width is approxi- 
mately 

Ze Asy(0° Ki OP Ol 10d 
We (dAgs/dT) ro 42°22/-2 QA 
from Eqs. (6) and (10). Equating the expres- 
sions of the spectral width at 0°K in the two 
models to each other, the following relations 
among various quantities are obtained. We 
have for the absorption band width 


(11) 


Og= 


(12) 


We: 


* In the following discussions we shall be con- 
cerned with the first order terms alone in Eqs. (5) 
and (6). 
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2 We! /72,Q7 17 
Xo? 2 = AQ"2.Q/ 29/24 


Wy 


(13) 


from Eqs. (5), (9) and (11) and for the lumi- 


nescence band width 
Wg 


4 ' 
T= AQ2Q-2Q4 


2 


Noe 


* (14) 
from Eqs. (6), (10) and (12). It is clear from 
these equations that the value of each quantity 
in the one-dimensional model does not generally 
have any direct significance to the actual situ- 
ation of the luminescence center. 

The many-dimensional C. C. surfaces cannot 
be determined since the number of unknown 
parameters is larger than that of the experi- 
mental data even in the two-dimensional treat- 
ment. As an example indicating the validity 
of the one-dimensional treatment, the follow- 
ing procedures are adopted. Two-dimensional 
C. C. surfaces are arbitrarily assumed, from 
which similar characteristics result to those 
of the luminescence center in Cas(PQO.)2:Cu. 
Then, by the help of Eqs. (5), (6), (9), (10), 
(12) and (14), the corresponding one-dimensional 
C. C. curves are determined, which give the 
same characteristics as those of the above 
two-dimensional C. C. diagram, i.e., the peak 
positions of the absorption and luminescence 
bands, the luminescence band width and its 
temperature dependence. Comparing other 
characteristics, which are not used in the 
determination of the one-dimensionai diagram, 
we see that the absorption band width does 
not differ greatly in these two models but the 
activation energy for the nonradiative transi- 
tion in the one-dimensional model is several 
times larger than that in the two-dimensional 
model. 

Therefore it depends on the particularity of 
a center whether or not a one-dimensional 
model represents the nature of the lumines- 
cence center consistently. Even if it does, the 
configurational coordinate involved is the fic- 
titious one. We must be rather satisfied with 
it when a spectral characteristic, e.g. the 
width of the absorption band in our case of 
Ca;(PO.)2:Cu, is predicted reasonably. How- 
ever, the activation energy for the nonradia- 
tive transition, which is the height of the 
lowest intersection point of two paraboloidal 
surfaces with different origins, principal axis 
directions and curvatures, cannot be generally 
predicted by the one-dimensional model. Fur- 
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ther, the actual situation is more complex, 
when the anharmonicity of the potentials and 
the resonance between these two states in the 
vicinity of the intersection point are important. 


§6. Nonradiative Transitions 


We have obtained the ratio of the frequency 
factor in the nonradiative transition probability 
to the radiative transition probability by the 
analysis of the temperature dependence of the 
luminescence intensity. The latter is also deter- 
mined in Section 3 by the measurement of 
the decay constant of luminescence. From 
these results the former is calculated to be 
5.8x10!2sec-!. The frequency factor is gener- 
ally considered to be the same order of or 
smaller than the vibrational frequency depend- 
ing on the situations of the two electronic 
states near the lowest point where they inter- 
sect in the C. C. space. It is noteworthy 
that the frequency factor determined above 
is approximately equal to the vibrational fre- 
quency in the excited state (6x 10" sec™1) ob- 
tained by the one-dimensional analysis of the 
thermal broadening of the luminescence spec- 
trum. 

The displacement of the peak of the quan- 
tum efficiency spectrum to the low-energy side 
by an amount of 0.35eV from that of the 
absorption band and the asymmetry of the 
former curve in contrast to the latter as shown 
in Fig. 6 are considered due to the nonradia- 
tive transition mechanism proposed by Dexter 
et al.1.14) The position, to which the optical 
transition occurs from the ground state, is 
1.34eV above the minimum of the excited 
state in Fig. 8 and the height of the potential 
barrier for the nonradiative transition is ex- 
perimentally 0.82eV. Therefore, the former 
is probably higher than the latter in the 
many-dimensional C. C. diagram, when cor- 
rections are made to the one-dimensional value 
as discussed in the preceding section. In the 
way to the new equilibrium in the excited 
state after the absorption of light, the lumi- 
nescence center may find itself in the vicinity 
of the intersection of these two electronic 
states. They considered that nonradiative re- 
turn to the ground state occurs at this instant 
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with so large probability that the lumi- 
nescence efficiency becomes very low. In our 
measurements, however, the quantum efficien- | 
cy at the peak of the absorption band is— 
slightly smaller than the maximum value. | 
Accordingly, if our interpretation is correct, 
their process does not seem to occur so fre-— 
quently as they thought. | 
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Polish layer of gold was examined by means of the transmission 


method of electron diffraction. 


The diffraction pattern from the highly 


polished layer of gold (the Beilby layer) consists of three haloes, as re- 
ported in the previous paper (J. Phys. Soc. Japan 12 (1957) 151). The 
radial distribution function of atoms in the layer was calculated by 


Fourier transformation of the observed intensity. 


The observed intensity 


was compared with those calculated from appropriate models of atomic 


arrangement. 


It was found that the Beilby layer has an amorphous ar- 


rangement in which the first and the second coordination number are 


about 10 and 8, respectively. 


§1. Introduction 

In the previous paper,?*** we reported the 
structure of polish layer of gold studied by 
the transmission method of electron diffrac- 
tion. We found at advanced stages of polish- 
ing that the breadth of the Debye rings de- 
pends upon scattering angle. We concluded 
that the broadening is caused by both the 
small grain size and the inhomogeneous 
strain. 

Two models have been proposed for the 
atomic arrangement in the Beilby layer.” 
One is that the layer is composed of minute 
crystallites containing probably several unit 
cells, and another is that the layer is in the 
amorphous state. Raether and his collabora- 
tor®?? supported the former and reported that 
the crystallites are not distorted. According 
to our result mentioned above, there is a con- 
siderable amount of strain in the polish layer 
even at the medium stage of polishing. We 
can suppose, therefore, that the crystallites 
in the Beilby layer which is obtained at more 
advanced stages of polishing are severely dis- 
torted. In this paper, we shall discuss the 
structure of the Beilby layer in detail. 

The diffraction pattern from the Beilby 
layer obtained by the transmission method 


* The main parts of this article were read at 
the annual meeting of the Physical Society of 
Japan, Sendai, July 1956. 

** Present address: Department of Physics, 
Faculty of Science, Tokyo Metropolitan University, 
Fukazawa, Setagaya-ku, Tokyo. 

*@* Reference 1) will be referred to as (I) here- 


after. 


consists of three haloes: outer two have been 
observed by various authors» and the first 
inner halo with the Bragg spacing 4.1A have 
first been reported by Nonaka and Kohra.” 
The Bragg spacing of the inner halo is near- 
ly equal to (100) spacing of crystalline gold. 
So this inner halo may be explained by the 
non-vanishing structure factor violating the 
extinction rule for (100) reflection because of 
small grain size. Raether®? showed how sub- 
sidiary maxima of Laue’s diffraction function 
became prominent when crystal size became 
very small. Boersch® calculated the intensity 
for parallelepiped crystallites with the face 
centered cubic arrangement including 14 and 
23 atoms. We also calculated the intensity 
for an octahedral crystallite, which was com- 
posed of a central atom surrounded by twelve 
nearest neighbours and six next nearest neigh- 
bours of the f.c.c. arrangement. However, 
the intensities of the first inner halo for these 
three models were too small to explain the 
observed intensity. Accordingly, the direct 
determination of the structure is desirable. 
We adopted in the present experiment the 
the radial distribution analysis. 
Contaminations cannot be entirely eliminat- 
ed even if the transmission method is adopt- 
ed. Cochrane” observed in his transmission 
pattern a sharp faint ring with the Bragg 
spacing 3.1A and attributed it to some foreign 
substance on the film. Our first halo is nei- 
ther sharp nor faint but diffuse and strong as 
much as the outer two haloes. The effect of 
contamination is, however, carefully studied 
in the present experiment and it is confirmed 
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that the first inner halo is caused by polish- 
ed gold, as will be described in §5. 


§2. Experimental 

The experimental procedures of preparing 
thin polished films of gold and obtaining the 
electron diffraction pattern were described in 
(1)***, Gold films electro-plated on copper or 
zinc were polished by chamois leather. The 
polished face was washed in benzene and then 
examined by the reflection method.. After 
confirming the halo pattern, the polished film 
was removed from the substrate, rinsed in 
distilled water and then examined by the 
transmission method of electron diffraction. 
About ten specimens thus prepared produced 
the halo pattern characteristic of the Beilby 
layer. For three of the specimens prepared 
on Cu substrates, the intensity distribution of 
the pattern was measured in the following 
manner. 

Five diffraction photographs were taken 
successively from each specimen with different 
exposures, and photographic density was 
measured by micro-photometry. For each 
pair or successive photographs, the density on 
a plate was plotted against the density at the 
corresponding position of another. The curve 
thus obtained was linear in the range of low 
density. With the repetition of this procedure 
for successive pairs, density on each plate 


Table I. The distances between neighbours and the numbers of coordination. 
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was expressed in terms of the density on the 
plate with the shortest exposure time. The 


latter density is proportional to the intensity _ 


at any point except in the vicinity of the in-— 


cident spot.® 


~ 
= 
W 
i 
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Fig. 1. Intensity distribution curve (solid curve) 


and background scattering curve (broken curve). 


The average intensity distribution determin- 
ed from three independent series of such 
photographs is shown in Fig. 1. The Bragg 
spacings corresponding to each halo are listed 
in Table I of (D. 


Number of | Crystalline | Present pecans 
spherical 5 : = 
shell | Distances (A) | Number of coordination | Distances (A) Number of coordination 
Ist 2.88 | 12 | 2.9 10 
2nd 4,07 6 4.0 8 
3rd 4.99 24 | (5.0) * (24) * 


* Estimated values. 


‘§3. Radial Distribution Function 


The radial distribution function 47r20(r) is 
obtained by the following formulae: 


srrplr)=dreroo 21" pala) sinwivdu, (1) 
0 


- 
=4 = 7h 
“w=4r sin 9 / 2 


(14) = TialNE*(p) 


Ey) ome Z—F(p) 
h2 we 

Here oo is the mean density of atoms; ¢, the 
scattering angle; 2, the wave length of elec- 
trons; lia, the interatomic scattering given 
below; N, the number of atoms; Z, the 
atomic number and F(z), the atomic scatter- 
ing factor for X-rays. The observed intensi- 
ty consists of the interatomic scattering and 


(2) 


1959) 


the background scattering, 
Ions=Clia+Ioac , 3.) 


where C is a constant factor to be determin- 
ed later, and Jvac is given by 

Toac=CNE( 4) +x(u) +H) . (4) 
Here NE? is the atomic scattering: x(z), the 
atomic inelastic scattering; y(“), the multiple 
and instrumental scattering. 

In the study of gas molecules, we can 
replace NE? in the denominator in (2) by Ivac, 
because y(#) is negligible and x(z) is almost 
similar to NE?. So, we can put 


Zgas(L) = (Lovs—Ivac)/Ivae . (5 ) 
In the case of solid materials, however, this 


approximation can hardly be applicable, since 
y(v) is not negligible and we must use 

a(t) = (Lo0s—La0)/CNE? : (6) 
The background scattering was separated from 
the observed intensity by the trial and error 
method first used by M. Takagi® in the study 
of liquid bismuth; trial background curves 
are improved by imposing the condition that 
the atomic distribution function should be 
zero for the values of 7 smaller than the 
atomic diameter d. From (1) this condition is 
expressed as 


ui=|" [Cui(y)] sin ur du~—27?Croo 
0 


fon wads (7) 


_ Fig. 2 shows yi(#) curve obtained by the im- 
proved background curve. 


of pi (MM) 


- Relative Value 


Fig. 2. pi(u) curve obtained from the improved 
background curve. 


For large values of , /i() computed from 
the experimental value of i(#) has large re- 
lative error. So, the values of (4) beyond 
its fourth zero point, 4, was approximated 
by an analytic function (4—/0)Jo exp {—k*(p 
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—j/)?}. The constants J) and k are determin- 
ed by taking into account the continuity re- 
lation of the function and its first derivative 
at the third minimum point (Fig.2). In the 
present experiment so is equal to 5.7A71. This 
substitution does not cause a serious error in 
a few inner peaks of the radial distribution 
function and also this may exclude the effect 
caused by terminating pi(~) abruptly. 

In the range of small 7, u(r) must be pro- 
portional to the theoretical value —2z?rpo, as 
in (7). Assuming ~ to be equal to the ato- 
mic density of the normal gold, the propor- 
tionality factor C is determined from the 
slope of the curve u(r). The radial distribu- 
tion curve can thus be obtained from (1). 
Fig. 3 shows the radial distribution curve. 
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Fig. 3. Radial distribution function. Figures 
under each peak indicates the number of neigh- 
bours. The third coordination number is a 
estimated value. 


The radial distribution curve can be divided 
into a few peaks, assuming a symmetrical 
profile for each peak (Fig. 3). Figures 
inscribed in Fig. 3 indicate the numbers of 
atoms under the peaks. The position of peaks 
and the number of atoms under each peak 
are summarized in Table I. It is noted that 
1) the number of the first nearest neighbour 
is 10 and that of the second neighbour is 8, 
respectively, as compared with the values 12 
and 6, respectively, of the face-centered ar- 
rangement, and 2) the radial distribution curve 
approaches the curve obtained from the ran- 
dom arrangement, with increase in 7, as ra- 
pidly as in liquid. 
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$4. Intensity Distribution Calculated from 


Amorphous Models 


The above mentioned result that the 
numbers of the first and second nearest 
neighbours in the Beilby layer are consider- 
ably different from those in the face-centered 
cubic arrangement is an important result of 
the radial distribution analysis. We now ex- 
amine this point by a different method, 7.e. 
by comparing the observed intensity with 
that calculated from appropriate models of 
atomic arrangement. If the intensity curves 
obtained from two models, one with the co- 
ordination numbers of normal gold and an- 
other with those obtained above, lie within 
the range of experimental errors, the above 
result may be spurious. If, on the contrary, 
two calculated intensity curves are distinctly 
different, we can decide which of the models 
represents the true atomic arrangement. 
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Fig. 4a and 4b. Schematic examples of the ave- 
rage radial distribution around anatom. a and 
6 correspond to Model I and II, respectively, 
with R=5.57 A. 


It is assumed, for simplicity, that the atomic 
arrangement in the Beilby layer can be re- 
presented by the average radial distributions 
which are schematically shown in Fig. 4a 
and 4b. Within a sphere of radius R, atoms 
are situated on spherical shells with radii 
equal to the atomic distances in the perfect 
crystal, and in the range r>R, atoms are 
randomly distributed with the mean density 
oo. The value of R is determined by the re- 
lation that the number of atoms in the sphere 
is equal to the mean density oo multiplied by 
the volume of the sphere. The number of 
atoms on each shell and the value of R are 
listed in Table II, for four models empolyed. 
The size effect corresponding to the extremly 
small size will be excluded by taking into ac- 
count the average density of atoms for r>R. 
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Table I]. The numbers of coordination in the 
amorphous models. 
Model I Model II 
a b a b 
fat) = ag)! “12 10 +10 
No. of coordination 6 6 8 8 
2nd 
3rd 24 — 24 — 
No. of atoms within 
the sphere of radius 43 19 43 19 
R 
Value of R (A) 5.57 4.25 | 5.57 4.25 


spherical shell of radius 7. 
interatomic scattering curves for the above 
mentioned models. 
not found in the curves for Model I a and b. 
Model II b shows the first inner halo resem- 
bling to the observed one. 
the first inner halo becomes more intense, 
but other haloes split into crystalline reflec- 
tion (Model I a). In the present calculation, 
the variation of the atomic distance is not 
taken into account. 


the displacement of atoms may alter not only 


The intensity is calculated by the following 


formula: 


Kn)=NEXo94 14> N, Sere 
Uk 


_ “(sin UR—LR cos aR) >. Cop 


where NN; is the number of atoms on the 


Model 1a | _ 
R =5.57A 


Modell Diper 
R =4.25A 
Observed yal 
curve 
ModelIa |__ 


Model I b, ;}— 
R=4.25A 
Ns ! as Se SE —— 
O | 2 Ser 4 S, 6 
Mia") 


Fig. 5. Curves of 7(z) calculated by models and 
the observed curve of i(u). (mu) is derived from 
(8) by the relation; i(”)=I(z) -NE%(u)/NE%(u). 


Fig. 5 shows the 


The first inner halo is 


As R increases, 


In the real substance, 


; 2 
. 1959) 


the number of atoms on spherical shells, but 
also broaden the thickness of the shell. If 
the thickness of shells is taken into account in 
the model, the interatomic scattering curve 
for Model II will have more simillar ap- 
pearance of the observed one. Thus, the co- 
ordination numbers obtained in § 3 is found to 
be reliable. 


§5. Discussions 


The effect of contaminations 

The result given in §§3 and 4 concerning 
the numbers of coordination is mainly due to 
the exsistence of the first inner halo. So, 
the effect of contamination which might pro- 
duce the observed first halo was examined 
carefully, and it was concluded that the pre- 
sent first halo was given by the polished 
film from the following reasons. 

1) The diffraction pattern from debrises of 
chamois leather was intentionally obtained by 
the transmission method. The pattern obtain- 
ed consists of two faint outer haloes and an 
intense diffuse one which resembles the pre- 
sent first halo. Careful examinations show, 
however, that the Bragg spacing of the in- 
tense halo differs from that of the present 
first halo by about 15%, and moreover, that 
the intensity profiles of the haloes are dif- 
ferent from each other. 

2) If the first inner halo was due to de- 
brises of leather or other contaminations, it 
would appear also in the ring pattern obtain- 
ed at medium stages of polishing. However, 
we have never observed the first inner halo 
superimposed on the ring pattern, though a 
faint sharp ring sometimes appeared in the 
ring pattern. This faint sharp ring, probab- 
ly due to some contaminations, was entirely 
different from the present first halo. 

3) All specimens yield the sharp ring pat- 
tern of gold, after annealing at various tem- 
peratures. 

4) -Oils contaminated on the surface might 
also be the origin of the first halo. However, 
the Bragg spacing of the present haloes did 
not coinside with those of oils.1 


The effect of substrate 

Atoms of the substrate metal may diffuse 
into gold film during polishing. However, if 
the solid solution of gold and copper gave 
the halo pattern cbtained in the present ex- 


Electron Diffraction Study on Polish Layers of Gold, II 


491 


periment, we could have observed the pattern 
from copper or copper alloy after heat 
treatment. The same halo pattern was also 
obtained from the polished layer on zinc sub- 
strate. So, it is concluded that the halo pat- 
tern is not dependent on substrates. 


Comparison with the results of liquid gold 


Hendus!» reported in the X-ray diffraction 
study of liquid gold at 1100°C that the nea- 
rest neighbour distance was 2.86A and the 
first coordination number was eleven. This 
result resembles the result of the present ex- 
periment. The intensity distribution, how- 
ever, differs from the present result, especial- 
ly in that the first halo was not observed. 
Suzuki! observed the first halo in the elec- 
tron diffraction pattern from  super-cooled 
liquid gold. The atomic arrangement may 
rather resemble that in the super-cooled liquid 
gold than that in liquid gold. 


§6. Conclusions 


The diffraction pattern from the Beilby la- 
yer of gold which is obtained at the highly 
advanced stage of polishing consists of three 
haloes. The intensity distribution of this 
halo pattern cannot be explained by the small 
size of crystallites. The radial distribution 
function obtained from the observed intensity 
distribution has a similar feature to that for 
liquid metals. However, the number of the 
first and second coordinations are about 10 
and 8, respectively, while 12 and 6 for the 
f.c.c. arrangement. 

It is, therefore, concluded that the Beily 
layer is in an amorphous state rather than 
the micro-crystalline state. The result given 
in (I) shows that the polish layer obtained 
at medium stages of polishing is composed of 
small crystallites with large amount of strain. 
So, the layer obtained at highly advanced 
stages may be composed of extremely minute 
crystallite with severe distortion, if the micro- 
crystalline view is preserved. An aggregate 
of such crystallites, however, cannot be dis- 
criminated from an amorphous state. There- 
fore, the result in (I) supports the present 
conclusion. 

It is, moreover, noted that the Beilby layer, 
of the thin foil, easily recrystallizes at room 
temperature as well as at elevated tempera- 
tures. The amorphous state is found to be 
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Nuclear Magnetic Double Resonance Experiment on 
Two Proton System 


By Junkichi IToH and Riichiro KUSAKA 
Department of Physics, Faculty of Science, Osaka University 
(Received July 7, 1958) 


Nuclear magnetic double resonance studies were done on two proton 
system in K,HgCl,-H.O single crystal. Applying a strong r.f. field with 
the frequency nearly equal to that of one line in the doublet of two 
proton resonance, the line shape of the other line of the doublet was 
measured for various values of the intensity and frequency of the strong 
r.f. field. Generally, the observed line shape shows further doublet 
structure, and the separation and relative intensities of this doublet 
depend upon the intensity and frequency of the strong r.f. field. Some 
calculations were made for the line structure of two proton system under 
the influence of a strong r.f. field. The experimental results agree 
qualitatively with the calculation, but there exist some descrepancies in 
the absolute magnitudes of the splitting of the induced doublet. 


$1. Introduction In a two proton system, the characteristic 

In recent years, double nuclear magnetic feature lies in the fact that the resonance line 
resonance has called much attentions, and shows doublet structure, split by the dipolar 
several works have been done both theoreti- interaction between two protons, and a rf. 
cally and experimentally!-®. Generally, the field with a frequency nearly equal to the 
magnetic resonance intensity, line shape and Yesonance frequency of one line of the doublet 
also spin-lattice relaxation time for one species Will have several interesting effects on the 
of spins will change when another r.f. field Other line. Bloembergen® treated the problem 
having the resonance frequency of other theoretically, but no experiment has been done. 
species is applied. We made extensive investigations on two 


: 
: 


proton system with single crystals of K,HgCl,- 
H.0. In this report, we shall describe the 
results of the double resonance experiments 
using strong r.f. field. The results of our 
works concerning temperature dependence of 
the spin-lattice relaxation time and doublet 
separation, nuclear Overhauser effect, and also 
their correlation with the motions of the water 
molecules will be reported in near future. 

The resonance figure of one of the doublet 
in a two proton system changed appreciably 
when another strong r.f. field having a fre- 
quency close to the other line of the doublet 
was applied. This occurs by the mixing of 
the Zeeman levels induced by this r.f. field. 
In the case of a single spin system, Bloch” 
showed that, by a strong r.f. field, single 
resonance line will split into doublet, whose 
separation and relative intensities depend upon 
the frequency difference between Zeeman fre- 
quency and the frequency of the applied 
strong r.f. field, and also upon the intensity 
of the r.f. field. Bloch also treated more 
general cases of multiple spin system with 
exchange coupling among them. 

However, since the problem concerning two 
proton system is of a special one, we made 
some calculation, which will be shown in § 2. 
In §3, the experimental results of the double 
resonance studies will be presented together 
with comparison with the calculation. 


§2. Theoretical Calculation 

The Hamiltonian of an isolated two proton 
system, mutually interacting by magnetic di- 
polar interaction, under a strong static field, 
Hy, and a r.f. field, 2Hi cos wt, which is per- 
pendicular to the static field, is given by 


SI = —(¢/D Ate t+ hz) 

—(p/I)- 2H; cos wot - e+ hz) 

+(4/D[h-h)r 3h n(n] (1) 
where the direction of the static field is taken 
as the z-axis, that of the r.f. field as the x- 
axis, r is the interproton vector, H and & are 
the spin vectors of the proton 1 and 2, re- 
spectively, and # and J are the magnetic mo- 
ment and spin of the proton. 

The r.f. field 2H; cos wf can be devided into 
two circularly rotating field about the z-axis 
with frequencies » and —w, and one of them 
with the frequency —wo alone can have per- 
turbing effect on the magnetic resonance line. 
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Hence we can discard the rotating field with 
the frequency w which has little effect on the 
resonance line. We now transform the co- 
ordinate system (x,y, z) to (&, 7, €), the latter 
being rotating about the z-axis with angular 
frequency —w. The ¢€-axis is taken so as to 
coincide with the z-axis, and the &-axis is 
taken to have a phase to coincide with the 
rotating r.f. field. Then the Hamiltonian is 
transformed to the following form: 
Hr= —( H/T) he +Iee)(Ho—a/7) 
— (H/T) het he) it (u/D23 cos? @—4)r-8 
xX (Li: h—3he: Ie) +(time dependent) . 
(2) 
In this Hamiltonian, (time dependent) repre- 
sents terms which depend upon time, and can 
be neglected in the following calculation as 
Redfield discussed already™. y is the gyro- 
magnetic ratio of proton, and @ is the angle 
between the static field and the p—p/ direction. 
Then, the Hamiltonian (2) is time independ- 
ent one, and the eigen-values and the corre- 
sponding eigen-functions can be obtained by 
solving the wave equation 
ih(0o/0t)= Lo . (3) 
Now, with the Hamiltonian (2), one can 
show easily that two spins from one singlet 
and one triplet states, which are mutually 
independent and no transition can be realized 
between them. Therefore the singlet state 
has no contribution to the magnetic resonance 
phenomena as far as we deal with an isolated 
two proton system and it is suffice to solve 
triplet levels alone. The zero order spin 
functions of three levels of the triplet are 
di=alja(2), go= 11/2 [aB2)+80)a2)], 
and ¢-1=8(1)8(2), respectively, where @ and 
B represent the states having the €-component 
of the spin of 1/2 and —1/2, respectively. 
The secular equation with respect to this 
representation is given by 


—Z—-D-—W -/2R 0 
sip APaiRiuk i 2D cal alee Relig 
0 ER Z= DAW 


eS) 
where, W is the eigen-value of the energy, 
and, for simplicity, we denote that 


Z=(n[]T)(Eo—o/7) , \ 
D=(1/4)(4/D2(3 cos? 9—1)r-3 , 
R=(u/I)-Ai/2 . 


(5) 
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Further, if we denote Z/D=A, R/D=B, and 
W/D=X, the secular equation is transformed 
into 
(X+A4+1)(X—2)(X—A4+1)=4B(X+)). 
(6) 
Though D depends upon the orientation of 
the static field with respect to the proton- 
proton direction, equation (6) does not explicitly 
include this angle and is useful for the general 
discussions of the problem. 


[aw-( ¥/1) Hel /D 


(to) “x 


(10) (10) 


ee (0) 


Fig. 1. Theoretical resonance energies, 4W, of 
two proton system measured from the Zeeman 
energy of proton under a strong static and a 
r.f. magnetic fields, as a function of the dif- 
ference between the energy of photons of the 
applied r.f. field and the Zeeman energy of 
proton, both in the unit of D (one-sixth of the 
doublet separation of two proton resonance). 
In the case shown in the figure, the intensity 
of the applied field, Hj, is equal to D/hyV 2. 
Relative intensities are shown in the brackets. 


Equation (6) cannot be solved analytically, 
and to get numerical values of the eigen- 
values, (6) must be solved numerically for 
given values of A and B. 

Corresponding to the three eigen-values of 
the energy, E., Ey, Ec, the eigen-functions 
can be expressed by linear combinations of 
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three spin functions ¢1, #0, and 61. The? 
time dependent Schrodinger wave functions} 
are given by / 


ba=(ai¢1+a0¢0+ a-16-1) exp (tAawat) , 
bo =(b1¢1+b0¢0+b-16-1) exp (t4art) , (7) 
bo=(C1b1+C0b0+C-16-1) exp (Awet) , 


where ai, bi, and c; (i=1, 2,3) are normalized | 
weights of the states 1, 0 and —1 for three | 
eigen-states, respectively, and 4; stands for 
—E;/h (j=a, b,c). 

If we return to the original (x, y, z) system 
(laboratory coordinate system), ¢a, @) and ¢« 
are transformed into ¢a, go and ¢-, given by 
following equations: 


ba=aidbs exp [1(@+4aa)t] +a0%0 exp [74aat] 
+a_-16-1 exp [1(—o+4au)t] (8) 


and similar two equations. 

When one more r.f. field is applied in the 
direction perpendicular both to Ay and M;, 
that is in the y-direction, transitions between 
these levels will occur. Let this r.f. field be 
2H. cos w’t. Then, since this field is harmonic 
in time, absorption will occur only when the 
exponential time factor of gi*h; (i, j7=a, b,c). 
is compensated by exp (-47w’t) of the applied 
field, and the intensity of the absorption is 
proportional to the square of the matrix ele- 
ment of J, with respect to the initial and final 


wo+(4a, —Awe) 
w—(Awy — Awe) 


|b1*co + b0*c-1|2 
|bo*c1+b-1*Co|? 


states. Thus the resonance frequencies and 
relative intensities are given by 
resonance relative 
Frequency intensity 
o+(4w@a—Aa») |a1*bo +ao*b_1|? 
o—(dw@a—Aa») |@o*b1 +a-1*bo|? 
w+(4@a—Aawe) |@1%Co+@o*c_1|? 
w—(dea—Aers) _ ao*er-ba-a*co|? oy 


We solved the wave equation for several 
values of A and B. Fig. 1 shows calculated 
deviation of transition energies from Zeeman 
value as a function of A for the case B= 
1/2f2, or htrMi=D/i/2. Figures shown 
in the bracket are the relative intensities, the 
intensity of one of the doublet line in the 
case Hi=0 being taken as 10. As will be 
seen from this figure, doublet lines when 
A,=0 split into six lines in general when 
H,=<0. However, when Hj is not very large, 
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several lines have vanishing intensities, and 
when the frequency of the perturbing rf. 
field is close to the resonance frequency of 
one of the doublet lines, the general feature 
of the resonance is as if each of the original 
doublet lines split into further doublets. Sepa- 
ration of these doublets and their relative 
intensities depend upon the values of Z and 
R. When R is small, the separation is also 
small, and the intensity of one of the doublet 
lines disappears when Z becomes large. 

The above calculation is based upon the 
assumption that a two proton system is iso- 
lated from other nuclei, which is not the 
actual case. But general feature of the double 
resonance effect on two proton system in real 
crystal will be well represented by this sim- 
plified treatment. In next section, the calcu- 
lation will be compared with the experimental 
results. 


§3. Experimental Results and Discussions 


a) Experimental apparatus and procedure 

The detection of nuclear magnetic resonance 
was done by Pound-Watkins device. The de- 
tector coil was of usual solenoid type, while 
one more coil system, which was of Helmholtz 
coil type, was inserted so as to produce a 
perturbing r.f. field (2H; cos wt) in the direc- 
tion perpendicular both to the static and de- 
tecting fields. These Helmholtz coils were 
excited by a 807 oscillator and overall coil 
voltage amounted upto about 300 volt. But, 
because the gap of two coils was rather large, 
which was necessary to put the detector coil 
into this gap, Hi amounted only about 2.8 
gauss at its maximum. 

The sample used was a single crystal of 
K,HgCl,-H.O. Two proton character of water 
molecules in this crystal has been already 
investigated by us'?. The separation of the 
doublet amounted about 86 kc/sec at its maxi- 
mum, when the direction of the static field 
was parallel to p—p direction within a water 
molecule. The width of each of the doublet 
lines originates mainly from magnetic dipolar 
interaction between protons, each belonging 
to the neighboring water molecules. 

Though the detecting coil and Helmholtz 
coils were nearly perpendicular to each other, 
and moreover the relative orientation of the 
coils was adjusted to minimize stray field in 
the detector coil, pick-up of the perturbing 
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r.f. field in the detector coil was considerably 
large, because the frequency difference be- 
tween two r.f. frequencies was always less 
than 100kc/sec. Therefore, in the out-put 
signal of the detector, there existed consider- 
able amount of beat between two r.f. frequen- 
cies. Using a resonance amplifier tuned to 
the frequency of the static field modulation 
and a phase-sensitive detector, this could be 
almost eliminated. But when the intensity of 
the perturbing r.f. field was increased as large 
as 300 volts, the effect of the stray in the 
detecting system became so large that the 
nuclear magnetic resonance signal became un- 
stable. So, the experiment was done upto 
the coil voltage of about 260 volts. It was 
preferable to keep the detecting r.f. field, Hz, 
as low as possible to avoid saturation effect. 
However, since the disturbing effect to the 
stray field increased as Hz decreased, we 
could not use very low value of Hz and the 
experiments were done with the value of H2 
by which the resonance signal saturated by a 
small amount. With this Hz. and when Hi=0, 
the signal intensity was about 75% of that in 
perfectly unsaturated condition. However, 
this may not affect the line structure appreci- 
ably. 

It is preferable to sweep the frequency of 
the detector over the resonance range, fixing 
the static field and the frequency of the per- 
turbing field. But, as the pick-up voltage 
changed violently with the change in the fre- 
quency difference between two r.f. systems, it 
was impossible to do the experiment with this 
procedure. Therefore, fixing the frequencies 
of the two r.f. fields, the static field was 
swept over the range of the expected reso- 
nances. In this case, the observed resonance 
figures correspond to those expected when A 
and B defined in § 2 are varied simultaneously 
with the value of the static field, or, the ex- 
pected resonance fields are given by the inter- 
sections of a line which inclines —45° with 
the ordinate axis with the curves given in 
Fig. 1. An example of this line was shown 
in Fig. 1. The A coordinate of the intersec- 
tion of this line with the A-axis, transformed 
to the frequency scale, corresponds to the 
frequency difference between the two rf. 
fields. In the example shown in Fig. 1, the 
frequency difference between the two fields 
is 5D/h, and the reasonance figure consists of 
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one singlet and one doublet. In the latter 
case, the frequency of the perturbing field is 
very close to that of the other line of two 
proton doublet and the perturbation of the 
energy levels occurs, while in the case of the 
singlet, the frequency of the perturbing field 
is very much apart from the two proton lines 
and no effect is expected. 

A single crystal of KzHgCl:-H,O which was 
cut in the c-plane was used, and the experi- 
ments were done with the static field in the 
direction of interamolecular proton-proton line 
in one case, and in the direction of the a-axis 
in the other case. In the former case, the 
the separation of the doublet is about 86 Kc/ 
sec, while in the latter case, about 65 Kc/sec. 
There exist two types of water molecules in 
the unit cell, having different orientations with 
respect to the crystal axes. In the case of 
the static field along each one of the crystal- 
lographic axis, proton-proton directions of 
these two types of water molecules make 
equal angles with the static field. Therefore, 
the resonance intensity is doubled in these 
cases and the measurements can be done 
more accurately than in other cases. 


b) Experimental results and discussions 

Fig. 2 shows the results of the measure- 
ments of derivatives of the absorption curves 
in the case of the static field in the direction 
of the a-axis. As shown in §2, one line of 
the two proton doublet is not disturbed by 
the perturbing field; hence in this figure we 
only show the other line which is affected by 
the perturbing field. The top curve shows 
the resonance figure for the Hi=0. The lower 
curves correspond to the resonance curves 
when H;=1.7 gauss. Here, the magnetic field 
was swept slowly over the region of the reso- 
nance, keeping both frequencies of two r.f. 
fields constant. dy, the difference in frequency 
between the perturbing and detecting fields 
was taken as a parameter, and was shown in 
each curve. When 4y was equal to the sepa- 
ration of the two proton doublet, the perturb- 
ing r.f. frequency just coincided with one line 
of the doublet at the static field strength 
which brought the detecting frequency to 
coincide with the other line, and then two 
lines with nearly equal intensities were seen 
in both sides of the original position of the 
two proton line. As 4y was increased from 
the frequency difference of the two proton 
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doublet, one line came closer to the original 
position with increasing intensity, while the 
other line displaced further from the original | 
position with decreasing intensity. 

By analysing each of the curves in Fig. 2) 
into two lines, the exact positions of these: 
two lines were determined. To compare with) 
the calculated values, the displacement of the} 


H// a-axis | 
+ | 
Doublet separation 66.5 k{ 
Cross field off 


' 
/ \y AV=605 
J \! AV =64.0 
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i} 
/ | cape 
/ ! AY =74.0 
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1 
/\_pAv=88.1 


Fig. 2. Line shapes of one of the doublet lines 
in two proton system when a r.f. field with the 
frequency close to that of the other line of the 
doublet is applied. 4v is the frequency dif- 
ference of the detecting and perturbing fields. 
The direction of the static field is parallel to 
the a-axis. 


resonance positions from the original one was 
plotted against dy—dy), where 4 is the 
doublet separation of the two proton line, 
both in the unit of D (which is equal to 1/6 
in frequency scale). When the oscillation 
intensity of the perturbing coil was increased 
over 100 volts in terminal voltage, the tem- 


——— 


, 
" 


perature of the Helmholtz coil rised and soon 
the temperature of the sample also rised con- 
siderably. Since the two proton doublet sepa- 
ration slightly decreases when the temperature 
rised, the value 4y) and D in the above dis- 
cussions should correspond to those at the 
equilibrium temperature, somewhat higher 
than room temperature. We estimated the 
temperature of the crystal and the plots in 
Fig. 3 were drawn with the corrected values 
of 4y and D. Though this correction was 
negligible for D, it had some effect on 
4y—Av, as this value was alway less than 
about 1/6 of dy itself. To avoid this slight 
ambiguity, we plotted the separation of two 
lines in Fig. 4, which was scarcely affected 


10 . 
f Displacement / Dh”! 


Fig. 3. Displacement of the resonance frequencies 
from the unperturbed frequency of one of the 
doublet lines, when a perturbing r.f. field is 
applied, as a function of the difference in fre- 
quency between the perturbing field and the 
other line of the doublet, both in the unit of 
Djh. In this case the direction of the static 
field is parallel to the a-axis. Circles: the ex- 
perimental values, solid and dotted curves: the 
calculated curves for different values of Ay. 
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Fig. 4. Separation of two lines shown in Fig. 3, 
as a function of the difference in frequencies of 
the perturbing field and one of the doublet 
lines, both in the unit of D/k. In this case, 
the static field is parallel to the a-axis. Cir- 
cles: the experimental values, solid and dotted 
curves: the calculated curves for two different 


values of Hy. 
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by small possible error in determining 
the value of 4»). Both in Figs. 3 and 4, two 
typical examples of the calculated curves were 
also shown. General tendency of the experi- 
mental plots is quite well represented by the 
calculation, but the experimental line-displace- 
ment or separation is somewhat smaller than 
the calculated one. This may be due to er- 
rors in the evaluation of the values of M, 


“av- ay Dh 


O H,= 12gouss 
17 


Experimental 
25 
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Fig. 5. Displacement of the resonance frequen- 
cies from the unperturbed frequency of one of 
the doublet lines, similar to Fig. 3, in the case 
where the static field is parallel to p-p direction. 


015 ‘ 
(AV -ayydh 


Fig. 6. Separation of two lines shown in Fig. 5 


the uncertainty in the analyses of curves shown 
in Fig. 2, the effects on the transition mataices 
coming from the finite line width, and/or the 
change in the line shape by the perturbing 
field. 

In the case when the static field is in the 
direction of p—p line, we made the experi- 
ments with three values of Mi, from 1.1 
gauss to 2.5 gauss. The results of the ex- 
periments were shown in Figs. 5 and6. Fig. 
5 shows positions of the resonance fields, and 
Fig. 6 shows the separation of two lines. It 
can be seen from these figures that the sepa- 
rations or displacements increase with increas- 
ing Hi. In both figures the calculated curves 
for Mi=1.2 and 2.4 gauss were shown. 
Again the general tendency of the experimental 
plots is quite in agreement with the calcu- 
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lation, but a slight disagreement in the abso- 
lute values is recognized, as in the case of 
the static field in the direction of the a-axis. 

As for relative intensities of the separated 
lines, quantitative comparison with the calcu- 
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ation seems quite complicated and more de 
tailed consideration will be needed for further 
discussions of the problem. 

The authors would like to express thein 
thanks to Professor K. Tomita for his valuable 


lation seems to be difficult, because the line discussions. 
shape and the population difference of the 
levels in concern are difficult to be calculated, 

and also the analyses of the measured reso- 4) 
nance curves cannot be carried out without 2) 
ambiguity. However, general tendency of the 3) W. A. Anderson: Phys. Rev. 102 (1956) 15i., 
calculation is well demonstrated by the ex- 4) I. Solomon: Phys. Rev. 99 (1955) 559. 
periments. 5) A. L. Bloom and J. N. Shoolery: Phys. Rev.) 

It seems more difficult to evaluate the line 97 (1955) 1261. 

shape or width. The width of the resonance 6) 8B. Herzog and E. L. Hahn: 
lines under strong r.f. perturbing field will be (1956) 148. 

narrowed by the narrowing effect due to the 7) I. Solomon and N. Bloembergen: 


: : Phys. 25 (1956) 261. 
perturbing field on the dipolar interaction from 8) Yo-Saito: J, Phys. SoesJapan 13 (1958) 7a 
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The electronic structure of the ground state of the protonated methane 
CH35* is studied by the Heitler-London-Slater-Pauling method extended 
by Voge and by Kotani and Siga. The wave functions are constructed 
without the assumption of the electron pair bond and with taking 
(2s)*(2p)?, (2s)(2p)3, and (2p)* configurations of the carbon atom into ac- 
count. Assuming a probable model for this ion, we obtain seventeen 
1A’ states. The energy matrix for these states is computed by means 
of the representation matrices of the symmetric group. By solving the 
secular equations thus obtained for two different sets of parameters, the 
binding energy (or the proton affinity) and the equilibrium proton-carbon 
distance are estimated. 


§1. Introduction other means». This ion shows the simplest 
The stable protonated methane CH;* has prototype of the intermediate transient state 
been found by mass spectrometer and by for the substitution reaction of the methy! 


a 


. 


z 
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compounds, (in general 
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The methane molecule is a saturated hydro- 
carbon, and CH;* ion is an interesting exam- 
ple of the electron deficient compounds. The 
geometrical structure of this cation has not 
been established, but those for diborane and 
H; suggest the possibility of three hydrogen 
atoms and a carbon atom being coplanar, the 
remaining two hydrogen atoms being situated 
on the equivalent sites before and behind this 
plane, and the latter two hydrogen atoms 


making the so-called three-center bond with 


the carbon atom and sharing with the positi- 
ve charge of the ion*. Little is known ex- 
perimentally about this ion, so a detailed 
theoretical study of it would be of some 
interest. 

In this paper we assume the symmetry 
group D:, for this ion, and calculate the 
energy of the ion as the function of the 
carbon-proton distance by means of the ato- 
mic orbital method. If we wish to know 
the potential energy curve for the nuclear 
distance larger than the equilibrium value, 
internal energies of atoms become more and 
more important. These intratomic energies 
are not duly taken into account by the usual 
electron pair bond approximation. So we fol- 
low the general method similar to Voge” and 
Kotani and Siga® for the methane molecule, 
and Itoh, Ohno, and Kotani* for the methyl 
radical. Moreover in this general method, 
there is no need to worry about the choice of 
hybridized orbitals of the carbon atom, since 
the result by this method is invariant against 
any unitary transformation of the carbon 
orbitals. 


§2. Construction of Wave Functions 

A rectangular coordinate system is taken in 
such a way that the carbon nucleus C and 
the five hydrogen nuclei Ha, H», He, Ha, He 
have coordinates (0, 0, 0), (R, 0, 0), (—3R, 
4/3R, 0), (—3R, —37 38, 9), (0, 9, Ry 


* This suggestion is due to Prof. S. Nagakura. 
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(0, 0, —R), respectively (See Fig. 1), 1We 
call Ha, Hy, and H. the covalent hydrogen 
atom, and Ha, H. the ionic hydrogen atom, 
as we assume all ionic structures except those 
which involve ionic Ha and H, can be disre- 
garded. Besides that, we assume the value 


oe 


Notations for CH5+ 


igiter, tl 


of the C—H(covalent) internuclear distance 
R is kept to be 1.09A (the value for CH). 
Electrons in the K shell of the carbon atom 
are not taken explicitly in our calculations, 
and we treat the CH* ion as a eight-electron 
problem. The ground state of the ion is con- 
sidered to be 1Ax’, so that the 1A,’ part of 
the energy matrix is to be constructed in the 
present study. 

The number of basic 1Ai’ was functions is 
found as follows: In order to take account 
of the symmetry of the ion, we divide the 
ion into three zones C, H3, and H,*. The C- 
zone has a spherical symmetry, but its atomic 
states can be reduced as the representation 
of Ds,. The H3-zone gives 74’ and *A,’, and 
the H.*-zone gives ?Ai’ and *A.”’, if all hy- 
drogen atoms are in the normal state. Com- 
bining these three zones, we find that each 
of sp? *S°, °S°, 1P°, *P° states of the carbon 
atom gives rise to one 1Ai’ state of CH;*, 
each of sp? LD, ®P, sp> 7D, p* *D, *P two; 
and sp? *D° three. Thus there are seventeen 
14,’ states in all. This situation is the same 
as that of the 7A state of the methyl radi- 
cal with the Cs» symmetry.” 

In order to calculate the matrix elements 
of the hamiltonian we construct the wave 
function as follows.®>“»5»® We denote by « 
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(and 4), » (and vy), and o (=2) (and 0 (=2)) tion P(Q) in the irreducible representation cor- 
the spin multiplicity of the C-, Hs-, and Ha*- responding to spin multiplicity (4) for the | 
zone. We denote by Ux:xi(P) (Us;mn(Q)) the C-(H3-) zone. The wave functions for the C- 
k, | (m, m) matrix element for the permuta- zone are 


=> > Vee Os, uy 


vega Je B UnulP)P bail) ba{2) 053) bai AY" 


(f,<=the dimension of the representation Ux) 


where ai, @2, a3, a are a set of orbitals taken from the available orbitals 2s, 2px, 2py, and 
2pz, y« is the number of orbitals in that set which are occupied by two electrons, and 1, 2, 3, 4 
denote the position coordinates of four electrons in the carbon atom. These functions belong 
to a definite multiplicity «, but generally they do not transform according to a definite ir- 
reducible representation of Dsx. Actually examining the transformation properties of 2.4, 
we can construct appropriate linear combinations of them 


0 — 0,@ 
Oe =o Ceun; oe ict , 


which form the bases of irreducible representations of Ds. The wave functions for the Hs- 
zone are 


H3 
9 em = - O° Mm ae ve mn OS; Mn 


V fun 


Pi ban = of LS UnsmalQ-)Qbx(6) (7) 68) , 


* The forms of the matrices U(P), which are used in the present study, correspond to the following 
definitions of the bases of the matrices V(P) (U(P)V(P)=€p). 
for the C-zone: Og a,1 


S=2, M=2 — @:<1=a(1)a(2)a(3)a(4) , 

O1-1= 5 La(1)a(2)a(3)B(4) + a(1)a(2)8(8)a(4) — a(1)8(2)a(3)a(4) — BC1)a(2)a(8)a(4)} 
S=1, M=1) 61-2=7-p{a(1)A(2)a(B)a(A)— B(I)a(2)a(3)a)} 

et a a(1)a(2)a(3)A(4)} 

611= 5 fa(1)B(2) ~ B(1)a(2) Ha(3)8C4) — B(3)aC4)} 


S=0, M=0 melt j 
Oi=2= Fala! a(1)B(2) + BO )a(2)j{a(3)8(4) +8(3)a(4)} 


~ a(1)a(2)8(8)8(4) — BL)B2)a(3)a(4) |, 
for the H3-zone: Og an 


3 3 
S=—5,M= 7 9n-1=a(6)a(7)a(8) ; 


1 1 (On2= yz lat@)a07)6(8)—a(6)8(7)a(8)} 
Sign ie 
( Onan =57-g (28(6)a(7)a(8) — a(6)a(7)6(8) ~ a(6)BC7)a(8)} « 
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where $a, $0, ¢- denote the ls orbitals of the hydrogen atoms Ha, Hy, He, respectively, 
and 6, 7, 8 denote the position coordinates of three electrons in three covalent hydrogen 
atoms. These wave functions belong to a definite multiplicity “, and transform according to 
a definite irreducible representation of the point group Ds, (Yu;mn’s are 2E’ for u=2 and 4A.’ 
for 4=4). The wave functions for the H,+-zone are 


oF"? — $4(5)a(5) or de(5)a(5) , 


where ¢a, ¢- denote the 1s orbitals of the hydrogen atoms Ha, He, respectively, and 5 de- 


notes the position coordinate of the electron in the so-called ionic hydrogen atoms. The 
inear combinations 


il il 
Wa (Fal) + (5)) , ya ($a(5)— $e(5)) 


will form the bases of irreducible representations of Dasa. 

The 'Ay’ wave functions of the whole system CH5* are constructed as follows: We denote 
by Wy»,(S) the irreducible representation of the symmetric group ©&s corresponding to the 
singlet state, which is reduced with respect to the subgroup ©,(1, 2, 3, 4)x©@s(6, 7, 8)**. 
Thus for any element of the subgroup G=PQ (Pe G,(1, 2, 3, 4), QE S:3(6, 7, 8)), 


W ndG) = W «uxm,avin(PQ) — OxrOny Ux; xu(P) Un;mn(Q) . 


The singlet wave functions of CHs* are 


O~B 


a, ——= 
Kuo =2)M; kmjC=1) 


@ 


«4,8 tee | a, 
S=0,M=0,kmjC=1) a PE Cea eet), 4 Os-0,"=0,4 
14 %q 


te I aera / Segre Wea a(S )Sb.u(1)bus(2)b5(3) bay(4) (5) $416) $07) $618). 


Using the same coefficients as defined above for the C-zone and the H,*-zone, we obtain the 
i 4,’ wave functions of CH;* as follows: 


ie * ; re lyn 
Duin =Os-0,u-0,1m= y/ rh py Vi 2g, Cann eae ein gS at a= » VY PpM entOs-0,5-0 


Rg) le a8 
Y away) g- oh Cun; cape eens 2 


These functions are given explicitly in Table I. These are similar to those for the methyl 
radical.* 
§3. Calculation of Matrix Elements 


The elements of the hamiltonian are computed by the formula 


we 1 % a 
eee oetdt = Viiatis WAS ylisee B)HY bdr 


WB = $a,(1) Geag(2)Be1g(3) B44) $65) ba(6)G0(7)be(8) 
W4B= bz (1)ba, (2) ba, (3) ba, (4) ba(5)ba(6)b0(7)be(8) . 


*&k The irreducible representation of Gg corresponding to the singlet state is given explicitly in 
Serber’s paper (J. Chem. Phys. 2 (1934) 697). The transformation matrix J’ between Serber’s matrix 
and W(S), which is reduced with respect to G,(1, 2, 3, 4)x@s(6, 7, 8), is also given explicitly in Itoh, 


Ohno, and Kotani’s paper.” 
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Table I. Wave function 
2¢| 35 
one E fs 
Be hee 14,’ wave function of CH5* 
25 an 
v 00 
Bm) ag 
Z ag 
1 $22 1D OO 8 80 ye BUSSE 1 yyssd eee YUsse alk, xyssd ae wySse 
P 2 pean 9 I211,¢ 2 a 9 5174 BIA (ae 2 Guo 9 Vion W 9 oY 5 he Vie. Viere.g 
1 1 1 i 
2) | Svene—tvas+d watt is 
1 d 
3 Py veg Si W529 — tate 
4 8P| =r dg gaits 
yaeese + AS pyyase 4) pe oe 1 —— ynse 4) __— yrrysd + 1 — prnyse 
5 |sp3 spo a q ee 822,90 * 9 y/o "821,07 oy/ 9 "8221.9 as 32a2,q * 9 y/ 9 *3222,4 
1 
PAR 
aia. ie yyyrse + y2rsd 1 __ yy 22use 1 SS USO 1 —— prryse 
6 1 po KE) ave 2 Vieit.g + 2 v2 2 1211 oe 2 Yo 2 1211,q 2 OVS 2 1212,q 2 Y 2 1212,q 
+i es 
1 yyxsd 1 yyxse zzusd Ss 
= Oy => —_—_— 2eX ov: a 
4 3790 2 VY 2 3221,q 2 Y 2 Peon, q 2 % Q %3991,.q 2 ae 2 P3oai at > > 2¥ var 2 $3303. gt oy _ 2 i 
ee Ue 2zysd a 
v5 tila 5 9 Hi 
3]90 vazsd _ 1 at 1 
el a g Pam1.a- 9 Le F Viele 5 5 Veneto > Pala ee ec 
1 
370 d is 
9 ‘D we C3inig7 oo 3 ba 6 Cy ie Se P3si.g 
Yyese yyxse zzxsa se ie 
- oe 9 aa 5 Ying + D we 3 > Pisii,g— 5 we 9 Piola 2 ary 5 Cie ae at oo a ae a aa 
a Ce aR 2 os via 
i 
A077)0))|) ee ace 1 u 
1 | D8) ets OR py ONE gy HENS ONE +S IG 
1 
12 oe as YihiLa~ )/9 Pasi 
1 1 
B03) ues. eee 
13 89) FUN — Fe Oa oe OE Oa 
14 ii 1p Sle mead y prnere ye yyzed yyzze 1 xyz2a i uyzze 
2 Vo g "lla 2 ca Q "MLA 9 yao: 2 Pim Q - Vv. 7 Villa ~ 5 Pizi2a~ 5 Pi2i2,4 
15 1p 1 = plyred _ yynze ily xunyzd allt. xruyze 
9 i211, 5 are 931212, > Vi212,¢ 
1 it 1 1 
16 SP) 4 Ohta t 5 Oita > Yamba t 5 Osnng 
1 
17 3P on pezzua ZzeY e 
v2 


3421,¢ Lyre. G3421,¢ 


In constructing these matrix elements, we have neglected the non-orthogonality integrals 
between atomic orbitals belonging to different atoms, except that we take these integrals into 
account in the numerical values of the exchange integrals. 
orbitals being orthogonal is indeed crude, so’ there seems to be some ambiguity about the 
definition of H@>», Under these circumstances, a strict non-empirical calculation is out of 
question but we may obtain better results by using good semi-empirical values for the various 
parameters. Although we cannot judge what kind of experimental results we should most 
reliably depend upon, we use the semi-empirical values existing in the literatures for some 
parameters (see § 4). 


The parameters which appear in the present study are defined as follows: 
1) intracarbon integrals 


The assumption of the atomic 


BXs. SH EXS Dp), Tp, p), Gis, Dp), AD, Pp) and Ip—TIs ’ 


(These notations are due to Slater.”) 
2) C—H (covalent) integrals 


Mas=\ Gu(1) 60(2)( 1 A il 1 —— ) ba(1)ba(2)derdes 


112 Rena Yaa 


Nas= (02) 4000(44 3A 


I 
tin Roza fra Yo2 


(1) 6uC2)drde 


3) H(covalent)— H(covalent) integrals 


Kun =\\ ba(d)b002) (7+, —— Vp 1) ti(2)deidrs 


Viz Ruano VY Ha2 VHb1 


Jan =\ (44029600) (7+ Fay) ba Oak) de 


tz Raoany YVHa2 V Ho 


4) C —AH( onic) integrals 


ra [facrsen (Lrg eg — tot an 
Nas= (| a(2)0(1) (Ft pt Ba ae oDblddraes, 
5) H(covalent)— H(ionic) integrals 
ene [{escroue) (htt etc tu)eradte 
Tan=\|a(2)$4() (At gt — eater, 


6) C—Ha—H: integrals 


im 1 1 
Mop=\ a(t) #(2) (7+ pe PaaS wn AL} sev oC) .2)dedr 


tin Rona Rowe Val Ve To2 


Nes=\ | du@oe() (5+ ower )a(l)o2)derdes 


1 
tie Roza Rowe Val V Hel C2 


7) H(covalent)—Ha—H: integrals 


Kun=\\ do(t)62) (7+ Lt __ 4 __) pyg.2 devs 


tie Raana Raaze Vaz V Hal Hel 
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Tan =\\$6l2)6a(0) (“+ Lg tt Np elytra, 


tix Raana Raane VHa2 VY Hal V Hel 


8) hee je ( wee oY )au(t)aei+3 [9a ( | ——— pater. 


Ruane xe Ryape xe 


The explicit forms of the energy matrix are given in Table II. 


Table II. Elements of energy matrix. 
Any element Hi; may be devided into three parts Hi;, Hi;, and Ay. (Mij=Hijy +H j3 +H), where H;; 
are those containing W(C), W(H), Mag, Nag, Kan and Jaa, Hi; containing Mae, Nee, Kua and Izu, 


and Ai; containing Mae, Nes, Ree and Spa (ora are contained only in the diagonal elements.) They 
are all zero but those given in the following. 


1) Hj;. The explicit forms for Hj; are given in Itoh, Ohno, and Kotani’s paper* for the methyl radi- 
cal. By putting 6=90° in their Appendix III, our H;; are obtained. Our definition of Mag, Nag 
are opposite in sign to theirs. 4Wzy(2S) must be added to each diagonal element instead of 
3Wal2S). 


ae He 
Ai =2Mrn+2Mss— Nax—- Nest 3K un 
hy o= Meee + Moo + 2s - New ~ 5 Noa ~ Nast 3K nn 


iy s= Meee + Moo + 2Mes +5, New +5 Now -Nes+3Kun ~2Jan 


Ay 4= 2Mee + 2Mos—2Na2—-Nos+3Kaa+ Jan 
i, = 2s Mae ea 2 Nee 45 Nort SR Sore 


Ao c= 2Mrn 4+ Moa-+ Mes - New 2Neo ~ Nos ES KGr ry 
Hy 7= 2M ren + Moo+Mes ~ 5 Now + Net 3Run~2Jurn 


Hg = 2M Moo +My: = Ne +5 Now +5 EO Kener ~ Us 


Fh, 9= 2Mee-+ Mog + Wes ~ > New ~ 7 Noo ~Nos+3Kun + Tan 
Hyo,10=2Myn + Moo +Mes — Nex ~ 7 Nee -5 Nn EO Kerra 


a ey ES 1 
Ay 1=2My2 + Moo +Mss ~Nea— Noo — a Net3Kun 


— a — — — 1 af 
yz 12=2Man + Moo +Mss + 2 Naz + a, ING te 


4 
EN ON ae 
13°" 4 ss tokyay +daH 


ys u=2Mn +2Mo0 — Nux- Ne. = 3Kuxz 


INE) Gi a 


Lp oP | ee 
Fy3 13=2Man + Moo+Mss ~ 7 Nee 


— me at ee a 

Fis 15=3Mee + Moo ~ 3 New — Noo + 8K nw 

£2 scien ee a ee ad = 
yg 16=3Mr2 + Moo — a Nee + Noo + 3Kyn—2Jan 
Ay 17=2 Mien +2Moo — 2Nax — Noo + 3Kun+Junn 


Aa, 5= Hy, 15= s,15= Hs,10= — Ay 6= ~Hy7 = ~ He,16= — Aho 16= 51 2M 0 


Aa ,6= — Ae ,10= — Ae ,1s= ~— Hyo,15 = — 


Ho - Fu =\/ 3 Ne 


3) 


1959 
) CH;* ion 


Ay u= Ay, — Y 2 Meo = rane 
v 


Ah 3= Ays,16 as as Nes #3 Ne 


— — The Vane 
As,6= Hz,10 =" 3x, oo Nee 
2 2 
> — — ees 
3,5 3,7 v2 so av ge 


Ai13= -Aye7 = A Neo 


Fae = i = 5 Nee +7 Noo 


Hi=-/ 2 Ms 
4,9 3 s 


Aig 3= Pull = eh ye 


Ban = "3 Neo ~ 3 Nn 

Fou= | 2 Nex~ / 2New 

Bos 02 Nee~ V2 Now 

Ag 17= - (2 Mee + 2New 
Fass= / 5Nex +y/ 3.Noo ~y/ Nes 
7 1 Be 


Hy3 17= 7 3 Meo — 2 a 3 


His 
Fy 3 =2Man + 2Mss — Naz —Nss+3Kun 


1 1 
FXy 2= — Maz — Moo — 2Mss ty Nex +5 Noo +Nss— 3K 


1 1 
3 3= — Mar — Moo <j 2Mss Nw aig Neo t NeW SKan t2dx 


Ay 4=2Max +2M33—2Nan —-Nss+3Kunn+Jan 


— 1= it 
5 5=2Man+Moo + Mss "5 Noo +aNes +3Kan—2dnn 


e : 1 1 _* 
Ag 6=2Ma2 + Moo +Mss — Naa sige 9 Nut 3Kan 


= 5 1 1 
Hi, ,7=2Maz+Moot+Mss —5 Noo aaNet 3Kaa—2Jan 


= 1 it 
Hg g= —2Mra—Moo — Mss + Naa — Ne Salt —3Kynt+2Jan 


= = iL = = = —— 
je on — Mie My + 2 Nee +3 Noo +Nes~ 3Kirn ~Sra 


: = 1 if = 
Ayo ,10= 2Maa+ Moo +Mss — Nan = Neos —pNet3Kun 


= Bay BE hee 10 ort. 1c 12x = 
Ay n= ~— 2M — Moo— Mss + Naz +7 Noa a ae 3Kan 


Nss—3Kun +3JaH 


= a4» yi ie 
Ay 12= —2Mi2—- Moo - Mss — 2 Nex oS 4 ‘Noo = 


== = = — lis ili 
Ay3 13= — 2M —Moo- Mss + 6 Nun +7 Noo t 


Nss~3Kun ~ Jun 


1 
4 
ti 
4 


Hys,u=2Max + 2Moo~ Nan —-Noo + 3Kunn 
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— —- ——_ — 1 es =—_ 
Ms 15= —3Mar- Moo +5 Nex Wg Nee Shae 
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1 


= 1 = = 
yg 16= — 3Max-— Moo + Nee 9 Neo 3Kun + 2Jnn 


Hz 17=2Man+2Moo = 2Nux—~Noo oe Serr = Sinn 
¥ 3 
2 ao 


2 ONS eee 
As, 7= He ,10= Max — Moo 205 


t——~ —— fa 
A 3= As, 16= Ne = 


Hs,6= Hz,0= CNS = V3Nu 


Heu= aY 35, +o Nos 
Ao2= - [Nex + Noo 
By 9= ~2 Nex +2 Noo 
Aha 3= == oe = Bow te 


§ 4. Estimations of Integrals 


The values in ev of intracarbon integrals 
used are as follows: 


JONG, HSN, JC, D=Nooy 

F(p, p)=14.75, G's, p)=2.18, 

F(p, p)=0.188, Ip—I,=12.79. 
These are taken from Van Vleck’s paper.® 


The coulomb integrals Mus, Mas, Maa are 
obtained from Kotani-Amemiya’s table? by 
using the carbon effective charge 3.18. (For 


Mupe and Mus, we have also used some ap- 
proximate values of the various three-center 


been given by Van Vleck!”, Penney!”, and 
Voge”, but we have no such information for 


Nap and Nag. Therefore we carry out in the 
present study two parallel calculations with 
two different sets of parameters, i.e., (a) with 


the exchange integrals Nag, Nag, Nae being 
computed from Kotani-Amemiya’s table? and, 
if necessary, incorporated with approximate 
values of the various three-center integrals, and 
(b) with the exchange integrals Nag, Nas, Nag 
being those computed in “case (a) ” multiplied 
by certain factors. The factors are determined 
from the ratios of the empirical values to 


integrals. 


See below). 


The empirical values 


those computed from the table for Nag (i.e., 


for C—H(covalent) integrals Nog have 0.6831 for Ness, Nes, Nes, 1.288 for Nott -Necs 
Table III. Estimated values in ev of three-center iutegrals. 

R 0.8174A 0.9196A 1.022A 1.124A 1.226A 1.328A 
(de:ss) 4,42 3.41 2.49 2.08 luslay/ 116 
(de: nn) 5.15 3.94 2.83 2.25 1.69 1.23 
(de:o0) 5.20 3.98 2.92 Dell eral 125 
(Hi: ds) 8.81 7.44 6.26 5.19 4.15 3.28 
(H,: do) 2.58 2.86 2.93 DO 3.00 2.56 
(ds:es) CEPAL 6.16 Ons 4.22 3.42 2.75 
(do :e@c) —1.08 —1.25 —1.36 —1.44 —1.34 —1.22 
(den) 0.40 0.37 0.34 0.30 0.28 0.20 
(C: de) 6.56 4.80 3.48 2580 2.20 1.69 
(Hi: ad) 4.21 3.66 3.18 2.83 2.43 2.09 
(EZ :de) 3.87 2.96 2.21 1.69 1.27 0.94 
(aa: de) 3.25 2.49 1.73" 1.42 1.05 0.78 
(ad: ae) Peo 1.94 1.64 38 1.08 0.86 


1959) 


Noo, 0.8322 for Nez, Nex, Nex, and 0.6238 for 
Nsc, Nsc). The coulomb and exchange in- 
tegrals between hydrogen atoms are, as usual, 


assumed to be 1/10 and 9/10 of the Morse 
function, respectively. 


There appear some three-center integrals 


Table IV. Valves in 


CHs* ton 
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to be evaluated. We estimate their values by 
the same method as that of Ellison,!” which 
he has used in his calculation of the water 
molecule. The estimated values of three- 
center integrals are given in Table III. The 


values of various integrals used are given in 
Table IV. 


ev of various integrals. 


Ms; —0.6333 wn, 2 72-9 nv. {2 9-72 Kye 0.106 
Moc —2.036 Tb, | =2,0 “lb 0.60 Jae =0.951 
Min 0.069 wie 7 a —2.69 
Mzo —1.708 oo big 205) Ne Nw e169 
R 0.8174A | 0.9196A | 1.022A 1.124A 1.226A 1.328A 

Mas 1.55 0.60 0.08 —0.15 =0.23 20924 
Moo 4.40 — 4.58 -4,28 =3077 3.21 ~2.68 
Men 52 3.14 2.25 1.66 1.26 0.98 
Mga 3.37 3.33 3.23 3.09 2.92 2.74 
Ni. fe —1.08 mal G7 be ype) = 65 1.34 ~1.04 
b —0.74 =p 14 ab] 22 Aide —0.92 ~Or7 
__ 39 0.59 0.08 —0.32 —0.49 —0.44 
b 1.79 0.76 0.10 —0.41 —0.63 —0.57 
n..{@ (lege 1.06 0.85 0.67 0.52 0.40 
\b 1.09 0.88 0.70 0.55 0.43 0.33 
NX, e ~0.36 ~0.96 Saber eo] 1G —0.92 
b 210522 —0.60 ~0.76 —0.80 =0-73 —0.58 
Kun —0.03 —0.06 —0.07 —0.08 ~0.09 —0.09 
Jun —2.05 = 88 ~1.63 —1.48 —1.30 —1.14 
Mss —0.80 Oud —0.68 —0.62 —0.56 —0.50 
Mac —2.32 =1.80 ear 254 Wil —0.91 —0.73 
Vane 1.09 0.60 0.22 = 0.07 —0.19 —0.27 
x. ie = 192 ~ 2:34 22.94 = 207 ~1.66 —1.27 
b —1.31 ~1.60 —1.60 mira Etrtt —0.87 
x. fe 3.98 4.16 .97 3.62 3.21 2.63 
b 5.12 5.35 5.11 4.66 4.14 3.39 
Ff" 0.40 0.37 0.34 0.30 0.28 0.20 
b 0.33 0.31 0.28 0.25 0.23 0.17 
Tog —0.47 —0.37 —0.30 —0.24 —0.20 —0.15 
Apa —2.40 =2,20 ~2.00 —=1.82 —1.62 —1.44 


§5.. Solution of Secular Equations 

The secular equation is of the seventeenth 
degree. We have solved them for six values 
of the C—Hlionic) distance R, ie., for R= 
0.8174, 0.9196, 1.022, 1.124, 1.226, and 1.328A 
by the iteration method. 

The electronic energy of the ground state 
is given in Table V for various values of 


R and illustrated by curve a (using parame- 


ters Nas, Nae, Nop without factor) and b (us- 
ing parameters Nag, Nap, Nap with factor) in 
Fig. 2., from which we can see that the 
value of the equilibrium C—H(ionic) distance 
is nearly equal to that of the covalent C-H 
distance for both (a) and (b). The calculated 
dissociation energy from the potential minimum 
is 21.98ev for (a) ‘‘using parameters Nae, 


Nae, Nop without factor’ and 19.75 eV for (b) 
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‘‘ using parameters Nae, Nags, Nue with factor ’’. 
If we subtract 16.9eV, the experimental dis- 
sociation energy of the methane molecule 
from it, we obtain the proton affinity of the 
methane molecule to be 5.08eV for (a) and 
2.85eV for (b). There is the difference of 
about 2.2 eV. 


Table V. Binding energy in ev. 


RF a b 
0.8174A 15.921 14.685 
0.9196A 20222; 18.372 
1.022A 21.910 19.709 
1.124A 21.974 19.742 
1.226A 21.444 19.184 
1.328A 20.397 18.037 


a: using parameters Nag, Nap, Nap without factor 


b: using parameters Nag, Nas, Nag with factor 


The wave functions of the ground state are 
given in Table VI for various values of the 
C—H( ionic) distance and for two different sets 
of parameters. The contributions of s?p?, sp? 
and p* configurations of the carbon atom are 
shown in Table VII, where the results for 
the methane molecule and the methyl radical 
are also given for the sake of comparison. 


Table VI. 


Masatoshi YAMAZAKI 


Fig. 2. Electronic energies of the ground state 
1A’, of CHst 


a) using parameters Nag, Nag, Nae without 
factor. 
b) using parameters Nas, Nee, Nag with factor. 


The horizontal line indicates the dissociation 
limit into CH,+H*. We take C(s2p? 3P)+4H(2S) 
+H*+ as the origin of energy. 


Squares of coefficients of wave function. 


a) using parameters Nag, Nas, Nag without factor. 


pies a the patent sale 7 R R 7 R R 
& ee a ee =0.8174A| =0.9196A| =1.022A | =1.124A | =1.226A | =1.328A 
1 sp? LD 000 000 000 000 000 001 
2 1p 055 068 075 078 079 079 
3 3p 129 180 209 226 235 238 
4 _ 3p 000 000 000 000 001 001 
5 sp} 3P0 101 089 069 056 040 028 
6 1po 057 039 026 019 012 008 
7 370 093 082 062 048 031 018 
8 370 050 068 085 095 108 119 
9 30 078 087 095 101 108 114 
10 170 053 036 023 016 009 005 
11 190 026 030 033 035 038 039 
12 5g0 084 118 148 170 194 216 
13 3G 0 015 016 016 016 018 017 
14 pt 1D 057 043 032 024 019 012 
15 1p 010 010 014 015 017 020 
16 3P 024 026 039 045 052 060 
17 3p 168 108 074 056 039 025 
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Table VI. 
b) using parameters Noes, Nas, Nag with factor. 
No. of the | parent state 5 SS = — 
eigenfunc- of the fe Rk k ft R R 
ae carhonatom.|..-0-eLiAn| =0,9196A| =1,022A | =1.124A | m1. 296A | fel Sogn 
1 s2p2 1D 000 000 000 000 001 002 
2 1p 049 079 094 102 105 106 
3 Ye D7 214 Ze, 303 320 327 
4 3P 000 000 001 001 002 004 
5 sp? 3P0 142 118 087 068 048 035 
6 1po 091 057 035 025 016 010 
7 3P)0 143 1c).5 080 060 038 024 
8 370 021 041 060. 070 083 092 
9 370 038 057 070 079 087 094 
10 10 093 056 032 021 012 007 
11 170 013 019 024 026 029 030 
12 589 038 079 115 137 163 184 
13 3g0 010 012 013 013 015 014 
14 pt 1D 054 035 025 017 013 008 
15 1p 003 004 007 008 009 O11 
16 3P 007 011 020 024 029 033 
17 3P | 181 103 065 046 030 019 
Table VII. Contributions of s*p?, sp, and ptcon- _—gonalities of the atomic orbitals and the 
figurations. higher order permutations of electrons. So 
op - vi Wwe can suppose the value for ‘‘ case (a)’’ may 
be a little too large to be accepted. Accord- 
a= 0.8174A'\ 0.18 0.56 0.26 ing to the experiences, too, we obtain rather 
R=0.9196A} 0.25 0.56 0.19 surprising good results when we use good 
[R= ODN 0.28 0.56 0.16 semi-empirical values for intermolecular inte- 
R=ti124A 0.30 0.56 0.14 grals. In our treatment “case (h)’’, the 
R=1.226A 0.32 0.55 0.13 values used for Nag are the empirically better 
R=1.328A 0.32 0.56 0.12 ones, but we do not know wether it is true 
b) me oes | ee Aiea ie for Nap and Nae. So there remains a little 
> uncertainty in our confidence on the result for 
R=0.9196A O229 0.56 ORS ep a : : ; 
seta ea ae ee 4 8 the ‘‘ case (b)’’. Besides, in our calculation 
= ; there are some questions about the neglects 
f=1.124A os ee they of overlap integrals and of ionic structures 
Hi=1.226A4 | 0.43 0.49 Us except those which involve ionic Ha and H.. 
R=1.328A | 0.44 0.49 0.07 In this respect, Itoh, Ohno, and Kotani? have 
CH, 0.41 0.52 0.07 obtained the dissociation energy of 12.97 ev by 
CH; 0.42 0.52 0.06 the treatment of the methyl radical similar 
: to our treatment ‘‘ case (b)’’. The experi- 


§6. Discussion 

According to the experiences in similar cal- 
culations of molecular energies the computed 
binding energies, when we use the parameters 


Nap, Nag, Nap without factor — “case (a)’’ — 
(not with factor — ‘‘ case (b)’’—), are general- 
ly larger than those experimentally known. 
This is due to the neglects of the non-ortho- 


mental value of it is 13.12eV. The agreement 
is very good. Stevenson and Schissler have 
experimentally obtained the value more than 
5.0 eV for the proton affinity of the methane 
molecule.” 

Woods" has obtained the value 1.01A for 
the equilibrium C—H distance for the metha- 
ne molecule with using sf* hybridized orbitals 
and with considering the non-orthogonalities 
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of the atomic orbitals and the higher order 
permutations of electrons, and Nakamura and 
Kakiuchi™ have obtained the value 0.98A by 
performing more detailed calculations than 
that of Woodss The experimentally known 
value is 1.09A. Accordingly there may be the 
possibility of our value 1.10A obtained for the 
C—H( ionic) distance being smaller by about 
0.1A than the truth. It is interesting that the 
resulted values of the C—H(ionic) distance are 
nearly the same for two different sets of 
parameters. 

The contributions of s?p?, sp?, and p* con- 
figurations of the carbon atom in the ‘‘ case 
(b)’’ are very similar to those for the metha- 
ne molecule and the methyl radical as seen 
from Table VII. 

If we want to know the behaviour at large 
values of the C—H distance, where the ion 
has the type C3, of symmetry, each of the 
seventeen eigenfunctions is separated into two, 
one containing ¢2z, the other ¢., and we must 
solve the thirty-fourth degree secular equa- 
tion (numbering: 1d, le, 2d, 2e,---, 17d, 17e). 
Then our matrix elements Hi; and Hi; be- 
come Hiita, ja, Fa, ja or lieses Ee, ses and Ais 
become Hia,je. Our formulae of matrix ele- 
ments can be used in this general case. 

In the present study, we have assumed 
that the ground state of the protonated 
methane is 1A; state, disregarded ionic struc- 
tures except those which involve ionic Hz and 
He and overlap integrals, and chosen some 
arbitrary values for the various parameters. 
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These points are open to questions. 

The author wishes to express his sincere 
thanks to Professor K. Niira and Professor S. 
Nagakura for their kind guidances and sug- 
gestions. This work is indebted to the 
Ministry of Education for its research grant. 
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LaFeO;, which is reported to be antiferromagnetic at room temperature, 
has, however, a small amount of remanent magnetization. By measuring 
the hysteresis loops of a sample before and after a thermomagnetic 
treatment, it is found that the hysteresis loop is shifted along the mag- 
netization axis, especially for specimens cooled in a magnetic field below 
the magnetic transition temperature, ca 450°C. The phenomenon can 


well be interpreted as a sort of thermo-remanent magnetization. 


A similar 


phenomenon has also been found for NdFeOs. 


Introduction 


Sk 

In the course of study on the thermomag- 
netic properties of perovskite-like compounds, 
it has been found that LaFeOs:, which is 
reported to be antiferromagnetic at room 
temperature, still has weak ferromagnetism 
and its hysteresis loop shows a quite unusual 
behavior; the hysteresis loop is shifted along 
the magnetization axis. 

Hysteresis loops which are asymmetrical 
with respect to the coordinate axes have 
recently been reported in a few cases; 
Meiklejohn and Bean” found that an oxide- 
coated cobalt or iron particle had a hysteresis 
loop displaced along the field axis, if it had 
been cooled from temperatures above the 
antiferromagnetic Curie temperature of the 
relevant oxide; they attributed the anomalous 
magnetic behavior observed to the exchange 
contact of the metal particle with the oxide- 
coating. 

Lin and Kaufmann” studied the magnetic 
properties of UMm, which, in spite of its 
several antiferromagnetic behaviors, showed 
a small remanence below 230°K if it had 
been cooled in a magnetic field. Samples 
so-treated showed an asymmetry in their 
hysteresis loop, although the displacement 
along the magnetization axis was very small. 

These data are extremely interesting be- 
cause ordinary ferromagnetics always show 
symmetrical hysteresis loops. In the excep- 
tional cases as cited above, the phenomenon 
seems to be associated with antiferromag- 
netism or with some interaction between 
antiferromagnetic and ferromagnetic regions. 


The phenomenon dealt with here could also 
be closely related to the antiferromagnetism 
of LaFeOs, although it can, in principle, be 
understood on the basis of Néel’s theory of 
thermo-remanent magnetism”. 

LaFeO; is a magnetic compound with 
perovskite-like structure, in which the larger 
cation, La**, is nonmagnetic, and the smaller 
one, Fe*+, is magnetic. Its crystal structure 
has been studied by a few authors®® and 
reported to be cubic, but Geller and Wood” 
in a more precise measurement using single 
crystals have determined the crystal symmetry 
to be orthorhombic with a=5.556A, b=5.565A, 
c=7.862A, and the probable space-group to be 
Di -Pbnm. 

Its magnetic structure has been investigated 
by Koehler and Wollan”; each Fe** ion is 
surrounded by six Fe®* neighbors whose spins 
are antiparallel to the given ion, superex- 
change interaction between near-neighboring 
Fe3+ ions via the intervening 0? ion being 
negative. 

Weak ferromagnetism in LaFeOs was first 
reported by Forestier and Guiot-Guillain®, who 
located its Curie temperature at 465°C. Para- 
magnetic susceptibility above the Curie tem- 
perature was measured by the author” and it 
was found that in some cases some amount of 
thermal hysteresis was present* immediate- 
ly above the Curie temperature (450°C). 


* The hysteresis could be reduced by annealing 
the sample at temperatures lower than the sintering 
temperature. At present, however, it is still doubt- 
ful whether the hysteresis is related to some 
complicated nature of the phase diagram, or not, 
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Jonker! considered the Curie temperature 
to be identical with the Néel temperature. 
Although it was felt that magnetization at 
room temperature was dependent on thermal 
or magnetic-field treatment, no systematic 
study concerning this point has ever been 
undertaken. The problem has not been solved 
completely, but the displacement of the 
hysteresis loop is a definite conclusion of the 
present study. 

An attempt has been made to see if a 
similar phenomenon would be observed in 
other compounds. It is known from the work 
of Geller and Wood® that YFeO; as well as 
many rare-earth orthoferrites are isomorphous 
with LaFeO3. An experiment on NdFeOs has, 
actually, given a positive result. 


§ 2. 


2.1. Preparation of samples 

In view of the importance of the purity of 
the constituent oxides, powders of high purity 
La2Os; of different sources has been used and 
the results were compared. Experimental 
data varied slightly with different sources of 
constituent reagents. Nevertheless it was 
seen that this was not serious in the final 
conclusion. Fe203, prepared by calcination of 
FeC.0, at 1200°C in air was used as the 
other constituent. Intimate mixtures of these 
constituent oxides were sintered, mostly in 
air, at various temperatures and then quenched 
or furnace-cooled or annealed. 

X-ray powder photographs have been taken 
of some of the samples and were seen to be 
insensitive to heat-treatment. For stoichio- 
metric LaFeO;, the patterns were compatible 
with the crystallographic data reported in 
references. For samples richer in Fe,Os, 
lines of a-Fe.03 appeared. Films of samples 
richer in La.O; contained, besides the lines of 
LaFeOs, additional lines, but no analysis of 
them has beén intended. 


2.2. Thermomagnetic curves 

Thermomagnetic curves were taken with 
samples of various compositions (molar ratios 
of LazO3 to Fe2O3) and of various sintering 
temperatures. Typical examples of this series 
of measurements are shown in Fig. 1. The 
measuring field was about 6500 Oe. 

As can be seen from the Figs. 1 (b) and 1 
(c), LaFeO; and Lao.sFe1,203 sintered at 1300°C 
are contaminated with a-Fe,0; (Fig. 1 (d)), 
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Fig. 1. Thermomagnetic curves of La,O3—Fe203 
system. 
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since they have a magnetic transition at 
680°C, which corresponds to the Curie tem- 
perature of the parasitic ferromagnetism of 
a-Fe.O3. From Fig. 1 (g) it may be seen that 
a-FexOs-free LaFeO; is only possible when it 
is sintered at 1400°C*. This was corroborated 
with the X-ray powder patterns. 

_ Thermal hysteresis as is found in LaFeQ; 
sintered at 1400°C (Fig. 1 (f)) usually occurs 
when the sample has been quenched from the 
sintering temperature. In this case the sus- 
ceptibity in the cooling run undergoes a very 
Sharp increase at 440°C. If this sample is 
annealed above the transition temperature, say 
at 550°C, the thermal hysteresis disappears 
and at the same time the magnetic transition 
becomes less sharp, the transition temperature 
becoming slightly higher. For this sample 
only can we calculate a reliable number of 
Bohr magnetons per Fe** ion in the paramag- 
netic region. It is, if the susceptibilities are 
corrected for diamagnetism of ion cores, 
equal to 5.80, slightly lower than the predicted 
spin-only value of 5.92. The paramagnetic 
Curie temperature, then, is about-1270°K. 

All of the samples in Fig. 1 have a lower 
magnetization, in the initial heating (the initial 
state is the virgin state, viz., the sample has 
never been treated in magnetic field at high 
tempepatures), and higher magnetization in 
the subsequent cooling. It was established 
in a separate experiment that this increase in 
magnetization was due to the presence of the 
remanent magnetic field (~30 Oe) of the 
electromagnet. Probably the field was most 
effective immediately below the magnetic 
transition temperature. This can be seen, 
e.g., from the unusual behavior of the mag- 
netization during heating of the sample in 
Figs. 1. (a), 1 ©), 1 ©) or 1 (ge): Since the 
phenomenon was much like the Hopkinson 
effect usually met with in ferromagnetic 
materials, except that here the measuring 
field was exceptionally high, it was decided 
to compare the hysteresis loop of the virgin 
sample with that of the thermomagnetically 
treated one. 

2.3. Displaced hysteresis loops 

Hysteresis-loop measurement was made with 
the pendulum magnetometer which was also 
used for the thermomagnetic measurement. 


* Strictly speaking, even this sample had a 
trace of a-Fe,03. 
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In Fig. 2 are shown the loops of samples with 
and without magnetic heat-treatment. Al- 
though these data were taken with powdered 
samples, they were checked with cylindrically- 
pressed specimens with substantially the same 
results, so that it is impossible that the 
abnormal effect should have originated from 
any mechanical motion of the powders with 
the application of a magnetic field. 

As can be seen from the figures, even the 
loops of virgin samples are slightly. shifted 
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Fig. 2. Hysteresis loops of samples of La,03-— 
Fe,03 system. 
@ Experimental points for the virgin state. 
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cally treated state. 
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along the magnetization axis. The sign of 
this shift is determined by the direction of 
the field applied first; if the field is applied 
in the +direction in the first place, then the 
loop becomes shifted in the +direction. The 
shift is usually less than 0.1 emu/g. 

When the sample has been cooled from 
temperatures above the magnetic transition 
temperature, ca 450°C, in a magnetic field of 
30 Oe or stronger, apparently greater shifts 
result. The direction of the shift is in the 
direction of the magnetic field applied at high 
temperatures. The amount of this shift is 
maximum near the composition LaFeOs, and 
decreases as the Fe** content increases, 
vanishing completely for a-Fe.O3. On the 
other hand, the richer the sample in Fe, 
the greater the height of the hysteresis loop 
(here the height is defined as oz-nmaz— 
dn--umaz, Where o is magnetization per gram 
of the sample). Probably a-Fe,03; which is 
not soluble in the perovskite phase is mostly 
responsible for the height of the hysteresis 
loop. Since both the amount of shift and the 
height of the hysteresis loop vary with the 


lanthanum oxide used in the sample prepara- 
tion, and since there seems to be no correlation 
between them, it should be noted that the 
curves in Fig. 2 are pertinent to a particular 
series of samples. The phenomenon of the 
shift itself, however, is very common to these 
materials. 


2.4. The system Nd2O3-Fe.03 

High purity Nd2O3; and Fe.O; were mixed 
in equimolar proportion and the mixture was 
sintered at 1300°C. Thermomagnetic curves 
in Fig. 3 indicate that the Curie temperature 
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Fig. 3. Thermomagnetic curves of NdFeO3. 
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Fig. 4. Hysteresis loops of NdFeO3. The symbols 
are the same as those in Fig. 2. 


of the weak ferromagnetism is about 450°C. 
As in La.O3-Fe.O3; system, the magnetization 
measured during cooling is higher than that 
measured during heating, and the hysteresis 
loops are displaced as well (Fig. 4). 


§ 3. Discussion 

Weak ferromagnetism in antiferromagnetic 
compounds has been considered by several 
workers. Some of them attribute it to an 
intrinsic nature of the material!”, while others 


Thermo-Remanent Magnetism in LaFeO;, &e 


515 


to some structure-sensitive character of the 
material, e.g., domain boundaries’, free sur- 
faces at grain boundaries, dislocations™ etc. 
It is very difficult to select the correct one 
out of these possibilities. The same is the 
case with the matter presented in the present 
study but some tentative discussion will be 
given below. 

Hysteresis loops as shown in Fig. 2 will 
result if the material is composed of two 
magnetically independent parts, one with a 
usual (symmetric) hysteresis loop (A) and the 
other with a very hard magnetization in one 
direction (B) (Fig. 5). As already stated it is 
very probable that (A) is caused by the 
a-Fe.03, non-soluble in the perovskite-like 
LaFeO; phase; the height of the hysteresis 
curve (A) is of the right order of magnitude if 
it corresponds to the parasitic ferromagntism 
of a-Fe,0;!. Then the essential problem is 
how the curve (B) is caused. This can be 


He 


Oo” 


(B) 
Fig. 5. Displaced hysteresis loop as decomposed 


into two components, (A) a normal one, and (B) 
an extremely hard one. 


understood on the basis of Néel’s theory of 
thermo-remanent and isothermal remanent 
magnetization. The small amount of mag- 
netization (B) of a sample in the virgin state 
is due to grains with coercive forces less than 
the maximum field applied, which is far 
smaller than the overall coercive force. To 
remove this magnetization a field in the 
opposite direction slightly higher than that 
first applied will be sufficient. Indeed its 
magnetization can be reduced if, instead of 
applying from the outset a strong field in one 
direction, we apply a field with alternating 
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directions and increasing amplitude. In any 
case, comparing the magnitudes of thermo- 
remanent and isothermal remanent magnet- 
izations, one may recognize how large the 
overall coercive force is in this case. 

The ferromagnetic meterial concerned here, 
however, is still in quesion. If we consider 
it to be orthoferrite, not completely antifer- 
romagnetic but with small, uncompensated, 
parasitic ferromagnetism, the exceedingly 
large coercive force mentioned above should 
be interpreted as due to smallness of the 
saturation magnetization; with the formula 
for intrinsic coercive force 

H.~0.64 K/Is , 

where K and Js, are the anisotropy constant 
and the saturation magnetization respectively, 
and with the values of J/;~0.5x (X-ray density 
~7)~3.5 gauss and K~10° ergs/cc which is 
reasonably expected for a substance with 
magnetic ions in d° configuration, H, becomes 
2x10 Oe. With this picture, the Curie tem- 
perature of the parasitic ferromagnetism in 
LaFeO; should be coincident with the Néel 
temperature. Bozorth'? has recently con- 
sidered the weak ferromagnetism'of rare-earth 
and yttrium orthoferrites on the basis of an 
idea similar to Dzyaloshinsky’s!’, and has 
concluded that the net magnetic moment in 
most of the ferrites is directed along the 
c-axis of the orthorhombic crystal. Since this 
moment is very hard against rotation away 
from this axis, the value of K in the above 
expression should be taken to be much greater 
and we expect an even larger value of H.. 

An alternative picture which attributes the 
ferromagnetism (B) to small crystals of a- 
Fe.O3, in the form of thin films and closely 
attached to the lattice of orthoferrite seems to 
contradict the observations of domain patterns 
by Sherwood et al., who have produced 
strong evidence for the fact that the weak 
ferromagnetism in many orthoferrites is a 
uniform body property of these substances. 
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Stabileco de du-dimensia fluo de Szymanski 


De Hideo TAKAMI 
Departemento de Fiziko, Fakuliato de Scienco, Universitato de Tokio 


(Received January 8, 1959) 


Stability of two-dimensional Szymanski flow 

Stability of a two-dimensional transient flow of an incompressible 
viscous fluid is investigated by the method of small oscillations. The 
basic flow is such that the fluid begins to move from rest between two 
parallel and infinitely large planes under a pressure of constant gradient 


applied along them and eventually attains the parabolic velocity dis- 
tribution. 


By the use of Lin’s procedure the relation between the Reynolds 
number of the basic flow and the wave number of the antisymmetrical 
neutral oscillation (the neutral curve of stability) and also the minimum 
critical Reynolds number are calculated numerically for each of five 
representative stages of the transient flow, and the variation of its stability 
characteristics is discussed. 


~§1. Enkonduko 


La problemo de la stabileco de fluo estas 
diskutita de multaj esplorantoj. Generala 
metodo de malgrandaj osciloj estas starigita 
pri fluo preskatii konstanta latilonge de gia 
direkto kaj en tempo, kaj ankati estas kalku- y 
litaj la karakterizajoj de stabileco de kelkaj 
konkretaj fluoj. h 

En ¢i tiu traktato ni konsideras la stabilecon 
de du-dimensia transira fluo de nekunpremebla 
viskoza fluido inter du paralelaj senlime largaj 
ebenoj sub premo de konstanta gradiento apli- 
kata latlonge de ili. 

| Pri Giu de kvin apartaj specimenoj el la 
[ transira fluo estas nombre kalkulata, per la 


§2. Bazaj fluoj 

Ni konsideru nekunpremeblan viskozan flu- 
idon kiu ripozas inter du paralelaj senlime 
laréaj ‘ebenoj y==th (Figs 1) (Se, “postaiu 


procedo de Lin”, la rilato inter la nombro de ye 
Reynolds de la baza fluo kaj la ondnombro de se = Konet 

la netitrala oscilo (t.e. la netitrala kurbo de dx 

stabileco) kaj ankati estas kalkulata la mini- Fig. 1. Baza fluo. 


' muma kriza nombro de Reynolds. Per ¢i tiuj 
_ rezultoj ni esploras la latitempan Sangigon de 
la stabileco de la fluo Ge malgrandaj osciloj. 


momento t=0, ni aplikados al la fluido premon 
de konstanta gradiento latilonge de la ebenoj 


Koncerne nian problemon ni menciu precipe 
la esploron de Hahneman k.a.” pri la stabileco 
de du-dimensia fluo ¢e la enirejo de Sanelo. 


(ekzemple en x-direkto), 81 komencos kaj datiros 
flui Sanante la distribuon de rapido (U, V) 
lati sekvantaj ekvacioj: 


OU OU OU Ll. dp (Geek (2.1) 
Ot na es es 0 da kis OXe Oy? 
Caer tO, (= Fe ane (2.2) 
“oe TU Oe a re = v 0x2 Oy? 
PUA OVE. oy" (2.3) 
Ox oy 


kun la kondi¢o ée la komenco: 
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(U,V)=0 ¢e #=0, (2.4) 


kaj la kondiéoj Ge la muroj: | 


(2.5) | 


(U,V)=0 Ce y=sth, 


en kiuj U kaj V estu respektive la x- kaj y-komponantoj de rapido de la fluo, o la denseco, 


vy la koeficiento de kinematika viskozeco, p la premo kies gradiento estu konstanta, kaj la | 


fluo estu du-dimensia. 


Se ni supozas ke la rapido ne dependas de x, ni vidas el (2.3) ke V=V{(d), el Gi tio kaj (2.5) | | 


ke V=0, sekve (2.2) estas bagatela kaj ni havas la ekvacion por U(y, 2): 


Lala ig (2.6) . 
ot o dx Oy? 
kun 
| U(y, 0)=0, (2.7) 
U(+h, t)=0. (2.8) 


Ni difinu sendimensiajn kvantojn: 


J ? u(y, j= U hy, sa) ’ 
oe ( (2.9) 
h® dp 


py? dx 


=ikonst. >0, 


kaj nia ekvacio farigas 


a (2.10) 
Oc 8 =O? 
kun 
u(y, 0)=0 (2. 
“cel, c)=01, (212) 
kies solvo estas akirata en serio de Fourier: 
sae = pe | ae 1)2772 
u(y, T)=—| 1—y? = ire tyes COS {(m+3)ry} exp {—(n+34)?x?r} | , (2.13) 
2 0 (m+3)%x8 
au, por malgranda t, uw estas ankatt esprimata en rapide konveranta serio: 
es Pe —4 5 (- (® em Bott 24 @erfc pee )| (2.14) 
kiel estus montrate per transformigo de Laplace; en (2.14) staras 
i? weeny | a) 4) dr 
=; ies ={er+n|" e-? diane ; (2.15) 


En Fig. 2 estas montrataj la profiloj de rapido 
respondaj al diversaj valoroj det, kaj en Fig. 
3 la maksimuma rapido kiel funkcio de t. Ni 
vidas ke la profilo proksimigas al tiu de du- 
dimensia fluo de Poiseuille kiam t senlime 
pligrandigas. Ni rememoru ke la responda 


tri-dimensia transira fluo tra ronda tubo estas 
kalkulita de Szymafski®. 


§3. Stabileco Ge malgrandaj osciloj 


Nun ni esploru la stabilecon de la supre 
kalkulita fluo ¢e malgrandaj osciloj surmetitaj 


| 
4 
i 
i} 
i 
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al Gi. 
Kiel oni ofte faras, ni supozas ke la rapido 


(u’, v’) de la malgranda oscilo estas esprimata 
per la flufunkcio ~ kiel 


Fig. 2 (a). Profiloj de rapido u(7,r) por diversaj 
valoroj de rt (vidu (2.9)). 


Fig. 2 (b). Profiloj de rapido w(y,r) por diversaj 
valoroj de r (vidu (3.5)). 


Fig. 3. La maksimuma rapido kiel funkcio de rt. 
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forall 
ge (3.1) 
fe cats 
p Ox ’ 


en kiuj ¢ havu la sekvantan formon (la ondo 
de Tollmien-Schlichting): 


b= (y) exp {ia(x—Et)} , (3.2) 


tiam ni havas la ekvacion por la amplekso 


o(y): 
a as) as 


Oy? 
— Y (EP _oa.PO x4 
7a ee 2a dy? =P ae é) ; (3) 
kun la kondiéoj ée la muroj: 
@=0 kaj dd/dy=0 Cel yi eae) 


Metinte (3.2), ni supozas ke la relativa vario 
de la baza fluo (OU/Ot)/U estas multe pli mal- 
granda ol la frekvenco ac de la surmetita 
oscilo, kaj ni rigardas la tempan variantan ft 
en U kiel parametron nur karakterizantan la 
bazan fluon, kiu, ni postulas, datiru senSanéa 
dum granda nombro da periodoj de la konsi- 
derata oscilo. Ni memoru ke ¢i tiu kondico 
ne povus esti realigata por malgrandega r, t.e. 
dum la komenca tempo de la movo de fluido 
(vidu § 4). 
Per sendimensiaj kvantoj: 


enue =. = hd as 
w= U,, 1S » @=ha, c= Tae 
(3.5) 
en kiuj 
U7—max Uv. )=U0;D., (3.6) 
y 


ekvacio (3.3) transformigas en la ekvacion de 
Orr-Sommerfeld: 


w—o( F226) See 


On? 
i (d‘h , &h 4 ) 3 
Sane BO dys OE) ae ee 
kun 
@=0, 
d¢ 0 Ge ycssiell, (3.8) 
ay 


en kiu R estu la nombro de Reynolds Umh/v 
de la fluo Ge la momento tT. 

Ekvacio (3.7), kun la kondiéoj (3.8), donas 
kompleksvaloran rilaton inter realvaloraj R, 
a kaj kompleksvalora c. Se ni konsideras 
netitralan oscilon kies amplekso ne pliigos nek 
malpliigos, t.e. ni metas la imagan parton de 
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c kiel nulon, tiam ni havas realvaloran rilaton 05 
inter R kaj a (netitralan kurbon de stabileco) 
kun la reala parto de c kiel parametro. Gi c a Rk 
estas tio, kion ni kalkulas en ¢i tiu traktato. 0.200 0.890 2.08 x 104 
. 206 0.932 1.94 7 
§4. Nombraj rezultoj kaj diskutoj 210 0.964 1.89 7 
pe: ae .210 1.037 2.15 
La bone starigita procedo de Lin” estas "206 1.048 2.39.» 
aplikata por kalkuli la rilaton inter la nombro . 200 1.056 2.84 7 
de Reynolds R kaj la ondnombro a de la 
netitrala oscilo antisimetria pri la ebeno y=0. 220.56 
Nombraj kalkuloj estas farataj por rt=0.02, 
Cc a FR 
Tabelo. I. La rilato inter c, a kaj FR de la 6 ona Sain ice ke 
oy : ; x 
neiitrala oscilo. “O14 0.852 1.20 , 
HRS 0.893 1.06 Y 
7=0.02 .242 1.027 0.906 » 
3242 1.057 0.961 7 
& a R ES 1.075 Sie y 
.214 1.067 1.95 ” 
0.077 0.664 30.7 x108 . 204 15052 Za " 
.150 1.147 3.14 7% 
ao 19210 H(A) ii 
.164 1.278 Deo i 20 Tat 
alll URS BY! 2.04 7 r | 
178 1.449 1.79 7 F 1 
.184 1.581 5 oa, ii 
.188 ISAs) 1250 7 sb | 
.188 1.872 i goton 4 
.184 1.951 MET, Fz eile 4 
.178 1.995 PM ie a 
eel 2.000 PLA MS SY y 
. 164 1.982 Sule ae: LO | 
sllsye 1.954 3.90 7 iF 
.150 1.908 4.85 7 t ry 
.077 1.134 97.5 7 r 1 
«5 
7t=0.04 {eee} ER SEG pean Coal Rllianirt 
104 10° R 108 id 
G e R Fig. 4. Netitralaj kurboj de stabileco por diversaj 
0.133 0.853 2.79 x 105 valoroj de r. 
.158 1.006 WEN di : : 
.178 Loe Tele er 0.04, 0.10, 0.25, 0.50 kaj oo.* Tabelo. I kaj 
ne dae ae , Fig. 4 montras niajn rezultojn. Per ¢i tio ni 
"187 1.446 1 05ttLe nun povas diskuti la latitempan ésangigon de 
.183 1.491 Wes ; ; 
oes fGon te stabileco de la transira fluo komencinta de 
.158 1.482 2.48 4 T1p0Zo. 
.133 1.355 5.46 7 Ni povas rigardi la nombron de Reynolds R 
: kiel funkcion de P kaj t: 
ase RE, )= AU u0,)=E1-F@}, 4) 
c a R ; 
2 en kiu 
0.070 0.457 11.9 x105 co (—1)” 
.136 0.726 13265 7 t)=4 Nea cx 1)27-2 
“168 0.882 6.48 x 10! T= 4 oo capaho AP ee 
.174 0.920 5:83 yy 42 
184 0.988 5.07 » (4.2) 
.190 1.076 4.68 7” kaj 
.190 1.164 ae iz 
184 1.170 6.41 » F(cc)=0. 
L74 1.178 ticle) 
ns Pate SESS * Kalkulo pri c=oo nur servas por kontroli 
5 : a ‘aye 
070 Hee coy il 18 nian kalkulan procedon, Gar oni jam havas rezulton 


kalkulitan de Lin pri @i tiu fluo. 


r 


te 
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Por fiksa P, R(P,t) pligrandigas paralele 
kun t, dum la kriza nombro de Reynolds R& 
(la plej malgranda valoro de R sur la kurbo 
de neiitrala stabileco de la fluo karakterizata 


de t) primalgrandigas (Tabelo. II ati Fig. 5). 
Sekve, la ekvacio 


Tabelo. II. La minimumaj krizaj nombroj de Reyn- 
olds Ree kaj respondaj krizaj ondnombroj ag 
por diversaj valoroj de r. 


t Rr ake 
0.02 15.0. x 104 1.808 
04 ON54an 7 1.385 
10 AS63" a: 1.095 
12D ilgete, = Lz 0.988 
.50 0.906 ¥ 1,027 
co (Lin) Orosle Y 1.041 


O 
-Ol 


Oey al 12) | 


Fig. 5. La minimuma kriza nombro de Reynolds 
kiel funkcio de rt. 


RP, =Rir (4.3) 


_donas la rilaton inter la gradiento Pde la 


aplikata premo kaj la kriza momento t, antau 
kiu la fluo estas absolute stabila sed post kiu 
$i ne estas tia. Ni atingos ¢i tiun rilaton, at 
prefere la rilaton inter P kaj la maksimuma 
rapido um(c) (=u(0,t)) Ce la kriza momento, 


kiel jene. El ekvacioj: 
ig 
RP, 1)= 5 (1-f@}=Rer » (4.4) 
R(Pu,0)= 5 = RGP5.3x 10", 


(4.5) 
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yall 
kaj (4.1), ni ricevas 
Ww Le Re 1 my RY Um (oo) (4.6) 
PR Seren Bio) ee 


Ci tio estas montrata en Fig. 6. En (4.5) kaj 


“e Tiaea iptlaa liao ta a eloe TTTT Sill wualiontlin imeavae 
8 < 
ay i ne absolute stabila 7 
m ve it 
r . 4 
4 | 
L 
2|— stabila—— 0: 
| eee! 
oO aS ET {PI i , | Litt f A iii 
( 10 50 100 500 10° 
Peo 


Fig. 6. La rilato inter la gradiento de premo kaj 
la maksimuma rapido ¢e la kriza momento. 


(4.6), P. estu tia valoro de P, ke sub la 
premo de konstanta gradiento P.. la fluo farigos 
ne absolute stabila unuafoje Ge t=. 

Kiel estis jam rimarkite en §3, nia kalkula 
procedo estus pravigita nur por osciloj multe 
pli rapidaj ol la Sangigo de la baza fluo. Oni 
vere vidos ke ¢i tiu kondi¢o estas plenumita 
pri niaj kalkulitaj ekzemplo}. 

La periodo T de la oscilo estas: 

1 er AL 
aE (afh)Umc  acUm’ 
tial la proporcio de Sangigo de la maksimuma 
rapido de la baza fluo al la rapido mem dum 
unu periodo de la surmetita oscilo estas kalku- 
lata proksimume: 


1 dUm p_¥ 1 dUn 


(4.7) 


27h 


Wns, dt h? Um dt" acUm 
2x d(log Um) 
= : 4, 
aR dt a 
Ni povas meti por malgrandega tT: 
d (log Ge ae 1 (4.9) 
dt T 


éar tiam Um estas proporcia al t pro (2.14). 
Kunkonsiderante ke Um pligrandigas pli kaj 
pli malrapide kiam t pliigas (Fig. 3), ni havas 
« Togs ; 4.10 
Un at ct aR CY 


La dekstra flanko de (4.10) prenas valorojn 
pli malgrandajn ol 0.7 x 10-? en Giuj niaj ekzem- 
ploj, kaj tial estas pravigita nia procedo. 
Aliflanke, iu nesimila aliro estus necesa por 
pli malgrandaj t ati por pli malrapidaj osciioj. 
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The Forces experienced by a Lattice of Elliptic Cylinders 
in a Uniform Flow at Small Reynolds Numbers 


By Sinzi* KUWABARA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received January 8, 1959) 


Using Imai’s general method of solving two-dimensional Oseen’s equa- 
tions, the drag and lift coefficients for a lattice of parallel, equal and 
equidistant elliptic cylinders in a uniform flow at small Reynolds num- 
bers are calculated. When the stagger is not present and the thickness 
ratio of the elliptic cylinders is taken to be unity, the expressions for 
these coefficients reduce to the case of a lattice of equal and equidistant 
circular cylinders which has been investigated by Tamada and Fujikawa. 


Introduction 


§1. 

The flows past a lattice consisting of equal 
and equidistant cylinders have been investi- 
gated for the case of circular cylinders by 
Tamada and Fujikawa? and by Miyagi» and 
for the case of flat plates by Hasimoto®” and 
by the present author” on the basis of Oseen’s 
or Stokes’ approximation. In this paper, we 
shall deal with the problem of the same type 
as mentioned above for the case of a lattice 
of elliptic cylinders on the basis of Oseen’s 
approximation. 

As for the mathematical procedures use will 
be made of Imai’s general method® of solving 
Oseen’s equation, which the author has suc- 
cessfully applied to solve the cases of two 
circular cylinders» and two elliptic cylinders”. 


§2. Application of Imai’s Method to the 
Case of a Lattice of Elliptic Cylinders 


We consider a flow past a lattice of infinitely 
many equal and equidistant elliptic cylinders. 
All the elliptic cylinders are placed parallel to 


* Sinzi=Shinji 


each other and at an angle of attack 8 to the 
upstream uniform flow. Their mutual dis- 


et 
(= 


Fig. 1. The general configuration of a lattice of 
elliptic cylinders, 
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| 


} 
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_tance is d and their semi-major and semi- 
minor axes are 1+o? and 1—o? respectively. 


We introduce complex variables 
Zp=XptYo=rpe , (2.1) 
W= | (2.2) 
where (Xp, Yp) are the cartesian coordinates 
with the origin at the centre of the pth elliptic 


cylinder and with the x»,-axis taken parallel 
to the upstream uniform flow, (u,v)!are the 


u—tv , 


Wolen) = oto| AiKolhrs)+ 5 2 (Ani 6%”— An, 6-90) Kn(kr'p ) oe on 


far from E>». 
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velocity components and (7», 0») the polar 
coordinates (cf. Fig. 1). 

As in the previous paper®, we can assume 
the complex velocity W as 


We Utet 3 Wo, 


p=—eo 


(2.3) 
with 
Wo(zp)=ek*@ = R'{ Fnas(Zp)—Gn(Zp, Zv)} (2.4) 


near the pth elliptic cylinder Ey» and 


(2.5) 


Here U is the velocity of the upstream uniform flow, &, oh=Uly (vy being the 


kinematic viscosity) and A» are constants and Filgn), Gn(Zp, Zp) and f(z») are known functions 


with arbitrary coefficients. 
By the transformation function 


Zp=C(Zy+07/Zp) , 


the unit circle Z, 


OSG Sil, CHE?) 


=e" in the Z,-plane is mapped onto the pth ellipse. 


(2.6) 


In view of the peri- 


odicity of the configuration we may employ the boundary conditions: 


W=U 


Wa 6 SW (2,)=0 
p=-ce 


In this paper we shall confine ourselves to the first approximation. 


Oe ge —9) 


(2.7) 
on the surface of /&. (2.8) 


Thus we take only the 


terms of O(k°) in the complex velocity. Then (2.4) reduces to 


Wo(Z0)=F1(z0) —Go(Zo, 20) , (2.9) 
where 
F\(20) = —21a@0(In CZ)—2S)+P(Zo-*) , (2.10) 
Go(Zo, Zo) =S dao +0?C”) —ido In CZ +2i{ 20’ (Z0)— bao In CZ¥ +P(Zo-}) > ll) 
with 
Bo’ (20) =a In CZy+P(Zo-) , (2.12) 
S=In (2/k)—7 , (yr is Euler’s constant) @aB) 


and (7) = s CrZ” where C,’s are arbitrary constants. 
n=0 


We now assume that kd>O(1) so that Kika) =O). 


we have 


1 


WAG as {Ki |q| kd) e- aed cos a 


near Ey. 
lower sign when g<.0. 


a ber taqy-+ pen teteos@K,(|g|kd)ao+ P(Zp) 


Taking the terms of O(kd) in (2.5), 


(2.14) 


The double: sign denotes that the upper sign is to be taken when g>0 and the 


Introducing (2.3) into (2.7) determines € as follows: 


: 1) 1 = stim 
a 2 2k _&n > 


eee 
“9 


cot 
(a5 


(2,15) 
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Substituting from (2.7). (2.14) and (2.15) into (2.8), we obtain 
Bo (20) — 8a In CZ)+P(Zo) 
= 4, | w+ {aa+ °C) re 42Ti¢|ay— (S42 Nao |+PCZ) (2.16) 


on the profile Z=e’*. 
For brevity we introduce two constants 
R=2(1+07)U/vy=4(1+0)k , (2.17) jj 
and 
h=d/(1+o”) , (2.18) 


in place of k and d. R is the Reynolds number based on the major-axis of the elliptic 
cylinder. From (2.12) we find that the left-hand side of (2.16) is P(Z-!) while the right-hand 
side of (2.16) is P(Z). Hence both sides must be separately equal to zero. Thus we have | 


£0(20)=4ao In CZ , (2.19) 4 


2iU=|— 34140) +o g-to 2Tre-bat(S+2T Ia , (2.20) 


jes dK o(nRh/4) cosh (nRh cos al4) , (2.21) 


T1= S, Ki(nRh/4) sinh (aRh cos @/4) , (2.22) 
and 
S=In 8(1+07)/R—-r . (2.23) 
From (2.20) and its complex conjugate, we can determine a as follows: 
dy= 2 | sate cos 28) +50 sin a+2T» 


—2T; cos ati}ie" sin 2p cos a— 27; sin of |, (2.24) 


where 


j= \s —#(1+<0? cos 28) +2 sin a@+2T)— 27; cos al 


iy 
x {S44 +0" cos 28) 2" sin a-+2Ty — 27; cos at} 
—( 40? sin 28-2. cos a— —2T; sina) , (2.25) 


Let us define the drag coefficient Cn and the lift coefficient Cz for one of the elliptic 
cylinders by 


ee ee Giz See. 
30U?-2(1+0?) ’ 40U?-2(1 +02) ’ (2.26) 


where X and Y are the drag and lift on the elliptic cylinder. As was shown in the previous Hl 
paper® (cf.Eq. (2.29) there) we have 


Co+iCr=4niao/UR . (2.27) 
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_ Hence, substituting from (2.24) into (2.27) and separating real and imaginary parts, we have 


Cp = S— 3(1+-0? cos 28) + am sin &@+2T)—2T; cos a), (2.28) 
Crm i? sin 2p cos a—2T; sin a| (2.29) 


§3. Special Cases of a=z/2 
These are the cases in which the flow impinges normally upon the surface of the lattice. 
(A) Elliptic cylinders 


i) S=arbitrary (axes of elliptic cylinders included to the lattice surface) 
If we put a=7/2, the expressions (2.28), (2.29), (2.25) and (2.21) reduce respectively to 


ese ae —1(1-+0 cos 28) +5, +27ot , (3.1) 
Cr= oe 407 sin 28 , (3.2) 
RJ 
j={s+a0 ance 26) 4 27» {s—aa Tete +o + 2T» 1a sin?28, (3.3) 
mI _ 1 16z ia 3 RAN OT 
To= ¥; Ko(nRhjs) = +4 in +t C8(s5 ye laa) ned 8A) 


where € is Riemann’s zeta function. 
ii) @=0 (minor axis parallel to the lattice surface) 


8 
Com E15 +i +o) + 27} E  Cr=0b (3.5) 


iii) P=7/2 (major axis parallel to the lattice surface) 


Co = E15 +310) + 2To |” BERC.=01. (3.6) 

(B) Circular cylinders 
Cp= Ge ote oT} 4 Cr Om (Gs) 
S=In (8/R)—r , R=2Ui/v% (3.8) 


This expression coincides with the first approximation of Tamada and Fujikawa’s corresponding 
formula for the case of a lattice of circular cylinders. 


(C) Flat plates 
i) B=arbitrary 


Co= FS E 4-£o? cos 2p) +2 +270 , (3.9) 


eat ab (3.10) 
C = 7 3sin 2B, 


J=|S-+1(1 +05 28)—7y, + 27} {S S—1(1 +008 28) + +2} Teint, Gay 
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S=In(16/R)—r , 
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ii) 8=O (flat plates perpendicular to the lattice surface) 


Cp= 


R kh 


where 


R=4U)» . (3.12) 

82 (a,, 40 See Sd aN gr = 3.13 
{s+ +27} "=F P 2c@(Tey4-b°, Cond, B18) 
P=1—In(x/h) . (3.14) 


Only the first term of the expression (3.13) coincides with the corresponding formula of the | 


author’s previous paper? (Eq. (3.14)), which was obtained by Stokes’ approximation. 


iii) B=7/2 (flat plates lying on the lattice surface) 


Cra ees Ri aeaet 11 = EN oe aa % 
Co= Fe (S tet) {in (hfe) 2e(a( Fa) + | aCe Oe 


Only the first term of the expression of (3.15) 
coincides with the corresponding formula of 
Hasimoto’s paper® (Eq. (4.36)), which was 
obtained by Stokes’ approximation. 


§4. Numerical Discussions 


We have five parameters to determine the 
flow, that is, a, 8, h,t=(1—o?)/(1+o7) (the 
thickness ratio of the elliptic cylinder) and R. 


Fig. 2. Cp and Cr vs. 8/ when h=10, a=->-and 
R=0.4 and 1.0. | 


(3.15) 


Numerical calculations were carried out only 
for the case when a=90° and h=10. The 
other pararneters 8, ¢t and R are taken as 
follows: ,B=02, 18°, 36°, 54°, 72°, 90°. 7m 
(flat plates), 0.1, 0.5, 1.0 (circular cylinders) 
and R=0.08, 0.4, 1.0 (cf. Fig. 2 and Table I). 

It is to be noted that by lattice formation 
the drag of the elliptic cylinder is increased 
and the lift is reduced in comparison with the 


Table I. Calculated values of Cp and Cy, for 
various values of 8 and R when a=90° and 
h=10. 


(a) Flat plates 


Cp 
we ° ) ) ° ° ° 
R o° | 18 | 36 | 54 | 72 | 90 

| 

0.08 145.63 1152.58 1174.08 210.04 !251.31 |271.47 
0.4 | 29.32 | 30.89 | 35.62 | 43.14 | 51.22 | 54.98 
1.0 | 12.13 | 12.93 | 15.24 | 18.66 | 22.01 | 23.46 

Cr 
0.08 1.416 | 2.593 | 3.099 | 2.274 | 0 
0.4 | 0 | 1.392 | 2.501 | 2.897 | 2.054 | 0 
1.0 | 0 | 1.418 | 2.474 | 2.739 | 1.854] 0 


(b) Elliptic cylinders with the thickness ratio 


t=0.1. 
Cp 
a B) oe | ise | 36° | 542 | 72° | goe 
0.08 [159.39 [166.13 186.60 219.57 1255.58 [275.51 
0.4 | 32.11 | 33.61 | 38.05 | 44.90 | 51.99 | 55.19 
1.0 | 13.33 | 14.08 | 16.22 | 19.32 | 22.29 | 23.56 
Cr 
0.08 | 0 1.262 | 2.279 | 2.661 | 1.902 | 0 
0.4 | 0 1.243 | 2.208 | 2.511 | 1.746 | 0 
1.090 1.273'| 2.204 | 2.412 | 1.614 | 0 


| | 
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(c) Elliptic cylinders with the thickness ratio 


t=0.5. 
Cp 
pe’| 0° | 18° | 36° ° ° ° 
= Bae | 72° | 92 
0.08 221.48 226.61 (241.20 |261.91 l281.34 (289.52 
0.4 | 44.75 | 45.84 | 48.90 | 53.15 | 57.06 | 58.68 
1.0 | 18.86 | 19.38 | 20.81 | 22.74 | 24.46 | 25.15 
Cr 
0.08| 0 | 0.7040] 1.209 | 1.309 | 0.8666 0 
0.4 0.7032, 1.198 | 1.282 | 0.8399 0 
1.0 | 0 | 0.7461] 1.255 | 1.320 | 0.8514! 0 


(d) Circular cylinders. 


R Cp 
0.08 325.86 
0.4 | 66.16 
1.0 | 28.62 


case of a single elliptic cylinder in the same 
condition, that is, with the same values of a, 
Sma reand i: 
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The Forces experienced by Randomly Distributed Parallel Circular 
Cylinders or Spheres in a Viscous Flow at 


Small Reynolds Numbers 


By Sinzi* KUWABARA 
Department of Physics, Faculty of Science, University of Tokyo 
(Received January 8, 1959) 


The forces experienced by parallel circular cylinders or spheres which 
are distributed at random and homogeneously in a viscous flow are 


investigated on the basis of Stokes’ approximation. 


The results for the 


case of spheres are applied to the problem of sedimentation and com- 
pared with several experimental data. 


§1. Introduction 


Recently a number of investigations have 
been made on the interference effects sub- 
merged in a viscous flow at small Reynolds 
numbers. However, they have been mostly 
concerned with the case of two bodies or a 
regular lattice of infinitely many cylinders. 
In this parer, we extend such a treatment to 


* Sinzi=Shinji 


the case of infinitely many circular cylinders 
or spheres which are distributed at random 
and homogeneously in a viscous flow. These 
results can be readily applied to the problem 
of sedimentation of particles of cylindrical or 
spherical shape. In §4, we consider the ap- 
plication of our theory to the case of spherical 
varticles, in comparison with other theories 
and experimental results. 

In order to simulate the condition of random 
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and homogeneous distribution of bodies, we 
take a model such that, in the coordinate 
system moving with the mean flow velocity 
U, each one of the bodies is moving with the 
negative velocity —U in a certain closed sur- 
face on which both the normal fluid velocity 
and the vorticity vanish. The closed surface 
is taken to be a coaxial circular cylinder or a 
concentric sphere according as the body is a 
circular cylinder or a sphere. 


§2. The Case of Parallel Circular Cylinders 


In this case, we assume that i) all the circu- 
lar cylinders have the same radius and the 
same velocity, ii) they are parallel to each 
other and perpendicular to the mean flow and 
iii) they are distributed at random and homo- 
geneously. 


Fig. 1 (©) 
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Let us assume that the mean flow is directed 
from left to right. On the upper side of a 
cylinder the vorticity would be negative and 
on the lower side positive. Thus, midway | 
between the neighbouring cylinders there will | 
be lines of zero vorticity (the broken lines in ff 
Fig. 1(a)). We may imagine that the stream- 
lines are closed in the neighbourhood of the 
cylinder in the reference system which is 
moving at the mean flow velocity (cf. Fig. 1 
(b)). In fact, otherwise, we should have a 
flow pattern consisting of a series of infinitely 
long strips of fluid with alternating flow direc- 
tion located side by side (cf. Fig. 1 (c)). It 
seems however that such a flow would be 
improbable. 

From the above consideration, we take the 
following mathematical model. We consider 
an imaginary circular cylinder of radius Db ~ 
enclosing and coaxial with the given circular 
cylinder of radius @. On the imaginary circu- 
lar cylinder, the vorticity and the normal 
component of velocity are assumed to be zero, 
while on the solid circular cylinder the velocity 
should be equal to minus the mean flow ve- 
locity U (cf. Fig. 2). We take the cross- 
sectional area zb? of the imaginary circular 
cylinder to be equal to the “free” area cor- 
responding to each solid cylinder, namely 


nb?=1/n , (2.1) 


where mz is the number of the solid cylinders | 1 


per unit area. 

To Stokes’ approximation the fundamental 
equation for the two-dimensional steady mo- 
tion is written as 


AAp=0 , 


(2.2) 


y= -Ucos@ 
(, = Usin®@ 


Fig. 2. The model of flow. 
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where # is the stream function such that, 
using cylindrical coordinates (r, 0), the velocity 
(u,v) and the vorticity w are given by 


_1 Op oe T.0y 
u r 00 5) v= are 4 (233) 
Boer On v 
is Or r 06 SE r met Oy Pe 
where 
ee Ree Ae 
Or vr Or v2 002° 


The boundary conditions of our model be- 
come as follows: 


u=v=0 for i=.) (2:0) 
u=Ucos@ for r=l=bD/a, (2.6) 
o=0 for “rel, (Qe) 


in the reference system in which the cylinders 
are at rest*, where U is the velocity of the 
mean flow parallel to the original line 6=0, 
and 7 has been made non-dimensional by tak- 
ing @ as unit. 

We have a particular solution of (2.2) in the 
form 


y= (A> sepa ayer ennai Dr’) sind, (2.8) 


where A, B, C and D are arbitrary constants 
which can be determined so as to satisfy the 
boundary conditions. Thus, by the boundary 
conditions (2.5)-(2.7), we have 


A=1(U/K)1—a) , (2.9) 

B=—3(U/K)1—-l-*) , (2.10) 

C0) Kg (2.11) 

D=—tU/((PK) , (2592) 
where 

ea P+ al, (233) 

P=Inl—?. (2.14) 


The drag X experienced by the solid cylinder 
can be calculated by use of Imai’s formula 


(given as (12.13) in his paper”), which is an 


extension of the Blasius formula to the case 

of a viscous flow. In our case, the formula 
can be written simply as 

dw 

A= 2M SS 

A. 0z 


where z=re~ and C signifies the contour of 


Zaz 3 (2.15) 


* By the invariance of the Navier-Stokes equa- 
tions with respect to the Galilei transformation, 
we can choose any coordinate system suitable for 
the boundary conditions to be applied. 
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the cross section of the solid cylinder. Thus, 
we hove 

X=4r pC! (2.16) 


The drag coefficient Cp can be obtained as 
follows: 


xX Sr 1 1 \ 
Crs sas me 
mre ye a) aah + pp oe) 
_ 8% al igh D\ eS 
ap pp * pps 1 t4P) b 
(2.17) 


When / tends to infinitely, we have Co=0. 
This is nothing other than the well-known 
paradox of Stokes. 


§3. The Case of Spheres 


In this case, we also assume that i) all the 
spheres have the same radius and the same 
velocity and ii) they are distributed at random 
and homogeneously. We use a model similar 
to the one used in §2, except that we take, 
in place of (2.1), 

‘4 1 


e=—, 
3 n 


G1) 


where 0 is the radius of the imaginary spheri- 
cal surface concentric with the solid sphere. 
To Stokes’ approximation the fundamental 
equation for the axisymmetric steady flow is 
written in terms of Stokes’ stream function 
as 
Cea sl Dag Cy (otal Gi) 3 
=U Bed 
be ' 7 alee ae ¢ oe) 
and the velocity and the vorticity are given 
by 


Lowen 0? Pe SL vas 

~Psind 06’ Ue ysind Or’ soe 
Ov .v Ou 

=. — i oe 

€ Or ry roo 2) 


where (r,9,¢%) are the polar coordinates, 
(u, v, 0) the velocity components and (0, 0, w) 
the vorticity components. Because of sym- 
metry, the ¢-component of the velocity and 
the r- and @-components of the vorticity 
vanish. 

The boundary conditions of our model be- 


come 


H=0=0 1G? Yl (3.5) 
u=U cos 8 for r=l=b/a , (3.6) 
o=0 for r=T; (3.7) 
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where U is the velocity of the mean flow 
parallel to the original line @6=0, and 7 has 
been made non-dimensional by taking the 
radius of the solid sphere @ as unit. 

We have a particular solution of (3.2)? in 
the form: 


p=(Ay +Br+Cr+Dr‘ ) sin’, (3.8) 
where A, B, C and D are arbitrary constants. 
Applying the boundary conditions (3.5)—(3.7) to 
(3.8), we have 


A=—1U0—(2/5)-3}/K , (3.9a) 
B=sU/K, (3.9b) 
C= SUG ae (3.9c) 
D=8U|(BK) , (3.94) 
where 
Git Kin! faibe6 slice dl ovell J 
K=(1 ca ae ites) EE hes aie 
(3.10) 
By (8.3) and (3.4), we have 
n= — 2% ieee C+Dr)cos#, (3.11 
Y YT 
y=— (Ce oe 4Dr‘) sind, (3.12) 
Y 6 
o=—2()—5Dr) on (3.13) 


The drag on a sphere may be calculated 
from the rate of dissipation of energy. The 
dissipation function @ has the form 


A Ou Ov 
o= n{2( 7 elle = 
; Ou SOD See \ 
es seni leneecaeraly 
3 ee i sage oF el 


Si) Nes = 


2 
—2D r) cos?@ 


4. 36n( +Dr) sind. (3.14) 


Total rate of dissipation of energy in the 
fluid becomes 


aft 
\ | O2zxr*-sin 6 dé-dr 
(3)8) pal 


= he 


{8A P—1)+2ABPR—I1) 


+ BI —1)—-2BDP(P—1)+2D25(—1)} . 


(3.15) 
This is equal to XU where X is the drag ex- 
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perienced by the sphere. Substituting (3.9) 
into (3.15), we can find the drag and the drag 
coefficient Cp as 


X=6zuU-Lé) ? 
24 pe 
Co=— Lf—) 


(3.16) | 
(3.17)eh 


where 


Dee (1 ee 


(peaeeRy 
po ety 
ape 5 


12 6 2 ee -3 
ee . 


Guy Ste eel 
(Hs sage Ses 
354 ai 1378o0e, 
~ 7 ae 
te ae ae - 1250 a ( ) 
and 
E=1/l=a)b . (3.19) 


If we let & tend to zero, we have L=1. 
Hence (3.16) reduces to the Stokes formula 
for the drag of a sphere (of radius 1) in an 
unlimited viscous flow. 


§4, Application to the Problem of Sedimen- 
tation 

This problem has been discussed by a num- 
ber of authors.*»#»5? Recently Kawaguti dealt 
with this problem by use of a model such 
that each one of the particles is represented 
by a sphere placed in a circular tube with 
frictionless wall®. More recently Hasimoto 
obtained such solutions of Stokes’ equations 
that are triply periodic and represent the flow 
past a system of spheres placed at the simple 
cubic or the body-centred lattice points”. 

We can find the terminal settling velocity 
of homogeneously distributed sphere by equat- 
ing the gravitational force to the viscous drag 
on one of them. The gravitational force is 


X= (0-9) Tag , (4.1) 


and the drag is, from (3.17), 
X=6ruUa-L&) , (4.2) 


where o is the density of the particle, p that 
of fluid and a@ the radius of the particle. 


Thus, the terminal settling velocity V is given 
by 

VIVE Le) (4.3) 
where 
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Vo= 5 (o—0) ga!|1 (4.4) 


is the terminal velocity of a single particle as 
given by the Stokes law. 

The volume concentration c of particles (the 
ratio of the volume of particles to the volume 
of the system) can be related to — by 
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Hence we can express (4.3) in terms of c as 
follows: 


ViVo=1/L(c) 
=1—1.62c/3-+0.012c?/8 
+0.464152c+--+ . (4.6) 


For the case of circular cylinders, we can 
define the volume concentration as follows: 


nh Sopra iC a \* ; 
c=— 7a Ste a Re SS TC as 
3 3 b c=na74{(xb?)=(G/br=l . (4.7) 
Table I. Calculated values of RCp for various values of ¢ for the case of circular 
cylinders by use of (4.8). 
c | 0.001 | 0.002 | 0.003 | 0.005 | 0.007 / 0.01 | 0.02 | 0.03 | 0.05 | 0.07 | 0.1 


18.257 | 14.142 11.952 | 10.000 7.071 | 5.774 | 4.472 3.780 | 3.162 


Ble (31.623 a 


RCp 9.292 | 10.653 | 11.649 | 13.199 | 14.462 | 16.084 | 20.501 | 24.329 | 31.525 | 38.761 | 50.387 
Table II. Calculated values of V/V» for various values of c for the case of 
spheres by use of (4.6). 
c | 0.001 | 0.002 | 0.003 | 0.005 | 0.007 | 0.01 | 0.02 | 0.03 0.05 0.07 0.1 


Ne 10.000 | 7.937 (6.934 | 5.848 


5.228 | 4.642 


| 3.684 | 3.218 | 2.714 | 2.426 | 2.154 


V/Vo | 0.8388 0.7973 | 0.7687 0.7263 | 0.6945 


“o.6smi | 0.571 0.5137 | 0.4308 | 0.3703 | 0.3015 


Then (2.17) becomes 


87 C Ga 
1— (1+4P)+---+, 
P jee eee 
(4.8) 
where 
1 3 
—— —— 4.9 
P 5 Inc 4 (4.9) 
§5. Numerical Discussions 
For the case of circular cylinders, the re- 
REp 
50 
40 
30 
20 
10 
o) 0-001 0-0! Ol 


Fig. 3. RCp vs. volume concentration. 


0-001 


Fig. 4. Sedimentation velocity vs. volume con- 
centration. 


P Present theory 
Burgers (lattice) 
Burgers (at random) 


: theory 
U Uchida 


K, Kawaguti (body-centred) 
K, Kawaguti (simple-cubic) 
©. Happel and Epstein \ eipermeat 
x Noda 
lation between RCp and c=(a/by?=1/(zn) has 


been numerically calculated and is shown in 
Fig. 3 and tabulated in Table I. Unfortunately 
we have no experimental data for this case, 
so that we cannot compare our theory with 


experiment. 
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For the case of spheres, the relation be- 
tween V/V» and c is obtained as shown in 
Fig. 4 and tabulated in Table II. In Fig. 4 
are also included the theoretical results due 
to Burgers”, Uchida® and Kawaguti”, as well 
as the experimental data of MHappel and 
Epstein®’ and Noda. It is to be noted that 
the curve V/Vo against c of our theory lies 
between Kawaguti’s curves for the simple 
cubic lattice and for the body-centered lattice 
approximation. 
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The Generation of Static Charge on High Polymer 


By Shigeyoshi KITTAKA 
Department of Physics, Tokyo College of Science, Shinjuku-ku, Tokyo 
(Received November 5, 1958) 


The generation of static electricity by the contact and seperation be- 
tween high polymer substances and metals has been studied. The couples 
of polystyrene-Pt, Acrylite (polymethylmethacrylate)-Pt, and Teflon (poly- 
tetrafluoroethylene)-Pt were examined. It was observed that the surrounn- 
ing conditions have serious effects on the quantity and sign of generated 
static charge. 

The mechanism of generation of electro-static charge has been proposed 
assuming the energy levels of the localized electrons on the surface of 
high polymer substances and the change of these energy levels by the 
absorption of different gases. It was estimated that work functions of 
polystyrene, Acrylite, and Teflon are 5.74 eV, 5.48 eV and 6.04 eV, re- 
spectively. 


§1. Introduction 

The generation of static charge is one of 
the oldest problems in physics. The electro- 
static series of many substances have already 
been established, and it has been recognized 
that these may be dependent on some intrinsic 
properties of insulating materials. However, 
the exact explanation of these series is not 
yet established even in recent solid state 
physics. Therefore, we have performed 


the experiment of generation of static charge 
by the contact and separation between high 
polymer substances and metals. The effects 
of surrounding conditions (oxygen content of 
air and relative humidity) have been especially 
carefully studied in the present experiment. 
The analysis of these experimental results 
with the idea of surface energy levels? ® 
both on high polymers and metals can give 
the rough informations of work function of 


test piece (M) 
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electrons on the high polymer surface, and 
their change in accompanying with the absorp- 
tion of various gases in different conditions. 


§2. Experimental Procedure 


The special equipment designed for this 
experiment is shown in Fig. 1 and 2. The 
high polymer substances and the metals are 
brought into contact and then separated 
gradually. The generated charge on the high 
polymer test piece is measured in Faraday 
cylinder (F). The contact potential difference 
of metal test piece against a standard metal 
surface (Pt) is also measured. These meas- 
urements are repeated several times with 
successive contact and separation, and whole 
cycles of experiment are performed in a closed 
vessel by remote control system. The metal 
is a small rod of 4mm 
in diameter and 2mm in length, and the high 
polymer test picece (I) is also a rod of 6mm in 
diameter and 100mm in length. Both test pieces 
are moved back and forth by servo-motor and 
brought into contact with same contact force 


~—|-p{RetayCrouite 
Potentiometer 


— 


[arate 
Recorder | — i 


i Microscope 


Fig. 2. Schematic diagram of the experimental 
equipment. 
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(3.8x 104 dynes). The bending angle of phos- 
phor bronze plate (P) is measured by reading 
microscope from the outside of the vessel for 
the control of contact force. 

The quantity of electric charge on the high 
polymer is measured by transporting the high 
polymer test piece into the Faraday cylinder 
(F). When the top of the (high polymer) 
test piece reaches the center of F, the vacuum 
tube electrometer reading is Vi. In this 
position almost 95% of the electric lines of 
force are captured in the cylinder. When 
the test piece moves back to the original 
position, the reading of vacuum tube electro- 
meter becomes Vo. Only 1% of the electric 
lines of force is captured in the cylinder in 
such a situation. 

The absolute quantity of static charge, 
Q, will be Q=CV (V=Vi—Vo), in which C 
is electro-static capacity of Faraday cylinder to 
the earth. The contact potential difference 
of the metal test piece against the standard 
metal which is platinum in this experiment, 
is measured by Kelvin method. The metal 
test piece is moved to the platinum and the 
contact potential difference is measured by the 
potentiometer and vacuum tube electro- 
meter; the latter is the same one as used 
for the measurement of the charge in Faraday 


es 


eee 
Time 


Lenoth 


Fig. 3. Relation between the recorded wave form 
and distribution of charge on sample. 
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cylinder. The input resistance of vacuum 
tube electrometer is 10#2Q and connects with 
the first stage vacuum tube 956. The calibra- 
tion voltage is applied to the first stage 
vacuum tube. The total capacity of electro- 
meter is (50-41) uuF and the time constant is 
50 sec. The measuring period (during which 
the test piece is moved back and forth) is 
12.5 sec. The noise level of the amplifier is 
0.2mV. The accuracy of charge measurement 
becomes 1 x10-coul. The accuracy of contact 
potential difference measurement is about 10 
mV. This is because the potential difference 
is divided into the capacity between test 
piece and standard platinum plate (say 1 uF) 
and the input capacity (say 50 uF). 

The charged piece of high polymer is placed 
in the vessel until all the charges vanish. 
However, if the dielectric constant of the 
sample is large enough, the change of input 
capacitance by inserting the sample affects 
the voltage of Faraday cylinder. Also the 
electric conductive sample affects the voltage 
of electrometer by changing the contact 
potential. Polystyrene, Teflon and Acrylite 
have a little effect on input capacity and show 
regular behaviour in this point. However, 
the test piece of fused silica shows somewhat 
different behaviour and the zero point of 
output signal is hardly obtained. 

The form of electrometer reading in the 
course of experiment gives some informations 
of distribution of electric charges on the test 
piece. Square waveform is observed when 
the charges are concentrated on the top of 
the test piece. However, in generally, the 
distribution of charges on the other place of 
sample gives a more complicated pattern. 
Typical curves are shown in Fig. 3. These 
curves also depend on the mechanism of 
leakage, i.e., leakage through surface con- 
duction or through the surrounding. 


§3. Experimental Results 
a) General 

Fig. 4 shows the results of the experiment 
performed in vacuum. The generation of 
static charge showed saturation after 10 times 
contact and separation. Fig. 5 shows the 
leakage of electro-static charge in each case. 
The rate of generation of charge, dgq/dt, is 


dq 
Ge —® , @1) 
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Fig. 4. Static charge on polystyrene, Acrylite 


and Teflon against Pt vs. contact numbers. at 
1mm Hg. 
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log g/qi vs. time, q; is the initial 


were gs is saturated charge and a is constant. 
From the results of Fig. 4, @ is determined 
as 0.25 on the high polymer in vacuum. 
The leakage of charge by conduction is 
given by 
A= 64, (2) 


where 8 is constant which can be determined — 
from the results of Fig. 5, and its value for 


4"? 
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high polymer is 2x10-‘ in low pressure air. 
From equations (1) and (2) we obtain 


14 _ ofgs—q)—Bq 


BI 

dt (3) 

Since the actual value of @ is very small 

compared with a, one can use equation (1) 

instead of (3) for the analysis of this experi- 
ment. 


b) The effect of absorption of water 

Fig. 6 shows the experimental results of 
polystyrene in dry and wet air. 

It is seen that in the dry air the sign of 
charge on polystyrene is positive, whereas in 
the 60% R.H. air the sign of charge on 
polystyrene is negative. This tendency is also 
confirmed by the experiment in the low 


pressure 1mmHg as shown in Fig. 7. In this 
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Fig. 6. Effect of absorbed water. Charge on 
polystyrene against Pt vs. contact numbers in 
dry air and wet air (60% R.H.) 
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Fig. 7. Effect of absorbed gases. I, II, II, show 
the order of experiments. 
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case the first several contacts and separations 
produce negative charge, which reaches the 
maximum. If the experiment is repeatedly 
performed under this condition, only positive 
charge is produced from the first contact and 
separation. 

The experimental results of Acrylite are 
shown in Fig. 8. The sign of charge on 
Acrylite in the 60% R.H. is positive. But 
the charging decreases with increasing relative 
humidity. This we can attribute to decrease 
in the charge transfered, rather than to 
increase of surface conductivity. 
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Fig. 8. Effect of absorbed water. Charge on 
Acrylite against Pt vs. contact numbers in dry 
air and wet air. 
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The experimental results of Teflon are 
shown in Fig. 9. In this experiment the sign 
of charge on Teflon in low pressure is 


negative. In 60% R.H. air negative charges 
increase. From these results it seems that 


the charging on high polymers is shifted to 
the negative direction with increasing relative 
humidity. 

c) The effect of the gases 

In the experimental results described in the 
above sections it is noted that there is a 
systematic difference between the dry air 
condition and low pressure condition. 

In Teflon-Pt system the negative charge of 
Teflon is greater in dry air than in low 
pressure, whereas in case of polystyrene and 
Acrylite the positive charge of high polymer 
is greater in low pressure than in dry air. 

The experiments in the dry nitrogen gas 
are carried out and the results are shown in 
Fig. 10. These results are quite similar to 
the results in the condition of low pressure. 
Therefore, the charge difference between the 
dry air condition and low pressure condition 
seems to depend on oxygen. 
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Fig. 10. Charge on polystyrene against Pt vs. 
contact numbers in dry nitrogen and low pres- 
sure. 


§ 4. Discussion 


a) The generation of static charges 
Therefore the saturation of static charge 
in equation (1) will be explained in the 
following way: We suppose that both metal 
and high polymer have surface energy levels 
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of electrons which are characterized by work 
function x1 and y2 respectively. 


The surface energy levels of high aes. | 


are localized and denoted by the dotted line 
rhe ap comes 

When these two surfaces are brought into» 
contact, the transfer of electrons from one te. 


another occurs and this makes the surface 
potential barrier which prevents the further 


transfer of electrons. 


are separated, the transfered electrons carry 
In the course of successive - 


static charge gq. 
contact and separations the contact point of 
metal and high polymer is moved and the 
accumulation of static charge is increased. 

However, when the potential barrier induced 
by transfered charges becomes high enough, 
further contact and separation has no more 
effect on accumulation of charge. 

The saturation charge qs in this state will 
be 


Aéo 
4zdo 
were do is average contact distance, A is area 
of contact and ¢ is dielectric constant of high 


Chi 13) (4) 


qs= 


polymer. Using this equation we can estimate 
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of 
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Fig. 11. (a) Energy level diagram of high polymer. 
(b) Energy level diagram of polymer 
surface with absorbed water. 
yo2 and yz represent the work function, y2=yo2 


—gy. g is a potential energy change at the 
surface with absorbed water. 


the relative magnitude of (y7i—xz2) from the 
experimental values of saturation charge qs. 
The analysis of experimental results in vacu- 
um by equation (4) is tabulated in Table I. 


Table I. The charge obtained for high polymer 
vs. Pt, and estimated work function of high 
polymer. Assuming that the work function of 
Pt surface is 6.00 eV and is shifted by about 0.10 
eV in wet air. 


ds( x 10-22 coulomb) x2 (eV) 
Acrylite 36 5.48 
polystyrene 18 5.74 
Teflon 2915 6.04 


When the two surfaces 
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b) The effect of absorption of water 

The sign of charge on polystyrene tends to 
shift toward negative with increasing relative 
humidity, and the positive charge on Acrylite 
tends to decrease with increasing relative 
humidity. 

From these experimental results it is con- 
cluded that the absorption of water molecule 
on surfaces of both platinum and polystyrene 
is the necessary condition for the production 
of negative charge on the polystyrene. There 
are several experimental studies in which 
the absorption of water on the surfaces of 
metals and semiconductors decreases the sur- 
face work function. Hence, one can expect 
that the surface work function of high 
polymer will be changed by absorption of 
water on the surface. 

From equation (4) 


Fs Xi — H2 in 60% R.H. air 
Qso%X01—X02 +~—« in desorbed state, 
where 


% is the work function of Pt 
72 is the work function of high polymer 
The negative sign of gs means that y1< 72 
and further when dso is positive, 
X01 = X02. 
Therefore 


97 Gt = KOS oe 
It follows that the decrease of surface work 
function of platinum can be greater than the 
decrease of surface work function of poly- 
styrene, as shown in Fig. 12 schematically. 


Polystyrene 


Metal 


Fig. 12. Schematic diagram of the effect of ab, 
sorbed water on the work functions of metal 
and polystyrene. 
x01, yo2 are the work function of metal and poly- 
styrene before absorption, y1, y2 after absorption. 


From the experimental results of Acrylite 
as shown in Fig. 8, positive sign of qgso in dry 
air means Yo1 >%o2. Even in 60% R.H. air 
gs is smaller than dso, but not negative. 7%01— 
x02 > %1—%2. These results are explained by 
the schematic diagram of Fig. 13. The 
experimental results of Teflon are given in 
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Fig. 13. Schematic dia- 
gram of the effect of 
absorbed water on the 
work functions of metal 
and Acrylite. 


Fig. 9. In this experiment gso in dry air is 
negative and it means y1< x02. In 60% R.H. 
air negative charge is increased; yo2—x01%2— 
a1. The results are described by the following 
schematic energy diagram in Fig. 14. 


c) The effects of the absorption of Oz 

In the cases of polystyrene and Acrylite, 
the positive charge of high polymer is greater 
in low pressure than in dry air, and the 
negative charge of Teflon is greater in dry 
air than in low pressure. 


Fig. 14. Schematic dia- 
gram of the effect of 
absorbed water on the 
work functions of metal 
and Teflon. 
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Fig. 15. Schematic diagram of the effect of ab- 


sorbed O, on the work functions of metal and 
high polymer. 

(a) Pt and polystyrene. 
(c) Pt and Teflon. 
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Fig. 16. Schematic energy diagrams of the work 
function on Acrylite, polystyrene and Teflon. 
These work functions were calculated from 
experimental data assuming the work functions 
of Pt and Pt with absorbed water are 6.00 eV 
and 5.90 eV respectively. 


As shown in Fig. 10 the experimental results 
in the dry nitrogen gas are quite similar to 
the results in the condition of low pressure. 
This suggests that the absorption of oxygen 
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by both surfaces will affect static charges. 

There are several studies in which in 
accompanying with absorption of oxygen 
on metals and semiconductors surfaces the 
increase of surface work function was ob- 
served, 

The absorption of oxygen by high polymer 
can cause the increase of surface work 
function of high polymer, too. 

The difference between gs in dry air and 
dso in low pressure can be explained by the 
following schematic diagram Fig. 15. It is 
assumed that there is no appreciable increase 
of the surface work function by absorption 
of oxygen on platinum exposed for a long 
time in room air. 


§ Summary 


It has been shown in this report that the 
generation of static charges on high polymers 
varies with the surronding conditions. Fig. 16 
shows a schematic energy diagram by which 
the experimental results can be interpreted. 
From this diagram the work functions of the 
high polymers are estimated. Moreover, this 
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schematic energy diagram will be applicable 
to predict the charging of the other high 
polymer substances. 
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Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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On the Low Lying Levels of Mn’, II 


By Sadaaki YANAGAWA 


Department of Applicd Physics, Faculty of 
Engineering, University of Tokyo, Tokyo 
(Received February 24, 1959) 


In the previous paper, we have discussed the 
low lying levels of Mn° from the standpoint of the 
configurational mixings. In that case, the proton 
configurations for Fe5¢ were assumed to be the 
mixings of {(f7/2)?J}, {(Si/2fo/2)J}, and {(fr/293/2) J} ; 
and for Mn%, {(f7/2)°J}, {St)J’, fo/2: J} and 
{(Fi/2)?J", p3/2: J}. The group of neutrons were 
frozen to the seniority zero state, though it might 
be questionable. 


r= 04 os 06 
Kick Ihe ssa=0.2; 


We have found it illegitimate however, strictly 
speaking, to compute them as two and three body 
problems in the configurational mixings, but we 
have to calculate them as six and five body prob- 
lems for Fe® and Mn respectively. In this paper 
we assume that the following configurations are 
mixed with the main configuration {(f7/2)®*J}. 


Fess {(fr/2)!0, (fo/2)°0 20}, {(Fa/2)"0, (psy2)20 : OF 5 
(fiyd", fon: Th, WSJ", pat Ths 


where only J’=3/2, 5/2 and 7/2 are taken into 
account. 


Mn® {(fip)td’, foy2> I}, {(Frp2)*', pay. : J} , 

wiherey./’=(0, 2) 4) 6. and in  =2, 4) the sseni= 
ority number is assumed to be limited to 2 to sim- 
plify the computations. 

The method of calculation is completely analogous 
to the previous one. The two-body interaction is 
assumed to be of the form V(riz)[1+@(o1-02)], where 
V(r) is Gaussian potential. For the wave func- 
tions, the harmonic oscillator functions are used. 
The excitation energies of a single nucleon from 
Si/x to fs/2 and p3/2 are taken from the new experi- 
mental values of the lst and 2nd excited states of 


A706 066 07 


Figs 2. Mn®. 


Co57, They are 1.9 Mev and 1.4 Mev respectively. 

The results of the calculations for Fe* show 
that the energy diagrams plotted against the range 
parameter 2 give almost the same features as the 
previous ones obtained for the same value of the 
parameter a. (Ais the ratio of the potential range 
to the constant which determines the extension of 
the wave function.) It is not surprising that the 
values of a and 4 for both cases, do not differ so 
much, because the configurations (f;/2)+? are rea- 
sonably considered to be main for respective case. 
For a=0.2, 4=0.66, we have solved the secular 
equations for J=3/2, 5/2 and 7/2 states of Mn®. 
The state J=5/2 is calculated to be the lowest and 
the energy splitting between J=5/2 and J=7/2 is 
about 0.19 Mev, but the level J=3/2 does not agree 
with the observed value of about 1.5 Mev®). 
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Studies on Mercury Fulminate 


By Surjit SINGH 
TDE (ME) Kirkee, Poona-3 (India)t 
(Received December 24, 1958) 


Sekiguchi? prepared samples of mercuric fulmi- 
nate at various temperatures by reacting mercury 
with nitric acid and alcohol in various proportions 
and observed that at lower temperatures larger 
proportions of crystals had acute angles of rhomb. 
Endo and Mashima studied the same reaction and 
concluded that the reaction product at 45-55°C 
was mercurous fulminate”). 

This letter describes the extensive study of this 
reaction in our laboratories and concludes that the 
end product is a mixture of mercury and mercuric 
fulminate and not mercurous fulminate as claimed 
by Endo and Mashima. 

The reaction of mercury with nitric acid and 
alcohol at different temperature ranges (40° to 55°C) 
was studied and the reaction product was found to 
consist of crystals of mercuric fulminate with more 
acute angles of rhomb with occasional pyrimidal 
crystals (which confirms the observations of Seki- 
guchi) contaminated with varying quantity of free 
metallic mercury*. The impure product was cry- 
stallised from a 2: 1:1 mixture of ice cold Am- 
monia (Sp. gr. .88): water: Alcohol and the purified 
material on analysis gave- Hg=70.40 percent (Hg 
as HgS): Purity**=99.8 percent. 

This clearly shows that the product is mercuric 
fulminate and not mercurous fulminate. 

We have attempted to produce mercurous ful- 
minate by an alternative method. Equimolecular 
proportions of cold solutions (at —5°C) of sodium 
or potassium fulminate in methyl alcohol and 
mercurous nitrate (free from mercuric ion) in dilute 
nitric acid were mixed together. Immediately an 
grey amorphous precipitate was obtained. The 
crude material was dried for one week in an CaCl, 
dessicator and on analysis gave, Hg=82.6 percent, 
purity**=57.6 percent. However, during subsequent 
purification and crystallisation from Ammonia: 
Alcohol: water mixture, very large quantities of 
free metallic mercury were observed as residue. 
Crystals obtained from the above filtrate on analysis 
yielded the following results; Hg=70.4 percent; 
purity**=99.7 percent. This data can only be true 


t+ This work was partly done at Institute of 


Armament Studies, Kirkee. 

* Tiny globules of mercury can be readily seen 
under a microscope. A gold wire is also readily 
amalgamated. 

** Calculated as mercuric fulminate by sodium 
thiosulphate titration. 
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for mercuric fulminate. 
synthetic product was separately estimated and 
was found to be 41.05 percent. This clearly points 


out that the crude product was a mixture of equi- || 
molecular proportion of free mercury and mercuric | 


fulminate. 


Confirmatory evidence as to the above grey com- | 
pound, even in the solid state being a mixture of 
free metallic mercury*** and mercuric fulminate is | 


provided by the extreme ease with which a gold wire 
is amalgamated on passing it a few times through 
the sample whereas under identical conditions no 


amalgamation resulted with mercuric fulminate, . 


mercurous nitrate or mercurous chloride. 

Some comments on the work of Endo and Mashima 
will be useful. The presence of mercurous ions in 
their product was inferred due to the formation of 


of green mercurous iodide, on addition of potassium | 
iodide to a solution of the substance in dilute nitric © 


acid. It appears that this deduction is not valid, 
since the free metallic mercury present in the 
crude product will give rise to mercurous ions 
with dilute nitric acid and the latter react with 
potassium iodide to give a green precipitate. 

It is well known that some mercurous salts are 
unstable and decompose into corresponding mercuric 
state with the liberation of free mercury?. Mercur- 
ous fulminate also appears to be very unstable and 
passes spontaneously to mercuric fulminate and 
free metallic mercury, according to the following 
reactions. 

2Na(ON=C), +Hg2(NO3). 
—> 2NaNO3+Hg2(ON=C)s 
Hg.(ON=C), —> Hg+Hg(ON=C), 

Full details will be published elsewhere. 

The author is grateful to Prof. D. S. Kothari, 
Scientific Adviser to the Minister of Defence, for 
his encouragement and interest throughout the 
progress of this work. Thanks are also due to 
Prof. S. Uda for deciphering the paper in Japanese 
by Endo and Mashima. 


References 


1) M. Sekiguchi: J. Phys. Soc. Japan 6 (1951) 541. 

2) S. Endo and M. Mashima: J. Chem. Soc. Japan 
73 (1952) 454. 

3) M.C. Sneed and R. C. Brasted: Comprehensive 
Inorganic Chemistry 4 (Van. Nostrand Prince- 
ton, 1955) 97. 


*k* Freshly prepared mercurous oxide Hg,0, also 
amalgamates gold wire readily. Fricke and Acker- 
man, Z. anorg. Chem. 211 (1933) 233 have shown 
by X-Ray analysis that so called mercurous oxide 
Hg,0 is actually a mixture of HgO +Hg. 


(Vol. 14, 


Free mercury in the crude 


1959) 


J. PHys. Soc. JAPAN 14 (1959) 541 


Low Temperature Thermoelectric 
Power of Cu-Mn Alloys 


By Seiichi TANUMA 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, Sendai 


(Received February 20, 1959) 


It is known that the dilute alloys:of copper with 
manganese show a minimum in the resistance- 
temperature curve in the low temperature region 
followed by a maximum at the lower tempera- 
turesD-8), We have measured the thermoelectric 
power of these alloys in this range of temperatures. 
The ingots which were made by melting oxygen- 
free copper (99.997% purity) and electrolytic man- 
ganese in vacuum were forged and cold-drawn to 
the wires of 0.3mm in diameter and then annealed 
at 700°C for 5 hours. The thermoelectric power 
was measured by constructing a thermocouple with 
each alloy wire as an arm and a pure annealed 
copper wire as the reference arm. Thermoelectric 
voltage (H) of each couple was obtained as a func- 
tion of the temperature difference between the hot 
junction immersed in melting ice and the cold junc- 
tion in the cryostat, temperature (7) of which was 
varied from 4.2°K to about 200°K. The relation 
between H# and T was plotted in Fig. 1. In all 


ppectmanNOMn Content, 


Absolute Temperature T 


Fig. 1. Thermoelectric voltages of Cu-Mn alloys 
versus pure copper between the abscissa tem- 
peratuer and 0°C. 


specimens, the sign of thermovoltage was such that 
the current flows from the copper wire to the alloy 
wire at the cold junction. Graphical determina- 
tions of the gradients of the #}—7T curves at various 
temperatures gave the thermoelectric powers rela- 
tive to copper as shown in Fig. 2. The absolute 
thermoelectric power (S) of the alloy can be ob- 
tained by adding algebraically the absolute thermo- 
electric power of copper*5) which is denoted by 
the curve 0, in Fig. 2. As an example, the curve 
1, is thus obtained for the absolute thermoelectric 
power of specimen No. 1. 
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The absolute thermoelectric powers of Cu-Mn 
alloys, at intermediate temperatures, have negative 
sign and coincide generally with the values measured 
by Otter® above the temperature of liquid air. In 
the S—T curve at low temperatures, however, 
there appears a minimum followed by a maximum 
with lowering temperature. This seems to be a 
characteristic feature of these alloys which display 
a minimum and a maximum in the resistance ()- 
temperature curves. The temperature where the 
maximum or the minimum appears in the p—-T 
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Fig. 2. Thermoelectric powers of Cu-Mn alloys. 


curve and this point in the S—T curve vary regu- 
larly with solute concentration respectively, but 
the coincidence between them is not necessarily 
observed. The thermoelectric minimum in these 
alloys is similar to the anomalous minimum reported 
in Cu-Sn alloys. Taking into account of the fact 
that Cu-Sn alloys show a maximum neither in re- 
sistance nor in thermoelectric power, the existence 
of the maximum in Cu-Mn alloys suggests some 
complicated factor entering into the nature of the 
resistance minimum. Perhaps this relates to the 
magnetic properties of solute ions in this alloys”. 

The author wishes to express his sincere thanks 
to Prof. T. Fukuroi and to Assist. Prof. Y. Shibuya 
for their kindness of giving experimental facilities 
and stimulating discussions. A part of this work 
owes to the Scientific Research Fund of the Mini- 
stry of Education. 
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Simplified Representations on the Firing 
Characteristics of Vibrational- 
Ignitor Tubes 


By Setsuo OKANISHI and Hitoshi KANAMORI 
Shimadzu Seisakusho Lid., Kyoto 
(Received February 10, 1959) 


We have measured the firing probabilities of 
vibrational-ignitor tubes, in regard to several vari- 
ables which are shown in Fig. 1. It was found, 
however, that such many variables could be reduced 
to three variables 7, Z, and H”/L (l1<n< 2), and 
that general firing characteristics might be simply 
composed as in Fig. 2, as a conclusion. Where 7 


Fig. 1. 
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Fig. 2. The typical characteristics composed by 
3 curves. 


is the instantaneous value of ignitor current, im- 
mediately before an ignitor is pulled up from the 
surface of a mercury cathode. Those characteristic 
curves have been explained by considering next 
two steps as firing process, as same as an igni- 
tron2?)- j.e., production of a cathode spot and 
stabilization of anode arc. In Fig. 2, abscissa takes 
7 and ordinate takes the firing probability. Curve 
A shows the probability of cathode spot production, 
which may be reckoned as a function of 7 and fixed 
in such coordinates. Other variables influence it 
very little. Curve B shows the probability of sta- 
bilization of anode arc caused by a cathode spot. 
It is a function of 7, Z, and H”/Z, where 1<x2<2, 
so that the last two variables are taken as para- 
meters. And, the greater ZL, and the greater H#/”/L, 
make probability the greater. Finally, curve C 
shows the probability of production of the arc be- 
tween an ignitor and a cathode, added to curve B. 
It is also a function of 7, Ze and H”/L, in the case 
of greater 2 and ZL, than those of curve B. Actual 
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occupied by curve A, except upper part near 100%. 
In that of inductive load, curve B and C appear 
(Fig. 4). 
the characteristics is found, instead of using many 
parameters in Fig. 1. 


1) 
2) 


3) 
4) 
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firing characteristics must be composed as 1-2-3 in 
Fig. 2, because a tube fires when those two condi- 
tions are filled. #, only influences curve C at 
small LZ, and large i; except that, H, may be neg- 
lected compared with the voltage spike being pro- 
portional to Zt, which produces arc between an 
ignitor and a cathode. E., L., R, and R& should 
not be considered directly. 

Some actual data are shown in the case of resis- 
tive load (Fig. 3). The characteristic curves are 


a 
ae 
= 
= 
: 
x 
Q 
2 
= 


70 80 90 100 


Fig. 3. The firing characteristics in the case of 
pure resistive load H=200~600 V, R=10~1600, 
E.=6~30 V. 
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inductive load. Solid lines show the case of 


H=600 V, L=370mH. Broken lines, H=200V, 
L=370 mH. 


Thus, the possibility to simply represent 
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Cyclotron Resonance in Gas Discharge 


By Kuniya FUKUDA, Hiroaki MATUMOTO, 
Yoichi UCHIDA and Hisamitsu YOSHIMURA 


Department of Physics, Faculiy of Science, 
Kyoto University 
(Received February 19, 1959) 


The dispersion of cyclotron resonance in gas dis- 
charge was measured at microwave frequency of 
24,000 MCPS)-3), Discharge of air was held be- 
tween a fine kovar wire (¢,=0.5mm) inserted co- 
axially into the cylindrical cavity (¢,=8mm) and 
the cavity wall. Magnetic field was applied per- 
pendicular to the axis of the cylindrical cavity. 
Pressure of gas was monitored by an oil mano- 
meter and a thermister vacuum meter. 

The TEM mode of cavity is perturbed only 
slightly for the exciting wavelength 24 <n(¢a4+¢y)®. 
It may be, however, allowed to use the Langevin 
equation of motion of electrons in constant homo- 
geneous magnetic field (along z-axis) and oscillating 
electric field (in wz-plane), which leads to the fol- 
lowing equation for the imaginary part of the 
complex conductivity corresponding to microwave 
dispersion: 


i 


Nec WT(We2r? — w2r? — 1) 
imag 


Mm  (L~ wr? + we2r?)? +422? 


oO 


where w is microwave frequency, z mean free time 
of electron, we cyclotron frequency and WN electron 
density. 

Experimental curves of dispersion I, II, and III 
show in Fig. 1 correspond to those at 1.4mmHg, 
1 mmHg and 0.5 mmHg of gas pressure respectively. 
They approximately fit the above Lorentzian ex- 
pression with wr=>1. It is possible, therefore, to 
determine c-values from the magnitude of magnetic 
field, giving the dispersion maximum: 7r=3.9x 10-2 
sec for 1.4mmHg, 4.6x10-sec for 1mmHg and 
8.1x10-Usec for 0.5mmHg respectively. On the 
other hand, mean free time can also be estimated 
from the quality factor Q and the resonance fre- 
quency shift at zero field 4m of the cavity under 
gas discharge, using the relation: wr=2Q4w/w 
(=ocreai/Cimag). In our case Q~=1,000 at each pres- 
sure, so that the values of ¢ are in the range of 
3~1x10- sec. 

These values of ¢ derived in two different ways 
are in good agreement in the order of magnitude 
with each other, though experimental curves have 
somewhat complex behaviors in the region near 
zero field. Electron density in gas discharge is 
estimated to be of the order of 10”/cc from the 
dispersion at zero field with 7~10- sec®)-*), 

In our experiments the applied electrostatic field, 
together with the magnetic field, may cause con- 
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siderable disturbances on the distribution of elec- 
tron density. It may be preferable for the dis- 
charge current to have the same direction as that 


23670 F- 
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Position of resonance Peak (MCPS) 


of OSE Sy BAe 5 6 ie ie OS 
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Fig. 1. Curves of the shift of microwave reso- 
nance frequency versus applied magnetic field. 
H, is magnetic field at cyclotron resonance fre- 
quency, which is connected with cyclotron fre- 
quency we aS we=eH,/mc. Dashed line shows 
the resonance frequency without discharge. 


of the magnetic field. The investigations on other 
gases over wider pressure range, as well as the 
refinements of experimental conditions, are now in 
progress in our laboratory. 
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Effects of 7-Rays on Aqueous Solutions 
of Synthetic Polymers 


By Shintaro SUGAI, Mitsuo ISHIKAWA 
and Jiro FURUICHI 
Physics Department, Faculty of Science, 
Hokkaido University, Sapporo, 
Hokkaido, Japan 
(Received February 20, 1959) 


There has been as yet only a few researches 
concerning the effects of ionizing radiation on syn- 
thetic polymer solutions). 

In the studies herewith reported, observations 
were made of the effects of y-rays from Co on 


(Vol. 14, 


aqueous solutions of synthetic poly electrolyte Na- 
CMC, of which the average degrees of polymeriza- 
tion and etherification are respectively 560 and 0.685. 

According to ultracentrifugal figures of consider- 
ably concentrated solutions, Na-CMC used in the 
present case seems to be a mixture of two group, 
one of which has a larger average molecular weight 
than the other. 

Oxygen was not excluded from water and methyl- 
alcohol used as solvents and the irradiation was 
carried out under atomospheric pressure. 

In Table I, decreases of specific viscosity due to 
irradiation are tabulated. Changes of molecular 
weights calculated from the intrinsic viscosity and 
those of ultracentrifugal coefficients respectively 
are indicated in Table I and II. 


Table I. Decreases of specific viscosity of Na~-CMC aqueous solutions under 
various conditions of irradiation. 
c solvent dose-rate dose —Asv f F/e 
gr/cc gr/cc r/min r % r 107 cc/gr 
Type I Viscometer 

6.7x 10-3 600 18000 See 22500 Sed 
1.4x10-3 85 3000 10.0 3000 22 
6.7x10-4 190 4300 Tshs2, 610 0.9 
5.6x 10-4 85 1500 LORO 800 1.4 
2.4x10-4 170 850 26.6 320 13 

" 0.05 Me-OH ” " 8.5 

" 0.48 Me-OH ” ” AG) 
Gaie< 1105 190 210 23.0 610 1.4 

y 85 420 39.0 110 Wey 

4 170 850 42.1 200 ve) 

Y 0.051 NaCl ” ” 5.4 

Y 0.134 NaCl ” t 0.5 

Type II Viscometer 

Io See 33 220 15.0 150 0.9 

Y 2 ” iheggs) 125 0.8 
Qos 85 600 18.3 330 14 
7.5x 10-6 33 220 17.0 130 20 

4 9 ” 19.0 120 20 
2.3x 10-6 85 300 92 320 140 


c: concentration of aqueous solution. 
—Aysy: decrease of the specific viscosity. 


F&: dose required for producing —ANsp=10%. 


Table Il. Changes of molecular weight. 


c dose P/Py N 
gr/cc Y 
2.0x 10-3 2200 0.97 0.031 
Oni Ome 1700 0.92 0.086 
y 4300 0.75 0.333 
6.7x 10-5 210 0.88 0.136 
1 420 0.71 0.408 
y 850 0.56 0.785 


P, Py: degrees of polymerization of irradiated 
and original molecules. 


N: number of scissons per original molecules. 


It seems that the main results in the present 
studies may be put in order as follows: 

1) The molecular degradation only is an essen- 
tial process in irradiated Na-CMC aqueous solu- 
tions. 

2) Except in the extremely dilute, cases, typical 
kinetics of the indirect effect through the activated 
solvents is clearly observed?). The effective protec- 
tion due to presence of methyl-alcohol and depend- 
ency of degradation upon molecular extension seem 
also to be symptomatic of the indirect effect. 

3) From the change of the ratio of two com- 
ponents due to irradiation as shown in Table JI]. 


1959) 


the random fractures of polymer chains may be 
reasonably assumed?). 


Table HI. Changes of ultracentrifugal figures. 


C dose 81 So filfr 
gr/cc r sved. sved ne 
2.4x10-3 2.0 7.9 2.0 
” 6800 1.8 6.3 2.4 
Dal Slee! 0 Zoo © 
” 3800 il co 
81, 8,: sedimentation coefficients of two groups. 


Si, fo: percentage of components of two groups. 

Effect of irradiation on the electrical conductivity 
was also observed. At low temperatures, the 
conductivity of the irradiated solution is clearly 
greater than that of non-irradiated one, however 
that difference is very small at higher tempera- 
tures. 

The details will soon be published. 
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Maximum Principles for Vorticity in 
Viscous Fluid 


By Tosio KATO and Hiroshi FUJITA 
Department af Physics, University of Tokyo 
(Received February 24, 1959) 


The object of the present note is to point out 
that maximum principles hold for the vorticity in 
any two-dimensional flow, stationary as well as 
non-stationary, of an incompressible viscous fluid. 
"These principles are analogous to the familiar ones 
for the Laplace and heat equations. 

The vorticity is given by w=0v/0x—Ou/dy in 
terms of the velocity components uw, v of the fluid 
and satisfies the differential equation 


(1) 


in the free space, where v is the kinematic visco- 


sity coefficient. If the flow is stationary, (1) re- 


duces to 


fare) Ow se 


Ou oy (2) 


—v4o+u 
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Note that (1) and (2) can be regarded as linear 
differential equations for w, whenever a definite 
flow w, v is being considered. 

The maximum principles are given by the fol- 
lowing theorems, in which D denotes an arbitrary 
domain of the x, y plane occupied by the fluid and 
C is the boundary of D. 

Theorem I. Jf the flow is stationary, the mazi- 
mum and the minimum of » in D are atiained 
on C. 

Theorem II. Jf the flow is non-stationary, the 
maximum and the minimum of w in the cylindri- 
cal domain of the x, y, t space with (a, y) in D 
and ty <t<t are attained either on the “ bottom” 
(t=to) or on the “vertical side” ((x, y) on C). 

If follows from Theorem I, for example, that the 
vorticity w of a stationary flow always lies between 
its maximum w+ and minimum w-— taken on the 
surface of the obstacle (assuming that w—>0O at 
infinity and that w- <0<w,). 

The proof of these theorems are rather simple. 
To prove Theorem I, let w; be the maximum of 
won C. Then w’=w—w4 satisfies the same linear 
differential equation (2) as w and its boundary 
values on C are non-positive. It follows from a 
standard argument) that w cannot take positive 
values in D. Thus »<w, and w4 is the maxi- 
mum of » in D. The minimum can be dealt with 
similarly. To prove Theorem II, let w 4 be the 
maximum of w on the bottom and the vertical side 
of the domain considered. Then w’=w—w¥, satisfies 
the same linear differential equation (1) as w. Set 
w!’=e-%w’ with an arbitrary c>0. w’’ satisfies 
the linear differential equation 


and its values are non-positive on the bottom and 
the vertical side. From this it follows again”) that 
w’’ cannot take positive values in the domain of 
x, y, & space in question. This proves that 
w/=ecw!’ <0 and therefore that w<w4. Thus 
w, is the maximum of ». The minimum can be 
treated similarly. 

It appears that these maximum principles cannot 
in general be extended to three-dimensional flows. 
They are valid, however, in some special cases, In 
a stationary, axially symmetric flow, for example, 
analogues of Theorems I and II are seen to hold 
for the maximum of |w| in any domain in which the 
radial velocity is non-positive. 
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Interaction of Exciton with R Center in 
KCl Crystal 


By Masayasu UEBTA and Masamitsu HIRAI 
Department of Physics, Faculty of Science, 
University of Tohoku, Sendar 


(Received February 27, 1959) 


For the investigation of energy transfers which 
take place between the exciton and electron or 
hole trapping centers, the interaction with color 
centers in alkali halide crystals will be one of the 
most appropriate subjects on account of the fact 
that the structures of color centers and exciton 
have been studied so far extensively in these 
crystals. In the previous reportY the effects of 
the exciton upon F’ and U centers in KCl and KBr 
crystals were described and it has been observed 
the quantum efficiencies for the bleaching of F' 
centers and for the conversion of U centers to F’ 
centers by the ultra violet lights, of which 
wavelengths are in the region of the fundamental 
absorption tail, are greater than unity and thus 
the thermal effect of the exciton was discussed. 

If the KCl crystal containing only F’ centers are 
illuminated with #’ absorption light, the complex 
centers of R, M, N and K are enhanced with the 
consumption of # centers. When this crystal is 
heated in dark, RA, and A, bands are the first to 
disappear at the temperature slightly below 100°C. 
Thus, it is clear that R-center is most thermally 
unstable among these centers though it is stable 
optically. Therefore, assuming that the exciton 
produce the thermal spike as suggested by Seitz?) 
and the thermal effect on #’ and U centers discus- 
sed in our previous report is correct, R center 
will be destroyed first of all when the crystal 
containing complex centers are irradiated by the 
ultra violet light in the exciton absorption band. 
The following result is considered to provide one 
possibility of this evidence. 

A KCl crystal containing # centers with the 
density of 1.5x107 per cubic centimeters was 
irradiated at room temperature with a high pres- 
sure mercury lamp through a green filter which 
transmits only the monochromatic light of Hg 


0461 A. The irradiation period was so long that, 


equilibrium state between F’ centers and other 
complex centers was established and any more 
irradiation did produce no change in the absorption 
curve. The absorption curve of the crystal in the 
equilibrium state is shown in Fig. 1 (a). For the 
ultra violet light to form excitons a hydrogen 
discharge tube was used. The window material 


of the tube was a crystal-quartz plate which is 
transparent down to 1700 A. 
At first, the crystal of which absorption curve 


Errata 


(Vol. 14, 


is shown in Fig. 1 (a) was irradiated at room tem- 
perature for one minute with the hydrogen lamp 
through a filter of pure KBr crystal-plate of 
thickness d=0.9 mm, but any appreciable change of 
the absorption curve was not observed. However, 
against the same period of irradiation through a 
filter of pure KCl crystal-plate, a large change was 
detected: namely, R bands decreased and #’ band 
increased. Successive irradiations of ultra violet 
light with the KCl filter destroyed R bands com- 
pletely and the electrons were transfered to F' 
centers as shown in Fig. 1 (b). It is shown from 
the figure that K and N bands also decreased, but 
with a slower rate compared to # bands. 


Crystal thickness 
d=a09"™ 


-LooT 


1 
3 ~< : : ‘ a 300 


Wavalength 
Fig. 1. a) The equilibrium state between F' and 
complex centers. b) After the irradiation with 
exciton light for 20 minutes at 17°C. 


L 
YOoo 1200 mu 


From the fact that the ultra violet light filtered 
with KBr crystal has no appreciable effect, the 
wavelength of the photon which is effective upon 
the bleaching of R centers is shorter than that of 
the edge absorption of KBr crystal: i.e. 205 mz. 
On the otherhand the KCl crystal (d=0.7 mm) is 
transparent down to 185my and the tail of the 
fundamental absorption band extends to 210 mp”. 
The total photon number of the ultra violet lights 
included in the region between the wavelengths of 
transmission limits of KCl and KBr crystals: 
(185 mp-205 my) were measured with a thermopile as 
8x10™ quanta per cm? per sec. at the position of 
irradiated crystal. From these facts, it is safely 
concluded that the observed photo chemical reaction 
can be attributed to the exciton. 

To obtain the quantum efficiency for the reaction 
and the quantitative discussion, investigation on the 
thermal stability of R bands and the detailed 
absorption spectrum of the exciton absorption tail 
of the crystal containing the complex centers have 
being carried out. 
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Oxide-Cored Cathode 


By Keiichi ANDO, Osami KAMIGAITO, Yoshihiro KAMIYA, 
Shigetoshi TAKAHASHI and Ryozi UYEDA 


J. Phys. Soc. Japan 14 (1959) 180 


Page line 

180 right foot-note Prof. S. Sasaki should be read Prof. N. Sasaki 

184 left 28 exide-coated oxide-coated 

184 right 2 event evident 

185 right 3 not only from the not only from the tip but from 
conical side the conical side 

185 right 35 Tras-50D TRS-50D 


On Quantitative Measurement of Turbulence by Means of a Constant 
Resistance Hot-wire Anemometer 


By Nisiki HAYASI 
J. Phys. Soc. Japan 14 (1959) 360 


All a’s and B’s in the lines from 10 to 23 on page 362 should be replaced 


A A 
by a’s and B’s, where a=a79/11 . 


Page Column Line (should be read) 
362 26 B Bla 

362 28 Pros? PR 

363 3 -i.RiRelG , —i,hiRe/G . 

364 right 9 this effect these effects 


Preparation of Anodic Oscillator Tube using Glow Discharge 
By Kazuyuki OGAWA 
J Phys. Soc. Japan 14 (1959) 385 


In Fig. 3 the ordinate scale belonging to tube drop should be shifted down by 10 volts, i.e., 
115 volt, 110 volt and 105 volt are respectively rewritten as 125 volt, 120 volt and 115 volt. 
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Elastic and Inelastic Scattering of 22 Mev Alpha Particles by 
Light Elements 


By Chuin Hu, Shohei Kato, Yukiyasu Opa 
and Minoru TAKEDA 


Department of Physics, Faculty of Science, 
Osaka University, Osaka, Japan 


(Received December 8, 1958) 


The scattering of 22 Mev alpha particles from carbon, magnesium and 
silicon has been studied with scintillation counter technique. The elastic 
scatterings from carbon and magnesium have shown the characteristic 
diffraction pattern, which can be obtained from the theory of diffraction 


by an opaque sphere. 


The observed inelastic angular distributions could 


be approximated by the squares spherical Bessel function of second order 


as predicted by direct interaction theory. 


good for our elements. 


The agreement is appreciably 


However, the cross sections do not tend toward 


small values in the forward direction for magnesium and silicon. 


Introduction 


§1. 


Recently many experiments on the elastic 
and the inelastic scattering of alpha particles 
by various elements have been reported”>”?, 
The angular distributions of elastically scat- 
tered alpha particles by light nuclei in these 
experiments have been characterized by the 
appearance of diffraction patterns. It seems 
that these features can be interpreted well in 
terms of the optical model analysis, and many 
calculations were carried out*®?. These calcu- 
lations uses generally the depth of real and 
imaginary potentials, nuclear radius and bound- 
ary diffuseness, and they are appreciably com- 
‘plicated. But, in some cases, these diffraction 
patterns are also interpreted more simply by 
the classical point of view to give the inter- 
action radius of incident particles and target 
nucleus. Because of short wave length and 
spinless properties of incident alpha particles, 
the elastic scattering of alpha particles has 
some analogy with the diffraction of light 
‘scattered by sphere*?. In order to calculate 
the differential cross sections, it is convenient 
to assume that the target nucleus can be 
represented as an opaque sphere, then one 
may find 


do _pp rl 


Ji(2Rk sin (9/2) | M. Dat ions 


2Rk sin (0/2) 

The range of validity of this expression is 
restricted by some conditions on the scattering 
angle 9. On the other hand, the differential 
cross sections of inelastically scattered alpha 


particles were found to vary strongly with 
scattering angle, suggesting a direct interac- 
tion process of nuclear reaction. The form 
of the angular distribution based on the direct 
interaction proposed by Austern, Butler and 
McManus” is found to be 


oO) = al ju(qa)}? (2) 


and the interaction radius, which is chosen so 
as to make the curve of and angular distri- 
bution best fit, is determined. It is an inter- 
esting problem to compare the magnitudes of 
interaction radii obtained from both analysis 
of the elastic and inelastic sacttering data. 

An another interesting feature of inelastic 
scattering of alpha particles is related with 
the isotopic spin selection rule. According to 
this prediction, bombardment of alpha particles 
cannot lead to any state of intermediate nucleus 
with different isotopic spin from that of the 
target nucleus, and in the case of inelastic 
scattering of alpha particles, only states with 
the same isotopic spin as the ground: state 
can be excited. In fact, it has been shown 
experimentally» that the probabilities of ex- 
citation forbidden by this selection rule are 
smaller than few percents of those of the 
allowed levels. 

In the present experiment, the target of C¥, 
Mgt and Si?® were bombarded by 22 Mev 
alpha particles accelerated by Osaka Univer- 
sity cyclotron and the differentical cross sec- 
tions of elastically and inelastically scattered 
alpha particles were measured by the scintil- 
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lation counter. The appeared levels in our 
experiment have the same isotopic spin with 
the ground state. 


§2. Experimental 


The alpha particles were produced in Osaka 
University 44’’ cyclotron by accelerating doubly 
ionized helium atoms to an energy of 22 Mev. 
A schematic diagram of the cyclotrcn, scatter- 
ing chamber, and Nal scintillation counter was 
illustrated in our previous paper®. 

In the present experiment we did not use 
any particle selection technique, since the yield 
of protons from (a, p) reaction was very small 
compared with those of alpha particles scat- 
tered elastically or inelastically by light nuclei”, 
and furthermore the (a, d) reaction has very 
large negative Q-value for the present case. 

All targets, used above, were self-supported 
one and holded in aluminum target frames of 
2cmx2cm in size. The carbon target of 
about 1mg/cm? thickness was obtained by 
painting a soot dispersion in alcohol on a thin 
collodion film of several uwg/cm?. For the case 
determining the absolute cross sections, a 20 
yw thick polyethylene foil was used. The 
magnesium target of 0.78 mg/cm? thickness 
prepared by evaporation method, and fused 
quartz foil of 1.4 mg/cm? thickness was used 
as silicon target. 

The pulse height distributions of scattered 
alpha particle groups from the 22 Mev alpha 
particle bombardment on C, Mg and SiO, are 
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Fig. 1. The pulse height distribution of scatter- 
ed particles from carbon target at 9=30°. The 
first excited group is separated from recoil pro- 
tons, due to hydrogen contamination, by Insert- 
ing a alminium foil in front of detector. 
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shown in Figs. 1, 2 and 3, respectively. 
In the case of carbon we observed appreci- 


able hydrogen contamination in the target. | 
The group of this hydrogen contamination [ 
and the alpha group excited to the first ex- | 
cited level of carbon overlapped unfortunately, | 
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Fig. 2. The pulse height distribution of alpha 
particles from magnesium target at @1ap=32.5°. 
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Fig. 3. The pulse height distribution of alpha 
particles from SiO, target at @ja»=30°. 
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at about 25°. However, by inserting an alumi- 
nium absorber in front of the counter aper- 
ture, we could separate these groups. On the 
other hand, in the inelastic scattering from 
silicon we could not measure the differential 
cross sections at the angular region larger 
than 50° since the alpha group from the first 
excited level of silicon was masked by that 
of elastic scattering by oxygen. 


§3. Results 


1) Elastic scattering 
The angular distributions of alpha particles 
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elastically scattered by C'’ and Mg” are illus- 
trated in Figs. 4 and 5, where the calculated 
Rutherford cross section are indicated by a 
dashed curve. 


The angular dependence of the deviations 
from the Rutherford scattering are different 
for the both cases, i.e., the experimental 
points are distributed around the Rutherford 
cross sections in the case of C', while for 
Meg", the diffraction pattern appears below 
the Rutherford curve. This situation is similar 
to that of 31.5 Mev work”. 


Diffraction patterns appear evidently in the 
forward direction in both cases. For the case 
of C’, the smooth variation of the cross sec- 
tion from 60° to 78° which appeared in 
Watter’s 31.5 Mev alpha particle experiments”, 


is not observed in our 22™Mev experiments. [ i 
This phenomena may be considered to be an ae Mg (aa«)Mg 
energy dependent effect such as the depend- r : E=22.8 Mev 
ence of the angular positions of maxima (or a eh ‘ aan 4 
minima). A) E 
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Fig. 4. The angular distribution of elastically 2) Inelastic scattering 


scattered alpha particles from carbon. 


Asis shown in Fig. 4, the calculated curve 
assuming the scattering from an opaque sphere 
is in fair agreement with the experimental 
one, and it is true for the case of Mg”! also. 
In this calculation, we used expression (1) and 
the interaction radii have been adjusted to 5.5 
and 6.0 fermis (1 fermi=10-"% cm) for C” and 
Mg", respectively, and they will be compared 
below with those fitted to inelastic scattering 


data. 


In our case the spins and parities of the 
ground and excited state are respectively 0(+) 
and 2(+). 

a) Ca, a’)CY*, Q=—4.43 Mev. The most 
pronounced feature of the angular distribution 
for this case is that the first maximum is at 
about 28°, though in the 31.5 Mev data” the 
cross section increase linearly at small angles. 
The theory predicts an angular distribution 
of the form of [j2(|Ka—Ka-|a)]? for this case, 
and this is illustrated in Figs. 6 with the 
present experimental result. The interaction 


C. Hu, S. Kato, Y. ODA and M. TAKEDA (Vol. 14, 


552 
the spins and parities of the ground state and | 
the agreement between the theoretical and the first excited level are 0(+) and 2(+), re- ff 
experimental results is very good. spectively, one may expect an angular distri- 
b) Mg%(a, a’)Mg4*, Q=—1.368 Mev. Since bution varying as [j2(\ka—Ke|a))?. As illus- | 
trated in Fig. 7, the theoretical curve repro- | 

duces the experimental angular distribution } 
fairly well, assuming the interaction radius of | 
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radius has been adjusted as 5.08 fermis and 
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Fig. 6. The angular distribution of inelastically 
scattered alpha particles from carbon, Q= E 
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Fig. 8. The angular distribution of inelastically 
scattered alpha particles from the second and 
third excited states of magnesium, Q=-—4.12 
and —4.23 Mev together. 


c) Mg*4(a, a’)Mg4*, Q=—4.2Mev. The 
experimental differential cross section for this 
process is shown in Fig. 8. 

Although the second excited levels of Mg 
has doublet structure of 2(+) and 4(+), the 
D angular distribution of Fig. 8 seems to be 
Pies S contributed from the 2(+) level only since 

O 20 40 60 BC 100 theoretical [72]? curve can reproduce the ex- | 

Ocm perimental results with a reasonable magni- — 

Fig. 7. The angular distribution of inelastically tude of interaction radius a=6.5 fermis. 
scattered alpha particles from the first excited d) SP(a,ia)Sr*, Q=—1.78 Mev. Tn Figs a . 
states of magnesium, Q=~— 1.368 Mev. the experimental and calculated [j2|ka—ka-|a)]? | 
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curves are illustrated together. Chosing the 
interaction radius as 6.16 fermis, the agree- 
ment between experimental and_ theoretical 
results is good, though the range of the scat- 
tering angles is only from 17° to 46°. 
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Fig. 9. The angular distribution of inelastically 
scattered alpha particles from the first excited 
state of silicon, @Q=—1.78 Mev. 


Discussion and Conclusion 


§ 4, 

It is interesting to compare the nuclear radii 
determined by the elastic scattering of alpha 
particles with that deduced from inelastic 
scattering, although the two mechanisms of 
scattering of alpha particles are quite different 
each other. In the case of C'?, we have 
chosen the interaction radius as 5.5 fermis 
for the elastic scattering from the opaque 
sphere model and 5.08 fermis for the inelastic 
scattering from the direct interaction theory. 
In the case of Mg”, we have taken the inter- 
action radii as 6.0 and 6.3 fermis for elastic 
and inelastic scattering respectively. These 
agreements are rather good and they also 
agree with the radii which were determined 
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by the sharp ‘cut off model analysis”. But 
these radii are larger than that obtained by 
optical model analysis”. 

The recent experiments about the inelastic 
scattering of nucleons from light nuclei have 
revealed some complexities in the angular 
distributions of the scattered particles which 
can not be explained by either the simple 
compound or direct theory of nuclear reac- 
tions. While the results for inelastic scatter- 
ing of alpha particles described here are well 
interpreted by the simple direct theory of 
Austern, Butler and McManus. The angular 
distributions for the elastic scattering show 
that the nucleus would be almost black for 
the impinging of alpha particles. The exist- 
ence of sharply defined boundary surface be- 
tween the inside and outside of nucleus would 
play a role to exhibit the diffraction phe- 
nomena. 

Almost all parts of our experimental results 
of the inelastic scattering are on the first 
excited states of even-even nuclei. The angu- 
lar distributions predicted by the collective 
excitation theory also have the form of 
[72(qa)|? for these cases quite similarly to that 
of the former direct theory. Therefore, we 
can not argue which theory is more prefer- 
able as long as we concern only to the experi- 
mental results of the angular distributions. 
Now the above formal expression gives a 
small cross section at 0°. This feature has 
been recognized well in our result for CY. 
Large forward peaks are, however, observed 
for Mg and Si, although the experimental 
error are somewhat large. This is explained 
by neither of the theories mentioned above. 

As the yields of the reactions observed in 
our experiments are appreciable, it will be 
reasonable to say that the excited states 
studied have the same isotopic spin with that 
of the ground state. It is worthwhile to note 
here that the yield of second excited state of 
C® is so small as we could not measure the 
angular distribution. This feature seems not 
to depend seriously on the incident energy”. 
Similar results has been also found in the 
case of the inelastic scattering of protons 
from C?2.8 Probably these features suggest 
that the nature of the second excited state 
would be greatly different from that of the 
ground state, and the transition would be 
highly suppressed. 
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Be(n, 2n)Be® and B"(n, a)Li(é)Be® Reactions by 
14 Mev Neutrons 


By Masakatsu SAKISAKA 
Department of Physics, Konan University, Kobe 
(Received December 19, 1958) 


Be%(n, 27)Be8 and B1(m, a)Li8(8)Be8 reactions induced by 14 Mev neutrons 
were studied by the method of beryllium and boron loaded nuclear emul- 
sions. 

In the former reaction, the angular distributions of Be8 nuclei were 
strongly peaked backward in the center-of-mass system, suggesting that 
the direct interaction of the incident neutrons with beryllium—an inelastic 
scattering process before second neutron emission and a pick-up process 
probably—had a major contribution to the reaction. The cross sections 
were measured as 0.18-+0.07, 0.03+0.02, 0.1140.04 and 0.05+0.03 barns 
for the 3, 5, 7.5 and more than 9 Mev excited states of Be’ respectively. 
When 0.17+0.03 barns was cited to the cross section with respect to its 
ground state, the total (m, 2m) cross section was estimated as 0.54+0.09 
barns. 

The cross section of the latter reaction was measured as 35+7 milli- 
barns in which the contribution of Be8 in the ground state was not 
included. Most Li8 nuclei were found to be left at the states lower than 
2.5 Mev in the reaction. The decaying rates of Li8 to the Be®8 states of 
3, 5 and more than 8 Mev were about 75, 15 and 10% respectively and 
the mixing of the allowed transitions of such rates was consistent with 
the known #-spectrum of Li®. 


§1. Introduction Be*(m, 2n)Be® reaction by 14 Mev neutrons 

The interactions of various nuclei with fast was investigated by some workers-* by ob- 
neutrons have been studied and many infor- serving the emitted neutrons from beryllium. 
mations about the reaction processes have Though these experiments gave important 
been obtained, but there remain much ambi- knowledges about the reaction cross section 
guities even in the phenomena concerning and the energy spectrum of the emitted 
light nuclei. neutrons, the angular distributions of the 


1959) 


neutrons or recoil Be® nuclei have not yet 
been observed. Recently Anderson et al.” 
have given the angular distribution of. in- 
elastically scattered neutrons corresponding to 
the 2.43Mev level of Be® by a time-of-flight 
method. 

B"(n, a)Li§(8)Be® reaction at 14 Mev neutron 
energy has been studied by Heiberg® and 
Armstrong and Frye”, but there still remain 
many uncertainties because of the small cross 
section of the reaction. 

The final product of the above reactions is 
Be® nucleus. This nucleus has been most 
frequently investigated both theoretically and 
experimentally owing to its interesting nuclear 
character, but the existence of the excited 
states between 3 and 7.5Mev has not yet 
been decisive. More precise experiments about 
these reactions are therefore desirable. 

In this paper the two reactions induced by 
the 14 Mev neutrons were investigated by the 
method of the beryllium and boron loaded 
nuclear emulsions. 


§ 2. 


(1) Neutron irradiations and monitoring 

The deuteron beam was accelerated to 170 
Kev by a Cockcroft-Walton type accelerator. 
The magnetically analysed beam of a few uA 
bombarded to a thick tritium-titanium target 
producing 14Mev neutrons of T(d,”)a@ reac- 
tion. The irradiation of nuclear plates by 
neutrons was performed as follows. Several 
Sakura NR-MI nuclear plates (1 x3” in size 
and 90 and 1704 in thickness) were cut in 
half. The fellows of the halves were loaded 
with beryllium or boron by the procedures 
described in Appendixes I and II. The con- 
tents of beryllium and boron were determined 
by means of chemical and activation analysis 
respectively. The loaded plates and the un- 
loaded ones for the background measurements 
wrapped by black papers separately were ar- 
ranged abreast and 10cm apart from the 
target on a plane perpendicular to the deuteron 
beam. The cadmium covers of 0.2mm in 
thickness were used for both plates in order 
to filter the probable thermal neutrons. Their 
glacing angles were chosen as 5°. 

To obtain the number of neutrons impinged 
on the nuclear plates, the recoil alpha-particles 
of T(d,n)a reaction emitted in the perpen- 
dicular direction with respect to the deuteron 
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beam were counted by a CsI(TI) crystal of 
1/16” in thickness viewed with a photomulti- 
plier RCA 6810. The surface of the crystal 
was screened by two sheets of aluminium foils 
of 0.13 mg/cm? in thickness to prevent scat- 
tered deuterons and beam glow from reaching 
the crystal. The counting error was esti- 
mated to be less than 2%. The experimental 
arrangements are shown in Fig. 1. 


— 170 KEV 
DEUTERON BEAM 


TARGET CHAMBER 


Nei PLATE 
Ane PLATE 


T-Ti TARGET 


<3 Mie] 
MULTICHANNEL 
Paar 


Fig. 1. 


Experimental arrangements. 


The recoil alpha-particles of the neutrons 
used to irradiate the emulsions were emitted 
in the direction of 84° to the deuteron beam 
at the bombarding energy of 170 Kev. There- 
fore the counts of alpha-particles in this ar- 
rangement did not give directly the correct 
number of the neutrons falling on the emul- 
sions, but the correction could be easily made, 
because the angular distribution of the neu- 
trons in T(d,n)a@ reaction was found to be 
isotropic? in the center-of-mass system at 
such a low deuteron energy. 

The neutron energy was 14.1-0.2 Mev and 
the number of the irradiated neutrons at the 
plates was (3.770.08) x 107 neutrons/cm? in 
each experiment. 

(2) Plate analysis 

The exposed plates were processed by the 
procedures shown in Appendixes I and II. The 
scannings of the processed emulsions were per- 
formed with two Tiyoda binocular microscopes 
at a magnification of 1350 for the beryllium 
loaded and the unloaded emulsions, while a 
magnification of 900 was adopted for the 
boron loaded ones, since the stars attributed 
to the boron disintegration reaction could be 
easily perceptible, Some typical examples are 


shown in Fig. 2. 
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The measurements of the following three 
quantities were made on each prong of an 
observed track or a star: 

(a) horizontally projected 

prong, 

(b) dip of the prong, 

(c) angle between the prong and the direc- 

tion of the incident neutron. 


length of the 
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Fig. 2. Typical track and stars in beryllium and 


boron disintegrations respectively. 
(a): Track of Be%2, 27)Be8 reaction: 
E\=2.09 Mev, H,=2.54 Mev, H#*=4.10 Mev, 
O=147- 
(b), (c): Stars of B'(2, w)Li8(8)Be® reaction: 
(b) #,=1.23 Mev, H.=1.23 Mev, 
H*=2.36 Mev 
(c) H,=2.48 Mev, H.=2.56 Mev, 
H*=4.94 Mev 
Both Li® are left at the ground state in the 
(m, a) reaction. 


The errors of these quantities were estimated 
as +0.5y, £0.34 and 2° respectively. 

Since the range-energy relations for alpha- 
particles have not been given in the NR-Ml 
emulsion, they were determined experimentally 
as stated in Appendix III. The energy of 
each prong was obtained from the measured 
range-energy relations, from which the ener- 
gies and the angular distributions in the 
center-of-mass system could be calculated 
about the reaction products. 


§3. Results and Discussions 


(1) Be%(m, 2m)Be® reaction 

It was found that even in the unloaded 
emulsions there were found many tracks simi- 
lar to those due to Be® disintegration. These 
background tracks would be attributed to the 
followings: 

(a) bent tracks of scattered low energy 
protons which are difficult to discriminate 
from those of alpha-particles, 

(b) bent tracks of alpha-particles, 

(c) 3-alpha stars from carbon whose one 
prong is too short to be detected or two 
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of them are too close together to be 
resolved, 

tracks of light nuclei accompanied by 
the emission of a charged particle—the 
recoil atoms sometimes give the tracks 
indistinguishable from those of alpha- 
particles, 

tracks attributed to the emission of two 
charged particles. 

At first the same areas of the beryllium 
loaded and unloaded pair were scanned and 
all the tracks in question were measured. 
When the energies of two alpha-particles were 
denoted as FE, and £2, there were the differ- 
ence of the £,+, histograms between both 
plates near the energies of 3.5, 7.5 and more 
than 9Meyv. Moreover, when the number of 
tracks per Mev of £i+£,2 was plotted against 
the energy ratio y of the two alpha-particles 
(defined as y=1), it became clear that the 
differences were found only for the low yr 
region of 1<7<2.5. Therefore the sub- 
sequent scannings were performed so as to 
choose only the tracks of 7 less than 3, that 
is, the tracks whose range of the longer prong 
did not exceed about three times of the other 
were chosen. By such a selection the scan- 
ning labour was greatly reduced. 

In the track analysis, the length between 
the end of two alpha-particle prongs (Pi and 
P. in Fig. 3) was first measured, from which 


(d) 


(e) 


a — 
PROJECTED DIRECTION 
OF NEUTRON INCIDENCE 


P. 


Fig. 3. Velocity vector diagram of the Be%(x, 27)Be8 
reaction on the projected plane. 

Suffix » means the horizontal projection of the 
respective vector. Solid arrows show the vectors 
in the laboratory system and broken arrow gives 
the vector in the center-of-mass system. White 
arrow is the projected vector of the center of 
mass. 


M: middle point of P;P., 


as 
OM: projected velocity vector of Be 
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the excitation energy E* of Be® could be calcu- 
lated. The tracks in both emulsions were 
analysed in this way and the net histogram 
of £* distribution is shown in Fig. 4. Besides 
the well-known ground, 3 and 7.5 Mev states, 
a level near 5Mev and unresolved levels 
above 9 Mev are seen to be probable. 

The angular distributions of Be® were ob- 
tained for the 3 and 7.5 Mev states from the 


direction CM, which showed the strongly 
backward predominance in the center-of-mass 
system, as shown in Fig. 5. The reliable 
results were not given to the 5 Mev and above 
9Mev states owing to the small number of 
the net events. 

In the Ben, 2n) reaction by 14 Mev neu- 
trons, Rosen and Stewart® have reported the 
existence of the 2.43 and 7.9 Mev states of 
Be® and also found the emission of many 
neutrons of low energies. This indicates that 


NUMBER OF TRACKS 


E* 
Fig. 4. Histogram of the excitation energy of 
Be® obtained from the Be%(, 27)Be® reaction. 
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Fig. 5. Angular distributions of Be® from the 
Be%(m, 2n)Be® reaction in the center-of-mass 
system. 
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the reaction proceeded mainly by an inelastic 
scattering of the incident neutron with bery]- 
lium at first and then the excited Be® nucleus 
disintegrated into a second neutron and Be® 
residual. Such a two-step process of the 
reaction has been found by Fowler et al.%, 
Fischer™, and Wagner and Huber! at the 
lower incident neutron energies. 

The angular distribution of the neutrons 
inelastically scattered by the 2.43 Mev state 
Be® has recently been observed to be peaked 
forward». Unfortunately, those for other 
levels of Be® have not yet been given. How- 
ever the sharp and forward angular distri- 
butions of the inelastically scattered neutrons 
have been shown in the same paper by Rosen, 
though they were concerned with other nuclei 
of Ta and Bi. 

To explain the present experimental results 
according to the two-step process alone; the 
following assumption would be necessary, that 
is, the inelastically scattered neutrons by Be® 
proceeded sharply and forwardly in the center- 
of-mass system (the recoil Be® are peaked 
backward) and the energy releaset in the 
second process was small. Then the angular 
distributions of the residual Be® would resemble 
to those of the recoil Be®. But it seems to 
be difficult that this assumption is correct. 

Another quite different assumption might 
be admitted to the reaction mechanism; 
namely an incident neutron picked up the 
other neutron of Be® just as (u,d) or (p,d) 
reactions. In this process the residual Be® 
nucleus has an appreciable probability of back- 
ward predominance in its angular distribution. 
Again, the pick-up process alone is not satis- 
factory for explaining the energy spectrum of 
the emitted neutrons obtained by Rosen and 
Stewart. Rather, some mixing of the two- 
step process and the pick-up process seems 
adequate for the present investigation. But, 
since the further details cannot be derived at 
the present state of knowledge, more experi- 
ments are necessary. 

Quite recently Remy and Winter!” have 
investigated the Be(,2m) reaction by time- 
of-flight method and obtained the complex 


+ If the excited Be was at rest, one ninth of 
the energy release of My*—-H*—1.67 is given to 
Be8 where E*, #’* and —1.67 are the excitation 
energies of Be, Be® and the Q-value of Be%(m, 27) 
reaction respsectively. 
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energy distribution of the neutrons, showing 
that the reaction was not considered to be 
due to the simple two-step process alone—the 
various levels of Be® and Be® were not only 
concerned in the two-step process but also the 
pick-up process was expected from the angular 
correlation of the emitted neutrons. However 
the mixing ratio of the processes has not 
been given and, at this time, their investi- 
gation is correlated to the present study only 
qualitatively. 


Masakatsu SAKISAKA 


(Vol. 14, 


To obtain the reaction cross sections some I 
corrections were necessary. First, the correc- | 
tion of the escaping probability of tracks from | 
the emulsions was made by the ordinary | 
method. Next, the effect of the increase of 
light nuclei in the loaded emulsions was cor- | 
rected. 


It amounted to about 10+5%. And 
finally the contribution of a few tracks of 7 f 
greater than the chosen value was taken into | 
account, which was estimated to be less than if 


5%. 1! 


Table I. Cross section of Be?+m reactions (barns). 

References 0 3 Lexel of — ks S9 eae: on* 
Taylor et al.D (0.37+0.08 
Flerov et al.» 0.6440.02** 
Rosen and Stewart*)) | 0.42+0.07 0.42+0.07 
MacGregor ef al. (0.49+0.02 
Ashby eft al.18) 0.54+0.04 
Present author >0.0340.01 0.18+0.07 0.0340.02 0.1140.04 0.05+0.03 | 0.54+0.09 | 


* @¢» means the nonelastic cross section, which is tabulated for the sake of comparison. 


** Fj =14.5 Mev. 


The results are tabulated in Table I for the 
reactions proceeding via various levels of Be® 
nucleus. The value of 0.03+0.01b for the 
Be® ground state is only a lower limit, because 
the tracks due to the disintegration of Be® in 
this state are difficult to be detected and 
liable to be missed. The total (7, 2m) cross 
section is also shown in the table. It was 
obtained by summing up the cross sections 
corresponding to the respective levels of Be®. 
But, in the summation, the value for the Be® 
ground state was chosen as 0.17-£0.03 bf ac- 
cording to Anderson et al.. The present 
value agrees well with the recent result of 
Ashby. Comparing with some of the non- 
elastic cross sections, it may be concluded 
that the (,2m) cross section is the major 
part of the nonelastic cross section. 

The semi-empirical model of this reaction 
presented by Sachs!” affords isotropy in the 


t This value was obtained for the inelastic scat- 
tering of the neutrons proceeding via the 2.43 Mev 
level of Be which was considered to decay to the 
Be’ ground state only by neutron emission, since 
no gamma rays were found in the reaction. There- 
fore, Anderson’s value may be taken to be equal 
to the disintegration cross section of Be® in the 
ground state. 


center-of-mass angular distributions of the | 
neutrons and Be®. This model seems inade- 
quate so far as the reaction mechanism con- | 
cerns, since the isotropical contributions was _ 
small in the present experiment. Bnt the 
behaviour of the (, 2m) cross sections meas- 
ured by many workers up to 14 Mev of neu- 
tron energy fits well with Sachs’ theory. 


(2) B'U(n, a)Li8(B)Be® reaction 

Of the neutron-induced disintegrations in 
boron, B"(n, a)Li®(8)Be8(2@) reaction gives rise 
to the hammer-shaped star, since the Li® does 
not decay until it has come to rest in the 
emulsion. This characteristic star could easily 
be found in the scanning, but that in which 
Be® was left in the ground state was hardly 
observed. The star is also indistinguishable 
from the 3-alpha star from carbon having one 
bent prong and two collinear equilateral ones, 
because the prongs of alpha-particles and re- 
coil Li® atom would be short enough, if Li8 
would be left at the highly excited states. 
But the latter case was found to be rare as 
described later. 


Fig. 6 gives the spectrum of the excitation _ 
energy E* which was obtained by measuring 
the break-up of the final Be’. In addition to _ 
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the broad 3Mev state a level of 5 Mev is 
seen. Armstrong and Frye”) showed the 
slight indications of 2.2 and 4.0 Mev levels as 
well as the broad 3 Mev state but did not find 
the 5Mev, though the number of their ob- 
served events was more than those of the 
present investigation. 

The relative decaying rates of Li® to the oF 
5 and more than 8 Mev levels of Be’ were 
about 75, 15 and 10% respectively. From the 


& 


8 


NUMBER OF STARS 


Fe eS eS 


ip ee 6 8 10 12 
E* (MEV) 


Fig. 6. Excitation energy of Be8 obtained from 
the BU(2, a)Li8(@)Be® reaction. 
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Fig. 7. Alpha-energy spectrum of the B'(z, a)Li8® 
reaction in the center-of-mass system. 
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Fig. 8. #-spectrum of Li8. 
The dots show the measurement by Hornyak 


and Lauritsen. 
The broadness of the respective levels of Be® 


is taken into account. 
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alpha-particles energy spectrum of the (1, a) 
reaction most Li® nuclei were found to be 
left in the states less than 2.5 Mev as shown 
in Fig. 7, but these states were not well re- 
solved. 

The cross section was 35--7 mb but it does 
not include the events of Be® in the ground 
State. Heiberg? gave about 30mb to the 
reaction cross section at 14 Mev neutron energy, 
while Armstrong and Frye showed the cross 
Section as 38.4+-7.4 mb at 13.0 Mev and 30.9-+ 
6.3 mb at 14.7 Mev, both of which are in good 
agreement with the present observation. 

The excited levels of Be® between 3 and 
7.5 Mev have not yet been sufficiently decis- 
ive. But the present study has given a more 
reliable indication that at least one level ex- 
sists near 5 Mev. 

According to Hornyak and Lauritsen’, the 
B-ray spectrum of Li® indicated that about 90 
per cent of the §-transitions occured to the 3 
Mev state of Be® and 10 per cent to the states 
at nearly 10 and 13 Mev. However, the spec- 
trum can be equally well explained, as shown 
in Fig. 8, by the superposition of the transi- 
tions obtained in the present experiment, 
namely; 75 and 15 per cent of the decays to 
the 3 and 5Mev states respectively and 10 
per cent to the state above 8Mey. Here all 
the transitions are taken to be of the allowed 
type. 

Burchum ef al.’ and Inall'? have shown 
that in the Li’(p, 7)Be8(2@) reaction the weakly 
excited states were found near 4.2 and 5.4 
Mev of Be® whose spins were assigned as 
J=2* by the y—q@ angular correlation. It is 
reasonable that their 5.4 Mev is taken to be 
the same as the present 5Mev one. Then, 
since the ground state of Li® is 2*, the B- 
transition to the 5 Mev state of Be® is of the 
allowed type as assumed above. It is not 
inconsistent with the observations of Hanna 
et al2® and Bunbury™ that the a—f angular 
correlation was isotropic within a few per cent 
in the Li8(8)Be&(2@) decay. 

The reaction B!°(m, t)Be® was also observed. 
The cross section was estimated as 42-16 mb 
which did not include the contribution from 
the Be® ground state. Further results could 
not be obtained because of the very small 
number of the events. 

Frye and Gammel?” found the total (x, f) 
cross section to be 102+17mb for the 14.1 
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Mev neutrons. Comparing with the present 
result, the Be® ground state has nearly the 
same contribution as the excited states. Ac- 
cording to Ribe and Seagrave”, however, the 
ratio was 1:10. The more precise experi- 
ments would be desirable. 
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Appendix I. Preparations of the Beryllium 
Loaded Nuclear Emulsions 


Since the supplies of the beryllium loaded 
nuclear plates have been stopped by the manu- 
facturers owing to the poisoneous character 
of beryllium, one is obliged to try the loading 
by himself. 

The 22% solution of beryllium acetate whose 
pH was about 5 was prepared. The Sakura 
NR-MI nuclear plates of 90 and 170, in 
thickness were soaked in the solution for an 
hour at 111°C and dried in the ordinary 
atmosphere. 

The plates were processed by the tempera- 
ture method with amidol developer (pH=7.2) 
the emulsions were imprignated by a 2% 
glycerine solution after washing. The time 
of each stage in the course of the processing 
was the same as that?” given to the Ilford 
C2 nuclear plates. However, 2 hours were 
adopted for the presoaking stage to remove 
the loaded beryllium in the emulsion which 
had a bad influence on the processing. The 
shrinkage factor of the loaded emulsions (~15 
mg/cc of Be) was measured as 2.09+0.05 
whereas that of the unloaded ones was 2.19=+ 
0.04. 

Since pH of the loading solution was low, 
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it is feared that the sensitivity decrease and 


the faster fading of the loaded emulsions may | 
By the grain counting of the tracks © 


occur. 
both in the loaded and unloaded plates irradi- 
ated by fast neutrons and alpha-particles from 
polonium, it was found that the loaded emul- 
sions processed by the developer (pH=7.2) 
were as sensitive as the unloaded ones pro- 
cessed by the developer whose pH was ad- 
justed to about 6.3. Therefore in the actual 
processing, pH of the developer was chosen 
as 7.2 for the loaded emulsions and 6.3 for 
the unloaded ones. The fading factors were 
measured for both plates and plotted in Fig. 9 


e UNLOADED 
° 9 mg Be/ec 
o|4 « ” 
oly = 


FADING FACTOR 


TIME 


(HOUR) 


Fig. 9. Surface fading factor of the unloaded 
and beryllium loaded NR-M1 nuclear emulsions. 
The broken line shows the internal fading pre- 
dicted for the unloaded emulsion. 


against the time after irradiation. They were 
obtained for the alpha-particle tracks on the 
emulsion surfaces by counting the grain den- 
sity. Since the irradiation time of the plates 
was less than an hour and the processing 
was done immediately after the irradiation 
in the present experiment, the effects of the 
fading would be negligible. 

The content of beryllium loaded in the 
emulsion was determined by the usual gravi- 
metric analysis. The known quantity of the 
loaded emulsion was put into perchloric acid 
solution and warmed for an hour on water 
bath. After adding NH.OH until pH of the 
solution came to about 9 the precipitate pro- 
duced was filtered. Then the precipitate was 
dissolved in HCl solution and again NH,OH 
was poured up topH+9. The re-precipitated 
Be(OH)z was washed with hot water and 
changed to BeO by ignition in a porcelain 
crucible. The weight of BeO thus obtained 
was measured, from which the beryllium 
content could be determined within the error 
of about 5%. The contents of beryllium were 
19.8 mg/cc and 13.5mg/cc for the emulsions 
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| 1959) 
of 90 # and 170 in thickness respectively. 


Appendix II. Preparations of the Boron 
Loaded Nuclear Emulsions 


The 5% solution of ammonium borate whose 
pH was 7.5 was used in the loading. The 
NR-MI plates were soaked in the solution for 
two hours at 15-++1°C. 

The method of ordinary temperature pro- 
cessing was adopted in this case but the fixing 
was somewhat difficult. No significant differ- 
ence of the sensitivlty was found between the 
loaded and unloaded plates. The shrinkage 
factor was about 1.8. 

To obtain the content of boron in the emul- 
sions the activation analysis method was 
chosen, since the chemical analysis was rather 
difficult. As shown in Fig. 10, a 50mg Ra- 
Be neutron source was sunk in a paraffin 
block of 20cm in diameter and 3lcm_ in 
height. The silver and indium foils of vari- 
ous thicknesses with and without cadmium 
covers were placed in a hole of the paraffin 
block and irradiated by thermal neutrons. 


LEAD SHIELD 
NEUTRON SOURCE 


PARAFFIN FOIL OR PLATE 


HOLE 


Fig. 10. Irradiation by thermal neutrons. 


The induced activities of the foils by the 
reactions of Ag!"(nu, y)Ag?® and In™(n, 7)In'"*° 
were measured by an end-window G-M counter. 
From the curve of foil thickness vs specific 
activity the propor thickness of the foilf 
necessary to obtain the total hot atoms in the 
sample was known. 

If the foil is irradiated in the time interval 
0 to t by the constant flux of thermal neu- 
trons and the induced activity is measured 
from time /f: to fz after the end of the irradi- 
ation, the flux ¢ at the hole of the paraffin 
is derived by the following expression: 

A4CoG 
= Nasawo(d-—e-*40)(e- 1a) ‘ 


t The proper thickness is meant as the thickness 
of the foil which has the same specific activity as 
that of zero thickness. 
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where 


A : decay constant, 

C : net count of the foil of proper thickness, 

o : density of the foil, 

G : factor involving the geometrical con- 

ditions and the effects of the absorption 

and the scattering of #-rays, 

number of Ag!7 or In! atoms in unit 

volume of the foil, 

oo) : activation cross section by thermal 
neutrons, 

Wo: weight of the foil of proper thickness 
for absolute 8-counting. 


No: 


The data in the flux measurements are shown 
in Table II. The neutron flux was estimated 
to be ¢=(3.21+0.30) x 10? neutrons/cm?-sec as 
a mean of the results for silver and indium. 


Table II. Data of the neutron flux measurements. 
Sample Silver Indium 
(min) 5 30 
é, (min) ORD) i, 
t (min) 5 30 
A (min-}) 0.295 0.01285 
oo (b) 44 +923) 145 + 153) 
CG Py S69RsE4 75 3650 42% 
G NDR Se sXYee 4.70 +4%* 
Wo (mg) Soret U7 Oe% 
@ (cm-2-sec-1) (3,44+0.72) x 102)(2.97 £0.33) x 102 


* The G-M counter used is the same as that 
used in the experiment by Yasumi”), 

** These values were not equal to the exact 
weights of the foils of proper thickness but were 
rather approximate ones, since the foils of exact 
weight were hardly preparable. The corrections 
were introduced to the results. 


Secondly the boron loaded nuclear plates 
with and without cadmium covers were placed 
for 30 minutes in the hole and the short tracks 
attributed to Bm, a)Li’ reaction were counted. 
The number of boron atoms in the emulsion 
was derived by an equation as: 

0.188No¢t=» , 


where WN and v are the number of boron atoms 
and the tracks in unit volume of the emulsion 
respectively and 0.188 is the abundance ratio 
of B®. ¢ is the exposure time and o is the 
(n, a) cross section of B!° which is taken as 
4010-22 b?*?. Referring to the obtained value 
of ¢ the boron content in the 170 ~ emulsion 
was found to be 27.6++3,1 mg/cc. 
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Appendix III. Range-Energy Relations of 
the NR-MI Nuclear Emulsions for 
Alpha-Particles and Tritons 


The range-energy relations of the NR-Ml 
emulsions for protons up to the energy of 14 
Mev were measured by Nonaka ef al.”, but 
the relations for alpha-particles and tritons 
have not been given. In the present experi- 
ment they were determined as follows. 

By measuring the range of alpha-particles 
from a polonium source attached to the sur- 
faces of the unloaded and beryllium loaded 
NR-MI plates, the mean ranges of 22.4 ~ and 
21.6 » respectively were obtained from their 
range histograms. Since the range for the 
Ilford C2 emulsion is given as 22.2 1, its 
standard range-energy relations for alpha: 
particles up to about 10 Mev were found to 
be also available for the NR-MI unloaded 
emulsion and even for the loaded ones.{f 
This is supported by the measurements of the 
recorded tracks when the source was placed 
0.5cm apart from the surfaces of the emul- 
sions. The observed range-position relations 
were the same as those expected from the 
range-energy curve for the C2 emulsion. 

As for tritons, the equation”?: 


E=const:-M1-"k” 


was applied, where £, M and R are the 
energy, the mass and the corresponding range 
of a charged particle respectively and is a 
constant characteristic of the emulsion. The 
equation holds for protons, deuterons and tri- 
tons. Since the NR-Ml emulsion does not 
differ greatly from other emulsions, 1 is as- 
sumed to be 0.575 in the energy range from 
4 to 10 Mev when M™ is given in terms of the 
proton mass, R in microns and E in Mev. 
Then the range-energy relations for tritons 
could be obtained in the same energy region 
from the curve for protons measured by 
Nonaka”, 

Additional data were given by the slightly 
lithium loaded emulsion'tt irradiated by ther- 


t The range obtained in the present experiment 
was 22.1 p. 

it It was shown that the same range-energy re- 
lations could be applicable to the boron loaded 
emulsions by observing the range of the alpha- 
particles from the reaction B(x, a)Li’. 
ttt A 2% solution of lithium acetate was used in 
the loading. 


mal neutrons. The tracks due to Li®(m, t)a 
reaction were measured and the range of | 
33.2 4 was obtained for the 2.73 Mev triton. | 
Therefore, the whole range-energy relations | 
for tritons up to 10 Mev could be obtained by 
extrapolating smoothly the above- mentioned | 
curve so as to pass through the observed | 
point at 2.73 Mev. 

The range-energy relations for the three 
particles in the NR-Ml emulsions are shown — 
in Big. 11. | 


Sane 
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ENERGY (MEV) 


\ 5 “lO 100 500 
RANGE ( MICRON) 


Fig. 11. Range-energy relations for protons, tri- 
tons and alpha-particles in the NR-M1 nuclear 
emulsion. 

@: measurement by Po-a, 
&: measurement by Li®(x, a)é, 
©: measurement by B12, a) 
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Cell Theory of Classical Liquids. 
Phase Transition between Gas, Liquid and Solid. 


Part III. Yvon’s Method and its Generalization 


By Tohru Morita 
Physics Department, Tokyo Institute of Technology 
(Received January 26, 1959) 


The Method, proposed by Yvon, to start with the cluster expansion 
formulae and to classify the contributions of the clusters according to 
the form of the figure showing the coordinates of particles in the sum- 
mand is fully developed for uniform and non-uniform lattice systems and 
compared with the cluster variation method. The cell theory of liquids 
is investigated from the standpoint of this method. It is shown that 
the cell-pair approximation developed in Parts I and II from the stand- 
point of the cluster variation method is shown to be identical to the 
approximation in which the figures that are contained in a cell or a pair 
of cells are taken into account correctly and the others are neglected, 


again in our present standpoint. 


§1. Introduction 


As shown in a seperate paper’ by the 
author and used in Part II”, continuous sys- 
tems—fluids and solids—may be considered to 
be equivalent to lattice systems of infinitesimal 
lattice constant. Therefore, to investigate the 
phase transition of continuous system, we 
may take the procedure, first to construct a 
method for lattice systems and then to apply 
it to the lattice system of infinitesimal lattice 
constant. This procedure will be taken in 
this part. So that, our main interest in this 
part is to find a method for a lattice system, 
applicable to a lattice system of infinitesimal 
lattice constant. The investigation will be 


made about the cluster expansion method for 
a lattice system. 

Let us consider a lattice system, of L lat- 
tice sites of a regular lattice, composed of N 
identical particles: the density is p=N/L. 
The potential energy of the system is assumed 
vo be of the form: 

Sn VOR, Bp 5 


Nzei>Jj2! 


(Re, Roe ---,L) 0 
co 


The cluster expansion formula of the free 
energy A of this system is:*»” 


Antes Pei SIONS RESON CONT Fee 
ediiea es Py n! rm is Bio ie q 
(2) 


with 

Fiug=exp |— Von fies le oe) 
where (A) on >)“ implies the specification 
by Mayer” that the sum is to be taken over 
all products which are more than singly con- 
nected. 

When we start with the continuous counter- 
part of this expansion formula for the case 
of continuous system, the following two kinds 
of approximation are usually adopted. Name- 
ly, we take account either of first few terms 
of small m, entirely neglecting the terms of 
large u, or of the terms which can be evalu- 
ated by means of the Fourier transformation, 
neglecting the other terms, namely consider- 
ing the terms of ring, of watermelon”, of 
netted rings’? or of hyper-netted chains or 
rings». It is obvious that the former method 
will not be available for fluids of not small 
density. When the latter method is used, it 
generally leads to a divergence of sum at a 
density. The theory of radial distribution 
function by Born, Green and Rodriguez? 
suggests that the results at the densities 
higher than the density of divergence may 
be obtained from this expansion by continuing 
the function analytically to that region. How- 
ever, if we apply the latter method to the 
one-dimensional Ising system, for which the 
rigorous solution is known, there appears a 
point of divergence and no reasonable results 
at higher densities than this point can be 
obtained by the analytical continuation’. 
Therefore, the latter method seems to be valid 
only for fluids of not too high density. Fur- 
thermore, these methods do not give the 
rigorous result even for a lattice system in 
which the interaction of particles is such as 
only to exclude two or more particles to be 
at the same lattice site!”. 

On the contrary, quite a different method 
of collecting the contributions is presented for 
a lattice system. That is, Yvon’? has pro- 
posed to group the contributions by the num- 
ber or the type of the figures of the lattice 
sites occupied by particles in the summand, 
and has shown that the consideration only of 
the pairs of lattice sites leads to the Bethe 
approximation. Then, for the case of binary 
mixtures of occupation probabilities o near 
1/2, he considered the figures of square up 
to the first order of p—1/2. Rushbrooke and 
Scoins™ starting with the similar standpoint 
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as Yvon, have shown that clusters of lattice | 


sites which contribute to the sum are those 
of point, bond and closed polygons and pre- 


sented a systematic method of calculating the | 


sum, for the case of Ising system. In this 


method, the approximation of point gives the | 


rigorous results for the case of the potential 
such as only to exclude two or more particles 
to exist at the same lattice site. The approxi- 
mation of bond leads to the Bethe approxi- 
mation, which gives the rigorous results for 


one-dimensional Ising system, and the calcu- _ 
lations in the higher approximations can — 


comparatively easily be performed. 

From the results obtained when applied to 
the one-dimensional Ising system, we expect 
that the method by Yvon, Rushbrooke and 
Scoins is superior to the methods developed 
especially for a continuous system, for fluids 
of not small density. The reason why the 
former could give a reasonable results in the 
region of high densities where the latter could 
not, will be due to the fact that the correla- 
tions of short range could be considered suf- 
ficiently in the former method. Therefore, 
we expect that we can obtain an approxi- 
mation method applicable to fluids of high 
densities or solids if we take into account the 
short range correlations in a similar way. 
In this paper, we develop the method of 
Yvon. Rushbrooke and Scoins from the stand- 
point of the Ursell expansion for both uniform 
and non-uniform systems and compare it with 
the cluster variation method developed by 
Kikuchi et al., in §2, and then apply it in 
the “cell and cell pair approximation” to 
classical liquids in §3. The results obtained 
in the cell and cell pair approximation in this 
formalism are shown to be identical to those 
developed in Parts I and II from the _ stand- 
point of the cluster variation method. 


§2. Expansion of the Free Energy by Means 
of “Clusters of Lattice Sites ” 


We present here the method of Yvon, Rush- 
brooke and Scoins for a uniform lattice system 
in a compact form, and then generalize it to 
the case of non-uniform systems. 


2a. Uniform lattice system 

For the present, we consider a uniform 
lattice system of L lattice sites composed of 
N=Lo particles. The cluster expansion for- 
mula of the free energy A of this system is 
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given by (2). The sums over lattice sites in the right hand side of (2) can be decomposed 
into sums over the clusters of lattice sites occupied by particles as 


L 
ASS iS tepien UB ier eKiy) (4) 
m1 L2t > >ty>te2l 
with 
Bi) Oo on VBS 
NCS ae EAST) 7 
bet c Pa n! Pe By (9) 
and 
Bi, tee, aa) = ” tn tn ; 
= = Ee = ees (B) ‘sj 
kT n=m n! pon a ae Zi V8) 


for m=2, where (B) on >} implies that the sum is to be taken over all products which 
are more than singly connected and for which every site of (d1,---,im) is occupied by at 
least one particle. 


(5) and (6) with (4) suggest us to define A(i1, +++, %m) by* 


? 


A(i)= BG) ee 
Ai, j)=BG)+B(j)+ BG, j) er) 
A(i, j, k)= BG)+Bj)+ Bk) + BG, jf) +B, k)+ Bj, k)+BG, j, 2) wees 
At = B+ 3 Bu, D+>D BG, 7, k)+-+- +B, -°:,L). (72) 


From the comparison of (4) and (74) we see that A(1, ---, L)=A, and further that A(Z, +++, tm) 
is the free energy per system of the ensemble of M (M- occ) replicas of system (i, +++, %m);** 
the potential energy between two particles in different replicas is assumed to be zero. 

A(1, +++, m) can then be calculated by obtaining the grand partition function per replica by 


GR ee i en é > VOR. RIT | (8) 
N=0 Rj=1  Ry=l N>i>jel 
and determining the value of the fugacity 21,...,m by 
—Oln 5 (1, +++, m1) (9) 
@) Ih ieanasan 
as 
At i) =mo ln 2,...,m—In F(1, +--+, m) - (10) 


When the potential energy has a core: V(R, R)=oo, then the sum in (8) becomes a finite 
power series Of 21,...,m: the terms retained are those of N<m and (9) may be solved ex- 


plicitly. For instance, for the case of V(R, R)=~, for m=1 


Z1 0 
SQ)=l+z, =— ; Alara taney 
() A 4 1421 dean 
* Note that we could start with the definition of A(i1,--+,%m) as the free energy per system of M 
replicas of (i1, «++, %m) and this Ursell expansion of A(u1, .++,4m) defining Blt, +++, %m) as the correlations. 


When we have adopted this starting point, we would not need to use the cluster expansion formula (2) 


which is divergent for condensed phases when seen to be the expansion in powers of eo 
*& For large m, we may say that A(ii,---,%m) is the free energy of the system (ii, ---,%m) when the 


number of particles in the system is mo, but for small m we may not say so. 
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thence 
——-=olnp+l=pad pe (11) 
and for m=2, 


51, 2)=1422.+212? exp[—(a)/kRT] , 


Dee 2212 + 2212” exp [— b(a)/RT | 
1+2212+2Z12 Exp [—d(a)ykT] ’ 


20 


e=To95gg? 8 =V1+40—oexp[—#@/kT J) » 
thence 
AM, 2ves p 2. Cali Zoe (B+1—2p)1—p) 
kT ied a kT ieee 1+8 : Oa 
where ¢(a)=V@1, 2). 
For the Ising system: 
0° li—jl= 
VOU, N=} $@ |¢—jl=a (13) 
0 a wled . 


a denoting the distance of the nearest neighbor lattice sites; if we use the approximation 
only to consider up to Bi, 7) neglecting the higher terms in Eq. (74), then we get as an 
approximation for the free energy 
GaP gar PemetA—Aind—o+s fon Eon Oo 

by the help of (7’) and (7) with (11) and (12). This is just the result of the Bethe approxi- 
mation’. Here, c is the coordination number of the lattice. In an analogous way, we will 
be able to proceed to the higher order terms. In that case is useful the theorem of Rush- 
brook and Scoins that Blu, -+--+,%m) for m>2 is zero except when the figure of i, ---,im 
with bonds drawn between pair 7; and % for which V@(z;, i:)-+<0, is more than singly con- 
nected. If we want to estimate the error of the approximation for high temperature region, 
the theorem teaches that the contribution of the figures neglected in the Bethe approximation 
is 0(—¢(a)/RT)* or 0(—¢a)/kT)* according as the smallest closed polygon neglected is [] or 
A; as Fiz~ —@(@/kT for |i—jl=a. 
2b. Non-uniform lattice system 

Since we are to consider the system in the solid state where the one particle distribution 
function is not constant in the system as well as the system in the fluid states, we have to 
use the expansion formula of the free energy in terms of the one particle distribution func- 
tion): 


y ae sy o(R) In on) ass i 5 opie > O(R1)- ++ 0(Rn) SOU Fi; 15 
[pip jae e mai! Ry=1 Ry=l Die fee (do) 


This snm can be decomposed as (4) with 

Bo) ot om ~ = (B) 

kT a oté mn é = n! ei lege I Hes (16) 
and 


BUS Oe tm = cm 
Bineia Pee pi HS A(R): 0(Rn) PU Fi oe 
nzt>jeE 


kT i Rene ee: 
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for m=2. 

Again, we define A(i:, ---, im) by, (7)-(7*) in terms of Bit, «++, in) given by (16) and (17). 
ihien Ad, --..L)=A, andAG,,>+-,im) is the free energy per system of the ensemble of 
M (M- ~~) are of system (i1, +--+, im) under the restriction that the one particle distri- 


bution function is the one prescribed: o(R); the potential energy between two particles in 
different replicas is assumed to be zero. 


A(1,+-+,m) can be calculated by using the relations 
(1, ++, Mm) Sih 0 De Zits eeeym(LME +++ 21, ...,m(m)"m exp[—O(Ni,-+-,Nm/kT], (18) 
> mm 


ee Fk eae a i aoe ca 

and 

AS ST Vi OC et ep) 
kT a 


where (Ni, ---, Nm) denotes the potential energy of the system when Ni, Nz, ---, Nn particles 
are on the lattice site 1, 2, ---,m, respectively, i.e. 


AES 


O(N, Na, +++, Na)= Soe NNVOG, +E WKY yong, i (21) 
m2zt>j21 


Here we have had to introduce the fugacity z,...,m() for each lattice site 7, because the 
density o(z) is prescribed for each lattice site separately. 
For instance, we can calculate B(1, 2) for the case when V@,7)=00o as follows: 
AL, 2)=1+212(1)4+-212(2) + 212(1 )Z12(2)a , u=expl=V OU, 2/kEG 
Z12(1)+ 212(1)z12(2)u 


aT 1+212(1) + 212(2) + 210(1)z12(2)u . 

(2)= Z12(2) + 212(1)Z12(2)u 

Oe eee een )-eea lien on 
1 

12(1) =$———_—_ [— — Al ; 

Z12(1) ded) [—1+ (1) +o(2)—(o(2)—0))u +8] 
1 

(2)= ( —pa(1 ° 

Z12(2) 3 — (2) [—1+ (1) + (2) + (o(2) — o(1))e + B] 


B=V =o) — 0(2))?+-20(1)1 — (1) + 20(2)(1— (2) + (0(2)—0(1))ue? 


Thence, we have 


BOLLS AG 2) © AG PAC). 
ETA we bT kT a 


=—(1—e1)— e(2)) In 5 [1+ 0(l) +02) +2— e(1)— e(2))u+ B] 


—p(1) In + [1-+(o(1)—o(2))(1—u) +8] 
— (2) In 33 [1-+(0(2)—o(1))(1—m) +8] . (22) 


A(1, --:,m)/kT can be evaluated also by the variational principle (cf. Ref. 16): 
A(l, -++,m)=Min ol, ++, mM) ? (23) 


co o) Peas a ™m oe 
nord. saa ey m) nel s! yo = om M1, * : -, Nw} : RT +1n of (M1, : Nm , (24) 
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the minimum is to be taken by the variation with respect to p!’J(Ni, -++, Nm) under the 
restriction that 


od) 28S. oa DN Nis o a le (25) 
N,=0 Dp) 


The calculation of A(1,-:-,m) by this variational principle is more powerful for large m 
than that by the grand partition function, if we are to be satisfied with the approximate 
evaluation. 

The standpoint to cut the series (7%) at a point and to calculate A(ii, ---,im) by the vari- 
ational methods (23)-(25), can be formulated in the form of the Ursell expansion as we define 
An, ip eae) i) by 


Li)= BW) ( 26" ) 
Mi, )=AW+ Bj)+ Bi, j) ( 26") 


Li, j,k) =BWO+BAD)+ABM+BUD+BAEW+ABULR+AEIR) 26") 


Ce 


L - 

t=1 I2i>j2i 
and consider only Ai, ---,im) with suitable figure of (1,---,%m) dropping the other 
B@t,.+++,im) and take the variation with respect to gi,!),...,:,,\Ni,--:, Nm) under the 


restriction of (26). 

Following the terminology used in the development of the cluster variation method by 
the author’, we call cluster of lattice sites (#1, ---,im) a preserved cluster if we retain 
@ (ii, +++,%m) and:a net-preserved cluster if we neglect A (i, ---,%m). Then the approxi- 
mation is decided by which clusters of lattice sites are to be preserved. 

In this method the variations by po”, ---, of], --- are independent, while they are depend- 
ent on each other in the case of the cluster variation method!®»!»!, It is to be noted here 
that this is the only difference of these two methods. For the case in which the potential 
energy is such that O(N, -:-, Nm)=o if one of Ni’s is equal to or larger than two, the 
approximations to preserve the terms of G(z) and (i,j) are identical for both method; 
leading to the Bethe approximation. When the terms of larger cluster of lattice sites are 
preserved, the cluster variation method is expected to give better results. However, the 
calculations will be far easier for our method developed in this section. 


§3. Cell and Cell Pair Approximation 


As in Parts I and II, we introduce the cell and cell pair approximation where clusters of 
lattice sites are preserved if and only if they are conceived in a cell or a pair of neighboring 
cells. 

Let us divide L lattice sites into C cells, each with s=L/C lattice sites, and denote pth 
lattice site of the 7th cell by iz. Then, in the cell and cell pair approximation (7) is collected 
into 


A(cell: 7)= Bicell: i) (27>) 
A(cells: 7, 7)=B(cell: 72)+ Bicell: 7)+B(cells: i, 7) (274 
0 
A=A(cells: 1, ---, C)=> Becell: N+ 2 Bells: 434) (27°) 
where 
A(cell: 1)=A(is, +++, és) , (28’ ) 
A(cells: i, j)=A(iy, +++, is, ja, +++, Js); (28””) 


; 


1959) 


etc. Then, A(cells: %1,-+-,im) is the free 
energy per system of the ensemble of MW 
(M- co) replicas of the system composed of 
the set of cells (4, ---,2m). With this inter- 
pretation, (27) can be taken also as the for- 
mulae for the case of a continuous system. 

If the calculation of (27) is performed by 
the variational method analogous to (23) and 
if the size of a cell is such as not to contain 
two particles at a time, then the calculation 
becomes identical to that undertaken in Parts 
I and II. 

As the result, the cell and cell pair approxi- 

mation developed from the standpoint of the 
cluster variation method has been found to 
be an approximation which takes into account 
those parts of the factors [nx isjsiFij cor- 
rectly that the coordinates 7 and j are all 
conceived in a cell and a pair of neighboring 
cells and neglects the other parts. The reason 
why we could obtained the phase transition 
between solid and fluids seems to rest on the 
fact that we could consider the short range 
correlation for all clusters, may it be however 
large. From the standpoint in this paper, 
we can improve the approximation by taking 
into account also the long range parts of 
small clusters—2nd virial, rings, etc.—cor- 
rectly besides short range parts of large 
clusters: In this way the approximation will 
be improved at low density region. 

We will now conclude this section with a 
comment on the terms neglected. If the cell 
is of the size not to allow two of more parti- 
cles to come in a cell at a time, the theorem 

by Rushbrooke and Scoins or its generalization 
teaches us that the clusters of lattice sites or 
space coordinates neglected are those which 
are over three or more cells, between which 
potential energies are not negligible, and on 
the other hand if we look at these terms 
from the standpoint of the cluster variation 
method, the neglect of these terms is allowed 
when the superposition approximation or its 
generalization is acceptable between particles 


in these cells. 


§4. Conclusion 

We have formulated the method of Yvon, 
Rushbrooke and Scoins to classify the contri- 
butions to the free energy according to the 
clusters of lattice sites schematically, gener- 
alized it to non-uniform systems and related 
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with the cluster variation method. The cell 
and cell pair approximation in our method 
was shown to be identical to that in the 
cluster variation method: the practical calcu- 
lations were performed by the author in 
Parts I and I]. The analysis of this paper 
allows us to consider the approximation in 
the calculations in Parts I and II from another 
somewhat more clear standpoint of the cluster 
expansion method. 

From our analysis in this paper, I believe 
that the essential parts of the contributions 
in the cluster expansion formula of the free 
energy responsible for solid and liquid phases 
and their phase transitions have been con- 
sidered in our cell theory. Further improve- 
ments in the calculations will be discussed in 
the following papers in this series. 
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The method developed in Part III is applied in the approximation of 
the “statues of 6 points” to the face-centered cubic lattice gases, of 
nearest neighbor lattice sites distance a/2, composed of particles with 
hard core of diameter somewhat smaller than a, with and without attrac- 
The results obtained are that these lattice gases will exhibit 
the solid-gas phase transition, while the liquid phase will not appear for 
systems of particles either with or without attractive interactions. 
tative discussions are given of the reason why the difference that our 
lattice gases will not become liquid and the real gas condenses to liquid, 


tive part. 


arises. 


Introduction 


Sak 

As models for the theoretical investigation 
of the phase transition of liquid, some efforts 
have been made to investigate lattice gases, 
which can be treated more easily?-», Since 
the later investigations”»*» have been made 
for the two-dimensional lattice gases, their 
results seem to be not suitable to make com- 
parisons with the data for three-dimensional 
ordinary liquid. As early as 1939, Lennard- 
Jones and Devonshire” investigated the sim- 
ple cubic lattice gas, assuming the potential 
energy between a pair of particles to be posi- 
tive infinity and a finite positive value when 
two particles are on the same lattice site and 
on the nearest neighbor lattice sites respec- 
tively and zero thereafter. The system was 
shown to exhibit a solid-gas phase transition. 
In their theory, the solid state is characterized 
as the state where, when we divide the lat- 
tice sites into two sublattices (O and @) as 
in Fig. 1, the lattice sites of one of sublat- 
tices (e.g. ©) are more populated by particles 
than the others (@), and gaseous state cor- 


Quali- 


zai 


Fig. 1. 


responds to the state where all the lattice. 
sites are equally populated: The one particle : 
distribution function is periodic in the solid 
state and constant in the gaseous state, in | 
accordance with our physical intuition discri- 
minating solid and gas. This: point of view - 
of discriminating the solid from the fluids is | 
adopted in this series of work, both for lat-. 
tice and continuous systems. Since the liquid _ 
—the continuous system— is equivalent to a. 
lattice system of infinitesimal lattice constant, 
the lattice system with a smaller lattice con-_ 


stant will behave more similarly to the con-_ 


1959) 


_ tinuous system. In this paper, we will im- 
prove the calculation by investigating the 
three-dimensional lattice gases, of lattice con- 
stant smaller than that in Ref. 1, composed 
of particles with hard core, with and without 
attractive part, respectively. Then, since 
these systems can be regarded as the con- 
tinuous systems, of which the potential energy 
is determined by the distribution of the lat- 
tice sites, the volumes attached to which are 
occupied, independently of the detailed posi- 
tions of particles in the volumes, our results 
can be compared with the phase transitions 
of ordinary liquids and we will reach some 
knowledges about what factors cause the 
phase transitions between gas, liquid and solid. 
In §2, we will apply the formalism of Part 
III to our system in the approximation of 
the “statues of 6 points”. In §3, the detailed 
calculations will be made for lattice gases of 
hard spheres. In §4, the calculations for 
lattice gases with both hard core and attrac- 
tive part are given. In §5, the results ob- 
tained will be compared with the phase trans- 
itions of ordinary gas, liquid and solid. 


§2. Approximate Free Energy 


The system to be considered in this part is 
such a lattice system that N identical par- 
ticles are on L=8C lattice sites, constituting 

a face-centerted cubic lattice of lattice con- 
stant a/V 2 or nearest neighbor distance a/2, 
and the potential energy is given by 


pn don a i) ( : ) 
where 
VOR, Rj)\=9(|Ri—R3l) 
=o r=a/2, V 2a/2, V 3a/2 
#(7)4<0 r>a (2) 
= (0 10; 


the particle has a hard core of diameter 
>V 3 a/2, <a, and moreover we assume that 
¢(r) is smallest when r=a.* As the conse- 
quence, the system at 0°K becomes the cry- 
stal in which one of 8 f.c.c. sublattices** of 
lattice constant V 2a or nearest neighbor 
distance a is occupied by particles and others 
unoccupied. Thence, we may assume that 
the solid state is the state where one of sub- 
lattices is more populated than the others. 
In fact, we will proceed the discussions in 
the following taking such standpoint. 


Theory of Phase Transition between Gas, Liquid and Solid 


571 


We can consider our system to be composed 
of the cells of Fig. 2 arranged in a f.c.c. lat- 
tice of lattice constant V 2. Then, the lat- 
tice. sites: with v=1,2,-+-, 8 each in Fig. 2 
constitutes a f.c.c. sublattice of lattice con- 
stant V 2a. A sectional view is shown in 
Bigetss 

In Parts I and II, we have considered the 
correlations of occupations in a cell and pairs 
of cells and used the generalized superposi- 
tion approximation for the correlations be- 


Va —> 


Fig. 3. A sectional view of our lattice. Lattice 
sites with y=1, 2...., 8 each constitutes a f.c.c. 
sublattice. 


* In order to understand clearly the distribution 
of the lattice sites in our lattice, let us consider 
neighboring lattice sites as seen from a lattice site 
of v=1 in Fig. 3. It is as follows: 
values of y in Fig. 3 


2x (2, 3, 5, 6, 4, 7) 


distance number 


Ist neighbor a/2 12 


2nd A +VA Dayle 6 6 x (8) 
3rd 7 ow Biaj2> 24 Ax (253, 5, 6,4) 0) 
4th ” a 12 12x (1) 
5th » W5al2 24 4x (2, 3, 5, 6, 4, 7) 
6th » ¥ 6a/2 8 8 x (8) 


Here, for example, 2(2,3,5,6, 4,7) at the last 
column for the lst neighbor denotes that 12 lattice 
sites of the lst neighbor consist of 2 lattice sites 
Each ot y= Zon Om Omeaeand 7. 

** Note that any regular lattice is composed of 
8=2x2~x2 sublattices of the same lattice structure 
but with lattice constant twice of the original one. 


5/2 


tween three cells, even for clusters of lattice 
sites in a cell displaced, from the stand point 
of the cluster variation method. The ap- 
proximation, if we see from the standpoint 
based on the cluster expansion method deve- 
loped in Part III, seems to be imperfect in 
the respect that if a cluster of lattice sites is 
taken into account, then the clusters of the 
same form of figures should be taken account 
of in any stage of approximation. If physi- 
cally seen, the standpoint of Parts I and II 
has not so much difficulties while it seems 
more statisfactory to take into account the 
clusters of lattice sites which have the same 
form, at the same time. With this considera- 
tion, we may make the calculations either by 
the formalism of the cluster variation method 
or by the formalism of the Part III. Here 
we will use the latter. 


1 


Fig. 4. A statue of 6 points. 


Our approximation in the present article 
is to preserve the clusters of lattice sites in- 
clusive in a “statue of 6 points” as shown 
in Fig. 4 or its rotated ones and those com- 


A(i)= BO) 
AG, J)=BO)+B(j)+BiG, j) 
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posed of two lattice sites and to neglect the — 
others. In this approximation, we calculate | 
the free energy and the equation of state of | 
our lattice system, where the solid state will | 
be assumed to be the state where one of the 
sublattices (e.g. taken to be 1) is the most © 
populated and one (e.g. taken to be 8) is the 
worst populated and the others are equally 
populated, that is 

01 = P2=~3= ++ =07 = 0a; (3) 
ov, v=1, ---, 8, means the number density for 
each lattice site of the sublattice v. 


2 iS oo EA 


tetrahedron statue of 6 pts. 
Fig. 5. 

Here we are to write Eq. (III. 7”)* retaining 
the contributions of the preserved clusters in 
our approximation. However it can easily 
be seen that the contributions from the clus- 
ters inclusive in the statues of 6 points can 
be collected to those from the clusters which 
are the intersections of two statues or the 
intersections of two intersections just obtained 
or of a intersection obtained and a statue---:: 
the total of which is shown in Fig. 5. Then, 
we introduce B(i,---,%m) corresponding to 
these clusters of lattice sites by 


AG, j, R)=BO)+B(j)+ Bk)+ Bi, j)+ Bi, R)+ Bj, R)+ BUG, j, k) 
Ali, j, k, 1; tetrahedron)= B@)+B(j)+B(k)+BW)+Bii, j)+ BU, k)+BG, D) 
+B(j, k)+ Bj, D+ Bk, 1+ Bi, j, k, 1; tetrahedron) 


A( CBP )= 8043) + BW+BO4 Bom) +BO)+ BE, )+BEG, ® 


C49) 


+ BG, D+BG, m)+Bj, R)+B Gj, D+Bj, n)+ Bk, )-+B(k, m)+B(k, n) 
+B, m)+ Bl, n)+ Bim, n)+ Bi, k, m)+BG, 1, m)+B(j, k, n)+ Bj, 1, n) 


+B, j, k, 1; tetrahedron)+ B(k, 1, m, n; tetrahedron) +B( yet ) : 
J = n 


Then we have for the free energy in our approximation as follows: 


[Ad, seat Lyi Rl alers to statues of 6 pts. =(A/RT Jc. +(A/RT )a.p. ’ 


(5) 


LT 
Ah.c. wey BO) + X BG, J; Riy=a/2) + d BG, j; Ru=V Za/2)+->d BG isk3 A) 


+21 BG, j, k, 1; tetrahedron)+ > Bi, j, k, 1, m,n; statue of 6 pts.) , 


(5’) 


* (I-74) denotes Eq. (74) of Part III*). 
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Aap.=> BG, j; Ris >a; 


where (A/kT)a.p.=Aa.p/kT is the part of A|RT which vanishes when the attractive part is 
absent and (A/kT)nc.=An.c./kT is the part which is independent of the attractive part, and 
hence we have separated into two parts: a. p. (attractive part) and h. c. (hard core part). 

For our system, A(z), AG, 7; Rij<a), AG, j,k; A), Ali, j, k,l; tetrahedron and A(i, j, R, 


l,m, n; statue of 6pts.) are 
A(i)/RT= i: In p0 +(—p:) In(—pi) 
A(i, 9)/RT= 0: \n pity In 0j+(1—pi—03) In(1—pi—p;) ~— for Risa, 
Ati, J, k; A)/RT=0: In pi+0; In pjt px In px +(1—pi—oj—pr) In (1—pi—5— px) 


6 
A(1, 2, 3, 4; tetrahedron)/kT=S: py, In o,+(1— y Pr) in (= Y 2) a 
s=1 s=1 s=1 


A(1, 2, ---, 6; statue of 6 pts.)/RT aS oy, In ont (1— s »,) In (== o) : 
s=1 s=. S=1 


These A(t, ---, im) are determined by the relative positions of the sites of 1 and 8. 
A lengthy but straightforward calculation gives 
(A/CRT )n.c.= 61 In 01+ 08 In 98 +602 In p2—13(1—91) In (1—o1)—13(1—9s) In (1—pe) 

—78(1— 2) In (1—p2)+48(1—1— $2) In (1—1— 2) +48(1—ps—z) In (1—0s— 2) 
+114(1—2p 2) In (1—202)+6(1—1— 9s) In (1—01—s)—12(1— 1 — 202) In (1——1— 202) 
—12(1—ps—2pz) In (1—ps—2o2)—48(1 —3p2) In (1—392)—24(1 —p1—ps— 2) In (1—-1— psp») 
—40(1—p1—392) In (1—p1—3 92) —40(1—0s—3 92) In (1—s—3 2) 
+24(1—1—ps—42) In (1—01—s—4 2) +12(1— 1 —5pz2) In (1—e1—5p2) 
+12(1—ps—5oz) In (l—os—5p2) . Cz) 


As stated in Part III, we should determine the values of py’s by the condition 


@A/CkT 


=a const. indep. of v, (8) 
Opy , 


8 
which is the condition of A/CkT minimum under the condition of p=>) pv given. We will 
y=l 
minimize A/CkT under the restriction that 


pe 0 pe” (9) 


pa 9(3-+ cosh a)’ Sea O(a cosh a)’ ems cosh a)’ 


reducing the number of variational variable to one, a. If we substitute these in (7), the 
condition to determine p,’s is 


OA/CkT =i (10) 
0a 


One of the roots is a=0. Whether this state corresponds to the stable state or not is deter- 
mined according as 


be ee Saige page De oe 
‘with 
PROMOTES: 2 Doe Aref 002 oun pe py Ah 


eva wei o.. 8/69) -BJ--4.' 8/—6' 


574 Tohru MORITA (Vol. 14, 


is positive or negative. € as a function of / is drawn in Fig. 6, which shows that a=0 
corresponds to a minimum for all values of o for a high temperature system where B(i, j) 
for Rija is small or for a system of hard spheres where the second term of the righthand 
side of (11) is zero. The detailed discussions will be given of the possible roots of (12) in 
the respective cases in the following sections. 


Fig. 7. (A/CkT)n.c.—a for 0=0.8. 


Table I. 


0 1.0 0.9 0.8 0.7 


‘pbs 0 0.00001 0.00026 0.00170 
. Pigg tee A(A/CkT)s.n.c. 0  —0.00006 —0.00179 —0.01191 
Fig. 6. =F oe Gewwia8 curve. (A/CkT)s.n.c. 0 —0.3251 0.5004 —0.6109 


§3. System of Hard Spheres 


Here we will investigate the system of hard spheres, where the potential energy is as- 
sumed to be 


_ (© r<a 
is 0 ED ; ee 


then the equation for the free energy (A/CkT)n.c. is given by Eq. (7). 
For this case. 


| 0 Cea eS) at . 
Dat CAT) lene” 4 oe SRE SS 
and so the state with a=0 corresponds to the stable state for all values of o. In order to 
investigate the possibility of another minimum or another solution of (10), we have drawn 
(A/CRT )n.c. aS a function of a for p=0.8 as an instance, which is shown in Fig. 7. It shows 
that another minimum will exist at a=oo or a~co; where (A/CkT)hc, can be expanded in 
powers of 2, and 0g as 


(A/CRT )h.c.=(A/CRT )s.n.c. + 4(A/CRT )s.h.c. (15) 
(A/CRT )s.n.c.= 0 In p+(1—p) In —p) (16) 
A(A/CRT )s.n.c.=62[In 02 —1—In p—5 In (1—p)] 
+os[In ps—1—In p—5 In (1—p)]+-O(02?, 08", 0208) . (17) 
A minimum appears at 
02=ps=(1—p)° (18) 
where 
A(A/CRT )s.h.c.= —7T0(1—p) . (19) 


For several values of 0, they are calculated and given in Table I where (A/CkT)s..c. is also 
given. The correction 4(A/CkT)sn.c. is seen to be negligible. Then it will be sufficient to 
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calculate (A/CkT)n.c. for two cases: 
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(1=0s=02=0/8 corresponding to the fluids state and 


(i=, 02=0s=0 corresponding to the solid state. 
For the fluid state, we substitute 01=0s=02=0/8 in (A/CkT )nc., then we have 


(A/CRT )tnc.=0 | 104 (1 aay ( sole ill _P. 
fhe.=0 In ¢) in (1 g ) + 216 (4 7)in( 


4 


~96(1 =» ) In (1 —2» )—80( a) In @ a) 


3 / 3 
Ic ( p)in(4 ). 


The pressure and the chemical potential are given by 


(Gr), noo (Cer) 
RT J 2.0%, 00 CkT f.h.e. 8 


+361n(1 —5 0 )+40 in ( 


_A 


ign lebaad ra Meas 


3 0 3 
+961 [cea +801 @ sae ne ( —_~ i 
n 3 0 n D 8ln{1 n 0 


For the solid state, they are 


(A/CRT )snc.=0 Inp+(1—p)In(1—p), (23) 
(H/RT )sn.c.=In p—In (1—p) , (24) 
(DIRT )s.n.c.=—In (1—p) . (25) 


They are drawn in Fig. 8 and Fig.9. They 
show that our lattice gas of hard spheres 
exhibits a phase transition of first order be- 
tween solid and gas. The coexistence den- 
sities, pressure and chemical potential are 


1/Psotia=1.21 , 1/Pgas=2.00 , 
Wecexisience = Late ) Mcoexistence= 1.54 , 
the heat of sublimation is 


(A/CokT)n.c.—1/o curve. 


Fig. 8. 


(20) 
Styne ( == ( bi 
ny +13in(1—2)—54In (1 2) 
eae In € ah ) (21) 
2 4 
mh ee Rey Nee 
coors 104 In (1 EY 216 In (1 a 
(22) 


ASINRT=4AINRT =1..90 
It is of interest to compare this phase tran- 
sition with that for the continuous system of 
hard spheres, obtained by Wood, Jacobson, 
Alder and Wainwright”: For the latter sys- 
tem, the metastable regions of gas and solid 
extend to the volume v/vo=1.55 where their 
pressures are pvo/kT=7.1 and 5.5 respectively. 
The corresponding values for our lattice sys- 
tem are calculated as v=1.65 and p/RT=2.75 
and 0.95 


oe 


inp 


\ — stable region 
. ---- meta-stable r 
—-~ un-stable r. 


Fig. 9. 
curves, 


(w/kT nc, 1/o and (p/kT)n,c,— 1/0 
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§4. System of Particles with Both Hard 
Core and Attractive Part 


In this section we will investigate the sys- 
tem of which the potential energy is given 
by (1) and (2) with 
r<ia 

(26) 


IV 


with a=2"°%, 

Here we will evaluate B(i,7j) for Rij >a 
as 
O(Ri5) 
Rp ae 
We might calculate it by (III-22), taking fully 
account of the products of fi;. But, if 7 and 
k are neighbors and B(i, 7) and Bit, k) are 
calculated by (III-22 , then the presence of a 
particle at 7 tends to make the presence of 
particles both at j and k favorable while if 
B.1, 7, k) were correctly considered the tend- 
ency for the presence of particles at 7 and j 
would reduce the tendency for 7 and k to be 
occupied at the same time. That is, the use 
of (III-22) seems to be physically unreason- 
able. Because of this we have decided to 
use the coarse approximation of the random 
mixing, which is not subjected to such an 
objection. 

Then, the attractive part of the free energy 
becomes 


Bt, J)= pi0j (27) 


A 
(Ge hes a 6 Bi J) 
=6(012-++ ps?-+6 p22)” 
(017+ 082+ 602 OF 


+94 (pi pat Daa 26?) 


kT 
2) Pe_ 
+8(0108 + 362”) LT (28) 
Here, 
0 
12~a= 2." V@(|Ria—Ryl) , (29a) 
O<-4 
os at >» V@(Riu—Rjvl) , (29b) 
0 
8oo= 2" V@(Ra —R |) ; (29c) 


where * on the summations means that in 
the summation 7 for which V @(|7iz—75y|) = 00 
should be omitted. These values for our 
potential are calculated as 


12¢a= —16.7760 , 8¢e= —8.7173 , 
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12¢4+24¢.+8¢-.= —82.9921 , 


by the help of the table of Lennard-Jones > 


and Ingham”. 


The region where a=0 can be stable state: — 


A 


(aa CkT jhe =0 eh 7pill2e.—8e)}>0, 


is calculated as shown in Fig. 10, under the 


approximation (27) for Bi, 7). 


SS Solid 
A es 
. a 3. 
as Region where (selGarl Ss ° as 1 24 
eee asymptotes 

0.6 : Bae solid-gas | 
Pp ae aa coexistence curves --* ----- 

0.4 ce 

: acriticdl point 
oe La Gos 
5 t 3 4 5 


kT 


Fig. 10. Phase diagram (0—kT). 


In the following, we calculate A/CkT for 
01=0s=02=0/8 and p1=?, 0s=02=0 respectively 
and take the smaller to be our approximate 
free energy and satisfy ourselves by confirm- 
ing that the state o:=9s=02.=0/8 does not 
come into the region where 07(A/CkT )/0a?< 0. 
This is justified so far as there will not ap- 


pear a new minimum between a=0 and a~oo, 


Here, note that the minimum near a=oco will 
approach to co where the potential energy is 
smaller. 


For the uniform state, the free energy is 
(A/CRT )t. =(A/CRT )tnc. +(A/CRT )t.a.p. (30) 


( A = _ 0? 129a+249048¢e 
CkT E40): , 16 (adh : 


The pressure is given by 
( Aa =(45) 4 0 l2pat24Gv+8ye 
RT peavk REY el6 kT 


The critical point, then, is easily calculated 
in this approximation, as the solution of 


(31) 


. (2) 


il 
gp 7 2eat 24 go + 8¢0) 


nah 104 216 x 2 96x3 
(8—0)0  (8—20)0 (8—3p)0 
80x4 48 x6 
(8—4p)0  (8—6p)o 
.. ~104 216x4 96 x 9 
(8-9)? | (8-29)?  (8—3p)? 
80x 16 48 x 36 
~ (6—4p" + 8—6o? Sq 


as 


\| 
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0c=0.2557 , 


bT px 129+ 2A @0+8 G0 
8 x 12.1970 


The free energy for the solid state is 


=0.8505 . 


A 
daeee |p a 3 Pa 
eae! eIno+(1—p) In (1 e)+ 608s 


(34) 
A/CoekT as a function of 1/0, calculated for 
kT=0.8 and 3.0, are drawn in Fig. 11. It 
shows that our system will not exhibit the 
liquid state. The coexistence curves between 
solid and gas are also drawn in Fig. 10: they 
have been obtained by drawning A/CokT—1/o 
curves for various values of kT. It is seen 
that the gaseous region does not come, surely, 
in the region where 07(A/CkT )/0a? < 0. 


Fig. 11. A/CokT-—1/o curve for kT=0.8 and 3.0. 


The result obtained by calculating the hard 
core part of A/NkT by the approximation of 
“the statues of 6 points” and the attractive 
part by the approximation of the random 
mixing, is such as to exclude the appearance 
of the liquid state: the free energy for the 
solid state mixed by gas is lower than that 
of the liquid state. The phase equilibrium 
exists between solid of perfect order (e=1) 
and gas of comparatively low density, at 
low temperature region. 


§5. Discussions 

Our lattice gas seems not to exhibit the 
liquid state, while the ordinary continuous 
gas condenses to the liquid. Let us investigate 
the cause by which the difference arises. 
For this purpose, we consider an equivalent 
continuous system to our lattice gas. It is a 
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continuous system of which the potential 
energy is determined only by the distribution 
of the lattice sites, the cells belonging to 
which are occupied, independently of the de- 
tailed positions of particles in the cells. Then, 
in such a system, even in the solid state as 
well as in fluid state, the molecules in a cell 
exist equally probably in the cell, because of 
the indifference of the potential energy; while 
in the ordinary continuous system, in the solid 
state the probability in a ceil will be more 
restricted to smaller region than in the fluid 
state. This effect to the free energy is to 
reduce it for the fluid states and reduces the 
curve for the fluid state, perhaps until the 
stable liquid to be possible. 

As the result, in order to get the results 
for the continuous system by using the cal- 
culation for a lattice system, we have either 
to reduce the lattice constant to a value which 
is small compared with the distance by which 
the one particle distribution function in the 
solid state varies or to evaluate the entropy 
due to the localization of the particles in a 
cell suitably. Such investigations will be the 
subject of a future publication. 


The author wishes to express his cordial 
thanks to Dr. K. Hiroike for his helpful dis- 
cussions. 
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Study of Reorientational Motion in Solid State of 1, 2, 


3-trichlorobenzene and Hexachlorobenzene by 


Pure Quadrupole Resonance 
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Abrupt increases accompanying the elevation of temperature were ob- 
served in the line widths of pure quadrupole resonance spectrum of 1, 2, 
3-trichlorobenzene and hexachlorobenzene. The results suggest a possibili- 
ty of reorientational motion of these molecules in temperature ranges far 
lower than the melting points. In consideration of hexagonal symmetry of 
hexachlorobenzene, it was concluded that there was occurring a reorien- 
tational motion around the hexagonal axis of this molecule. Its hindering 
potential barrier was estimated at 12.6 > W>9.9Kcal/mole by means 
of pure quadrupole resonance alone. Although 1, 2, 3-trichlorobenzene has 
no symmetry about the normal axis of the molecular plane, measurements 
of proton magnetic resonance and dielectric constant, in addition to the 
pure quadrupole resonance suggested the possibility of the reorientational 
motion around the normal axis of the molecule, which covers only two 
neighboring equilibrium positions. From temperature dependence of the 
line width of pure quadrupole resonance spectrum, the mean height of 
its hindering potential barrier was estimated at 6.0 > W > 5.0 Kcal/mole. 


Introduction 


§1. 

Molecular rotations in the solid states have 
been studied by several methods: X-ray 
analysis, measurement of a _ speciflc heat, 
dielectric measurement and a method of 
nuclear magnetic resonance. In cases where 
each molecule rotates almost freely, informa- 
tion about molecular rotations can be obtained 
either by X-ray analysis or by measurement 
of the specific heat. In the nuclear magnetic 
resonance experiment, on the contrary, the 
line width is affected even though the mole- 
ules cannot rotate freely, but can execute 
so-called reorientational motion. Dielectric 
measurement can also give information about 
the reorientational motion, and is however 
applicable only to polar molecules. In case a 
nucleus composing a molecule has a large 
nuclear quadrupole coupling constant, and yet 
the molecule is non-polar, both methods are 
not applicable. It is known that a molecule 
which has a symmetry axis executes a 
reorientational motion around the axis in tem- 
perature ranges far lower than the melting 
point. The number of molecules with suf- 
ficient energy to surmount the potential barrier 
W is proportional to exp(—W/kT). Such a 
motion produces a fluctuating electric field 


gradient at the nucleus?-*. This induces the 
transition between nuclear quadrupole levels, 
which limits the life time of the levels and 
accordingly broadens the line width of the 
pure quadrupole resonance spectrum. Study 
on this phenomenon was done by Bodin" for 
the first time, using ethane derivatives. Prior 
to the present work, the present writer 
and colleague studied the phenomena for 
ClsC-CCls and estimated the height of the 
hindering potential barrier. 

Studies of pure quadrupole resonance spectra 
of multichlorobenzenes were made by Bray 
and Barnes®. They reported that 1, 2, 3- 
trichlorobenzene showed clean signals on 
oscilloscope with a signal to noise ratio of 
about 8 to 1 at 77°K but no resonance was 
detectable at room temperature, even with 
elaborate recording techniques. Stimulated 
by this fact, the writer studied the temper- 
ature dependence of the line width of 1, 2, 3- 
trichlorobenzene. 


§ 2. Experimental Procedures and Results 


A. Preparation of materials 

A commercial polycrystalline 1, 2, 3-trichlo- 
robenzene was purified by recrystalization 
from ethyl alcohol solution and further by 
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vacuum evaporation. The measured melting 
point of 1, 2.3-trichlorobenzene was 52.6~ 
92.7°C. Hexachlorobenzene used was com- 
mercial reagent grade powdered material with 
a melting point of 226°C. 


B. Pure quadrupole resonance spectroscopy 

As was done in the previous work”, a 
spectrometer of superregenerative type was 
used. It gave constantly reproducible ab- 
sorption curves if both quench frequency 
and quench voltage were adjusted suitably. 
Quench frequency of 80~100 Kc/s and quench 
voltage of 1~2 volts were used throughout 
the present experiments. The sweep rates of 
frequency of the spectrometer were calibrated 
by Koi’s method”. It was 0.02~0.04 Kc/s per 
second. The time required to sweep over 
absorption curves was about ten minutes. By 
integrating the differential curve taken on a 
recorder, measurement was made of the line 
width, which is defined as the interval between 
the two points of the curve where the 
integrated curve falls to half of the maximum 
value. The values obtained in repeated 
measurements agreed within an experimental 
error of 10%. 

To obtain the temperature down to —130°C 
a cryostat was used. Its main part was a 
petroleum ether bath. Liquid nitrogen was 
introduced through a serpentine copper tube 
immersed in petroleum ether, by means of a 
water aspirator. The temperature was con- 
trolled through varying manually the quantity 
of liquid nitrogen flowing through the tube. 
By this method, it was possible to limit the 
temperature fluctuation in the cryostat within 
+0.1°C. Measurements of the temperature 
were made with a calibrated copper-constantan 
thermocouple. Only after the desired tem- 
perature had been held for at least thirty 
minutes, were the measurements of quadru- 
pole resonance started. Even though the 
stirrer had to be stopped to avoid an 
unfavourable fluctuation of the frequency 
during the sweeping of the absorption line, 
no remarkable drift of the temperature was 
recognized. This was probably associated 
with a large heat capacity of the cryostat. 
It is well known that a line width is 
broadened owing to distribution of resonance 
frequency caused by a non-uniformity of 
temperature in the sample. For chlorine 
nucleus (Cl, »~30~40 Mc/s), if it be assumed 
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that there is a non-uniformity of 0.1°C in the 
sample, this broadening should be of the 
order of 0.3~0.4 Kc/s because the temperature 
coefficient of resonance frequency —(d»/vdT) 
is of the order of magnitude 10-4°K-}. To 
examine the non-uniformity of temperature in 
the sample, measurements of the line width 
were made at several temperatures for para- 
dichlorobenzene, whose line width is explained 
by dipole-dipole interactions, which are almost 
independent of temperature. All values ob- 
tained were 1.40+0.05K/cs, in agreement 
with those reported by Wang”. This result 
seems to give assurance that the non-uniformi- 
ty of temperature in the sample is less than 
0.1°C in the course of sweeping of the 
absorption line. Some of the derivative 
curves of absorption lines in 1, 2, 3-trichlorobe- 
nzene are shown in Fig. 1. 


(c) 
Examples of the derivative curves ob- 
a) 209.5°K, 
sweep rate of frequency: 0.027 Kc/s per second, 
half width: 1.75 Ke/s_ b) 225°K, 0.041 Kce/s per 


ieiiger., Ik, 
tained for 1, 2, 3-trichlorobenzene. 


second, 2.3 Kc/s 
cond, 2.6 Kc/s. 
per ten seconds. 


c) 230°K, 0.036 Kc/s per se- 
Paper speed was one division 


1, 2, 3-trichlorobenzene 

Six absorption lines were observed by Bray 
and Barnes®?. In the present study measure- 
ments were made of the width of the spectrum 
of the highest absorption frequency assigned 
to benzene-ring position 2 on the basis of 
frequency versus sigma value®. Results are 
plotted in Fig. 2 together with those of 
hexachlorobenzene. 

The broadening of the line width became 
so remarkable above 225°K that no reliable 
measurement could be made at temperatures 
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above 240°K. Fig. 2 shows that the line 
width increases exponentially with the eleva- 
tion of temperature. This broadening is 
probably due to the reorientational motion, 
which is the only possible origin of the 
increase of the line width accompanying the 
elevation of temperature. The temperature 


ov 
ee 


196 (°K) 
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Fig. 2. Behavior of Cl5 line width dy as a func- 
tion of the inverse of the absolute temperature. 
Solid line: log 4yvs1/T Dotted line: log(4y— 
4y')vs1/T and log 4dv'vs1/T, where dy’ is the 
contribution to the line width from origins other 
than the reorientational motion. 


dependence of the line width is expressed by 
the formula: 


Ay—Ayp’)oo a 
Sie) exp( ne 


where 4y’ is the line width due to the origins 
other than the reorientational motion. 4v’ is 
assumed to be independent of temperature. 
Though this assumption may not be correct, 
it would not affect the conclusion seriously. 
W is the height of hindering potential barrier. 
The plotted line is now separated into two 
parts: log (4y—d4v’) and log(4v’). From the 
slope of log (4vy—d4v’), W is estimated at 
6.0+0.1 Keal/mole. It is reasonable to believe 
that the reorientational motion is occurring 
around the normal axis of the molecular 
plane. As the molecule has no symmetry 
about this axis, however, one can hardly 
consider that the reorientational motion be- 
comes a rotation when the temperature is 
raised further. In order to examine the 
reorientational motion in this region in detail, 
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the proton magnetic resonance experiment 
and the measurement of dielectric constant 
were carried out. Procedures and results 
will be given below in section 3. 


Hexachlorobenzene 

The quadrupole resonance frequencies of 
Cl®° were observed as functions of the tem- 
perature by Duchesne and Monfils?. The 
hexagonal symmetry of the molecule suggests 
a possibility of the reorientational motion 
occurring around the symmetry axis. The 
line widths of three components coincide 
with one another within the limits of ex- 
perimental error. The broadening becomes 
remarkable above 261°K. From Fig. 2, the 
value 12.6-+0.2 Kcal/mole was obtained for 
the height of the hindering potential barrier, 
under the same hypothesis as that adopted 
for the case of 1, 2, 3-trichlorobenzene. 


$3 Additional Experiments 


A. Proton magnetic resonance spectroscopy 

The proton magnetic resonance experiment 
was carried out, in order to examine whether 
the reorientational motion which causes the 
broadening of the line width of the quadrupole 
resonance for 1, 2, 3-trichlorobenzene becomes 
a rotation at higher temperatures. If a 
complete rotation should occur at higher 
temperature, the phenomenon called motional 
narrowing would be observed, owing to the 
averaging-out of local magnetic fields at the 
positions of protons. 

The spectrometer used was the same as 
that used by Odajima et al.%!, A narrow 
band amplifier and phase sensitive detector 
were used to observe the derivative of the 
absorption line as a function of applied 
magnetic field. The cryostat employed was 
one similar to that described by Gutowsky 


Fig. 3. Typical curves of the proton magnetic 


resonance for 1, 2, 3-trichlorobenzene. The 
mean peak-to-peak interval is 6.8+0.5 gauss. 
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et al.'¥. The constancy of temperature in 
the course of sweeping of the absorption line 
was maintained carefully within+1°C in the 
vicinity of room temperature and+3°C in the 
range 270~220°K. Fig. 3 shows the typical 
curves recorded for protons. The _ peak-to- 
peak intervals of the derivative curves versus 
temperature are plotted in Fig. 4. No re- 
markable temperature dependences of the 
derivative curves of the absorption line are 
found, up to the melting point. There is 
however a small reduction in the vicinity of 
the melting point, which presumably is due 
to pre-melting of the sample. 


a 
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Fig. 4. Peak-to-peak interval of the proton mag- 


netic resonance versus temperature for 1, 2, 3- 
trichlorobenzene. 


It can therefore be concluded that the 
reorientational motion never becomes such a 
complete rotation that it can average out the 
local magnetic fields at the positions of the 
protons. From the result of the proton 
magnetic resonance experiment alone, how- 
ever, another explanation may be possible: 
neither the rotation nor the reorientational 
motion does occur below the melting point. 
This explanation is, however, quite incon- 
sistent with the result of the quadrupole 
resonance experiment. 


B. Measurement of dielectric constant 

In order to confirm with more certainty 
the existence of the reorientational motion, 
the dielectric constant was also measured. 
1, 2, 3-trichlorobenzene is polar; the dipole 
moment lies in the molecular plane. If the 
reorientational motion occurs around the nor- 
mal axis of the molecular plane, the dispersion 
of the dielectric constant €’ has to be observa- 
ble. The measurement was made at 1 Kc/s 
with the alternating current bridge. The 
unbalanced voltage from the detector termi- 
nals of the bridge was provided with a 
sufficient amount of amplification and then 
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led to a cathode ray oscilloscope. The type 
of the cell by which the dielectric constant 
€ was measured was similar to the one 
described by White and Bishop”. The 
capacity of the cell was 30 pF, whose error 
was found to be within 3%. Fig. 5 shows 
the temperature dependence of &’. From the 
behavior of &’, it becomes clear that the 
reorientational motion in fact does occur in 
the solid state. 
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Fig. 5. Dielectric constant ¢’ of 1, 2, 3-trichloro- 
benzene vs. temperature. 


$4. Discussions 


A. 1, 2, 3-trichlorobenzene 

From the herein described series of ex- 
periments, it may be concluded that the 
reorientational motion occurs around the nor- 
mal axis of the molecular plane in a temper- 
ature range far below the melting point which 
does not become a complete rotation so long 
as the substance exists in the solid state. 
The hindering potential energy of a polar 
molecule in a solid state depends in general 
on the magnitude as well as the asymmetry 
of all the intermolecular forces involved. The 
effect of various types of crystalline fields on 
the dipole direction has been considered by 
Frank! and White. In 1940 White et al’? 
measured the dielectric properties of hexasub- 
stituted methylchlorobenzenes. They found 
that these substances possess a more or less 
restricted rotation freedom for temperatures 
sufficiently below the melting point. Especial- 
ly they noticed an abnormal reduction of 
static polarizability with the decrease of tem- 
perature for 1, 2, 3-trimethyl-4, 5, 6-trichloro- 
This phenomenon was explained by 
a model of the hindering potential barrier, 
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which is shown in Fig. 6, in which the 
reorientational motion occurs from one to 
another of two equilibrium orientations sepa- 
rated from each other by an angle of 72°C. 

Though the methyl radical and _ proton 
differ from each other, the symmetry of both 
molecules is the same. If the analogous 
model on the hindering potential described 
above is employed for the analysis of the re- 
orientational motion of 1, 2, 3-trichlorobenzene, 


W in calsries In mole 


-40 lo) 400, Laeiso 120 
® tn degrees 


Fig. 6. Potential function assumed for the rota- 
tional motion of 1, 2, 3-trimethyl-4, 5, 6-trichloro- 
benzene. (After White et all). 


the results of the experiments will be explained 
reasonably—the reorientational motion which 
occurs from one to another of two equilibrium 
orientations causes a line broadening of the 
pure quadrupole resonance spectrum and also 
causes a dispersion of dielectric constant; this 
motion can not induce motional narrowing, 
because the angle between two equilibrium 
positions is too small to average out the local 
magnetic fields. From the slope of log (4y 
—Av’), W is estimated at 6.0 Kcal/mole under 
the assumption that dy’ is independent of the 
temperature (§2). There is, however, also 
a broadening of the line width due to the 
molecular oscillation, which was studied by 
Bayer’. This broadening increases with 
temperature. If this broadening be taken 
into account, W would become smaller than 
6 Kcal/mole. Since the value of 5 Kcal/mole 
is obtained from the slope of the experimental 
line in Fig. 2, it can safely be supposed that 
the height W of the hindering potential 
barrier lies between 6 Kcal/mole and 5 Kcal/ 
mole. This seems to be reasonable in com- 
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parison with the values of 5740cal/mole and 
4610 cal/mole obtained for 1, 2, 3-trimethyl-4, 
5, 6-trichlorobenzene. 


B. Hexachlorobenzene 

It is shown through the experiment on the 
proton magnetic resonance!” that benzene and 
hexamethylbenzene reorientate in solid state 
around a normal axis of the molecular plane. 
If it is permissible to consider that the 
hexachlorobenzene is a plane hexagon of 
carbon atoms, each of which possesses a 
side-bond chlorine atom in the plane, this 
molecule can also be considered as a plane 
hexagon of chlorine. It seems most reasonable, 
therefore, to associate the broadening of the 
line width with the six-fold reorientational 
motion. From the slope of log (4v—4v’) W is 
estimated at 12.6Kcal/mole (§2). If the 
additional broadening of the line width is 
taken into account, as was done in 1, 2, 3- 
trichlorobenzene, the reasonable value of W 
will become 12.6 Kcal/mole > W > 9.9 Kcal/ 
mole. Let it be considered how reliable these 
values are. Assume that, considering the 
hexagonal symmetry of the molecule, the 
hindering potential of the reorientational mo- 
tion in the solid state has the form 


V= + W(—oos 60). (2) 


Then the rotational-vibrational frequency is 
given by 


(3) 


where J is the moment of inertia about the 
axis of hexagonal symmetry. If use is made 
of the values of 12.6 > W > 9.9 Kcal/mole and 
[=36.83 x 10-**gr cm?, v, is found to be 1.03x 
10” >», > 0.91 x 10% sec-1. For polar molecu- 
les, the relaxation time t obtained by the 


dielectric measurement is given, for any 
temperature, by 
6 FZ 
tT Pee 
Est2 27h im ch 


where €. and €; have the usual meanings. 
fm is the frequency at which €=(&4+-&.)/2. 
According to the Eyring-Frank theory of an 
anomalous dispersion, on the other hand, 
1/t is given by 


Ayagsiog (Fr) 
Tt RT 


From the results of dielectric measurements 


(5) 
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made by White et al. for chlorobenzene 
derivatives, the temperature at which fn 


becomes 1Kc/s can be estimated as listed in 
Table I. 


Table I. Temperature at which Jm=1 Ke/s, esti- 
mated from the experimental results of White 
et all), 


Sample Numbers of Cl (°K) 


253, 4-tetramethy1-5, 


6-trichlorobenzene 2 165 
1, 2, 4-trimethyl-3, 5, 

6-trichlorobenzene 3 188 
tetrachloro-o-xylene 4 203 
methylpentachlorobenzene 5 


229 


°K 


270 


250 


230 


210 


190 


\70 


150 


] 2 3 4 5 6 
Numbers of Cl atom 


Fig. 7.. Temperature T at which fin=1Kc/s vs. 
number of chlorine atoms. 


In Fig. 7 the values of T are plotted versus 
the number of chlorine atoms in the molecule. 
There is a remarkable regularity, which was 
also confirmed for the temperatures at which 
t=10-® sec by White et al.. 

The temperature for Cl=6 can be de- 
termined by extrapolation to be 251°C’ From 
the numerical values given above the value 

of W can be determined, using Eq. (4), (5) 
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and the relation (€.+2)/(€s+2)=1 valid for 
non-polar substances. It becomes 9.41 > W 
= 9.33 Keal/mole, in good agreement with 
9.9 Kcal/mole, the lower limit obtained from 
the present measurements. 
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Further study of the electronic structure of bismuth type crystals is 
made by calculating the energies along some directions in the reduced 
zone in more detail than in the previous paper, and a discussion is made 
on the location of electrons and holes in the Brillouin zone. We propose 
that in the case of bismuth the electrons are located at each centre of 
upper and lower inclined planes of Jones’ zone and the holes are located 
at a particular point on each cross line of side-planes parallel to the 
c-axis, while in the case of antimony the electrons are located at the 
same places as in bismuth and the holes at different places which are 


defined in the text. 


On this model some electric and magnetic properties 


of the metals and alloys are discussed. 


$1. Introduction 


In the previous paper’ (to be referred to 
as I), we calculated energy curves along some 
directions in the wave number space and dis- 
cussed the relation between the energy bands 
and the observed values of diamagnetic sus- 
ceptibility. The calculation was, however, 
performed only along two directions in the 
reduced zone. While the electronic properties 
of bismuth were discussed by Jones” basing 
upon a Brillouin zone which can contain five 
electron states per atom, Jones’ ellipsoids for 
electrons and holes do not locate at the points 
equivalent to ours in the rediiced zone. Ex- 
act knowledge of the energy surfaces is in 
need in order to see whether existing theories 
of diamagnetic susceptibility, cyclotron reso- 
nance, galvanomagnetic effect and others are 
appropriate or not to these metals in which 
considerable anomalies in these properties are 
observed. 

In the present paper, we complement our 
previous calculation and make clearer on the 
relation between the energy bands and the 
electronic properties of the metals and alloys. 
In section 2, the correspondence between the 
reduced and Jones’ Brillouin zones is discussed. 
The energy curves in some interesting sym- 
metry directions are also calculated in more 
detail and it is shown that Jones’ location of 
ellipsoids of electrons and holes is unjustified 
by our energy band calculation. In section 
3, an explanation is given for some experi- 
mental results of electronic properties of bis- 
muth, antimony, and bismuth-antimony alloys. 


§2. Brillouin Zones and Energy Curves 


Bismuth crystal has comparatively low 
symmetry (the space group symmetry D,?). 
but the crystal structure is very similar to 
that of the simple cubic. It is almost clear 
that the anomalous properties of bismuth 
crystal are related to this resemblance, be- 
cause the first Brillouin zone of the simple 
cubic lattice contains two electron states per 
atom while bismuth type metals have five 
valence electrons per atom. In other words, 
very small number of conduction electrons 
with small effective mass should be located 


somewhere on the zone boundaries which 


disappear in the case of the simple’ cubic 
lattice. 

We choose the trigonal axis as z-axis (Fig. 
1). The positions of representative atoms of 
two sublattices are 


a=(0, 0, O)u , 
a=(0, V6) 23 4430) a 
3 3 ; 
oe  AA4. events Combes iy 
. ( zo 4S, : +30) a, 
as M2 Ve Oa ae 
is (4 pata (1430438) 
nv =(0, ae YF (1430-8) a. 


(1) 


The primitive translation vectors of the lattice — 


> > > 
are Mai, Ad, and daz, then foundamental 
reciprocal lattice vectors are given by 
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(2) 
General vector n denoting one of the points 
of the reciprocal lattice is then given by 


(3) 


N=NiPi+Noflo+nshs . 


Fig. 1. The lattice structure of bismuth type 
crystal. 
(a) (b) 


Fig. 2. The reduced zone (a) and the zone which 
can accommodate five electrons per atom (b). 


Fig. 2(a) is the Brillouin zone surrounded by 
the planes such as (1,0,0), (1,1,1) and 
(1,1,0). Upper and lower hexagonal faces 
(the planes (1,1, 1) and (—1, —1, —1)) and six 
- side hexagonal like faces (the planes such as 
(1,0, 0)) disappear in the simple cubic lattice. 
Fig. 2(b) is the Brillouin zone surrounded 
by the planes such as (1, —1,0) (six side 
planes) and the planes such as (1, 2, 2) (six 
inclined planes). The latter planes disappear 
in the simple cubic lattice but the former do 
not. The points a1, 8 and 7 in Fig. 2(b) are 
transformed from the points A, B and C in 
Fig. 2(a) by the translation vectors given by 
n(—2, 0,0), m0, —2,0) and n(0, 2,2) respec- 
tively, i.e. these points are given by 


We proposed in I that the electrons occupy- 
ing the states near the points A and C are 
responsible for the conduction phenomena of 
bismuth. While Jones proposed that in bis- 
muth there are energy surface pockets of 
electrons at 8 and those of holes at 6. As 
was expressed already, the structure factor 
of the planes through P is not zero but two, 
irrespective of the crystal lattice being simple 
cubic or rhombohedral. Energy discontinuity 
should usually be large at such planes and 
the curvature of the energy curve along the 
perpendicular direction usually be small. 

In Fig. 3 we give the energy curves along 
some symmetry directions. Fig. 3(a) was 
obtained with use of the secular equation in 
I (but by evaluating only few points). Fig. 
3(b) and (c) were obtained by solving the 
secular equations in the case without spin, 
which were set up with use of the basis 
functions listed in Appendix. The notation 
used in the present paper is the same as in 


4S Re T/3 fo) T/A 1/2 


5 

Fig. 3. Energy versus k curves along 4, ¥ and 

and M. The origin of the energy is arbitrary 
but the same in three cases. (Units ev). 
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I. The lattice parameters, energy integrals 
and others are taken the same as in I, i.e. 


wo=0.0173 , €=0,0543-, 
(pps) =i lever (ppr)=—0.35ev, } (9) 
naa. n=6. 


The magnitude of the spin-orbit interaction 
parameter 2 is shown in each figure. As 
was expected, the energy at @ is far from 
the Fermi surface. In the case of 24=0, the 
energy curves along are also far from the 
Fermi surface except in the immediate neigh- 
bourhood of the point A. This result may 
be unchanged even in the case of 4*<0. Then 
we would have no interest in the present 
study, but it is not so along the line M. 
Without spin the bands M; and M; cross, but 
this crossing is got rid of by the spin-orbit 
interaction and the two bands are separated 
(see Table II (e) in I). This separation is 
small if 2 is small. The energy curves along 
Ss’ and D should be very similar to those 
along XS and M respectively. If the electrons 
or holes are located somewhere on the lines 
M or D, we must consider six ellipsoids. If 
the maxima exist slightly in the zone, we 
have twelve ellipsoids. 

We see the shift of the energy curves due 
to the change of the magnitude of 4. Since 
the lattice constants of bismuth and antimony 
are nearly equal (see Wilson: The Theory 
of Metals (1953) p. 63), the crystal field in 
the intermediate region of lattice points may 
not be modified so largely by alloying antimony 
in bismuth. The largest change in the crystal 
field should be the decrease in the average 
of the spin-orbit interaction energy. Although 
bismuth-antimony alloy is a disordered alloy, 
we will substitute the crystal potential of a 
disordered alloy by an average periodic po- 
tential, i.e. we neglect the dimness of the 
energy band due to the random distribution 
of atoms. Then we can to some extent ex- 
press the effect of the alloying by the de- 
creasing of the magnitude of 4, so far as we 
are interested in only the band shape. We 
show the result in Fig. 4. By decreasing the 
value of 4, the level Ai’+A;’ goes down 
drastically but the level *A¢ is almost constant, 
while the levels Cs+Cy and C3’+C,’ go down 
more slowly than the level A,’+A;’. The 


energy gaps at A and C increase gradually. 
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§ 3. Discussion 
On the present calculation together with 


the previous one we suppose that the elec- 
trons in bismuth may be located near the 


point 7 (i.e. the point C), while the holes ff 
may be near the point a (i.e. A). This sup- | 
position is not in accord with Jones’ specu- | 


lation. In order to confirm our supposition, 
we will examine further whether our theory 
can explain various electronic properties relat- 
ing to the energy surfaces. 


A=0.65 


Aly Sue 
ev, b, b/:-4=O0:biev, c, cc’? A=0: 4 ev and ded 


Fig. 4. Energy versus k curves. 


A=0.3 ev. The origin of the energy is the 
same as that of Fig. 3. (Units ev). 


As is known from early, the electrical con- 
ductivity, Hall coefficient, thermal conduc- 
tivity, and thermoelectric power of bismuth- 
antimony alloy at room temperatures have 
respective extremum at the composition of 
about 16 atomic % antimony”. The dia- 
magnetic susceptibility of this alloy changes 
monotonically with the concentration of anti- 
mony in the experiment up to 6 atomic 4%». 
Recently Tanuma‘* studied these properties 
from the liquid helium to room temperatures 
and found similar behavior as in usual semi- 
conductors in a certain range of the concen- 
tration of antimony. This behavior can be 
explained as follows. In the case of bismuth, 
the location of the electrons and holes was 
specified above. By alloying antimony having 
small value of the spin-orbit coupling para- 
meter, the energy level Ay’+As;’ at A gradu- 


| 
| 
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ally goes down relatively to the energy level 
C3t+Cz at C. At some small percentage of 
antimony, the electrons at C and also the 
holes at A will be completely depleted and 
then various properties should become semi- 
conductor like* (see the case of 2=0.5ev in 
Fig. 4). By further alloying of antimony, the 
alloy will again become metallic, since pure 
antimony isa metal. For the alloy there are 
two possibilities of recovering metallic nature. 
One is that somewhere on the line M or D 
an unoccupied level M3+M, or D3+D:z goes 
down under the level C3’+Ci’ at C. Then 
the electrons at C3’+(C,’ transfer into the level 
M:+Msz or D3+Dz, i.e. the holes are produced 
at C. The other is that on the contrary to 
the above an occupied energy level on the 
line M or D is raised up relatively to the 
unoccupied level C3+C, at C. Then the elec- 
trons at Mor D transfer into the level C3+(C,, 
i.e. the electrons are produced at C. As was 
already expressed, the levels C3 and C;’ go 
down with the decrease of the value of 2. 
Then the former level becomes more favour- 
able to be occupied by electrons and the latter 
becomes, on the contrary, more unfavourable 
to be occupied by holes. This result makes 
us prefer the second possibility. A natural 
deduction for the way of the moving of the 
energy levels in the alloying process is then 
that the extremum at or in the immediate 
neighbourhood of the point A moves away 
along the line M. The height of six or 
twelve maxima may be comparatively un- 
moving during this process (because of the 
crossing of two levels in the case of A=0) 
and at a certain concentration (not so far 
from 16 atomic %) of antimony, the height 
of the extrema may again be raised up 
relatively to the level C;. Thus, purely 
/semiconductive region with a energy gap 
between the level C3; and the maxima on the 
line M, even if possible, will be restricted in 
‘certain narrow range of the concentration of 
antimony and its energy gap should also be 
very small. We cannot rule out the possibility 
that the maxima do not go down under the 
level C3, i.e. that there is no energy gap in 

any concentration, according to the following: 


* Some interesting results on the deviation from 
typical semiconductor due to the random distribution 
of atoms or due to very slight overlapping of 
| energy bands are reported by Tanuma (reference 4). 
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If we assume the values of 2 in bismuth and 
antimony to be 0.6 ev and 0.3~0.4 ev respec- 
tively and 2 of this alloy to be that given 
by the ratio of the concentration, necessary 
quantity of antimony to deplete the electrons 
and holes at C and A is estimated to be more 
than 12~18 atomic %. This number is ap- 
proximate, of course, but this result together 
with the experimental data of the electrical 
conductivity of the alloy at low temperatures” 
are rather favourable for this view. 

The absence of the de Haas-van Alphen 
effect due to holes in bismuth remains unex- 
plained. Our theory predicts that the energy 
surface near the point A has well defined 
effective mass and the magnitude of the ef- 
fective mass is favourable order to observe 
the de Haas-van Alphen effect, if this part 
is the only energy surface of holes. This 
prediction is, however, not supported by ex- 
periments. Recent experiment of cyclotron 
resonance in bismuth reports that there are 
majority carrier to be corresponded to the de 
Haas-van Alphen electrons and minority car- 
rier with isotropic energy in the trigonal 
plane, and other broad lines in higher mag- 
netic field region and comparatively narrow 
lines in lower field region which may be at- 
tributed to subharmonics of the minority car- 
rier peak. Then we would modify a little 
the band structure near the point A as fol- 
lows: The point A or slightly lower point 
is occupied by the minority carrier and along 
the line M six warped majority carrier sur- 
faces are distributed in the immediate neigh- 
bourhood about the minority carrier surface. 
The former is minority holes with very small 
definite mass in the trigonal plane and the 
latter is majority holes which may have 
vaguely defined larger mass. This supposition 
of warped surfaces is not based upon the 
calculation, but is plausible according to Fig. 
3(c). In high temperatures (for example above 
the liquid air temperature) or in samples hav- 
ing large excess of holes, this separation into 
seven hights is immaterial and the holes will 
behave like single surface with isotropic mass 
in the trigonal plane. This view is well suited 
to fair successes of Abeles-Meiboom’s analysis” 
for galvanomagnetic effect and Lax ef al’s 
analysis” for the cyclotron resonance data by 
Galt et al® and also to the experimental re- 
sults of the de Haas-van Alphen effect and 
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the cyclotron resonance mentioned above. 

In the case of antimony, only one type of 
the de Haas-van Alphen period due to the 
energy pocket at C is observed. In order to 
fit this observation we consider that the hole 
energy surfaces on or near the line M will 
be warped surfaces or those with small curva- 
ture. Since, however, the energy separation 
between occupied and unoccupied bands should 
be fairly small on this line and the Hall coef- 
ficient of pure sample is positive, we must 
rule out the second possibility. In arsenic 
the situation may be very similar to that of 
antimony as deduced from Figs. 3 and 4. In 
this case, however, the overlapping is more 
pronounced and the Fermi level may pass 
just on the level As. Then we suppose that 
the long period in arsenic is due to the mi- 
nority electrons. 

The change of the magnetic susceptibility 
of the alloy is to be noted. In the diamag- 
netic susceptibility of bismuth (and also of 
antimony), the non-diagonal terms may be 
primarily important but the Landau diamag- 
netism is not, since we can estimate that the 
contribution of the conduction electrons to the 
Landau susceptibility is less than 20% of the 
experimental value as follows: First because 
of small concentration of carrier the contri- 
bution to the susceptibility due to the minority 
carrier should be negligible. This can be 
deduced from the present band calculation, 
the value of the effective mass estimated from 
the cyclotron absorption, and the absence of 
the de Haas-van Alphen effect. Secondly the 
ratio of the Landau susceptibility of majority 
holes to that of electrons is a little smaller 
than unity, if we approximate the hole sur- 
faces with six or twelve maxima to be ellip- 
soidal and assume to be m,/m,@ =3 (bas- 
ing upon the fact that the structure of the 
cyclotron absorption curve in high magnetic 
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field mentioned above may be due to the — 


majority holes) and m“~m)©@ in the mag- 
netic field parallel to the bisectrix axis. This 
hole mass m“ parallel to the field is over- 
estimated, since m©~ mo and there is some 
evidence for my<m.°» Then the contri- 
bution to the Landau susceptibility due to the 
holes is overestimated in the above evaluation. 
On the other hand the Landau susceptibility 
of the de Haas electrons is only 10% of the 
experimental value. These are all of the 
bases of our estimation. By alloying antimony 
in bismuth, three effects are to be considered. 
The energy gaps at C and A are broadened 
monotonically, the relative height varying as 
mentioned above, and the extrema where the 
holes are located may move away along the 
line M. The number of conduction electrons 
versus the concentration of antimony curve 
has a minimum about 16 atomic %, or there 
is a narrow region about this concentration 
in which electrons and holes are missing. 
The susceptibility due to filled band with 
small energy gaps at special points in k-space 
may be strongly diamagnetic and may decrease 
monotonically with the concentration of anti- 


mony, because the effect from the points C 


and A are not probably counterbalanced by 
the other effect from points such as the 
maxima along M. If and only if we assume 
with Heine” that total contribution of the 
conduction electrons is strongly paramagnetic, 
we can explain the susceptibility curve in 
small concentration of antimony given by 
Shoenberg and Uddin®. In such an assump- 
tion, we expect that —y curve will have a 
maximum about the concentration of 16 atomic 
% antimony, though there is not yet such an 
experimental report. 

The author wishes to thank Professor K. 
Ariyama for his valuable advice of the manu- 
script. 


Appendix. Basis Functions for Irreducible Representations of Single Groups of k 


We use the same notation as in I. 


CA9ULP «AY *pa for 7 
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y=Er/2(1+30). 
p=—i exp (—3v2) for A 


anioling 
5 (y= py). 
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at) (ii) B,C: p=exp(—2vi) for B, p=—iexp(—vi) for C 
bTi=2, HB) V2 (y= pp) 
(Ti) =z , $1( Br’) a2 . 
MCT)=x,  dCTs)=y, {BD VE to-¢ pp 
Px(2T3)=x , do’?ATs)=y . dbo( By’) 5) ES 
pb Bz) } Dy Bae 
ewan es ( 4 
Bie) Ih ape ie 
fiv) 4, 4, 2, 3” (v) M,D: p=exp(—3vi) for M, p=exp(—vi) for D 
di(Ay=y , $i(M1) Vale ie 
P(A)=y ) et LS ee : 
3(A1) =z ’ (bo( M1) Wad ae 
d4(A1)=Z , ford sand CVs ep), 
dude) =x , penny Yuprgs) alt, 
x a ae 
(bo( Ao) =* ‘ get 9 (Zeer pe) 6 
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Internal Friction of Lead, II 
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The experimental results on the internal friction of lead single crystals 
were discussed on the basis of the dislocation theory. At low tempera- 
tures, the dependences of the internal friction on the strain amplitude 
and the frequency are well explained with the pinned-down dislocation 
model. The pinning of dislocations by point defects is also varified to 
exist through analyzing the change of the amplitude dependence of the 
internal friction produced by annealing the specimen. The exponential 
increase of the internal friction with increasing temperature is considered 
to be due to the thermal break-away of the dislocations from the pin- 
ning points. On the assumption that the Cottrell’s force acts between 
the pinning impurity atom and the dislocation, some of the unknown 
quantities of a crystal can be determined as follows: dislocation density 
is 1.03x108cm-2, loop length of dislocation network 1.7110-4cm, and 
mean distance between impurities on dislocation 2.85x10-5cm. Above 
a certain temperature (about 300°K) the internal friction decreases with 
increasing strain amplitude, being the reverse of the behavior at low 
temperatures. This phenomenon is interpreted as the impurity pinning 
becomes ineffective at high temperatures and the formation of jogs at 
the network pinning points of the dislocations contributes to the internal 


friction. 


Introduction 


ai 


The internal friction of lead single crystals 
has been measured as a function of the strain 
amplitude, frequency and temperature, and 
the results were described in the earlier 
paper (hereafter called part I). The follow- 
ing is an analysis of these experimental data 
by the dislocation theory of internal friction. 
As will be shown in § 2-§5, the behavior of 
the internal friction at low temperatures is 
well understood by the “pinned-down” dis- 
location theory established by Granato and 
Lucke”. In §6 and §7, the temperature 
dependence of the internal friction will be 
taken into account and another mechanism 
will be proposed as an origin of the internal 
friction at high temperatures. Some transient 
phenomena will also be discussed briefly (§ 8). 


§2. Pinned-down Dislocation Theory 


The “pinned-down” dislocation theory of 
internal friction of Granato-Liicke” can be sum- 
marized as follows. Crystalline solid contains 
a network of dislocations, their intersections 
being usually immovable. The network loops 
of dislocations are further pinned down or fixed 
by point defects which exert forces on the 


dislocation lines. The internal friction origi- 
nated from the vibration of dislocation lines | 
may have two types. The first is the dynamic 
one due to the damping force against the 
movement of the dislocation. The expression 
for this internal friction is obtained by solv- 
ing the equation of motion of a dislocation 
line segment between pinning points which 
vibrates under the influence of the external 
alternating stress. The damping force is as- 
sumed to be proportional to the velocity of 
the dislocation though its origin has not been 
well understood. The second is one of the 
static hysteresis type due to the break-away 
of the dislocation line from the pinning by 
point defects. The dissipation of energy cor- 
responds to the area of the hysteresis loop 
in the stress—dislocation strain diagram during 
one cycle of the external vibration. If the 
frequency of the external force is in the kilo- 
cycle range, the internal friction of a single 
crystal is expressed as a sum of these two 
losses, 0; and 6,, the former being frequency 
dependent and amplitude independent while 
the latter frequency independent and ampli- 
tude dependent. When the point defects are 
arranged randomly along the dislocation lines, 
these are given by” 
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There is also an associated change of the 
elastic modulus. The fractional changes of 
Young’s modulus are given by 


(AB/E) = 240 ars , (3) 
(AE/E)n= yy exP(—eal€). (4) 


In these equations, the main variables are 
the angular frequency of the vibration w and 
the strain amplitude of the specimen &. E 
is Young’s modulus along specimen axis, 
G shear modulus along slip direction, v Pois- 
son’s ratio, 6 Burgers vector, 2 orientation 
factor, s resolved shear stress factor and 
4o=4(1—v)/z?2, c=2G02/x(1—v). In a _ f.c.c. 
lattice, s=cos@cosg and 2=(E/G)(s?/12), 
where @ is the angle between the specimen 
axis and the normal to the slip plane, and ¢ 
the angle between the specimen axis and the 
slip direction. A is the total length of disloca- 
tion lines per unit volume of the specirnen, Ln 
loop length of dislocation network, Le mean 
distance between point defects on the disloca- 
tion line, F the maximum binding force be- 
tween point defect and dislocation, and B 
damping constant for dislocation movement. 
Among the above quantities, A, Ln, Le, F and 
B are unknown, which may be determined by 
comparing the theory with experiments. The 
value of LL. takes the exponential distribution 
in the present case while ZL» is assumed to 
be constant throughout a specimen. 


§3. Qualitative Confirmations of the Theory 


At low temperatures, the experimental re- 
sults on the internal friction of lead are well 
explained by the pinned-down dislocation 
theory as follows: 

(i) 6 increases with increasing & [Fig. 2 in 
part I], and there is a linear relationship be- 
tween log 61/20, and €-1 as shown in Fig. 1, 
fitting to Eq. (2). The values of co and 
can be determined by the intercept and the 


slope of this straight line, respectively. 

(ii) The plots of 6, against € for the same 
specimen measured with different frequencies 
lie on the same curve [Fig. 3 in I], namely, 
On is independent of the frequency. 

(iii) The fractional change of Young’s modu- 
lus associated with the change of the strain 
amplitude, (4E/E),, is proportional to 6 [Fig. 
4 in I], as expected by comparing Eqs. (2) 
and (4). 

(iv) In the low temperature region, 6 meas- 
ured with small strain amplitude seems to be 
proportional to the frequency [Fig. 9 in I], 
being consistent with Eq. (1). 


¥ Tiga aor eer PP a! ia i "FiP 
a As Grown 
b |150°C/Ihr 


c sO rea 


Specimen B-5-B 


‘wane 


Fig. 1. Analysis of amplitude dependence of in- 
ternal friction. 


§4. Migration of Point Defects to Disloca- 
tions 
In order to inspect the pinned-down model, 
the effect of annealing upon the amplitude 
dependence of the internal friction is to be 
examined. Cottrell and Bilby® offered a 
theory of strain ageing of metals and calcu- 
lated the migration velocity of impurity atom 
to dislocation line under the influence of 
its stress field. According to them, in the 
early stage of ageing, the number of solute 
atoms which arrive at the unit length of 
dislocation line within time ¢ is given by 
ADt \*/8 
nit)=anol = ) (5) 
where a=3(z/2)"3, mo is the total number of 
atoms in solution, A=[4(1+ »)/3(1—»v)]Gber’, 
e=(r—r’)/r, y and r’ are the radii of solvent 
and solute atoms, D (=Doexp(—Q/RT)) is 
the diffusion coefficient and kT has its usual 
meaning. Using the theory described in § 2, 
the following relation is obtained from Eq. 


(2): 
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Ls) * BOR a2rA 
if there exists one point defect at a pinning 
point. Combining this with Eq. (5), we obtain 

fe()—c =a] PSOE). eT (6) 
where @ is a temperature-independent con- 
stant, Q is the activation energy for the dif- 
fusion of the point defect and ¢ corresponds 
to the annealing time. 

The amplitude dependence of the internal 
friction of a lead crystal received successive 
annealing has been measured at 8°C. From 
the analysis of the experimental data, the 
values of ci for the crystal as grown and 
annealed at 150°C for 1, 3 and 5 hours can 
be determined as shown in Fig. 1. Using 
these values, [c:(t)—ci(0)] are plotted against 
t?/3 in Fig. 2. These lie on a straight line 
as asserted by Eq. (6). The same specimen 
was also annealed at 135°C for 1, 3 and 5 
hours: ate L202 Ce tog eles sand som hoOuns wat 
105°C for 2, 4 and 7 hours, successively. 
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Fig. 2. Analysis of effect of annealing upon am- 
plitude dependence. 
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Fig. 3. Determination of activation energy for 
diffusion of point defect, 
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Similar straight lines are also obtained for 
each annealing temperature as shown in Fig. 
2. The activation energy can be calculated 


from these results with the usual method as | 


shown in Fig. 3: Q=26.6+0.8 kcal/mol-deg. 
It is concluded that, in the present case, 


the dislocation are certainly pinned down by | 


some point defects. The pinning agents may 
probably be impurity atoms. This has been 
suggested from the result of etch pits obser- 
vation by the present author”. 


with increasing annealing time. This is ex- 
plained by the fact that the impurity atoms 
migrate to the dislocation with prolonged an- 
nealing, because etch pit is considered to be 
produced by the combination of dislocation 
with impurity. The impurity atom acting as 
the pinning agent may be carbon, because it 
is the main impurity detected in the material 
[Table I in part I]. Although the direct 
measurement of the diffusion coefficient of 
carbon in lead has not yet appeared, the 
value of the activation energy obtained above 
(Q=26.6 kcal/mol-deg) seems to be quite 
reasonable. For the purpose of comparison 
the activation energies for diffusion of various 
elements determined by usual method are 
listed in Table I. 


Table I. Activation energies for diffusion of vari- 
ous elements in lead. (in kcal/mol-deg) 


I I Il 


IV V 
Ag Cd In Sn Sb 
52 15.4 26.2 — 
Au Hg amt Pb Bi 
14.0 19.0 19.4-24.6 27.9 18.4 


$5. Numerical 
Quantities 


The quantities appearing in Eqs. (1) and 
(2), A, Ln, Le, F and B, can be calculated 
using some assumptions. 

The crystal is considered to be broken up 
into blocks, dislocation lines forming the edges 
of these blocks. It is assumed that there is 
one dislocation per block face. This is fairly 
confirmed by X-ray experiments in the case 
of well-annealed crystals. In this case, the 
following relation holds: 


A =O 5 


Evaluation of Unknown 


(7) 


The number | 
of etch pits per unit area on the lead single — 
crystal made from the same material increases © 


| 
| 
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Further assumptions are that the pinning 
agents are carbon atoms in the present case 
and that the force between the pinning atom 
and the dislocation is that of Cottrell’s®. The 
binding energy between an impurity atom and 
a dislocation line is given by 


i 4 (1+yv) Goer 
0 
3 (1—y) Yo 

where A is the same constant as that in Eq. 
(5), and 7 is the distance between a disloca- 
tion line and an impurity atom at the equi- 
librium position, being several times the 
Burgers vector. The maximum binding force 
between a dislocation line and an impurity 


=A/n , (8) 
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From the amplitude dependence of the 
internal friction of the specimen Bi-5-B an- 
nealed at 150°C for 60 hours, co and ci in 
Eq. (2) are determined as stated in §3. In- 
serting these values together with the value 
of 0; at low temperatures into Eqs. (1), (2), (7) 
and (9), and regarding 7/b as a parameter, 
the values of A, La, Le, Fand B(=Bit BT) 
can be calculated. The value of 6; in the 
region where the internal friction increases 
slightly with increasing temperature is used 
in the present case. The value of Up is also 
known from Eq. (8). The results are listed 


atom is also given by in Table II. 
Table II. 
roxl0® | Ax10-7 | Laxl0t | Lex105 | Fx 108 B,x103 | Bx 10° Uo 
rolb gr/sec kcal/ 
cm cm-2 cm cm dyne gr/sec-cm -cm-deg mol-deg 
1 3341010) 0.08 ks} 49) Sl5o ONS 0.11 0.03 7.30 
2 7.00 M38 4.74 DO) Das) 1.80 0.45 3.65 
3 10.5 (6) 5 (433 reals SROe 102 9.00 7 JA) 2.44 
5) As 52,5) 0.76 25 0.37 TOT WHT, 1.46 
q DAS 200 O39) 0.65 0.19 269 67.3 1.05 
$6. Effect of Temperature = a! r 1 
The temperature dependence of the internal Specimen B-5-B 
friction was not taken into account explicitly ioe ae To (I50°C/60hr Annealed) 
until now. At low temperatures, the internal Sie od Ee ay 
friction of lead increases slightly with increas- a een 
ing temperature. This can be explained by Ouek ‘SS 
the change of the damping constant B with ue iy 
temperature. As temperature is raised fur- U =I(.0 kcal/mol.deg 
ther, the internal friction increases steeply o>) 
[Fig. 6 in part I], and this has been also ob- op . 
served by Bordoni eft al. and Weertman et Dime as is Mee vie 
Tae ee 


al.2) The phenomenon can be found in other 
metal single crystals, and some theories have 
been proposed to interpret it, by taking ac- 
count of thermal motion of dislocations®)”. 
The experimental results on the tempera- 
ture dependence of the internal friction of 
lead will be analyzed as follows. The tem- 
perature-dependent part of the internal fric- 
tion 67 measured with small strain amplitude 
varies as exp(—U/RT), as shown in Fig. 4. 
The values of U of some specimens are listed 
in Table II]. This behavior is considered to 
be due to the rate-controlling process so that 
the dislocations are thermally activated and 


Fig. 4. Temperature dependence of internal fric- 
tlonwats elie 


broken away from the impurity pinning. 
Then U corresponds to the work to tear away 
the dislocation loop between network pinning 
points from impurity atoms. When the inter- 
action between them is of Cottrell type, U is 
approximately Uy times the number of im- 


purity atoms on the dislocation loop, namely, 
Ln 

be voibs ( La 1) i 
0 ie 


As can be seen in Table III, the values of U 


(10) 
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Table III. 
i Gj wea it 
Specimen Purity Treatment keal/ vo Ref 
ke mol-deg “AG 
Boo (einwid) 99.99% 150°C/60 hr annealed | 64.9 TO 289 1.4x108 |] 1) 
B.-6-C (single) 99.99% as grown 63.0 10.7 3067! <S0K102 9D) 
B,-6-C (single) 99.99% 150°C/40 hr annealed 64.9 1352 318 Met SAO RS 1) 
Pb (single) 0.003 at. % C — 30 Dee 520 6.8x108 | 8) 
Pb-Sn (single) | 0.058 at. % Sn — 30 WLS 536 14 <102" a8) 
n | (poly.) Merk C.P. | machined One 8.57 400 1% ex LO? 7) 


are different in different specimens, probably 
due to the different impurity contents. In the 
same specimen, the value of U increases by 
prolonged annealing, as expected from the 
' migration of the impurities to the dislocations. 

In the above discussion, it is assumed that 
the concentration of the impurity atoms on 
the dislocation line, a/L-, does not change 
during the measurement (a means the lattice 
parameter). This assumption seems to be 
reasonable because the migration velocity of 
the impurity is small even at 150°C [cf. § 4]. 
The measuring temperature is lower than 
70°C and long time is not wanted for meas- 
urement. On the contrary, if sufficient time 
is allowed for the atomic migration to occur, 
the concentration of impurities on dislocation 
is given by” 


C=Cy exp (Uo/RT) , (11) 


where Cy is the average concentration in the 
crystal. From Eqs. (1) and (11), it is derived 
that 6; is proportional to exp(—4UW)/RT). But 
this argument is not available to the analysis 
of the present experiment. 

At higher temperatures, impurity atoms 
cannot pin down the dislocation line effective- 
ly. This occurs when the time required for 
a dislocation loop is broken away from im- 
purity pinning by thermal fluctuations becomes 
smaller than the period of the external alter- 
nating stress, as stated by Weertman', 
namely, 


f <»exp(—U/RT) , (12) 


where f is the frequency of the external 
stress, vo the frequency of the thermal vibra- 
tion of the dislocation loop. The critical tem- 
perature which corresponds to the equality in 
Eq. (12) may be the anomalous temperature 
To which appears near 300°K in Figs. 6 and 
7in partI, This can be understood from the 


fact that 0 decreases with increasing € at 
temperatures higher than 7). At lower tem- 
peratures, on the other hand, o increases with 
increasing € and this is the characteristic 
feature of the internal friction originated from 
the pinned-down dislocations [Fig. 8 in I]. The 
similar anomalous point can also be seen in 
the 6 vs T curves observed by other authors 
[Figs. 6 and 11 in Weertman’s® and Fig. 2 
in Bordoni’s”?]. The reversal of the ampli- 
tude dependence near that temperature, how- 
ever, did not seem to be examined by them. 
The frequency » can be calculated by Eq. 
(12), using the experimental values of U and 
To. These are summarized in Table III. 
The values of vo are in the range between 
10° and 10°, which are in agreement with the 
usually accepted values of the frequency of 
the thermal vibration of dislocation. 

Using the results obtained in §5 and Eq. 
(10) together with the experimental value of 
U, the various quantities for the specimen 
B.-5-B, annealed at 150°C for 60 hours, can 
be determined without any undetermined para- 
IMeCLer: 


A=1.03 108 em=* , 
Ln=1.71x 10-4 cm , 
Ee 2ES oS Os ere 
F=8.25 x 10-7 dyne , 
B=(1.38 x 10-?+2.46 x 10-°T) gr/sec-cm , 
Uo=2.21 kcal/mol -deg=0.093 eV , 
vo=1.17X 10-7 cm=3.33xb . 
The values of A, Ln and 7 seem to be quite 
reasonable. 


If the impurity atoms are in thermal equi- 
librium in the crystal, the average concentra- 
tion of the impurity in the specimen can be 
calculated through inserting the values of Uo, 
C=a/L-, and the annealing temperature T= 
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423°K into Eq. (11). It follows that Cy=1.25 
x10-* while the concentration of carbon in 
lead determined by chemical analysis is 1.2 
10-*. This discrepancy may be explained as 
follows. (i) The solubility of carbon in lead 
is small and solute atoms are only a little 
part of the total carbon atoms. (ii) The 
specimen is not annealed perfectly yet. (iii) 
The material is purified in the course of 
making the single crystal. 

Regarding the damping constant B, Leib- 
fried’ has analyzed the mechanism of damp- 
ing, considering the scattering of phonons 
which impinge on the moving dislocations. 
From his formula, B=9.5x10-°T is obtained 
for lead. Damping mechanisms proposed by 
other authors offer smaller values of B. 


S75 

As shown in Fig. 5, the internal friction in 
the temperature region higher than 7» is ex- 
pressed as 


Higher Temperature Region 


O=O+K/E . (13) 
Oo is amplitude-independent and almost tem- 
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Fig. 5. Amplitude dependence of internal friction 
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Fig. 6. Temperature dependence of factor IK 
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perature-independent and K is sensitively de- 
pendent on temperature. The factor K varies 
as exp(—U’/RT) as shown in Fig. 6. The 
value of U’ for the specimen B:-5-B is found 
to be 13.5 kcal/mol-deg. These experimental 
facts will be explained as follows. 

At temperatures higher than 7», dislocations 
are not effectively pinned down by impurity 
atoms but pinned only by the intersections 
with other dislocation lines. The dislocation 
loop vibrates rather freely and produces a jog 
at the intersecting point. The formation of 
the jog is essentially an irreversible process 
of energy dissipation, since interstitial atoms 
or vacancies must be created and destroyed. 
According to Cottrell, the activation energy 
to form a jog is given by!” 

Uo’ =7 Gb?—o ft) Lib? , (14) 


where a(t) is the resolved shear stress of ex- 
ternal force and y is a constant of the order 
unity. The total increment of shearing strain 
produced by dislocation in the time interval 
dt is given by 

d€=K’ exp (—Uv’/RT) dt , (15) 
where K’ is proportional to the frequency of 
vibration of dislocation and also depends on 
the geometry of dislocation. By definition, 
the internal friction is calculated as 


0 dE[(o07/E) , 


cycle 


O=A wew=| (16) 
where oo is the maximum shear stress. In the 
present case, the second term in Uy’ given by 
Eq. (14) is estimated to be negligible in com- 
parison with the first. Accordingly, the in- 
ternal friction can be calculated from Eqs. 
(14), (15) and (16): 


6=(K”/€) exp (—Uy'/RT) , (17) 


where K” isaconstant. This conclusion is in 
good agreement with the experimental facts. 
If the value of U’ is compared with UW’, 7 
is calculated to be about 0.3. 


§8. Transient Phenomena 


The internal friction of single crystal is 
markedly structure-sensitive and affected by 
slight cold-work. The change of the internal 
friction just after mounting the specimen 
[Fig. 1 in part I] may be due to recovery 
process associated with some unstable imper- 
fections produced by handling the crystal. 
The large peak, which is also observed in the 


596 


case of other pure metals'?, may be caused 
by the rearrangement of unstable dislocations. 


The smaller peak appearing in the earlier 
stage of the recovery of the quenched speci- 
men may be originated from other kinds of 
imperfections. 

Some of the irreproducible peaks at low 
temperatures on the internal friction vs. tem- 
perature curves, which vanish away when 
the specimen is annealed well [Fig. 6 in I], 
may be the result of “avalanche” process, 
namely, sudden movements of unstable dis- 
locations provoked by the external vibrating 
stress!5),16), 

The apparent hysteresis in the internal fric- 
tion vs. strain amplitude curve and the relating 
recovery-like phenomena [Fig. 5 in IJ] cannot 
be explained by the impurity-pinning model 
of dislocations. The model predicts that the 
dislocations, which break away from the im- 
purity-pinning points and bow out during the 
increasing part of the stress cycle, collapse 
completely and are again pinned down by 
impurities in the other half-cycle. There must 
be one-to-one correspondence between the in- 
ternal friction and the strain amplitude, being 
in disagreement with the present experimental 
facts. The activation energy of the recovery 
can be estimated from the curve of Fig. 5(b) 
in I. The value obtained is 8.8 kcal/mol-deg, 
being nearly one third of the activation energy 
for the self-diffusion of lead. The recovery 
may be attributed to the migration of vacan- 
cies’ and these phenomena may be related 
to the vacancies formed by the vibrating dis- 
locations. 
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The precipitation process of carbon in alpha-iron was studied by mea- 
suring the internal friction, and by observing the precipitates by elec- 


tron microscope. 


The experimental results are expressed fairly well by 


the formula which expresses the sum of the two processes, one being 
the absorption of carbon atoms by the precipitates by way of disloca- 
tions and the other being the absorption of carbon atoms through the 


surfaces of the precipitates by the diffusion-limited process. 


The obser- 


vation of the precipitates supports this explanation of the precipitation 


process. 


Sul 


The internal friction of alpha-iron contain- 
ing carbon and nitrogen as solute atoms has 
been exhaustively studied by Snoek” and 
Dijkstra”. They have found that the inter- 
nal friction arising from the stress-induced 
interstitial diffusion of solute atoms has a 
maximum at the temperature, at which the 
jumping frequency of interstitial atoms coin- 
cides with 2/3 of the measuring frequency, 
and that the amount of the maximum inter- 
nal friction is proportional to the number of 
atoms in solid solution. By measuring the 
internal friction caused by the jumping of 
solute atoms, it is possible to estimate the 
amount of solute atoms at each stages of the 
aging treatment. 

We have estimated the fraction of preci- 
pitated carbon atoms from the measurement 
of the internal friction, and have observed 
the shape of the precipitates by means of 
electron microscope. 


Introduction 


§2. Aging Experiment on Wire Specimens 


The specimens in the form of wire about 
1mm in diameter and 14cm in length were 
used in this experiment. In order to elimi- 
nate both carbon and nitrogen atoms com- 
pletely from the initial specimens, they were 
heated at 800°C for a few days within an 
atmosphere of dry hydrogen. Wert*® has 
shown that the precipitation process of carbon 
is correlated intimately with the precipitation 
of nitrogen if nitrogen is present. Therefore, 


* Present address: The Toshiba Transistor Plant. 
1, Komukai-Toshiba-cho, Kawasaki-shi, Kanagawa- 
ken, Japan. 
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it is necessary to check the nitrogen content 
in studying the precipitation process of carbon. 
For this purpose, the internal friction was 
measured at various temperatures. In case 
the peak of internal friction caused by the 
diffusion of carbon or nitrogen was detectable, 
decarburizing and denitriding treatment was 
repeated. By this procedure the contents of 
carbon and nitrogen were reduced to less 
than 5x10-! wt. per cent. In the next step, 
the specimen was heated up to 700~800°C 
in an atmosphere of dry hydrogen and cy- 
clohexane and then was quenched from 720°C 
on a copper plate, in order to dissolve ap- 
propriate amount of carbon atoms into the 
specimen. 

The specimens containing carbon atoms 
about 0.009 wt. per cent in solid solution were 
cold-worked by 0, 0.93, 2.2, 3.3 and 4.3 per 
cent respectively after quenching. These spe- 
cimens were aged at 100°C. The internal 
friction, the magnitude of which is propor- 
tional to the amount of carbon in solid solu- 
tion, was measured at proper aging intervals 
by torsion pendulum. We can thus obtain 
the quantity g, the relative amount of carbon 
atoms which has precipitated during the aging 
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Fig. 1. Aging of cold-worked and unworked speci- 
mens at 100°C. 
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time ¢. logg vs. logt is plotted in Fig. 1. 
In the worked specimens, g was found to be 
proportional to ?¢?/* in the initial stages of the 
precipitation process. On the other hand, in 
the unworked specimens, g was found to be 
proportional to (f—?’)?/*, where ?¢’ is constant, 
in the initial stages of the precipitation pro- 
cess. 


§3. Analysis of the Aging Experiment 


If the precipitation process is to be described 
as the formation of Cottrell atmosphere, the 
relative amount of precipitated carbon atoms, 
as Harper has shown, will be given by the 
formula 


ex i mz \¥8/ A Dt \* 
eter 35) Ge) | 


where L is the dislocation density, D is the 
diffusion coefficient of interstitial carbon atoms 
in alpha-iron and A is a constant that de- 
pends on the elastic constants of the matrix, 
on the volume change caused by a solute 
atom, and on the magnitude of the Burgers 
vector of the dislocation. For the initial 
stages of the precipitation process, Eq. (1) 
reduces to 


m \¥3/A Dt \?8 
a~ iL 5) a ) 

As shown in Fig. 1, this ¢?/* law for the pre- 
cipitation process holds for the worked speci- 
mens in the initial stages of the precipitation 
process. Also for the unworked specimen, if 
the effective aging time is taken to be ¢—V, 
where ¢ is the aging time and ?’ is about 20 
minutes, the relative amount of precipitated 
carbon atom g is proportional to (¢—?’)?/3 in 
the initial stages of the precipitation process. 

If the experimental results obey Eq. (1), 
In (1—gq) plotted vs. ¢ will be on a straight 
line. In our experiment, the experimental 
results of the unworked specimen plotted in 
In (1—q) vs. (¢—t’)?/ are nearly on a straight 
line. However, the experimental results of 
the worked specimen plotted in In (1—g) vs. 
7/3 are not on a straight line, but on a curved 
line concave downwards. This fact indicates 
that the precipitation rate becomes faster than 
Eq. (1) indicates in the later stages of the 
precipitation process. 

According to Eq. (1), the rate of precipita- 
tion will be given as follows: 


(1) 
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Taking into account that the Cottrell atmos- 
phere will be saturated with carbon atoms of 
10-* wt. per cent for density of dislocation 
as high as 10°, the carbon atoms gathered 
by the attractive force of the dislocations are 
considered to be absorbed by the precipitates 
nucleated at some favourable point on the 
dislocation lines, for example at dislocation 
jogs. The carbon atoms absorbed by the dis- 
location will be drifted to the precipitates in 
negligible time which absorb carbon atoms 
also directly through their surfaces by the 
rate as is given by the following expression”: 


eardg L835 aoe 


Te ae [gts 
No —N1 


3 i | 1/3 
w=(ay) 2D (o"ipeea) 


where JN is the density of precipitates nucleus 
and mo, (0) and m are the concentration of 
solute carbon in precipitates, in alpha-iron be- 
fore aging and in alpha-iron after aging pro- 
cess has completed itself, respectively. Al- 
though the shape of the precipitate is as- 
sumed to be spherical in this expression, the 
shape of the precipitate is found not to be 
spherical but plate-like as described in § 4. 
The exact relation describing the growth of 
the plate-like precipitate by the diffusion 
limited process is not known, but Eq. (3) is 
expected to be the approximate expression for 
the rate of precipitation process due to ab- 
sorption of carbon atoms by the precipitates 
through their surfaces. 

Then, the total rate of precipitation is given 
by the sum of right hand sides of Eq. (2) and 
Eq. (3) as follows: 

gs 


1 dq_ 2 Se 
1 aq. dt 3 Ta Ta 2) Te 
(3) 


Assuming proper value of te and ta, and inte- 
grating the differential equation numerically, 
the experimental plots for the worked speci- 
mens are fitted by the calculated curve. 
These plots are shown in Fig. 2. The ex- 
perimental data are fairly reproduced by the 
calculated curve. From te and ta, the den- 
sity of precipitates and the density of dis- 


(2) 


(3) 
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locations in the worked specimens were esti- 
mated as shown in Table I. For the un- 
worked specimen, effective aging time is taken 
to be ¢—?’, where #’ is a constant and Eq. 
(4) was integrated for this effective aging 
time, and was fitted to the experimental plots 
as shown also in Fig. 2. In this procedure, 
te and ta for the unworked specimen were 
calculated and also shown in Table I. 


Aging time in minutes 


10? 2x10? 5xio2 
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10% 2x 103 
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Fig. 2. log(1—q) plotted vs. t?/3. 
Table I. 

Cold- a | 2 dislocation precipitate 

work 5 ee density density 

(%) (minutes) | (minutes) (lines/cm?) (1/cm3) 
0 | 1500 | 27100 | 2.1x10° | 1.710" 
0.93} 1480 | 1380 | 2.1x109 | 1.6x108 
2.2 | 70 106 | 1.7x10 | 6.3x1014 
3.3 160 149 | 1.0x10 | 4.41014 
AS | 40 100) 222109) 7.3°< 10" 
$4. Observation of Precipitates by Electron 


Microscope 


It was found difficult to prepare replicas 
for electron microscope observation from wire 
specimens. Specimens in the form of rec- 
tangular bars 0.2cm in thickness, 2cm in 
width and 18cm in length were prepared for 
the convenience of replica technique. De- 
carburizing and denitriding treatments and 
solution treatment of carbon of these speci- 
mens were performed by the same method as 
that of wire specimens. 

The internal friction of specimens of this 
type was measured by suspending the speci- 
men at the node of fundamental mode of 
flexual vibration. The vibration of the speci- 
mens was detected by using the circuit as 
shown in Fig. 3. The frequency of funda- 
mental mode of flexual vibration of the bar 
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is about 600cps. The internal friction peaks 
due to diffusion of carbon and nitrogen ap- 
pear at 110°C and 100°C, respectively, in this 
measuring frequency. 

The aging treatment of these specimens 
were carried out by keeping them at the 
temperature of internal friction peak and this 
peak value of internal friction was measured 
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———————— | Prase 
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Fig. 3. Arrangement for measuring internal fric- 
tion at 600 cps. 
A. Specimen which is suspend at the node of 
flexual vibration. 
B. Aging furnace controlled by the regulator. 
C. Biasing voltage about 800 V. 


tan5xio 

10 

9 

8 ° oo 

°o 

i ° 2 ° ° 

3 ° —_unworked 

4 se . & 

3 4.5% cold worked cr, 

2 7 or) 

{ in 

One ye © O60 
10 10° 10° ow 


aging time (in minutes) 


Fig. 4. Aging plots of bar specimens. 
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at appropriate intervals. The internal fric- 
tion of the worked and the unworked speci- 
men was plotted vs. aging time in Fig. 4. 
The relatively low value of the internal fric- 
tion in the initial stages of the aging process 
is due to the fact that it takes several minutes 
for the temperature of the specimen to attain 
to 110°C, at which the internal friction due 
to solute carbon is maximum. 
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Fig. 6. Specimen aged for 150 minutes without 


working. 12000. 
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Fig. 8. Specimen aged for 870 minutes without 
working. x12000. 
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As shown in Fig. 4, the precipitation pro- 
cess of the 4.5 per cent worked specimen 
have finished within 150 minutes. On the 
other hand, the precipitation process of the 
unworked specimen have scarcely begun 
within 150 minutes. 

The photomicrographs of the specimens 
were taken by electron microscope using 
acetyl-cellulose-carbon replicas. The photo- 
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Fig. 11. Precipitates on (100). 15000. 
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micrographs of the specimens aged for 150 
minutes after 4.5 per cent cold-working and 
without working were shown in Fig. 5 and 
Fig. 6, respectively. In Fig. 5, there are a 
number of small plate-like precipitates and in 
Fig. 6 there are a relatively small number of 
precipitates. The photomicrographs of the 
specimens aged for 870 minutes after 4.5 per 
cent cold-working and without working were 
shown in Fig. 7 and Fig. 8, respectively. In 
Fig. 8, there are larger plate-like precipitates 
compared with the precipitates shown in Fig. 
5. The precipitates in the unworked speci- 
men were quite the same shape as published 
by W. Pitsch”. 

The photomicrographs of the specimens 
aged for 1800 minutes at 110°C without work- 
ing were shown in Fig. 9, Fig. 10 and Fig. 
ll. The surfaces of the specimens shown in 
Fig..9 Fig, 10¢and Fig. 11 are..(111),..110) 
and (100) planes, respectively. From these 
photomicrographs, it may be concluded that 
the carbon atoms in alpha-iron aged at about 
100°C precipitate in plate-like shape on the 
(100) plane of the matrix iron. 


$5. Discussions 


As shown in Table I, the density of pre- 
cipitates estimated from ct. of Eq. (4) in- 
creases with the degree of the cold-working. 
The photomicrographs of the specimens also 
show that the density of the precipitates is 
higher in the cold-worked specimen than in 
the unworked specimen. On the other hand, 
it is known that the dislocation jogs increase 
due to intersection of dislocation lines in the 
course of plastic deformation. The density 
of the precipitates on the dislocation lines 
estimated from te. and Ta is 3.3210! per cm 
for the 4.5 per cent cold-worked specimen 
and 8 per cm for the unworked specimen. 
These value are not unreasonable value to be 
taken as the density of dislocation jogs. 
These data suggest that the precipitates nu- 
cleate at dislocation jogs. 

In §3, for the unworked specimen the ef- 
fective aging time was taken to be ¢t-+t’. 
Hence, the precipitated fraction of carbon 
atoms g,-in the unworked specimen was ex- 
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pressed to be proportional to (f—t’)?/3 in the 
initial stages of the precipitation process. 
However, as many authors have found®»”, g 
would be taken to be proportional to ¢® in the 
initial stages of the precipitation process, 
where @ is a constant between 1 and 1.15. 
This expression may be rather natural. By 
writing that g is proportional to (¢—t’)?/* in 
the initial stages of the precipitation process, 
we suggest that the precipitation process in 
the unworked specimen proceed also by way 
of dislocations and ¢’ means a incubation time 
for the formation of precipitation nuclei. The 
density of dislocation lines estimated by as- 
suming that the effective aging time is given 
by (¢-—?’) in the unworked specimen is the 
order of 10° lines/cm?. This value of the dis- 
location density is not to be unexpected for 
the unworked specimen. It may be not un- 
reasonable to consider that major part of the 
precipitation process of carbon in the un- 
worked specimen also proceed by way of dis- 
location short circuit, because the mean dis- 
tance between precipitation nuclei is too large 
for carbon atoms to be directly absorbed. 
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Electronmicroscopic observations were made for the KCl single crystal 
which was irradiated with light emitted from a hydrogen discharge tube, 


using the replica technique. 


Growth of crystallites occurred on the ir- 


radiated surface, and the irradiated effects could also be detected inside 
the crystal to the depth of 5 to 7 microns beneath the irradiated sur- 


face. 


was induced by the ionic motions inside the irradiated crystal. 


It was confirmed experimentally that the growth of crystallites 


The 


mechanism by which crystallites were formed is discussed in relation to 


the action of excitons. 


Introduction 


§1. 

The exciton has been one of the outstand- 
ing interests for both experimental and theo- 
retical workers since Hilsch and Pohl mea- 
sured at first the fundamental absorption 
bands of alkali-halides in the ultra-violet 
region. Hilsch and Pohl have found that the 
fundamental absorption bands of an alkali- 
halide crystal in a form of thin film consist 
of a series of relatively sharp bands”, and 
that free electrons are not produced by ir- 
radiating the crystals in the tail of the first 
fundamental absorption band when they are 
uncoloured®. These facts indicate that the 
particles produced by this excitation are neu- 
tral. This neutral particle is believed as an 
electron coupled with a positive hole, and is 
called as an “exciton”. Smakula® has also 
observed that colour centres are produced in 
the alkali-halide crystals by irradiation with 
light lying in the tail of this band with quan- 
tum yield of unity at the initial stage. The 
numerous extensions of these measurements 
have been accumulated. Recently, Apker 
and Taft®»”? measured the photoelectric emis- 
sion of alkali-halide crystals (both of single 
crystals and of thin films) and confirmed that 
the peak of photoelectric yield appears in the 
spectral region of the first fundamental ab- 


* The present address: Department of Physics, 
The Faculty of Science, University of Tohoku, 
Sendai. 


sorption band, if the crystal contains F' cen- 
ters. This phenomenon was interpreted in a 
way that electrons associated with F centers 
are freed as a result of collision with ex- 
citons produced with light in this band, and 
are ejected outside the crystal. Thus, an 
exciton has a dual property to produce or 
destroy F centres. 

On the other hand, Hibi and his coworkers 
have found electronmicroscopically that the 
growth of crystallites occurs both on the sur- 
faces and in the inner parts of the alkali- 
halide crystals, when they are irradiated with 
X-ray® or coloured with excess metal”. 

The present article concerns with the growth 
of crystallites of the KCl single crystal that 
was illuminated with ultra-violet light. The 
observations were also made with an electron 
microscope using replica technique. The 
growth of crystallites was observable on the 
irradiated outer (001) surface and some effects 
induced by irradiation could be detected in 
the interior beneath the irradiated surface. 
These phenomena are discussed in relation to 
excitons. 


§2. Experimental Methods 
2.1 Irradiation with ultra-violet light 

The (001) surface of the KCI single crystal 
cleaved from the block was illuminated in 
the open air with light from the hydrogen 
discharge tube through the LiF window. The 
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separation between the (001) irradiated sur- 
face and the LiF window was chosen to be 
either 1mm or 3mm. According to optical 
measurements, the first fundamental absorp- 
tion band of the KCl crystal has a peak at 
1,625 AY at the room temperature and the 
long wavelength tail of the first fundamental 
absorption band of LiF single crystal rises 
steeply from the wavelength of nearly 1,500A*. 
In addition to these affairs, since the oxygen 
molecules in the air absorb strongly the ultra- 
violet light of which wavelength is shorter 
than 1,800 A, it could safely be concluded that 
the light quanta absorbed by the KCl crystal 
are those of long wavelength tail of the first 
fundamental band (exciton band). 


2.2 Preparation of replicas 

The procedures for the preparation of re- 
plicas have been described in the previous 
papers®1%: The electron microscopic object 
is a replica of the crystal surface to be ex- 
amined. The replica is the obliquely depo- 
sited Chromium film reinforced subsequently 
with Carbon film in a high vacuum. Here, 
the direction of chromium beam was parallel 
to the <100> of the KCl crystal and made an 
angle 0@=tan71(1/3) to its (001) surface. 

Since it is considerable that the irradiation 
effects will be introduced most markedly into 
the interior directly beneath the irradiated 
surface, we made one sheet of replica which 
casts both the irradiated (001) surface and 
the fresh (010) cleavage plane of the crystal 
obtained after the illumination, when the 
inner parts of the crystal are to be examined’. 


2.3 The purity of KCl crystal 

The optical absorption spectra of the KCl 
single crystal employed show a slight im- 
purity band whose absorption peak is located 
at 2,500 A. 


- §3. Experimental Results 


In this section, the descriptions are given 
for the fresh {100} cleavage surface, the (001) 
surface irradiated with light emitted from a 
hydrogen discharge tube, and the interior 
beneath the irradiated surface of the KCl 
single crystal. 

* Absorption of the LiF crystal, which was 
purchased from the Harshaw Chemical Company, 
was measured with the spectrophotometer con- 
structed in our laboratory. 


3.1 The {100} plane 

Many investigators! have been interested 
in the process of cleaving the crystal and the 
numerous observations have been made for 
the relation between the pattern of cleavage 
steps and the imperfections of the crystal. 
These works are mainly achieved with an 
optical microscope. Here, there is no need 
to describe them in detail, but it is sufficient 
to call attentions to the general feature of 
the freshly cleaved {100} plane: When the 
cleavage crack either propagates across a 
twist boundary or ceases to propagate during 
the crack front seals the loops of dislocation 
into the crystal (these regions were called as 
“deformation zones” by Forty!”), the new 
cleavage steps are formed at screw disloca- 
tions lying in this boundary or the “ defor- 
mation zone ”!”),15); however, between these 
zones, the cleavage crack propagates steadily 
with a constant velocity leaving straight 
cleavage steps on the cleavage plane. 

Electronmicroscopically, on the other hand, 
the fresh {100} planes of KCl single crystal 
are flat and smooth and have straight cleav- 
age steps whose crystallographic directions 
can be assigned to the <100>, <110>, <120>, 
<130> and <230> directions”, when the crystal 
is perfect. The feature of this plane can be 
represented by Fig. l(a). However, on the 
“deformation zone” the pattern of these 
cleavage steps turns into the complicated one. 
Since these zones occupy, as a whole, only 
small portions of the cleavage plane obtain- 
able in usual cleaving processes, so general 
features of the freshly cleaved plane are well 
illustrated by Fig. 1(a) and these can be re- 
fered as the initial state of the irradiated 
surface of KCl single crystal. 

For observations of an interior of a crystal, 
it has been usual to make the replica of a 
fresh cleavage plane which was produced by 
cutting the crystal plate normal to its (001) 
plane®”. In order to unify the experiment, 
however, it is necessary to observe an inte- 
rior of a crystal by means of a replica which 
has informations both of the (001) and of the 
(010) cleavage surface (cf. §2.2). Fig. 1(b) 
is the electron micrograph obtained with such 
a replica. The (001) outer plane corresponds 
to the right half and the (010) plane to the 
left half of the photograph. The latter is 
flat and smooth, except for the straight 
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cleavage steps running quite parallel to the 
intersection, marked with arrows, of the two 
cleavage planes, i.e. the [100] direction. This 
feature is also served as the initial state of 
an interior of the KCl crystal irradiated with 
light from a hydrogen discharge tube. 


3.2 The (O01) outer surface of the KCl 
crystal irradiated with light from the 
hydrogen discharge tube 

Fig. 2 is the electron micrograph of the 
(001) outer surface of the KCl single crystal 
which was illuminated with light emitted from 
hydrogen discharge tube for 15 minutes. In 
this case, the crystal was apart 3mm from 
the light source. It can be seen that crystal- 
lites appear densely all over the irradiated 
surface. When a crystal was placed at the 
distance of 1 mm from the hydrogen discharge 
tube and was illuminated with it for 15 
minutes, appearances of the (001) surface turn 
into those such as shown in Figs. 3(a) and 
3(b). The crystallites grow on the irradiated 
(001) surface with surface density of the order 
of 5-10’cm™~?, and their edges are directed to 
the <110> of the basal plane. In addition to 
these regular crystallites, we can also observe 
that tiny droplets of crystallites appear either 
at random (Fig. 3(a)) or in a regular aligne- 
ment (Fig. 3(b)) on the irradiated (001) sur- 
face. Especially, in the latter case, this regu- 
lar arrangement of droplets is parallel to the 
<110> of the basal plane, and come out either 
as Satellites associated with larger crystallites 
of the regular shape or independently of them. 

Fig. 4 is the (001) surface of the KCl cry- 
stal which was illuminated for 30 minutes at 
distance of 1mm from the light source. In 
this case, the shape of crystallites are not so 
regular as shown in Fig. 3(a). These crystal- 
lites are estimated as 0.3 microns or less in 
heights. 

Figs. 2-4 confirm that the crystallites come 
out on the (001) surface as the illumination 
with a hydrogen discharge tube proceeds, al- 
though it is quite sure that the shape or the 
growth mode of the grown up crystallites 
are Closely related to both the microgeometry 
of the irradiated surface and the imperfec- 
tions included in the interior beneath it, or 
the irradiation time. 

According to the preliminary experiment 
carried out in vacuum, crystallites grew also 
on the irradiated surface. In this case, the 
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KCl specimen was illuminated with mono- 
chromatic light (A=1650 A) near the peak of 
the first fundamental absorption band. The 
intensity of the incident beam was so weak 
that growth of crystallites was observed after 
the irradiation for 180 minutes. Fig. 5 shows 
the crystallites grown on the (001) of KCl 
specimen illuminated with light of 1650 A in 
vacuum for 180 minutes. One sees that they 
appear mainly along cleavage steps of the 
(001) irradiated surface. This corresponds to 
the first stage of crystal growth. Thus, it 
may be concluded that growth of crystallites 
was caused by the energy of incident light 
transferred to the crystal, and not by humi- 
dity or by atmosphere surrounding the speci- 
men. In other words, these phenomena corre- 
spond to what might be termed volume effect 
and not to surface effect merely. These 
situations may well be illustrated by the phe- 
nomena induced inside the crystal by irradia- 
tion with ultra-violet light. This is described 
in the next section. 


3.3. The interior beneath the irradiated (001) 
surface 

Fig. 6 shows both the irradiated (001) sur- 
face and the fresh (010) cleavage plane of 
KCl crystal. The irradiated surface corres- 
ponds to the upper part and the cleavage 
plane to the lower part of the photograph. 
Here, irradiation time was 15 minutes and 
the separation between the crystal and the 
light source was 1mm. The feature of the 
irradiated (001) surface in Fig. 6(a) corre- 
sponds to those shown in Fig. 3(a), and the 
(010) plane has groups of wavy cleavage steps. 

The other interesting phenomena induced 
in the interior of the crystal by irradiation 
with ultra-violet light are shown in the Fig. 
6(b). The crystallites (indicated in the figure 
with markings Al and A2) on the (010) plane 
come out from the interior to the outer (001) 
irradiated plane. Then, it is quite sure that 
the growth of crystallites on the (001) surface 
is induced as a result of the redistribution of 
ions inside the crystal, as was suggested by 
Hibi et al®. Furthermore, Fig. 6 indicates 
that the appearance of these wavy steps is a 
characteristic phenomenon which is associated 
with growth of crystallites as reported in the 
earlier paper®»®. In addition to this, the step 
BC is not a cleavage step, because this is 
perpendicular to the direction of cleavage 
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(a) 
(b) 
x MA PASE anne ey 
anes Ree 
Fig. 1. Electron microphotographs of the KCl Fig. 2. Electron image of the (001) surface on 
single crystal cleaved from the block crystal. which ultra-violet light illuminated for 15 min- 
(a): The fresh {100} cleavage plane of the per- utes. The distance of the (001) plane and the 
fect crystal. light source was 3mm. 


(b): The fresh (001) and (010) cleavage planes. 
The arrows indicate the intersection of the 
two planes. 


(a) (b) 
Fig. 3. Electron image of the front (001) surface of the KCI crystal vine was 
tra-violet light for 15 minutes at the distance of 1mm from the light source. 


illuminated with 


ul 
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Fig. 5. Crystallities grown on the (001) of KCl 
specimen illuminated in vacuum with light of 
1650 A for 180 minutes. 


Fig. 4. Electron micrograph of the irradiated 
(001) surface of the KCl crystal which was il- 
luminated with ultra-violet light for 30 minutes 
at the distance of 1mm from the light source. 


(a) (b) 

Fig. 6. Electron micrograph both of the irradiated 

obtained after the illumination with ultra viole 

from the light source. A (Fig. 6 (a)), and Al and A2 
out to the outer (001) plane from interior. 


(001) plane and of the (010) plane which was 
t-light for 15 minutes at the distance of 1mm 
(Fig. 6 (b)) show the crystallites coming 


1959) 


steps. 

From Fig. 6, it is confirmed that the wavy 
steps appear on the (010) plane down to the 
depth of 5 to 7 microns from the intersection 
of the (010) and (001) planes. 

It is interesting to note that growth of 
crystallites or of the wavy steps did not occur 
when the KCI crystal was irradiated with X- 
ray for 60 minutes, even though it was co- 
loured deeply. On the contrary, the results 
described here were obtained when the cry- 
stal was coloured only slightly. 


§ 4. 


According to the present observations, it is 
clear that crystallites grow on the (001) ir- 
radiated surface and they become larger and 
larger with irradiation time. 

These phenomena have a close relationship 
to the change inside the crystal. Growth of 
crystallites have never been observed elec- 
tronmicroscopically on the alkali halide cry- 
stals irradiated with visible light if they did 
not contain colour centers®»1,. Thus, it is 
conceivable that crystal growth on the ir- 
radiated plane and changes inside the crystal 
are induced by the light quanta absorbed in 
the tail of the first fundamental absorption 
band of KCl crystal, i.e. excitons. 


Interpretations of Experimental Results 


4.1 Changes inside the irradiated crystal 
One of the characteristic features which have 
been observed so far with an electron micro- 
scope is the following: When crystallites 
grow inside an alkali halide crystal, numerous 
zigzag steps appear on the fresh cleavage 
plane, and they are always accompanied both 
with crystallites at their kink sites and with 
a bundle of wavy steps®»®. Suggestions were 
made for the zigzag step in a way that this 
may correspond to a kind of internal surface. 
According to Fig. 6, the same phenomena 
are also observed: The step BC in Fig. 6(b) 
is quite different from the cleavage step, for 
it is perpendicular to the direction of cleavage 
step. Furthermore, the step BC is in a form 
of zigzag only down to the depth of 5 to 7 
microns beneath the irradiated surface and 
becomes then linear on the deeper region 
where wavy steps vanish. Then it is prob- 
able that the step BC is a kind of internal 
surface or a crystal imperfection which has 
no relation to the cleavage process, and that 
it turns into the zigzag one as the irradiation 
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proceeds, even though it was originally 
straight before irradiation. The origin of this 
change is considered to be the action of ex- 
citons, such as thermal spikes, by which the 
redistribution of ions are induced inside the 
crystal accompanying the movement of inter- 
nal surfaces such as the step BC. Fig. 6 
seems to indicate that these processes are 
connected to growth of crystallites either 
along such a step or on the outer surface 
(see, the crystallite Al in Fig. 6(b)). This 
behaviour is quite similar to the nonconserva- 
tive motion of dislocation!»1®, It is concei- 
vable that crystallites A (Fig. 6(a)) and A2 
(Fig. 6(b)) are also resulted from the pre- 
ferential diffusion of ions through some kind 
of crystal imperfection—dislocation, though 
this is not detected electronmicroscopically. 
These processes are favourable to the produc- 
tion of colour centres by excitons as proposed 
by Seitz!®, 

The nature of wavy steps is unknown at 
present. Though it is conceivable that they 
might indicate the internal stresses caused by 
the redistribution of ions, the sufficient con- 
firmation is not obtained experimentally yet. 
They appear only down to the depth of 5 to7 
microns. Though this value corresponds to 
1/10 of the minimum value of the penetration 
depth of incident light employed in this ex- 
periment, it may be possible to obtain the 
information regarding to the diffusion length 
of migrating exciton’, if the experiment is 
carried out with monochromatic light, espe- 
cially with light at the peak of the first 
fudamental absorption band where the pene- 
tration depth of light is estimated as several 
hundreds angstrom. 


4.2 Crystallites on the irradiated surface 

If the above interpretation is correct, it is 
conceivable that distribution of crystallites on 
the outer surface must correspond directly 
to those of emergences of crystal imperfec- 
tions on the (001). But, it will be rather dif- 
ficult to accept this idea without restriction, 
if one sees the appearance of the irradiated 
plane as shown in Fig. 2. Nevertheless, we 
cannot deny the preferential diffusion of ions 
through imperfections as shown in Fig. 6. 
These peculiar behaviour of the irradiated 
surface were first discovered by Hibi and 
Ishikawa® on the KBr and NaCl single cry- 
stals irradiated with X-ray and discussed by 
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them [See Fig. 9 in their paper®, for ex- 
ample]. They observed electronmicroscopical- 
ly that in earlier stage of colouration of a 
crystal crystallites appear preferentially along 
steps, in the next stage crystallites cover uni- 
formly on the irradiated surface and finally, 
distinct larger crystallites grow on it. Judg- 
ing from experimental circumstances, it is 
conceivable that Figs. 5, 2, 3 and 4 show every 
stage of crystal growth in this order in a 
schematic representation. 

From the present observations, these char- 
acteristic behaviours of the irradiated surface 
may be considered to be caused by the fol- 
lowings: 

(i) Mode of crystal growth differs from 
places to places closely depending both on 
microgeometry and on the population of im- 
perfections of the irradiated surface. Some 
evidences appear to support this. (ii) In ad- 
dition to this, it is also acceptable that sur- 
face migration of ions occurred in some stage 
of crystal growth. This concept was already 
adopted in the explanation of the peculiar 
behaviours of the surface irradiated with X- 
ray by Hibi et al®, because of the strong 
similarity to those of aggregation of a de- 
posited film. (iii) The pattern of imperfec- 
tion including the internal surface may be 
changed as the irradiation with ultra-violet 
light proceeds. (iv) Finally, transient de- 
parture from the normal composition may be 
induced locally on the surface by high energy 
radiation. It is difficult to attempt to make 
a further detailed explanation on the ir- 
radiated surface how these respective mecha- 
nisms affect on the every stage of crystal 
growth. It is considered to be most im- 
portant and certain that the crystallites ap- 
pear in the course of irradiation with ultra- 
violet light as a “ volume effect ” and become 
larger and larger with irradiation time. 
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The energy levels of the conduction electrons in graphite, in the 
presence of a magnetic field, are calculated by the method of the tight 
binding approximation, taking into account the effect of band-to-band 


transitions which is not included in the Landau-Peierls treatment. 


The 


present theory is a natural extension of the Luttinger-Kohn and McClure 


theories for the band structure of graphite. 


netic susceptibility is discussed. 


Introduction 


§1. 


The effect of a uniform magnetic field on 
the orbital motion of free electrons was first 
studied by Landau”. He showed that the 
magnitude of the diamagnetic susceptibility 
of the free electron gas is equal to one-third 
of the spin paramagnetic susceptibility. For 
the diamagnetic susceptibility from the elec- 
trons in the periodic field of the lattice, 
Peierls? obtained a formula by a method 
which did not involve a detailed knowledge of 
the stationary states. Using wave functions 
in the tight binding approximation, he deduced 
the formula: 


hyttree (¢ i {SE OE 
cee Ge) | anak 


(ROLY Ofo dk 

ase ) a (27)3 ° 
This formula reduces to Landau’s result when 
E=h*k?/2m. Later Luttinger*®? proved the so- 
called effective mass theory using the Wan- 
nier functions. His result is that the Hamil- 
tonian of the quasi-bound electrons is given 
by changing the argument of the function 
Em(k), energy of the mth band as a function 
of the wave vector k, into a vector k whose 
components are operators, satisfying the com- 
mutation law 


iy) 


eH 
hc’ 
where H is the magnetic field in the z-direc- 
tion. The most questionable approximation 
in the effective mass theory consists in neglect- 
ing the interband transitions caused by the 
magnetic field. 

Wilson deduced the formula (1) by the 
direct calculation of the density matrix as a 


The relation to the diamag- 


power series in H. In his calculation he neg- 
lected terms of the order of RkT/(En—Enm) 
compared with unity; this approximation cor- 
responds to neglecting the interband elements 
in the effective mass theory. Besides (1), terms 
arising from the k-dependence of the periodic 
part wuz(r) of the Bloch functions also contri- 
bute to the susceptibility. The magnitude of 
these terms are not clear since in general we 
do not have knowledges about u;,(r). 

Adams® criticized the above mentioned 
theories in the case where two bands are near 
each other energetically at the same point in 
k-space, and pointed out that the interband 
elements could make large contributions to 
the susceptibility. 

The band structure of graphite was studied 
in detail by several authors®-%. Using the 
Peierls formula (1), Hove! calculated the 
diamagnetic susceptibility on the basis of the 
Wallace model® and showed that the magni- 
tude of the theoretical susceptibility is about 
forty times too small. Mase” investigated 
the band structure by the Bloch tight binding 
method more precisely than Wallace did. He 
also found that one cannot explain the dia- 
magnetism of graphite by means of the for- 
mula (1). Therefore it seems interesting to 
clarify the effect of the interband elements 
on the diamagnetism of graphite, in which 
the valence and conduction bands are de- 
generate. 

Recently we have had some progress in 
searching the magnetic energy levels of elec- 
trons in the degenerate bands. Because the 
top of the valence bands for silicon and 
germanium are degenerate, the interband 
elements should be included in the theory of 
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the cyclotron resonance of holes. Luttinger 
and Kohn’ solved this problem making use 
of the fact that holes in question have small 
wave numbers. McClure!” applied the method 
of Luttinger and Kohn to the two dimensional 
graphite layer and succeeded in accounting 
for the large diamagnetism, but the method 
is not adequate to the graphite crystal. 

Corresponding to Wallace’s calculation of 
the band structure, we shall solve the one 
electron Schrédinger equation by the tight 
binding approximation and investigate the ef- 
fect of the band-to-band transitions caused 
by the magnetic field. In section 2 we shall 
discuss our approximations in detail. It is 
shown that our method gives the same result 
as McClure’s in the case of hexagonal layer. 
In section 3 we shall apply our method to 
graphite. In section 4 the method of Luttinger 
and Kohn will be discussed concerning the 
application to graphite. 


§2. Method of Tight Binding for Hexagonal 
Layer 


In our tight binding approximation there is 
no essential distinction between the two and 
three dimensions. In this section, however, 
we shall investigate the energy levels for a 
hexagonal layer because of the simplicity and 
clearness of the calculation and for the con- 
venience of comparison of our theory with 


McClure’s one. 
y 
cS 9 
x 


Bigeal 


Fig. 1 shows hexagonal layer of graphite 
and our coordinate axes x and y. The unit 
cell contains two atoms, A and B, the dis- 
tance between which being 1.42A. The first 
Brillouin zone is a hexagon and a corner C 
indicated in Fig. 2 has ke=2z/\/3 a and 
ky=27/3a, where a=1.42xV 3 =2.46A is the 
distance between A and A’ (Fig. 1). The 
valence and the conduction bands are degener- 
ate at point C (and other equivalent points). 

Assuming that a homogeneous magnetic 
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field H is perpendicular to the plane of the 
hexagonal layer, we shall choose for the 
vector potential A 

Az=—H,, Ay=A.=0 (39 
with this gause, the Hamiltonian becomes 


A =H— Oy Paty Oem (4) 
where 
eH 0 
=> — = -- 5 
o) a Pp ih rik (5) 


and & is the Hamiltonian of an electron in 
the lattice field. Then the eigen-value pro- 
blem which we must solve is 
SEU =EV . (6) 
Let X(r) be the normalized 2), orbital func- 
tion for an isolated carbon atom, then the 
wave function in the tight binding approxi- 
mation becomes the linear combination of 
gi(k) and Has which are defined by 


o(k)=——= x ek r4X(r—ra) , 
vn 
(7) 
$2(k)=- ee > e*3X(r—rsz) , 
where WN is the number of unit cells and the 


sum is taken over all the equivalent lattice 
points which are designated by A or B. 


Ky 


Fig. 2. 


In the magnetic field a stationary state of 
an electron is no longer represented by a point 
in k-space, but an electron forms a wave 
packet spreading over V/eH/hc . 
we assume 


=| Bae’) dk’ + (Be) glk) dk’, (8) 


Therefore, 


the integration being taken over the first 
Brillouin zone. B,(k) and B:(k) are required 
to be periodic functions with the periodicity 
of the reciprocal lattice. The reason why we 
have neglected higher atomic states in Eq. 
(8) will be stated later on. 

We substitute (8) into (6), multiply it by 
¢i*(k) and integrate over the entire crystal. 
First let us consider the integral 
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\\ax dr Blk) 0 )EZ ok’) =h+th-+h , (9) 


where 


= [fan dr Bik) p:*"(HSAGAK) , 


l 


i [ax dr BAK’) p1*(k)(—oyps) elk’) , 
ft 


L= [jaw dr Bk’) enn ory?) glk’). 
Ip may easily be evaluated as follows: 
re [an Bk)( a » etter X*(r—r) 9 X(r—rs) ar) 


= [an 2.cK( Ry z e-tit-t-ra)/ y ew nan) XM SAK(— pas) dr) 


PAB 


= Ho(k)B2(k) , (10) 
where 


Ho"B=Z olbas| XARA pas) dr 
r) 


AB 


(11) 


OAB=Vs—TPra. 


Integral I, can be written as a sum of two terms I,’ and l”’, where 


I= — ol di Be) (No Sates thal x *(r—ra)(y—Yx) PxX(r—rz) dr) , 


A,B 


the magnitude of which may be of the order of wB:a(h/a). The other term h” can be 
transformed into a simple form: 


= [ae Bu) Rattan [xr r)(—ay np.) X(r—rs) dr) 
,B 


+iker 
=—w)\dk’ Bo(k’)N™* > si ;* 
A,B Oky 


)|x@- ra) peX(r—rz) dr 


ley dp Oya erika’ -ral Xr Aina aeer 
Ok,’ A,B 


=— io pA(k)— . (12) 


The integration by parts with respect to k’ gives immediately the third line of the above 
equation, the surface integrals over the surface of the first Brillouin zone vanishing since 
all the functions are periodic functions of the reduced wave vector. In Eq. (12) p2'*(k) is 
defined by 


p2X(k)=>, omeanl X*(r) peX(r—pan) dr. ey 
PAB 

As will be shown below, p,°(k) is of the order of #/a in the neighborhood of k=k’, where 

ke is a wave vector represented by point C. It will also be seen that the wave function 

Bi(k) becomes wave functions of a harmonic oscillator. Therefore 0B:/Oky in (12) is nearly 

equal to B:/ky, in which Ry means the value of ky averaged with Bi(k) and may approxi- 

mately be given by V/neH/hic (n is a quantum number of the harmonic oscillator). Then 
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we shall see that the ratio l’/l’’” will be very small compared with unity at least for 
small ~. As a result of the above considerations we obtain 


L=1,/ = —iw p2*(k) oe . (14) 
y 


To estimate the integral I, we substitute y?=ys?+2ye(y—ys)+(y—yz) in its integrand. 
Then I, will be given as a sum of three terms: 


o= 1’ +L” +1.’ ; 
where 


L/= [aver Balke )oi%(h)( Foto? asl) , 
L/’= \ [dwar Bo(k’)o1*(k) {ar2ya(y—ys)|os(R) ; 


m 
2 


w= \avar Balle )or*(h)| or y—yay bol) 
Integral I;’ can be evaluated in the similar manner to lh” and the order of its magnitude 
may be given by 


0? Bs as eH B, 


Okey? ce , ke? ~ohB,. 


I.’ ~ mo? 


Then we have 
Li Wlecvaky< Te 


Similarly it can be found that I.’” and I.’ are much smaller than I,’. In this way we 
obtain the following equation to a good approximation: 


OB: 


ee (15) 


|| axar Bulk’) (1*(k) SF 92k’) = Ho!(k) Buk) —io p(k) 


Similarly we have 


\\avar BAK) 0K) Salk’) =Ho"() Blk) , (16) 
where 
HMd)= S ett an'| X*(W9AX(r— paw) dr. (17) 


On the right hand side of (16) only &@ is retained since the diagonal element of the mo- 
mentum is negligible compared with the nondiagonal element: 


[ora bevi(k) dr< [ora A Ma ae 


Now we return to the problem concerning Eq. (8), in which we assumed ¥ as a linear 
combination of the atomic 2p, functions. The contribution of higher states 7, for instance, 
to the state 1 or 2 can be estimated by the perturbation method. The important matrix 
element which connects the states 1 and 7 may be iwpz0/Oky. By the diagonalization we 
have the following term in our Hamiltonian; 


AB is: Ob a Oe 


which is of the same order of magnitude as I.’ which we neglected. 


po lb Og 


> 


1959) Diamagnelism of Graphite, I. 613 


Ho (k) B(k) + | Ho!*e)— too pk) any {B= EBA) . 
y (18) 
| Hy?(k)— iw Pak) | Bua) +Hy?*(k) Balk) = EB,(k) , 


where Hol = Ho”, Ho*=Ho* and p."!=p,2*. In order to obtain solutions for the set of 
equations (18) in the neighborhood of point C, we expand Ho"(k), Ho(k) and p,'*(k) as power 
— of ke—k.® and k,—k,°. Taking the origin of k at k°, we get to order linear in ak; 
and aky: 


Ho"! =Hy??= Ep , 
Hypa ro hatmbne (19) 


w=] po , 
where 
l=V 3 +i, 
m=l1—/Y 37, 


=—\X* 0A (r— pp ; 
Yo | (NFA X(r—paz) dr (20) 


a <i pr=| X*(r) (—in ra) ie Se. 


ras=(a/V 3,0). 
Substituting Eqs. (19) into (18), we have 


(thet mby— gee) 4 
Okey 
(21) 


(het m*hy—il*s 


where 


E=Eo fe Vea 7, ike sieh el, (22) 


pe eed*o — 
(Y¥3/4)roa’ m 4 ro hic 


The set of equations (21) is the fundamental result of our method which determine the 
exact energy levels for small quantum numbers near the degeneracy point. Eqs. (21) are 
identical with Eqs. (2.7a) and (2.7b) in McClure’s paper! if yo=7o’, which we can prove as 


below. 
Following Kitano? we make use of the operator identity in order to verify ro=70'; 


p= 7H 1, a1. 


Adopting the 2p. functions X(r—ra), X(r—ra’),—and X(r—rz), X(r—ra’),—as the bases, we 
calculate the matrix element of the above equation as follows: 


mt 
pzraB= =F, (Haak ap—voXnn—XABH BB+ XA Ar) 


mi 
= ——— 70(Xa2—%X44) 
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From (20) and (22) we have 


peas —pipy= — Oe 


and therefore 
Yo=7o . 


Because the system of the 2p, functions is 
not complete, our proof is an approximate 
one, but seems reasonable within the scope 
of our theory. As we are interested in wave 
functions which are localized in the Brillouin 
zone, we may replace the periodic boundary 
conditions for Bi(k) by the requirement that 
they vanish for large values of k. Then the 
solutions Bi(k) and B.(k) for the set of the 
equations (21) are given by wave functions 
for the harmonic oscillator and the energy 
€=E—E,) becomes with yo’=7o 


E=E—Ky=+V an , (23) 
a=3r0a’s , (24) 
where takes all the positive integers. Put- 


ting H=0 in (21), we get the energy levels 
which Wallace has given: 


€(H=0)=+V 37 02a*(Re? thy?) « 


(25) 


In this section we obtained the same result 
as McClure’s, but analyzed the approximations 
used by him precisely in view of the tight 
binding method. On the basis of this two- 
dimensional model McClure studied the dia- 
magnetism of graphite. He noted that n=0 
levels are responsible for the most part of 
the large diamagnetism and that a good 
agreement with the observed value of the 
normal susceptibility can be obtained. 


§3. Method of Tight Binding for Graphite 
Graphite lattice is built up of hexagonal 


Ho" By + (Ho = 1w peop \ Bs +7 Bs 
Oky 


(Ho —10 Px Pe 


) B+ Ho" Be 


y 


Tl Bi 


(Ho = iw pal 


where 
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layers, whose relation to each other is illus- 
trated in Fig. 3. Dotted lines indicate one 
layer and the full lines the one 3.37A above 
it. The points A, B, C and D represent 
the four atoms of a unit cell. The first 
Brillouin zone for graphite is a hexagonal 
pill-box of height 4z/cz, as is indicated in 
Fig. 4, where cz, is the spacing between iden- 
tical layers, 3.37x2=6.74A. The.degenerate 
points are on the six vertical edges of the 
zone (H-H). 


= 


Fig. 4. 


Bigs 3: 


As in the case of a single layer we shall 
define gi(k) in the form: 
gi(k)=> exp [1k- ni] X(r—ri’), (26) 
where z=1, 2, 3,4 correspond to atoms of the 
types A, B,C, D, respectively, and » enumer- 
ates the different atoms of a given type in 
the crystal. 
Assuming 


ves [Bw puede. (27) 


4=1 
we shall proceed exactly in the same way as 
in the case of the hexagonal layer. If we 
suppose that the integrals connecting (A, D), 
(B, C) and (B, D) are zero, we obtain the fol- 
lowing equations with the same approximation 
as that in section 2: 


==) 3155 ci 
== Bs 3 

9 (28) 
af, BIT EBs 


> 


) Bo} Ho! Bs a5) 


v 
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n= [x*2.Xr—puo dr , 


l'=2cos “k 
7 i 


and Ho’ and 2‘) have the same meanings as Eqs. (11), (13) and (17). 
In the absence of a magnetic field, we can find that B;=+B,, where the choice of the 
sign 1s Immaterial. Therefore we choose B;=—B, in (28); then the upper two equations 


will become equivalent to the lower two. 


It will be shown in the next section that this 


choice does not give any limitation to the result. 
Since we are interested in the solutions near the zone edge, we can expand Hp’) and p's 


with regard to ky and ky. 


Then we can rewrite the upper two equations of (28) as follows: 


V3 Toa (the-+-mby —ils EOD \Bs =(F—kot+riWl)B, , 
2 Oky 


lage ae) (Uhetm*hy—ilts 


which correspond to (21) in the case of the single layer. 


(29) 


\Bi=(E-Ba) Bs 


Substituting H=0 in (29), we find 


the energy levels which agree with Wallace’s result: 


E-Eo=—3r VV trl? +37 00k? + hy) 


As in the preceding section, the energy E—E» 
in (29), may be found to be 


E-—Ey=—37T4Viril?+an. (31) 
for n=1. For n=0, Bz is interpreted to be 
zero and therefore we have 

E—-kyo=—rl , (230) s (32) 
The lack of symmetry between FB; and BP, is 
due to our choice of gauge for the vector 
potential. The solution for the H’—-H’ edge 
is symmetric in the opposite sense to (29), 
and for this case we have 
E—E)=0 
for n=0. /7o in this section takes a different 
value from that for a single layer since the 
lattice fields are not identical, but for sim- 
plicity we do not use different notations. The 
results (31) and (32) is similar to (23) in the 
two-dimensional case with the difference that 
the zero point energy is missing in (23). 
McClure has concluded on the basis of the 
two-dimensional model that =O levels play 
the dominant role for the diamagnetism. This 
is explained schematically in Fig. 5, which 
shows the level density g versus E—/ curve 
in a hexagonal layer. When H=0, there is 
no state having E=Ey, while m=0 levels are 
induced by the magnetic field. Hence in the 
magnetic field the electrons, which occupy 
the states of the valence and the conduction 


(30) 


bands having the energy near E=E, assemble 
on this ~=0 levels. This circumstance is 
indicated by arrows in Fig. 5. Consequently 
the average energy of the electrons is raised 
by the magnetic field provided that the num- 
ber of electrons below Eo is larger than that 
above it; this results from the thermal agi- 
tation of the Fermi distribution. The smaller 
the level density becomes, the larger this ef- 
fect will be. As a result the Fermi energy 
will become so large as capable of explaining 
the observed periodicity of the de Haas-van 
Alphen effect. In the three-dimensional case 
the situation is not so simple. Unless we 
compute the susceptibility using the energy . 
levels (31) and (32), we cannot compare our 
theory with the calculation based on the 
Peierls formula (1). 


n=o levels 


‘ees 
Ene 


igeso: 

§4. Extension of Luttinger-Kohn Theory 
In the preceding section we have calculated 
the energy levels of the conduction electrons 
in the magnetic field, which are correct in 
the neighborhood of the edge of the Brillouin 


zone. But the calculation depends so much 
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on the tight binding approximation that it 
seems difficult to improve it more precisely. 
In this section, therefore, we shall try to 
extend the method of Luttinger and Kohn in 
the form which will be suitable for the band 
structure of graphite. For this purpose we 
shall define the functions ¢,, as our bases: 


bnk=EXP (2K - 1) Unk, kg 
=exp (1(kz—ka”)4+i(Ry— hy) V) Pkg Ky ky » 
(33) 
where k,° and k,® are the values of Re and ky 
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at the zone edge. 
Pri: hy kg =EXP (tka X+ hy? +theZ)Unk ky kz 
is the Bloch function on this edge and satis- 
fies 
Lo Prati: Ky ky =H (ke Ry Rz) Prrtig ky key . (84) 
It is apparent that functions $n, form an 
orthonormal system. 

For simplicity we use unr,, Ynx, and En(kz) 
FOL Unk, Kz, Prk, ky, ANd En(ke Ry kz). Then 
the matrix elements of our Hamiltonian can 
easily be calculated: 


(nk| H\n'k’) = Onn dK ae {(Ra! —kx®)?+(Ry’ —Ry°)?} + Exile) | 


+0(k -1)2 {(Re! — Re) po + (Ry — Ry?) py} 


O0(K’ 


(nk|—ovpzln’'k’) =i ak 


Mp2 02(k’ —k) 


m 
cote wy? 


k 
(|? 


he \ = 
n ) : 


= Okey? 


where 


Poy = | O(n we, dr. 


With the assumption 


vs | dK Belk) ban , 


n 


we have the set of differential equations for Bn(k) from (35), (36) and (37), as before: 


h? 0)2 0 


oe DS (hehe!) pa’ + (Ry — Rey) py”) BoB) 


—10 Dy {h (Ry Sem kx) Onn? p22} 


(35) 
—k) P : 
ia, {hk —k,°)Onn7-+ px } , (36) 
y 
aid (37) 
(38) 
(39) 
OBne a Mies OBn ao 
ak, 2 Ohyt TEM (40) 


In order to solve (40), we must simplify it by making use of the result of § 2. Putting 


k,°=k,°=0 and neglecting terms which can be 


2 


thought to be small we have 


(41) 


h , , ° , 
i (Ru px?” +ky pyr” )-—to p2™ 0 


Okey Brtk)={E—En(kz)}Bnlk) , 


n 
where m and n’ means the four bands which are near each other energetically at the zone 
edge, higher bands being negligible because their effects may only change the mass in (40) 
to the effective mass. 

Putting w=0, Eqs. (41) become the ordinary secular equation which determines the energy 
band structure. According to the result of the tight binding method, this secular equation 
is reduced to the two-dimensional one if we neglect the energy integrals connecting (A, D) 
(B, C) and (B, D) as in §3. In this case the matrix elements of the momentum was alten 
calculated by McClure™: 


1959) 


pe =—ifor, py"=po, 


Diamagnetism of Graphite, I. 


617 


Deeps! = fy py 0, (42) 


where po is a constant of the order of the magnitude #/a and plays the same role as 7p. 
Therefore with the same approximations we can write from (41) as follows: 


{E—Ex(k) Bi) =" bo — ike ce hy—s 55 Bk) 


(43) 


{E—Bills)} Bulk) = bo( thet at 852) Bu) 


Provided that Fi(kz)=Eo—ril’, E,=Ey, the above equations become identical with (29). 


$5. Remarks 
Graphite 

The diamagnetic susceptibility of graphite 
shows a remarkable anisotropy’. yx. is nearly 
equal to the diamagnetic susceptibility of dia- 
mond and is independent of temperature, but 
Zi is large and varies with temperature (|| or 
1 means that the direction of the magnetic 
field is parallel or perpendicular to the c axis). 
It is expected that the behavior of xy, is 
caused by the z electrons. The temperature 
dependence of x can be evaluated correctly 
because we have calculated the energy levels 
near the Fermi surface, while we can say 
nothing about the magnitude of yx, to which 
all electrons may contribute. In connection 
with the latter we may point out that the 
k-dependence of wu, or the band structure is 
neglected in the Peierls formula (1). 

Hove! studied the temperature variation of 
% in detail using the Peierls formula (1) with 
the Wallace model (30). He found that 7: 
had to be equal to 0.5ev in order to obtain 
the agreement with the experiment. This 
value is five times as large as that estimated 
by Coulson”. We must study the variation 
of the susceptibility with temperature using 
the energy levels (31) and compare the result 
with Hove’s calculation. But this program is 
left in future on account of laborious numeri- 


on the Diamagnetism of 


cal computation. 

The author wishes to thank Dr. F. Nakano 
and Mr. S. Mase for their valuable discussions, 
Prof. Ariyama and Dr. S. Nakajima for their 
helpful advice and encouragement during the 
course of this work. 
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The effects of the non-equilibrium distribution of the phonons on the 
electrical and thermal conductivities, thermoelectric power, and trans- 
verse galvano- and thermomagnetic effects of metals are calculated. It 
is shown that Onsager’s reciprocal relation holds, actually, in the case 
of the non-equilibrium distribution of the phonons with presence of a 
magnetic field. For the spherical band model, the effect on the Ettings- 


hausen-Nernst coefficient is not so large as appeared in literatures. 


For 


an anisotropic band model, the phonon drag terms appear in the Ettings- 
hausen, Ettingshausen-Nernst and Righi-Leduc coeffidients. 


$1. Introduction 


In the previous papers of this series’ (I, 
II and III), we have calculated the thermo- 
electric power and the transverse galvano- 
and thermomagnetic effects of the monovalent 
metals, by assuming the equilibrium distri- 
bution of the phonons. In I, it has been 
shown that the positive signs of the thermo- 
electric powers and the negative signs of the 
Ettingshausen and Ettingshausen-Nernst co- 
efficients of the noble metals at high tem- 
peratures are interpreted qualitatively by as- 
suming a simple model of the spherical energy 
band of the conduction electrons. In II and 
Ill, the calculations have been generalized to 
the case of low temperatures and to the ani- 
sotropic energy band, and we have derived 
the relations between the coefficients which 
hold irrespective of the scatting mechanism. 
Now the distribution of the phonons deviates, 
actually, from its equilibrium value, and the 
effects of this non-equilibrium phonons on the 
thermoelectric powers of metals? and semi- 
conductors below room temperature are, in 
fact, not necessarily small. 

Assuming the quasi-free electron model, 
Hanna and Sondheimer solved the simulta- 
neous Boltzmann equations for the distribu- 
tion functions of the electrons and the phonons 
by a method of successive approximations and 
obtained a set of interpolation formulae. A 
more rigorous solution was obtained by the 
author in another paper, in which the dis- 
tribution function of the phonons was elimi- 
nated at first, and then the resultant equa- 


tion was solved by using a variation principle. 
An identical method was adopted by Bailyn® 
independently*. In these articles so far men- 
tioned, only the cases of no magnetic field 
have been treated. Recently, Parrott”, Appel® 
and V. L. Gurevich (son of L. E. Gurevich) 
and Obraztsov” have calculated the effect of 
the non-equilibrium distribution of the phonons 
on the Ettingshausen-Nernst effect of the 
semi-conductors. The measurement of the 
effect has also been done by Herring et al'. 
However, the effect for metals has not yet 
been calculated in detail except for a simple 
considerations of L. E. Gurevich!? who ini- 
tially calculated the “ phonon drag effect ” on 
the thermoelectric power and also suggested 
the effect on the Ettingshausen-Nornst co- 
efficient. Recently, Paul! has calculated the 
effects of the non-equilibrium distribution of 
the phonons on the thermal conductivity and 
the thermomagnetic effects of metals. How- 
ever, unfortunately, there are many important 
errors in his article, and especially his con- 
clusion on the Ettingshausen-Nernst effect is 
qualitatively invalid. 

In this article, we consider the effect of the 
non-equilibrium distribution of the phonons 
on the transverse galvano- and thermo- mag- 
netic effects of the monovalent metals, and 
give the corrections due to this effect for the 
results obtained in I, II and III. At first, in 
§ 2, we show formally that the general reci- 
procal relations of Onsager hold for any 


* Iam very grateful to Dr. Bailyn for sending 


me a copy of his manuscript before publication. 
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conductor in a magnetic field, even if we con- 
sider the non-equilibrium distribution of the 
phonons. This fact has been shown by Sond- 
heimer!® for a special case of no magnetic 
field. The discussion given in §2 holds not 
only for the monovalent metals but also for 
any conductors. In §3 we write down the 
Boltzmann equations for a metal strip which 
has the spherical energy band and is placed 
in a transverse magnetic field. At first, we 
eliminate the distribution function of the 
phonons from the simultaneous Boltzmann 
equations, and then we solve the resultant 
equation by a variational method used in III. 
From the solution, we obtain the electrical 
and thermal conductivities, the thermoelectric 
power, and the Hall, Ettingshausen, Ettings- 
hausen-Nernst and Righi-Leduc coefficients. 
We discuss, in § 4, the results obtained in § 3 
and derive certain relations between the co- 
efficients which hold irrespective of the scat- 
tering mechanism. It is shown that the 
“phonon drag” effect appears in the thermo- 
electric power, but it does not appear in the 
galvanomagnetic and thermomagnetic effects. 
However, the corrections due to the lattice 
thermal conductivity appear in the latter quan- 
tities. The effects for an anisotropic media 
are considered in §5 and §6. In §5 we show 
that the phonon drag term of the thermo- 
electric power of a metal having cubic ani- 
sotropy is of the same order of magnitude as 
that of a metal having spherical energy band. 
In the presence of a magnetic field, however, 
the non-equilibrium distribution of the phonons 
give the phonon drag terms to the Ettings- 
hausen, Ettingshausen-Nernst and _  Righi- 
Leduc coefficients of anisotropic metals if the 
departures from the spherical band are signi- 
ficant. These phonon drag terms disappear 
in the isotropic metals. These facts are 
shown in §6. 


§ 2. 


Assuming the equilibrium distribution of 
the phonons, Meixner’ and Kohler! have 
shown that Onsager’s reciprocal relations ac- 
tually hold in the presence of a magnetic 
field. For the case of no magnetic field, Sond- 
heimer! has shown that the reciprocal rela- 
tions hold even if we take into account the 
departure from the equilibrium distribution 
of the phonons. In this section, we show 


Onsager’s Reciprocal Relations 
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that the relations also hold for the case where 
a magnetic field exists in a conductor and the 
distribution of the phonons deviates from 
equilibrium value. The proof is easily per- 
formed by using a method similar to that 
used by Kohle! in the case of the equilib- 
rium distribution of the phonons. We put 
the distributions of the electrons and the 
phonons in the form 


F(k)= flEx) Ob) 2, (1) 
and 
a _¥@ ONo 
N(q)= Nov) 2 Me (2) 


respectively, where fo and No are the equilib- 
rium distributions, kA and q are the wave 
numbers of an electron and of a phonon, vz 
is the frequency of the phonon, and z=hyq/«T. 
We assume that there are an electric field 
F, a magnetic field H and a temperature 
gradient 77 in any directions. Then we may 
write the Boltzmann equations schematically 
in the forms 


{Li + M()} Ok) +L (q) 


pape. VD. Of: 
= (oF 5 eee (3) 


oT 
where wv and w are the group velocities of an 
electron and a phonon respectively and € is 
the Fermi level. The definitions of the linear 
operators Li, Lz, Ls and Li are given in the 
article of Sondheimer! and they satisfy the 
symmetry relations 


[Fa )L(G k= | G)L(Fydk, (5) 
2| Pm ILs(G)ak = G@Ls(F dq , (6) 
(F@L(Gyda=\o@ LiF yaa (7) 


where F and G are arbitrary functions of k 
or gq. M(A) is an operator which gives the 
effect of the Lorentz force due to the mag- 
netic field and is defined by 


M(4) =;- oP EHX ; 


M(B) satisfies the relation» 
[PmMancidk ={cuom(—m) Pak 
(9) 


(8) 
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Now if we put 
1 


0(k)= (eF+Tr 7): b+ 70T Y, (10) 
Uqg=(eF+Tre)-etarT», (QD 


the Boltzmann equations may be written in 
the forms 


12h = ={L,+ Meee) (12) 
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AAD) Slt _ (1+ MH) et Lae) ee eS) 
O=L3(¢i) + La(e) ’ (14) 
wT Zoe SO Lael (15) 


where the suffices 7=1, 2, 3 denote the x, y, 
z components respectively. The electric and 
heat current densities are given by 


Jj { Ox; If Is Ox; (16) 
= Ss | Su —eF—T 9 =) Sih aa 
j Ox; ie Al Ox; ; 
respectively, where 
‘Si say asatloe Dida (17) 
"x8 OE 
ut Ofo 
4g? i 4 
SyP=Z, [> yl ak (18) 
1 Ofo 1 ONo 
(aa lge ed: — Sa SENG 
Sis mee {e E $3 OE dk Bn | Te aT dq , (19) 
il Ofo an, 1 ONo 
Ly Beals LAN 
Sij Ane z|ntds ed 8773 flv, aT dq (20) 
The reciprocal relations are 
SijhPCH) = SiO —- A) , (21) 
Sis) =Sji(—- A) , (22) 
Sih) = SjiO(— BA) « (23) 


Here we give the proof of (21). 
a similar way. 


Now we write the solutions of the equations (12) through (15) as ¢,+ 
solutions of the equations with the magnetic field reversed in the directions as ¢;- 


Using (12), we have 


The proof of the remaining relations can be performed in 


and “i:*, and the 
and “7. 


1SiSUH)= | $;*(L: + MUD} idk + Os*Lalau)dk 


=|\64bit Mm} o-dk+ |Our dh 


Now using (5), (6), (7), (9) and (14), we have 


| $;*Li(¢:-)dk = | $i Lilgb3*)dk , 


[ost (—H)b-dk= | ops 


(24) 


(25) 


(26) 


[olen ydk = ar Lst6. a oe 5 ae Lales*)dg 


2 


se a ast Eacar )dg = [oe Lavstdh , 


(27) 
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Putting (25), (26) and (27) into (24), we have 
An3Si OH) = [oa + MUD) 6)*ak ie [or Lalu*\dk= An8S4(—H) . 


Now certain symmetry relations such as o(H)=0(—H) (o=the electrical conductivity) have 
been derived from (21), (22) and (23) by Meixner! and Kohler), Here, it has been proved 
that these relations also remain valid even if the distribution of the phonons deviates from 
the equilibrium. 


§3. Calculation on the Spherical Energy Band Model 


In this section we consider only the case of a transverse magnetic field, EZ, and yT being 
in x—y plane and HW along z-axis. We assume that the energy of an electron E(k) depends 
only on k=|k|, and assume the Debye model for the phonons. In this case, @(k) and ¥(q) 
can be written in the form 


O(k)=kecx(y)+RyCo(%) , Y(q)=Qebu(Z)+QGubyl(z) , (28) 


where 7=(E—€)/«T. The collision operators can be written also in the form 


Ly(®) =h- {hr L1(Cr) + hy Lrlcy)}Ofo/OE , - (29) 
LAY) =h-"{krLxbz) +hyZalby)}Ofo/O0L , (30) 
L3(®) = {Gr Ls3(Cz) +QuL3(Cy) }ONo/Oz , (31) 
LiL) ={Qe bz) + qu ZL (by) }ONo/0z . (32) 


The definite forms of #1, #2, G3 and &s are given in the reference (5). From the sym- 
metry relations (5), (6) and (7), we easily obtain the relations 


if GE\-* Ds og walt Gal iE Ne aiane Ofo 
| #( ocean Es a= | ae toeny Ede , (33) 
2a | wi) “oeneatO(e)) 2 an= ao'( G) | rzelee) Gaz, (34) 
[state 2st) oe We [eo@ztate Gi" de $ (35) 


where q is the maximum wave number of the phonons, 9 is the Debye characteristic tem- 
perature, d and c are arbitrary functions of 7, and a and 0 are arbitrary functions Olez 
Now the Boltzmann equations can be writted in the forms 


Z(c2)+ Lalbe)=( CFs re e a e ae oe ts ce ; & bas (36) 
Liles) + Llby)=(eFy—T a f45 aie ae ea aE (37) 
Eu(c2) + 200)= a -(F) Gy’ (38) 
Lie) + Lb) =r ( ah a (39) 


Eliminating 6, and by from (36) through (39), we have 


A Ne aE, — (Fee), (40) 


Lo)=(eF—T @x T'T Ox )k dk tc k dk” Ox hqve\T 
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E a \- ae Craw dE Om = G yee, (41) 
T dy /k dk he k dk Oy hq? \T 


j , On 
a y : 1 
LCy (e if: ay T 


where 
GH=Z1-LEsZL3. (42) 


In (42), Zs! denotes the inverse operator of @, and have the same symmetry as the original 
operator Yu. 

The last terms of the right sides of (40) and (41) give the effect of the deviation of the 
the phonon distribution produced by the thermal gradient, and these termes enter in the | 
equation in the forms of “drift” terms. The “reaction” of the effect of the deviation of 
the electron distribution from equilibrium on the phonon distribution is included in the 
operator Y as the second term of the right side of (42). This “reaction” has an effect » 
that makes the rate of change of the electron distribution due to collision smaller than the 
case without the deviation of the distribution of the phonons. 

Now we can show that the operator Y has also the same symmetric character as #1. 
Bailyn® has proved this for a special case in which the term (0) can be written down by 
using a relaxation time. Here we give a more general proof by using the relations (33), (34) 
and (35). For arbitrary functions c(7) and d(yj) we have, by using (34), 

We 5 


a) | z [Zs Lsl{d(y)}|Z3{c(y)} oN dz : (43) 


We) eerestdM 2 dn= a'(G 


dk 


Now from (35), we have 


[etatz Lolz) om Lape [ez (44) 
Using (44), we can rewrite the right side of (43) as 
w(g) \ler'eslemnestany Grd 
Therefore, using again (34), we have 
Je(Ge) emezr2rtday Yay =| (2) ameemrzs(en dn. (As) 


Thus it has been shown that @.%.1#3 and so # satisfy the same symmetry relation as 
Yi. More generaly we can prove easily that L.l.-'L;3 satisfies the same symmetry relation 
as 1b 

Now, considering that (40) and (41) have the forms similar to the equations derived with 
the assumption of the equilibrium phonon distribution, we can solve these equations by using 
the varation principle used in III]. Since the procedure is almost the same as in III, we write 
below only the outline of the procedure. If we put the solutions of (40) and (41) in the 


forms 


Cx=Cxrj0tCz,1% , Cy=Cy,o+Cy 1% , (46) 


the coefficients of the right sides of (46) can be determined by the following equations 


OU Re Lor 
Cr srs cy sf res —( CF 2+ T — 2- Ja, I+ RB, 2} = 
~ mCi & (« ax 7) LT: 10% ‘a ae. 47) 


od IG i Gir 
Cy,sdrs+ >) Cz,s¥ res — ae] ee ee oe OB 
X Cy 3S cer Cz rs =a F By e+ BO}=0, 


where 
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drs =|" a(S) wean ean (48) 
tr= fe \er Lean =F a) ; (49) 
a, = [eer oho ay ; (50) 
pO=— ase (rae) ft oeee dn (51) 


Putting the solution (46) into (38) and (39), we have the solutions b, and b, as 


bz=—- FZ SZ Cx) + x Cale Be 
EGC MN age > 
52) 
gle ie 9\-0T ae 
by= — Zs L3(Cy) + Pee Cas ay Ziel). 


The electric and heat current densities are calculated by using the solution (46) and (52) and 
the results can be written in the same form as (37) in III, with the coefficients Kmn’s shown 
below. Using the notations of (31) in III, we have 


Ku= 


1 
Sap COPA Fay”) 


Kjs= (co ap + ¢1, May) ; 


1 
37°h 


Ky3=— (CoPAMY+E,Va,%) , 


37°h 
Kus SF 


lone mn 
3h (€oay™ +4¢Pa,) 5 


1 
37°h 
il 
37°h 

il 
37°h 
1 
37°2h 


(53) 


Kau= {eoP(ay@ + Bo) +e1Pay} , 


Ko= {c0°?)(ao + Bo) +e1ar +€} , 


Fa {65a + Bo) +E Va} , 


Kea {Eat + Bo®) +01 @Par} , 


where 


i FEL pace ONG 
E€ = 4. 
37°h 677h Al 0z LMae , 4) 


and c,™ and ¢, are given by (32) through (36) in III, by replacing a, by a,“+8,. In 


the calculation of the phonon parts of Kom’s we used the symmetry relations (34) and (35). 
From (53) it is easily shown that the following relations hold, 


Ku=Kir , Ky3= Kus « (55) 


In the calculations of Kmn’s given by (53), we retain only up to the linear terms of H and 
the second order terms of «7T/€. Here we note that a™, a and a, are of the orders 
of magnitudes of ‘«7/€)? times co™, Co™ and ay respectively, and fo and fi are of the 
orders of magnitudes of «7/€ times ao and a,© respectively. The estimations of the 
orders of magnitudes of 8, are easily carried out by putting the definite forms of @: and 
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Ls given below into (51). By using the values of Kmn’s, we can calculate all the quantities 
by the usual way described in I, and we have the following results. (In the following equa- 
tions, ko is the radius of the Fermi sphere and a=(dE/dk)n-¢.) 

(i) Electrical Conductivity 


tee 56) 
eres is ( | 


(ii) Thermal Conductivity 


| 
Kp=ki+ke 5 (57) | 
where | 
kb x27 
26 58) | 
SL oT 
1 
= 09) 
- 377h : OG 
(iii) Absolute Thermoelectric Power 
. S=Si4+S2 ’ (60) 
where 
ek ee die, el aoe . 
ae ako 3du | 3akodu “a 
Sree 
pis eTky? © (62) 
(iv) Hall Coefficient 
372 1 : 
Rg=— =—-—., 
a! ko®ce nec (63) 
(v) Ettingshausen Coefficient 
2 
3no( re doo ~ de) wates 
= 0 ele 
As= cKkordir @ © ee ) : oe 
(vi) Isothermal Ettingshausen-Nernst Coefficient 
rich ee doo —dox) 
Bi as ako 
AN 9hcd112 : (65) 
(vii) Righi-Leduc Coefficient 
Bak eee ( puke y 
a 3hcdy : Ke : pee 


It is to be noted that each of d;s is defined by (48) and includes two terms; one of them 
comes from the first term of (42) and the other comes from the second term of (42). The 
former is identical with d,s defined by (25) in I and the latter represents the effect of the 
“reaction”. The second term of doo, dio=do1 and di: are identical with h times Bo, Bi=To 
and 71 defined in (35) and (36) in the reference (5). Now the second terms of do and dou 
are of the same orders of magnitudes of the first terms of them respectively and become 
important at low temperatures for pure metals. The second term of dy is of the order of 
magnitude of («7/¢)? times the first term, and so is negligible always: 


| 


' 
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Now the definite forms of £1, LY2, Ss and Y_ are given by the formulae” 
Ricca tay ck) oh tee ee | 
je athe {1 ade ale wees zi os : we 
LAb)= res Cane ee b(lal)41 eres ae Ta} 
loner ral ye areas To . ie 
Ao) shags (F) ae Att ame ae PH 
sori «Tz. gv? (Zyz Diize G0" Ge 
; Fe ( sy HE pee - “SF Lin (69) 
20)— — et 1+ XE) a |, 0) 


where 8=(d?E/dk?)n-c, A is the interaction parameter defined in I, t; denotes the relaxation 
time for the scattering of electrons by the impurity atoms and the lattice defects in the 
metal, 4 is the volume of the unit cell and 7’ is given by 


,  3sthAauo 


~ QALR KT ”’ we 


in which wz is the sound velocity and L is the mean free path of the phonons due to the 
phonon-phonon scattering and phonon-impurity scattering etc. Here we have assumed, for 
simplicity, that only the longitudinal phonons interact with the electrons. A generalization 
to the case in which the transverse phonons also interact with the electrons is easy if we 
compare the results in this article with those given in the reference (5). 

Putting (67), (68), (69) and (70) into (48), (51) and (54), we have 


_ ho?Qo? eh 5 hot xf Ro2qo? (z ) 79 
dies Aa? lez Jot Tia Aa \@ fae ae 
* eli ay Hides aera (TV Uys) 98 Ne: hr Tho! 
eta ee Aa? @ ako 3ko? 2) ako (ae! J ¥ 3T:a 
a “ane 1 a Tie (EV 1 p2mad (L\( 4 B YP. (73) 
G a T% dE Aa? 9 lako Sho? 2) ako Z f ; 
W hot ar ay 72qo? ei 2h ko 74 
rhea Ae 6) peer Bna vO 
Bo = _3r'eT @E : (75) 
@ 
and 
Suge Hea eal (76) 
qo” ) 
where 
nn 8/2 2"dz (77) 
In fact | | (e?—1)(1—e7*) y 
6/T ee 2dz : (78) 
Poa z+ (e? de 6a : ; 
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If we put (72), (73) and (74) into (56) through (66), we find 


oO } 
= ee =pl—62), (79) | 
oO Sa ’ 0 Del 1) ! 
Krp=Ketky , (80) 
SSA 6) Sp (81) 
Rir=Ra,e ’ (82) 
eee OE 83) 

Aa =As; é tele ( ) 
Bow =Bhw,c(1—6s) , (84) 

es Brr,e (85) 
Ba 1+-Kg/Ke ” 


where suffices e’s denote the values of respective quantities in the case of the equilibrium © 
distribution of the phonons (they have been given in I and III), #*, is the lattice thermal 
conductivity in the case of the equilibrium electron distribution, S, is the thermoelectric 
power produced by the “phonon drag” and 4;, 62, 0; show the effect of the “ reaction” 
term in Eq. (42). 61, dz, 03, Sy and «g/k. are given by 

A“*q0°(T/0)°Ps 


= ‘ (86) 
Ti haky? + A-1qQ?( fd 


_ iia Bye 1 8 
Wes 
‘ wha (2 a1 ie ils y{2 (TY +l y | 
3t; ako a? T% ak 0 ko 3) ako a? a 
te) law ~ seo) amt as )}P 
PS A\ 0) lako ace @ } \ako : 38) 
: wha (fl _ 2S pe! wea ee — Bae (TY(1_ 4 28 Gey \ 
3t, \ako a Ti ako 3k? a & a? ) : 
ayia ye 
S,=-—* (3) ae (89) 
Ke pek Oh? 27h ea TY 72°qo? | , |Akota?x?@ ( T\? 
(es alearime Ak? T kya? \ O : silegs) Shy? Le | 322hqo? ee Pr, (90) 
respectively. 


§ 4. Discussion 


For a special case of the quasi-free electron model, we put a=h?ko/m* and B=h?/m*, m* 
being the effective mass, and then (79) and (80) coincide prefectly with the interpolation 
formulae derived by Hanna and Sondheimer. However, Eq. (81) differs from the result of 
Hanna and Sondheimer, in the point that the latter does not have the term 06.S,. For an 
ideally pure metal (t,;— co) and at low temperatures, if we assume that the phonons were 
scattered only by the electrons, Ps would tend to J; and so 6:1, 6,> W/2¥and"0s—> 1. “Hows 
ever, in reality, in most cases, Ps is smaller than J; and 1/t; does not vanish, and so 01, 02 
and 63 are considerably smaller than unity. Therefore the effects of the “reaction” can be 
neglected in many cases*. On the contrary, as pointed out by L. E. Gurevich™ and Hanna 


* An Approximation used by Parrott”) in the calculation of the Ettingshausen-Nernst effect in the 


semiconductors is equivalent to the neglect of the “reaction” effect, 


Sc | —  -an ee 
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and Sondheimer®, the phonon drag term of the thermoelectric power S, may become con- 
siderably large, at low temperatures. 

Eq. (80) shows that the change of the lattice part of the thermal conductivity due to the 
non-equilibrium electrons is perfectly cancelled out by the change of the electronic part of 
the thermal conductivity due to the non-equilibrium phonons. Therefore the calculation of 
the change of the lattice part of the thermal conductivity by Paul!” is meaningless and 
Paul’s discussion on the change of the thermomagnetic effects due to the change of the 
lattice part of the thermal conductivity is also invalid. 

Eq. (82) shows that the Hall coefficient is not altered by the phonon drift due to the elec- 
tric current /-. This may easily be understood as follows. If Fy=0, the magnetic field will 
produce the Hall current Jy, which is proportional to /, and H. In reality, as an experi- 
mental condition, we put jJy=0 and so there appeares F, which is given by the product of 
—Jy,a and the transverse resistivity o,. Now, the total current is in the x-direction and so 
(2 is modified as shown by (79), but oy remains to be o. Therefore the Hall constant Ry 
(=F,/HJz) is not modified by the phonon drift in the x-direction. 

The factor (1+«/«-)"1 in (83) is explained as follows. The magnetic field H produces a 
heat current wy,z which is proportional to Jj, and H. Experimentally, we put w,=0, and so 
there appeares a temperature gradient 07/0y which is proportional to wy, and inversely 
proportional to the thermal conductivity tr=«-(1+«,/«.). Therefore, the Ettingshausen co- 
efficient An (=—(0T/0y)/H/J-) becomes proportional to (1+ 4g/«-)7}. 

In the case of the Ettingshausen-Nernst effect, the magnetic field produces an electric 
current j/, which is proportional to the electronic part of the heat current wz (i.e., propor- 
tional to «.0T/Ox and not «7OT/Ox), and so Bhy(=—F,/H(OT/Ox)) does not depend on Kg. 
Finally, in the case of the Righi-Leduc effect, the magnetic field produces an electronic heat 
current wy,z which is proportional to «07T/0x. Experimentally, we put wy=0, and so there 
appear a temperature gradient 07/0y which is proportional to wy,z and inversely proportional 
to Kp=Kketky. Therefore the Righi-Leduc coefficient Br, (=(OT/0y)/H(@T/0x)) is proportional 
to (1+«,/«-)-1. The factor (1+«,/«.)-1 appeared in (83) and (85) shows the effect of the fact 
that the heat current is carried by the phonons as well as by the electrons. We shall call 
the effect simply “the lattice conductivity effect”. The “phonon drag” effect does not ap- 
pear in (83), (84) and (85) (See §6). Now for the pure metals, «, is usually very smaller 
than «.)©, and so we may conclude that, in the spherical band model, the non-equilibrium 
distribution of the phonons does not give so large contributions to the transverse galvano- 
magnetic and thermomagnetic effects as the contribution S, in the thermoelectric power. 
This conclusion differs from those of Paul! and L. E. Gurevich™ on the Ettingshausen- 
Nernst effect. Paul’s calculation of Anw (=B‘ry/er) starts from a first order approximation 


acne 20 (91) 


Par 2 me T Ox’ 


which gives as a first order approximation of Bie 


WGC, (92) 
Q2mcT 


a 
Bay= 


However, the exact first order approximation is given by 


gee 300) wed, (93) 
3mc OC 2mc& 


Bay= 


where we put tx £%/2 (high temperature and free electron approximation). Therefore Paul’s 
result on the Ettingshausen-Nernst coefficient is not valid. L. E. Gurevich! calculated the 
electric current J from a Boltzmann equation in which usual drift term was replaced by a 
phonon drift term (corresponds to the last terms of (40) and (41)), expanded J in a power 
series of WH and derived the “ Nernst’s current” Jw from the first order term of HW. In ac- 
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tuality, the experimental condition of the Ettingshausen-Nernst effect is /,=jJ,=0, and so the 
derivation of L. E. Gurevich seems to be invalid. 

We have derived, in I and III, certain relations between the coefficients. Here we shall 
reexamine these relations in the case of the non-equilibrium distribution of the phonons. 
From (83) and (84) of this paper and (47) of III, we see that Bridgmann’s relation 


1 aia, eet se (94) 
kr We 


holds also in the case of the non-equilibrium distribution of the phonons. This is a natural 
consequence of the Onsager relations (21), (22) and (23). (Paul’s results do not satify this 
relation. See his Eqs. (38) and (43).) From (82), (83), (84) and (85), we see that the relation 
(48) of III is modified as 


RaBoy (= ae 7 (2)0 *e) 95 
AnBrr TBrz 3 é me Ke ‘ ( ) 


Further, if we neglect the small corrections d: and 03 in (81) and (83), we have 


soll , Ko BE accom) ee ig caus achat Oe 
7 neAe (14 )+ ge | oor (96) 


which is a corrected formula of (61) of III. 

Now for the impure metals or alloys at low temperatures, «, may become comparable with 
«18), and then the correction due to the “lattice conductivity effect” in Ag and Br, may 
become important. 

The results derived in this section is based on the spherical band model. In the next sec- 
tion, we show that the cubic anisotropy in the band structure does not alter the general 
situation of the electrical and thermal conductivities and the thermoelectric power. Therefore, 
Eqs. (79), (80) and (81) may be good approximation for the alkali metals such as sodium and 
potasium in which the band structures are thought to be fairly spherical. As will be shown 
in $6, however, the anisotropy gives the “phonon drag” effects for Ax, Bhy and Brz, and 
this may become important at low temperatures. Therefore the spherical band model of 
the metals may be useless for the discussion of the “ phonon drag” effects of these quantities. 


§5. Cubic Anisotropic Band Model without Magnetic Field 


In III, we have seen that the transverse galvano- and thermomagnetic effects of an ani- 
sotropic crystal having cubic symmetry can be calculated approximately by using the varia- 
tion principle. Hence, at first, it is thought that the calculation described in the preceding 
section might be generalized to any cubic anisotropic band by replacing the function (28) by 
the function (15) of III. However, in reality, as shown in the following section, the depar- 
ture of the distribution of the phonons from the equilibrium gives new contributions (phonon 
drag terms) to the Ettingshausen, Ettingshausen-Nernst and Righi-Leduc coefficients, which 
appear only in anisotropic media. Of course these new terms have not appeared in the calcu- 
lation in §3. Moreover, if we generalize the calculation in §3 simply by replacing the func- 
tion (28) by the function (15) of HI, we can not obtain the new terms. This is due to the 
fact that our method used in III is useless for the calculation of the quantities such as mag- 
netoresistance to which the anisotropy is essentially important, namely the quantities which 
vanish for isotropic media. 

Therefore, in this section we shal] limit our calculation only to the case with no magnetic 
field. This is a simple generalization of the calculations in the reference (5), and so we 
write only the final results. Let the electric field F and the temperature gradient be in the 
x-direction. The Boltzmann equations can be written in the forms 


at Onl ali \ OE OF 
We (O A Ih; VY ——— i be fe eae ER aA) 


1959) Thermoelectric, Galvanomagnetic and Thermomagnetic Hffects, IV. 629 
OT ON 
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Eliminating %q from (97) and (98), we have 


1 0 Boe \ cE Of OT ONo 
Gapy= F-T — : obeaulths 99 
(Px) +? Gian THIN Oboe stig ae (w Ear 9) 
where 
L=Ilh—LoLe'Ls; ; (100) 


and L satisfies the symmetry relation (5). The second term of the right side of (100) re- 
presents the “reaction” and the second term of the right side of (99) represents the “ phonon 
drag”. As an approximate trial function, we put 


0,= FE (co-+er (101) 


After a calculation similar to that in §3, we find 


_ Pao)? 
pet kegs, (103) 
= {es Pas -a0 Pa} (104) 
aN 4n°h T(ao 2di1 f 
c 
ae (105) 
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S=S.+5¢; (106) 
Ss “ny Kk AO ax dor ayPats doo ) (107) 
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1 Bo (2) 0 
OF A @ Gl 8) 
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mya (( QEY Fon-ryr fo. 109) 
Ars =\(F) jie S) anu: ( 
OE OE 
= pf OF arp (OE as \ak , (110) 
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2 2 ONo \ ON ( 
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0 
kT (O\( OE =i . ae Yak (112) 
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Eq. (104) is identical with Eq. (22) of II, and if we neglect the small effect of the ‘cone 

tion”, o and S. given by (102) and (107) become poi is a (21) at (23) of II, respectively. 
ives the “phonon drag effect ” on the thermoelectric power. — 

aa ay aati in side seca? section, that Eqs. (102) through (108) give the exact results, 

if the collision operator L is represented by a relaxation time depending only on the elec- 

tronic energy Ex. Further, in the case of the spherical energy band, these equations reduce 

to those derived in §3. There appeares no essentially new term by the introduction of the 


cubic anisotropy. 
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§6. Special Case with Magnetic Field 

In this section, we treat only a special case in which the collision operator L is represented 
by a relaxation time which depends only on the energy of the electron E,. Assuming the 
equilibrium distribution of the phonons, we have calculated the transverse galvanomagnetic 
and thermomagnetic effects for the metals having the energy dependent relaxation time ($95 
of III). We show below that, if we take into account the departure of the distribution of 
the phonons from equilibrium, new terms which vanish in the case of the spherical band, 
appear in the Ettingshausen, Ettingshausen-Nernst and Righi-Leduc coefficients. Now the 
Boltzmann equations (3) and (4) can be rewritten in the forms 


“x 1 0. Naa ‘ £ ar RE Ofo 

L(y) + LP a)= 5 (e+ Ox T T 0x /dk. OF 
1 | O- \ Gute Saale Ofo , eH Ofo o. HLS} 
+5 (tT S T ST Gy 0k, ORT he Ob <a — 
__,, OT ON. _,, OT ANo eo 
Ls(Ox) + Li(Pq) = tha pap — te dy OT” (114) 

where 

2, —9F 0 OF 0 (115) 


~ Oke Oy Oky ORe 


Eliminating Y(q) from (113) and (114), we have 


1 OC EB OLN OF porn OME EP OT NOE" OG 
O;,) =— - 24 a ee 
sles (Chet FV ad Wai apy aE om i (eh re tape Gp lea OE 
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+2 0.0, + Trt, (w ae ie py Lal (1 ar) (116) 
where L is given by (100). 
Now we shall consider a special case in which L(@) is given by 
1 Ofo 
L(o) = —— —— 
) - OE oO, (117) 


where we assume that the relaxation time t depends only on the energy of the electron Ey. 
By the method of the successive approximations, we can obtain the solution of (116) in a 
power series of H. Here we need to calculate only up to the first order term of H. From 
the solution 9, we easily obtain the contribution of the electrons to Amn. In the calculation, 
we use the fact that, for a cubic crystal, Ki, Koo, Kiz=Koi are the even functions of H and 
Kuz, Kes, Kis=Ko3 are the odd functions of H. This can be proved easily, by using the re- 
lations (21), (22) and (23). Putting the solution ®, into (114), we have ¥Y,. Then we can 
calculate the phonon contribution to Ken, by using the formula of the lattice heat current 


1 ONo 
w=, \uTYs ar dq. (118) 
The final results are 
Lito (en OE \? _ Ofo 
A Saas ee Came (119) 
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The second terms of Ai, and Ky, are the phonon drag terms of the electric current. 


Using (119) through (124), we can calculate all 


the quantities required. The results for o, 


*p and S are identical with (102) through (108) if we replace only the operator L by 


—(1/7)Of,/OE. This fact guarantees that the p 
tion. 


an 


ts 


rocedure used in §4 is an useful approxima- 


For the galvano- and thermomagnetic coefficients, we have 
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where fi and fs are given by (29) and (28) of IL, and 
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where the integrations are carried over the 
Fermi surface. (Note that ZL: has a factor 
Ofo/OE and (129) is identical with (112).) The 
second terms of the numerators of (126), (127) 
and (128) give the phonon drag effects. If 
we neglect these phonon drag terms, Kgike in 
(126) and (128) and the “reaction term ain 
1/r, (125) through (128) become identical with 
(40), (52), (53) and (54) in II. Now TOL De 
spherical band model we can show easily 
that 


fio —foBo =0 (131) 


and if we replace ¥ in §3 by —h/t, we see 
that the results obtained in §3 are identical 
with those obtained in this section. There- 
fore the procedures used in §3 are justified 
to be approximately valid for the spherical 
band model. Eq. (131) shows that the phonon 
drag effects do not appear in the transverse 
galvano- and thermomagnetic effects of the 
isotropic metals. In the case of the spherical 
band model, we have 


Bo® 
fi 


(132) 
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Therefore, if the second terms of the nu- 
merators of (126), (127) and (128) do not can- 
cell out for a cubic anisotropic band, the 
ratios of the second terms to the first terms 
are of the order of magnitude of 


2 
rh fee 


From the definition of Pn, we see that Ps is 
always smaller than fi. However, if the 
phonons are scattered predominantly by the 
electrons, Ps becomes to be of the same order 
of magnitude as j/; and so, at low tempera- 
tures, (133) becomes ~€/«T. Therefore, there 
is a possibility that for a cubic anisotropic 
metal, the non-equilibrium distribution of the 
phonons gives fairly large contributions to 
the Ettingshausen, Ettingshausen-Nernst and 
Righi-Leduc effects, at low temperatures. 
This may be detected experimentally for the 
pure noble metals at low temperatures. 

As a matter of course, (126) and (127) 
satisfy the Bridgmann relation (94). The re- 
lations (95) and (96), however, do not hold 
for the anisotropic media in which the can- 
celation (131) does not hold. 

The cancellation of (131) is based on the 
Fermi statistics. Exactly speaking, the left 
side of (131) is of the order of («7/€)? times 
filo or foPo™, for highly degenerate Fermi 
gas. For the non-degenerate semiconductors, 
owing to the Boltzmann statistics, the phonon 
drag terms do not vanish, even if the band 
structures are spherical, and so the phonon 
drag effects do appear in the Ettingshausen- 
Nernst coefficient etc. of the semi-conduc- 
tors”8)), If the band structure of the semi- 
conductor is anisotropic, however, the phonon 
drag effects become larger than those of the 
isotropic semiconductor. The significan of the 
anisotropy in the cubic semiconductor has 
been pointed out by Herring et al.Y 

Unfortunately, the measurements of the 
Ettingshausen, Ettingshausen-Nernst and 
Righi-Leduc coefficients of the monovalent 
metals at low temperatures have never been 
worked out, and so we can not, at present, 


(133) 
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compare our results with experiment. 

Added Note. After communication to the 
editors, I became aware of the paper of G. E. 
Tauber (Canad. J. Phys. 36 (1958) 1308), in 
which he formulated a generalized variational 
principle by taking into account the phonon 
distribution functions and the external mag- 
netic field. His formulation is a generaliza- 
tion of that of Dorn (Z. Naturforsch. 12a (1957) 
739) in the case of the presence of the mag- 
netic field. We discussed the relation between 
our method and Dorn’s one in ealier paper®?. 
The discussion would also hold for the rela- 
tion between the Tauber’s method and the 
method described in this paper. 
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A theoretical treatment was proposed for the movement of wedge- 
shaped 180° domains in BaTiO; single crystal. It was proved that the 
experimental relations found by Merz can be explained satisfactorily by 


considering this new mechanism of the domain motion. 


Further a few 


quantitative examinations were made and it was ascertained that there 
is no clear quantitative inconsistency between the theoretical relations 


and Merz’s experimental relations. 


Introduction 


§1. 

A few years ago Merz observed 180° do- 
mains of BaTiO; single crystal by his original 
means, and with his cooperator! he succeeded 
in creating single crystals composed of only 
180° domains. Using these crystals he studied 
their dynamic characteristics» by electrical 
means and found that there are simple rela- 
tions between applied field and maximum of 
the induced current. To explain these rela- 
tions, he assumed that at high fields the 
maximum of the current is determined by the 
growth process of nuclei while at low fields 
the maximum is determined mainly by the 
nucleation process of these nuclei. Then he 
proved that if the shape of a nucleus is a 
long flat dagger, the latter relation can be 
explained. 

This experimental result and his explanation 
are very interesting because they are useful 
to study the properties of 180° wall. His ex- 
planation, however, is not satisfactory, because 
it contains a few questionable points. Fur- 
thermore no detailed explanation is given for 
the simple relation found at high fields. 
Therefore to explain these relations satisfacto- 
rily a more precise investigation on the move- 
ment of 180° domain should be made. 

In the present paper a new treatment of 
the movement of 180° domain will be pro- 
posed, after Merz’s explanation is examined. 
Then it will be proved that Merz’s experi- 
mental relations can be explained saisfactorily 
by using this new treatment. 


§2. Examination of Merz’s Explanation 


To fascilitate the later explanation, a brief 
review of Merz’s experimental result and his 


explanation will be given at first. He applied 
square pulses to crystals and observed the 
induced current by cathode ray tube (Fig. 1). 
Then he plotted maximum of the current 
versus applied field (Fig. 2) and found from 
such figures that the current changes linearly 
with field at high fields, while it changes 
proportionally to exp(—(1/E)) at low fields. 


t 


Fig. 1. Switching current versus time (after 
Merz). 
Upper: when a field against the polarization is 
applied. 
Lower: when a field for the polarization is ap- 
plied. 


To explain the former relation he assumed 
simply that the wall velocity changes linearly 
with the change of applied field, while to ex- 
plain the latter relation he assumed that the 
maximum of the current is proportional to the 
nucleation rate of the new domain with anti- 
parallel polarization and that the shape of the 
domain is a long flat dagger with a length / 
(in the direction of field) and a cross dimen- 
sion {xw (s>w>>t). The free energy of the 
new domain is then given by 


AF=—2EPslwt+ow(wlttl)t+ow-wt (1) 
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where Ps is the spontaneous polarization, ow 
is the wall energy/cm? of the side walls and 
ow is the wall energy/cm? of the front wall. 
The effects of the depolarizing field are neg- 
lected here because the new domain is very 
long and thin. Then assuming further that 
the nucleation rate is proportional to 


exp (—(4F'*/RkT)) 
and a width of the domain w is constant 


during the nucleation process, it can be ob- 
tained that 


ia scexo(—4E*) oxy (—1 oe) 
max p kT p 2 k TEPs 
(2) 


where 4F* is the maximum of the free energy. 


90 


80 


50 


current, Imax in milliamperes 


4E° 6 8 10 12 m 


E in Volts/em x 103 


Fig. 2. Switching current versws applied field 
(after Merz). 


Merz’s explanation, however, contains a few 
questionable points. The first point is that 
Merz assumes that the free energy of a nu- 
cleus changes continuously with the change 
of its volume. Certainly this assumption is 
correct for the very large nucleus of which 
free energy can be considered to change con- 
tinuously against the discontinuous change of 
the radius or the length by an unit lattice 
spacing. For the BaTiO; crystal, however, 
such a large nucleus can not appear within 
a few seconds, because the free energy of 
the nucleus is much higher than kT. This 
can be seen as follows: suppose that the nu- 
cleus is a long prolate spheroid with the 
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radius ry and the length 7. The free energy 
of the nucleus is given by 


4. 
AF= er pa ey ener neal clas t 
3 2s 6c 
(3) 
where d=4zx(log (//r)—1). This free energy 


becomes maximum at r=r7* and the maximum 
value is given by 


SP s(dow (0)? 


Since this maximum free energy must be of 
the order of kT in order that the new domain 
can be nucleated within a few seconds, the 
radius of the domain should be restricted to 
be 


4 ne kT 6/2 

ry 2 (ae : (4) 
Putting that Ps=7.8x10' esu, kRT=4x10-4 
esu, ow=1.40esu (according to Kinase and 
Takahasi’s result”) and d=167z, this condition 
becomes 

psx cnr 

This result indicates that Merz’s assumption 
is not appropriate for the BaTiO; crystal. 
The second point is that Merz neglects the 
energy due to the depolarizing field. Certainly 
this neglection is correct for the nucleus of 
which length is much longer than the cross 
diameters. For such long nucleus, however, 


lial va 


uw 


Ea 
(a) (b) (Cc) 
Fig. 3. Side wall and Front wall of 180° domain. 
(a) 180° wall. 
(b) Front wall with the thickness of 5 lattice 
spacings. 
(c) Front wall with the thickness of one lattice 
spacing. 


+ The depolarizing energy is underestimated by 
the factor of 1/e by Landauer3), because he assumes 
that the crystal is a linear dielectric, where e is 
the dielectric constant of the crystal. 
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the wall energy of the front wall (the last 
term in Eq. (1)) may be also much smaller 
than the energy of the side walls (the second 
term in Eq. (1)). In fact it can be proved 
for a long prolate spheroid that the former 
is much smaller than the latter whenever the 
depolarizing energy is much small than the 
wall energy of the front wall.t Thus Merz’s 
explanation by the dagger model may be 
also inappropriate to explain the relation 
Imax <e-“/", The third points is that Merz 
uses two different mechanisms i.e. both nucle- 
ation and growth in explainning his experi- 
mental relations. Namely he explains the 
relation Imax«<e-“/") at low fields by the 
nucleation of new domains, while he explains 
the relation Imax«(E—E’) at high fields by 
the growth of the nucleated domains. His 
explanation, however, seems to be rather 
artificial. As stated before, Merz assumes 
that at high fields the wall velocity of every 
nucleus is proportional to (E—E’). If this 
relation should be also kept at low fields, no 
growth of nuclei would occur by applying a 
field lower than the critical field FE’. It will 
be easily seen that little current could be in- 
duced by applying the field, because, as proved 
above, by nucleation little current can be in- 
duced within a few seconds. This fact sug- 
gests that the observed relation at low fields 
should be also explained by considering the 
growth of 180° domains. 


Theoretical Treatment of the Movement 
of 180° Domain 


Recently it has been proved by Kinase and 


§ 3. 


t For a long prolate spheroid the free energy 
can be written approximately to be 
yt 


ad 4 
Aki =Anow irl + arrow, +5 3 we Ps 


In order that the depolarizing energy can be neg- 
lected in comparison with the wall energy of the 
front wall, the length should be limited to be 


ae 
ag oi . 


Then putting that ow’ =1.40esuY, ow/=80 esu” 

and d=16r, it results in 
energy of the front wall 
energy of the side wall 


<7x10-8r-1. 


It will be seen from this relation that the energy 
of the front wall is negligible for real domains, 
because the right hand side of this relation is only 
of the order of unity even when r=4x10-* cm. 
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Takahasi? that the 180° wall in the BaTiO; 
crystal has no thickness (Fig. 3(a)). On the 
other hand the front wall in the wedge-shape 
domain may have some thickness (Fig. 3(b)), 
because near the front wall the dipolar field 
acting on each Ti ion is quite different from 
the field near the 180° wall. The detailed 
study on the front wall is yet in progress by 
Kinase®, and some informations were kindly 
given me by his private communication. Fol- 
lowing discussions, accordingly, will be made 
by using these informations. 

It has been proved by Kinase and Takahasi 
that Ti ion at the boundary of 180° wali can 
shifts its position to another stable position 
only when the applied field acting on the Ti 
ion satisfies the condition 


3 2A6E- eat 


where @err is the effective charge of the Ti 
ion and 0U‘/0x is the gradient of the poten- 
tial at the inflection point. The coefficient of 
FE is determined by considering the modifica- 
tion of applied field in the crystal. The 
critical field satisfying this condition is evalu- 
ated to be 5.79x10® volts/em. This field is 


«VOI NII 
©» VIDS RII 


front wall 


(5) 


ass 
Fig. 4. Movement of front wall. 
(a) When the field is abscent. (b) and (c) After 
applying the critical field. © Position of Ti ion. 


much higher than the field usually used in 
experiments (<10* volts/em), hence the shift 
of Ti ion at the 180° boundary can not be 
caused only by the application of an outer 
field. Well then how high is the critical field 
for the front wall? In Fig. 4 the potentials 
in and near the front wall are shown schema- 
tically, assuming that the thickness of the 
front wall is 4 lattice spacings according to 
Kinase. Since the polarization should be con- 
tinued fairly smoothly in the front wall,‘ it 
will be correct to the rough approximation to 


oy This is Gaced. by the fact that the dipoles, 
which are in head-to-tail relation, interact strongly 
with each other as proved by Kinase and Taka- 


hasi”. 
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assume that the polarization in the front wall 
changes linearly from lattice to lattice. Then 
the dipole moments in the front wall are 
given by @errx’=Héerexs for cells (3) and (4) 
and by @errx’’=#@errxs for cells (2) and (5) 
(Fig. 4(a)), where @errxs is the dipole moment 
in a cell that does not belong to the front 
wall and x’, x’ and xs are the displacements 
of each Ti ion from the center of each cell. 
According to Kinase and Takahasi, this dis- 
placement can be written in general to be 


(6) 


Pry ee Maar) 
2b 
where a’ is a negative constant relating with 
the dipole interaction, while @ and 3 are posi- 
tive constants relating with the van der Waal’s 
and overlap interactions. Then using the re- 
lation 


Xx 


0U# 8 5 
= 

ox 33 
and considering that b for the cell (4) is larger 
by about 10% than b for the normal cell e.g. 
cell (1),f the critical field for the Ti ion in 


cell (4) becomes 

EM ~5x 10! volts/em 
which is still higher than the field usually 
applied in experiments. In Fig. 4(b) and Fig. 
A(c) the displacements of Ti ions by applying 
this critical field are shown in dividing the 
process into two steps. It will be seen from 


b Gi) 


STN, 


Fig. 5. Spike-shaped 180° domain. 


t These can be easily proved using Kinase and 
Takahasi’s result. 
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Fig. 4(c) that a new front wall has been 
formed in cells (3), (4), (5) and (6). 
indicates that the front wall can shift its 


position by applying this field and so the 1 


critical field for the Ti ion in cell (4) can be 


identified with the critical field for the front | 


wall itself. Further this fact suggests that 
at ordinary fields the front wall can not move 
at all without the effects of thermal vibration 
of Ti ion. Therefore in treating the move- 
ment of the front wall the effects of thermal 
vibration should be introduced precisely into 
calculation. 


ments of a part of the front wall are shown 
schematically. 


It will be seen from Fig. 6 
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Fig. 6. Movement of local wali. 

It is assumed here that the thickness of the front 
wall is 5 lattice spacings in making the move- 
ment clear. (a) Initial state. (b) Intermediate 
states. (c) Final state. 


that the wall should have the high energy 
state on the way of proceeding by one lattice 
spacing in the direction of applied field. This 
fact implies that the front wall will move 
most rapidly as a whole when a certain volume 
of the wall reverses its polarization simultane- 
ously in a single vibration of Ti ion. To con- 
sider the intermediate high energy state, let 
us denote the increase of the energy of front 
wall from the normal state by o* per unit 
area. Further let us assume that the domain 
grows by the successive formation of small 
steps in the front wall such as the shaded 
part in Fig. 5. For brevity call the part 
“local wall”. 
energy of the local wall in the intermediate 
state, 4F”, and in the final state, 4F”, are 
given respectively by 


4F™=—EPsAV +2 AF (8) 
Uu 


and by 
AF? =—2EPs4V +ow4AS (9) 
where 4V and 4S denote the increases of 


‘This tact | 


Then the changes of free 


In Fig. 5 and Fig. 6 the move- | 
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volume and surface of the domain respective- 
ly, wis the unit lattice spacing and ow is the 
wall energy/cm? of 180° wall. The probability 
by which the local wall proceeds by one unit 
lattice spacing in the direction of applied field 
is then given approximately by 


p= »(exp ( ((o"/)— EPs) 4 V 


kT 


Ben ( eGo aaa V—owdS ») 


(10) 
where v is the frequency of the thermal 
vibration of Ti ion. The free energy 4F” 
must be of the order of kT in observing the 
wall motion within a few minutes. Further 
at an ordinary field both EPs4V and ow4S 
are much smaller than (o*/u)4V. Then Eq. 
(10) can be expanded, resulting in 


p= 77 (2EPsd V—owdS) exp ( emer dye. 

(11) 
where the smaller terms are neglected. The 
current induced by this wall motion is then 


given by 


icon = “5 PAV , (12) 
do 

where d is the thickness of the crystal. 

Neglecting the curvature of the local wallf 

and putting that 4V=su? and 4S=2u?, above 

relation becomes 


ee ee al eles nts _o* sy 
Local = rar (sEPs—ow) exp ( aT ) ; 
(13) 


This equation represents the relation between 
the applied field and the current caused by 
the movement of a local wall with the width s. 
It will be easily seen that this current becomes 
maximum when 


— ox _2A+BC+V4A474+B°C? ( ow ) 
“ie 2AC Paya 
(14) 
where 
ve 4EPs vu' _ 4Psvutow 
ete okt aAkT 


+t If the local wall is assumed to be an arc with 
the radius 7 and the angle @ (Fig. 5), above rela- 
tions 4V=su and 4S=2u? should be replaced by 
AV=rou2 and 4S=2u?+ ou? respectively. This dif- 
ference, however, will be negligible for a fairly 
large r. 
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and 
oie 
Ge 
kT 
and the maximum current is given by 


: 4P 83 4 ok Ko 
iba p(t EPs—ow) exp( eer) ’ 
(13’) 


In case of either 2A BC (which is satisfied 
when applied field is fairly high) or 2A<BC 
(which is satisfied when applied field is low) 
this relation can be simplified to be 


16Ps'vurkT ens, 
ocak = —2 ve 
local do(o*)? ( kTPs Je (15) 
or 
Lioeal dyo* Pp ( me) . (16) 


respectively. These dependences of the local 
current on applied field are analogous to the 
dependences of the observed maximum cur- 
rent on applied field. Therefore if the total 
maximum currentti can be represented in terms 
of this local current, Merz’s experimental re- 
lations will be explained favorably using above 
relations. Although this is not satisfied in 
general, it can be proved as shown in Ap- 
pendix that in case of either 2ASBC or 
2A<BC the total maximum current can be 
represented by the forms similar to the maxi- 
mum local current. Later in § 5 this consider- 
ation will be used. 

For the BaTiOs crystal, however, the de- 
polarizing field may have severe effects on 
the movement of whole wall. Further, at 
the top of wedge-shaped domain the behaviors 
of the local walls may be different. There- 
fore in trying to explain Merz’s relations it 
should be further tried to clarify how large 
these effects are. These examinations will 
be given in the following sections. 


§ 4. Formation of New Steps 
It will be seen in Fig. 5 that the top of a 
spike-shaped domain is formed by a small 


tt Some confusion may be caused by the use of 
the term “maximum”. “Maximum” in the maxi- 
mum local current means that the current becomes 
maximum when a local wall has a certain valume 
s*u2. On the other hand “maximum ” in the total 
maximum current means that the current becomes 
maximum in the process of the switching of all 
domains. Accordingly, there is no direct connec- 
tion between the two terms. 
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cylindrical step, indicated by arrow in the 
figure. This step can be newly formed in 
the way similar to the growth of a local wall 
in the lower steps. The new step, however, 
can not be formed so fast as other local walls, 
because as seen in Fig. 7 at the final state 
the whole side wall of the new step should 
be added and so the transition probability for 
the new step becomes smaller than the proba- 
bility for the local wall of the same dimension. 
In the following, accordingly, some examina- 
tion will be done for the movement of the 
new step. Suppose that the new step is a 
disk with the radius 7 and the height n. 


Fig. 7. Movement of step. 
It is assumed here that the thickness of the front 
wall is 5 lattice spacings in making the move- 


ment clear. (a) Initial state. 
states. (c) Final state. 


(b) Intermediate 


The probability by which the new step is 
formed per unit time is given analogously to 
Eq. (11) by 
2aruy TORT 
a Ow) exXD\ se 
yy RT ( S w) p( RT ) 
This probability becomes maximum for a 
certain radius y=r* which satisfies the equa- 
tion 


(11’) 


an Gaia oye aa 
where 
Aa 2RWEPs py _ 2ruvow 
kT : kT 
and 
We oe 
ery sats 


ok p) 
RECN (r* KE Ps—ow) exp( age) 
B 


id - 
t= ae 
In case of r* (B’/A’) (which is satisfied when 
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the applied field is fairly high) this probability 
reduces approximately to be 
eee 2 (z- V r0* said je ’ 
G WARD OPS 
while in case of 7*~(B’/A’) (which is satisfied 
when the applied field is low) it reduces ap- 
proximately to be 


QuvE Ps ( 
Se SS COX —- 


mex ois 
o* 


(18) 


Tow20* ) 
E*PskT )- 
These probabilities correspond respectively to 
the maximum probabilities for the local wall 


(19) 


2uy Ps owo*U 
max — ee 7 20 
ee: ( hTPs )e a 
and 
2uvEPs oworu 
pee a S|) IL 
Pa :. exp( eee) (21) 


It will be easily seen from these relations 
that at high fields the probability for the 
new step is not so different from the proba- 
bility for the local wall, while at low fields 
the former becomes much smaller than the 
latter. The slower motion of the step at low 
fields, however, will little affect on the move- 
ment of the whole front wall, owing to the 
effects of dipolarizing field as discussed in the 
following section. Accordingly, we will neg- 
lect at all the particular motion of the step 
in the latter calculation. 


§5. Effects of Depolarizing Field 


In the previous sections the effects of the 
depolarizing field on the wall motion have 
been neglected thoroughly. This effects, how- 
ever, may be quite large for the BaTiO; 
crystal in which the very large spontaneous 
polarization is caused. For example it can be 
seen as follows: suppose that the domain has 
a shape of a long prolate spheroid with the 
radius 7 and the length 7. When the field is 
abscent, the free energy of the domain is 
given byt 


ee 2 GRO 
A On a a ee . 


This energy becomes minimum at a certain 
length 


(22) 


t The present expression of depolarizing energy 
is correct when the thickness of the crystal is much 
larger than the length of the domain. If the length 
becomes comparable with the thickness, the effects 
of depolarizing field will be much changed. 
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Inia =(€ pba 

6 Ow 

for a certain radius rv. Assuming that d=16r, 
Ps=7.8x10* esu and ow=1.40 esu, the length 
becomes about 2x10-!cm, 6x10-%cm and 
2x 10-*cm for r=10-4 cm, 10-5cm and 10-*cm 
respectively. Since in the minimum the de- 
polarizing energy of the domain is of the 
same order as the wall energy, in case of 
Merz’s 180° domains, which have the length 
of about 10-?cm and the radius of about 10-4 
cm, the depolarizing energy will be much 
higher than the wall energy. This seems to 
mean that for the observed domain the move- 
ment of the front wall should be determined 
mainly by the effects of depolarizing field. 
On the contrary the switching current ob- 
served in experiments is sensitively dependent 
on applied field and so the movement of the 
front wall may be determined rather by the 
strength of applied field. Why does this dis- 
crepancy appear ? How can this inconsistency 
be resolved ? 

One way to answer this question is to con- 
sider that the actual depolarizing field is much 
weaker than the depolarizing field expected 
from the calculation. In fact this may be 
realized for a standing or very slowly moving 
domain, because the depolarizing change on 
the front wall will be neutralized gradually 
by the floating charge. For a rapidly moving 
domain, however, such neutralization is not 
expected at all, because the BaTiOs, crystal 
is not a good conductor, but may be only a 
little conductive. Accordingly, in explaining 
Merz’s experimental result this seems to be 
inappropriate. The other way to answer the 
question is to consider again the proposal in 
§3 that the front wall of a domain should 
have a high energy state on the way of each 
proceeding by one lattice spacing. This as- 
sumption indicates that the whole front wall 
can not shift its position simultaneously even 
when large amount of decrease of the de- 
polarizing energy will be caused and further 
suggests that the effects of applying field may 
be predominant in the movement of the whole 
front wall in spite of the large effects of de- 
polarizing field, if the movement of each local 
wall would be little affected by the depolar- 
izing field. Although it is very difficult to 
treat this problem precisely, the effects of 
applying field on the real domain can be intro- 
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duced into calculation as follows: in Fig. 8 a 
part of a real domain is shown two-dimen- 
sionally. The dotted line in this figure repre- 
sents the surface of the ideal ellipsoid having 
an uniform depolarizing field. It will be seen 
from this figure that the real domain wall 
can not fit at all with the ideal surface. This 
fact implies that for a number of Ti ions in 
the front wall the two possible states of 
polarization may be nearly equally probable, 


ee ee ee ee eee ece 


Fig. 8. A part of a domain. 
The dotted line indicates tHe ideal surface of the 
domain. 


Fig. 9. Movement of the domain caused by the 
local shift. The dotted lines indicate the shifts 
of wall with the lapse of time. 


because the departure of a small part of the 
wall from the ideal surface may cause the 
increase of depolarizing energy. In other 
words the whole domain wall may be de- 
formed a little by the application of an outer 
field, in spite of the large effects of depolar- 
izing field. In addition, it is known that an 
uniform deformation of the whole front wall 
may cause the gradual decrease of depolarizing 
energy. Therefore if a certain uniform defor- 
mation of the front wall is attained by the 
application of an outer field, the whole front 
wall will continue to proceed in the direction 
of applied field in decreasing the total free 
energy of the domain. The features of the 
movement are shown schematically in Fig. 9. 
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To consider this movement, let us assume 
now that (1) when a certain number of the 
local walls, which have the two _ possible 
stable states, have shifted their positions in 
the direction favorable to the applied field— 
accurately speaking when the shifted front 
area of the original wall reaches a certain 
magnitude—the whole front wall can proceed 
to form a new front surface which fits nearly 
to a new ideal ellipsoid, (2) the shifts of these 
local walls are not affected at all by the ef- 
fects of the depolarizing field and (3) owing 
to the change of depolarizing field the other 
local walls which have only one stable state 
at first also can shift their positions very 
rapidly according to the shifts of the easily 
movable local walls. Then the transition 
time necessary for the whole front wall to 
shift its position by the least distance is given 
by 


dec 
where p* is the transition probability of the 
local wall and z is the number of times of 
the transition when the shifted front area 
becomes a certain critical area, So. Here it 
is assumed that all the local walls have the 
constant front area of s*u. Since m can be 
written to be 


(22) 


50 £ 
ms*u 
the transition time becomes 


So 

timo (23) 
where m is the number of the local walls 
which can shift simultaneously. Thus the 
effects of the depolarizing field can be intro- 
duced into calculation to the rough approxi- 
mation. In the following section Merz’s ex- 
perimental relations will be explained using 
this relation. 


§6. Explanation of Merz’s Experimental 
Result 


Before trying to explain Merz’s experimental 
relations we will study how a wedge-shaped 
domain grow or decay. In Fig. 10 the process 
is shown two dimensionally. It will be seen 
from this figure that there are three stages 
of movement of every domain i.e. the first 
stage of the growth of each domain, the 
second stage of the apparent sidewise motion 
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of each wall and the third stage of the decay 
of remanent domain. It should be noticed 
here that the remanent domain may have a 
fairly complicated shape at first, because real 
three-dimensional domains may be arranged 
in a more complicated way. Among these 
three stages some different movements of the 
wall may be appeared. For example at the 
first stage a new step should be formed suc- 
cessively to continue the growth, while at 
the third stage a step which is already exist- 
ing may immediately disappear by the move- 
ment of the other local walls. As supposed 
by the discussion in the previous section such 


(Cc) 
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te 
Fig. 10. Growth and decay of 2-dimensional do- 


mains. 

(a) Ist stage. (b) 2nd stage. (c) 3rd stage. 
differences will be little important on the 
movement of the whole front wall. Accord- 
ingly, we will neglect them at all now. Then 
from Eq. (23) the current induced by the 


movement of a domain can be written to be 
° 2Ps AWiomata 
tdomain = d 


0 At 
where 4Vaomain is the volume change caused 


by the displacement of the domain. This can 
be reduced using the relation 
do. by 
i lian cre Seal 
to be 
= mA V, main » 
Zaomain = om a 5 (24) 


Sou 
Then summing this current over all domains 
in the crystal, the total current becomes 


N i i 

[aS PAT comatn iy (25) 
It will be seen from this equation that the 
total current is proportional to the maximum 
local current at any instant and it becomes 
when the term > (m'4Vdomain/So’u) is maxi- 
mum. To the first approximation let us as- 
sume that all the domains have a same dimen- 
sion and takes a similar behavior with the 


lapse of time. Then the total maximum cur- 
rent is given by 
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N*m* AVE 


© domain “hy * 
local 


Thre 


(26) 


o* 


where N*, m*, So* and 4VX,.,;, represent 
respectively N, m, So and AVeomain in the 
maximum current. Substituting Eqs. (15) or 
(16) into Eq. (26), this becomes 
16N*m* 4 Vs 
So* 
Ps’ vukT 
* do(o*)? ( 
at fairly high fields or 
4N*m*A Vin 
"S 
Psvu?ow _ Owo'u 
" doo* ( co) 
at low fields. It will be seen from these re- 
lations that Merz’s experimental relations can 
be explained satisfactorily, considering that 
N*, m*, So* and 4V i nain Will be little de- 
pendent on the strength of applied field. 
The relations between applied field and 
switching time can be also obtained from Eq. 


dom: ain 


| 


_ Owo*u ) es (27) 


~ QRTPs 


lhe = 


(28) 


(23). That is, from Eq. (23) the switching 
time can be written to be 
ts=|"ar= 2P sh sy 30 (29) 
0 tiveas do t m* 


To the first approximation let us assume that 
(So!/m") is not changed at all through the 
switching process and it is equal to (S°*/m*). 
Then the switching time can be written ap- 
proximately to be 


do 2Psu So* 
-do m* 


. 2PsSo0* 
KK . 
mm LyOcal 


ts= (29’) 


u : Seal 
Then using the previous result, the reciprocal 
of the switching time is given by 


be eal Pg a) ser (30) 
ts So*do(o*)? 2kT Ps 
at fairly high fields and by 
1 2m* vueow ( owo*u ) (31) 
ts So*doo* RTEPs 


at low fields. It will be seen from these re- 
lations that Merz’s experimental relations” 
(Fig. 11) can be explained satisfactorily, con- 
sidering that m* and So* are little dependent 
on the strength of applied field. 


§7. Discussions 

To construct the preceeding theory it has 
been assumed that a front wall must pass 
across a certain potential barrier to move by 
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an unit lattice spacing in the direction of ap- 
pried field. This assumption is essentially 
important to determine whether the theory 
is appropriate to explain Merz’s result or not. 
One way to judge this assumption is to ex- 
amine the theoretical relations quantitatively. 
If a clear quantitative inconsistency appears 
in them, the present model should be aban- 
doned. Below a few quantitative examinations 
will be given. 


30 rf 
S 
Tw i 
oa 3 
- crs 
O° (5 
5 & 
£ 
= 20 x 
= 3 
o = 
Re 4 
REIS Fi 
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5 oO 


vin volt, 


Fig. 11. Switching current and reciprocal switch- 
ing time versus applied field (after Merz). 


(1) We will determine at first the value of 

o* in comparison with Merz’s experimental 
result. Using the data that E’=14.3esui at 
23°C and Ps=7.8x10‘esu and putting that 
kT=4x10-“esu and ow=1.40esu it can be 
obtained that 


+ This value was determined from Merz’s figure 
(Riga 2). 

+t If the thickness of the wall is lattice spacings, 
the wall can proceed by one lattice spacing in the 
direction of applied field by passing through the 
intermediate high energy state which corresponds 
to the state of wall with (m+1) lattice spacing. 
According to Kinase» the thickness of the front 
wall is about 4 lattice spacing and the wall energy 
is about 80erg/cm?. Using these values and assum- 
ing as done by Merz” that the anisotropy energy 
of wall is proportional to the number of lattice in 
the wall, while the dipole interaction energy of 
wall is proportional to the reciprocal of the number, 
it can be obtained that 


g* =Ziersyjcem-s. 
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o*=1.6erg/cm? . 


This value will be plausible, considering that 
by another calculationtt the value of o* is 
given to be about 2 erg/cm?. 

(2) The restriction for the thermal fre- 
quency of Ti ion can be deduced from Eq. 
(30) in comparison with Merz’s experimental 
result. Namely, using the data that ty=0.4 
x10-®sec at E=40 esu and d@=5x10-*cm, it 
can be obtained that 


So* 


as =4°3< 1052" cm2 sec. (32) 
m*y 

Using the relations that n=(So*/m*s*u)=>1 

and s*u=(2kT/o*)t the restriction reduces to 


be 
y>1.2x10! sec. 


This result indicates that the magnitude of v 
will be plausible if ~ is of the order of one. 

(3) The term N*4Vasmain/ué can be deter- 
mined from Eq. (27) in comparison with Merz’s 
experimental result; using Eq. (32) and the 
result {that Imx=75x10-* amperes=22.5 x 10" 
esu at EK=40esu, it can be seen that 


pad stadia =5.6x 10-4 cm?. 


Since 4Vismain/é is of the order of the cross 
section of the domain, N*(4Vdmain/u) will be 
of the order of the electrode surface. This 
expectation seems to be satisfied, reminding 
the fact that the electrode surface of Merz’s 
crystal is about 107‘ cm?. 

Thus above quantitative analysis shows that 
no apparent inconsistency appears between 
the present theory and Merz’s experimental 
result. 

Finally the author wishes to express his 
thanks to Dr. S. Marutake and Dr. T. Naka- 
mura for their valuable advices and to Dr. 
W. Kinase for his kind communications. 


Appendix 


For the movement of the front wall of 
which front area is much larger than the 
area of s*u, the current can be written ap- 
proximately to be 


oe 2] 
Using the 


Leront = a Docal(S) ds 
0 


where a is a certain constant. 
relations that 


t This relation is satisfied at fairly high fields. 
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o* su 


ihoea($) = f (s)(E—E"(s)) exp ( 7 (2) 
and so=(ow/EPs), the current becomes 


* 
inom a8 | f(s) exp ( — a ) ds 


—al" f (s)E“(s) exp ( ight ) asx 
Oy /BE kT 
(3) 
For the sufficiently large E which satisfies 
the condition 2A ‘> BC the lower limit of each 
integral can be replaced approximately by 0. 
Then it will be easily seen that the current 
has the same dependence on applied field as 


co 


Oy /BP y 


eater 

Spor the small & which satisfies the con- 
dition 24<BC the current becomes maxi- 
mum when s is nearly equal to ow/EPs and 
it decreases abruptly with the increase of s. 
Since both f(s) and £E’(s) changes slowly 
with the change of s in comparison with 
exp(—(o*su/kT)), the current can be written 
approximately to be 


Fobeoteie FEE) exp( 38 ) ds 


kT 
(4) 
which reduces to be 
4akT Psvu2ow o*owu 
2¢ront = = ) ‘ ( 5 ) 
do(o*)2 kRTEPs 


This result indicates that at low fields the 
current also has the same dependence on ap- 
plied field: as.z,*,.. 

By the way, the total maximum current 
can be written to be 


(6) 


if the effects of depolarizing field is neglected 
thoroughly. Then from above relations it 
will be seen that in case of 24SBC or 
2A<BC the total maximum current has the 
form similar to Eq. (15) or Eq. (16). 


lineee == aon isa) ds 
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The nuclear magnetic resonance of Cu® in dilute copper alloys has 
been studied in order to make clear the origin of their anomalous mag- 
netic, electric and thermal behaviors observed at low temperatures. The 
specimens were the dilute solid solutions of Ti, Cr, Mn, Fe, Co, Ni, Zn 
and Sn in Cu. From the temperature dependence of the observed line 
width, it was concluded that Ti, Ni, and Zn behave as non-magnetic ions 
while the others do as paramagnetic ions. Sn in Cu-alloy showed tem- 
perature dependent paramagnetism in spite of its temperature independent 
paramagnetism in the metal. The solute contribution to the widths in 
Cu-Cr, Cu-Mn, Cu-Fe and Cu-Co in weak field showed a Curie-Weiss 
behavior. The Weiss temperatures obtained indicated increasing ferro- 
magnetic interaction with increasing solute concentration. The width 
in Cu-Mn was proportional to the magnetic field except at very low 
temperatures, while those in Cu-Cr and Cu-Fe showed anomalous field 
dependence at temperatures below 20°K. The Knight shift in these 
paramagnetic alloys was larger than that in pure Cu, but the deviation 


was very small at high temperatures. At very low temperatures the 
spin-lattice relaxation times in Cu-Cr, Cu-Mn and Cu-Fe became shorter 
than those in pure Cu and in non-magnetic alloys such as Cu-Zn. 


$1. Introduction 

Recently the low temperature property of 
the dilute alloys of iron group elements in 
noble metals has received considerable atten- 
tion by experimental and theoretical physi- 
cists. Particularly the magnetic, electric, and 
thermal properties of Cu-Mn system have 
been studied in detail?-®. The alloy is para- 
magnetic at high temperatures and becomes 
antiferromagnetic as the temperature is low- 
ered. The electron spin resonance at high 
temperatures shows a single absorption line 
with g~2.00, suggesting the existence of 
of Mn?*+ or Mn®. Below the Néel temperature 
the resonance shows some characteristics of 
the antiferromagnetic resonance. The line 
width of Cu®* nuclear resonance is broad and 
temperature-dependent in the paramagnetic 
state, while the Knight shift is nearly the 
same as that in pure Cu. A broad peak in 
the specific heat curve has also been observed 
near the Néel point®. In addition to these 


* A preliminary report of this work has been 
published previously. T. Sugawara: J. Phys. Soc. 
Japan 12 (1957) 309. 


magnetic anomalies, very dilute alloys show 
resistance maximum and minimum at low 
temperatures and also anomalous magneto- 
resistance which depends upon the magnetti- 
zation of the sample. 

Some of these anomalous properties of Cu- 
Mn have been explained theoretically in terms 
of the s-d exchange interaction?-”. How- 
ever, there remain many problems to be solved 
such as the resistance maximum and mini- 
mum and the mechanism of spin ordering in 
Cu-Mn. In addition, no satisfactory explana- 
tion has been made of the fact that the other 
alloys of transition elements show different 
magnetic and electric behaviors as compared 
with Cu-Mn!)1), For instance, only a mini- 
mum has been observed in the resistance vs. 
temperature curve in dilute Cu-Fe’? which 
is paramagnetic like Cu-Mn’?. For the 
better understanding of the nature of the 
dilute alloys, a detailed experimental study 
concerning the electronic structure of them 
seems to be required. The present work was 
undertaken for this purpose. 

The electron spin resonance of the solute 
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ion and the nuclear spin resonance of the 
solvent nuclei provide powerful means for the 
present purpose. The former has an advan- 
tage over the latter as it gives a direct infor- 
mation on the electronic state of the solute 
ion and the magnetic interaction effects. How- 
ever, its application to the present problem 
seems to be limited because of the fact that 
no resonance has been observed in alloys 
other than Cu-Mn and other Mn alloys”. The 
nuclear spin resonance gives informations on 
the state of the localized unpaired spin through 
the line broadening and the charge density 
of the s-electrons through the Knight shift. 
In this work, the Cu®* resonance was studied 
in dilute copper alloys containing iron group 
imetals such (asm) «Cine ite (Coreanid 
Ni, and from the result it was intended to 
draw a conclusion about the electronic struc- 
ture of these alloys. Cu-Zn and Cu-Sn, each 
containing nonmagnetic element as the solute, 
were also studied for comparison. The reso- 
nance behavior of Cu-Sn attracted much inter- 
est as it shows a resistance minimum™ and 
an anomalous magnetic behavior at low tem- 
perature!”’. 

In this paper (Part I) only the experimental 
result is described, and theoretical consider- 
ations of the result as well as of the elec- 
tronic structure of the dilute alloys will be 
published in a subsequent paper (Part II). 


§2. The Apparatus 


A block diagram of the experimental ar- 
rangement is shown in Fig. 1. An electro- 
magnet of the Bitter type provided magnetic 
fields up to 10‘ oersted in a 40mm air gap. 
The pole faces were 165mm in diameter and 
the inhomogeneity of the field across the 
sample of about 1cm* was less than 0.1 
oersted at 5000 oersted. The field was modu- 
lated at 50cps from a low frequency oscil- 
lator. The resonance signal was detected 
with a marginal oscillator of the Pound- 
Knight-Watkins type. The derivative of the 
absorption line was displayed on a recorder 
by sweeping the magnetic field at a constant 
frequency or by sweeping the frequency of 
the oscillator at a constant field. The sample 
coil were wound with silver wire. Special care 
was taken to avoid mixing of the external Cu 
signal with that from the sample. 

A metal cryostat was used throughout this 
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work. The temperatures of liquid hydrogen 
and helium range were determined by meas- 
uring the vapor pressure of the bath liquid 
or the resistance of a carbon resistor placed 
near the sample. 


me ey D.C Amp. 
Phase Detector 
Low Freg. Amp. Recorder 
Cscillator 
R.F.Amp, — 
Detector 
Calibrator rn n 
| 
Heterodyne 
Voltmeter 
| 
WS) I oe 
Low Freq.Amp 
Phase Shifter Sg = 
NSS | a 
Low Freq lei 
Oscillator HI) 3 | 
— —— 

Fig. 1. Experimental arrangement. 
Table I. Composition of the specimen. 
Concentration (atom. %) Concentration (atom. %) 

Alloy Solute Fe Alloy Solute Fe 

Cu-Ti 0.014 9.003] Cu-Co 0.038 

Cu-Cr 0.016 0.005 ee 
0.065 On 0.007 

Cu-Mn 0.021 Cu-Ni 0.080 
0.026 0.005 1.45 0.010 
0.055 0.006 3.79 

Cu-Fe 0.040 Cu=Zn 4.15 0.004 
(al Cu-Sn 0.35 0.003 
pe Cu 0.005 


§3. Preparation of Samples 

The compositions of the alloys studied are 
collected in Table I. The concentration of 
the solute and.impurities was determined by 
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chemical analysis. 

The alloy was prepared by melting electro- 
lytic copper of about 99.99% purity and the 
mother alloy containing solute metal of about 
10% in an induction furnace in vacuo. The 
melt was held at 1200°C for about 30 minutes 
and then casted into a cold ingot case. The 
ingot was cold-worked into a rod of about 11 
mm indiameter and pickled in a 50% solution 
of nitric acid to a diameter of 8mm to remove 
surface contamination. The ingot was sealed 
in a quartz tube under vacuum and annealed 
at about 950°C for 30 hours. The effect of 
annealing period upon the homogeneity of 
the alloy was tested by comparing the Cu® 
resonance in two Cu-Mn samples of the same 
concentration annealed for 20 hours and 100 
hours respectively. A period of 30 hours 
proved to be sufficient as the widths were 
the same within the experimental error. The 
annealed sample was quenched into water to 
avoid precipitation. This procedure was neces- 
sary for obtaining a good solid solution as the 
solubility of Fe, Co, Cr, and Ti in Cu are 
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4H (oersted) 
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H (oersted) 


Fig. 2. Line width 4H, versus field strength in 
Cu-Cr at various temperatures. Solid line: 
0.065% Cr, Dotted Line: 0.016% Cr. 
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rather small at room temperature’. Finally 
the rod was pickled in a nitric acid solution 
and then powdered. 


For magnetic resonance work on conductors 


the grain size of the sample should be smaller 
than the skin depth!?-'!, given by 
0=(0X10%/uf)/(2n)4 , CY) 
where o is the specific resistance in 2-cm, #4 
is the permiability, and f is the frequency 
in cps. 6’s of pure Cu at 4.2°K and of 0.03% 
Cu-Mn at the temperature of resistance maxi- 
mum are 1.5 micron and 6 micron respectively 
for the frequency of 10Mc/sec. Therefore, 
the mean diameter of the sample should be 
smaller than 1 micron for pure copper and 
also smaller than 5 micron for most of the 
alloys. Preparation of such a fine powder 
was not easy. After trying various methods 
a rather teadous but primitive method, in 
which the alloy was rubbed with a finely 
grained oil stone in liquid paraffine, was proved 
to be satisfactory. Very fine powders were 
separated from the product by use of the 
difference of the falling velocity in benzene. 
The yield of powders less than 2 micron in 
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4H2 (oersted) 


H (oersted) 


Fig. 3. Line width 4H» versus field strength in 
Cu-Mn at various temperatures. Solid line: 
0.056% Mn, dotted line: 0.026% Mn, 
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diameter was about a few per cent of the 
coarse powder. Finally about 0.5gr of fine 
powders thus obtained was suspended in mol- 
ten paraffine and mold into a thin walled 
glass tube. 


§ 4. Line Width and its Field Dependence 


The derivatives of Cu®* absorption line in 
the sample were measured at various mag- 
netic fields and temperatures. The separation 
4H, between points of extreme deflection and 
the separation 4H, between points where the 
deflection had fallen to half of the peak value 
of the derivative curve were both used as 
measures of the line width. In this work, 
the latter was used frequently as it was more 
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Fig. 4. Line width 4H2 versus field strength in 


Cu-Fe at various temperatures. Solid line: 
0.11% Fe, dotted line 0.040% Fe. 
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Fig. 5. Line width 4H versus temperature in 
Cu-Co at 7350 oersted, 
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sensitive to the effect of the solute than the 
former. The observed 4H2 of Cu®* in various 
samples are shown in Figs. 2 through 7. 


In most of the alloys of transition metals | 


the line width increased as the temperature 
was decreased or the field was increased. 
The effect, among the alloys of the same 
concentration, was largest for Cr and Mn 
and was not observed for Ni and Ti. Non- 
transition metal alloys showed, in general, no 
excess broadening as compared with pure Cu. 
However, Cu-Sn be haved like Cu-—Mn alloy 
though the broadening was smaller. 

The shape of the broad line, observed at 


° 0:080%Ni 
e@ 1:45 %N 
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Fig. 6. Line width 4H, versus temperature in 
Cu-Ti and Cu-Ni at 7350 oersted. 
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Fig. 7. Line width 4H, versus temperature in 


Cu-Sn and Cu-Zn at 7350 oersted. 


Lorentzian 


Gaussion 


oH: JAH: 


0) al 


2 Axio 
H/T (00,/°K ) 


Fig. 8. Ratio 4H./4H, in 0.026% Cu-Mn. 
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low temperatures, was nearly Lorentzian in 
shape and became nearly Gaussian as the 
temperature was increased. As an example 


of this change the ratio 4H./4H, of Cu®: 


resonance in Cu-Mn has been plotted against 
H/T in Fig. 8. The ratio is 1.94 for a Gaus- 
sian line and 2.40 for a Lorentzian line. 

Broadening of the line width is expected 
when the solute atoms or ions have a localized 
3d state with unpaired spins. The effect of 
the solute spins is simply to give a local field 
at a nucleus due to its dipolar and indirect 
exchange coupling with Cu nuclear spins, as 
the relaxation time of the 3d spin is considered 
to be short compared with the nuclear spin- 
spin relaxation time of Cu. The local field 
at a nucleus is given by’ )-* 


te Rs 3n\? 2x A TSsa 

Elieess = (Sa) Ey Bene 
—g uw SaySerix R1—3r iz’) , (2) 

where <S.> is the average of the z component 
of the 3d spin, N is the total number of 
atoms, ” is the total number of conduction 
electrons, Er is the Fermi energy of Cu, A 
is the hyperfine interaction constant, Jsa is 
the s-d exchange constant and ys is the 
direction cosine of the radius vector 7x be- 
tween the kth solute atom and the 7th nucleus 
under consideration with respect to the ex- 
ternal field direction (z-axis), and F is a 
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Fig. 9. Calculated line width, 4H, and 4H;, for 


paramagnetic alloys. The straight line shows 
the contribution of the solute to the width. 
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complex function of the maximum wave vector 
Rm and rix. This local field will have differ- 
ent values for different Cu sites and, there- 
fore, the distribution of them will give a 
line broadening mechanism of inhomogeneous 
type». The spectrum of this local field for 
a system of randomly diluted spins becomes 
in general Lorentzian as was shown by Kittel 
and Abrahams” and by Behringer”. In fact, 
such broadening of the line width in Cu-Mn 
was originally observed by Owen et al and 
has been discussed theoretically by Behringer”. 
The spin-spin interaction between Cu nuclei 
will give the broadening of the component 
line of the local field spectrum. Then the 
total line shape will be expressed by 


+00 
KH)= | g(H—H») (Eb) dH, (3) 
60r 
®@ 14°K 
| o 42°K 
alO-5°K 
= 40 4 20:4°K 
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b) 0065% Cr. 
Fig. 10. Field dependence of 4H,’, the contribu- 


tion of the solute to 4H2, in Cu-Cr, 
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where g(H) is the shape function for pure 
Cu and p(Ho) is the intensity distribution 
function of the local field given by Eq. (2). 
Informations about the magnetic behavior 
of the solute have been derived from the line 
width data by the following procedure. As- 
suming a cut-off Lorentzian shape for p(/)* 
and the line shape of pure Cu for g(H7), the 
derivative of J(H) has been calculated for 
various values of a parameter 24/8, where 4 
is the width of p(Hy) and P is that of g(f). 
The theoretical line widths which should cor- 
respond to the measured width 4H; and 4H, 
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a) 0.026% Mn. 
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b) 0.055% Mn. 


Fig. 11. Field dependence of 4H), the contribu- 
tion of the solute to 4H, in Cu-Mn. 
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respectively, have been plotted in Fig. 9 as | f 
functions of 4/8. The line widths of po), || 
4H,s and 4H’, which are just the solute — 
contributions to the width 4H; and 4H:, have 
been plotted in the same figure using the re- 
lation 


A==-, AHP —=2 40K: 

From the figure 4H.° (or 4H,°) corresponding 
to the observed line width 4H, (or 4H1) has 
been obtained easily. In Figs. 10, 11 and 12 
4H,’’s for Cu-Cr, Cu-Mn, and Cu-Fe at vari- 
ous temperatures have been plotted as func- © 
tions of the field strength. 

For a cut-off Lorentzian, 4 is given by 


| 
1 


R= CA 
ae te, 
where a is the cut-off frequency large com- 
pared with 2 and <4H» is the second moment 


given by 


(4)_ 


(4H ?>= Si Aice,a)? : ( 5 ) 
The cut-off frequency @ can be regarded as 
the frequency corresponding to the maximum 
value of the local field given by Eq. (2). 


4H3 (oersted) 


H (oersted) 


a) 0.040% Fe. 


AHS (oersted) 


4 
H (oersted) 


b) 0.11% Fe. 


Fig. 12. Field dependence of 4H,5, the contribu- 
tion of the solute to 4H, in Cu-Fe. 
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_ Combining Eqs. (4) and (5) and using the 
_ summation method of Kittel and Abrahams”, 
one obtains an expression for 4H,', 


> en AS 
4H, pakenea oa. 
= iD 
fife Te atoc max ( & ) 
where &’ means the sum over the whole lat- 
tice points, and f is the fractional concentra- 
tion of the solute. Eq. (6) shows that 4H,5 
(and also 4H,’) should be proportional to <S, 
and consequently should have the same tem- 
perature and field dependence as the magneti- 
zation of the alloy. In fact that field depend- 
ence of 4H2° in Cu-Mn was in agreement 
with the magnetization curves reported by 
Schmidt and Jacobs®. However, Cu-Cr and 
also Cu-Fe showed anomalous field depend- 
- ences as seen in Figs. 10 and 12. The devia- 
tion from the linear relation at 7000 oersted 
was maximum at about 5°K in 0.040% Cu- 
Fe and at about 15°K in 0,11% Cu-Fe. 
From the foregoing it is concluded that 
4H.’/H should be proportional to the suscepti- 
bility of the alloy. Fig. 13 is a plott of the 
reciprocal of 4H2’/H, obtained from the slope 
of the low field part of the 4H.’ curve, as a 
function of temperature. As is seen from the 
figure, the Curie-Weiss law, 


4H.'/H=C.5/(T—9) Gia) 


holds fairly well in Cu-Cr, Cu-Mn and Cu- 
Fe. Deviations from the Curie-Weiss law oc- 
cur only at very low temperatures in Cu-Cr 
and in Cu-Mn, but at temperatures below 


iP (Aioc)? 


© (Aice)? 


Table II. Curie-Weiss Law in Cu-Cr, Cu-Mn, Cu-Fe and Cu-Co. 


20°K in Cu-Fe. In Table II, 9 and C,° for 
various alloys are collected and compared with 
@ obtained from the susceptibility data found 
in the literatures. 

The foregoing analysis of the line width is 
based upon a phenomenological theory of the 
line broadening and therefore requires more 
rigorous theoretical foundation. This will be 
made in Part II of this paper in conjunction 
with the electronic state of the solute and 
the s-d exchange interaction in dilute alloys. 


5x CF 


3 
2 


HAH 


‘ij pe gee cOMMNNENICO 

Fig. 13. H/4H*%, vs. temperature in Cu-Cr, Cu- 
Mn, and Cu-Fe. This is equivalent to the re- 
ciprocal susceptibility vs. temperature diagram. 
a) 0.016% Cr, b) 0.065% Cr, c) 0.026% Mn, d) 
0.055% Mn, e) 0.040% Fe, f) 0.11% Fe. 


@ (deg.) C25 (10-3) 
Solute & line width susceptibility line width 
0.016 —0.6+40.5 — 13.0+1.0 
“a 57 3 
0.065 OM=EORS — 9 ae 
M 0.026 0320.5 O+20 200 ==ileo) 
: 0.055 OEE 0R5 Og=2, 45 +3 
F 0.040 =10 +5 — 14») 26 +3 
¥ 0.11 —-3 +2 —7 68 = ; 
0.080 ~-—70 ~—1000° 
Co : 
0.15 ~—50 ~ — 1000 
a) Ref. 4). 
b) Ref. 13). 


c) RE. Hildebrand: 


Ann. Phys. 30 (1937) 593. 
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§5. The Knight Shift 


The Knight shift was obtained by measur- 
ing the difference between the resonance field 
of the alloy and of the reference sample at 
a same frequency. As the reference a small 
amount of CuBr was sealed in the sample 
tube, so that the resonance field could be 
compared at the same temperature. The 
measurements were carried out mostly at a fre- 
quency of about 8.3 Mc but sometimes at lower 
frequencies. Temperature dependence of the 
shift of Cu®* resonance in various alloys is 


0:27 


Cu-Ni (145%) 
0-25 
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Cu-Sn (0:35%) 


Cu -Zn (4:51%) 


SH/H (%) 


0:23 


100 
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illustrated in Fig. 14. Alloys containing non- 
magnetic or weakly magnetic solutes show 


nearly the the same shift as compared with t 
On the other hand, Cu-Cr, Cu-Mn | 
and Cu-Fe, which are paramagnetic, show j 


pure Cu. 


slightly larger shift than pure Cu in contra- 


diction to the previous results on Cu-Mn by } | 


Owen et al» and by van der Lugt e¢ al.?” 

When the dimension of a metallic specimen 
is not small compared with the skin depth, 
the absorption signal contains the real and 
imaginary components, i.e. 


Cu-Cr (0-016 %) 


Cu- Mn (0:026%) 


Cu “Mn (0:055%) 


Cu-Fe (0:040%) 


| 10 100 
TK) 


Fig. 14. Knight shifts of Cu’ in dilute alloys and in pure copper. 


dl/dH=aldy dH) +b(dy’’/dH) , (8) 
where xy and x” are the real and imaginary 
parts of the nuclear susceptibility. Conse- 
quently the signal is asymmetric and the ap- 
parent Knight shift measured at the point of 
zero derivative becomes smaller thanthe true 
Knight shift. The grain size of samples 
used in this work was smaller than the skin 
depth, so the effect was considere dto be 
negligible as compared with the experimental 
error. 

The line shift 6H of the host nucleus in 
paramagnetic alloys can be expressed by the 
sum of two components of different origin, 
one due to the hyperfine interaction of the 
nucleus with conduction electrons and the 
other due to the interaction of the nuclear 
spin with the localized spins as discussed _ be- 
fore Thorefore, it follows that 


OH=(6H)o+(6H)s . (9) 


The first term is proportional to the conduc- 
tion electron magnetization and, if a uniform 
polarization of the conduction electron spin 
due to s-d exchange exists, it will depend 
upon the magnetization of the solute spin. 
According to Yoshida”, however, the polar- 
ization is localized in the vicinity of the 
solute atom and, therefore, the shift should 
not differ from that for the solvent metal. 
Similarly the variation of the shift due to a 
change in the electron charge density upon 
alloying has been shown negligible as the 
extra charge is also highly localized?®. The 
second term contains the first order shift due 
to the z-component of the solute spin and the 
second order shift due to the perpendicular 
component. The first order shift is equal to 
the first moment of the local field given by 
Eq. (2), in which the dipolar contribution 
vanishes for a powdered sample and the indi- 
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rect exchange contribution gives a small nega- 
tive value”. The second order effect, which 
produces a paramagnetic shift, is negligible 
in dilute alloys. 

The above consideration gives no satisfactory 
explanation of the observed temperature de- 
pendent shift in the alloys with Cr, Mn and 
Fe. Therefore the extra shift must be attri- 
buted to the uniform polarization of s-electrons 
due to s-d exchange in contrast with the 
theory®. It is also interesting to note that 
the shift in Cu-Ni have the same value as 
that of pure Cu. The alloy shows fairly 
large increase of the temperature independent 
paramagnetism with increasing Ni concentra- 
tion. The present data will be useful for 
understanding the anomalous magnetic be- 
havior of the system Cu-Ni. 


$6. The Spin-Lattice Relaxation Time 


The saturation curve method was used for 
the determination of the nuclear spin-lattice 
relaxation time 7; of Cu®® nucleus. The ex- 
periments were carried out mostly at a fre- 
quency of about 8.3Mc. Determination of 7) 
from the saturation curve of the paramag- 
netic alloys was made as follows. As has 
been mentioned in the previous section, the 
line broadening in these alloys is of inhomo- 
geneous type. The saturation behavior of 
the derivative of the inhomogeneously broad- 
ened line can be expressed by?®) 


dl(H, H1)/dH 


d 


aut) i ee 


1+}27°H?Ti2(H—Ao) 


= dH 
GH \oe 


(10) 
where p(Ho) and g(H—Ho) have the same 
meanings as in Eq. (3) respectively, and Hy; 
is the radio frequency magnetic field at the 
sample. Eq. (10) is varid only when the 
homogeneous saturation occurs over the nar- 
row interval limitted by the width of the 
component line g(H). It is not certain whe- 
ther this condition is realized in the paramag- 
netic alloys or not. Therefore Eq. (10) has 
been assumed tentatively,* and the line shape 


* However, this assumption was proved to be 
not a poor approximation from the fact that the 
theoretical saturation curve agreed with experi- 
mental data fairly well and also the whole line 
shape did not change appreciably with increasing 
degree of saturation. 
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function of pure Cu has been taken for g(H) 
as a limiting case. Using Eq. (8) theoretical 
saturation curves have been constructed for 
various values of the parameter 2/8 as has 
been done in §4. The curve for the case 
A=0 has been made to coincide with the ob- 
served saturation curve in pure Cu. TJ; has 
been calculated by fitting the observed satu- 
ration data with the theoretical curve having 
the same 2/8 or 4H,5/B. Values of 7; thus 
obtained have been plotted against tempera- 
ture in Fig. 15. 


r ia e Cu 
5 Cu-Cr (0:016%) 


Cu-Fe (O'11%) 


8 iol dio? 

ae 

re 

10°F e Cu io? 
©  Cu-Mn (0:026%) 
© Cu-Mn (0:055%) 
4 Cu-Ni (1-45%) 
' 5 10 50 oor = 500 


TK) 


Fig. 15. Spin-lattice relaxation time 7, of Cu®%® 
in dilute alloys and in pure copper. 


As is seen from Fig. 15, 7: in paramag- 
netic alloys becomes shorter than that in pure 
Cu when the temperature is lowered. The 
deviation is large for alloys containing Mn 
and Cr, in which the line width is also large 
at low temperatures. In alloys containing 
non-magnetic solute such as Ni or Zn, 71 is 
nearly the same as that of pure Cu. In 
general, (1/7) can be expressed by the sum 
of transition probabilities of various relaxation 
mechanisms, 


Vi=O/ Tet dss h/Ti)p (11) 


where (1/T1)> is the contribution from the 
Heitler-Korringa relaxation, (1/Ti)s is that 
due to the interaction of the nuclear spins 
with the solute spins and (1/71)p is that due 
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to the spin diffusion?”. It is not possible to 
derive the contribution of (1/Ti)s and of 
(1/T:)p separately from the observed data. 
But the present result shows that (1/71)s or 
(1/T:)p is comparable in magnitude with 
(1/Ti). in paramagnetic alloys such as Cu-Mn. 
At present the origin of such short 7) is not 
clear, though the spin diffusion seems to be 
responsible in part for this. 

The foregoing analysis has been made on 
the assumption that the homogeneous satu- 
ration occurs only over the region determined 
by the width of pure Cu. If the homogene- 
ous region is more broad than that assumed, 
T; of paramagnetic alloys at low temperatures 
will become shorter than the value shown in 
Wig, Ls 
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Theory of Spatially Growing Plasma Waves 
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The linearized theory of spatially growing waves in a uniform plasma 


is investigated in detail. 


By solving the dispersion relation in this case, 


characteristics of excited waves are presented. Behaviors of the growth- 
rate and the phase-velocity of amplified wave are examined in connection 
with the frequency and various conditions of the medium plasma and the 


directed beam. 


It is seen that the theory is in good agreement with 


some features of experimental results. 


§ 1. 


Longitudinal plasma waves which increase 
with distance have been discussed by many 
authors. The amplification process in double- 
stream discovered by Haeff and others is a 
simple example of this kind. Two groups of 
electrons with different velocities interact with 
each other, as a result of which, under some 
favorable circumstances, a disturbance located 
at some point increases in the direction of 
streams as it propagates. It is found that an 
amplified wave receives energy from the faster 
stream and has a phase-velocity which lies 
almost midway between two velocities in the 
double-stream. If the plasma consists of elec- 
trons with distributed velocities, the simple 
theory of double stream is not appropriate. 
This case has also been discussed to some 
extent in several papers by taking approxi- 
mate velocity distribution in the thermal 
plasma. Feinstein and Sen” took the square 
velocity distribution of thermal electrons and 
established the region over which the wave 
is amplified, but they did not give the mag- 
nitude of amplification. A dispersion relation 
equivalent to theirs was also examined by 
Lampert®, who disclosed a ‘part of features 
of its solution. 

The present paper, which solves funda- 
mental equations as a boundary value prob- 
lem, completes the more detailed investigation 
for beam excitation of plasma waves in linear 
approximation, together with our latest work” 
(abbreviated hereafter as I), in which charac- 
teristics of solutions for an initial value prob- 
lem were examined. The procedure in ana- 
lysis employed here will follow that adopted 
in I: the Fourier-Laplace transform of funda- 
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mental equations will lead to a dispersion 
relation, the solution of which will yield 
characteristics of growing waves in space. 


§2. Dispersion Relation 


Fundamental equations used here are the 
same as those in part I; namely, the Boltz- 
mann equation and the Poisson equation. 

As usual the linearized equations for oscil- 
lating components are obtained, neglecting 
short range collisions, as below 

of: Of é Ofo _ 
ot ba Ox m a dv m7 at) 


and 


OF _ —£\ fdv (2.2) 


Ox E09 
To deal with a boundary-value problem, let 
the equations above be Fourier-analysed in 
time and Laplace-transformed in space. In 
one dimensional case. they become 


i(w—ku)F(u, k, w)+uflu, 0, ) 


prbreeepy Gly, (2.3) 
m du 


PED oS E Ono) = oo | OM Me 
£0 —0co 
(2.4) 
where E(u, k, ) and €(k, w) are the Fourier- 
Laplace transforms of f(a, z, t) and Ez, t) 
respectively, 
2 (u, k, @)) 
E(R, w) 
dan, (52 el Chere £27 
= 1 ["ae\” dte-1o “| | - (25) 
On i Aloe E(z, t) 
While f(u,9,) and E(O,) represent the 
Fourier components for the boundary value 
of respective quantity. 
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From Eqs. (2.3) and (2.4) we obtain the 
transformed electric field component 
~iK(0, WS as Ws @) 
Es eok fe (u—o/k) 
% dfo/du | , 
Aes d 
i mek? de i 
(2.6) 


for Im(k)<0. The expression which is valid 
for the whole & plane can be defined by 
means of analytical continuation of Eq. (2.6). 
The result is that the path of integration 
along the real axis of u-plane in Eq. (2.6) has 
to be replaced by the contour C or C’, ac- 
cording to whether the value of @ is positive 
or negative, respectively. The contour C, as 
argued in I, goes from —co to +co making a 
downward detour in the lower half u-plane 
in order to avoid all singularities; and the 
contour C’ takes the similar path in the up- 
per half-plane. 

To find E(z, t), €(k, w) must be transformed 
inversely to the original coordinates. Then it 
becomes necessary to get roots of the denomi- 
nator of €(k, w) which, in turn, are determined 
by the dispersion relation 


De, panes \ 


S(R@)— 


dfo/du 


C or 0” u—o/lk 


ay—Un 


QD 
Thus the solution of the relation (2.7) for 
real and k complex, such as k=k)—i7y, gives 
characteristics of plasma waves in a boundary 
value problem. 

In our case of beam excitation, it is sup- 
posed that the stationary distribution func- 
tion fo(w) is composed of one part for uniform 
plasma and the other for a directed beam; 
the former has a Maxwellian form and the 
latter a 0-functional form corresponding to a 
single velocity. Hence we may write 


fo(u)=(n»lV = ur) exp [—(u/ur)*]+n0(u—us) , 

(2.8) 
where ”» and m are electron densities in the 
plasma and the beam respectively, and ur 
denotes the mean thermal velocity in the 
plasma: wr=(2«eT/m)/2. With this distribu- 
tion function, the dispersion relation (2.7) be- 
comes 


Dik, o)=1+| 28,¢(1iV 7 Be-[1+O(78)]} 


Bu? 
a =0, 
ea 
(+sign for w>0, —sign for o<0) 


MEO k? 


(2.9) 


Masao Sumi 


(Vol. 14, 


where Byp=o>/kur, Bo=wo/kur, B=wlkur, & 
=ur/Ur, Op?=Npe?/Meo, Or2=Nve?/meo and 


2 
O(x) = 
) Ya 
If the value of w/ko is positive, k) being the ] 


[eat : 
0 


real part of complex k, the excited wave | 


propagates in the same direction as that of | 
beam velocity; or it is a forward wave. If 
it is negative, the wave propagates in the 
reverse direction, or a backward wave. Ac- 
cordingly the double signs in Eq. (2.9) can be 
rewritten as follows 


Dik, o=1+| 28,21-+iV w Be*l1 + 008))) 


= eae |=? 

(E+ By 

where the minus sign corresponds to forward i 

waves and the plus one to backward waves. 

Solutions of Eq. (2.10) for Im(k) £0 will give 

features of spatially growing, stationary or 

decaying waves, respectively. They will be 
examined in later sections. 


(2.10) 


§3. Characteristics of Growing Waves 


On the physical ground it may be inferred 
that a growing wave will occur in the for- 
ward direction and not in the backward, since 
a forward wave alone couples closely with 
the beam and receives energy from it. Hence 
in this section only forward waves will be 
considered. 

Now the dispersion relation for a forward 
wave will be solved for Im(k)>0. We are 
mainly interested in the case when the elec- 
tron velocity in the beam is much greater 
than the mean thermal velocity of electrons 
in the medium plasma, or 1. As an am- 
plified wave has a phase velocity a little be- 
low the beam velocity, |8| may also be greater 
than 1. For |8|+1, 07) is expanded as a 
power series in 8-?. Thus the dispersion re- 
lation (2.10) can be written as 


By? ( Gintwi5 
Deree| Dae a 
Bb? 


+ <4 here a 
Pe (f= Be 

(Sa 
After some manipulations we devide Eq. (3.1) 
into a real and an imaginary part by putting 
k=k—ir (y>0), in order to seek solutions 
for growing waves. Then we get 


(8a) 
| + 2B: Gkanx)* 


7 

Es 

——<, 
l| 


SEHR MTG) 
Sere) 
ASAT Yasae aaange (3.2) 
Det Hone); es Uo) er ee ae 
26 eral TE 9? | [rox 
(3.3) 


where o=m,/ny, e=r/ko and x=1—(w/kow). 
Solutions of these two equations will give 
characteristics of growing waves of the form 
exp (rz) exp [t(koz—wt)]; namely, relations be- 
tween the frequency w, the growth-rate 7 
and the phase-velocity of the wave w/ho. 

Consider first the extreme case of ur—0, 
or the case without thermal motions in the 
medium plasma. Then & tends to infinity, 
giving solutions of Eq. (3.3), y=0orl. From 
the definition y=1 implies the wave phase 
velocity uw=w/ko=0. It is indeed a physi- 
cally trivial solution. For ~=0, uw=wuo; the 
wave is entirely synchronized with the beam. 
Hence we can obtain from Eq. (3.2) the 
growth-rate 

(7Utr/@p)*=4/|(w,/)?—1] . (3.4) 

In the frequency range 0<w<@y,, it gives 
0<7<oo and w, is a sort of resonant fre- 
quency. It is this situation that was early 
discussed by Pierce”. 

In general cases, Eqs. (3.2) must be solved 
numerically. With two parameters of & and 
og, Eq. (3.3) gives a function of y(e; &, o). In- 
serting it into the right hand side of Eq. 
(3.2), w/wy is obtained as a function of ¢, too. 
From these both the growth-rate y and the 
phase velocity uw». of the wave are traced 
against a variable e, by the use of relations 


T 
(1) €7= (Un P= 50 
(2) + =100 


(3) *  =200 
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Fig. 1. Characteristics of amplified wave versus 
the frequency, when the mean thermal velocity 
of electrons in the plasma is varied. 
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such that ru/w@p,»=e(w/wy)/(1—x) and uw/uo 
=1l—x. Then we get finally Figs. 1-4. 

Fig. 1 represents the rate of growth and 
the phase-velocity of the amplified wave 
versus the modulating frequency with a para- 
meter €, o being held constant: a typical 
value 0.1. In the frequency range far below 
the plasma frequency w,, y increases slowly 
with w, but remains small. The wave phase 
velocity is nearly equal to the beam velocity. 
As w approaches w,, 7 rises sharply and 
reaches its maximum at a frequency a little 
below », beyond which it falls steeply to 
zero. The phase velocity u» decreases rapidly 
near the maximum point of 7, where the 
energy transfer from the beam to the wave 
also reaches its maximum proportional to +. 
If we suppose uw to be kept constant and ur 
to be varied, the peak value becomes larger 
with decreasing wr or increasing &, until it 
tends fo infinity at vanishing wr as was men- 
tioned in the preceding paragraph. This 
limiting case for €2— oo is also shown in 
Fig. 1 by a broken line. 


Tr ——— “S59 
(1) Efe (Ur/urP 25 
(2) + = 50 


My, 204 


@ ¢ "100 
= 200 


—— 
° 025 Os 07 Wy 10 


Fig. 2. The growth-rate of amplified wave ver- 
sus the frequency, when the beam velocity is 
changed. 


On the contrary to the above, when wr holds 
constant and m becomes greater, curves for 
the rate of growth yzr/w» are plotted in Fig. 
2. As mw or & increases, the magnitude of 
peak value of 7 gets smaller. In the limit 
of £200, the curve for 7 is flattened; it 
implies that the amplification is reduced to 
infinitecimal. The reason is that the faster 
is the beam velocity, the shorter becomes the 
interaction time per unit length, resulting the 
reduction of growth-rate. 

In Fig. 3 the behavior for varying beam 
density with a definite beam velocity is re- 
presented. With increasing density, the peak 
of the growth-rate curve is more elevated 
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and more apart from the plasma frequency. 

Finally Fig. 4 presents several curves of 
amplification rate, ru,/w, with a parameter 
of modulating frequency », when the plasma 
density is varied and the beam is unvaried. 
Each curve shows an abrupt rise beyond the 
critical density until it reaches its peak-value 
at a density such that , is slightly over o. 
Beyond the peak, the curve falls off rather 
gradually. In the next section this feature 
will be compared with that observed.. 


Ba (uyjnt = 200 
(1) o = M%/n, = 0.01 
(2) 4 
(3) + 


= 01 
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Fig. 3. Wave characteristics for varying beam 
density with a constant beam velocity. 
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Fig. 4. The rate of amplification for the varia- 
tion of plasma density, the beam being unaltered. 


$4. Comparison with Experimental Results 
and Discussions 


Recently an experiment corresponding to 
the excitation of spatially growing waves as 
discussed above has been successfully per- 
formed. A fast electron beam, passed 
through a plasma in gaseous discharges with 
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a definite depth, was modulated near the in- 
cident boundary by a microwave signal. Then 
an output signal was picked up from the 


modulated beam: after leaving the opposite | 


boundary of the plasma. 


Thus the ampli- — 


fication of the signal was observed; curves — 


for relative output gain versus arc 
were obtained at several frequencies. These 
may be compared with the theory in the 
following. 


An electric field of amplified wave can be 


written as E=Ey) exp (rz), so that the output - 


gain expressed by decibels is found to be pro- 
portional to 7. On the other hand it is known 
that the plasma arc current is proportional 
to the electron density, or to w,?. Conse- 
quently, experimental curves 
should correspond to theoretical curves given 
in Fig. 4. Indeed it is the case as expected, 
since the rapid rise on one side of the peak 
and the gradual fall on the other side can be 
seen in both groups of curves and besides the 
shift of each curve with respect to the varia- 
tion of frequency occurs in a quite similar 
way. This can be regarded as a satisfactory 
verification for qualitative agreements between 
theory and experiment. 

The experimental value of output gain, 
about 8db per cm for the beam voltage of 
400 volts and the modulating frequency of 
about 3000 Mc/sec, has been obtained*. The 
theoretical value is now expressed as 8.69 y db. 
The maximum y for different values of o are 
estimated from Fig. 3; the value of 7max u/o 
are about 1.3, 0.7 and 0.3 for o=0.1, 0.01 and 
0.001, respectively. We see that the calcu- 
lated gain is much greater than that ob- 
served, since it amounts to about 40 db per 
cm even at o=0.001. The reason for this 
discrepancy has not yet been clarified. If a 
high gain such as predicted by the theory is 
realized, it will cause a saturation effect of 
amplification, although it is beyond the 
validity of linear theory. 

The approximation for |8|S+1 in which the 
error integral can be expanded as a power 
series does not hold good as ||, or &, ap- 


* This result was reported at the Brooklyn 
Polytechnic Symposium in April 1958. In this 
report the calculation for gain similar to that we 
developed here was carried out independently and 
its result agrees with a part of ours. The author 
is indebted to Dr. Boyd for his communication, 
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proaches 1. In the range of |8|~1, the ex- 
pansion cannot be applied and a numerical 
table for the error integral must be used. As 
seen in Fig. 2, the decrease of uw or & gives 
rise to a higher peak-value of rur/o». WHow- 
ever as |8| approaches one, it would not be 
so. It would be inferred that the peak-value 
begins to reduce and finally to zero some- 
where uw is nearly equal to ur, although the 
detailed knowledge of it cannot be obtained 
unless we have exact solutions for |8|~1. 

So far we have considered only the case 
for growing waves. Now some remarks will 
be given concerning stationary or decaying 
waves. For a stationary or undamped wave, 
we may suppose both w and kas real. Hence 
so is 8, and the function ®(78) becomes pure 
imaginary. The imaginary part of Eq. (2.10) 
can then be written as 


2V z By2Be-" =0 4 
Thus we get 
8=0 or . (4.2) 


which, for » non-zero and finite, yields 


(4.1) 
B- co 


k—>oco or k-0O, 


respectively. We find that the real part of 
Eq. (2.10) is not satisfied in the former case, 
whereas in the latter it gives the frequency 
 W=(Wy?+a,?)/?. It is to be noted that this 
is the only stationary wave. The wave which 
seems to exist in the limit of vanishing am- 
plification, 7 0, cannot be realized, since the 
limit of e 0 should be excluded in the case 
of amplification. This consequence is, of 
course, in accord with that derived by Berz®, 
in which the only stationary wave was that 
for k=0 and w=w» in the absence of beam. 

For decaying waves, the dispersion relation 
can be expanded in Taylor’s series with re- 
spect to 7 in the case of smallest damping. 
_ Retaining only the first order terms TOrvys 
we obtain a result 


Me ee ames) 
oO 


ur Wy 


HOE tz > Ud. 
(4.3) is seen to behave in a similar way as 
the Landau damping”, which depends on the 
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continuous velocity distribution of electrons 
in the plasma. In the limit of ky) 0, ry tends 
to zero, corresponding to the stationary wave. 
It may be concluded, at any rate, that the 
stationary and decaying waves discussed above 
would be practically unimportant for the beam 
excitation of plasma waves. 

The spatially growing waves described in 
the present theory as well as in the double- 
stream theory have so far been observed only 
when the beam or beams were artificially 
modulated by a signal in the injection side. 
Without such a modulation, it will be impos- 
sible to get amplified waves propagating along 
the beam in a homogeneous plasma. In a 
usual gaseous discharge where a_ directed 
beam exists, it may be possible to get an 
amplified wave because of the inhomogeneity 
in the electron density. This phenomenon 
has recently been discussed by Emeleus et 
al®. In the case of a homogeneous plasma, 
on the contrary, it can be expected that 
plasma waves of a standing-wave form are 
excited. The detailed comparison between 
theory and experiment with respect to it will 
be developed in the forthcoming paper. 
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High Subsonic Flow with Normal Shock Wave at Nearly 


Critical Mach Number 


By Takeo SAKURAI* 
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High subsonic flow past a biconvex circular arc aerofoil with a pair 
of normal shock waves at nearly critical Mach number is discussed by 
a very simple approximation procedure. The shock waves are assumed 
to be the normal shock waves which start from the surface of the 
aerofoil and stand perpendicularly to the direction of the uniform flow. 
The locations of the sonic line and the shock waves are treated as un- 
known parameters to be determined in the course of analysis. The 
results show that these parameters have real physical meaning only 
when the Mach number exceeds the usual critical Mach number calcu- 
lated by means of Prandtl-Glauert approximation. The results also suggest 
that the curvature of the profile must change discontinuously at its 
intersection with the shock wave. This fact is also confirmed by ap- 
plying Lin’s exact consideration. Thus, it is concluded that there can 
exist no high subsonic flow of ideal fluid with normal shock waves 


starting from the surface past a profile having continuous curvature. 


§1. Introduction 


The study of the high subsonic flow past 
a profile with shock waves is very important 
from the practical as well as the academic 
viewpoints. The analytic solution of the prob- 
lem is, however, very difficult, because there 
is no simple fundamental solution for the 
mixet subsonic and supersonic flow field in 
the presence of shock waves. A few ex- 
amples which have hitherto been attacked 
with success are all based on tedious numerical 
calculations. Emmons” analysed the flow 
past a profile with a pair of shock waves 
originating from the surface by the relaxation 
method, and obtained the results which seemed 
to agree well with experiments. His results 
also suggest that there is a singular point of 
the flow field on the profile immediately be- 
hind the shock wave. The details of the 
structure of the singularity, however, have 
not been worked out, because the meshes 
used by him are too coarse. Recently, 
Oswatitsch® proposed a method based on an 
integral equation which is deduced from the 
basic equations of transonic flow. He solved 
the integral equation by using a very rough 


* This work was done at the Department of 
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approximation, and obtained the results which 
agreed qualitatively with experiments. Later 
on, Gullstrand® and Spreiter®? improved his) 
analysis, and obtained the results which seemed 
to be reliable quantitatively as well as quali-. 
tatively. They solved the integral equation | 
assuming a kind of the velocity distribution: 
in the y-direction all over the field, such that : 
the length of the shock wave is infinite. The: 
procedure of the numerical calculations is still | 
very tedious in spite of the above simplifi- - 
cations. Thus, it may be said that their’ 
results are indeed useful, but not at all com-- 
pletely satisfactory. Because of these circum- - 
stances, it seems worthwhile to reconsider 7 
the problem of the high subsonic flow, and | 
to complement the results hitherto obtained. 
In this paper, the writer proposes a new) 
simple approximation procedure to treat the 
high subsonic flow past a profile with shock: 
waves at nearly critical Mach number, and | 
applies this procedure to the flow past a! 
biconvex circular arc aerofoil. 


§2. Basie Equations 


Following Oswatitsch,*? the basic equations ; 
of the high subsonic flow past a thin aerofoil | 
are represented as follows, 


(l—u)—+=—-=0 1y) 
’ (1) 
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Ou Ov_ 
Oy Ox M) 
with 
Pee) 5 « ful [At (3) 
U—Ueo 1 a) 
u=- at == in ae 
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Here (x, 9) are the Cartesian coordinates of a 
point in the plane of fluid motion in which 
the x-axis is taken parallel to the direction 
of the uniform flow. (%,0) are the velocity 
components and M.., z.. and ¢, are respectively 
the Mach number, the magnitude of the 
velocity and the critical velocity of the uni- 
form flow. Letters with circumflex indicate 
variables in the physical plane. 

Let us divide the flow field into two regions, 
inner and outer, such that the latter cor- 
responds to the purely subsonic flow while 
the former to the partly supersonic flow. 


y 


Dividing Curve 


B (Lo, he) 
<— 7 Shock 


Sonic Line 


Big? de 


(fice 1). Prom, Eq. (4), 1 is.clear that, is 
everywhere smaller than 1 in the purely sub- 
sonic region. Hence, we can obtain the 
crudest approximation to Eqs. (1) and (2) in 
the outer region by neglecting the nonlinear 
term of Eq. (1). This is, of course, equivalent 
to the well-known Prandtl-Glauert approxi- 
mation: 


Ou , Ov 

ae a 5 
BO any 2 
Ou Ov 

————=0 (6) 
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If the Mach number of the uniform flow 
exceeds the critical value only slightly, it is 
expected that the partly supersonic region is 
very small and u is almost equal to 1 in and 
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near the region. Then, to the crudest ap- 
proximation, we can neglect the first term of 
Eq. (1) in the inner region. It is equivalent 
to the Prandtl-Glauert equation at Mach 
number 1, and the equation is of parabolic 
type having characteristic curves perpen- 
dicular to the x-axis: 


Ov_ 

ae ep) 
Ou Ov _ 
oy ae ce) 


Boundary conditions are similar to those in 
the usual thin wing theory: 
1) (u,v) is one-valued and finite all over 
the flow field, 
2) (u,v)-0 as 
he OY 
ON SU We dls 
file, which lies approximately on }=0 


Mes ay : lus 
= MM de with ; 


y=0 Cx 


|x+ty|—> ©, 


on the surface of the pro- 


(9) 


§3. The Method of Solution 


Before proceeding to the discussion of the 
new method of solution, we must consider 
the relation which connects the inner and 
the outer solutions. The boundary curve 
between the inner and the outer regions is 
assumed to be composed of the shock wave 
and some suitable curve (e.g. a circular arc). 
On the portion of the boundary corresponding 
to the shock wave, two solutions are related 
by the shock condition: 


1—m=uo—1 (10) 

As will be shown below, the relation on the 

remaining part of the boundary may be taken 
simply as 

Ui=Uo , (11) 


where (ui, vi) and (wo, Vo) are respectively the 
inner and the outer solutions. Indeed, if we 
could have obtained the exact solutions of 
the original equations (1) and (2) for the two 
regions, the above relations would obviously 
ensure the coincidence of the derivatives of 
u and v of any arbitrary order on both sides 
of the boundary curve. In our case, however, 
different approximate equations have been 
adopted in the two regions, so that we could 
not expect the coincidence of the values of 
derivatives of wu and v calculated in the re- 
spective regions, even if we adjust the so- 


Vi=Vo0 
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lutions so as to satisfy the relations (11). 
Such discrepancies are, however, expected to 
become smaller, if we adopt higher approxi- 
mations to the original equations (1) and (2). 
Thus it appears that the above relations (11) 
are suitable for our purpose. 

The procedure of solving the problem is as 
follows: First, we assume the location of 
the sonic line which represents the boundary 
of the supersonic region. We next divide 
the flow field, as mentioned above, into the 
inner and the outer regions by a curve which 
is composed of the shock wave and the other 
part wholly lying in the purely subsonic region 
(Fig. 1). 

Now, the inner solution is uniquely deter- 
mined by the boundary condition on the surface 
of the profile and the location of the sonic 
line already assumed. Then the connecting 
relations (11) together with the shock con- 
ditions (10) afford the u-distribution over the 
dividing curve. The outer solution is deter- 
mined uniquely by means of this w,-distribution 
and the remaining boundary conditions. 

Comparing the solutions thus obtained, on 
the dividing curve, we find of course w:=wuo 
but in general viz<vo. Unknown parameters 
relating to the location of the sonic line are 
then adjusted by the requirement vi=vo on 
the dividing curve. 

Since the boundary condition (9) is satisfied 
in our approximation, (w:,v:) already coincide 
with (uw, Vo) at the connecting point on the 
profile. There exist, however, discrepancy of 
the velocity gradient at that point. Such a 
discrepancy is undesirable, because the velocity 
gradient is one of the most important quanti- 
ties from the physical viewpoints. Hence, let 
us require further that the velocity gradients 
of both solutions must be equal on the profile 
though it may appear to be an over-deter- 
minate condition in the exact treatment of 
the original equations (1) and (2). 

§ 4. Application to the Flow past a Biconvex 
Circular Are Aerofoil 


Let us consider the flow past a biconvex 
circular arc aerofoil. The shock wave is as- 
sumed to be normal to the x-axis, extending 
from the point B to B’ (Fig. 1). The shape 
of the sonic line is assumed to be parabola 
passing points A, B(A’,B’) with its axis of 
symmetry on the line x=: 
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x0 —Lo 
+: upper half plane | 
—: lower half plane (12) 
The dividing curve is assumed to be a circle ! 
passing points BA(A’)B’: a 
{ Lo? 10+ ho l aa, is et 
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From the assumed shape of the sonic line 
and the boundary condition on the profile the 
inner solution is obtained immediately: 


ee ee) (14) 


Vi= —2V% 
where 
tM * 
~ B(1—M=) 
and ¢ is the thickness ratio of the profile. 


Here the boundary condition (9) for the cir- 
cular arc aerofoil is expressed as follows; 


y 


(15) 
In order to obtain the outer solution, let us | 
decompose the solution as follows: 


v= —2vx 


Wo=Uo—W0= Wo? + Wo (16) | 


—1 : , 
med z=x+i (17) | 


Woe (242 log 
7 


Wo is nothing but the usual Prandtl-Glauert } 
solution. ww ,@ represents the distortion of | 
the outer solution imposed by the existence | 
of the shock wave, and must satisfy the | 
following boundary conditions: 
A) wo® is one-valued and continuous | 
throughout the outer region, 

B) wo@-—0 as , 

(C) vo=0 on the surface of the profile, 
D) on the dividing curve the following | 
conditions must be satisfied: 
a) on the shock wave: 


|z| > co 


wiP=1—-2 —Ip?) +2v(2y —ho) (18) 


(b) on the dividing circle: 
wP=1— ZI x8 +9°)+2rho}1—( 2 


Xo —Lo 

(19) 

In these expressions, we have assumed that | 
the Mach number of the uniform flow is | 
nearly critical, that is, x0, Jo, 4o<1, and retain | 
only the terms of the lowest order of these | 
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quantities. Also, inspecting these conditions, 
we find that 


ly ~ Xo , ho ~ x0? (20) 
provided that x0, ho, J) contributed simulta- 
neously to the value of uw, > on the dividing 
curve. From the above relations (20) we can 
show that the shape of the sonic line of our 
solution is similar to that of the continuous 
solution wo. Thus, the above reiation 
seems to be plausible from the physical view- 
point, for it is expected that the shape of 
the sonic line does not change suddenly even 
if a shock wave appears. We assume, there- 
fore, the above relation (20), and take the 
lowest order of x. 

Further, since J)><1, the trace of the shock 
wave can be safely replaced by the circular 
arc BB’, so that the problem reduces to a 
very simple form, that is, to obtaining a 
harmonic function, the value of which is 
given over a small circle and which becomes 
0 at o. The condition on the profile is 
satisfied automatically by the symmetry of 
the solution. 

The point (x,y) on the dividing circle is 
represented, by the assumption (20), as follows, 

muligk ou 0% 
a ae, 


lo—Xo _. 
y= =F 8in'8 
- 2 


cos 0 


(21) 


where 0<60<2z. Inserting (21) into Eggs. 
(18) and (19), these conditions are rewritten 
as follows: 

on the unit circle of the €-plane, 


Uo? = Uo 2?! +o? (22) 
EDD Geena pO gy, 
T 1 4 
+ | BY je2 = x92) + vi} cos 0 
7 
Selig, abies sana ig 155 
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where 
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the analytic function w.©) which satisfies the 
above conditions is easily obtained by the 
formula in the theory of functions:” 
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It is clear that this solution already satisfies 
the conditions (A), (C) and (D). However, 
the first term (constant) as well as the integral 
terms do not vanish in general at oo, contrary 
to the condition (B). Because the contributions 
from the integral terms are O(%’) and may 
be neglected, the condition (B) then requires 
the first constant term to vanish, i.e. 


dy 
7 

On the other hand, from Eqs. (14), (16), (17) 
and (26), the condition that the velocity 
gradients of the inner and outer solutions 
must coincide at (x ,0) is represented as 
follows: 


i + ~ (lo-+40)? +2 vho=0 (27) 
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Also it is required, as already mentioned, 
that vi=v> on the dividing circle. But, because 
two conditions (27) and (28) have already been 
assigned for three parameters x, /) and ho, 
we can satisfy the condition: wvi=vo at only 


one point or in the mean on the circle. The 
latter procedure gives 
F (j2-<19%) pho =0 (29) 
7c 


The same relation would also be obtained by 
satisfying the condition at the top of the 
circle (@=7/2). Hence, we shall adopt (29) 
as the third condition for determining the 
parameters xo, 4) and io. 

Solving (27), (28) and (29), we obtain the 
following expressions for %0, lo, ho: 
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$5. Results and Discussions 


The manner of variation of x0, Jo and ho 
with Mach number is shown in Table I, for 
the case when the thickness ratio of the 
profile is 0.06. 


Table I. 

Mx x0 lo ho 
0.85 positive negative negative 
0.8526 ~0.0438 0.0188 0.00199 
0.853 —0.0772 0.0331 0.00620 
0.854 — 0.1266 0.0543 0.01666 
0.856 — 0.1897 0.0813 0.03742 
0.86 — (0.2745 0.1176 0.07892 

oe sf 
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When the Mach number of the uniform 
flow is below the critical value corresponding 
to Prandtl-Glauert solution (0.8524), all x0, Jo 
and ho take values without any physical 
meaning. But as soon as the Mach number 
exceeds this critical value, these parameters 
become significant and their absolute values 
increase with Mach number. This is a very 
remarkable feature of our result, which gives 
a new meaning to the concept of the usual 
critical Mach number. The rapid change of 
J) near the critical Mach number also agrees 
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qualitatively with Spreiter’s results. 

Fig. 2 gives the velocity distribution over 
the profile for the case f=0.06, M..=0.854, 
where the neighbourhood of the supersonic 
region is magnified in order to reveal the 
fine structure of the distribution. Comparing 
our result with Spreiter’s, we find that in 
our case the velocity changes very rapidly 
behind the shock wave and becomes partly 
supersonic. Especially the velocity gradient 
becomes infinite, immediately behind the 
shock wave, suggesting that it is a singular 
point of the solution. This is due to the fact 
that we have used the normal shock condition 
to obtain uw on the back side of the shock 
wave. Let us now discuss this point in some 
detail. 


Biguias 


From the irrotationality 0v;/0x=0ui/Oy, Ov0/Ox 
=0u./0y and the shock condition 1—wi=u.—1, 
we obtain 

—(0v/0x)=00./0x (31) 
In the thin-wing expansion method, 0v/0x re- 
presents the curvature of the profile, so that 
Eq. (81) represents the fact that there must 
be a discontinuity of the curvature of the 
profile through the shock wave. This result 
is Clearly of general nature and can be ap- 
plied to the case of Spreiter and Gullstrand. 
Their results seem at first sight to be plau- 
sible because of the moderate behaviour of 
velocity distribution behind the shock wave. 
However, this is wholly due to their erroneous 
assumption for the form of the velocity distri- 
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bution normal to the aerofoil surface im- 
mediately after the shock wave. The velocity 
gradient there must be infinite as in the 
present case. C. C. Lin*® discussed in an exact 
manner the case of the normal shock wave 


on the curved profile, and deduced the follow- 
ing relation, 


feTE(-1) 


r+1l 2 r 


1 7 ; ) ] 

Sai trae ane a 
where ™M; is the Mach number in front of 
the shock wave, 1 and 7 are the radii of 
curvature of the profile in front and after the 
shock wave respectively (Fig. 3). In this 
equation, if we assume M,~1, we obtain 
”1~—?rz, which is equivalent to the relation 
(il). 

From the above discussions, it is concluded 
that there can exist no high subsonic flow 
with shock waves past a profile having con- 
tinuous curvature. The only exceptional case 
is that of zero curvature, e.g. the case of 
flow past a wedge or a diamond profile. The 
former case has recently been discussed by 
H. Yoshihara.® The existence of approxi- 
mately normal shock waves observed in ex- 
periments seems to be due to the interference 


(32) 
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of the shock wave and the boundary layer. 
Full explanation of the phenomenon will be 
the subject of the future work. 
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in a Hypersonic Air Flow 
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Soft X-ray radiograph method using a flash X-ray tube was developed 
as a means of measuring air density in a hypersonic flow in a shock 


tube. 


The method was applied to the measurement of the density distri- 


bution between a circular cylinder and the detached shock wave at a 
free-stream Mach number of 5.5 and a free-stream density of about one- 


tenth of the normal atmosphere. 


Results suggest that the method is 


promising for the investigation of hypersonic flow fields, especially for 
the measurement of narrow regions with steep density gradients, because 
the effect of refraction can be neglected without error in the wavelength 


range of X-rays. 


§1. Introduction 


The technique most frequently used for the 
quantitative measurement of density in a high- 
speed air flow is the optical interferometry. 
The method is simple and has sufficient ac- 
curacies in most applications to the studies 
of transonic and supersonic flows in wind tun- 
nels and shock tubes. However, it has certain 
disadvantages inherent in itself. Due to the 
refraction of light rays passing through the 
testing medium, the accuracy decreases when 
the measurement is made over a long path 
length in the neighbourhood of a model surface 
or in the region with a steep density gradient. 
Furthermore, the sensitivity of the method 
decreases seriously at low air density. 

An alternative method which utilizes the 
absorption of soft X-rays has been introduced 
by Arnold. In his method, a narrow beam 
of X-rays normal to the direction of the flow 
is used, and the intensity of the transmitted 
X-rays as measured by an ionization chamber 
furnishes a measure for the integrated gas 
density across the test section. Considerable 
improvements in the techniques have been 
made by Winkler,” Weltman, Fairweather 
and Papke,* and Dimeff, Hallett and Hansen,” 
using Geiger-Muller counters and improved 
X-ray tubes. A general survey of the X-ray 
techniques has also been made by Winkler.» 

In comparison to the usual optical methods, 
refraction and diffraction phenomena can be 
neglected with X-rays because of the small 


deviation of the index of refraction from unity 
and the short wavelength. Moreover, the 
method can be used at fairly low density if 
the wavelength of the X-rays is sufficiently 
long. Therefore, the method is considered 
to be particularly useful for the studies of 
such phenomena as occur near the body nose 
or within the boundary layer in a hypersonic, 
low-density air stream. 

As to the technique of obtaining absorption 
data of a flow field, it is usual to make point- 
by-point measurements by moving the X-ray 
tube and the receiver. An alternative way 
is the so-called radiography, that is to photo- 
graph a certain portion of the flow field by 
the transmitted X-rays and measure the film 
density by a photodensitometer. This method 
has been proposed by Weltman, Fairweather 
and Papke in Ref. 3. Main difficulties in this 
procedure are that the photographic film is 
less sensitive to small X-ray intensities than 
ionization chamber or counter, and the pro- 
duction of strong X-rays of long wavelengths 
is a very difficult matter. Recently, we have 
noticed that the radiograph method with a 
continuously operating X-ray tube has been 
used successfully by Stine, Wagoner and Lugn® 
for the studies of the transonic flow about a 
sharp leading edge. 

In the present work, a technique for the 
soft X-ray radiography using a flash X-ray 
tube has been developed and applied to the 
hypersonic flow in a shock tube. The flash 
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tube is of the type which has been developed 
by Prof. M. Hirata and Dr. F. Tachibana.” 
Air density of the free stream treated in our 
experiments is about one-tenth of the normal 
atmosphere, and the path length is 5.8cm. 
In the X-ray range suitable for such measure- 
ments, a large portion of the X-rays produced 
in the flash tube is absorbed in its window 
material, so that at present a single flash is 
not sufficient for obtaining sufficient film 
densities. Accordingly, photographs are taken 
by repeating two or more times the operations 
of both the X-ray tube and the shock tube. 
However, the authors consider that the pro- 
duction of stronger X-rays by a single flash 
will be possible by improving the design of 
the X-ray tube and the discharge circuit. 


§2. Theory of Density Determination by 
X-Ray Radiography 


Theory of density determination by X-ray 
radiography has been developed by Weltman 
and others in Ref. 3. Outlines of the theory 
will be given in the following. 

Assume that the X-rays are emitted conically 
from a point source, and after passing through 
an absorbing medium, reach a photographic 
film situated at a distance vy from the source. 
Then the ratio of the intensity J of the X- 
rays remaining after absorption to the intensity 
Ih of the X-rays incident on the absorber is 
expressed as 

sl Oe 

Ih i, Arr 2 
where B is the total mass absorption coefficient, 
o the density of the absorber, L the path 
length in the absorber, A the cross-sectional 
area of the X-ray beam at the distance 7, 
and c a factor which accounts for the ab- 
sorption before entering and after leaving the 
absorber. 

Sensitivity in density measurement is given 
by the minimum detectable density change 
Ao divided by the density 9. This ratio can 
be calculated from Eq. (1) as 


Ao AT es 


0 IBoL 
where 4/ is the minimum detectable change 
in the X-ray intensity. 
The characteristic curve of a photographic 
material, representing the film density as a 
function of the logarithmic exposure, is a 


e~ BeL 
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straight line over a considerable portion. The 
equation of this straight line is expressed as 
D=r({log (I/A)+log t—log 1} (3) 
where D is the film density, 7 the slope of 
the line, ¢ the exposure time and the inertia 
of the film. 
Substituting Eq. (1) into Eq. (3), we have 


D 
tO eA eee et 4 
a Bomsaper Han at 
where 
R= r( log Te log t—log i) / (0.4347 BL) 
Arr? 


(5) 
is a constant for a given experimental ar- 
rangement and exposure time. 

From Eq. (4), the sensitivity in air-density 
measurement is written as 
A (Me AD 

0 0.4347 BoL 


where 4D is the minimum detectable change 
in film density. This equation shows that a 
high sensitivity can be obtained when the 
total mass absorption coefficient is large. 

Total mass absorption coefficient is expressed 
by the empirical relation 


bt) OVA La at VAN.) ves) 


The first term accounts for the true absorp- 
tion and the second term for the scattering. 
In the first term, C is a constant which 
changes its value at the critical absorption 
wavelengths, Z is the atomic number of the 
absorbing element and 4 is the wavelength 
of the X-rays. As mentioned by Winkler,*? 
the above formula represents the value of B 
for air with fair accuracy up to 5 A, but gives 
too large values for longer wavelengths, and 
the formula of Victoreen,® 

B=(C'#B—D#*)+0(Z, A) (8) 
is better for wider range of wavelengths. Here 
C’ and D’ are constants which may be calcu- 
lated from the atomic energy states of the 
absorbing element. 

The scattering term o(Z, 4) increases slowly 
with Z and 4. However, in the wavelength 
range of soft X-rays, ¢ is negligible compared 
with the first term. 

In our experiments, X-rays with a continu- 
ous spectrum are used. In this case, the ef- 
fective wavelength is controlled by the operat- 
ing voltage of the X-ray tube. When the 


(6) 
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anode voltage is V kilovolts, the shortest 
wavelength in Angstrom unit is expressed by 
the formula 


Ay =12.405/V (9) 
and the effective wavelength Ae is ap- 
proximately equal to 1.34), so that we have 

Aett = 16.13/V (10) 

It can be concluded from Eqs. (6), (7) and 
(10) that a high sensitivity in air-density 
measurement can be realized by operating the 
X-ray tube at a sufficiently low voltage. 


§3. Shock Tube and Flash X-Ray Tube 


The shock tube used in the experiments is 
the same type as previously used by the 
present authors. 1% The schematic diagram 
of the tube is shown in Fig. 1. The pressure 
in the high pressure chamber is raised to 12 
atms by supplying the air from a reservoir, 
the low pressure chamber is evacuated to the 
pressure of 2mm Hg, and a cellophane dia- 
phragm separating these chambers is ruptured 
by a steel needle installed in the high pressure 
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Fig. 1. Shock tube and X-ray tube. 
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chamber. Then the air in the high pressure 
chamber expands through the divergent nozzle 
in the low pressure chamber, and a quasi- 
steady flow of Mach number of 5.5 is obtained 
at the test section. Duration of the uniform 
flow is about 1 millisecond, and the density 
of this flow is 1.0x10-‘ g/cm? . 

The flash X-ray tube is shown in Figs. 1 
and 2. Photo. 1 shows its parts disassembled, 
and Photo. 2 shows the tube attached to the 
shock tube wall. 


SS 
DIFFUSION 
PUMP. 


A: ANODE, K: CATHODE, K‘ TRIGGER ELECTRODE, F: FILM 
P: INSULATOR, W: WINDOW, H: FILM HOLDER, 


Fig. 2. X-ray tube. 


The anode A is made of a tungsten rod of 
6mm diameter, its end being sharpened to a 
30° total-angle cone. Two ring plates of 
stainless steel are used as the cathode K and 
the trigger electrode K’. They are set on 
each side of an insulator plate P of polyetra- 
fluoroethylene. Inner edges of the electrode 
plates face each other with a clearance of 
0.1mm, so as to form a ring-shaped spark 
gap. 

The distance between the anode and the 
plane of the cathode is adjusted to 20mm. 
A voltage of 1.65~2.75kV is applied to the 
anode, and about 4 kV is applied to the trigger 
electrode. Electric circuits are shown in Fig. 
oH 

A discharge between the trigger electrode 
and the cathode through the ring-shaped gap 
is made to occur at a desired instant by the 
aid of a timing device shown in Fig. 3. This 
trigger discharge induces the main discharge 
between the anode and the cathode. With 
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this discharge, soft X-rays of high intensity 
are emitted from the anode during a very 
short time interval. 

The timing device consists of an auxiliary 
spark gap S in the trigger discharge circuit 
and a thyratron circuit for triggering a spark 


Ce tame 


Photo. 2. X-ray tube mounted on shock tube 
wall. 


Photo. 3. Radiographs of flow with detached 
shock wave, taken by: (a) two flashes at Va= 
2.75 kV; (b) eight flashes at Vag=1.65 kV. 
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Fig. 3. Electric circuits. 
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discharge through S. This circuit has an 
automobile ignition coil in the plate side of 
the thyratron and a metallic contact element 
in the grid side. This contact element, utiliz- 
ing the deformation of a thin aluminium foil 
by pressure, is attached to the end ofa glass 
tube which is connected to the orifice on the 
shock tube wall (see Fig. 1), and made to act 
by the pressure wave propagating through 
the glass tube. 

The X-ray tube has a window W of 5mm 
diameter, and a thin cellophane of 2 micron 
thickness is used as a window material. As 
the discarges in the tube are accompanied 
with the radiation of visible rays, it is required 
for the window material to pass only the X- 
rays and cut off all the visible rays. For 
this purpose, special black ink “ Cello-Colour 
7694 Black ”, made by Toyo Ink Co., is painted 
on the cellophane. This window permits 
higher transmission of soft X-rays than other 
materials, such as beryllium or aluminium 
foils. 

Since the window cannot keep a high vacuum 
of the tube permanently, it is evacuated con- 
tinuously to the pressure below 10-°mm Hg 
by using a rotary and an oil diffusion pump. 
The latter is seen in the right part of Photo. 
D. 


§ 4. 


We attempted to apply the above-mentioned 
apparatus to the measurement of the hyper- 
sonic flow past a circular cylinder, in particular, 
to the measurement of the density distribution 
between the detached shock and the nose of 
the cylinder. 

In order to determine the wavelength suit- 
able for our purpose and to obtain the relation 
betweent the air density in the test section 
and the photographic density of the film ex- 
posed to the X-rays transmitted through the 
test section, low pressure chamber of the 
shock tube was evacuated to various values 
of pressure between 20 and 450mm Hg, and 
for each case, the film held on the shock 
tube wall was exposed to the X-rays emitted 
from the flash tube. 

The effective wavelength of the X-rays was 
varied by varying the anode voltage Va. 
Trigger electrode voltage V:, capacitances 
C, and C, and the distance s from the anode 
to the plane of the cathode-ring were varied 
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systematically until the maximum intensity 
of the X-rays could be attained. It was 
shown by these experiments that, (1) a suf- 
ficient sensitivity could be obtained with Va 
below 3kV; (2) the quantity of the X-rays 
produced by a single discharge was a little 
insufficient, so that two or more discharges 
were necessary for obtaining film densities 
sufficient for photodensitometry; (3) the most 
satisfactory results were obtained with V; 
Sty, s=200nin, (CaS a/oe ginal Co=O5 20 
for the case of Va=1.65~2.75kV. The use 
of larger capacitances might increase the X- 
ray intensity, but it was not possible in the 
present tube, because, when C, was large, 
the trigger discharge was followed by a 
detrimental discharge between the cathode 
and some other metallic parts in the tube 
due perhaps to an electric oscillation in the 
discharge circuit, and this made the intensity 
of the X-rays emitted from the anode quite 
indefinite. The authors consider that this can 
be avoided by improving the design of the 
tube and minimizing the inductance in the 
trigger discharge circuit, and then it will be 
possible to produce X-rays strong enough for 
taking a photograph by a single flash. 


@ 8 FLASHES AT Vatl65 kv 


© 2 FLASHES AT Va*275 kV 
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Fig. 4. Relation between air density and film 
density. 


After these preliminary experiments, the ap- 
paratus was used for the measurement of the 
density distribution between the detached 
shock and the nose of a circular cylinder, 
placed in the hypersonic flow established in 
the shock tube. Mach number M.. of the 
free stream as determined from schlieren 
observation of Mach waves was 5.5, and the 
corresponding density 9. of the free stream 
was estimated to be 1.0x10-‘g/cm’. The 
diameter of the cylinder was 6mm, and the 
span was 55mm. Clearances of 1.5mm were 
left between both ends of the cylinder and 
the tube walls in order to avoid the end ef- 
fects due to the shock-boundary-layer inter- 
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action. Reynolds number based on the cylin- 
der diameter and the free-stream condition 
was 1.6x10°. Operations of both the shock 
tube and the X-ray tube were repeated two 
or more times for obtaining a radiograph. 

Radiographs of the flow with a detached 
shock wave are shown in Photos. 3(a) and 
(b). The one was obtained by two flashes at 
V.=2.75kV and the other by eight flashes 
at Va=1.65kV. Following Eq. (10), these 
values of Va correspond to the wavelengths 
of 6 and 10A, respectively. 

Fig. 4 shows calibration curves which re- 
present the relation between air density and 
film density for these cases. Both quantities 
are referred to the free-stream values po. and 
D... Here, D. was determined by evacuating 
the test section to the density o.. 

Fig. 5 shows the density distribution behind 
the detached shock wave. Interferometric 
results obtained by the junior author for M. 
=1.8 and 4.0 are also reproduced in the 
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Fig. 5. Density distribution between shock wave 
and stagnation. point. 
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figure. It can be seen that the present 
method gives good quantitative density data. 

The stand-off distance 6 between the shock 
wave and the stagnation point is shown in 
Fig. 6, together with the previous data ob- 
tained by optical methods. 
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Fig. 6. Stand-off distance between shock wave 
and stagnation point. 


As photographic materials, ‘‘ Fuji High 
Speed X-Ray Film, Type 200” and ‘‘ Fuji 
Developer, Rendol’’ were used, developing 
time of 5 minutes being strictly kept through- 
out the experiments. Measurements of film 
densities were made by using a photo-cell 
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type microphotometer with a slit pick-up of 
0.01 mm width. 

It is concluded from these experiments that 
the present radiograph method is very pro- 
mising for the density measurement in low- 
density hypersonic flows, especially for the 
investigation of a narrow region with a steep 
density gradient, such as the region near the 
body nose or the boundary layer. 

The authors wish to express their cordial 
thanks to Prof. Hirata and Dr. Tachibana 
for their valuable advices in the course of 
the present experiments. 
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The details of the new reverberation chamber are given. 
volume of 513m and is surrounded by nonparallel walls. 


It has a 
The results 


of model room experiments previously reported have been used to deter- 


mine the shape and volume of this chamber. 
beration time of empty chamber was 22 seconds. 


At 500 cps., the rever- 
The position of the 


microphone and the sound absorbing material did not affect the rever- 


beration time of this chamber. 


This fact would show that the sound 


field of this chamber would fulfill the requisite for the diffuse sound 
field which is the premise of the reverberation chamber method. 


§ 1. 


From the fundamental researches described 
in the Report I», it has come to be clear 
that to make the shape of a reverberation 
chamber irregular is one of the effective means 
to get diffuse sound field which is indispen- 
sable for a reverberation chamber. Further- 
more, relation between the size of the cham- 
ber and the uniformity of the sound field has 
been investigated. Based upon the results of 
these researches, a new reverberation cham- 
ber was constructed. This chamber has a 
volume of 513m and is surrounded by non- 
parallel walls. 

We inquired into the various characteristics 
of this chamber without sound absorbing 
materials. Further we pursued the effects of 
the warble tone and the loudspeaker upon the 
' above characteristics. It was experimentally 
proved that the reverberation time of the 
chamber was longer than 20 seconds at 500 
cps. and that the fluctuation of repeatedly 
measured reverberation time under the same 
condition was quite small. It was also con- 
firmed that this was true in any part of the 
chamber. | 

However, when a sound absorbing material 
is put into the chamber to measure the ab- 
sorption coefficient, the sound field would be 
different from that when the chamber is 
empty. Thus, special regard has been paid 
to the position of the sample material and 
the arrangement of. the microphone in the 
conventional reverberation chambers. 


Introduction 


The effect of the several factors affecting 
the sound field of our new reverberation 
chamber was investigated. As for the sample 
materials, we selected fibrous acoustic tiles 
and mineral wool board as typical examples 
from the viewpoint of the magnitude of ab- 
sorption coefficient and its frequency charac- 
teristics. The results of these experiments 
showed that the position of the microphone 
and the sample material did not affect the 
absorption coefficient. This fact would show 
that the sound field of this chamber would 
fulfill the requisite for the diffuse sound field 
which is the premise of the reverberation 
chamber method. 


§2. Construction of the Reverberation 
Chamber 
2.1. Design and construction of the rever- 


beration chamber 


Since the irregular chamber used in the 
three-dimensional model room experiments 
was found more suitable as a reverberation 
chamber than a rectangular one, we designed 
a chamber after this irregular model. Next, 
the dimensions of the chamber was deter- 
mined by consideration of the lowest fre- 
quency to be measured, which was around 
60 cps. in this case. For this purpose, it was 
decided to make the frequency of 2000cps. 
in the model chamber correspond to 100 cps. 
in the actual chamber. Accordingly the 
length of each side of the chamber was made 
20 times as long as that of the model cham- 
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ber, and thus {the chamber of about! 500'm® 
became necessary. On the other hand, if the 
volume of the chamber is V, and the surface 
area is S, the number of normal modes 4N 
in the frequency range between v and v-+ dy 
is approximately given by» 


AN =( 


Ar 


(on 


If the number of normal modes is calculated 
in the rectangular chamber (the ratio of the 
sides is 1.00 : 0.80 : 0.64) under the conditions 
of V=500 m’, the number of normal modes 
included within a 1/3 octave band with center 
frequencies of 60 and 100 cps. are 9.5 and 38.4 
respectively. This shows that the chamber 
dimensions as large as these are necessary 
from the viewpoint of the number of normal 


modes. 


Next, the finish of the interior of the rever- 
beration chamber offers an important problem 


as to the accuracy in measurement. 


Conven- 


tionally, the wall surfaces are finished with 
concrete (plastered or painted), parquet tiles, 


etc. 


We decided to adopt the polished con- 


crete, taking into consideration the fact that 
its sound absorption is small and its mainte- 


Table I. Details of the reverberation chamber 
Volume 513 m3 
Surface area | 382 m? 


| 


Shape 


Nonparallel Walls 


Wall thickness 


40 cm 


Wall surface 
material 


Steel-framed concrete with 
polished concrete 


Fig. 1. 


Plan of the reverberation chamber. 
shows the height of each corner. 


h 
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nance is easy due to small quality change 
caused by time element. 

Important data for this chamber which was 
made so as to match the previously men- 
tioned conditions are shown in Table I. Di- 
mensions of the chamber is given in Fig. 1 
and photo Fig. 2 shows the interior of the 
chamber. 


2.2. Reverberation time measuring appara- 


tus 


The most important section of the rever- 


Interior of the reverberation chamber. 


Pig. #2. 


pe 


Amplifier 


4 
mech,” 


: Monitor 


Chamber No.2 Chamber No.! Microphone 


Loud speakers 


Fig. 3. Block diagram of the apparatus for the 
measurements of reverberation time. 
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beration time measuring apparatus is the one 
which measures or records the decay process 
of sound. Here, we used a high speed level 
recorder for this purpose. Furthermore, since 
the reverberation time to be measured is rela- 
tively long, the make and break of the simple 
mechanical contact point, which work in 
linkage with the level recorder, were adopted 
for the switching-on and -off of the oscillator. 
The block diagram of the measuring appara- 
tus is shown in Fig. 3. 


§3. Characteristics of the Empty Rever- 
beration Chamber 


3.13 


(i) Characteristics of warble tone 

When the center frequency is v , modula- 
tion swing +4» and the modulation frequency 
a, the warble tone given by them has a 
spectrum consisting of 24y/a components lined 
up at intervals of a cycles within the range 
of vot 4y®. If the dimensions of the chamber 
and the center frequency are given, the mini- 
mum permissible value of 4yv is given by the 
condition that it should include sufficient 
number of normal modes to uniformize the 
sound field. Under the given conditions that 
yo equals 100 cps. and the number of normal 
modes equals 30, an inequality 4y>9 results. 
It was also found that if 4» is made larger, 
unevenness in absorption within the range 
becomes sometimes intolerable. In the present 
experiments, 4» was made 10 percent of center 
frequency at lower frequencies and 50 cps. at 
higher frequencies. 

Next, for the purpose of exciting all the 
normal modes within the range, the interval 
a of spectrum offers a problem. In the 
chamber with sharp resonant characteristics 
(that is, long reverberation time), some of the 
normal modes are not excited unless the inter- 
vals are sufficiently small. On the other 
hand, if @ is so small that one sweep takes 
too long a time, the normal modes at the far 
end of frequency range are considerably de- 
cayed, and accordingly it means little to use 
warble tone. Such being the case, a must 
be decided in connection with the reverbera- 
tion time of the chamber. A conventional 
rule for the suitable range of a is given by an 
inequality 8/T>a>4/T. However, as will 
be mentioned later, our reverberation chamber 
has far longer reverberation time than the 
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ordinarily used ones, and consequently we 
thought it necessary to confirm the above in- 
equality by the experiments as the first step. 
An example of decay curves obtained by 
observing the variation with modulation fre- 
quency @ is shown in Fig. 4. The rever- 
beration time T was 22 seconds. When @ 
became more than 8, fluctuation of sound 
pressure level in the steady state became 
small and minute changes on the way of de- 
cay were not observed. However, large un- 
dulations were seen over the whole decay 
curves. When a is small, the fluctuation in 
the steady state became large but the decay 
showed a perfectly logarithmic curve (The 
ordinate in the records is a decibel scale and 
so the ideally exponential decay is recorded 
as the straight line.) From these results, we 
came to the conclusion that the modulation 
frequency must be around 10/T~20/T. 
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Fig. 4. Variation of decay curve with modula- 
tion frequency of warble tone. 
yo=500 c/s, Av=30 c/s 


(ii) Selection of loudspeakers 

A loudspeaker was selected by considering 
the following two points. That is, it has a 
sufficient power output so as to show at least 
the decay curve of 40 decibels before reaching 
the noise level, and also it is intended to de- 
crease the added absorption due to the loud- 
speaker. 

At first, we used a 25cm cone type loud- 
speaker which was housed in a closed enclo- 
sure of 0.18 m® cubical content. In this condi- 
tion, the minimum resonant frequency of the 
loudspeaker is around 50cps. There was ob- 
served an absorption around 100cps. caused 
probably by the vibration of the closed enclo- 
sure panels. As a result, the decay curve 
showed a slight bend around this frequency 
and the reverberation times derived from the 
decay curves measured under the same condi- 
tions showed inconsistent values. 

In the second experiment, a horn-speaker 
driver unit was used. It did not produce 
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any trouble regarding the measurement of the 
decay curve at the frequencies higher than 
about 100 cps., though the power output was 
a bit insufficient. Further, the reverberation 
time showed about the same values in each 
experiment, and the reverberation time be- 
came remarkably longer, especially at fre- 
quencies below 300 cps. 

Then the reverberation time was measured 
at 125 cps. with several types of loudspeakers. 


Table II. Effects of loudspeaker on the reverbera- 
tion time. vo=125cps., 4v=15cps., a=1. 
Average of 10} Standard 
Type of loudspeaker measurements) deviation 
Horn-speaker unit 46.0 sec 0.35 sec 
25cm cone (naked) 40.0 0.90 
25cm cone (with bufflle 
board of 50 cm x50 cm) 32.0) oe 
20cm cone (built in a 
closed cubical enclosure 2a) 15 
of 0.027 m3) 
25cm cone (built in a 
closed enclosure of 0.18 BDrculh he 92 
m) 


Fig. 5. Decay curve for empty chamber. 
Upper: vwo=500c/s, 4v=30c/s, a=1 
ower vo ic Seedy —loie/S, a—1 


The results of these experiments are shown 
in Table II which includes the average and 
standard deviation of reverberation times for 
ten measurements. From these experiments, 
it was decided to use the horn-speaker driver 
unit in most experiments. 


Reverberation time and sound pressure 
distribution 


(i) Reverberation time 
Firstly, we measured the reverberation time 
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of the chamber, using the horn-speaker unit 
as the source of sound. The examples of the 
decay curves measured respectively at 500 and 
125 cps. are shown in Fig. 5. These show 
an almost perfect logarithmic decay. Though 
we moved the microphone to five corners 
(including the position of the loudspeaker) 
and then to the center of the chamber, rever- 
beration times were scarecely affected by the 
changes of the position of the microphone at 
any frequency between 125 and 4000 cps. 


Table II]. Reverberation time of empty chamber 
(measured in June 21, 1956) 
Frequency Average Standard deviation 
125 cps. 46 .0 sec 0.5 sec 

250 37.0 0.5 
500 Aes) 0.25 
1000 14.0 0.10 
2000 10.0 0.10 
4000 5.33 0.07 

} 
Sec 
60 = 
50 
£6 — { 
8 30. 
§ 20 
& 10 — =) 
a 100 200 500 1000 2000 5000 % 


Frequency 
Fig. 6. Reverberation times for empty chamber. 


Table IV. Sound pressure distribution in the 


chamber. Microphone position; M}. 
ang Position of microphone 
Frequency Pee eee aieie eres 25_ 2s ais 
M, | M, | Me | M | Ms | M, 
125 ees 5db| 2db) Odb| 2db 1db  Odb 
250 1 1 1 0 2 0 
500 1 I Lo vivsdokile peal? 0 
1000 ib —2 |-2 |=1 0 0 
2000 0 j-l -1 -1 0 0 
4000 0 -2 |-2 |-2 jy | © 
Table III and Fig. 6 show the results. Each 


row in Table III shows the average and stand- 
ard deviation of the reverberation times for 
five measurements. Reverberation times at 
high frequencies depend largely on weather 
conditions. We shall report the detailed re- 
sults on this subject in the near future, 
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(ii) Sound pressure distribution 

The unevenness in sound pressure level in 
the steady state which are measured at six 
positions used previously for measuring the 
reverberation time, is shown in Table IV. 
The marks which indicate the positions of the 
microphone in Table IV correspond to those 
of Fig. 7 and will be used in all subsequent 
experiments. The difference of sound pres- 
sure level in different positions is quite small, 
being about 2 decibels even at 125 cps. except 
at the position of the loudspeaker. 


M3 


Ma 


Fig. 7. Positions of microphone for reverberation 
measurements. 


§4. Examinations of Various Factors that 
have an Influence upon the Measure- 
mens of Absorption Coefficient 


As was discussed in Report I, the sound 
field in the reverberation chamber must fulfill 
the assumption of the diffuse sound field. The 
effect of several factors which might affect 
the sound field, was investigated in our rever- 
beration chamber. We used the fibrous acous- 
tic tiles and mineral wool board, as the sam- 
ple materials for these experiments. The 
former has a large absorption at low frequen- 
cies, and on the contrary, the latter has a 
large absorption at high frequencies. 


4.1. 


First, we examined the influence upon decay 
curves of two kinds of sample materials up 
to 30m? fixed respectively on three or four 
faces of the reverberation chamber. The 
decay was completely logarithmic in this case 
as in the empty chamber, within the fre- 
quency range of 125 to 4000cps. Thus it was 
made clear that we could determine the rever- 
beration time uniquely from this result. No 
extraordinary decay was observed at 200 cps. 
corresponding to the maximum absorption of 
the fibrous acoustic tiles and neither at high 
frequencies where a large absorption occured 
in case of the mineral wool. Fig. 8 are ex- 
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amples of respective decay curves. 


4.2. Effect of the position of the micro- 
phone 


Using the sample material of 25 or 30m’, 
we investigated the effect of the position of 
the microphone on the absorption coefficient. 
The results are shown in Figs. 9 and 10. It 
was found that, for any sample material used, 
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Fig. 8. Decay curves for the chamber, sample 
material present. 


Upper: fibrous acoustic tiles, 10 m2 (floor) 
Lower: mineral wool, 16.5m? (floor and two 
walls) 


10 


& 8 


gr § 


S 
© 


Absorption coefficient 


LI 
1000 
Frequency 


100 (200 500 2000 5000 & 
Fig. 9. Effect of microphone position on absorp- 
tion coefficient of fibrous acoustic tiles. 


area 25 m? (floor and two walls) 


Sample 


the position of the microphone exerted little 
influence upon the absorption coefficient. It 
is conspicuous that no effect upon absorption 
coefficient was found not only in any corner 
of the chamber but even in the center. 

The uniformity of the reverberation time 
is the most important property of the rever- 
beration chamber, and so we investigated this 
in detail. At the seven microphone positions 
which were arbitrarily chosen in the cham- 
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ber, we measured twenty decay curves at 
each position. The average and standard 
deviation of reverberation times thus obtained 
are shown in Table V. Consequently, one 
microphone placed in an optional position may 
be enough for this kind of measurements. 
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Fig. 10. Effect of microphone position on absorp- 
tion coefficient of mineral wool. Sample area 
30 m? (floor and three walls) 


Table V. Reverberation time of the chamber when 
the mineral wool 10 m? was placed on the center 
of the floor. Seven microphone positions were 
chosen arbitrarily in the chamber and twenty 
decay curves were measured at each position. 


Frequency | Average | Standard deviation 
125 cps. 28.9 sec | 0.97 sec 
250 14.4 0.22 
500 | 7.04 0.05 

1000 | 5.8) 0.072 
2000 | 4.8; 0.095 
4000 | 2.83 0.08, 


4.3. Effect of area of the sample material 


Next, placing the microphone in a fixed 
position, we examined the effect of the sam- 
ple area upon absorption coefficient. Fibrous 
acoustic tiles having areas from 10 to 25m? 
were fixed on three faces of the rever- 
beration chamber. In case of mineral wool, 
the areas were from 3.3 to 30m”. The one 
with 30m? area was fixed on four faces of the 
chamber, the one with 3.3m? area was fixed 
on the floor only, and all others were fixed 
on three faces of the chamber. The mea- 
sured results of absorption coefficient are 
shown in Figs. 11 and 12. 

In case of mineral wool, the absorption co- 
efficient obtained for the sample area of 3.3 m? 


New Reverberation Chamber with Nonparallel Walls 


675 


became larger than that of other sample 
areas for the frequencies above 500 cps. This 
is considered to be the area effect explained 
by Chrisler’s experiments. However, when 
the area is reduced to this extent, the mea- 
suring accuracy falls off extremely. There- 
fore, we are furthering a more precise inves- 
tigation. However, in either of sample mate- 
rials, no significant difference in absorption 
coefficient was found against the area change 
of more than 10 m?. 
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Fig. 11. Effect of sample area on absorption co- 
efficient of fibrous acoustic tiles. 
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Fig. 12. Effect of sample area on absorption co- 
efficient of mineral wool. 
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4.4. Effect of the mounting position of 
sample materials 


We compared the absorption coefficients ob- 
tained respectively in three mounting posi- 
tions of sample materials. In one case the 
sample material of 10m? was separated on 
three faces, while in the other two cases the 
sample material of the same area was con- 
centrated only on the floor (at floor center 
and edge). The results are shown in Figs. 13 
and 14. We found out that, in case of areas 
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in this experiment, the absorption coefficient 
was not affected by the mounting position of 
sample material at any frequency. 


Case of a large quantity of sample 
material being placed only on the floor 


4.5. 


When mineral wool of 30 m? was placed on 
the floor, decay curves showed a bend for 
the frequencies between 1000 and 2000cps. 
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Fig. 13. Effect of sample position on absorption 
coefficient of fibrous acoustic tiles. Sample 


area 10 m?. 
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(a) 


Fig. 15. Decay curves for various frequencies. 


from 400 to 4000 cps. in 1/3 octave step. 
(a) mineral wool, floor and two walls. 
(1) 30m? (2) 23m? (3) 16.5.m? 

(4) 10 m2 
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So, we measured the decay curves for various 
areas, within the range of 400 to 4000 cps. at 
intervals of 1/3 octave. The results are shown 
in Fig. 15. As the area decreases, the range 
of frequency for which a bend takes place 
becomes narrower and it is not discernible 
below 16.5m?. We showed in the same figure 
the results obtained when the sample mate- 
rial was placed on three faces separately. In 
this case, the decay curves were all straight 
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Fig. 14. Effect of sample position on absorption 
coefficient of mineral wool. Sample area 10 m?. 
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Curves obtained by changing the frequency 


(b) mineral wool, floors only. 
(1) 30m? (2) 23m2 (3) 16.5m2 
(4) 10 m2 
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lines, without any influence of area and fre- 
quency. 

When the decay curve shows a bend, we 
can no longer assume that the sound field in 
the chamber is diffuse. However, we tenta- 
tively determined the absorption coefficient 
using the slope at the beginning part of the 
decay curve. Above 500cps., where the ab- 
Sorption coefficient is large, it decreases as 
the area increases (Fig. 16). This is rather 
an expected matter, because the sound field 
in the chamber differs from that in the empty 
chamber. 
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Fig. 16. Effect of sample area on absorption co- 


efficient of mineral wool (sample placed on the 
floor only) 


$5. Conclusion 


The outline of our newly constructed rever- 
beration chamber and the various characteris- 
tics of this chamber concerning the absorp- 
tion coefficient measurements are presented. 
The shape of the chamber was decided by 
the experiments conducted with the model 
rooms described in Report I, in order to fulfill 
the essential condition of diffuse sound field. 
The volume of the chamber was decided upon 
513 m? for the purpose of measurements down 
to 60 cps. 

Investigation on measuring system using 
the empty chamber, has shown that the ab- 
sorption by the loudspeaker has a considerable 
effect on reverberation time at low frequen- 
cies and that the modulation frequency in 
warble tone has a considerable effect on decay 
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curves. The reverberation time at 500 cps. 
is 22 seconds when the chamber is empty. 

We investigated the various factors which 
were supposed to have influences upon the 
absorption coefficient measurements. The 
decay curve showed the logarithmic decay 
even when the sample material was present. 
The position of microphone was found im- 
material in the measurements and also, when 
the sample material was about 10m?, the 
mounting position of the sample had no effect 
upon the absorption coefficient. These re- 
sults would show that the sound field of this 
chamber would fulfill the requisite for the 
diffuse sound field, and that this chamber 
would have characteristics as expected from 
the fundamental experiments. This will bear 
witness to the fact that the sound field in our 
reverberation chamber has been much more 
improved than in the conventional ones, in 
which a special regard had to be paid in such 
things as to use several microphone positions 
and also to choose proper mounting position 
of sample materials. 


This chamber was completed by the co- 
operation of Shimizu Construction Co., Ltd. 
Members of the Acoustical Material Associa- 
tion of Japan provided us with sample mate- 
rials used for these researches. The funda- 
mental experiments were conducted in coope- 
ration with Mr. J. Sakagami. We should 
like to express our sincere appreciation for 
their cooperation. 

This work was partly supported by the 
Scientific Research Fund of the Ministry of 
Educations. 
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A Visualizing Method of Electron Tem- 
perature and Plasma Density 


By Hajime TAMAGAWA and Junji FUJITA 
Deparimenit of Physics, Faculiy of Science, 
University of Tokyo 
(Received March 6, 1959) 


On the measurement of a transient plasma, it is 
desirable to obtain the informations about the 
plasma within a sufficiently short time interval 
during which the plasma quantities may be regarded 
to remain constant. The usual single probe method 
is unsuitable for the investigations of a rapidly 
changing plasma. A floating double probe method 
was devised!) for a research of decaying plasmas, 
it fitts, however, only for the measurements of 


Fig. 1. 


Fig. 2. 


The reports should not exceed 800 words in length. 
7cmx7cm will be counted as 150 words. 


A figure of size 


repeatable and reproducible phenomena. Some 
trials were made2)3) to get informations from the 
oscillograms of probe characteristics. 
The authors succeeded to visualize 
temperatures as well as plasma densities of a trans- 
ient plasma directly on the pattern of cathode-ray- 
tube. The principle is based on the Langmuir’s 
single probe method. Electron temperature is 
obtained by differentiating a logarithm of the probe 
current with respect to the probe potential, that is 


ve Gl, any 
7 LD dV Trae’ wae 
Then, if the probe potential is changed linearly 
with time, electron temperature is given by the 
ratio of probe current to its time-derivative. Above 
quantities are represented on the pattern of 
cathode-ray-tube as the slopes of straight lines which 


electron 


ae (log I) 


start from the origin, when the probe current is 
introduced to the Y-axis, and the time-derivative 
to the X-axis. 

When the prove potential exceeds the space 
potential, electron current to the probe no longer 
increases with probe potential and _ saturation 
occurs, which results abrupt discontinuity of dJZ/di 
at the space potential. Once electron temperature 
is determined, plasma density is obtainable from 
the electron current density at the space potential. 
Ses | 2nm_ 

e KT 

Fig. 1 will be helpful for understanding this 
principle, and an example of oscillograph pattern 
is shown in Fig. 2. 

One of the chief difficulties of this method is to 
need extremely wide-band amplifiers and a high- 
fidelity oscilloscope. 


nN 


Next, the output impedance 
of the saw-tooth-wave generator should be as low 
as possible, otherwise the linearlity of voltage is 
affected by the drain of the probe current, and 
dV/dé=constant is no longer valid. These dif- 
ficulties are, however, purely technical problems. 

The authors wish to express their sincere thanks 
to Prof. K. Honda for the valuable discussions, and 
Japan Atomic Energy Research Institute for the 
instrumental facility. This work is supported by 
the Scientific Research Expenditure of the Ministry 
of Education. 
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An Abnormal Saturation Behavior in High 
Resolution Proton Magnetic 
Resonance Spectra 
By Michihiko NAGUMO and Yoshinobu KAKIUCHI 
Institute for Solid State Physics, 
University of Tokyo 
(Received March 20, 1959) 


In the experiments of high resolution nuclear 
magnetic resonance, asymmetry of the line shapes 
depending on the sweep direction is often experi- 
enced). 

A remarkable anomaly in saturation behavior, 
however, which is essentially different from the 
usual ones is observed in the spectra of some 
benzene substituents. 

The apparatus used is Varian V-4300 N. M. R. 
Spectrometer at 40 mc, and the measurements were 
conducted at room temperature. The magnetic field 
is swept slowly as usual 

Spectra of nitrobenzene, for example, are of 
multiplet structure due to the indirect I-I coupling 
between ring protons. It is diluted to less than 
about twenty per cent with cyclohexane, acetone, 
etc., the proton resonance line of each solvent 
being in higher field side compared with that of 
nitrobenzene. 

No saturation is observed under moderate radia- 
tion field when the magnetic field is swept from 
lower to higher value, whereas the decrease of the 
signal intensity as a whole as well as the distortion 
of the line shape does appear when the field is 
swept from higher to lower value. 

This phenomenon becomes the more conspicuous, 
the stronger Hj, the intensity of the radiation field, 
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Fig. 1. Proton Resonance Spectra of Nitroben- 
zene Diluted in Cyclohexane. 
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Fig. 2. Proton Resonance Spectra of Nitroben- 
zene Diluted in Carbon Tetrachloride. 
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and the slower the rate of the sweep through the 
solute signal as is naturally expected, but is quite 
independent of the H, while the field is swept 
through the solvent signal. 

The choice of the solvent is immaterial in so far 
as it contains protons, and its proton resonance 
line appears in higher field side with respect to 
that of the solute. 

On the other hand, in concentrated solutions or 
with solvent which contains no protons, carbon 
tetrachloride for example, such an asymmetry in 
the total area of the signal for the forward and 
reversed sweep directions does not appear. 

Similar phenomena are also found in many other 
substances; say aniline, pyridine, p-nitrochloro- 
benzene, etc., which have at least two kinds of 
non-equivalent ring protons as is the case in nitro- 
benzene, thus forming multiplet spectra, whereas in 
benzene, or monochlorobenzene, whose _ spectra 
consist of almost a single line, such an anomaly is 
not observed. This abnormal saturation behavior 
occurs irrespective of the relative positions of each 
proton group with respect to the substitute groups. 

Examples are illustrated in the figures. The 
figure 1 is the data for 9.7 mole per cent solution 
of nitrobenzene in cyclohexane with H,=84 micro- 
gauss, and the sweep rate 1.0 milligauss per second. 
The line of cyclohexane is out of the sweep range, 
and locates in higher field. The figure 2 is con- 
trasted with the former. It is the spectra of the 
same substance, when diluted with carbon tetra- 
chloride to 15.9mole percent, with H,=84 micro- 
gauss and the sweep rate 1.0 milligauss per second. 

Wertz et al previously reported) an asymmetry 
of the proton magnetic resonance spectra of methyl 
alcohol in backward sweep following the initial. 

The total area of the signal as a whole in that 
case, however, is almost unchanged by reversing 
the sweep direction. In this respect, the phenomena 
here reported differ essentially from theirs. 

Their case is rather similar to the result of our 
observation with stronger Ay in concentrated solu- 
tions or in non-protonic solvents, and the interaction 
within the spin system seems to be the dominant 
mechanism in this case. 

For the mechanism of the abnormal saturation 
phenomena stated above, however, it is quite 
plausible that the solvent spins play an important 
role through some interaction with solute spin 
systems. Further studies are now in progress. 

The authors wish to express their sincere thanks 
to Professors G. Hazato, T. Ikenoue and T. Isobe 
of Tohoku University, who enabled the authors to 
use the apparatus and gave them great helps 
throughout the experiment. 
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Phase Transition in Tungsten Trioxide 


By Sigetosi TANISAKI 


Faculty of Literature and Science, 
Yamaguchi University 


(Received March 7, 1959) 


The dielectric constant-temperature curve of the 
ceramics of tungsten trioxide WO; exhibits a 
maximum near 20°C, and there is a_ possibility 
that this material might be ferroelectric ‘below 
this temperature. On the other hand, it has been 
shown by the X-ray investigation that this material 
has a monoclinic structure in room temperature in 
which ions are arranged in an antiparallel manner”) 
and it transforms to an orthorhombic phase near 
350°C on heating and transforms near ~—40°C on 
cooling to a lower temperature form which has 
been supposed to be trigonal). The phase transi- 
tion of this material near 20°C has not been known. 
In the present note the phase transition from 
monoclinic to triclinic near 17°C is described. 
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The tabular crystal of WO, with c-surfaces well 
developed has usually two kinds of domains whose 
walls are (110) and (100) in room temperature, but 
sometimes another kind of domains which are 
formed by twinning on (010) plane is found below 
17°C. This (010) domain structure can be easily 
observed with the polarizing microscope between 
crossed nicols as shown in Fig. 1 (a), because, 
when e-surface of the crystal is observed, the 
extinction position of each domain differs from 
those of its adjacent domains by about 6°. And 
also the difference of the extinction positions of 
neighbouring domains is observed on a-surface of 
the crystal. These facts suggest that the crystal 
constructed by (010) domains may have a triclinic 
structure, and this suggestion is ascertained by 
the X-ray method. The lattice constants of the 
triclinic phase determined from X-ray rotational 
photographs are as follows: 
a=7.30A, b=7.52A c=7.69A 
a=88°50’, B=90°59/, a. 

The triclinic crystal transforms to the monoclinic 

phase near 17°C on heating and the monoclinic 


(a) 


(b) Monoclinic phase (25°C). 
of the crystal. 


(b) (¢) 


Triclinic phase observed between crossed nicols (10°C). 


Only one (100) wall is seen near the right corner 


(c) Lower temperature phase (—55°C). 


crystal thus obtained has few or no (100) walls 
(Fig. 1 (b)). The transition from the triclinic phase 
to the lower temperature phase is observed near 
—40°C on cooling (Fig. 1 (c)). These two phase 
transitions can be repeatedly observed with the 
polarizing microscope showing a thermal hysteresis 
in some extent. 

The monoclinic crystal which has many fine (100) 
domains is hard to transform to triclinic even in 
low temperature below 0°C and an apparently 
direct phase transition from the monoclinic phase 
to the lower temperature phase is frequently ob- 
served near ~—40°C, but the transition from the 
lower temperature phase to the triclinic phase on 
heating is always observed. The monoclinic multi- 
domain crystal can be changed to the single domain 
crystal easily by the external stress‘), and the 
obtained single domain crystal always shows the 
monoclinic-triclinic transition near 17°C. On the 
other hand, whenever the crystal which shows the 


monoclinic-triclinic transition is heated once above 
350°C, the monoclinic-orthorhombic transition tem- 
perature, it has many fine (100) domains in room 
temperature and does not show the monoclinic- 
triclinic transition near 17°C. It seems to be due 
to this effect of (100) domains that the existence of 
the triclinic phase between the monoclinic phase 
and the lower temperature phase has been over- 
looked by many investigators. 

The dielectric properties of this triclinic phase 
should be studied in future. 

The author wishes to express his sincere thanks 
to Prof. K. Tanaka for his continual encouragement. 
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Absorption Spectrum of Copper-Coloured 
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By heating a cuprous oxide film 0.1 mm thick in 
a vacuum electric furnace maintained at 900°C, 
a copper-coloured specimen of partially reduced 
cuprous oxide was obtained. The absorption spec- 
trum of the specimen revealed an interesting band 
as will be described in the following. 

The spectrograph of Hilger’s constant deviation 
type was used with an incandescent lamp as the 
light source. The transparency of the specimen 
was so poor that very long exposure was necessary 
to obtain the clear absorption spectrum. 

In Fig. 1, two spectrograms taken at room tem- 
perature are shown: (a) is the spectrogram of the 
normal cuprous oxide film of 0.1mm thickness and 
(6) is the spectrogram of the copper-coloured speci- 
men obtained by the above-mentioned procedure. 

In (@), we can observe three absorption edges at 
the wavelengths 637 my, 628 my and 607mp. The 
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a edge (b’) 
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writer has already given the interpretation of these 
as follows): 

1) The two sharp absorption edges at 637 mp 
and 628 mp correspond to the transitions from the 
doublet states ?P of O- to the empty band; 

2) The third at 607 my is the limit of the long 
wavelength tail of the characteristic absorption of 
the cuprous oxide film of 0.1mm thickness. (The 
shift of the edge towards the shorter wavelength 
side is always observed not only with the decrease 
of temperature, but also with the decrease of film 
thickness. In the previous work), this edge was 
called “the absorption edge (b’)”.) 

In (6) of Fig. 1, we can also identify two sharp 
absorption edges at 637 mp and 628 my, but cannot 
observe the absorption edge corresponding to that 
designated as (6’) in (2). Instead a new absorption 
edge is found at the wavelength 576m, where a 
broad band starts towards the longer wavelength 
side extending over the two sharp edges stated in 
(1). The disappearance of the absorption edge (6’) 
can be explained by assuming that the reduction 
process makes the cuprous oxide film so thin that 
the absorption edge (b’) moves towards the wave- 
length shorter than 607 mz and is missed there. 

Lange3) measured extensively the spectral sensi- 
tivity of photo-e.m.f. of copper-cuprous oxide 
photo-cells at various temperatures. According to 
his results for the room temperature, (i) the 
maximum sensitivity is obtained at about 630 mp; 
(ii) the long wavelength limit of sensitivity is about 
1.4.; and (iii) towards the wavelength shorter than 
630 mp, the sensitivity rapidly decreases and beyond 
575 mp no photo-e.m.f. can be detected. This sharp 
drop at 575my has hitherto been interpreted as 
due to the increase of the absorption coefficient of 
cuprous oxide to values so large that the light 
cannot penetrate the material. 

The broad absorption band newly found in the 
present study might be inferred to be responsible 
for the photo-e.m.f. of the copper-cuprous oxide 
photo-cells mentioned above. This consideration 
comes from the circumstances that the shortest 
wavelength of the new absorption band happens to 
coincide with that of the spectral distribution of 
photo-e.m.f. at room temperature. 

The writer is now preparing further experiment 
to see if the above experiment can be asserted to 
be valid. 

References 
1) M. Hayashi: J. Fac. Sci. Hokkaido Univ. (II), 
4 (1952) 107. 


2) M. Hayashi: loc. M. Hayashi and K. 


cit.; 


Katsuki: J. Phys. Soc. Japan 7 (1952) 599. 

3) B. Lange: Naturwiss. 19 (1931) 529. 

4) B. Lange: loc. cit.; N. F. Mott and R. W. 
Gurney: Electronic Processes in Ionic Crys- 


tals (Clarendon Press, Oxford, 1940) 195. 


682 Short Notes 


J. Puys. Soc. JAPAN 14 (1959) 682 


Visible Light Emission from Metal- 
Silicon Contact 
By Makoto KIKUCHI 
Electrotechnical Laboratory, Tokyo, Japan 
(Received March 12, 1959) 


It has so far been observed that visible light 
was emitted from a reverse biased p-n junction in 
silicon crystals). On the course of study on this 
kind of phenomena, we have found out that the 
light was emitted even from a metal-silicon contact. 
When a small electrode is formed on a silicon 
crystal surface with silver paste as shown in Fig. 
1, the contact shows strongly rectifying character- 


Ag Paste , 
Electrode Pressure 
Contact 
— Si Crystal 
Fig. 1. The sample preparation. 


Fig. 2. Photograph of the visible light emission 
from the Ag-paste electrode on 
crystal. 
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Fig. 3. Appearance of the radiating spots (a) 
before, and (b) after the application of castor oil, 
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istic, and small bright radiating spots appear on 
the periphery of the electrode in the hard flow 
direction of the characteristic (Fig. 2). 

Many kinds of experiments have been performed 
to clarify whether these light spots are of the 
same nature as those observed in the p-n junctions 
(i.e. microplasma). Fig. 3. (b) shows the appear- 
ance of the spots on the periphery of the electrode 
when it is immersed in castor oil. As is shown, 
the spots appear at the same positions as before 
applying the castor oil (Fig. 3 (a)), although the 
backward current is reduced and the voltage neces- 
sary to get the same pattern is increased. This 
result may serve as an evidence to deny the pos- 
sibility that the spots are small discharge in the 

photoresponse 
[arbitrary unit] 


light emitting 
spots 


Ag -PASTE 
ELECTRODE 


T et oe T 


-500 (0) 


masses 
50Q microns 
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Fig. 4.. The local photoresponse of the contact 
when the spots are being observed. The light 
is chopped at 245 cps, and the width of the 
light is 250 microns. 


air gap between silver particle and silicon surface. 

In Fig. 4 is shown the result of the measurement 
of the local photoresponse of the contact when the 
spots are being observed. A chopped light from 
a slit is focused and scanned in one direction on 
the electrode. As is shown, remarkable multiplica- 
tion is observed at the light emitting spots. 

Some of the spots are reddy and blue, but most 
are yellow or white. Almost the same pattern 
could be observed down to the liquid oxygen 
temperature. The appearance of the spots seems 
to have strong correlation with the magnitude of 
the current and also with its fluctuation. 

The experimental details and the discussion will 
be reported in the near future. 
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Nuclear Spin-Spin Coupling between 
Protons in Vinyl Derivatives 
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Shuzo HATTORI and Kantaro SENDA 


Depariment of Physics, Kanazawa 
University, Kanazawa 


(Received March 24, 1959) 


In order to examine the spin-spin coupling con- 
stants between protons in vinyl group, we have 
chosen styrene and trans-cinnamic aldehyde by the 
reason that the shift between protons in their vinyl 
groups is relatively large. We have assigned their 
proton spectra as 3-spin system, neglecting the 
interactions with protons in benzene ring*. We 
have taken the Hamiltonian for such a system as 
follows: 


FE = 0a + oon +0313 +I hy ly +-Jole-I3+-Jsl3-hh , 
where 
op=(7/2n) i . 

We rewrite this as the sum of the following G7 
and FO, 

GF V=TatInt+fs) , 

GF Vea 0 Ien+olgn +h Ty +-Joly-134-Hlg-hh , 
were 


o'=02~-01, 


COS FO] ts 

;, Jz as perturbations, we have 
determined the parameters as follows: 
6 == 2) ON CDS O— 59. O"EDS> sj — 16) Gps, y= 7 /2°eps, 
J3=10.6 cps for styrene, and o’=—117.8 cps, o= 
—93.0 cps; Jj=7.4 cps, 4=15.2 cps, J; < 0.5 cps 
for trans-cinnamic aldehyde. 

The calculated patterns with these values repro- 
duce the experimental spectra which are shown in 
Fig. 1 and Fig. 2. The signs of J’s have not been 
able to be determined at all in this approximation. 


Benzene 
sd tianlian 
cer se 4 eo a p< 


Fig. 1. Calculated and experimental spectra of 
styrene. 


Considering Jj, 


aie In trans-cinnamic aldehyde, the coupling 43, 


‘between H, and Hy; (see Fig. 3 (a)) is expected to 


be very small in the same order as the coupling 
between H; and ortho proton in benzene ring, but 
only J3 is taken into accunt formally to treat this 


spectra as 3-spin system. 
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In order to make the assigned coupling constants 
correspond to the chemical structures, we first 
consider trans-cinnamic aldehyde. In this case, the 
shift between aldehyde group and benzene group 
is known approximately and the coupling constant 
between the farthest protons is considered to be 
nearly zero. So we have been able to make them 
correspond to the chemical structures as shown in 
Fig. 3 (a), where the cis-form of CHO is shown, 
but the coupling constants obtained above are 
average values of the spectra in the cis- and the 
trans-form. From this, it is inferred that the 
coupling constant between protons in vinyl group 
in the trans-position is approximately 15 cps. 


Benzene 


Fig. 2. Calculated and experimental spectra of 
trans-cinnamic aldehyde. 
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Further we have examined the spectrum of 
coumarine (see Fig. 3 (c)) and have found the coupl- 
ing constant between protons in the cis-position to 
be approximately 10 cps. From these results, we 
have made the assigned coupling constants of 
styrene correspond to the chemical structures as 
shown in Fig. 3 (b). From the results obtained 
above, we have ascertained that the coupling con- 
stant between protons bonded to the same carbon 
atom in vinyl group is small23), and that the 
coupling constants between protons in the cis- and 
trans-positions separated by two carbon atoms are 
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far larger than this”. 

The coupling constants; Aj, J, and J; of styrene 
obtained above are in very good agreement with 
the corresponding values, 1.4, 17.5 10.8 cps and 1.9, 
17.4, 10.4 cps, for 3,3-dimethyl-l-butene and 1- 
butene respectively which Alexander has reported”). 
Though the assignment of the observed coupling 
constants to the cis- and trans-coupling was not 
made clear in his paper, we have been able to 
distinguish the cis- and trans-coupling constants. 
And the values of the cis- and trans-coupling con- 
stants we obtained are consistent with the theory 
of Karplus»), appeared after this work was carried 
out. 

The good agreement of the coupling constants 
among styrene, 3,3-dimethyl-1-butene and 1-butene 
shows that the substitutional radical does not alter 
coupling constants appreciably, while it has an 
effect on chemical shifts considerably. 

The measurements were performed at Japan Elec- 
tron Optics Laboratory Co., Ltd. using JNM-3 type 
NMR spectrometer operated at 40 Mc. 
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Fine Structures of Proton Resonance 
Spectra of Fluorobenzene Derivatives 


By Minoru KImMuRA, Shin-ichi MATSUOKA, 
Shuzo HATTORI and Kantaro SENDA 


Depariment of Physics, Kanazawa 
University, Kanazawa 


(Received March 20, 1959) 


We have studied the high resolution proton re- 
sonance spectra of p-bromo-fluorobenzene and p- 
iodo-fluorobenzene. 

Their spectra show the fine structures due to 
spin-spin couplings, and we have analyzed them as 
5 spin system of XA,B, type with Cy, symmetry. 
In this analysis, we have adopted the notations as 
shown in Fig. 1 in which the symmetrical property 
has been taken into account, and have neglected 
J,(HH), as reported to be approximately zero by 
Richards and Schaefer), Bak et al®, and by 
Gutowsky et al. Then, if we neglect Jin(HH), the 
secular equation of the Hamiltonian for this system 
have been able to solve exactly. To such approxi- 
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mation that J(HH) has been neglected, the main 
intense lines are expected to be eight lines, divided 
into two groups each having four lines. The 
separations of these two groups are due to the 
chemical shift between the protons at the ortho- 
and the meta-position. 


JF —A))=JAF — A2)=Jo(FH) 


sine JF — By) =IF — Bs)=Im(FH) 
x-¢ SF JA — A»)=J(Bi— By)=Im(HH) 
ees J(A;—Bi)=J(Ag— Be) =do (HH) 


JA, — By) =J(A2— Bi) =J)(HH) 
Bigs: 


The contribution of Jm(HH) to the energy shift 
has been calculated by making use of a perturba- 
tion theory to the first order. In the observed 
spectra, it happened that the two lines in the 
intense ones overlapped. These intense lines in 
the observed spectra have enabled us to determine 
the coupling constants J,(FH), Jm(FH), J(HH) and 
the chemical shift, o. Their values thus obtained 
are: 
o=18.97 cps; Jo(FH)=9.47 cps, Jm(FH)=6.11 cps, 
and J,(HH)=9.65 cps for p-bromo-fluorobenzene; 
o=32.6 cps; Jo(FH)=9.35 cps, Jm(FH)=6.08 cps and 
J,(HH)=9.30 cps for p-iodo-fluorobenzene. 

Jm(HH) is to be determined by performing the 
assignments of the other weaker lines which are 
separated from the intense lines by the effect of 
Jm(HH). In our estimation, it is probable that the 
value of J(HH) is approximately 2 cps in both 
molecules and has the same sign with J,(HH). 
However, in order to determine the value of Jm(HH) 
accurately, the resolving power of the spectrometer 
must be improved a little more. 

The investigations about the benzene derivatives 
have been reported by Richards and Schaefer), Bak 
et al”), and Gutowsky et al). They investigated 
p-fluoro-aniline, deuterium substituted fluoroben- 
zenes and other substituted fluorobenzenes and 
found the chemical shift between protons in the 
ortho- and the meta-position, and determined the 
values of the spin-spin coupling constants between 
nuclei. The coupling constants obtained here agree 
almost with their results. 

The spectra were observed with JNM-3 type 
NMR spectrometer of Japan Electron Optics Labora- 
tory Co., Ltd. operated at the fixed frequency 40 
Mc. 
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A Metastable Phase in Sn-Mg Alloy Film 


By Rydji SUGANUMA 
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(Received February 5, 1959) 


Through the electron diffraction study of Sn-Mg 
alloy films, a new phase was observed which seemed 
to be metastable. 

The thin films were made in vacuum (about 10-5 
mmHg) by successive evaporation of Sn and Mg 
on Formvar films at room temperatures. The 
compositions of films as a whole were 7~55 at. % 
Sn and the total amount of the evaporated metals 
was about 10 mg. 

The diffraction pattern of the films whose com- 
positions as a whole are Mg-rich compared with 
that of Mg»Sn is composed of the patterns of Sn, 
Mg, MgeSn and an unknown new phase at room 
temperatures. When these films are heated in the 
electron diffraction apparatus, the new phase im- 
mediately disappeared at about 150°C and the 
diffraction patterns of these specimens only show 
the existence of Mg and Mg,Sn, which do not show 
any change even atter the cooling to the room 
temperatures. While, in the case of Mg-poor 
specimens which are composed of Sn, Mg»Sn and 
the new phase at room temperatures, the most 
part of the film indicates only two phases of Sn 
and Mg»Sn at about 150°C, but a part of the same 
film remains in the state of three phases, namely, 
the melt of Sn, Mg»Sn and the new phase, at about 
315°C. The diffraction patterns of these specimens 
show no changes by the cooling to the room 
temperatures as the case of Mg-rich ones. The 
unknown new phase was always observed for the 
specimens before heat treatments, independently of 
the compositions of films as a whole and no matter 
which constituent metal was deposited as the 
primary layer. The specimens, which are com- 
posed of two phases of Sn and MgSn by the 
heating up to 150°C, do not show the existence of 
the new phase even after the annealing for about 
one hour at the temperatures of about 100°C, 150°C 
and 240°C (the melting point of Sn being 232°C), 
respectively, and in addition, the bulk specimens 
prepared by the vacuum melting of Sn and Mg 
(about 65 at. % Sn) only show two phases of Sn 
and Mg.Sn, but not the new phase. From these 
facts, the new phase seems to be metastable at 
least in the temperature ranges studied (i.e. from 
room temperatures to about 150°C for the Mg-rich 
specimens and to about 315°C for the Mg-poor 
ones). 

The diffraction rings of the new phase and Sn 
mostly overlap each other. But, in the diffraction 
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patterns obtained at the temperatures higher than 
the melting point of Sn, the halo pattern of Sn 
appears in place of the ring pattern of Sn so that 
the diffraction pattern of the new phase can be 
easily distinguished from that of Sn. 

The diffraction pattern of this new phase could 
not be compatibly explained by assuming the 
tetragonal or hexagonal systems. Therefore, Lip- 
son’s method” for the orthorhombic crystals was 
applied. It was successful in this case and ap- 
proximate values of three axes of the orthorhombic 
unit-cell were obtained graphically. After refined 
numerical calculations, the three axes were deter- 
mined to be a=15.23A b=8.90A and c=13.10A. 
For example, the observed and calculated spacings 
for the specimen of about 50 at. % Sn, which was 
made by the deposition of Mg on the primary Sn 
deposit, are tabulated in Table I. The spacings of 
Mg2Sn observed with the specimens, which indicate 


Table I. 
New phase | MgeSn 
(hkl) d(calc.) d(obs.) I(obs.) | (hkl) d I 
013 3.91pA 3.90,A* Soi Til. “S.915Al ets 
400 3.807 3.807 ‘S) 
022-5 3. 6SimeronOes S 
A5lIL  Sineten  Opavee w 200 3.384 Ww 
(8) Bulle Seilas Ww 
420 2.893 2.898 m 
421 2826 Z 827 VVW 
422 2.64, 
323 5 es 2.653 m 
128 2.593 2.595 Ww 
OR AR On Ww 
025 2.258 2 274 Vw 
O40 2222" 92,225 m 
006 2.18; 2.183 
216 2.04, 2.04,;* oll 2.04; m 
604 2.005, 2.00, VVW 
614 9570 el 53% Ww 222 1.959 vw 
800 1.904 1.913 
044 1.84) 1.84, VVW 
ISOs abe oey LET VVW 
426 1.74, 1.741 vw 
822 1.69) 1.69.* m 400 1.683 Ww 
910 1.66, 1.665 m 
008 1 636 1.634 Vw 
PK baie Ihe: m 
046 1.553 1.55¢* Ww 331 1.555 Ww 
060 1.483; 1.487 w 
446 1.44, 1.44: m 420 = cs) 
816 1.41, 1.417 vw 
ASP WeShy) eleods vw 
646 1.323 1.329 VVW 
AGAME Te 27a) Neate w 


* These lines are superposed on the reflections 
of Mg.Sn, so that they might have to be dis- 
regarded, 
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two phases of Sn and Mg,Sn, are also shown in 
Table I. These values agree well with the data 
obtained from the X-ray diffraction. 

When the systematic absence in the diffraction 
lines, except the (013) reflection superposed on the 
(111) reflection of MgeSn, is considered, the space 
group of the new phase may be supposed to be 
Pynn and the symmetry does not become higher 
than Pynn even though all the reflections superposed 
on those of Mg.Sn are neglected. However be- 
cause only powder diffraction data with thin films 
are available in the present stage, further studies 
will be required for the accurate determination of 
the space group. 
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Anomalous Hall Effect due to ans-d Inter- 
action in the Dilute Alloys Containing 
the Transition Elements 


By Mikio TsuJI 


General Education Department, Kyushu 
University, Oisubo-machi, Fukuoka 


(Received March 30, 1959) 


Since the discovery of the anomalous behaviour 
of the electrical resistivity of noble metal alloys 
by Geritsen and Linde”, the mechanism causing 
the anomaly has been the subject of a number of 
investigation. Recently Yosida2) has presented a 
theory in which the anomalous decrease of the 
electrical resistivity at low temperature and the 
anomalous negative magnetoresistance of the noble 
metals containing traces of the transition elements 
have been interpreted as an effect of the s-d ex- 
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Fig. 1. Change in Hall coefficient vs. square of 


magnetic field for the 0.2 at. per cent Mn in 
Cu. (Estimated from Schmitt and Jacobs’ data 
and Eq. (5)). 
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change interaction between the conduction electrons 
and the magnetic ions. Here, we shall show that, 
if the mechanism of Yosida is true, the alloys 
would show also an anomalous Hall effect*. 

Now, in a dilute alloys having total magnetization 
of the transitions ions M, the relaxation times t+ 
of the conduction electrons of + and — spins are, 

te ll(WoFwM) , (ais) 
respectively2. Here WotwM is the transition 
probability of the electrons. From (1), Yosida has 
obtained the resistivity of the alloys as 


Wo w2 
co —)-1=—_—~— M2 
ox(z++r-) 5 OW, : (28 


The Hall coefficient Ry is given by 


Gicee 
(ta +7-) ’ 
where yp is the Hall coefficient in the limit of 
small magnetic field (r~=r-). Inserting (1) into 


Ry=2Ro (3) 


(3), we have 


Ren=Ri(1+ mil) (4) 
0 
Eq. (4) shows that an anomalous Hall effect 


ARy=Ro(w?/Wo?)M2 would appear in the alloys, 
which is proportional to the square of the total 
magnetization and causes an increase of the ab- 
solute value of the Hall coefficient. From (2) and 
(4), we have a relation 


Ahn 88 (5) 
H 0 

Schmitt and Jacobs®) have measured the mag- 
netoresistance of the dilute Cu-Mn alloys at low 
temperatures. Therefore, we can estimate the 
order of magnitude of the expected anomaly in the 
Hall effect and its temperature dependence by using 
the relation (5). As an example, the estimated 
values 4Ry/Ry for 0.2 at % Cu-Mn alloys are 
shown in Fig. 1. 

We should like to thank Prof. Y. Sibuya, Tohoku 
University, who called this problem to our atten- 
tion. 
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Changes of Ultrasonic Attenuation 
during Creep of Aluminum 


By Akira HIKATA and Masayoshi TuTUMI 


Government Mechanical Laboratory, 
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It has been reported!-® that ultrasonic attenua- 
tion is very sensitive to the plastic deformations of 
metals. On this basis, changes of ultrasonic 
attenuation during creep experiments of aluminum 
(99.97 per cent purity) at room temperature were 
investigated. 
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Ultrasonic pulses of 5 MC/sec are transmitted to 
the specimen at its one end using a quartz trans- 
ducer and multiple echoes reflected from the other 
end of the specimen are received by the same 
transducer. The electric signals thus obtained are 
then amplified and displayed on the screen of the 
synchronized oscilloscope. The specimens are sub- 
jected to a constant load, and attenuation of the 
ultrasonic waves and strain are measured as a 
function of time. 

One of the results is shown in Fig. 1. 
shows the usual strain-time relation of this ex- 
periment in which the load was increased or 
decreased several times by a small amount during 
the creep process. Curve R is for the strain 


Curve 3S 


40 ok 
. ss 
GO : Stre KO/n im 
30 
a 
7 
2 
2 
| 2 
elo} = 
= £ 
iS £ 
n on 


0O-=3.82 


0=390 \ 


Fe 22, 


Attenuation (db/sec) 
4 9° ° ° So 
ie & MEA ae 


1 
ie) 50 !00 150 
Time (hours) 


Curve S: 
Curve a: 


Fig. 1. 


rate-time relation calculated from the curve S. 
Curve a is for the corresponding attenuation-time 
relation. 

It becomes clear from this experiment that there 
is a close relationship between the strain rate and 
ultrasonic attenuation. 

According to Granato and Liicke®),®) ultrasonic 
is determined by the effective loop 
It is plausible 


attenuation 
length and density of dislocations. 
that during the creep process, the effect which 
increases the attenuation, such as the increase of 
dislocation density and bulging out of dislocation 
loops, and the effect which decreases the attenua- 
tion, such as the pinning of those dislocations by 
vacancies created during the deformation, are 
always competing each other. When there is any 


Creep strain-time relation. 
Attenuation-time relation. 
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Curve R: Creep rate-time relation. 


Curve a’: Recovery of attenuation. 


disturbance between these two effects by changing 
the load slightly, the balance will not be held 
anymore and sharp increase or decrease of attenua- 
tion is observed until it reaches the new equilibrium 
state. The details of this mechanism together 
with the experiments now undergoing will be 
published later. 

Curve a’ of the Fig. 1 is for the recovery of the 
attenuation when the load is completely removed 
at the end of the experiment. This curve clearly 
shows that the increase of attenuation at the final 
stage of the creep process does not come from the 
decrease of the cross sectional area of the specimen 
by necking. 
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Size Effects on the Ferrimagnetic Reso- 
nance Absorption of Polycrystalline 
Ferrites and Garnets 


By Hiroo YONEMITSU 


Matsuda Research Laboratories, 
Tokyo Shibaura Electric Co., 
Kawasaki, Japan 


(Received January 19, 1959) 


Polycrystalline ferrites and garnets are prepared 
by the usual ceramic technique, and their size 
effects on ferrimagnetic resonance absorptions are 
investigated. Samples are ground in the form of 
sphere by the Bond’s method and put into the 
rectangular cavity resonator having the TEj9; mode. 
Measuring apparatus is composed of the source 
modulation balanced bridge type spectrometer using 
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the magic-tee, and operates at the frequency of 
9,345 Mc. 

Effects of size on the microwave properties of 
ferrites have been already investigated by several 
authors!-®). But most of their works chiefly dealed 
with the shift in resonance field. 

This paper deals with the size effect which is 
defined here as the variation of resonance line- 
width 4H with the diameter D of sample. 

The typical data are shown in Fig. 1, where one 
may notice that 4H has a certain constant value 
provided D? is sufficiently small, while 4H in- 
creases linearly with D? if D? is rather large. It 
can be approximated by the following empirical 
formula 

4H=a+aD2 
where a is the proportional constant. 
Since a is strongly dependent upon the porosity 
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p (in %) of each sample, an attempt is made here 
that @ is plotted against ». Several such results 
are shown in Fig. 2. 

In most ferrite samples a decreases with p until 
p is equal to about 10%. Since these materials 
were fired at high temperatures with long keeping 
times, they should contain many ferrous ions. It 
is verified by their very high conductivities. 
While in the garnet samples a is initially small 
and increases gradually with p. As for the yttrium 
iron garnet (YIG), it is verified by X-ray and 
thermomagnetic analysis that the possibility of the 
presence of ferrous ions is very small. This 
difference in the content of the ferrous ions 
between the two materials might have some con- 
tribution to the observed different character of the 
two materials. 

Further considerations will be presented soon 
later. 
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An Application of the FA-Modified TF 
Model to the Singly Ionized 
Negative Ion 


By Shigehiro KOBAYASHI 


Department of Physics, Kagawa 
University, Takamatsu 


(Received February 9, 1959) 


It is well known that the Thomas-Fermi (TF) 
model modified by Fermi and Amaldi (FA), taking 
as its TF function the ordinary one ¢ with the 
modified unit »*, enables us to treat the free states 
of singly ionized negative ions as well as atoms 
and positive ions. 

By the use of this model, Jensen» has already 
calculated the values of molar diamagnetic suscep- 
tibilities of neon-like negative ions and obtained 
fairly good results. 

As another application of this model, we have 
calculated the mean excitation energy and the X- 
ray scattering factor with the use of our table of 


vo(a). 
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Fig. 1 shows the nearly linear dependence of the 
mean excitation potential Vy and energy Hy on 
atomic number Z%, both in logarithmic scale. 

Fig. 2 shows the variation of the coherent scat- 
tering factor fy and the incoherent scattering factor 
So” per electront versus sin 6/2. 

Fig. 3 shows the coherent scattering factor fo for 
several negative ions. As there has been no 
calculated values of fy using the Hartree-Fock (HF) 
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t Definition of fy and so? are due to Bethe [Ann. 
Physik V 5 (1930) 325] and Heisenberg [Phys. Zs. 
32 (1931) 737] and these quantities have been ob 


Z+1)%3 si 
tained as definite functions of eee ani 
(Z+1p8sine 4 nikal 
Zs ” only, respectively. 
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field for heavy negative ions, we have plotted 
those values for F- and Cl-, for comparison”. 
Though these are not heavy enough, we did so 
because we found no better means. It is noticeable 
that the discrepancy changes its sign alternately 
with the increase of sin @/A for both ions. 

The author wishes to express his sincere thanks 
to Professor K. Umeda of Okayama University for 
his continued guidance and kind encouragement 
throughout this work. 
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Evaluation of the Nuclear Quadrupole 
Moment of N" 
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The nuclear quadrupole moment of N# nucleus 
evaluated from the eQq coupling energy in mole- 
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cules by several people seems to have disagreed 
values. Owing to the lack of the datum by the 
atomic beam experiment for this atom, we are 
forced to evaluate the quadrupole moment from 
the molecuar data using the calculated field gradi- 
ent. 

Townes et al) have estimated Q(N™)=2 x 10-*6 
cm? from the experimental datum on cyanide, while 
Sheriden et al? Q(N™“)=1x10-*5cm? from the ex- 
perimental datum on NF3. These are derived 
from the field gradient calculated by the simple 
approximation which was offered by Townes and 
Dailey®). Recently, Bassompierre) has calculated 
the field gradient by LCAO SCF MO which was 
set up by him for the HCN molecule and obtained 
Q(N")=0.71 x 10-26 cm? from the experimental da- 
tum on HCN. 

In views of these facts, it seems worthwhile for 
us to estimate Q(N“) from the experimental datum 
on the NH; molecule by calculating the field 
gradient at the N nucleus, using the LCAO SCF 
MO set up by Duncan for this molecule. Duncan’s 
function gives 99.2% and 72% of the experimental 
total and binding energy respectively. This seems 
a fairly good result as the quantum-mechanical 
calculation of this kind. The NH; molecule has 
three-fold symmetry around the principal axis of 
symmetry, so that we only have to calculate the 
mean value of 6?V/6Z77(=q), where Z is taken 
along the principal axis of symmetry and V is the 
electrostatic potential in the molecule. Now g can 
be divided into two parts; g=qdn+qQe, where gy, and 
de respectively represent the contribution to the 
field gradient from the three protons all the elec- 
trons in the molecule. ¢g, can be written in the 
scheme of LCAO MO as follows, 

3 cos? 6,~1 


ry 
de= —2e > ana { See oe 3 
i.p.d Tn 


yqdV 


=—2e D 'didi , Cis 
v 


where 7 stands for the suffix of the occupied MO; 
Pi= dX AipxXp, x’S Yepresent Slater AO and ry, 6z 
p 


are the distance from the N nucleus and the polar 
angle from the 7% axis. e is the protonic change. 
For the evaluation of the integrals in Eq. (1), we 
have made use of the Barnett-Coulson method”) 
which enables us to expand 1s orbitals centered on 
three protons in terms of ry, 0, and g. A three- 
center integral is also expanded in the same manner 
and its radial part is reduced to a doubly infinite 


SIRENS BOL) i C121, rw: R) x Cn, rw: Rr 2dry. 


The convergence is rather poor, yet we think it is 
sufficient to take several terms because of the 
small contribution to q from this integral. The 


contributions to ge from each occupied MO (4;) 
are as follows; 
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q'¢id1 +0.03164 38 a.u., 
q'¢2¢2 ++1.65281 69 atin, 
q'$363 +-0.00001 604 a.u., 
Q' b565='b767 — 0.49257 03 a.u., (2) 


here the number of suffix 7 is the same as Duncan’s 
one. Then we obtain q=1.39467e a.u.. 

For the field gradient gn due to protons, we have 
taken into account of the effect of the nuclear 
vibration in the molecule. A study of the normal 
modes of vibration in this molecule8) shows ihat 
at ordinary temperature, we have only to take an 
average value over symmetric bending vibration of 
protons corresponding y.(a;)=950cm-!, and there- 
fore we have estimated the average regarding this 
mode as the simple harmonic oscillation. Follow- 
~ ing these considerations, we have obtained qn= 
—0.224115e a. u.. If all the nuclei are assumed to 
be fixed in the equilibrium positions, qn becomes 
—0.246876e a.u.. In order to take the effect of the 
nuclear vibrations on gq into accunt, we must know 

the adiabatic dependence of ge on the normal co- 
ordinates of vibration. However this is a very 
difficult task and therefore we have assumed that 
Ge is independent on the nuclear vibrations. This 
is probably allowed since the electrons, which give 
a great effect to the field gradient, are in vicinity 
of the N nucleus and they would be scarcely 
perturbed by small vibration of protons. 

Now the total field gradient g becomes —1.61879e 
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a.u. for the vibrating nuclei and —1,64155¢ a.u. 
for the static nuclei. The nuclear quadrupole 
coupling energy of the NH3 molecule is known to 
be —4.10Mc.®, from which we obtain Q(N!4)=1.08 
x 10-6 cm? for the vibrating nuclei and 1.06 x 10-76 
cm? for the static nuclei. It is interesting to note 
that our estimated value has fallen into the in- 
termediate value between Townes et al’s and 
Bassompierre’s estimation. 


References 


1) C. H. Townes, A. N. Holden and F. R. Merritt; 
Phys. Rev. 74 (1948) 1113. 

2) G. Sheriden and W. Gordy: 
(1950) 513. 

3) C. H. Townes and B. P. Dailey: 
Phys. 17 (1949) 782. 

4) A. Bassompierre: Compt. rend. 240 (1955) 285. 

Gy) se Is, tty Wierarestas fe (iain, Ione, Fiz (CICb 7) 
423. 

6) For example, F. O. Ellison and H. Shull: J. 
Chem sehyshe 21-1953) = 1420 "(5 ©). Cm We 
Scherr: ibid. 23 (1955) 569 (N,). R. C. Sahni: 
ibid. 25 (1956) 332 (BH). 

7) M. P. Barnett and C. A. Coulson: 
Soc. (London) 243 (1951) 221. 

8) D. C. Mckean and P. N. Schatz: 
Phys. 24 (1956) 316. 

9) B. T. Feld: Phys. Rev. 72 (1947) 1116. 


Phys. Rev. 79 


J. Chem. 


Trans. Roy. 


J. Chem. 


Errata 


A Note on the Theories Underlying the Polarimetric Study of Very 
Thin Dielectric Surface Layers 


By Sadao NomuRA and Koreo KINOSITA 
J. Phys. Soc. Japan 14 (1959) 297 
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Absolute Cross Sections of the (7, n) Reaction 
for Cu®, Zn™ and Ag!” 


By Teruo Nakamura, Kunio TAKAMATSU, Kiyoji FUKUNAGA 
Minoru YATA and Shinjiro YasumI 


’ 


Department of Physics, Faculty of Science, University of Kyoto 
(Received January 14, 1959) 


The photonuclear reaction cross section of Cu®(7,)CuS has been 
frequently used as the standard for the (7, ) reactions, but the measured 
values by many workers do not agree with one another and can be 
roughly divided into two groups, namely, about 100 mb group and about 
50mb group. It appears that the former group contains the values ob- 
tained mainly by measurements by use of bremsstrahlungs, while the 
latter those obtained mainly with Li-p j-rays. 

We attempted to re-determine the (7, 7) cross section for copper, zinc 
and silver by Li-p y-ray. Absolute measurement of y-quanta was per- 
formed by Hough’s method, and reaction yields were determined by the 
activation method in which the absolute numbers of activated nuclei in 
samples were determined by measuring the f-ray with a 4x-proportional 
counter and applying the “method of extrapolation”. The cross sec- 
tions of Cu®, Zn and Ag!09 for 17.6Mev ;-rays were found to be 
42.5mb+15%, 23.3mb+18% and 61.5mb+16% respectively. Experi- 
mental cross sections so far obtained by many workers are compiled in 


Table II and some discussions are given. 


Introduction 


§1. 

The absolute cross sections of (y, ”) reac- 
tions have been studied by many workers.0-1 
Especially, for Cu%, its cross section has been 
customarily used as the standard of (r, 7) 
reaction cross sections and has been frequently 
measured for both lithium-gamma rays and 
bremsstrahlungs by using various methods as 
indicated in Table II. 

It seems curious, however, that experi- 
mental cross section values of this reaction 
never agree with one another and the discre- 
pancies between them sometimes exceed over 
about 100%. So far as the Cu®*(7, 2)Cu® 
“reaction cross section value is used as the 
standard, this uncertainty introduces directly 
the ambiguities of the same order into the 


integrated cross section value \oak which is 


often compared with the sum rule of the 
photonuclear reaction. Therefore further in- 
vestigation on the cross section seems to be 
extremely desirable. For this reason, we have 
attempted to re-determine the (7, ) absolute 
cross sections of Cu®*, Zn®* and Ag?® for Li-p 
7-rays. 
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§2. Experimental Procedure 


The y-rays were produced by the Li’(p, 7)Be® 
reaction. Li metal targets of 0.5mm _ thick 
were bombarded with magnetically analysed 
protons which were accelerated to 500 Kev by 
a Cockcroft generator and whose intensities 
were about 50 wA~100 wA. Sample discs made 
of copper, zinc and silver were irradiated by 
these y-rays, and (y,) cross sections were 
determined by the activation method. 

The size of the proton beam spot was about 
8mm in diameter, and the distance between 
the sample disc and the y-ray source was 
14.5 mm, the former having been fixed on the 
target box with an aluminium jig’. 

Sample discs used were all 20mm in dia- 
meter and 1mm thick for copper and silver, 
and 0.6 mm thick for zinc respectively. These 
dimensions were the same as those of the 
monitor discs, which had been used by one of 
authors (S. Y.) in the measurement of the 
14 Mev neutron reaction cross section’). 

The y-ray intensities were measured by using 
an end-window Geiger counter with a 5mm 
lead converter on the front and its counting 
efficiency for Li-p y-ray was calibrated by 
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Hough’s method’. Hough’s method may be 
summarized as follows: When a thin metal 
foil is placed in front of a Geiger counter on 
the passage of y-rays, the counting rate of 
the counter will increase due to secondary 
electrons from metal foil produced by r-rays. 
From this excess counting rate and the elec- 
tronic cross section of y-ray for a converter 
metal, we can obtain the y-ray flux at the 
position of the converter foil. In our case, 
when the counter was situated at a distance 
of 31.7cm from the target, one count of this 
counter corresponds to (1.63£0.20) x10‘ 
quanta per 47 steradians™). 


T. NAKAMURA, K. TAKAMATSU, K. FUKUNAGA, M. YATA and S. YASUMI 


(Vol. 14, 


Produced activities were measured by use | 


of an end-window Geiger counter with the 
disc in front of the window. To hold the 


disc, a jig was used, which is the same one as 


that used in the 8-counting described in ref. 15). 


Using the activation method, the cross sec- i 


tion is obtained as follows. 7-quanta were 
measured for every one minute interval for 
copper and zinc, and for every half a minute 
interval for silver, and we considered that the 


y-ray intensity was kept constant in that 
interval and the fluctuation of the intensity | 


was considered as errors. Then the cross 
section o for copper and zinc is given by* 


MN / Se Pas ((T i+ 100 | Saar 
4=>1 


oO 


NGC Tne" Al 


and that for silver is given by 


o— 


, 


m| N ie eas (~(T—ife-+toa) | SOP-CE 
4=1 “| ey. 


where 
No: Avogadro’s number, 
M: molecular weight of the sample, 
%: isotopic abundance ratio, 
4: decay constant of the activity, 
S: correction factor related to the self- 


absorption and scattering of the sam- 
ple, which was measured by the method 
of extrapolation, 
geometrical correction factor for the 
8-counting concerning the absorption 
by the air and the mica window, the 
back scattering and the solid angle, 
which was measured by a 4z-propor- 
tional counter, 
correction factor concerning the branch- 
ing ratio between the positron emis- 
sion and the orbital electron capture, 
namely 
€.=1 


Ce: 


Gx: 


for the case of 8 activity 
Cx>1 for the case of @* activity, 
7; number of the order of each time 
interval during bombardment (integer), 


my.: number of photons reaching the sam- 
ple disc in one minute or half a minute 
of 7-th interval, 
N: §-counts per ?’ minute on the sample 
disc, 
T: time of irradiation (minute), 


Nonld—eM2)(L-e™ V/A] | 


fo: time elapsed from the end of irradia- 
tion to the 
counting (minute), 

t’: time of beta counting (minute). 

For the correction factors S and Ce, we 
used the values measured in ref. 15). Then 
the identity of the properties of both G-M 
tubes must be assured. So it was checked 
with the calibration disc of KCl and it was 
found that they were identical with each other 
within the statistical error. 

The time of the irradiation of y-rays was 
about twice the half life for each sample and 
the time of 8-counting was ten minutes for 
copper and silver, and thirty minutes for zinc 


* For the derivation of this formula, see the 
appendix in ref. 15). Since sample discs used in 
this experiment, as mentioned above, have the 


same dimension as those of the monitor discs used | 


in ref. 15), N in this equation corresponds to Nj 
in ref. 15). In the present case, however, mea- 
surements determining S-value were not performed, 
but we adopted S measured by the method of ex- 
trapolation in ref. 15) for that in this equation, 
because both (, 2) and (7, 2) reactions should 
produce the same residual nucleus. 

Consequently, we may regard S-value as the 
“correction factor” by which counts of compara- 
tively thick sample N can be converted to a value 
proportional tothe specific activity. 


beginning of the beta | 
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respectively. 


$3. Results 


The cross sections obtained are shown in 
Table I. As these decay constants, we used 
the value for copper which was determined 
in our measurement with Peierls’ method and 


the values from King’s table! for zinc and 
silver. 


Table I. Results obtained. 


A | o(Li-p7) 


; F x% 

; o(17.6 Mev) 
Reaction (min-2) | (mb) (mb) 
Cu%®(7, 2)Cu® 0, 0695*+2%/87.74+15% 42.5 
Zn*4(7, n)Zn® 0.018 20.7418% 23.3 
Agi9(7, 2) Ag08\0.295 04.64+16% OL) 


* The decay constant of Cu? was determined in 
our measurement. 

»* For the reduction to 17.6 Mev monochromatic 
y-ray, we used the ratio 1:2 as the intensity 
ratio of 14.8 Mev to 17.6 Mev j-ray, and the 
results of bremsstrahlung experiments as the 
excitation curve for each elements. 


For the _ reactions 
Agr, m)Ag!®, the contributions of 
Cu%(7, m)Cu® (half life ~12 hour) and 
Agi7(y, n)Ag!® (half life 24 min) must be 
considered respectively. In the case of cop- 
per, the contribution of $-activity of Cu®* for 
the 8 counting of Cu® can be neglected be- 
cause of the long half life, so that the cor- 
rection was not made but was included in the 
counting errors. 

In the case of silver, on the contrary, the 
contribution of Ag? £-activity cannot be 
neglected because of the comparatively short 
half life. Thus, using the experimental value 
as obtained by Uemura et al. for the ratio 
of the cross section of Ag!%(r7, m)Ag*® to that 
of Agt (7, m)Ag!* for Li-p y-rays, and con- 
sidering that the geometrical factor Ce and 
specific activity S are of the same values for 
both Ag?® and Ag? £-activities, the cross 
section of Ag?%(7, 2)Ag?°8 becomes as follows: 


5S Ce N 
Nomaaey 


Cu(7, 2)Cu® and 


with 
3S =y[{1—exp (—A1/2)}{1 —exp (—Aut’)}/41] 


27 , 1 
= (Gia) a) 
x> Qnys exp [—(T—1/2 +10) Ai] Ci 
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- mall exp (29/2) 41 — exon tnt) Aa] 


27 
x dS! 2nyi exp [—(LT—2/2 +t) 22] : , 
t=1 Cro 
29.903 , 
O1 


where suffixes 1 and 2 correspond to Ag? 
and Ag!” respectively. 

The source of error was mainly in the mea- 
surement of the absolute gamma quanta, being 
13%, and in the estimation of other errors 
the upper limits were used if they could not 
be estimated accurately. They were as fol- 
lows: +1% from the calculation of the solid 
angle of the sample subtended to the ;- 
source, -+-4% from the shift of the position 
of the y-source, less than 1.5% from an ad- 
ditional error concerning geometrical factor 
Ce due to the difference of the irradiation 
geometry between the present work and ref. 
15), and some errors for each sample. The 
last errors mentioned here were for Cu, the 
statistical error of #-counting: +1%; the 
fluctuation of y-ray intensities during the ir- 
radiation : below =:2.5%; decay constant 2: 
+2%; specific activity S: +3%; geometrical 
factor Cg: +2% and the contamination of 
beta activities of Cu®* for the beta counting : 
below 2%; while for Zn, the statistical error 
of the beta counting : +4%; the fluctuation 
of y-ray intensities during the irradiation : be- 
low 0.2%; the error of 24 negligibly small; 
S:+10% and Ce : +4%; and for Ag, the sta- 
tistical error of the beta counting : 4%; the 
fluctuation of y-ray intensity during the ir- 
radiation : below +2%; 4: +1%; S:+7% and 
Ca: +3%. The errors shown in Table I are 
the roots of square sums of them. 


§4. Discussions 


Making a list of the experimental values of 
the reaction cross section of Cu®(y, 2)Cu® for 
17.6 Mey photons as summarized in Table II, 
it appears that they are divided into two 
groups i.e. one group of about 100 mb and 
the other of about 50mb. The experiments 
belonging to the former were all performed 
by using the bremsstrahlungs of betatrons or 
a linear accelerator except those of WaAffler 
and Hirzel) and Carver and Kondaiah’”, and 
(7, 2) excitation curves were obtained from 
the yield curves with the photon difference 
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Table II. 
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Summary of absolute 


Author 


y-ray 


Source 
(Spectrum) 


Monitor 


Monitor calibration 


H. Waffler und O. Hirzel (1948) 


S. Shimizu (1949) 


B. D. McDaniel, R. L. Walker and 
M. B. Stearns (1950) 


H. E. Johns, L. Katz, R. A. Dauglas 
and R. N. H. Haslam (1950) 


B. C. Diven and G. M. Almy (1950) 


P. R. Byerly and W. E. Stephens 
(1951) 


V. F. Krohn and E. F. Shrader (1952) 


H. Glattli, O. Seippel and P. Stoll (1952) 


R. Montalbetti, L. Katz and 
J. Goldenberg (1953) 


J. H. Carver and E. Kondaiah (1954) 


Li-p 


Li-p 


Li-p 
24 Mev Betatron 
(Schiff) 


22 Mev Betatron | 
(Schiff) 

24 Mev Betatron 
(Schiff) 


21 Mev Betatron 
(exper.) 


Li-p 


23 Mev Betatron 
(Schiff) 


Li-p 


thick walled Al 


| brass G. M. 


G. M. counter | 


lead G. M. counter | 
lead G. M. counter 
roentgen meter 


roentgen meter 


7-monitor 
pair spect. meter 
G. M. counter 


roentgen meter 


Caleb eee lee) 
cal. Sonoda? 
exper. Hough” 
cal, Hin, 


Cale bealonalee 


Victoreen roentgen 
meter 


D,O emulsion 
D.-photodis. « 


exper. Hough 


cale 


exper. Barnes? 


A. I. Berman and K. L. Brown (1954) 
_W. H. Hartley, W. E. Stephens and 


36 Mev Linac 
(Bethe-Heitler) | 


counter 


incident electron 
beam intensity 


| Nal Scintillation 


cal. White, incident 


E. J. Winhold (1956) Li-p Corker proton beam intensity 
B. I. Gavrilov and L. E. Lazareva Synchrotron | Al ionization cali. UesPeD 

(1956) 27 Mev (Schiff)| chamber 
Present ,Work (1959) Li-p GoaNe epenten exper. Hough 

a) ref. 19. 

be retenZZe 

c) ref. 16. 

Gyerete 20: 

e) G. R. White: National Bureau of Standards Reports (1952) 1003. 

f) Flower, Lawson and Fossey: P. P. S. 65B (1952) 286. 

g) The electron attenuation factor in the counter wall e-#* was used in calculation. 

h) Specific activity S and geometrical factor G of @ counting were obtained by the extrapolation 


method. 
i) Specific activity S and geometrical factor G 


method in which the shapes of spectra of 
bremsstrahlungs were needed for the analysis 
of data, and in almost all the cases the 
theoretical curves were used for the spectrum 
of bremsstrahlungs. For the measurements 
of the intensity of bremsstrahlung, a roentgen- 
meter or an ionization chamber was usually 
used and its response was theoretically calcu- 
lated. 

Among the measurements with brems- 
strahlungs, however, it is noticeable that 
Krohn and Shrader? determined the energy 
spectra of bremsstrahlungs by the D,O emul- 


were measured. 


See ref. 4. 


sion and monitored these intensities by the r- 
ray pair spectrometer which was calibrated 
with the cross section of the photodisintegration 
of deuteron, and Berman and Brown used 
directly the incident electron intensity from a 
linear accelerator to determine the intensity 
of the bremsstrahlung. 

In addition, as mentioned above, there are 
only two measurements by Li-p y-ray in the 
100mb group. Waffler and Hirzel!) obtained 
120mb with Li-p y-ray who used a thick 
aluminium counter for the measurement of 
the y-ray intensity and its counting efficiency 


1959) 


(7, 2) cross sections. 
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(7, m) cross 


N elds i 
curing yield o)| relative cross?) 
a ea — -| section of |? ¢u63(17.6) section 
neutron neutron ;  aeeonne: copper. aes Se af of ests 2n wavy 
Getector detector B-counting | Chin ca Author (mb) 
9 calibration oe MONS results (ib) Cu | Zn | Ag 
—— | — —— ———— ze | a —_ — 
Al G. M. counter 5 k) 
(cylindrical) | C!-—e-##")1204:-3093%,.] 120 | 100 | 62e| 176200 
G. M. counter extrap. SW 63 
(end window) | extrap. G M+ 1317 6 e2% 
EpRyle pay: Ra+Be, m) 
3 + paraffin athe 59 12P Fyn) 55 100| 86 | 24.5 
exper. SD 63 
G. M. counter exper, G 110 17.6 110 
G. M. counter 63 
(end window) | R@% 100 17.6 100 100 190109 
G. M. counter | RaD+E 100s Pots 100 
| G. M. counter | extrap. S 63 
(end window) | RaD+E, P2 inne 0 
exper. S 63 
G. M. counter RaD-LE 48+8 Li-p 54 
| BF3-++ paraffin inOtRe 95 100 | 95 | 251 
i A D(z, 2) nat 
Szilard-Chalmers Se a 85 
4x-scintillation 63 
annette extrap. S 97 17.6 97 
Ra+Be, 
BF3-+ paraffin Soares (le 65 | 100] 88 | 270 
BF;-+- paraffin Ra+Be 120 car 104 
iG. M. t f 
@nd window) {4x 6 PS*6 Tip 43 | 100 | 558) 145109 


j) Geometrical factor G was measured by the 4n-counter. 


The cross section of Cu%(7, 7). 

1) The cross section by 17.6 Mev photons. 
The cross section of natural copper. 
The cross section by Li-p j7-ray. 


The following values were used to reduce the cross section of Cu®(7,) by 17.6 Mev photons: 


the intensity ratio of 17.6 Mev and 14.8Mev photons in the Li-p ;-ray is 2:1, o17,6 Mev(Cu) 
/o14.8 Mey(Cu)= 1.67 and O17.6 Mey(Cu®)/o17,6 Mev(Cu®3) = Sy, 


* See §4. Discussions or ref. 14. 


was calculated by Fowler et al. Carver and 
Kondaiah™™ measured neutron yields with the 
Szilard-Chalmers’ method and determined the 
y-flux with the brass Geiger counter calibrated 
experimentally by Barnes ef al. They 
calibrated this counter using a thick-walled 
ionization chamber made of graphite which 
contained a cylindrical cavity filled with pure 
nitrogen, whose ionization current was trans- 
lated into the y-ray flux by the theory of Lax”? 
and the validity of this theory was accer- 
tained by the a-counting from the reaction 


F7% Pp, a, nos 


Suffix numbers show the mass number of the isotopes. 


On the other hand, experiments belonging 
to the 50 mb group were all done with Lip 
y-rays including the present work, and the 
y-ray intensities were all determined with 
G-M counters calibrated by Hough’s method. 

Previously, Cu®*(y, 2)Cu® reaction cross sec- 
tion had been measured by Shimizu» at our 
laboratory, and with Hough’s method we 
calibrated the ry-intensity monitor which had 
been used by him and whose efficiency was 
calculated by Sonoda.” This result reduced 
the cross section value reported by Shimizu 
to 33 mb as shown in Table II. 
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It is seen in Table II that in each group 
the relative cross sections agree fairly well 
with one another. For this reason, it seems 
reasonable to us that these discrepancies may 
be due to the uncertainty of determination 
of photon intensities. 

It should be emphasized that the cross sec- 
tion values belonging to 50 mb-group are ob- 
tained by purely experimental methods and 
therefore considered to be more reliable than 
100 mb group. 

It is very desirable, however, to find the 
reason why there are such large discrepancies 
in the experimental determinations of (ry, 7) 
cross section. 
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Gamma Rays from Neutron Inelastic Scattering of Magnesium, 


Aluminum, Iron and Bismuth 
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The gamma rays resulting from the ring scatterers of Mg, Al, Fe 
and Bi bombarded with 2.95 MeV neutrons have been investigated. The 
cross sections for the 0.845 MeV gamma ray from Fe and for the 1.37 
MeV gamma ray from Mg* were 1.10+0.13 and 0.66-£0.10 in barns 


respectively. 


The angular distributions of the gamma rays relative to 


the direction of the incident neutrons were both symmetric around 90°. 
These cross sections and angular distributions were compared with the 


statistical theory by the optical model. 


Our results were fairly well 


interpreted by using a diffuse potential well. 


$1. Introduction 


Hauser and Feshbach” developed the sta- 
tistical theory by which the inelastic scat- 
tering of neutrons could be accounted for. 
But their theory is not capable of interpreting 
the details which are shown up in the recent 
experiments. The fine structure in the excita- 
tion curves obtained by Kiehn and Goodman” 
would not be interpreted by the statistical 
theory which assumes a continuous level 
scheme of the compound nucleus, though this 
theory holds for an excitation curve smoothed 
out over energy. Cranberg and Levin® and 
Muehlhause et al‘? found the asymmetric 
angular distributions of inelastically scattered 
neutrons. The associated gamma rays were 
also found as being asymmetrically distributed 
by the recent experiment”. These facts show 
that the statistical assumption fails in some 
cases. 

However, there are some other experimental 
results which can be accounted for by the 
statistical theory. For these cases one can 
calculate the transmission coefficients in the 
Hauser and Feshbach’s formula, being based 
on some model. Van Loef and Lind® have 
measured the excitation curves of inelastic 
scattering for neutrons with energies up to 2 
MeV and the angular distribution of the 0.845 
MeV gamma ray from iron for the 1.77 MeV 
incident neutrons. Using the statistical theory 
they calculated the transmission coefficients 
by the optical model” to fit their results, and 
obtained 0.2 for the absorption coefficient for 
the case of a square well potential. This 
result is nearly equivalent to that reduced 


from the continuum theory, and this figure 
is not consistent with the value determined 
from the total and elastic scattering cross 
sections. Cranberg and Levin?) and Muehl- 
hause et alt? measured also the angular distri- 
butions of gamma ray from iron for the 
neutrons of 2.45 and 1.66 MeV respectively. 
According to our calculation®? which is shown 
in Appendix, the diffuse potential fits satis- 
factorily to their results with the values of 
parameters determined by Beyster et al”, 
while it could not interprete the Van Loef 
and Lind’s experiment®. 

This paper presents the study on the gamma 
rays from the ring scatterers of Mg, Al, Fe 
and Bi bombarded by neutrons of energy of 
2.85 to 3.00 MeV, and particularly the measure- 
ment of angular distributions for the 0.845 
MeV gamma ray from Fe and for the 1.37 
MeV gamma-ray from Mg*. By comparing 
the cross sections and the angular distributions 
with our calculation using the Hauser and 
Feshbach’s and Satchler’s formulas! respec- 
tively, we aimed to determine the most ap- 
propriate model and its nuclear parameters 
for both nuclei. 


§2. Experimental Procedure and Correction 


We used the D-D neutrons produced by a 
200kV Cockcroft-Walton accelerator. Their 
energies were 2.85+0.10, 2.90+0.10, 2.95+0.10 
and 3.00+0.10 MeV. The scatterers used were 
of doughnut type with the outer diameter of 
13cm and the inner diameter of 7cm and 
their diameter of the cross section was 3cm. 
They were made of iron, magnesium, alumi- 
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num and bismuth all with purity of 99.9%. 
A carbon ring was used for making correction 
of the effect of elastically scattered neutrons 
from the scatterer. 

We used a gamma ray spectrometer with 
a Nal(TI) scintillator (1’°¢x1’”) mounted on a 
Du Monte 6292 photomultiplier with a mag- 
netic shield of mu-metal. Pulses from the 
photomultiplier were amplified by an A-l 
amplifier and analyzed by a single channel 
pulse height analyzer of Johonstone type or 
a Gray-Wedge analyzer. Neutron flux was 
monitored by a calibrated scintillation counter 
with a stilbene crystal (1’¢x 4”). 


O* Beam 


Cockcroft -Walton Accelerator 


Porat fin 
mixed with 
20% Boric Acid 


Variable 
Distance 


5o< 
: j Ring Scatterer 
pip al? ? 
- : Nal (TI) Crystal (1"$ x 1*) 
i 


Du Monte 6292 
Mu-Metal Shield 


Lengths in CM 


Fig. 1. Experimental arrangement. 


The experimental arrangement is shown in 
Fig. 1. The detector was set at different 
positions on the central axis of the scatterer 
for the measurement of the angular distri- 
bution of gamma rays. The numerical calcu- 
lation of the angular resolution of our geometry 
gave about +7° at the 90° position, which 
was the worst case. 

The background counting was due to stray 
neutrons and gamma rays incident on the 
crystal. The neutrons gave rise to the 
I2"(n, n’)I2™*(7) and I7(n, r)I28(8) reactions 


N=2 Nj=d x Qi exp (—sulij) dV ino(Oo+ 40:5) 


M. HOSOE and S. SUZUKI 


(Vol. 14, 


which contributed considerably to the back- 
ground. 


mixed with 20% boric acid. For example at 
the 90° position, this shielding reduced the 


stray neutrons of 1-2.5MeV to about 4% of § 
while this figure was | 


the direct neutrons, 
about 9% without the shielding, and the ratio 
of the counts of the 0.845MeV gamma ray 


from the Fe°*(n, n’)Fe®** reaction to the back- | 
ground counts was increased from 2 to 5 at’ 


the 90° position. The background counts due 
to induced activity in the crystal, mostly at- 
tributed to [28 with the half-life of 25 minutes, 


were measured for 4 minutes after every 


neutron exposure of 4 minutes. The induced 
background amounted about 15% of the tota! 
background. We stopped continuous repetition 
of measurements before the induced back- 
ground increased to 40% of the total back- 
ground. 

The net counts NV due to the gamma ray 
for each angle is calculated as 


N=Ns—C(Na—Nn)—Nn , 


where Ns, Na and N, are the counting rates | 
respectively with the sample scatterer, with 
the dummy scatterer (carbon for the iron 
sample and aluminum for the magnesium © 
sample) and without the scatterer; the induced © 
background counts have been subtracted from — 


Ns, Na and Nn. C is the correction factor 
for the difference of the number of atoms 
and cross sections of neutron scattering by 
the dummy and the scatterer. For the de- 
termination of the differential cross section of 
inelastic scattering o(@), we took into account 
the following three factors: multiple scatter- 
ing of the incident neutrons, absorption of 
gamma rays in the scatterer, and detection 
efficiency of the crystal detector. 

We assumed that the directional deviation 
of incident neutron, which might be caused 
by multiple scattering, is negligiblly small be- 
cause of great probability of the forward 


elastic scattering. o(@) can be calculated from 
the equation: 


03 ; 
ie exp (— fol’) dV; , 


(1) 


where N; is the counts given in an elementary volume dV; in the crystal, 7; the detection 
efficiency per unit volume for the gamma rays incident on dV;, Q; the neutron flux at an 


In order to keep the background | 
from the room wall at a low level, the incident 1 . 
neutrons were canalized by a block of paraffin 


{ 


: 
; 
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elementary volume dV; in the scatterer w 
distance between dV; and d V3, 4% 
and the line from the geometric 
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hich contains nuclei per unit volume, 7; the 
the angle between the direction of the incident neutron 
al center of the scatterer to the effective center of the 


crystal, 00+ 40:3 the angle between the directions of rij and the incident neutrons, and Ji; 


and 1 are the path length 
and 15s’ 


and absorption coefficient of the gamma ray in the scatterer 
and #, are the corresponding quantities in the crystal. Day™ calculated Eq. (1) 


numerically by using an Analogue Computer. We used the following method of approximation: 
Expanding o(0.+40;;) at the point 0 we get from Eq. (1) 


Noe a(OC Qi exp (Spnlij— pols’); 8 1-0’(Oo) eoriiee ak Sree ae was. 
AV AV 


Arr; 


Then we rewrite 


Arr; ;? 


— exp (— Malis— pol sa’)05 ~ ley I< exp (— pol ji’); (3) 
i —- YO '. 
Arr; ;? AV : Arri;? AG 
Ths heal a E i | ase) Bellas Pr 
is* OR : ol et S : Cs’ 0662 Mev y-ray(5 cal 
¢ E : Co 1332Mev ¥-ray (20.8 +1.0j0)_|g7 
° ° x Calculated ¥ (Qo) of Fe (Er =0,845Mev) 
3 : A = Measured ¥ (Oo) by Mr(n,¥) Ma°(B)FE* (0.805Mew 
—06 
me “ ca Baga * eB 
xe £ 2B = ae (0) of Fe ‘ I < 
Qs. 


Effective Counting Efficiency 


|_| 


10 
Position of the detector 


Oo 
BS 


(@} 
ol 
Gamma Ray Attenuation 


| al ae | 


2 


| 


tw 
{e) 


15 


Fig. 2. Variation of the effective counting efficiency for the gamma rays of 0.662 MeV 
(Cs187) and 1.332 MeV (Co) with the positions of Nal(Tl) crystal, and the gamma ray 
attenuation in the doughnut ring of iron: 7(6). 


The factor < ex (= Hal ey means the 
AV 


Ari; 
effective counting efficiency of the detector 
system. We determined this value experi- 
mentally by using a dummy source of Cs**7 
(5£0.25 wc) or Co® (20.8-+1.0 wc) which was 
contained in a polyethylene container with the 
same size as the scatterer. The experimental 
results are shown in Fig. 2. The effective 
center of the crystal was also determined from 
these curves. The factor 7(@o) is a function 
of Q:, Qz,-:: beside % and means correction 
for the attenuations of the gamma ray by 
self-absorption and of the incident neutrons 


in the scatterer. This factor would be ex- 
pected to be nearly constant against for the 
case of uniform value of @:, because of circu- 
lar cross section of the scatterer, but in 
general 7(M) is larger for backward angles 
than forward on account of flux attenuation 
of the incident neutrons. In order to estimute 
variation of 7(@0) with @, and to make use 
of the value for calculation of the differential 
cross section, we calculated numerically 7(@o) 
by the following approximated formula: 


(Scoxpiepde) Ss) if Ire, (A) 


where 7 is the distance between the geo- 
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metrical center of the cross section of the 
scatterer and the effective center of the crystal. 
We calculated the formula (4) for the follow- 
ing three cases of Qi. For the first case, 
the neutron flux was assumed to be constant 
throughout the scatterer’?; this means no 
attenuation of the incident neutrons. As seen 
in Fig. 2, the value obtained was independent 
of @ within the error of the calculation. For 
the second case, the neutron flux decreased 
by the total cross section of neutron® along 
its incident direction; this means complete 
neglect of multiple scattering. The variation 
of 7(@) with the angle % was, for example, 
+9% for 140° and —9% for 40° relative to 
the 90° value. The above assumptions might 
be the two extreme cases. For the third case, 
the calculation was made for the assumption 
that the neutron flux decreased only by the 
inelastic scattering cross section, giving the 
result that the variation of y(#) was =4% 
for the both angles mentioned above relative 
to the 90° value. For the determination of 
the cross section we took the third case. 

In order to test the reliability of the calcu- 
lated values of y(@o), we activated uniformly 
by thermal neutrons a ring of iron alloy con- 
taining 30% manganese with the same size 
as the scatterer. The division of the count 
of the 0.845 Mev gamma ray from the 
Mn*(z, 7)Mn®*(8)Fe** reaction by the count 
for the dummy gamma ray source gave 7(o) 
for the first case according to the formula (4). 
The result is presented in Fig. 2, being nor- 
malized to the calculated value at 90°, and is 
in good agreement with the calculation within 
3%. This implies that the approximation 
under which the formula (4) was derived was 
satisfactorily accurate for uniform Q;. For 
the case of ununiform Q;, the formula (4) 
may be used also as a good approximation 
since 07(4)/0Q; is nearly equal to the differ- 
ential coefficient of formula (4) with regard 
to Q;:. 

We evaluated also the second term of Eq. 
(2) in the same way. The contribution to N 
was only +0.7% which could be neglected. 

In order to estimate’ the neutron energies 
and their widths, we measured the differential 
cross sections and the excitation curve for the 
elastically scattered neutrons by carbon by 
using a plastic phosphor (1’¢x1’’) as a neu- 
tron detector in the same geometry. The 
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differential cross sections of carbon are given 
in Fig. 3, together with the exprimental data 
of Meier et al! and Budde and Huber’. It 
is seen that the large anisotropy due to Dayz 
resonance of C™ at the 2.95 MeV neutron 
energy is fairly smoothed out in our experi- 
ment. This was considered as due to the 
large energy width of the neutrons (4En~ 
0.10 MeV) and not due to poor angular resolu- 
tion of the detector. The symmetrical distri- 
bution about 90°, together with the manganese 
test, shows that our experimental arrangement 
was competent to measure the angular distri- 
bution. 
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Fig. 3. Differential cross sections of the elastic- 
ally scattered neutrons by carbon at the 2.85, 
2.90, 2.95 and 3.00 MeV neutron energies (full 
circles). The open circles show the results ob- 
tained by Meier et al and the crosses show 
that by Budde and Huber. 


§3. Results and Discussion 
(1) The inelastic cross section of Mg, Al, 
Fe and Bi: 

Figs. 4, 5, 6 and 7 show the typical pulse 
height distributions of the gamma rays from 
inelastic scattering and the detector back- 
ground. The energy of gamma rays ranged 
from about 0.5MeV to 2.2MeV except for 
background gamma rays. As we used a small 
Nal(TI) crystal to have a good angular resolu- 
tion, we could not detect gamma rays of 
higher energies. The results are shown in 
Table I. The gamma rays from the scatterer 
and the background are in good agreement in 
energy with those found by other authors?» 
6),11),14),15),16) except a few points. In the 
background, several peaks which were not in 
other authors’ results are found. According 
to Kiehn and Goodman”, the third excited 
state of Fe®® was 2.25 MeV, but Poppema et 


| 


al and Morgan™ assigned it to 2.65 MeV. _ 
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The present authors’ result agreed with the 
_latter’s. This is due to the fact that Kiehn 
and Goodman might have missed the 1.81 MeV 
gamma ray resulting from the transition be- 
tween the third and the first levels. Although 
Shapiro and Higgs’ assigned a 2.07 MeV gam- 
ma ray to the transition from the second level 
to the ground state of Fe®*, our result indi- 
cated that it might come from the transition 
from the fourth level to the first. For Al’, 
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6) 10 20 30 40 50 60 7 80 


Pulse Height in Volt 
Fig. 4. The pulse height distributions of the 
gamma rays from magnesium and the _ back- 
ground due to a carbon ring at the 2.95 MeV 
neutron energy. Channel width=1 Volt. 
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Fig. 5. The pulse height distributions of the 


gamma rays from aluminum and the background 
due to a carbon ring at the 2.95MeV neutron 
energy. Channel width=1 Volt. 


Morgan has found two gamma rays of 1.45 
MeV and 1.75 MeV corresponding to the trans- 
itions from the third level to the first and 
from the fourth level to the second. These 
gamma rays were missing in our experiment, 
probably because of being masked by the 
background. 

The differential cross sections at 90° for 
the 2.95-0.10 MeV neutrons were measured 
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only for the cases in which the associated 
gamma rays had distinct photopeaks. The 
result is included in Table I. By measuring 
the angular distributions of the 0.845 MeV 
gamma ray of Fe and the 1.37 MeV gamma 
ray of Mg”, we found the inelastic scattering 
CrOSS SECtiONS (n,n); Frecn,nr) Were 1.14+0.13, 
1.19+-0.14, 1.10+0.13 and 1.06+0.12 in barns 
at En=2.85++0.10, 2.90--0.10, 2.95+0.10 and 


Fe(n.n’) Fe 
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Fig. 6. The pulse height distributions of the 
gamma rays from iron and the background due 
to a carbon ring at the 2.95 MeV neutron ener- 
gy. Channel width=1 Volt. 
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Fig. 7. The pulse height distributions of the 
gamma rays from bismuth and the background 
due to a carbon ring at the 2.95 MeV neutron 
energy. Channel width=1 Volt. 


3.00-+0.10 in MeV respectively, and omg?4cn,n’) 
was 0.66+0.10 barn at E,»=2.95+0.10 MeV. 
The errors were computed from the uncertain- 
ties of the neutron flux (+9%), of the effec- 
tive counting efficiency (+5%), of the calcu- 
lation of 7(O0) (+2%), and finally of the 
geometrical setting, the statistical errors of 
the counting rate and the fluctuation of the 
electrical instruments (the last three total 
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Table I. The gamma rays resulting from Mg, Al, Fe and Bi bombarded by the 2.95+0.10 MeV 
neutrons and the background gamma rays produced in a Nal(T1) crystal. 
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feertitn ray energy | do(90°)/dw . «4s Referetices 
Element (By) in Mev ie mbister | Production and probable transition | e 
i 0.58 Mg?5(1st— 0) | 
Magnesium Res Mg?5(2nd>0) | 
12370202 44 +4 All(7, 2’)Mg*4(1st> 0) 3) Dt) ) 
1.62+0.04 Meg5(3rd0) 
1.82-+40.04 Mg?6(1st—>0) | 
Aluminum | ——-0.840+0.01_ 842 AP7(1st—>0) a 
ae 1.02 +£0.03 2042 All(n, n’)AL(2nd—0) Fe ) 
2.19 +0.06 7+1 Al?7(3rd0) | 
7 ; 0.84540.01 7047 Fe56(1st>0) 
eo 1.24 +0.03 Fe%(2nd—0) 2) 3) 4) 
1.35 +0.03 All(2, 22')Fe54(1st 0) 6) 11) 14) 
1.81 +0.04 Fe56(3rd— 1st) 15) 16) 
2.06 +0.06 Fe56(4th— Ist) 
. Bismuth ; 0.905+0.01 A8+5 All(z, 7’)Bi209(1st0) 2) 3m) 
1.56 +0.03 | 12222 Bi209(2nd—>0) 14) 15) ) 
Nal(T1) | 0.134+0.006 I27(, 7)128(2nd—>0) 
crystal 0.200+0.01 IP7(72, 2’) 
0.352+0.02 I27(2, 2! 
0.429+0.02 I27(m, 7)128—> Xel8(1st > 0) 
0.486+0.02 Na?8(2z, 2’)Na®3(1st 0) 
| (0.550+0.03) * iG 
0.631+0.03 27(n, n 
| 0.750+0.04 12%(2, 2!) 2) Sy 
: .05)* 
08 0L0e. 1-7(n, 0’) 14) 15) 16 
1.20 +0.05* | 
WEY SSOLOS” 
1.39 +0.05* Na?8(m, 7)Na24-> Me*4(1st>0) 
1.44 +0.06 T2792, 92! 
1.63 +0.06 Na23(2, 2/)Na?3(2nd—0) 
1.76 +0.06 T2279, 22/) 
1.96 +0.08* | Na3(, 2’)Na*3(3rd->0) 
| 


* These gamma rays were not found in the references. 


+3%). 

We compared our experimental values of 
the inelastic scattering cross section for Fe®® 
and Mg*t with our calculated values® based 
on the Hauser and Feshbach theory. The 
calculation was made on the four assumptions 
listed in Table II. The calculated values of 
Ore%(n,n’y Were 0.803 barn for assumption (I), 
0.468 barn for (II), 0.466 barn for (III) and 
1.176 barn for (IV) at E,=2.90 MeV and those 
Of Ome%4(n,n’y) were 0.768 barn for (I) and 0.700 
barn for (IV) at E,=2.95 MeV. The compari- 
sion of the experimental data with the calcu- 
lated values shows that our results could be 
interpreted fairly well by a diffuse potential 
well with the parameters which were derived 
from the experiment of Beyster et al.™ 


(2) The angular distribution of the gamma 
rays from Fe and Mg*+: 
Figs. 8 and 9 show the relative values of 


Fi 
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lei Fe? (nn?) Feo En = 2.90 Mev 


= —— 1(3=02) 
LS 0.845 Mev ¥-ray |—*— 1 (3 =0,04) 
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g. 8. Angular distribution of the 0.845 MeV 
gamma ray from the inelastic scattering of iron 
at the 2.90 MeV neutron energy. The full and 
dashed curves are the theoretical angular dis- 
tributions calculated using a diffuse potential 
(Assumption IV) and a square well potential 
(Assumption I, ¢=0,.2 and II, ¢=0.04) respect- 
ively, . 
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Table II. Nuclear parameters used in our calculation.®) 
Absorption coefficient . 
in optical mod : 
pune: : (¢) Be ode! | Vo in Nuclear radius (R) and Type of a Ref 
ion | Incidental, | Scattered, MeV Diffuseness parameter (a) | potential well eons 
Tip E) Ty's) | 
I 0.2 | 0.2 42 R=(1.27AV3 + 0.6) x 10-13 cm* | Square well | *Weisskopf!®) 
II 0.04 0.04 42 ” ” 
I 0.04 0.2 42 Y ” 
Mg Fe M Fe M F Pe Sinci19, . 
ty | 9.05 0.07 0.08 0.07| 40 39, R=1.450A¥%x10-cm | Diffuse 
id ae | | | surfaced | Beyster et al 
0.15 0.2 |0.15 0.2 | 46 40]  %=9-350x10-% cm eh 


the differential cross section of the gamma 
rays of 0.845MeV from Fe and 1.37 MeV 
from Mg” respectively, being normalized to 
the values at 90° for the 2.95 MeV neutrons. 
The points refer to the experimental results 
and the curves to the theoretical values. The 
corrections which we mentioned before have 
been applied to these data. The angular 
distributions are symmetric around 90° and 
are in the best agreement with the theoretical 
calculation on the assumption of the diffuse 
potential well. Our calculation showed that 
the same conclusion was drawn with the other 
experimental data of iron which have been 
published already by Muehlhause et al using 
the 1.66 MeV neutrons and by Cranberg and 
‘Levin® using the 2.45 MeV neutrons. 

If the assumption of the statistical model is 


(ira ee es |, Jin ais fio | 


Md4in,n’ ) Mg En = 2.95 Mev 
: —e— I (3 =0.2) 
1S 1.37 Mev ¥-ray — W (Diffuse Potential) 


lative Differential Cross Section 016)/a(90°) 
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Lett fel af eat 
ee AH 7 
Fig. 9. Angular distribution of the 1.37 MeV 
gamma ray from the inelastic scattering of 
magnesium at the 2.95MeV neutron energy. 
The full and dashed curves are the theoretical 
angular distributions calculated using a diffuse 
potential (Assumption IV) and a square well 


potential (Assumption I, ¢ =), 


not satisfied, we could expect an asymmetry 
around 90° by using a neutron beam with the 
narrow energy width. However, it might be 
due to the broadness of energy of neutrons 
that our experiment failed to find any signifi- 
cant change in the angular distribution by 
using the neutrons of energy from 2.85 MeV 
to 3.00 MeV, if this existed any. 
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Appendix 


Here are appended the outline of the theo- 
retical calculation which we quoted in this 
text®. 

We calculated numerically (1) the Hauser 
and Feshbach’s formula of the inelastic scat- 
tering cross section of neutrons and (2) the 
modified Satchler’s formula of the angular 
distribution of the gamma ray resulting from 
the inelastic scattering of the even-even nuclei 
for the four assumptions about the transmis- 
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sion coefficients 7i(£) and the other nuclear 
parameters which are shown in Table II in 
the text. 

In this calculation, we assumed the orbital 
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of Fe%*, we took into consideration the contri- 
bution of the 2nd and 3rd excited states in 
our calculation. We used the level scheme | 
of Fe®* which was assigned by Poppema et) 


al For Mg, there are no contribution from 


angular momenta J (incidental) and /; (scat- 
the 2nd and higher excited states for the! 


tered) less than 3 for the cross section and 

less than 2 for the angular distribution on energy region used in this experiment. 

account of avoiding complexity. For the case The following are the statistically averaged | 
- es = scattering matrix, according to Satchler™, 


CSS; Giles JoloS*T’5 GW fo'lo’)>av 
=SU; pili; jolo.)S* SJ; Gili’; Golo’ OJ Lil’) 0 Lolo’) 


MET EO a 77h )O(l0b') 


VST Gy (= 


where / is the nuclear spin of the compound nucleus, 7=/+4, &” is the factor defined by 
Hauser and Feshbach, and summation Y extends over all channels (/’, £,) through J. We 
denoted the energy of neutron scattered leaving the nucleus to the 7-th level as E:. 

The differential cross section is given by 


do(@) oe 
do A(2f+D(2s+1) 


where s is the spin of incident neutron, jf is the ground state spin of target nucleus, and 
W(9, ¢) is the angular distribution function between the associate gamma ray and the incident 
neutron. Neglecting the contribution of channels higher than the 4th excited state and the 
effect of interferences between channels, W(@) can be written as follows, 


WO, ¢) , (6) 


WO= >|" (7) 


0 


WO, ¢) de= WOhisi + W(A)ona+ W(A)sra « 


(a) Contribution of the channel through the Ist excited state (2*): 
2To(E)T2’(F1) 
To(E ) +272 (E1) +27’ (Es) 


UP EOe (£1) 
TE) OTe (£1) +271 (£3) 


PESTS ED 
Ti E)+ Ti (Es) + Ti (Es) 


{4+ P2(cos @)} + OE) 


WO rs. = | 


(£1) {2+ P2(cos 0)} 


4 TE Te EY (3.4.1.711Px(cos 8)—1.713P.(cos 8)} 
T(E) To E- : a 
+ PE) EY (4—0.7148P (cos 6)} + AXE ED) (6.+.0,8598P (cos a> | , (8) 
where 
A= To E)+To'(Es)+2Ts'(Ex)+ Ty’ (Ex)+ To! (Es) +27 (Es) 
and 


B= TxE)+To'(Ex)+2Ty (Ex) +27 (Es) +To’(Es)+2Ty'(Es) . 


(b) Contribution of the channel through the 2nd excited state (4*): 


W(@)ana =) 


AMEE?) (2.4.0.5612P,(008 8)} 4 PAE ey 


Ey 

ee {6+2.436P.(cos | ; (9) 

(c) Contribution of the channel through the 3rd excited state Cas 
W(@)sra={Eq. (8) with permutation of FE, and E3}. 


The Satchler’s formula! is a special case of Eq. (7). . 
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Angular 


Distributions of the Reaction F"(p, a)O” at 8.0~14.2 Mev* 


By Hiroshi OGATA 
Department of Nuclear Science, Faculty of Science, Kyoto University 
(Received February 16, 1959) 


The alpha particles from the reaction F!%p, w)O!8 resulting in the 
ground state of Ol have been measured, making use of a proportional 
counter method. 

The excitation curve has been measured at a laboratory angle of 50° 
from 12.9 to 14.1Mev. The curve changes smoothly with incident pro- 
ton energy. The angular distributions of the alpha particles have been 
measured at 14.2, 13.5, 13.0, 12.0, 11.0, 10.0, 9.0, and 8.0 Mev, which 
can be qualitatively explained by the simple triton pickup theory. 
Although fairly good agreements with the theory can be seen at 14.2, 
13.5 and 9.0Mev, the angular distributions for the other energies de- 
viate from the theory to some extent. The deviation is generally larger 
for backward angles and especially at 11.0 and 8.0 Mev striking back- 
ward peaks are observed. It is considered that for detailed explanation 
of the results, refinement of the theory or introduction of other proces- 


ses of the reaction or both are required. 


§1. Introduction 

It is considered that most of the nuclear 
reactions which are induced by high energy 
particles and result in a low- lying level of the 


* Experiments were “performed using ‘the 160cm 
cyclotron at the Institute for Nuclear Study, Univ. 


of Tokyo. 


final nucleus are predominantly direct reac- 
tions. One good example of such a reaction 
is the well known deutron stripping or pick- 
up reaction, for which Butler’s stripping 
theory» has been proved to be very useful. 
Also it is expected that the reactions such as 


(5) Dp REDD), AP ae (a,.¢), etexcan be 
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treated in a similar way and show stripping- 
like angular distributions. 

For (p, &) reactions resulting in the low- 
lying levels of the final nucleus at about 10 
or 20 Mev measurements have been reported 
by several authors. Maxson and Terrell”? and 
Fischer et al.2 have observed the reaction 
C(p, @)B® at 15.6 and 18.6 Mev and the re- 
action Al?’(p, a)Mg™t at about 11 Mev, respec- 
tively, and found that the ground state an- 
gular distributions for these reactions: can be 
qualitatively fitted by curves obtained from 
the triton pickup or exchange theories. By 
Brady® and by Fulmer and Cohen,» (p, @) 
reactions have been studied for Rh at 18 Mev 
and for many targets at 23 Mev, respectively. 
They have reported that the high energy 
parts of the spectra, which correspond to low- 
lying levels of the final nuclei, are strongly 
forward directed and indicate that they are 
produced by direct interaction reactions. 

For the reaction Fp, w)O* resulting in 
the ground state of O", triton pickup behavi- 
or is expected to occur because of the struc- 
ture of F¥® which has a proton and two 
neutrons outside the closed O core. Likely 
and Brady®) have measured the differential 
cross sections for the reaction F%(p, a)O" 
resulting in the ground state of O' at 18.5 
and 16.0Mev. It has been shown that the 
angular distributions can be fitted approxima- 
tely by the Born approximation for triton 
pickup. Their measurements have been per- 
formed only at 18.5 and 16.0 Mev for rather 
forward angles up to 120° and 100°, respec- 
tively. It is interesting to observe the be- 
haviors of the angular distributions, extending 
the measurements to larger angles, and to 
see if these can be explained in terms of 
triton pickup, as the incident proton energy 
varies in a wide range in our case. In this 
paper it is intended to describe the results of 
the measurement of the reaction F!%(p, a)O* 
at several energies between 8.0 and 14.2 Mev. 


§2. Experimental Procedures 


The angular distribution of the alpha parti- 
cles emitted from the Fp, w)O™ reaction 
was measured in a 100 cm scattering chamber” 
of the Institute for Nuclear Study, University 
of Tokyo. 

Proton beam obtained from a variable ener- 
gy 160cm cyclotron? at the Institute for 
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Nuclear Study passes through two collimating 
apertures of 5.0mm in diameter at distances 
34.3cm and 114.3cm from the target, respec- 


tively, and several antiscattering apertures, | 
and then is admitted to the scattering cham- | 


ber. The beam spot in the center of the 
chamber was about 0.5cm in diameter. 

A teflon foil, 1.58mg/cm2, served as the 
target, which was placed at an angle of 45° 
to the incident beam. 

As the detector of the alpha particles, a 
proportional counter method was employed. 


Equal energy losses of an alpha particle and © 


a proton in a proportional counter produce 


pulses of approximately equal height, while — 


for a scintillation counter the alpha particle — 


gives much smaller pulse than the proton. 
Therefore, even in the present measurement 


of the reaction for which the emitted alpha — 


particles to be detected have much higher 
energy than elastically scattered protons, if a 
conventional scintillation counter be employed, 
it is considered that the pulse height distri- 
butions cannot be free from the disturbances 
of these protons. 

A proportional counter of a finite length 
can be employed to obtain energy spectra of 
alpha particles, making use of the difference 
in energy loss between protons and alpha 
particles. Now let us consider that an alpha 
particle or a proton enters into a proportional 
counter and stops just at the end of its sensi- 
tive volume. If the window and the insensi- 
tive volume of the counter have no significant 
effects, the energy (Ewmax) of such an alpha 
particle is much larger than that of such a 
proton (Ey max), which produces the maximum 
pulse among the protons entering the coun- 
ter. If there are no alpha particles with so 
high energy that pass through the counter, 
one can obtain the energy distribution of the 
alpha particles with energies between Es min 
and Eamax, where Eemin is the energy of the 
alpha particles which produce the same ioni- 
zation in the sensitive volume of the counter 
as the protons having Ep max and is somewhat 
larger than Eymax Owing to the effect of the 
counter part preceding the sensitive volume. 
Moreover, as compared with a detector of a 
practically infinite length such as a conven- 
tional scintillation counter the finite length 
proportional counter method enables one to 
diminish greatly the pile-up effect. of the 
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pulses due to the elastically scattered protons 
‘which are predominant at smaller angles. 
Naturally, these effects can be reduced con- 


siderably by using a scintillation counter with 
a thin crystal, but this is accompanied by a 


technical difficulty of making very thin cry- 


stals. Further with the proportional counter, 
an energy range of the alpha particle desired 
to be measured can be easily adjusted by 


| changing the counter pressure. 


In this experiment, a counter telescope 


which consists of two proportional counters 


the scintillation counter. 


as shown in Fig. 1 was used. The telescope 
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Fig. 1. Proportional counter telescope used for 
the detection of the alpha particles. 


was prepared to discriminate the low energy 
alpha particles from the protons, deuterons 
and high energy alpha particles by a method 
of anti-coincidence. For this purpose, the 
proportional counter has some advantage over 
In this experiment, 
however, the second proportional counter was 
not required to be used, because alpha parti- 
cles to be detected are the most energetic 


particles among the particles emitted when 


teflon is bombarded with protons. 

The telescope was mounted on the turn 
table of the scattering chamber together with 
the head amplifiers and could be placed at 
any angle with respect to the proton beam. 
The distance from the inner surface of the 
collimator to the target was 18.lcm. The 
aperture of the collimator was 0.48 cm in dia- 
meter, and the solid angle subtended by the 
collimator at the target was calculated to be 
5.52x10-4 steradian. The counter was filled 
with argon and 5% CO: at a pressure of 98 
cm Hg. The field tube was prepared to de- 
fine the sensitive volume of the counter by a 
plane perpendicular to the counter axis. The 
mylar window is 1.28mg/cm? in thickness. 
The energy loss in the mylar window and 
the insensitive part of the counter is about 
1.4 Mev for 15 Mev alpha particles. 
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When the incident proton energy is so high 
and the measurement is carried out at smal- 
ler angle, it takes place that the alpha 
particles pass through the counter volume 
and give smaller pulses, and pulses of less 
energetic alpha particles or protons become 
comparable with the desired ones. In order 
to be free from this disturbance, an Al absor- 
ber of about 50 in thickness was attached 
in front of the collimator for proton energies 
above 13.0Mev at angles between 15° and 
80°. 
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Fig. 2. Typical pules height distribution of alpha 
particles from the reaction F%(p,a)O at a 
laboratory angle of 50° for 9.0 Mev protons. 


Pulses from the first counter were amplifi- 
ed and fed into a 20-channel pulse height 
analyzer. Fig. 2 shows a typical pulse height 
distribution of alpha particles emitted from 
F19(p, aw)O'* resulting in the ground state of 
O at a laboratory angle of 70° for 9.0 Mev 
protons. Owing to the large Q-value of the 
reaction (+8.12 Mev®) and the large level 
distance between the ground and first excited 
states of O1%(6.06 Mev®), the background and 
the overlapping between the alpha particle 
groups are not observed in the energy 
spectrum. 

After bombarding the target and passing 
through the scattering chamber, the beam 
was collected in a Faraday cup connected toa 
current integrator, which was used to deter- 
mine the absolute cross sections. 


To normalize the angular distributions a CsI 
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scintillation counter was used as a monitor at 
90° to the incident beam. The detector bias 
was chosen to count only the pulses due to 
the protons scattered elastically by carbon 
and fluorine in the teflon target and those 
scattered inelastically by carbon through the 
first excited state. 


§3. Results and Discussions 


The excitation curve for the reaction 
F19p, w)O"* resulting in the ground state of 
O was measured at a laboratory angle of 


50°. The proton energy spread was estimat- 
ed to be about 50Kev. The result is shown 
in Fig. 3.. It can be seen that the curve 


changes smoothly with incident proton energy. 
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Fig. 3. Excitation curve for the reaction 


F1%(p, a)Ol resulting in the ground state at 
a laboratory angle of 50°. 


The angular distributions of this reaction 
were measured at 14.2, 13.5, 13.0, 12.0, 11.0, 
10.0, 9.0, and 8.0Mev. These results are 
shown in Fig. 4. 

The angular distribution changes graduaily 
with incident proton energy, this can be ex- 
pected by the smooth excitation curve. These 
angular distributions show undoubtedly evi- 
dence for a surface direct interaction and it 
is very difficult to explain these behaviors by 
compound nucleus process. 

For the simplest explanation of these be- 
haviors one can consider that the reaction 
occurs through the triton pickup process be- 
cause F!® has a proton and two neutrons out- 
side the closed O% core. In the pickup pro- 
cess, the incident proton captures these 
nucleons which would be virtually separated 
from F!° as a triton with J=0, the only pos- 
sible value consistent with the spins and 


Hiroshi OGATA 


(Vol. 14, 


parities of the triton (1/2*), F49(1/2*), and 
018(0*). 

According to the simple theory® of the 
triton pickup reaction the angular distribution 
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of the reaction Fp, @)O can be expressed 
as follows: 
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Fig. 4. Angular distributions of the reaction me- 
asured at 14.2, 13.5, 13.0, 12.0, 11.0, 10.0, 9.0, 
and 8.0Mev. Dashed curves were calculated 
from the triton pickup theory. 


where 


Q= 


m 
ka Kp wai 
Mm; 


(2) 


is the characteristic momentum transfer, kp 
and ka are relative momenta in units of % for 
the incident proton and the outgoing alpha 
particles respectively, m: and my are masses 
of F!® and O respectively; « is related to 
the triton binding energy & of F!® with the 
following expression: 
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uw is the reduced mass of the triton and O18; 
and 


7il 


(AY 


; - Oho Of 


jo and ho being the spherical Bessel and Han- 
kel functions of the first kind of order 0 re- 
spectively and 7 the interaction radius be- 
tween the triton and O%. 

The dashed curves in Fig. 4 were calculat- 
ed trom Eq; (1) for radii of 6.2) 6.2; 6:1,20.5, 
D2 LO; Do And o-o 10s scm sate theTelone 
incident proton energies from 14.2 to 8.0Mev, 
respectively. These values of 7) were chosen 
rather arbitrarilly to give the best agreement 
with the experimental results by visual 
fitting. 

For all of the energies at which the angu- 
lar distributions were measured, it can be 
seen that the general behaviors of the 
angular distributions can be reproduced by 
the triton pickup theory. At 14.2, 13.5, and 
9.0 Mev, the angular distributions show fairly 
good agreement with the theory, but it is 
noticeable that difference exists between the 
interaction radii of 6.2x10-"8cm for 14.2 and 
13.5 Mev and of 5.3x10-%cm for 9.0 Mev. 
Likely and Brady® have shown that the 
angular distributions observed at 18.5 and 
16.7 Mev are reproduced fairly well by the 
theoretical curves calculated from Eq. (1) for 
radii of 7.05 and 7.53x10-%cm_ respectively, 
but the periods of oscillation of theoretical 
curves are too small. Considering the effect 
of nuclear interaction, they obtained ™=6.5 
x10-"%cm for both energies semi-empirically 
by shifting the phase. Any of these values 
are not in agreement with the present results. 

The angular distributions for the other 
energies deviate from the theory to some ex- 
tent. The deviation is generally large for 
the backward angle, and especially at 11.0 
and 8.0 Mev striking backward peaks are 
observed. 

The simple expression (1) was calculated 
with the plane wave Born approximation as- 
suming the triton-proton interaction of zero 
range, and neglecting the Coulomb effect, 
nuclear interactions between the incident and 
outgoing particles with the final nucleus, and 
any contribution from the region r<7. By 
refining the stripping theory, it is considered 
that better agreements with the experimental 
results may be obtained. As Likely and Brady 
carried out, the discrepancy in the interaction 
radii may be removed by considering the 
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Coulomb effect™ or nuclear interaction. Also 
the variation of the angular distribution with 
the incident energy may be explained by dis- 
torting the incident and outgoing waves.'? 

For the reaction F1%(p, w)O™, exchange or 
knockout process can be considered in analo- 
gous to that proposed by Austern ef al..» In 
this process, the incident proton scatters out 
the alpha particle from the target and is 
captured to form the final nucleus. The an- 
gular distribution from this exchange proceses 
is essentially expressed also by Eq. (1). In 
another process for the reaction, the incident 
proton is captured by the interaction with 
the core of the initial nucleus while the alpha 
particle is stripped off from the initial nucleus. 
This heavy particle stripping process gives 
the angular distribution having backward 
peaks for emitted alpha particles. Owen 
and Madansky explained their B'(d, 2)C¥ 
angular distribution, which shows a large 
energy dependence, including the heavy parti- 
cle stripping reactions. For the reaction 
F19(p, w)O", it is considered that the contri- 
bution from these processes other than the 
triton pickup process cannot be neglected. 
Indeed the backward peakings appeared in the 
11.0 and 8.0 Mev results show possibly the 
evidence for considerable contribution of the 
heavy particle stripping process. 

In conclusion, the simple triton pickup 
theory can explain the general features of 
the angular distributions of the present reac- 
tion. For detailed explanation of the results, 
however, refinement of the theory of the 
triton pickup reaction or introduction of other 
processes of the reaction or both are necessary. 
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§1. Introduction 
The angular distributions of alpha particles 
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Making use of a proportional counter, alpha particles have been ob- 
served from the reactions Al(p, a)Mg™t resulting in the ground and 
first excited states of Mg™4 and Cr®2(p, a)V49 resulting in the lowest three 
and a few higher states. Excitation curves have been measured at a 
laboratory angle of 50° with respect to the bombarding beam, from 12.7 
to 14.1 Mev for Al?"(p, a)Mg4 and from 9.0 to 14.8 Mev for Cr®2(p, a)V*. 
The former shows a sharp energy dependence, while the latter shows a 
fairly smooth structure. Angular distributions have been measured at 
14.1, 13.0 and 12.8 Mev for Al?"(p, a)Mg*4 and at 14.2, 13.0, 12.0, 11.0, 
10.0, 9.5 and 9.0 Mev for Cr8%(p, a)V49. Although the Al?"(p, ao)Mg*4 data 
can be partially fitted by [72(Q7»)]? of Butler’s theory, some angular dis- 
tributions show strong backward peaking. Either interference between 
various direct interaction processes or between direct interaction and 
compound nuclear precesses, or both are responsible for this reaction. 
The approximate 90° symmetry of Cr®(p, a)V*9 angular distribution does 
not appear to be inconsistent with the statistical theory of nuclear reac- 
tions. However, the conspicuous forward peak at higher energies, es- 
pecially at 14.2 Mev, is considered to indicate the increasing contribution 
of direct interaction processes. 


* Experiments were performed using the 160 cm 
cyclotron of the Institute for Nuclear Study, Univ. 


of Tokyo. 


resulting from the bombardment of various 
elements with high energy photons, especially 
when the incident proton energy varies in a 
wide region, are expected to be an important 
source of information regarding the basic me- 
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chanism of nuclear reactions. While the (, @) 
reactions of medium weight nuclei at 14.8 Mev 
in our previous work” appeared to be in favor 
of the compound mechanism, it has been of 
interest to investigate the (p, a) reactions of 
these elements also as an analogous nuclear 
reaction in the same energy region. 

For (p, @) reactions, measurements have 
been carried out by several workers. For a 
light element, Maxson and Terrell? have ob- 
served the reactions C(p, w@)B® resulting in 
the ground state and a level at 2.39+0.08 
Mev. It has been reported that C(p, a)B® 
ground state angular distributions at 15.6 and 
18.6 Mev are qualitatively in agreement with 
the triton pickup or Butler knockon theories. 
Likely and Brady® have measured the angular 
distributions of alpha particles from the reac- 
tion Fp, w@)O at 18.5 and 16.0 Mev result- 
ing in the ground state of O'. They have 
found that the angular distribution shows 
three maxima, which can be fitted approxi- 
mately by the Born approximation for triton 
pickup. Similar prominent characteristics of 
the direct interaction of the reaction F1% p, w)O* 
have also been reported at 8.0~14.2 Mev pro- 
ton energies in the preceding paper”. 

For a heavy element, Brady®) has measured 
the angular distribution of alpha particles from 
the reaction Rh!%(p, a)Ru!. The particles 
“evaporating ” with low energy show almost 
isotropic angular distributions. However, the 
angular distribution of fast particles resulting 
in the ground state of Ru is strongly 
forwark directed and is considered to be the 
product of direct interaction. By Fulmer and 
Cohen®, the (pf, a) reactions induced by 23 
Mev protons in targets of a wide range of 
atomic number have been studied. They have 
reported that, for targets of atomic number 
< 50, the energy spectra and angular distri- 
butions indicate that most of the alpha parti- 
cles are produced in compound nucleus reac- 
tion as observed by us for the (, a) reac- 
tions, while the alpha particles from the 
heaviest elements and the high energy parts 
of the spectra from lighter targets are strongly 
forward peaked, indicating that they are pro- 
duced by direct interaction reactions. 

Fischer ef al. have reported an anomalous 
behavior of Alp, a)Mg™ differential cross 
sections, in spite of the partial success of 
Butler’s direct interaction theory in fitting 
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the experimental C¥(a, p)N™ angular distribu- 
tions. They have measured the angular dis- 
tributions of the reactions Al?"(p, w)/Mg* re- 
sulting in the ground and the first excited 
states of Mg? at about 11 Mev, as well as 
the excitation curves for these reactions in 
the energy region between 9.6 and 11 Mev. 
The sharp energy dependence of these ex- 
citation curves observed by them is entirely 
unexpected from the view-point of direct inter- 
action theories. Their result suggests an ad- 
ditional interest in observing the same reac- 
tion in the higher energy region. 

The reaction Cr®?(p, a)V*2 has been of spe- 
cial interest, because the atomic weight of Cr 
is between those of Al and Rh, and these 
nuclei of intermediate mass are expected to 
give results which are more closely related to 
the result of the (7, a) reaction. It is also 
of interest to see how the angular distribution 
changes as the energy of the incident proton 
varies in a wide region. 

In the present paper, the results of mea- 
surements on angular distributions as well as 
excitation curves of alpha particles from pro- 
ton bombardment of Al and Cr are given. 


§2. Experimental Arrangement and Pro- 
cedure 


Proton beam was obtained from a 160cm 
variable energy cyclotron®) at the Institute 
for Nuclear Study, University of Tokyo. The 
detector is a proportional counter filled with 
argon and 5% CO, at such pressures that the 
fast alpha particles from the individual (p, @) 
reaction lose their energy completely inside 
the sensitive volume of the counter. In this 
way, alpha particle groups were easily sepa- 
rated from proton and deuteron groups. Al- 
though no detailed calculation was made, the 
multiple Coulomb scattering in the mylar foil 
window and A-CO: gas is expected to have a 
a negligible effect on the proportional counter 
spectra. Since the general experimental 
method has been described in the preceding 
paper, we will mention only procedures which 
were peculiar to individual targets. 

For the study of the reaction Al?"(p, a)Mg"4, 
a foil of aluminum having a thickness of 0.68 
mg/cm? was used as the target. In order to 
stop completely the alpha particles resulting 
in the ground state of Mg‘, the counter was 
filled with A-CO, up to 97cm Hg. 
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For the reaction Cr8%(p, a)V*%, the target 
used was a self-supporting foil of Cr metal 
having a thickness of 0.366 mg/cm?, obtained 
by an electrolytic method. The proportional 
counter pressure was 98cm, 52cm, 28cm and 
22cm Hg for 14.2 Mev, 13.0~12.0 Mev, 11.0~ 
10.0 Mev, and 9.5~9.0 Mev incident proton 
energies, respectively. 


§3. Results and Discussion 
(1) Case of AP’(p, a)Mg?4 

A typical pulse height distribution of the 
alpha particles from the reaction Al2"(p, a)Mg"4 
measured at a laboratory angle of 60° for a 
proton energy of 14.1 Mev is shown in Fig. 1. 


ae ere apnea ofa 
0.41 
| 
300}- At (P,.x)Mg* 
Ep=\4-|Mev 
G.ap= 60° 
© 
€ 
12) 
aie 
© 200/- <I 
°° 
> 
! 
sy) 
© | 
2 % 
co ° 
3 100;- | | =| 
i ih 
ae ad 5 
Pulse Height _ (Volts) oy 
Fig. 1. Typical spectrum of alpha particles from 


the reactions Al?7(p, a)Mg*t resulting in the 
ground and first excited states of Mg™ ata 
laboratory angle of 60° for 14.1 Mev protons. 


Two peaks appeared in Fig. 1 correspond to 


the reaction Al?"(p, ao)Mg*4 (Q=+1.593 Mev”) 
resulting in the ground state and the reaction 
AP"(p, ai)Mg*4* (Q=+0.225 Mev) in the first 
excited state of Mg?4. The energy resolution 
is about 5%, and complete separation of these 
two peaks is obtained. Although the separa- 
tion is slightly worse for larger angles and 
the analysis of the peaks should be imposed 
on the spectra, the ambiguity accompanied 
by this analysis is rather small. Background 
due to oxygen and carbon contamination and 
reactions other than (~, a) reactions, for in- 
stance (p, p’) reaction, are expected to have 
no influence upon the spectra, considering the 
Q values (Q= —5.204 Mev for O""(p, a)N* and 
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Q=-—7.559 Mev for C(p, w)B9!) and the 
energy losses in the counter volume. 

Fig. 2 shows the excitation curves at a 
laboratory angle of 50° for the reactions 
AP"(p, ao)Mg2* and AL (p, a1)Mg4*. The 
dashed curves were obtained merely by con- 
necting smoothly the data, so it must not be 
considered that these represent the true ex- 
citation curves. However, no doubt these 
data provide evidence for the sharp energy 
dependence of these differential cross sections 


in the energy region between 12.7 and 14.1 
Mev. 
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Fig. 2. Excitation functions for Al"(p, ao)Mg?4 


and Al?"(p, ai)Mg24* at a laboratory angle of 
50°. 


Fig. 3 shows the angular distributions of 
alpha particles from these reactions at 14.1, 
13.0 and 12.8Mev incident proton energy. 
Comparing the results at 12.8 and 13.0 Mev, 
where the excitation curves seem to show the 
sharpest energy dependence in the measured 
energy region, it should be remembered that 
a mere 200Kev change in incident proton 
energy results in a remarkable change of the 
angular distribution for Al’(p, ao)Mg**, that 
is, the angular distribution shows a strong 
backward peaking at 12.8 Mev but a low back- 
ward tail at 13.0 Mev, while for Al?’(p, a)Mg?** 
the angular distribution is not so much af- 
fected as for Al(p, ao)Mg™* by this change 
of incident proton energy except for larger 
angles where an appreciable difference can be 
seen. 

It is interesting to compare these results 
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dp ~L@rol , 


where jz is the spherical Bessel function of 
order 2, and Q is the momentum transfer as 
obtained by following equation: 


G= 


(1) 


M; 
ky——~—ka 
2 Vise 


’ 


where ky and ka are the center of mass mo- 
menta in units of # of the incident protons 
and the emergent alpha particles, respectively, 
and M; and M; are the masses of Al” and 
Mg**, respectively, and 7 is the interaction 
radius. The dashed curves in Fig. 3 were 
calculated from Eq. (1) for the reaction 
Al?"(p, ao)Mg?*. No theoretical curves from 
direct interaction theories can be expected to 
fit the angular distributions for Al?’( p, a1)Mg”**, 
because of the absence of the characteristic 
maxima and minima in the experimental re- 
sults. 

As having been observed by Fischer ef al. 
in the energy region between 9.6 and 11.0 
Mev, the rapid change of angular distribution 
for Al?"(p, ao)Mg™* with the incident energy, 
as well as the sharp energy dependent ex- 
citation curve for either reaction was observed. 
Also the angular distributions can be partially 
fitted by Eq. (1) with radii of 5.0, 4.8 and 
4.8x10-43cm at 14.1, 13.0 and 12.8 Mev, re- 
spectively. Fischer et al. have used a radius 
of 4.50x10-13cm for a fit to their data. It 
must be noted that these values for the 
radius are not very different from one another. 
For Al?"(p, ai)Mg*** it is noteworthy that al- 
though for smaller angles the angular distri- 
bution does not seem to change so rapidly as 
for Al?’"(p, a)Mg*, an appreciable difference 
can be seen between the angular distributions 
at 12.8 and 13.0 Mev for larger angles than 
140° where measurements have not been per- 
formed by Fischer ef al. at 10.87 and 10.97 
Mev. By Kobayashi ef al.1, very sharp 
energy dependence of the differential cross 
section has been observed also for the reac- 
tion Ne2*(p, p’)Ne” resulting in the first ex- 
cited state in the incident energy region be- 
tween 8.6 and 9.7 Mev at laboratory angles 
of 45° and 60°. 

The partial fit of the Al?"(p, ao)Mg** data 
by a curve of the general form [j2(Q7o)]? sug- 
gests that the surface direct interaction such 
as the triton pickup or exchange reaction 
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plays an important role. 

The observed sharp energy dependence can- 
not be explained by the simple theories of 
direct interaction which predict very slowly 
changing differential cross sections. Modifica- 
tion of the direct interaction theories, }®)»! in- 
cluding the distorted wave treatments, would 
probably also not produce such a sharp energy 
dependence. Owen and Madansky™ have 
obtained good qualitative agreement with their 
angular distributions for B""(p, )C”, which 
show a large energy dependence, extending 
the ordinary deuteron stripping theory to in- 
clude the effect of heavy particle stripping. 
By an analogous treatment, the present re- 
sults of the reaction Al?"(p, ~a)Mg*t may be 
explained. On the other hand, assuming that 
the reaction Al?"(p, a)Mg* occurs through the 
compound nucleus formation, the sharp energy 
dependence cannot be expected from the sta- 
tistical theory??, which is based on the as- 
sumptions that there are many levels of all 
types at the excitation energy of the com- 
pound nucleus (continuum assumption), and 
the corresponding wave functions have a 
random phase so that when phase averages 
are performed all interference terms will 
vanish (statistical assumption). Therefore the 
continuum or statistical assumption must not 
be satisfied. However, in this case, since the 
continuum assumption is probably satisfied, 
the statistical assumption might be considered 
to be violated. Then it is considered that 
either interference between various direct 
interaction processes or between direct inter- 
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Fig. 4. Typical spectrum of alpha particles from 
the reaction Cr(p, a)V at a laboratory angle of 
50° for 14.2 Mev protons. 
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action and compound nucleus processes, or 
both are responsible for the present reaction. 
(2) Case of Crop, a)V** 

In Fig. 4, a typical pulse height distribution 
of the alpha particles from the reaction 
Cr(p, a)V, measured at a laboratory angle of 
50° and 14.2Mev proton energy is shown. 
Natural chromium has four stable isotopes 
of mass number 50, 52, 53 and 54 and their 
abundance ratios are 4.31, 83.75, 9.55 and 
2.3%, respectively, among which Cr is the 
most abundant. Then the peaks appeared in 
Fig. 4 are probably responsible for the reac- 
tion Cr°2(p, w)V*. The level scheme of V* 
remains almost unknown except the first three 
states, that is, ground, 0.08 Mev and 0.152 Mev 
states! , which are very close to one another. 
From the energetics by comparing the pulse 
height of the present reaction with that of 
the reaction Al?’(p, w)Mg"4, the first peak of 
the alpha particle spectrum is considered to 
correspond to the reactions resulting in these 
states of V*%, while it is not known to which 
levels of V*9 the second or third peaks of the 
pulse height distribution refers. The small 
but discernible tail which appears at the high 
energy side of the first peak is probably at- 
tributed to alpha particles from the (f, a) 
reactions of Cr®, Cr? and Cr*4. Supposing 
that the (p, aw) cross sections are of the same 
order for all Cr isotopes, the background of 
these isotopes is considered to have no signi- 
ficant effect on the spectra, since these iso- 
topic abundance ratios are small as compared 
with Cr®?. Background due to carbon or oxy- 
gen contamination does not effect the mea- 
surément as in the case of Al, since the Q 
value of Cr°*(p, w)V** is merely —2.59 Mev, 
which was calculated from mass data!®), 

Fig. 5 shows the excitation curve at a labo- 
ratory angle of 50° for the first peak of the 
pulse height spectrum corresponding to the 
reaction Cr®°(p, ai1)V* resulting in the first 
three states of V**, Since no sharp energy 
dependence but smooth structure was observed 
in the energy region between 13.6 and 14.8 
Mev, the angular distribution was measured 
at intervals of about 1 Mev for the proton 
energy. 

Fig. 6 shows the angular distribution of 
this reaction at 14.2, 13.0, 12.0, 11.0, 10.0, 
9.5 and 9.0 Mev proton energies. The angular 
distributions of alpha particles (a3) responsible 
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for the unsufficiently resolved second and 
third peaks of the pulse height spectrum, 
which correspond to the levels of V*® up to 
about 1 Mev excitation except the first three 
levels, was measured at 14.2, 13.0 and 12.0 
Mev proton energies. These are also shown 
in Fig. 6. 

In Fig. 6, it can be seen that, though a 
forward peak is discernible prominently at 
14.2 Mev and slightly at 13.0 and 12.0 Mev, 
the angular distribution for the reaction 
Cr°*(p, a1)V* is nearly symmetrical about 90° 
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except at 14.2Mev. Also for Cr®(p, ass)V*, the angular distribution is consistent with the 
the angular distributions do not deviate ap- prediction of the statistical theory of nuclear 
preciably from 90° symmetry. reactions, and suggests that most of the 

The approximate symmetry about 90° of reactions occur through the compound nucleus 
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the reaction to a particular state of the final 
nucleus varies with incident energy depending 
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upon the number of the competing open 
channels, including that of other types of 
reactions such as (pf, 2) or (p, p’) reaction, 
and upon the Coulomb barrier penetrability 
of the emergent particles. Therefore, the 
cross section is expected to reach its maxi- 
mum value near the Coulomb barrier height 
for the emergent particles and to decrease 
with either increasing or decreasing incident 
energy from there. Indeed, for the reaction 
Cr°*(p, ai)V“, we can see in Figs. 5 and 6 
that the cross section can be seen to have 
its maximum at an incident energy of about 
11.0Mev which corresponds to an emergent 
alpha particle energy of 8.13 Mev, whereas 
the Coulomb barrier is 9.9Mev for a radius 
of 1510-8 A’%cm. This behavior of the 
cross section is not inconsistent with the 
compound nucleus process for this reaction. 
On the other hand, the forward peak dis- 
cernible in the angular distribution for the 
reaction Cr®°(p, ai1)V*2 above 12Mev proton 
energy seems to suggest an appreciable con- 
tribution of direct interaction at these energies. 
Fulmer and Cohen have measured the 
energy distribution of alpha particles from 
(p, @) reactions induced by 23 Mev protons at 
several angles in elements from Al to Au. 
It has been reported that for Ni, the nearest 
element to Cr among the elements measured 
by them, the high energy part of the spec- 
trum is strongly forward peaked and sug- 
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gests to be produced by direct interaction 
reactions. 

It may be said that the reaction Cr**( p, ai)V*9 
occurs mostly through the compound nucleus 
formation at lower incident energies below 11 
Mev and then the contribution from the 
direct interaction becomes significant gradu- 
ally. 

In conclusion, for the reactions Al?"( p, ~)Mg”* 
and Cr°*(p, w)V** resulting in the lower ex- 
cited states of the final nuclei, the opposite 
aspects of the nuclear interactions, that is, 
the direct interaction and the compound pro- 
cess, are observed, which is considered to be 
due to the difference in the structures of the 
target. However, the behaviors of the emer- 
gent alpha particles are not explained merely 
by the simple theory of direct interaction or 
by the statistical theory of the nuclear reac- 
tion but it is considered that the various 
direct interactions and compound processes 
contribute in a complicated manner. It is 
hoped that further meassurements of ()/, @) 
reactions for other elements will be carried 
out. 
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The Brownian motion of a classical harmonic oscillator is treated 


mechanically throughout. 


The oscillator is coupled with thermostat 
which is composed of a great number of harmonic oscillators. 


By use 


of a transformation which eliminates the coupling to the first order, the 
second order quantities like the friction force in obtained. Correlation 


of random force is also discussed. 


$1. Introduction 


Brownian motion is usually treated by the 
theory of stochastic processes», which has 
quite wide applicability providing us with one 
of the most beautiful and powerful methods 
in many problems. In this theory, however, 
we have to assume several hypothesis, e.g. 
the existence of the friction force and the 
nature and the correlation of random force. 
The friction force and the random force come 
from the same origin, namely the interaction 
with other part of the system. But they are 
introduced by separate assumptions and the 
relation between them is derived by use of 
ad hoc assumption that the system is to ap- 
proach the state of thermal equilibrium if it 
is left undisturbed. And this kind of theory 
has no direct connection to the general theory 
of irreversible processes. 

There were several attempts to formulate 
the theory of irreversible processes or of 
random processes on purely mechanical basis. 
Kirkwood” derived friction constant and the 
Fokker-Planck equation in classical mechanics. 
Zwanzig®)? wanted to have the Fokker-Planck 
equation in quantum mechanics. Callen and 
Welton treated quantum mechanics of dis- 
sipative system. In these calculations, it was 
necessary, in principle, to solve the equation 
of motion for a suitable time interval, which 
must not be too small and not too large. 
Evolution of the system was then given by 
connecting the time intervals. Kubo” de- 
veloped a method which deals with systems 
not far from equilibrium. 

One of the aims of this paper is to get rid 
of and to clarify the nature of the stochastic 
theory. We start with a well defined system 
with definite interaction. We show that the 


interaction gives rise to friction and that the 
remaining force is random force. We employ 
a method similar to that used in the general 
theory of irreversible processes®». The 
method used in this paper is applicable to 
more complicated systems. To avoid ambi- 
guity, however, we shall here confine our- 
selves to the simplest system we can consider. 
Indeed there are many controversial points in 
the general theory of irreversible processes, 
and it is hoped to give more or less sound 
footings to it, because by so doing we can 
test some of the concepts and clarify the 
nature of approximation used in the general 
theory. We shall treat more complicated 
problems (relaxation of two-oscillators, spin 
relaxation, etc.) in the near future. 

The system we treat here is an assembly 
of harmonic oscillators and interaction force 
is assumed to be linear with respect to dis- 
placements. The interaction, assumed small, 
is introduced from infinite past, and the equa- 
tions of motion are solved therefrom. We go 
over to coordinate systems (&, 7) which rotate 
with proper frequencies, and then transform 


to (€, 7) by eliminating the first order terms 
of the interaction. We take an oscillator and 
regard the rest of the system as thermostat, 
for which we assume certain equilibrium pro- 
perties. 

The system is the same as that treated in 
a previous paper? dealt with quantum me- 
chanical density matrix. Though the present 
paper supplements, in some respects, what 
were missing in the previous one, the main 
purpose is to give a very elementary but 
sound footing to the problem. 

It seems worth noting the origin of the 
friction force. * Consider that we displace an 
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oscillator; this implies a work against the 
other oscillators. A part of this work will 
give rise to a shift in oscillation frequency 
and will be conservative, but as there is 
naturally a tendency to equalize energy of 
oscillators some part of that work has to be 
dissipated in the form of friction. 


§2. Interacting Oscillators 


First we shall consider a harmonic oscillator 
under an external force F. The canonical 
equations of motion are 


x=p/m , p=—moex+F . (2.1) 


As is well known if F=0 the oscillator de- 
scribes a circle in the phase space (x, p/mo) 
with angular velocity —o. It is therefore 
convenient to refer to a rotating coordinate 
system and use 


E=x cos wt —(p/moa) sin of , CR 


y=mox sin ot +p cos ot . 
The equations of motion (2.1) then go over 
into 


(EES ety as(E; cos w;t + adja sin ot \( or (on ) } 
m 
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E=—Fsin ot/mo , 


Dao 
7=F cos at . ae 


We see that if there were no external force 
both & and 7 stay constant. 

Now we consider an assembly of harmonic 
oscillators. We assume that the interaction 
energy is of the form 

AV => AijX1%3 , (2.4) 
where 2;; is the coupling constant between 
the 7-th and the j-th oscillators, 2 stands for 
the magnitude of the interaction: %A~O(Ai;). 
Let m: and w; the mass and the frequency 
of the 7-th oscillator and define & and y by 


equations analogous to Eqs. (2.2). The force 
acting on the 7-th oscillator is 
R= AG 
= Sy d( Es cos wit +“ sin ost) ie) 
Jet Mj; 


We shall suppose that the interaction is 
introduced adiabatically from the past. Under 
this supposition we replace Aj by Ajes and 
afterwords take the limit s—0. Then the 
equations of motion for the oscillator 7 are 


combined into 


(2.6) 


jO5 cos wit 


We assume that the coupling constants 4;; are small and solve the above equation using 
the following method. We notice the fact that if 2 were zero € and 7 would stay constant, 


and put 


E=E:+E/E, 7,0), 
m=ntnai (E, a: t) ’ 


(2.7) 


in which £=(E,,&,---) and 7=(m1, 7%, °::) are defined in such a way that their rate of 


change is of second order in 2: 


Ei: =O(”) , 


m= O(2) . 


(2.8)* 


Accordingly the rate of change in £ and 7’ are of first order in 2. Though the way of 
splitting thus & and 7 is not at all unique, the result is however independent of the way as 
can be seen easily. In particular we demand that & are of the order 4. The simplest way 


is to define them by 


Dey Aa iC He 03 atpie 
Miniki SS, aus Event) mss S; ( i} 2.9) 
—e i Gas. yee AA 25 ii } , 
ni => dus EiCuld+ a Sj Or 


and choose the function cj, Sj. Cj: and sy in such a way that their time derivative coincide 


* In the previous paper? an inappropriate ‘terminology “systematic” was used for 9, which corre- 


sponds to — or 7. These quantities have oscillatory behavior as well. 
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the time factors in the right hand side of Eqs. (2.6). That is 
Cyi(t) =e" cos wt Sin wt , etc. (2.10) 


We may understand change of variables from (&, 7) to (E, y) as a transformation which is 
canonical if 22 terms are neglected, and ci; etc. as action integrals corresponding to the | 
transformation. i 

We may also understand the variables € and 7 as follows: When an oscillator is displaced 
the rest positions of other oscillators will be shifted also. In virture of the interaction, 
therefore, each oscillator will be seen to oscillate around instantaneous rest position. Accord- 
ing to this interpretation — stands for the displacement from the instantaneous rest position &’. 

Now we have 


z pis 
dt’es”’ cos wjt’ sin wit’ + vi 
res MNjW5 


= t 
mints = Daf Es| | dt’es” sin wt’ sin wit’ | , 
my (2.11) 


eft a t 
—7i' =S/afE,| dt 'e*"’ cos wt’ cos wit’ + aaa dt’e*’ sin w;t’ cos ot’ ' 
jj) -0 


— oo 


If we insert these expressions into Eqs. (2.7) and then into (2.6) we shall see that the rate 
of change in & and y are of the order A? as required (c.f. Eqs. (2.15) below). 

It is important for our calculation that &’ and 7’ do not increase with time and oscillate in 
the limit s—0. In actual, for w, w’>0, 


Cos (w@itws)t , COS (wj—way)t 
2(@i-+;) Aai—w;) ” 


t 
64—=Spx = lim \ dt’es”’ cos wt’ sin w;t’ = 


$0 


Cis) tim cial wit’ Cos of} a ees sin (@:+o,;)t , sin (@—a;)t 


ij s>0 sin wit’ sin wt! ‘i Ee 2(@i +) 2(@i—@;) 


— oo 


And we have 


By < il ae | Nk | 5 O(ox «;) sin’ (@z-+@;)t sin ear 


Mj j Mr Wx 2(@, +5) 2(W~r—@ 5) 
Ex] — cos (ox t+@s)t cos — > 
2(@x +5) 2(@n—)) 
ia (2d) 
ee P = -+a;)t , sin (@xr—a;)t 
EES dnl | 5 Olona) 4+ = eas 
Wy Bee pe ata icon ee 
| Ni = COS (Wx-+os)t COS (Ox—w5)t 
MkWk 2(@x-+a;) 2(@xr—@;) i 


In virtue of these equations, after inserting Eqs. (2.7) into the right hand side of (2.6), we 


get 
hee EG, ins es 
—%i ~\cos wit (Cat 


where 


7 ot fe Viahon: a 
F(j=-—> il E COS wjt + a sin ot) +P) ; (Q183) 


Jb MjWjk*>s 


~ , Rij —/ = 7 j 
FO=-D LSS an Eel — Fy Hwx—03) sin w;t-+ °3 cog ont} 
Ox? —w;? 


NK 7 j 
ol) ee ; @ . a 
> (@~—@5) COS nig Emr sin ontt | : (138 


MOK 
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This is the equation of fundamental importance in the present calculation. 

Further we have to prove Eqs. (2.8) that & and y are second order in 4. To verify this 
we make € and y from Eqs. (2.7) and (2.11) or (2.9) and insert them into the left-hand side 
of (2.13) to get 

miki —Dd disEscn-+ (sl mso) Si} = —Fi(b) sin wit (2.14) 


and similar equations for y;. In these simultaneous equations Fit) is of second order in 2 


and does not contain — nor 7. So except for very unusual cases we may replace the set of 
simultaneous equations by 


(es) a K as 2) (2.15) 


—N cos wit 


where F(t) is give by Eq. (2.13). Therefore the rate of change in & and 7 is second order 
in 4, and stays very small all the time. 
In the following it is sometimes convenient to use the notations, 


Mi sin wit : 
Mii (2.16) 


Li= Mien: sin wit + cos wit . 


xi=E, cos wit + 


°§$3. Damped Oscillation 

Let us pay special attention to the oscillator z=0 (central oscillator) and consider the as- 
sembly of other oscillators 1, 2,---,7,---,%,--- (4<0) as forming thermostat. 

Further, we assume that the thermostat is always in the state of thermal equalibrium 
with temperature ZT. The most logical way to introduce this ad hoc assumption is to take 
an ensemble of systems of the same construction and energy (each system is what we have 
considered in § 2). We are to follow the motion of the central oscillators 7=0 in all the 
systems; the representative points belonging to the central oscillators are expected to suffer 
Brownian motion and to diffuse in a certain way in the phase space (%o, fo). The other 
oscillators 1, 2,---,7,---,k,+-- are the thermostat oscillators and their motion is supposed to 
be in perfect randomness at every instant. Under this supposition we can speak of the 
average taken over the configuration of the thermostat. 

As to the thermostat in equilibrium state the average of fluctuations, &) and 7;’, will 


vanish. On the other hand &; and 7; will be distributed symmetrically, their averages being 
zero. Thus 
KEN =EQ=KEn=0 , 
=I =IN=0- 


(3.1) 


We see that these requirements are consistent with Eqs. (2.15). Now 


The difference between <&;> and <&;>, for instance, is of second order in 2’. We shall 
neglect 242 terms and formulate the ensemble average: 


KES > =Cys >| (mjnj 2 =kT/mjo? . (3.2) 
Further we assume that 
CEQEC’)=0 (jask), <Es(tnl(t’)>=0. (3.2") 
We see again that these requirements are consistent with Eqs. (2.15). Now 


SE (3.3) 


pPo= —=Mow02X —MoMvEo sin Wot + Ho COS wot . 
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Taking average over the thermostat oscillators we get from Eqs. (2.13), 


Tees ont > 


= Ey cos wot + —*— sin an (3.4) | 
MjWj Or—o;? =o" MoWo 1 


The averages in the right-hand side of this equation are —<po>/mow and <x>. Therefore | 
we may write | 


< poy =— mow x0 — Sat v3 oN & sin ot + 


< poy +t mown x0) = AC x0» —C< poy/mo , (3.5) 
where 
A=> Sie eka : 
ji Mj WH —WO (3.6) 
ne Ah 403” 
= Son 
¢ 2 es Mj" os atie 


As A and € are of the order 22, we may replace <%> and <fo> by <> and <fo> in the 
right-hand side of (3.5), because we are neglecting higher orders in A. 
We obtain finally the damping equation, 


my 0046S <x0>+ (mow? — 4) x0 =0 5 (3.7). 


where € is the friction constant and A stands for the shift in frequency. If there are 
2(w’) do’ 


oscillators in the thermostat within the frequency range w’~w’-+dw’, and if their masses are 
the same, 

mM =m; . 
we have” 


m @?— Wo" 


ae 1 jee, dw 


C=) =: 2(w0)/mm’ wo? . 


in which we have written A(w;) for 4o;, that is, we look 4; as a function of the frequency 
w; of the thermostat oscillator. As in the case of a radiation field® or the like, if g(w)<w? 
then € would become independent of w, provided if A(w) were constant”. In this case, how- 
ever, A would diverge, and we have to cut off high frequency range or to renormarize the 
frequency of the central oscillator. This is the situation frequently called as the ultraviolet 
divergence. But in our case we may think of appropriate forms for 2(w) and g(o). 

It is easy to see that the term dx) actually represent the reaction due to thermostat 
oscillator on the central oscillator: Suppose that the central oscillator is oscillating with 
amplitude a. The oscillator 7 of the thermostat coupled with the central oscillator is then 
subject to forced oscillation and its motion is given by 


xj;=a; sin Re oe a 


—Wp" 


—Ay ; : 
“ay sin (wot+do) . 
mj 


The influence of the second term on the central oscillator is the reaction force given by 


it —ho;j é R oO 1 
a wo Sin (Wot + 00) = <> _ xy , 
Wj" — Wo mj O;?—wo2 Mj 


So+520= —Ajo 
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The summation of this force over j gives 4%). 


§ 4. Langevin Equation and Correlation of Random Force 


Going back to Eq. (3.3) we see that the equation for fo is of the form 


pot mown?xo = —> aE, cos w;t eee sin od + (Axo —C Po/m) 
jO5 
+(terms linear in &; and 7; of thermostat) . (4.1) 


The last term on the right-hand side is fluctuating, but of the order 22. The second term 
is of the order 22, but it is not fluctuating and gives rise to the frequency shift and the 


friction after replacing % and po by % and fo. The fluctuating force is therefore 
f@®S25 aus E cos wt +2 sin ost) +-0(22) 
Mj; 
= — >) 405%) +O0(A) . (4.2) 
Consequently we get the Langevin equation, 


MoxXo+C%X+(mow?—A)xo= f (£) « (4.3) 


The correlation function of the fluctuating force is 


CFOS ERT Y=DD Ashen xj xe +t) ; (4.4) 


in which 


X5(b)Xe(t-+7) =E,(f)E.(t-+r) cos wt cos wx(t-+7) 


ra astimdt+t) 5. ot sin wx(t-+T) 
MjMNpOjOn 
Estat +) cos wt sin ax(t-+7) 
MOK 
a. niH&(t +7) sin w;t Cos w(t +T) . a 
Mj@j 


Now we shall evaluate quantities like (E,(HE(t+t)>. To do this we make the derivative 
with respect to t. Replacing ¢ by ¢+t in Eq. (2.15) and multiplying by &(¢) we get 


EWE G+ =>, 24 _ Ewkt+0)> fri 5(ws—o) sin on(t-+*) 


L MjWjMiWMr 


ee Mea mMnols (4.6) 
of—ar 


We take time average of the ensemble average and designate it by < >. We have 
@ EGER FE = FOP EMDEM +) (4.7) 


where € is the friction constant given by Eq. (3.6). We have a similar equation for 
énibynt+t)>. Thus 
CEQDEME Ft) = CEES"? , 
Cailbnt to =Kup pes? . 


Analogously we can prove that CE(DEE+t)> (jak) and <E,@)m(¢+t)> vanish if they are 


(4.8) 
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zero initially. So that Eqs. (3.2’) are consistent in this sense. 
Inserting Eq. (4.8) into (4.5) we get 


(x,(t)axn(t-+t)> = EP 0, €-$7/? Cos (wjr) . (4.9) | 
The factor cos (jt) on the right-hand side comes from the nature of the oscillator. | 
The force acting on the central oscillator under Brownian motion is f (t)=— D>) A0j%j; +00"). 


The correlation of the random force is therefore 


} 


FOF EF =X P@NKES > eS"? Cos wt , (4.10) | 


} 


where, as before, we have written 4(w;) for 43. The spectrum is 


|" ae con er fDY Gees 


c/2 C/2 } 
(o—ojP+(C/2? — (o+aj)+(F/2)? 


=> 2(o) E'(w)> F{G(o—o)) +8(0+09)} piel <(GsOy.. 


= 3 ioEPS ; 


Thus, in terms of the friction constant € of (8.6), we have 
|, a cos ar F OF ELI =mkTEC(a) « (4.11) 
0 


This agrees with the Wiener-Khintchine lation into quantum mechanics, which will be 
theorem”. In particular for w=) Eq. (4.11) discussed in a later article. 

is the relation between the correlation of The present study was partially financiated 
random force and the friction constant for the by the Scientific Research Fund of the Minis- | 
harmonic oscillator under consideration. In try of Education. 

the special case w=0, Eq. (4.11) reduces to 


the well-known relation, References 
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| deFOF EF) =mkTCO). (4.12) 2) MC. Wang and G.E. Uhlenbeck: Rev. 
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; 2) J. G. Kirkwood: J. Chem. Phys. 14 (1946) 180. 
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The thermoelectric power of AgCl doped with several concentrations 


$1. Introduction 

Recently the theory of thermoelectric power 
of ionic crystals!) has been developed as a 
help of understanding of the electrical pro- 
perty and the Soret phenomenon. The pur- 
/ pose of the present paper is to give an infor- 
| mation on thermoelectric properties of AgCl 
crystals by combining the available theory 
with measurements on AgCl doped with 
several concentrations of CdCl. 


§2. Experimental Arrangements 


We prepared specimens of silver chloride 
by adding hydrochloric acid to a solution of 
silver nitrate, and well washing the precipi- 
tate away from violet light. The impurities 
in samples were analysed by a spectroscopic 
method. Iron, silicon and magnesium were 

barely detected, so that we estimate that the 
amount of these impurities is below 10-% Mol- 


subheater — mainheater light shielding 


TTT 


specimen i call cere meter 


constantan wires 


(contact with nichrome 
wires) 


nichrome wires 
* | (wound on Ag foils) 


3, 4: Conductivity measurement probes. 
Thermoelectric voltage measurement 
probes. 
Fig. 1. The schematic diagram of the experiment- 
al arrangements. 


of CdCl, is measured and compared with the theory. 


%. Also we used specimens of silver chlori- 
de offered from the laboratory of Fuji Photo 
Film Co., and the both samples showed no 
material differences. 

After being washed and dried, the precipi- 
tate is mixed well with a proper amount of 
CdCl, and is put in a hard glass tube with a 
capillary.2» The tube is heated up to 580°C 
while evacuating and then sealed. We shake 
the tube slowly in order to mix AgCl with 
CdCl. uniformly and at the same time, in 
order to avoid adhesion of sample to glass 
wall and to eliminate bubbles. The molten 
salt is cooled with a speed of the order of 
1°C/min near the melting point of AgCl. The 
speed at which crystal is cooled to room tem- 
perature may be larger than that at the 
melting point, because the quenching has an 
effect only at lower temperature than the 
range of our measurements (100~400°C).” 
The sample thus obtained, was cut with a 
silicon carbide cutter and ground to a proper 
size (its typical dimension is 2x2x20mm‘*). 
In some cases, the ground specimens were 
immersed in concentrated ammonia for a 
minute to remove the contaminated layers; in 
other cases, glass knife was used. There 
are no significant differences in thermoelectric 
power for both treatments. 

The experimental arrangements are shown 
in Fig. 1. Four silver foils are wound on the 
specimen. The conductivity is measured as 
a function of the temperature making use of 
the four silver probes. We determine CdCl, 
concentrations from such conductivity measu- 
rements by refering the published data of 
Teltow.2 The results are shown in Table I 
as c. Here c* denotes CdCl. concentrations 
mixed at the beginning. 

Temperature gradient is set up by a mov- 
able subheater, the position of which deter- 
mines the magnitude of the temperature 
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gradient and its sign. (The temperature dif- 
ference between two ends is chosen to be 
smaller than 15°C.) In practice, in order to 
save the time necessary for steady state to 
attain, the main- and sub-heater was fixed 
and the sample was moved: in this way, the 
sign of the gradient could be reversed in 
twenty minutes or shorter than that. 


Table I. CdCl, concentrations. 
c* (Mol-%) | e¢ (Mol-%) Remark 
| 
B20 0.068 | The tube was not 
0.20 0.16 J ~ shaked 
0.026 0.022 
0.20 0.25 The tube was shaked 
0.010 0.008) slowly 
§3. Result 


The result is shown in Fig. 2. For pure 
samples, the results agree well with Rein- 
hold’s one.5) In most specimens, if measure- 
ments are made in the run of low- high- low 
temperature, they are not reproducible in low 
temperature range; that is, the magnitude of 
the thermoelectric voltage becomes smaller in 
the second run than in the first run. In the 
case of the pure samples, this deviation from 
the theoretical value at low temperature may 
be explained by an unavoidable contamination 
during the measurement and may be inter- 
preted by the divalent impurity concentration 
of about 1x10? Mol-% (pure No. 4). But in 
the case of the doped specimens, it is not 
possible to give such a simple interpretation. 

Now, the thermoelectric power, Q, is given 
by?) 


Theory 
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The thermoelectric power versus tempe- 
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eQ= —# (hr +Qi*+Qr*) 


—k ln cv+Q,/T+a , (1g 


a=k SS In vp/Y»—(Sp—S48) : 


Here, the transport number of Ag _ intersti- 
tial ions, ti, and the concentration of Agt 
vacancies, cy, can be obtained from the con- 
ductivity data of Teltow:® 


g a ‘Se g/ (S ; (23 
ote l+9 
One value of Ar+Q:*+Q.* is obtained from 
the difference of Q between a pure sample 
and an impure sample at each temperature.Y 
Next, the value of —Q.*/T—a@ at each tem- 
perature is obtained by making use of the 
mean value of hr+Q:;*+Q.* for five impure 
samples so that Eq. (1) fits experimental value 
for a pure sample. The values of hr+Qi*+ 
Q»* and —Q,*/T—a thus obtained are shown 


if = C= XE) 


in Fig. 3. By making use of these values, 
1.0 Bh +Q*+Qy 1000 
= QU / iliac . = , 300 
& o 203 x x 
se : x 
+ 
he 
G 
ty 
& 


200 


Fig. 3. The values of hy+Q;*+Qy* and 
ky Me 


the theoretical curves are given in Fig. 2. It 
is seen from Fig. 2 that the theory fits ex- 
periments pretty well. It is seen from Fig. 3 
that hr+Q:i*+Q.* varies severely with tem- 
perature and the value of —Q,* is larger 
than the activation energy of the mobility of 
Ag* vacancies.* The simple model of 
Wirtz can not explain these results. This 
theoretical difficulty will be discussed in 
future. 
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* According to the private communication of 
Dr. A.B. Lidiard, W, Christy found the similar 
behaviors in AgBr. ‘ 
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Ultrasonic attenuation in megacycle range for cold-worked and for 
quenched KCl crystals has been measured against temperature between 
200°K and room temperature. A very broad relaxation band appears 
below 240°K for cold-worked crystals. The experiments on the aniso- 
tropy of attenuation in crystals cold-worked by uniaxial compression 
demonstrate that the attenuation is caused. by the motion of the disloca- 
tions. The activation energy is found to be 0.44eV. Quenched crystals 
show also a similar band. The following are very unique features: As 
quenching temperature is raised the attenuation band shifts to higher 
temperature. This shift is accompanied by the increase of the activation 
energy. Another significant nature is the ageing effect, which results 
also a band-shift to higher temperature with increasing ageing time after 
quenching. 

It has been discussed that the effects of vacancies in the dislocation 
core upon the activation energy for the motion of dislocations and the 
concurrent motion of vacancies in the cores of oscillating dislocations 


both give rise to such a broad band as observed. 


§1. Introduction 

Most of the work on low-temperature inter- 
nal friction has been concerned with metals?- 
and a few with germanium®” and silicon®. 
Many interesting features of dislocation dyna- 
mics have been revealed so far. However, 
there are several respects in which ionic cry- 
stals such as NaCl are of special significance. 
First, for the comprehensive understanding 
of dislocation dynamics in crystalline solids it 
is naturally desired to extend the investiga- 
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tion to the ionic crystals, since no work has 
been done so far on such crystals. Besides, 
theoretical aids seem to be possible in the 
ionic crystals much more than in metals. 
Indeed, the energy of dislocation cores has 
been calculated for the first time for NaCl 
by Huntington, Dickey and Thomson”, and 
Bassani and Thomson™ have discussed the 
electrical interaction between a dislocation and 
a vacancy in its core. It overwhelms the 
elastic field interaction, which is most im- 
portant in metals. 

A second point of interest in connection 
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with the alkali halides relates to a question 
on the nature of low-temperature relaxation 
peak: In the discussion of the Bordoni peak 
in face-centred cubic metals Seeger!» has 
stated his opinion that the impurities present 
in the crystals give no effect on the peak 
temperature for a fixed frequency. This is 
the feature really found in most metals such 
as aluminium and copper. However, it is 
questionable if we believe the Seeger-Mason 
mechanism based on the oscillation of a dis- 
location line in a potential well. This is be- 
cause even fresh dislocations introduced by 
cold-working in specimen crystals have a suf- 
ficient time to be trapped by the impurities 
in most experiments before starting the mea- 
surements of ultrasonic attenuation and these 
impurities will modify the activation energy 
for the oscillatory motion of the dislocations. 
It is desired to do experiments with respect 
to the above question. It seems most ap- 
propriate for this aim to study the effect of 
vacancies on low-temperature internal friction 
of the alkali halides because of their strong 
interaction with dislocations as mentioned 
above. 

The results obtained by the present ex- 
periment have been discussed in connection 
with the recent proposal on the minimum 
stress required for the motion of charged dis- 
locations in the alkali halides made by Eshel- 
by, Newey and Pratt! and with the experi- 
mental results on critical shear stress of KCl 
studied by Doyama and one of the present 
authors™, 


§2. Experimental Procedure 


Measurements were made with the pulsed 
ultrasonics, The system for the measure- 
ment consists of a pulse generator and a re- 
ceiver to produce and to detect the megacycle- 
frequency pulses which are impressed on the 
x-cut quartz crystal. The quartz crystal used 
is about 1cm in diameter and the thickness 
corresponds to the fundamental frequency of 
5 Mc/sec. The multiply reflected pulses are 
received by the quartz crystal and observed 
by a cathode-ray oscilloscope. The smallest 
reading of a variable attenuator inserted in 
series in the circuit was 0.1 db, which corre- 
sponds to 0.05 db/cm for a specimen of 1 cm 
in length. 


Prior to mounting the crystal a metal foil 
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of copper of five microns in thickness was | 


cemented carefully to the cleavage surface of 
a specimen crystal by means of beeze-wax or 
rosin. 
detecting system. 
out appropriate cementing materials for the 
test of brittle specimens such as the present 
crystals, otherwise fine cracks are formed at 
low temperatures. Since we could not make 


This metal foil was connected to the | 
It is very important to find | 


a success in finding such a material, the tem- | 
perature range investigated is from 200°K to > 


room temperature. Further studies on acoustic 
spectra of KCl crystals at sufficiently low 
temperatures will be done in near future. 
The transducer crystal was then cemented on 


the above metal foil by the Bond cement and | 


its opposite face was also cemented to another 
metal foil serving as the input electrode. A 
sufficient damping of the transducer was given 
by means of an ebonite block. The assembly 
was enclosed in a container made of copper 
block wound by an insulated resistance wire 
for heating and inserted into a glass tube. 
The whole assembly was then evacuated and 
cooled in the liquid nitrogen bath. Tempera- 
ture of a specimen was measured by a copper- 


constantan thermocouple mounted in a very 


close distance from the specimen. 

The attenuation was measured at tempera- 
ture intervals of 2° to 5° on heating run. 
The maximum strain amplitude was less than 
10-7 and the frequencies used were 5 and 15 
Mc/sec. Within this strain range the attenua- 
tion proved independent of strain. The ab- 
solute accuracy of measured attenuations from 
one run to the next is mainly determined by 
the mounting conditions and is approximately 
+0.3 db/cm. 

Specimen crystals were KCl obtained from 
the Harshaw Chemical Company, which were 
annealed normally at 550°C in air for 5 hours 
and, then, slowly cooled to room temperature 
in taking care to avoid thermal strain. The 
specimens were cleaved to about 1.5x1.5x1.5 
cm? before the final anneal. Cold work was 
given by a compression testing machine at 
room temperature. An appropriate lubricant 
was used to give a deformation as uniform as 
possible. Quenching was made by pulling 
out a thin SB glass tube opened to air con- 
taining the specimen from a resistance-furnace 
at a desired temperature onto a copper plate 
at room température. 
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1. General 


Experimental Results 


Attenuation was measured on specimen Cy - 
stals which were slowly cooled and then cold- 
worked by compression. The general features 
will be seen in Fig. 1. Attenuations for cry- 
stals quenched from 550° and 700°C are also 
plotted in this figure. Since measurements 
were all made above 200°K, it is not clear 
whether a sharp peak corresponding to the 
Bordoni peak such as found in metals appears 
below this temperature or not. A question 
arises on the origin of the attenuation band 
near 240°K. Since there has been no indica- 
tion of any similar side-peak on the higher 
temperature side of the Bordoni peak in face- 
centred cubic metals, it may be possible that 
the phenomenon is based on some characteris- 
tics of the dislocations or other imperfections 
in ionic crystals of NaCl type. 


25 


db/em 


Attenuation , 
a 
a 


Temperature , °K 
Fig. 1. Attenuations plotted against temperature 
for cold-worked and for quenched crystals. 
(a) Cold-worked by 0.26 precent in compres- 
sion (specimen No. 29E). 
(b) Quenched from 550°C (specimen No. 22A-1). 
(c) Quenched from 700°C (specimen No. 27E). 
(d) Slowly cooled (specimen No. 9). 


The general features of the observed band 
are: 

(1) The band-edge position is independent 
of strain amplitudes in the range investigated 
here. 

(2) The band-height increases with plastic 
strain less than 4 percent. For higher strains 
it does not seem so sensitive to plastic strain 
as before. 

(3) The band-edge shifts to higher tem- 
perature with increasing quenching tempera- 
ture. 

(4) The shift of the band-edge also occurs 
in the case of holding crystals at room tem- 
perature after quenching (ageing effect). 
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(5) The attenuation is sensitive to the 
frequency of ultrasonics. Curves in Fig. 1 
were obtained at 5Mc/sec. More detailed 
descriptions for each case will be given in 
the following. 


2. Antsotropy of attenuation in cold-worked 
crystals 
When the crystals are compressed in the 
direction parallel to a cubic axis, the four 


glide systems, {101)/(101)}, are equally ori- 
ented to the applied stress. It is known that 
as long as plastic strain is not so large the 
crystals occasionally deform by the action of 
a single glide system or double glide systems 
whose Burgers vectors are perpendicular to 
each other’. If the longitudinal wave excited 
by the x-cut quartz crystal directs in the direc- 
tion normal to the Burgers vector of the dis- 
location concerned, no contribution to the dis- 
location damping should be expected, since it 
gives no effective shearing stress acting on it. 
Therefore, the respective attenuations parallel 
to three directions normal to each other such 
as shown in Fig. 2 will constitute an arith- 
metic relation. A hatching indicated in the 
inset in the same figure corresponds to the 
birefringence bands observed by polarizing 
microscope. We tried to observe the predicted 
relation on different specimens and obtained 
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Fig. 2. Orientation dependence of attenuations 
in cold-worked crystals. A hatching corres- 
ponds to the birefringence bands observed by 
polarizing microscope. Solid arrows indicate 
the direction of compression and wavy arrows 
designate the one of incident pulsed waves. 
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a consistent result in every case as expected. 
Solid arrows designate the compression axis 
and wavy arrows correspond to the direction 
of propagation of longitudinal pulsed waves. 
The peak attenuation for the specimen No. 
28C-5 is approximately equal to the sum of 
the ones at respective peaks for other two. 
A very small step can be seen at about 243°K 
in the case of No. 28C-4. This would be 
caused either by a small number of the dis- 
locations introduced by cold-working whose 
Burgers vectors are not normal to the oscil- 
lation direction of pulsed waves, or by the 
possibility that the acoustic waves have a 
small component of stress parallel to the 
specimen surface on which the transducer 
crystal was cemented. 

The above observations give doubtlessly an 
evidence that the attenuation observed is 
related to the motion of dislocations in cry- 
stals. A similar anisotropy of the logarithmic 
decrement has been observed on zinc single 


———e 


Attenuation 


Temperature - —— 


Fig. 3. A schematic illustration for the defini- 
tion of Ding. 
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crystals by Read’, Alers!, and Waterman’™®. 
The observations of this sort can offer a most 
beautiful demonstration of dislocation damping. 

The observed attenuation forms a _ very 
broad band showing a spectrum of activation 
energies. For the sake of brevity, however, 
we assume the following working hypothesis 
that the largest activation energy W of the 
relaxation process is to be determined by using 
the following equation, i.e., 


We felcta bch 
R\Tnw) Tin 


for a change in frequency from fi to fo, 
where FR is the gas constant. Jon and Tm 
are the temperatures for frequencies f; and 
fo, respectively, corresponding to the half 
maximum at the band edge. This is schema- 
tically illustrated in Fig. 3. Table I sums up 
all the results of cold-worked crystals in the 
range of plastic strain 0.2 to 4 percent. The 
band-edge position is rather independent of 
ageing time at room temperature after cold 
work. It must be remembered here that it 
spent at least one hour for mounting the 
specimen and lowering temperature before 
starting measurements. Taking average of 
Tu shown in Table I, it gives 242°K for 5 
Mc/sec and 251°K for 15Mc/sec. The acti- 
vation energy thus obtained is 0. 44 eV. 

3. Attenuation of quenched crystals 


The attenuation band obtained from crystals 
quenched from the temperature range of 


ey, 


Table I. Attenuation data for cold-worked crystals. 
Specimen Strain Direction Time after Tu Tw is “Peak height _ 
cold-work 4 
No (%) of pulses* (hrs) (°K) (°K) (db/cm) 
5 Mc/sec 
10 0.48 I| = 240 60 0.85 
13 0.90 AL — -= 15 0.67 
28 A-1 0.79 | 3 244 31 Ooo 
28 A-2 0.79 dl. 24 242 13 0.20 
28C -2 0.36 DE 240 4 0.05 
28C-4 0.36 L 35 242 5 0.03 
28C-5 0.36 | 80 243 25 0.30 
28C-6 0.36 ay 90 241 10 0.25 
28C-8 0.36 J 288 246 16 0.25 
29E 0.26 {| 24 246 PAGS 0.70 
15 Mc/sec 
LA =2 3.64 II ou 253 32 Alek) 
14 3.88 II 5 250 18 Ik 85) 
28 A-3 0.79 I| 45 250 25 0.33 


* Relative to the compression axis. 


1959) 


Low-Temperature Internal Friction of KCl 


735 


Table II. Attenuation data for quenched crystals. 


Specimen Quenching Time after Tx ; Tw "Peak height 
temperature quenching A 
No. (°C) (hrs) (°K) (°K) (db/em) 
5 Mc/sec 
iti 550 ) 242 3 0.30 
16A-3 950 34 245 7) 0.60 
18 550 3 249 36 0.57 
22 A-1 550, 2 248.5 20 0.55 
22 A-2 550 50 RATE 5) 10 0.10 
22A-3 550 75 250, 13 0.43 
15 Mc/sec 
20 550 2 (254) 30 0.90 
72 550 4 262 PD 1.00 
5 Mc/sec 
30 700 38 260 8 0.44 
ol 700 2 25355 8 0.40 
Zia 700. 10 OLE 16 0.50 
28D-1 700 3 Don 10 0.18 
28 D-3 700 24 263 3 0.19 
15 Mc/sec 
28 D-2 700 6 264 12 0.70 
28D-4 700 De® 270.5 12 0.27 


intrinsic conductivity is very similar to that 
observed in cold-worked specimens as already 
shown in Fig. 1. One of the most remarkable 
features will be the shift of the band edge 
with increasing quenching temperature. Table 
II includes all the data on quenched crystals 
from 550° and 700°C. Another remarkable 
feature seen in Table II is the shift of the 
band edge with increasing ageing time at 
room temperature. The results are illustrated 
in Fig. 4 for crystals quenched from 700°C. 
Such effects have not been observed in other 
materials. 


2.5 


Quenches from 700°C 


. dbfem 


Attenuation 
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220 240 260 
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Fig. 4. Frequency dependence of attenuation and 
its variation with ageing time at room tempe- 
rature for crystals quenched from 700°C. (a) 
specimen No. 31 at 5 Mc/sec after 2 hours; (b) 
specimen No. 30 at 5 Mc/sec after 38 hours; (c) 
specimen No, 28D-2 at 15 Mc/sec after 6 hours; 
(d) specimen No. 28D-4 at 15 Mc/sec after 27.5 
hours. 


In our crystals quenched from 550°C, Ty 
is 248°K for 5Mc/sec after about one hour 
from quenching and it shifts to 250°K after 
one day at room temperature. For crystals 
quenched from 700°C, the temperature shifts 
from 252° to 262°K for 5 Mc/sec with in- 
creasing ageing time. This phenomenon is 
accompanied by a remarkable increase of the 
activation energy. The following Table II 
will show such a variation of the activation 
energy. An increase in the activation energy 
also occurs when quenching temperature is 
raised as seen in the same table. The fre- 
quency ¥% in Table III is obtained from the 
relation y=v) exp (—W/kTm), where »v is taken 
to be the frequency of applied ultrasonics. 

Quenching from the temperature range of 


Table Il]. Variation of the activation energy with 
quenching temperature and with ageing time 
after quenching. 


Treatment Ss eee 
Cold-worked 4.4 x 1018 0.44 
Quenched from 

BONG 1.71018 0.43 
Quenched from 

700°C 

@) Seer tute gil sail’ 0.49 

(b) long time 101541 0.6140.07 
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intrinsic conductivity will introduce disloca- 
tions and vacancies into the crystal. The 
above effects are hardly explained by a sepa- 
rate action either of the dislocations or of the 
vacancies. The activation energy for the 
motion of paired vacancies in KCl is 0.38 eV 
according to Dienes’ calculation’? and it does 
not seem to depend upon quenching tempera- 
ture. Therefore, the motion of paised va- 
cancies is hardly responsible for the observed 
relaxation. It will be necessary to take ac- 
count of some correlation characteristic of the 
ionic crystals between the dislocations and 
the vacancies for the explanation of the ob- 
served phenomena. 


§4. Discussions 


1. The Bordoni peak 

It has been shown in most experiments 
concerning the Bordoni peak in metals that 
the peak temperature for a fixed frequency 
is independent of the concentration and the 
nature of the impurities present. Seeger! 
has thus developed his theory of the Bordoni 
peak in face-centred cubic metals without 
taking account of the influence of impurities 
present. It seems to be quite questionable, 
however, that the impurities attached to the 
dislocations do not give any influence on the 
oscillatory motion of dislocations which causes 
the relaxation to be considered. In fact, the 
following discussion will lead us to conclude 
that the low-temperature internal friction peak 
should generally depend on the point defects 
present. The degree of the dependence is 
determined by the nature and the magnitude 
of interaction between the defects and the 
dislocation, however. 

Following Seeger and Mason?” we consider 
the relaxation process due to the oscillation 
of a dislocation lying along its potential mini- 


‘dislocation 
line 


of pot. 


energy y 
Oo point defect | 
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Fig. 5. Transition state in the formation of a 
kink pair according to Seeger. The effect of 
point defects attached to the dislocation line is 
described in the present paper. 
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mum. The activation energy is given by the 
formation energy of a half-kink pair. Fig. 5 
illustrates the transition state corresponding 
to the position of maximum energy through 
which a dislocation segment is thrown to the 
neighbouring potential minimum. For practi- 
cal purpose the potential energy of the dislo- 
cation line may be given by 


E(y)=Ev—a. cos =. , (2) 
where 2a is the amplitude of the potential 
and a is the lattice constant. Using this one 


obtains the activation energy as 

W=W:+2ad , (3) 
where W, is the energy of a kink of width 
w and d is the optimum length of the dislo- 
cation segment at the transition state. Both 
are given by Seeger as increasing functions 
of a. 

To examine the effect of point defects at- 
tached to the dislocation line we will begin 
with the case where the point defects are 
elastically bound to an edge dislocation. The 
interaction potential is given by Bilby (see 
Cottrell)?” as 

U=—A(sin 6)/|r| , C49) 
where |r| is the magnitude of the radius 
vector from the dislocation line to the defect, 
@ is the angle between r and the Burgers 
vector of the dislocation, and A is a para- 
meter depending on the elastic constants of 
the crystal, the lattice constant, and the rela- 
tive degree of misfit of the defect. |r| 
should be larger than the core-radius 7 of 
the dislocation. Suppose the defects pinning 
the dislocation line at the points separated by 
/ from each other. Taking the displacement 
of the dislocation to be 8, the change of the 
potential will be —é-yU(r) when |r|>|dl. 
One easily finds that the increase of the ac- 
tivation energy is at most one tenth of |U|max 
when /+(d+w). The maximum value of 
|U| in most cases is taken to be 0.2eV or 
less, whereas the activation energy W is found 
experimentally to be 0.1 eV for aluminium and 
0.07eV for copper. Here the suffix 0 de- 
notes the values for the dislocations free from 
point defects. Since the Bordoni peak is 
thought to be caused by fresh dislocations 
introduced by cold-working, the mean sepa- 
ration / between the pinning points should be 
large as compared to an equilibrium value, 
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which is attained by the diffusion process. 7 
can be estimated as 4a for |U|max=0.2eV and 
200a for |U|max=0.leV for copper of 99.99 
percent purity in equilibrium at room tem- 
perature. On the other hand, (d)-++w) is found 
to be about 60a in copper for the applied 
shear stress smaller by one order of magnitude 
than the Peierls-Nabarro stress. 


At any rate, it is doubtless that the activa- 
tion energy for the motion of edge disloca- 
tions is very sensitive to the impurities. 
Therefore, the main Bordoni peak in such 
metals should be thought to be caused by 
the relaxation associated with the motion of 
screw dislocations which are less sensitive to 


y © positive ion 
® negative ion 
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Cay 


Fig. 6. 
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the impurities. Besides, it is possible that 
the activation energy Wo for the screw dis- 
locations are large as compared with that for 
the dislocations of other orientation in such 
metals. This makes much simpler the ap- 
pearance of the Bordoni peak as observed 
than in the opposite case.* 

The situation is probably more complex in 
the case of ionic crystals. According to Bas- 
sani and Thomson™, the positive-ion vacancy 
in NaCl is bound to the dislocation core with 
the binding energy equal to 0.4eV. The 
binding energy of the negative-ion vacancy 
should be at least as large as that of the 
positive-ion vacancy. Fig. 6 illustrates the 


Ion configuration of a (110) edge dislocation. 


(a) illustrates the configuration of the dislocation at x=0, and the position of the vacancy 
in the core according to Bassani and Thomson. 
(b) corresponds to the same dislocation proceeded a distance of 6 to the negative direc- 


tion of the «x-axis. 


configuration of ions and the negative-ion 
vacancy in the core of a (110) edge disloca- 
tion. When the dislocation proceeds a dis- 


tance of b in the direction [110], the ion con- 
figuration (a) changes to the one (b), in which 
the vacancy is left behind. The core-radius 
of a (110) edge dislocation in NaCl has been 
estimated to be 0.75b by Huntington ef al”. 
It may be about the same in KCl. When the 
dislocation proceeds a unit distance 5, there- 
fore, the vacancy is left at the edge of the 
core. If we apply Eq. (4) to this case, the 
binding energy is found to be negative and 
equal to —0.06eV using Bassani-Thomson’s 
estimate of the relative misfit of the posztive- 
ion vacancy. Accordingly, the activation 
energy for the motion of the dislocation in- 
creases by at least 0.4eV as long as /<(d)+ W). 
It should be noted that Bassani and Thomson 
have estimated J at room temperature for an- 


The vacancy left behind tends to follow this motion. 


nealed NaCl of high purity as about 20a. 
While, (da+ W) can be assumed to be of the 
same order as that for copper, i.e., 60a. 

Since the activation energy Wo is thought 
to be about 0.1 eV for the crystals concerned, 
it is quite reasonable to expect a great influ- 
ence of the vacancies in the dislocation core 
upon the low-temperature internal friction. 
It is also natural to expect a spectrum of ac- 
tivation energies depending on various 7 in 
cold-worked or quenched crystals, and the 
ageing effect is also easily understood in tak- 
ing account of a variation of / with ageing 
time. 

The predicted spectrum of attenuations in 
KCl is illustrated in Fig. 7(a), whereas the 
corresponding spectrum for metals of face- 
centred cubic structure is shown in (b). The 


* The above discussion neglected the effects of 
the separation of a dislocation into two partials. 
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main peak in (a) is due to the dislocations 
free from vacancies. It may happen in cold- 
worked crystals. The spectrum shown in (b) 
has been found in copper». It is possible 
that the impurities elastically bound to the 
30°-dislocations is responsible for the subsidiary 
peak with the activation energy smaller than 
that of the main peak. Caswell has indeed 
observed that the subsidiary peak in copper 
is sensitive to impurities present. A question 
may be raised in his observation, that is, a 
slight shift of the main peak to lower tem- 
perature with increasing concentration of im- 
purities. A similar observation has also been 
made by Einspruch and Truell in alumini- 
um. These facts may be explained by the 
present prediction as due to the shift of the 
subsidiary peak to higher temperature. 
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Fig. 7. Predicted acoustic spectra at low tempe- 
ratures; (a) for cold-worked or quenched KCl 
crystals and (b) for cold-worked metals such as 
copper. Arrows indicate the main Bordoni 
peak. 


Although the experimental results on KCl 
seem to be explained satisfactorily by the 
above theory, there remains one difficulty, 
that is, the magnitude of vp» corresponding to 
the value at the attenuation edge as listed in 
Table III. They are too large to be the fre- 
quency with which a rigid dislocation line 
oscillates in its potential well. The corre- 
sponding frequency for copper is calculated as 
10" sec using Seeger’s estimate and 101° sec" 
using Mason’s estimate. Experimentally, it is 
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obtained as 8x10’sec"! for copper?? and 
4x10" secs? for aluminium®. In KCl it will 
not be much different from these values, 
even if the strong binding of vacancies to the 
dislocations is taken into account. It thus 
appears worth while examining the following 
possibility to solve the difficulty. 


2. The concurrent motion of vacancies with 
dislocations 

The possibility to be discussed here is the 
concurrent motion of vacancies with the dis- 
location motion. Other possibilities independ- 
ent of the dislocation motion such as the mo- 
tion of paired vacancies or vacancy-multivalent 
impurity pair encounter difficulties in explain- 
ing the magnitude of the observed activation 
energy and its variation with quenching tem- 
perature and with ageing time at room tem- 
perature. 

Kessler® has explained the peak of logarith- 
mic decrement in germanium by the vacancy- 
drag model following the idea of Cottrell and — 
Jaswon). In his theory the vacancies are 
bound to an edge dislocation by the elastic 
interaction. The logarithmic decrement is 
thus predicted to be proportional to the va- 
cancy concentration in the lattice and to the 
lattice diffusion coefficient of vacancies. These 
predictions, accordingly, encounter the same 
difficulties as mentioned above. However, the 
vacancies in KCl are trapped in the disloca- 
tion core and behave quite differently from 
the above case. It may be possible to alter 
the general nature of the vacancy-drag pro- 
cess. 

When the vacancies are trapped in the dis- 
location core, the dislocation will be charged 
either positively or negatively depending upon 
the effective charge of those vacancies. If 
crystals such as NaCl are annealed at high 
temperatures in the range of intrinsic conduc- 
tivity, the positive-ion vacancies are more 
easily introduced. Consequently, the disloca- 
tions acting as internal sources for vacancies 
will be oppositely charged to compensate the 
excess charge introduced. Then the Debye- 
cloud will be formed around the charged dis- 
location. This is what Eshelby, Newey and 
Pratt! have recently discussed as an im- 
portant origin of critical shear stress of such 
crystals 

Following the above theory, it is expected 
that as quenching temperature increases the 
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electrostatic potential hill opposing the motion 
of the vacancies in the dislocation core is 
raised on account of the increase in the line 
charge of the dislocation. The motion of 
dislocation jogs carrying a net charge will 
also induce a relaxation peak. However, the 
motion of the jogs with gliding edge disloca- 
tion does not need the vacancy diffusion. Ac- 
cordingly, the potential barrier will be small 
as compared with that for the above process. 

We will discuss following the above inter- 
pretation a few points with respect to the 
activation energy obtained. Although the ac- 
tivation energy for the crystals quenched from 
_ 700°C increases appreciably with ageing time 
at room temperature, the one obtained for 
the crystals plastically deformed or quenched 
from 550°C does not seem to alter with age- 

ing time. This will be explained partly be- 
cause the density of excess vacancies intro- 
duced is too low to form the effective Debye- 
cloud and partly because the ageing process 
is almost over before starting the measure- 
ments. In fact, Fischbach and Nowick2®) have 
found that the Gyulai-Hartly effect supposed 
to be caused by the excess free vacancies 
introduced into NaCl by plastic deformation 
at room temperature completely dissapeared 
within about one hour. The number of the 
- vacancies generated by applied stress of 10’ 
dynes/cm? is estimated to be 10%°cm-*. The 
number of free vacancies in equilibrium at 
550°C for KCl is larger only by one order of 
- magnitude than the above value. 

According to the above discussions, the ac- 
tivation energy 0.44eV obtained from cold- 
worked crystals can be taken to be equal to 
the one for the motion of the negative-ion 
vacancy in the dislocation core. This is about 
one third of the activation energy for the 
motion of the negative-ion vacancy in the 
- Jattice if it is taken to be almost equal to the 
value in NaCl, which has been directly mea- 
sured recently». The activation energy to 
overcome the potential hill due to the Debye- 
cloud formed at 700°C is thus estimated from 
Table III as (0.49—0.44)=0.05eV. The in- 
crease of the activation energy with ageing 
time at room temperature after quenching 
from 700°C, which is equal to (0.12+0.07)eV, 
may be explained by the increase of the bar- 
rier height due to a change in the Debye- 
radius during the ageing. The phenomenon 
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is then thought to be similar to the one 
found in additively coloured KCl, The ac- 
tivation energy to overcome the potential 
barrier is proportional to the inverse root of 
temperature and other variables are taken to 
be constant. The increase of the activation 
energy concerned is thus estimated as 


0.49 x (V 700/300 —1)= 0.26 eV . 

This is not unreasonable as compared with 
(0.12-0.07) eV as obtained above, if we take 
into account of the possibility that the cry- 
stals are not effectively quenched from 700°C 
but the number of quenched-in vacancies will 
correspond to the equilibrium number at lower 
temperature. 

The phenomena are thus qualitatively well 
explained and the magnitude of the frequency 
Yo is most plausible according to the above 
mechanism. At present, however, it seems 
reasonable to conclude that both mechanisms 
mentioned above in (1) and (2) produce the 
broad attenuation band in the temperature 
range investigated. 

Finally we would like to remark the effects 
of the vacancy-drag process upon critical 
shear stress. They must be known before we 
discuss the effects of the Debye-Cloud upon 
critical shear stress. If we take the density 
of the dislocations po and the speed of the 
dislocations v, then shearing rate is given by 


(5) 


Since € is the order of 10-* sec"! under usual 
conditions and op is taken to be the order of 
10°cm=2, it follows for very small strain as 
concerned here that 


E=bov ; 


= ox ls Cine SeCua re 
While, if we consider seriously the present 
mechanism, it gives from the present mea- 
surements as 

Y =2,2 x10 cm secs 


at about 240°K for the speed of a vacancy in 
the dislocation core. Accordingly, it will be 
possible that the vacancies in the dislocation 
core can follow the motion of the dislocation 
over some critical distance important for de- 
termining critical shear stress. It may be 
expected, therefore that even in the case 
where the line charge of dislocations is caused 
by the vacancies in the cores, not by jogs, 
critical shear stress of the crystals at rela- 
tively high temperatures is influenced by the 
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presence of the Debye-cloud. 


Acknowledgements 


The present authors wish to express their 
sincere appreciation to Professor M. Yama- 
moto and Professor T. Hirone for providing 
them various experimental facilities during 
the course of this work. 

A part of this work was supported by the 
Scientific Research Grant of the Ministry of 
Education in 1958. 


References 


Pa Ge BordontaaeAcoust: 
(1954) 495. 

D. H. Niblett and J. Wilks: 
(1956) 415. 

H. L. Caswell: 
N. G. Einspruch and R. Truell: 
109 (1958) 652. 

T. S. Hutchison and G. J. Hutton: 
Phys. 36 (1958) 82. 

J. O. Kessler: Phys. Rev. 110 (1957) 646, 
654, 

P. D. Southgate: 
P. D. Southgate: 
B, 70 (1957) 804. 
H. B. Huntington, J. E. Dickey and R. Thomson: 
Phys. Rev. 100 (1955) 1117. 
F. Bassani and R. Thomson: 
(1956) 1264. 


Soc. Amer. 26 
Phil. Mag. 1 


J. Appl. Phys. 29 (1958) 1210. 
Phys. Rev. 


Canad. J. 


Phys. Rev. 110 (1958) 855. 
Proc. Phys. Soc. London 


Phys. Rev. 102 


11) 


12) 
13) 
14) 


15) 


16) 


17) 
18) 


19 
20) 


21 


22 


23 


24) 


(Vol. 14, 


A. Seeger: Phil. Mag. 1 (1955) 651. A. Seeger, 
H. Donth and F. Pfaff: Discussion Faraday 
Soc. 23 (1957) 19. 

J.D. Eshelby, C. W. A. Newey and P. L. Pratt: 
Phil. Mag. 4 (1958) 75. 

T. Suzuki and M. Doyama: 
Solids (in press). 

T. Hirone and T. Kamigaki: 
7 (1955) 456. 

T. Suzuki: Dislocations and Mechanical Pro- 
perties of Crystals, ed. by J. C. Fisher (John 
Wiley, New York, 1957) 215. 

T. A. Read: Phys. Rev. 58 (1940) 371; Trans. 
AIME 143 (1940) 30. 

G. Alers: Phys. Rev. 97 (1955) 863. 

P. C. Waterman: J. Appl. Phys. 29 (1958) 
1190. 

G. J. Dienes: J. Chem. Phys. 16 (1948) 620. 
W. P. Mason: Phys. Rev. 97 (1955) 557; 
Bell Syst. Tech. J. 34 (1955) 903. 

B. A. Bilby: see A. H. Cottrell, Dislocations 
and Plastic Flow in Crystals (Oxford Univ. 
Press, London, 1953) 56. 

A. H. Cottrell and M. A. Jaswon: 
Soc. A, 199 (1949) 104. 

D. B. Fischbach and A. S. Nowick: 
Chem. Solids 5 (1958) 302. 

L. G. Harrison, J. A. Morrison and R. Rud- 
ham: Trans. Faraday Soc. 54 (1958) 106. J. 
A. Morrison and R. Rudham: J. Phys. Chem. 
Solids 5 (1958) 403. 


J. Phys. Chem. 


Sci. Rep. RITU 


Proc. Roy. 


Jn Phys 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 14, No. 6, JUNE, 1959 


Defects in [onic Crystals, 


Il. 


An Analysis of F and V, Centers 


By Tatsumi KUROSAWA 
The Institute for Solid State Physics, University of Tokyo 
(Received December 18, 1958) 


The deformation of the lattice around F’ and Vj, (the Seitz’ model) 
centers in alkali halides is determined from the experimental data on 
the difference between two ionization energies (optical and thermal) of 


these centers. 


In the process of the determination, we apply the method 


which has been developed in the previous paper (J. Phys. Soc. Japan 13 


(1958) 153). 


We find that the lattice deformation is rather small in the 


case of the F’ centers, but very large in the case of the Vj, centers. 


§1. Introduction 

Recently, the investigation of the electronic 
structure of color centers has been developed 
by many authors. Nevertheless, we know 
very little about the lattice deformation aro- 
und the centers. In general, it is very dif- 
ficult to determine the lattice deformation 
around a center either experimentally or 
theoretically. In some cases, however, the 
following consideration may give a useful in- 
formation for this purpose, if only the neces- 
sary experimental data are available. 

As is well-known, the optical ionization 
energy Jpp of a center in a crystal is not 
always equal to its thermal ionization energy 
Iy,. This is due to the electron-lattice inte- 
raction, and is explained schematically by 
euch a diagram. as Fig. 1. Generally, it is 
' very difficult to construct this kind of a dia- 


Energy 


the lowest 
lonized State 


the Ground State 


Configurational Coordinates 
Rigel 


* We adopt the model of the Vi center as sug- 
gested by Seitz. 
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gram with reasonable accuracy. In the cases 
of F and Vi* centers in alkali halide crystals, 
however, the construction of the diagram for 
the ionized state can be performed with 
reasonable accuracy, because this state is a 
simple vacancy in an otherwise perfect crystal. 
Therefore, if the experimental data on the 
energy difference (Jop—Jinz) are available, we 
can guess the equilibrium configuration of 
these centers by using the theoretical diagram. 
Since the problem is to determine the equill- 
brium configuration in a multi-dimensional 
space with only one available datum (lop—Jin), 
some suitable assumptions are necessary. 

In the present paper, the method develop- 
ed in the previous paper is applied to com- 
pute the energy-configuration diagram of the 
ionized F and Vi centers. It is to be noted 
that the method of Mott and Littleton” is 
not applicable to the defect which is not 
in the equilibrium configuration. Using the 
available data of (o»—Iin), we determine the 
ground state configurations of these centers; 
the deformation of the lattice around the 
center is small in the case of the F centers, 
but very large in the case of the Vi: centers. 


§2. Assumptions and Approximations 


In this section we shall summarize assump- 
tions and approximations which we shall 
adopt throughout this paper. 

(1) We calculate the energy-configuration 
diagrams of the ionized centers by using the 
method which has been developed in the pre- 
vious paper. However, since it is difficult to 
calculate the energy for an arbitrary configu- 
ration of the lattice around the center, we 
adopt an approximate method (see Appendix), 
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(2) We use the ionic model, where the in- 
terionic potentials, the polarizabilities and the 
short range effect of electronic polarization 
have been determined in the previous paper. 

(3) We assume that the ionic arrangement 
does not change at the optical transition (the 
Franck-Condon principle), and that the motion 
of electrons (for instance, the electronic po- 
larization of the ions around the center) fol- 
lows any change instantaneously. 

(4) We consider only the displacement of 
the nearest neighbor ions around the center 
when the F or Vi center is at the state of 
the minimum energy. Since these centers 
are neutral, this assumption may be approxi- 
mately allowable. 


§3. F Center 


As is well-known, an F center consists of a 
V_ and a trapped electron. Therefore, the 
state A in Fig. 1 corresponds to the state 
where a V-~ is at its equilibrium configuration 
and an electron is at the bottom of the con- 
duction band (more precisely, at the lowest 
polaron state), and in the state Ba V_ is 
surrounded by the ions of the same arrange- 
ment as the F center in the equilibrium and 
an electron is at the bottom of the conduc- 
tion band (not a polaron state). The energy 
difference between the state B and A is equal 
to UWop—Lin). 

Gurney and Mott® have calculated the 
values of J;, by using the experimental data 
of Pohl. Here, we recalculate them by using 
new data of the formation energy of the 
Schottky defect. On the other hand, the data 
of Jo» are not available except the case of 
KBr, where the threshold energy hvtnres of 
photoconduction due to direct optical ioniza- 
tion of the F center has been measured by 
Inchauspé.” 

Now, let us assume that in the state B the 
nearest neighbour (1, 0, 0) ions are displacing 
symmetrically around the vacancy, which is 
situated at the point (0, 0, 0). (This assump- 
tion may not be far from truth.) Then, we 
compute the energy of the V_ of NaCl and 
KBr crystals in displaced configurations (1-++€, 
0, 0) etc. as a function of the displacement 
&, where the energy is measured from its 
lowest energy state (Fig. 2). Here we assign 
the outward displacement positive sign of €. 
As mentioned previously, the displacement of 
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the other ions is assumed to be zero and the 
electronic polarization is supposed to take its 
equilibrium value at each displacement &. 
According to the theory of Lee, Low and 
Pines,» the energy Ey» which is necessary to 
bring an electron from the lowest polaron 
state to the bottom of the conduction band 
is given by ah, where a is the coupling 
constant between an electron and the polari- 
zation field and a is the angular frequency 
of the longitudinal optical vibration. The 
numerical values of E, are shown in Table I, 


NG id 


x eo go 


Fig. 2. Energy of a V— as a function of the dis- 
placement of the nearest neighbour ions. 


Table I. Energies in eV (F' center) 
| It | hye | hvenres | E'y 
NaCl 1,97 | 2,74 | 0,18 
KCl 2,13 | 2,31 | 0,15 
| 1,88 | 2,07 Yo 0,12 


where the effective mass of the conduction 
band is assumed to be equal to the free 
electron mass. From these values we may 
expect that Fy» is rather small as compared 
with the amount of uncertainty of the other 
quantities, so that we disregard it. 

If we neglect the energy Ep», the energy 
illustrated in Fig. 2 is to be equal to (Jo»—Jin) 
when € takes the value corresponding to the 
state B. By using the observed data of KBr 
we estimate: Jop—IJin™1,7eV and Ex —0.06. 
We see that the nearest neighbor ions displace 
inwards in some extent. This result is quali- 
tatively in agreement with the theoretical 
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calculaticn by Kojima® concerning the struc- 
ture of the Ff center in LiF; according to his 
calculation £=—0,074. In the case of NaCl 
the value of J) is not available. However, 
it is almost certain that the energy Io» is 
larger than the F band absorption energy 
hy». That is, Lop—Lin>hve—Tin0.77 eV and 
E<0.04. At any rate, we find that the defor- 
mation of the lattice around the F cetiter 
seems to be small*. 


§4. Vi Center 


We assign the Seitz’ model to the observed 
Vi band,” although there are some ambigui- 
ties in this assignment. The Vj center is a 
peculiar center in the sense that optically it 
has a deeper level than the F center, but 
thermally it seems to be very shallow. It is 
bleached thermally at 128°K in KCl and at 
115°K in KBr.® Here we shall follow the 
usual interpretation that the Vi center is so 
shallow that the trapped hole is released 
thermally at such low temperatures, although 
this interpretation is not unique at present. 
It is also probable that an electron released 
from a certain shallow trap annihilates the 
hole ofthe V,.center.*? 

According to the estimation by Dutton and 
Maurer,® the thermal depth of the Vi cen- 
ter is 0,26eV in KCl and 0,23eV in KBr. We 
assume that these depths correspond to Jia, 
i.e., the energy necessary to decompose a Vi 
center into a Vx in its equilibrium configura- 
tion and a hole at the lowest polaron type 


* So far we have neglected the displacement of 
the ions except the nearest neighbor ions. How- 
ever, the displacement of the other ions may be 
quite small, because the #" center is a neutral one 
and the orbit of its electron is well localized. 
Therefore, it would be sufficient to consider the 
displacement of the second neighbour ions in ad- 
dition to the nearest neighbours. If the second 
neighbour ions displace outwards, the energy curve 
in Fig. 2 goes upwards and the value of é where 
the energy is equal to the observed (Loy—J¢) be- 
comes algebraically larger, and vice versa. In 
KBr, the displacement of the second neighbour ions 
around the V-— is estimated to be about -—0.02a. 
It is not probable that the displacement would be 
much larger than this value in the case of the F’ 
center. From these considerations we estimate the 
error in the calculated value of the & due to the 
neglection of the displacement of the other ions as 
about 0,0la, at most 0,02a. 
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state.** There remains another possibility, 
however, that the above-mentioned depth is 
the barrier height between the lowest state 
of the Vi center and the decomposed state. 
In this case, the values of Ji, are still more 
diminished. The energy Jb» may be larger 
than the photon energy of the Vi band ab- 
sorption hyy. 


Table II. Energies in eV (Vj center) 
Ten hyy 
KCl 0,26 3,48 
KBr On23 3,02 
\ Ene 
\ roy 
\ ev 
@) 
2 
(§<0) 
© cS) ® 
Sa 
Cs < 
“XN 
Sy 
© 6 ®@ 


5 


+0,05 


-O15 


-O10 —0.05 O 


Fig. 3. Energy of a V+ as a function of the dis- 
placement of the nearest neighbour ions (the 
first model). 


In the same way as the case of the F cen- 
ter, we calculate the energy of a Vi asa 
function of the displacement of the nearest 
neighbour ions (Fig. 3). If we take the 
values, lop—lin hyy —lIin 3,22 eV (KCl) and 
2,79eV (KBr), the displacement becomes 
—0,15a and —0,14a, respectively. We see 
that the deformation around the V; center is 
quite large as compared with that of the F 
center. 

On the other hand, we think that the 


** Dutton and Maurer have observed a current 
burst at the thermal bleaching, so that the releas- 
ed hole may not be in such a state as the immobile 
Kanzig’s center. 
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earlier model of Kanzig center!) which was 
a (halogenz)~ molecular ion accompanied with 
a V., is also possible for the model of the Vi 
center. In Fig. 4, the energy contours of a 
V. in KCl are illustrated as a function of the 
displacement of the two nearest neighbour 
ions, where all the other ions are fixed at 
their original sites of the undeformed lattice. 
In this case, the displacement is about 0,3a. 
In KBr the situation is nearly the same. 

Several points must be mentioned about the 
reliability of the above results. 


@ oO -® 


0.4a 


03a 


0.2a 


O.la 


O2a 


Q3a 04a 


Fig. 4. Energy of a Vz as a function of the dis- 
placement of the two nearest neighbour ions 
(the second model). 


First, the deformation is very large, so 
that the interionic potentials which have been 
determined from the data of perfect crystals, 
may be doubtful. For instance, the short 
range interaction energy between halogen 
ions is neglected in our calculations, but it 
should not be neglected, especially in the 
case of the second model, because the dis- 
tance between the relevant halogen ions is 
very small (about 2,7A in KCl and 2,8A in 
KBr). However, the determination of the 
short range energy between two halogen ions 
with a reliable accuracy is very difficult. 

Secondly, the accuracy of our energy form, 
which is explained in the Appendix, is reduc- 
ed when the deformation is large. Moreover, 
we have introduced several simplifying as- 
sumptions in the case of the second model so 
as to avoid cumbersome calculations due to 
its low symmetry. 

Thirdly, the displacement of the other ions 
may not be small in the case of such a large 
deformation. 
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However, all these things get into trouble 
only when the deformation is large. There- 
fore, it is certain that the lattice deformation 
around the V1 center is large, even if the in- 
accuracy of the theory affects the detailed 
results mentioned previously. 

Here, we neglect the energy FE» of the 
hole, which will be larger than that of the 
electron, because the effective mass of the 
valence band is heavier than that of the con- 
duction band. But the upper limit of this 
energy may be of the order of (1/2){1/€)— 
(1/é)}(e2/a)~0.5eV. This does not modify 
our results considerably. 

It is hard to interpret the reason why the 
lattice deformation around the Vi center is 
so large. Although it is out of the scope of 
our paper to discuss this problem, we shall 
point out some possibilities. 

The first possibility is that the Seitz’ model 
or the interpretation of Dutton and Maurer is 
incorrect*. In this case, our calculation is 
meaningless. 


Table HI. Vy, band absorption (eV). 


NaCl 


3,59 
KCl 3,48 KBr 3,02 


RbCl = 3,45 


RbBr_ 2,95 


On the other hand, if the Seitz’ model and 
the interpretation of Dutton and Maurer are 
correct, we are forced to accept the result 
that the lattice deformation around the Vi 
center is large. In the latter case, however, 
the second model seems to be more favorable 
than the first to interpret the large deforma- 
tion. If the model of the K&anzig center is 
true, the existence of the (halogenz)- mole- 
cular ion accompanied with a V4. is not un- 
reasonable. The second model is also favor- 
able to interpret the fact that hy; depends 
only on the kind of halogen ions and hardly 
on alkali ions (Table IID. Lambe and 
West’ have failed to detect dichroism of the 
Vi band. However, if the transition time to 
convert a V; center from a (halogen:)- con- 
figuration to the other (halogen:)- configuration 


* Delbecq and others!) have found that the Vi 
band is bleached at lower temperature than the 
Kanzig center. If the V, center is bleached by the 
electrons released from the other centers, it is 


strange that the Kanzig center is not bleached at 
the same time. 
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around the V, is sufficiently short*, the dichroism can not be detected. As the transition 
time depends quite sensitively on the height of the potential barrier to be surmounted, it is 
possible that the (halogen.)- state is mobile in the case of the Vi: center but not in the case 
of the Kanzig center. 


We are greatly indebted to Professor J. Yamashita for his helpful discussions. 


Appendix 


According to the discussion in the previous paper, the energy of a defect is formally 
given by 


a" 


WX, P, x, == durbadrt S buuPen + S cone Sf Pip 
K, Ky boy K 


is) 


+ SguWlX, Pixwt A(X, P)+bot+d bee tD OuimtOX, P), (A-l) 
kK (A 


Mm 


where P (=P, Ps, ---, Px,---) and X (=Xi, Xz, --+, Xm, +++) represent the electronic polari- 
zations and displacements of the ions in the region near the defect, and p (=fi, ---, px,++-) 
and x (=%1, ---, %»,-°--) represent those of the ions in the outer region. In our case, we 


take the former ions to be the nearest neighbor ions and the latters to be the other ions. 

The first six terms are the energy necessary to deform the lattice and ions up to a state 

(x, p, X, P) without the defect, and the last four terms represent the energy necessary to 

remove the central ion from the lattice to infinity with the fixed state (x, p, X, P). 
According to the assumptions in § 2, 


GeO for all y, (A: 2) 


and the electronic polarizations take their equilibrium values p~.(X)’s and P,(X)’s for a 
given X, that is, 


OW 
= =0 ; A-3 
Ga Ata pcatt 
or 
= AnrP( X)+fidKX, P(X))+6.2=0 tro Bill 7. (A -4) 
and 
OW 
elds =) for all k. (A-5) 
laps ea ‘ 


If we insert the above x, p(X) and P(X) into W(x, p, X, P), it becomes as follows, 


WO, 1X), X, PX)=FE PX, PAO) +b") AX) 


+¢o+A(X, P(X))+ 0X, P(X)) . (A-6) 


It is difficult to solve p.(X)’s for a given value of X. However, when the displacement 
of the nearest neighbor ions is zero (i.e., no lattice deformation), we can solve p,(X)’s at 
least approximately. According to the first approximation by Mott and Littleton, p.(0)’s are 
given by 


ea® 1 Ax 
(0) = 2 -(1 —>\—*_, (A-7) 
py ol aera 


where 7, is the distance of the «th ion from the origin, a, a and a- is the polarizability 


* Jf this is true, the strong electric field along the (110) direction may cause a sort of dichroism. 
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of the «th, positive and negative ion respectively. Inserting these p,(0)’s into the Eq. (A-6), 
we can calculate W(0, p(0), 0, P(0)). When X=<0, we avoid the above-mentioned difficulty 
in the following ways. 

1) In general, 


[bu?| > IflX, P(X))—f(0, POD)! , (A-8) 
at least when X is not so large. Therefore we put 


pd X) = px(0) (A-9) 


and then 
WO, p(X), X, P(X))~ WO, pO), X, P*(X)) 
=F ELK, P*(X))+¢."}pcO) +b +A(X, P*(X))+ 0X, P*(X)), (A-10) 


where P*(X) are given by 


OW: 
a =s(() A-ll 
Ee | eh EE ( ) 


2) From Eq. (A-4), we see that 
1 1 
ee py AnrPuX P(X) = ot 2 {FL X, PUX)) +O} Pc) . (A-12) 
Putting X=0 in the above equation, we obtain 


WO, 60), X, P)=> balO)] 5 Hert F(X, PF ful, PO) 


In virtue of this inequality, we can compute the upper bound of the energy. The dif- 
ference between the above two energy forms (A-10) and (A-13) is very small. 
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A Semi-empirical Theory of the Conjugated Systems, 


If. 


Bond Alternation and Electron Fixation 


By Yuzuru OoSHIKA* 
Polytechnic Institute of Brooklyn, Broolyn, New York 
(Received December 15, 1958) 


Extending the previous treatment of the author on the bond alternation 
in infinite conjugated systems to finite systems, it is investigated why 
the wave-lengths of some homologous series appear to tend to infinity 
while those of others to finite limits when the number of carbon atoms 


increases. 


It is concluded that the bond alternation does not occur in 


shorter symmetrical or slightly unsymmetrical chains, while, in strongly 
unsymmetrical chains, the bond alternation always occurs and that it 
always occurs in longer chains according to the result in the previous 


paper. 


In the previous paper”, the author showed 
by using his semi-empirical s.c.f. method that 
the bond alternation in the conjugated polyene 
chain can actually occur by a bulk effect, 
not by an end effect as considered earlier. 
But the treatment there applies only to an 
infinitely long conjugated chain, and cannot 
distinguish the difference in the light absorp- 
tion of symmetrical and unsymmetrical cyanine 
dyes. Labhart®, almost simultaneously with 
the author, discussed the same problem using 
the free electron model. His method applies 
also to chains of finite length, and he showed 
that, in symmetrical cyanines, the bond alter- 
nation does not occur up to about 30 carbon- 
atom chains. Huzinaga and Hasino*, too, 
discussed the absorption spectra and the bond 
alternation in conjugated chains by their 
“bond-orbital” method and obtained agree- 
ment between many experimental data and 
the results calculated from their theoretical 
formula by adjusting two parameters. In the 


latter two papers, however, the consideration 
of the electronic interaction is not very well- 
formulated. In this note, the author should 
like to extend his treatment to conjugated 
chains with finite length and to show the 
difference between the symmetrical cyanines 
on one hand and the unsymmetrical cyanines, 
merocyanines and polyenes on the other. 
Consider, at first, an even-membered polyene 
chain with 2m carbon atoms and 2 z-electrons. 


2\4) 
Let the interaction integrals ( ao) be 


$4, Te, U1, as se ie tae) thom 
the left and alternately. The bond orders 
are to be different from bond to bond in this 
case, because all the bonds are not equivalent 
to each other as contrast to the conjugated 
ring. But, for simplicity, we shall calculate 
only the average bond orders for the alternate 
double (short) and single (long) bonds, respec- 
tively. The (average) partial z-bond order 


balk) = V 1422422 cos 2k _ 
n 


_V1+z+2z cos 2k 
pal) az 


ZF ofTi ; 


respectively, where k, the value characteriz- 
ing the molecular orbital, is given by the 
following simultaneous equations 
(2n+1)k+20=mrz , ‘psa, poe, Ae (Can) 
* On leave from Kobayashi Institute of Physical 
Research. 


for the short and long bonds due to a single 
molecular orbital 
__Qn+2)+2nz 008 2k _ (1) 
(2n+2)+2nz2+2(2n+1) cos 2k 
(2n+2z) cos 2k+2nz (2) 
(2n+2)+2nz?+2(2n+1)z cos 2k 
<2 seine (4) 
LZ 


The total z-bond orders, Paz and Ps, are calcu- 
lated by summing up fa(k) and p(k) over filled 
orbitals, respectively. Then we can obtain 
approximate s.c.f, orbitals (approximate be- 


TAT 


748 Yuzuru OOSHIKA 


cause of the non-equivalence of different 
bonds) by the same way as in the previous 
paper, i.e. calculating pa and ps for any given 
z(<1), deducing z again from the calculated 
pa and ps, and repeating such procedures till 
s.c.f. orbitals are attained. It may be inter- 
esting to calculate the bond order and, hence, 
the bond length of the particular polyenes 
and to compare the results with available 
experimental data. But, here, we need not 
actually carry out the above procedure, be- 
cause that the bond alternation occurs in such 
even-membered polyene chains is self-evident 
from the result in the previous paper. We 
shall not discuss these even-membered polyene 
chain further. 

Now we shall consider how the situation 
is different in odd-membered (2”-+1-carbon) 
chain. Let the interaction integrals be —y7i, 
—72, —71,°°*, —T2, alternately from the left 
end of the chain (y1>72>0). The molecular 
orbitals are 


[ae | sin (2sDk+20} 202 


ey s= 
4S sin 2skdos 45>) 
s=1 


where 2s-1 is the atomic orbital on the 27—1- 
th carbon atom, tan 20 is as in Eq. (4), and 

BA. 
n+l 2 


m=1,-°-,n,n+2,---,2n+1. 
(6) 


In addition to the 2” molecular orbitals above, 
we obtain a “surface” (or end) orbital, 


doo (ay pect 


oO s=1 Pil 


(7) 


This end orbital is of non-bonding character, 
and the electron in that orbital is almost 
localized in one end, which may be called the 
electron fixation, to distinguish from the elec- 
tron localization used in the electronic theory 
of organic reactions. It does not occur in the 
ordinary treatment of allyl radicals where 
Yi=72. The average partial bond orders by 
orbital k are very simply 


balk) = = cos (k—28) 


(8) 
pak)= * cos (+20) 


for the double and single bonds, respectively. 
Then we can calculate bond orders by sum- 
ming up pa(k)’s and ps(k)’s, respectively. If 
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we neglect the effect of the net charge, the 
number of electrons in the non-bonding end 
orbitals does not matter, and the bond orders 
are the same for 2u, 2n+1, and 2n+2 elec- 
trons, i.e. for the cation, the radical and the 
anion. The actual numerical calculations were 
carried out by using the values of parameters 
and the method in the previous paper?, and 
it, is.found»that, for 2=2,0r3, 1.e., for 3 oF 
7-membered chain, z=1 is the only solution 
and the bond alternation and the resulting 
electron fixation cannot occur, and for =3 
or 4 it actually occurs. The precision of our 
numerical calculation prevents our predicting 
exactly the chain length at which the bond 
alternation actually begins. In addition, it 
is sensitive to the values of the parameters. 
But, in any case, it may be concluded that 
the bond alternation and the electron fixa- 
tion do not occur for the shorter chain 
with carbon atoms less than 7 or 9. The 
electron fixation and the bond alternation 
in odd-membered chain are closely related to 
each other, and if one of them occurs, the 
other also occurs if we remove one z-orbital 
and one z-electron from the allyl radical, the 
remainder is similar to the polyene chain. 
Then if we can make the electron fixation to 
occur by a certain method and the remaining 
system to be polyene-like, the bond alternation 
may occur for short chains. The electron 
fixation has previously been pointed out by 
Nikitiné» in his free electron treatment of 
cyanine dyes, but its connection with the bond 
alternation was not clear. 

Now, the cyanine dye cations have nitrogen- 
containing nuclei at both ends, where the 
potential is deeper than at the intermediate 
portion of the chain. If the coulomb integral 
(in the sense of the s.c.f. method) at one end 
is sufficiently more negative than those in 
the intermediate portion, it may be expected 
that the two electrons are fixed at the end 
and that the remaining 2m centers and 2n 
electrons constitute a system just like the 
polyene chain, and then the bond alternation 
may occur in rather short chains. This is 
shown as follows. 

Let the coulomb integral of the left end 
atom be a’; those of other atoms be a 
(a@’<a<0), and the interaction integrals be 
—r for all bonds. The simultaneous linear 
equations for determining the molecular orbit- 
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als are now 
(a@’—€)c1—702=0 


—7Tat(a—)c.—ros=0 
(9) 


7a t-(a—E)es—7c.=0 


If these equations have a solution which 


damps out towards the right of the chain, 
i.e. 
= , 
Re(k)>0 


for a half-infinite chain, e* is to be equal to 
(a—a’)/y. Then, if wa—a’>y7, there exists an 
end orbital even when the bond alternation 
does not occur, and the energy of the end 
orbital is the lowest of all the molecular 
orbitals. By a similar method, for a sym- 
metrical finite odd-membered chain (2n-+1- 
centers, and equal coulomb integrals for both 
end atoms), it is shown that 
coshiwel ke) a =a" 
coshuk  —s 


2=e* 3 mae > 
Co — Ca a ese, } (10) 


(11) 


or 


uaY Krol, 
sinh (a+Dk sins EE nde (12) 

sinh nk T 
Then, in the case also, we may consider that 


the electron fixation occurs if the equations 


above have solutions with real values of k 


though the end orbital is not non-bonding. 
With increasing ratio of w—a’ to 7, we, at 
first, obtain a solution of a real k value by 


Eq. (11) when the ratio exceeds unity, and 


then another one by Eq. (12) for a slightly 
higher value of (a—a’)/y. Thus, whether 
the electron fixation does occur or not depends 
upon the value of (a—a’)/y. For unsym- 
metrical odd-membered chains, where the 
coulomb integrals are a’ and a” for the left 
and right end atoms, respectively, we cannot 


carry out such an exact calculation as above, 


but we may expect that (a—a’)/r (or (a—a’’)/7) 
is a measure of whether the electrod fixation 
occurs or not at the left (or right) end. From 
these discussions, the conclusions below may 
be deduced: 

1. If (@—a’)/ry>1 and @—a’)/r>1, the 
electron fixation occurs at both ends. The 
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remaining system is of 2n—1-center and 2n— 
2-electron, and just like to an allyl cation 
with a shorter chain-length than that of the 
parent cyanine cations. The bond alternation 
does not occur up to m=4 or 5 as shown in 
the preceding paragraph, and, hence, the ab- 
sorption wave length seems to increase linearly 
with the number of carbon atoms. 

2. If (@—a)/r<1 and (a—a’)/r<1, the 
electron fixation does not occur at both 
ends, and the system is in itself like to an 
allyl anion of 2%+1-center and 2n-+-2-electron. 
The bond alternation does not occur up to 
n=3 or 4, and the absorption wave length is 
somewhat longer than that in case 1, because 
the effective chain length is larger by one 
C-C bond. 

The two cases above correspond to sym- 
metrical or slightly unsymmetrical dyes. 

3. If (a—a@’)/r>1 and (a—a’’)/r<1 (or 
(a—a’)y<1 and (a—a’)/y>1), the electron 
fixation occurs at the left (or right) end only, 
and the remaining system is of 2m-center and 
2n-electron, just like to polyene chains. Hence, 
the bond alternation does occur even for the 
shortest chain. This behavior corresponds to 
that of the strongly unsymmetrical cyanine 
dyes. 

It is now clear from the above conclusion 
why the absorption wave length of strongly 
unsymmetrical dyes appears to be convergent 
while those of symmetrical and slightly un- 
symmetrical dyes appear to be non-convergent. 
It depends wholly on the electron fixation 
and the resulting bond alternation. Using the 
discussions in this note and the previous one, 
we need no longer introduce the shady con- 
cept that an end effect survives even jin an 
infinitely long chain. The end effect works 
only at shorter chains. 
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Galvano- and Thermomagnetic Effects in a-Ag,Te 


By Shin-ya MryaTANI and Isaaki YOKOTA 
Department of Physics, Faculty of Science, Nugata University 
(Received December 20, 1958) 


Nernst coefficient, magnetoresistance, and magnetothermoelectric power 
together with electrical conductivity, Hall coefficient, and thermoelectric 
power of a-AgsTe are measured as functions of the e.m.f., # of the 
galvanic cell Ag|Agl|Ag,Te|Pt, where # may be considered to represent 
the relative position of the Fermi level in the AgeTe specimen. The 
experimental results exhibit consistent agreement with the Lorentz- 
Sommerfeld theory for degenerate two-band semiconductors with energy 
independent mean free paths of carriers. Relative thermal conductivity 
is also measured, showing minimum at a H value expected from the 


theory. 


Introduction 


§1. 


In the recent work” on semiconducting 
properties of a-AgeTe by one of the present 
authors, it has been shown that electrical 
conductivity, Hall coefficient, thermoelectric 
power, and the amount of silver removed 
from (or supplied to) AgeTe specimen across 
the galvanic cell Ag|AgI|AgeTe|Pt as func- 
tions of the e.m.f., &, of the cell, while 
temperature is kept constant, can be consist- 
ently interpleted in terms of the Lorentz- 
Sommerfeld theory, the e.m.f. of the cell 
being assumed to represent the relative posi- 
tion of the Fermi level in the Ag»Te speci- 
men. As pointed out there, there has re- 
mained some indefiniteness on the energy 
dependence of the mean free path, J, of car- 
riers. Namely, assuming /=Jox" where x is 
the reduced carrier energy, the two assumed 
values, r=0 (energy independent mean free 
path) and v=1/2 (energy independent relax- 
ation time), have been as well able to account 
for the experimental results. 

In the present work, Nernst coefficient, 
magnetoresistance, and magnetothermoelectric 
power of a-AgeTe have been measured also 
as functions of the e.m.f. of the cell, &, for 
the purpose to determine more accurately 
the energy dependence of mean free paths of 
carriers, since these quantities are rather 
sensitive to the scattering mechanism. As 
will be seen later, the assumption of energy 
independent free path length (r=0) yields 
better agreement between theory and experi- 
ment for these quantities than that of energy 
independent relaxation time (r=1/2). 

By the way, in the £-form of Ag:Te (stable 


below ~140°C) there exsist rather complicated 
situations, that is, the e.m.f. of the galvanic 
cell seems not to represent the relative posi- — 
tion of the Fermi level in the Ag2Te speci- 
men, indicating that the chemical potential 
of Ag ion in B-Ag»Te depends rather sensi- 
tively on the composition, and, moreover, the 
experimental results cannot be accounted for 
by energy independent mean free paths even 
when appropriate corrections to the e.m.f. of 
the cell is made so as to deduce the relative 
position of the Fermi level. The details will 
be reported elsewhere. 


$2. Theoretical 


Here, we summarize the theoretical formulae 
for the transport coefficients in two-band semi- 
conductors which can be obtained from the 
Boltzmann equation’~®. In the present case 
of Ag:Te, the energy gap is so narrow as 
several kT and effective mass of conduction 
electrons is so small as 0.1m (see Table I) 
that one must take into account the degener- 
acies of both electrons and holes. The as- 
sumptions made are as follows: 

(i) The energy momentum relations are 
of standard form for both electrons and holes 
E€=h?k?/2m* 5), 

(ii) There exists the time of relaxation 
for carriers, t, which is a function of carrier 
energy only. 

(iii) The mean free path, J, of carriers de- 
fined as /=rv, where v is the carrier velocity, 
depends on carrier energy as J=1(&/RT)’. 

In this paragraph we confine ourselves to 
the effects which have been measured in the 
present work.» As for other related effects 
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such as Ettinghausen effect and Righi-Leduc ne Anas 5 
effect see the Appendix I. siiloien & gel: Oey) 
For convenience of description we first sum- (Gi) The magneto-thermoelectric power, W: 
marize the formulae for single carrier semi- AO 2 
conductors”). W= ayinet ai LAB oa?) +ar—P}. (7) 
2 e 
(Ai) The electrical conductivity, o: In Eqs. (2), (3) and (7) the upper sign applies 
6 epN— = (74+) Fn) : (1) to m-type material and the lower to p-type 
3 material. The meenings of the notations 
(Bi) The thermoelectric power, 0: above used are as follow: 
P= thei [Se k i Sv scclopu 
ia ani cae es (2) ct V 2m*kT (8) 
(C1) The Hall coefficient, R: which differs from the ordinary mobility in 
eee on (3) the classical limit by the factor 3)/ x /4'(r+2). 
N=2(2 * 3/2f,-3 | 
(Di) The Nernst coefficient, Q: " Me ae : (9) 
b 7” is the reduced Fermi level measured from 
Q=— wWak—7). (4) the edge of the band, ie. C/kT for n-type 
: | Ag materials and (—€—E,)/kT for p-type ma- 
(Ei) The thermal conductivity, «. terials where € is the Fermi level measured 


from the bottom of the conduction band and 


— A s Lee fag — 1 
e=( e ) DO OBA Spite Bert Ron. ep Ey is the energy gap. F,(y) is Fermi-Dirac 


where «. is the electronic thermal conduc- function of order 7: Filn)=\ Radke" 2 1). 
0 


tivity and «p, is the phonon term. ied eee eee BAD Pconeet eben 


(F,) The magnetoresistance, B: defined as ratios of two Fermi-Dirac functions: 
_ (2r+4) Foray — (+2) Fr p= Ot) reap) 
(r+1)F,y  ’ (r+1)F, ’ (r+1)F, j (10) 
ga 13) Fraa ge ara , —_ 8rt1)Fer 
*+)F, (r+ )F, ’ (r+1)F; 


(Remark: (s+1)Fs(7) with s=—1 means (1+e7”)-}). 

It is straightforward but in some cases rather tedius to generalize above formulae to two- 
‘band semiconductors. In doing with the non-isothermal effects, the temperature dependence 
of the energy gap has been taken into consideration”, though it does not explicitly enter 
into the final expressions. In the followings the suffices 1 and 2 refer to electrons and holes 
respectively. Especially 

et. 08 es ile 1 
ae Oi +0" ae O1 +02 oy 


are the transport numbers of electrons and holes respectively. We have 


(As) The electrical conductivity, o: 
o=01+02. (12) 


(Bz) The thermoelectric power, @: 
O=t10,4+t.02 . (13) 


(C,) The Hall coefficient, R: 
Ro=t(Ro): +te(Ro)2 . (14) 


(D2) The Nernst coefficient, Q: 
Q=AQ:thQs- tite” (Bi tBe +.g)(pai + {2Q2) , (5) 
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where g is the reduced energy gap: g=E,/kT. 
(Ez) The electronic thermal conductivity, te: 


Ke Keatheattite( ©) To(PitB2+g) . (16) | | 


(F.) The magnetoresistance, B: 
B= Bitte Botht(wiai+ 2a) « (17) 


(G:) The magneto-thermoelectric power, W: 


W=tWi- te W24 tit, : {(Bi t Pot+g) (uPG1— 2? G2) | 
— (pay + foals) [(t a1 — bead) (B1 + Bo +g) + 1(a181—711)—p2(A@282—72)]} . (18) 


In the above, o1 and oz are given by Eq. (1) (F.) Magnetoresistance 

with appropriate respective parameters, and ie “Bas ee (17a), 
so on. It is easy to see that these agree with La? ib 
those derived by Putley® in the limit of Boltz- (G2) Magneto-thermoelectric power 

mann statistics with energy independent mean We : 

free path of carriers except Eq. (18) to which eg fy? = — ttm —9) (1 hia?) 

the corresponding equation is missing in his 4 py. (18a) 
paper. 


We notice that for r=1/2 (energy indepen- Big. | shows 6) cue Bei Nd 


dent relation time) a=g=1 and B=r=4¢, and 
hence Nernst coefficient, magnetoresistance 
and magnetothermoelectric power vanish ex- 
cept for the mixed conduction region where 
both electrons and holes contribute to the 
conduction. 


Go fl) 


~ (C.eni*) B 


$3. Comparison with Experiment 


The experimental arrangements are same 08 
as previously reported?. In a-AgeTe the 
electron mobility is far larger than the hole 
mobility (s1~80 42, see Table I) and hence we 
are allowed to neglect all terms involving 
2 in Eqs. (14) to (18). We then rewrite Eqs. 0 
(13) to (18) in the forms which will be con- 
venient for comparing with experiment in the 


present work. We have: Fig. 1 o/ 1, th, Ropar and @ vs eH /kT at 200°C. 
fi=1700 cm? sec-1 volt-1, 


04 


(Bz) Thermoelectric power: 


6=02.= (Pi—1) +#2(PitPe+g). (13a) 


k 
(C:) Hall coefficient: 
Ro=hyas ° (14a) 
(Dz) Nernst coefficient: 
g=0,—= tn —Oa.—11)} : (15a) 
Ly 


(Ez) Electronic thermal conductivity: 
— ( e y 1 
Kke= Kel —— me 
le PIE 


= ke, +he,2t+hitso(BitBotgy?. (16a) Fig. 2. g, 6, and w vs eB/kT at 200°C. | 
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plots at 200°C (see also Figs. 3, 10 and 12 in 
the reference (1)), and Fig. 2 shows q, 6 and 
w vs eE/kT plots at the same temperature 
where E is the e.m.f. of the galvanic cell 
Ag|AgI|Ag,Te|Pt. As noted at the end of 
the preceding paragraph, if y=1/2 is valid then 
gq, 6 and w should vanish in the limit of 
i=1 (at the right-hand parts of the plots). 
As seen in Fig. 2, this is not the case, indi- 
cating that y=1/2 is not valid. Therefore, 
we construct the theoretical curves assuming 
7=0 in the following way. At first, compar- 
ing logo vs eE/kT plot with log Fy vs y curve 
we determine the position of the bottom level 
of the conduction band (eE/kT value corres- 
ponding to 7:=0) and 41N; so as to give the 
best fit at the right-hand part of the plot 
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where electron conduction is far predominant. 
Thus we determine the electron conductivity 
6,1 and accordingly the transport number, fy, 
of electrons as functions of 7. 

Next, E,/kT and accordingly the top level 
of the valence band are determined from the 
eE/kT value (71 value) at the reversal of ex- 
perimental @ by making use of Eq. (13a). 
Further 4 is determined from Ro by making 
use of Eq. (14a). Then we have all para- 
meters necessary for calculating 0, Ro/m, q, b 
and w. The numerical values of a, B, x, 6 
and g, as functions of 7 for y=0 are tabulated 
in the Appendix (II). Calculated curves are 
shown in the figures in full lines. As seen in 
the figures, the agreement between the experi- 
mental plots and the calculated curves is 


Table I. 
rene — (cm? s-ly-1) my*/m % 8 a m*/m Eq (mv) 
LO 8 Viste 
165 1.5 x 103 0.077 18 105) 95 
220 ie 7 0.093 16 oy 140 
300 0.767 0.11 1185 Wee 180 


‘satisfactorily good, indicating that r=0 (energy 
independent mean free paths of carriers) is 
valid for a-AgoTe. 

The effective mass of electron can be ob- 
tained from / and 4N above determined. As 
for the effective mass and “2 of holes, we can 
determine them from the analysis of the 
amount of silver removed from Ag:Te speci- 
men across Agl vs eE/kT plot and conduc- 
tivity vs eE/kT plot; the former should re- 
present m2—m1=2/7/ x -(N2Fije(42) —MiFi(m)) 
vs 4 apart from an additive constant. For 
_the details, refer to the reference (1). In 
Table I, being the revision of the table in the 
reference (1) where v=1/2 is assumed, the 
effective masses and the mobilities of carriers 
thus determined are tabulated together with 
energy gap for three temperatures in the a- 
range. 

We have measured also the relative value 
of the thermal conductivity which may be 
determined from the ratio of the temperature 
drops across the two specimens, one to be 


measured and the other to be refered (see Fig. 
3). The measured relative thermal conduc- 
tivity shows a minimum at eE£/kT value just 
expected from the theoretical expression for 
electronic thermal conductivity, Eq. (16a). 

This work was supported by the research 
grant of the Ministry of Education. 
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Fig. 3. 1. two specimens, 2. heater, 3. porcelain, 


4, steel spring, 5. Pt foil, 6. constantan Nich- 
rome couple, 7. Cu plate, 8. AglAgl. 
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Appendix I. 


For single carrier semiconductors: 


(Hi) The Ettinghausen coefficient, P: 
pie! 


E . 


(I,) The Righi-Leduc coefficient, S: 
2 
s=+(4) o1 (E-+aB?—287) & 


K 


where 


e=( ort 3) Bers Mi (LF. 


For two-band semiconductors: 


(Hz) The Ettinghausen coefficient, P: 
poe” 


Kk 


(Iz) The Righi-Leduc coefficient, S: 


S= = : ) . {s1—Sa-+titel (+ 61+Bs)(—o1pte + opt) 


+ 2(g+B1+B2)o(—(aiBi—71) + 42(a282—72))]} . 


where 
s=on(E+ap?—2B7) . 
Appendix II. 
q a B 7 0 e | g 
Classical limit as 9 3V« 6 IEE 1 
2, 4 8 
—2 . 86339 2.0643 1.3542 6.2933 3.4626 -93910 
—1 .83179 2.1621 1.3910 6.7528 SeO77 -85851 
0 . 77343 Deon 1.4674 7.8036 4.1579 SAL3o 
1 .69284 2.7498 1.5944 9.8469 5.0650 . 55648 
2 .61011 3.3037 Le7653 WS o22 6.5083 .41410 
3 . 53880 3.9989 1.9568 18.569 8.4905 . 31246 
4 .48211 4.7915 2.1542 25.828 10.968 . 24439 
5 .43773 5.6476 2.3482 34.825 13.882 . 19839 
High degen. -1/2(] 148 1/2(1 43 & 24 | 3/2 | am 
bienie 9-U1—a) 7(1 +8a) mr1+3a) | o+24a) | 98/(1+15a) 7 


where a=7?/(24y?). 
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On the X-Ray Diffuse Scattering by 1-3-5-Triphenylbenzene 


By M. Shehata FaraG 
National Research Centre, Dokki, Cairo-Egypt 
(Received May 6, 1958) 


In crystalline 1-3-5-triphenylbenzene every four molecules form a pseudo- 
hexagonal orthorhombic unit cell with the [100] as the pseudo-hexagonal 
axis. The deviation from hexagonal symmetry which is only 0° 19’ is 
discussed in terms of both the crystal structure and the diffuse scattering 
reflections shown by a Laue photograph taken with the X-ray beam 


parallel to the [100] axis. 


Two other Laue photographs with the X-ray 
beam parallel to the [010] and [001] axes are given. 


All the diffuse 


scattering reflections in the three photographs are indexed and the types 
of elastic waves (of thermal origin) affecting the crystal lattice are 


revealed. 


S 1. 

1-3-5-Triphenylbenzene CsH; (C,Hs)3 crystal- 
lises in the orthorhombic system. It has 
been crystallographically studied by Knopp 
and Arzruni; their results have been quoted 
by Groth?. The a-and c-axes given in Groth 
are now interchanged and the original c-axis 
is halved. This interchange is necessary, 
because the crystal, as shown by Lonsdale 
and Orelkin®, is polar. 

The crystal structure was completely solved 
by the author by the method of double 
Fourier series and three dimensional line 
syntheses. The unit cell dimensions are: 


a=7.47+0.02 A, b=19.66+0.05 A, 
6=11.19=0.03 A. 


The space group is Pna2,, with four molecules 
per unit cell. 


Introduction 


§2. Pseudo-Hexagonal Symmetry 


From the values of “b” and “c”. (c/b>tan 
30°) it is clear that the crystal is pseudo- 
hexagonal with “a” as the pseudo-trigonal 
axis. The deviation from pseudo-hexagonal 
symmetry is 0° 19’. 

Fig. 1 shows, in projection, the ortho- 
rhombic unit cell (of sides ob and oc) with its 
pseudo-hexagonal dimensions. The crystal 
structure analyses show that the molecules 
are arranged in two layers apporximately at 
x=1/4, 3/4 and are nearly parallel to the (200) 
planes. The fractional coordinates of the 
centre of the molecules as given by the 
author», are (0.250, 0.169,-0.011). For the 
sake of the present argument these are 
approximately (1/4, 1/6, 0). This approxima- 


tion will not upset the final conclusion. 
According to the space group symmetry the 
coordinates of the centres of the molecules 
in the two layers are approximately: 


First layer: (1/4, 1/6, 0); Gj4) 4/6; 1/2) 
Second layer: (3/4, 2/6, 0); (3/4, 5/6, 1/2) 


If these coordinates are referred to a 
hexagonal unit cell, they show clearly the 
presence of a trigonal axis perpendicular to 
each layer as can be seen in Fig. 1. These 
axes, although parallel to the a-axis of the 
orthorhombic unit cell, are not coincident, 
the lateral shift being b/6=3.28A as we go 
from layer to layer. Had there been no 
shift, the unit cell would have been a true 
hexagonal one. This difference being 3.28 A 
is quite considerable, and is presumably 
associated with the absence of a true trigonal 
axis in both the crystal and molecule. 


Fig. 1. 
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a Ome ects 
vertical. 


The beam is along [100], the [010] is 


Fig. 3. The beam is along [010], the [100] is 


vertical. 


Fig. 2-b. Fig. 4. The beam is along the [001], the [100] is 
vertical. 
Table I. 
Direc iontor Xray Diffuse reflection observed 
beam Index Shape Intensity 
[100] (020) very small, circular weak 
(002) small, circular very strong 
[010] (200) large, elliptical very strong 
(002) absent absent 
[001] (200) large, elliptical very strong 
(020) absent absent 
Figs. 2-a and -b, 3 and 4 show three Laue Laue positions as centres of oscillations, 


photographs taken with the X-ray beam paral- 
lel to [100], [010], and [001] axes respectively. 
The Laue spots in them show that the crystal 
has an mmm symmetry, while the extra spots, 
i.e., the diffuse scattering reflections in photo- 
graph Fig. 2 show a well marked pseudo- 
hexagonal symmetry. 

The diffuse scattering reflections in each 
photograph were indexed by comparing the 
Laue photographs with 10° oscillation pho- 
tographs taken on flat films at the same 
crystal-film distance (3cm.) and with the 


Bernal”, Lonsdale and Smith». The indices 
of the Bragg reflections corresponding to the 
diffuse scattering reflections are shown on 
the photographs. 

The striking similarity between Fig. 2-a 
and Fig. 1 is evident. The signs of pseudo- 
hexagonal symmetry exhibited in photograph 
Fig. 2 are shown by the following groups of 
diffuse reflections: 

(a) The diffuse scattering pattern of (182), 


(182), (182), (182), (173), (173), (173), (173) and 
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(115), (115), (115), (115) shows a well marked 
hexagonal symmetry. It is of interest to 
consider the (0kl) planes which pass through 
the intersections of the previous planes and 


the (100), ie. the (082), (082), (082), (082), 
(073), ---; and (015), ---. These planes have 
nearly the same spacings, lie at 60° ap- 
proximately to each other if taken in a cyclic 
order (as will be shown) and the reflections 
from them are relatively of large amplitudes 
as can be seen from the following data: 


Plane: (082) (073) (015) 

Spacing: 2.28 3.25 2.22 & 

|F(obs)|: 42 71 70, onthe absolute scale, 
cf. F (000)=648 


The angle between (082) and (073)=60° 20’ and 
The angle between (073) and (015)=59° 41’ 

(b) The diffuse reflections of (011), (011), 
(011), (011) and (020), (020) show also signs 
of hexagonal symmetry, which could be 
seen in Fig. 2-a and not in Fig. 2-b. This is 
due to the central halo in the latter. The 
spacings and |F\(obs)|’s of the corresponding 
Bragg reflections are: 


Plane: (011) (020) 
Spacing: 9.74 983A 
|F(obs)|: 46 48, on the absolute scale. 


The angle between (011) and (020)=60° 19’ 

(c) There are diffuse reflections for the 
(002), (022),--- and none at all for their 
pseudo-hexagonal repetitions, i.e. for the (040) 
-and (040); but the Bragg reflections have 
nearly the same structure amplitudes as 
shown by the following data: 


Plane: (022) (040). 
Spacing: 4.87 4.92A 
|F(obs)|: 41 44, on the absolute scale. 


The angle between (022) and (040)=60° 19’ 
(d) The diffuse reflections of the (002), 
(002) and their pseudo-hexagonal repetitions, 
the (031), (031), --- form another group, but 
the diffuse scattering reflection of the (002) 
is much stronger than that of the (031). This 
corresponds to the amplitudes of the Bragg 
reflections which are of very different values. 
The spacing and |F(obs)|’s of these planes 
are: 


Plane: (002) (031) 
Spacing: 5.60 5.70A 
|F(obs)|: 140 8, on the absolute scale. 
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The angle between (002) and (031)=59° 40’ 


§3. Types of Diffuse Reflections 
a) Large elliptical or circular diffuse reflec- 
tions 

In photographs Figs. 3 and 4, there are large 
elliptical and circular diffuse spots associated 
with the (200) and (201). They indicate that 
the structure is of a layer type (Lonsdale and 
Smith), the (200) being the molecular plane 
rather than the (201). This is the case as 
shown by the author®. 


b) Diffuse streaks 

Diffuse streaks characteristic of chain struc- 
tures, can be seen in photograph Fig. 3, as- 
sociated with the Bragg reflections (135), 


(135), (135) and (135). This indicates that 
the atoms form a chain-like-arrangement in 
planes perpendicular to the previous planes. 
There are other chains in the structure which 
should produce similar diffuse streaks on Laue 
photographs if the crystal has the proper 
orientation to show them. To reveal all such 
chains, a series of increasingly mis-set Laue 
photographs would be necessary. 


c) Small circular diffuse reflections (antsotro- 
pic) 

It may be seen that although the diffuse 
scattering reflection of the (002) is very strong 
in photograph Fig. 2, where the X-ray beam is 
parallel to the [100] axis, no traces of any 
diffuse scattering for it are present in photo- 
graph Fig. 3 where the X-ray beam is parallel 
to the [010] axis. The fact is noticeable 
since in reciprocal space the point correspond- 
ing to the (002) lies symmetrically to both the 
a*- and b*-axes. Had the distribution of 
the diffuse reflecting power about the 002 
reciprocal lattice point been spherical or 
nearly so, one would expect a diffuse reflection 
corresponding to it to appear in both pho 
tographs, Figs. 2 and 3. 

These two photographs show that the 
reflecting power of that plane is extended 
considerably in the “a*” direction only in the 
(a*-c*) plane but not in the “b*” nor in the 
“c*” directions in the (b*-c*) plane. One 
concludes from the photographs that the 
diffuse reflecting power about the 002 recipro- 
cal lattice point is of a@ needle shape whose 
length is parallel to the @*-axis and its cross 
section is circular. In terms of the crystal st 
ructure, and according to Born® and Lonsdale” 
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this implies that there are elastic waves of 
large amplitude affecting the (001) planes and 
travelling only along the [100] axis. 

It should be mentioned here that it is a 
general rule that elastic waves propagated 
along a given direction in the crystal cause 
an extension of the reflecting power of each 
reciprocal lattice point along the direction of 
propagation. The diffuse reflections of (011), 
(022), (031), --- are also such that the diffuse 
reflecting powers of the points corresponding 
to these planes in reciprocal space are ex- 
tended along the [100] axis only. 


§4. Atomic Movements 


To picture the kind of elastic waves, of 
thermal origin, that affect the crystal lattice, 
we have to consider the diffuse reflections 
corresponding to the axial planes. These are 
sufficient since in the orthorhombic system, the 
axes of the triaxial ellipsoid representing the 
physical properties coincide with the crystal- 
lographic axes. These are given in Table I. 
These diffuse reflections show that: 

(i) There are transverse elastic waves of 
large amplitude travelling along the crystal 
[100]-axis such that the (001) planes are 
strongly affected and the arrangement of the 
atoms in these planes along the [010] direction 
is relatively unaffected. Such waves give a 
strong diffuse reflection for the (002) when 
the X-ray beam is parallel to the [100]-axis 
and none for that plane if the X-ray beam 
is parallel to the [010]-axis. 

(ii) Since the (200) gives large elliptical 
diffuse reflections when the beam is parallel 
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to the [010] and [001] axes, then it implies | 
the presence of waves strongly affecting those | 
planes and travelling in all directions in the 
crystal. These waves include transverse, long- 
itudinal and other combinations of them. | 

(iii) Waves travelling along the [100]-axis | 
such that the (010) planes are affected are © 
highly damped. 

(iv) Waves causing oscillational vibrations 
of the molecules in the (100) planes are 
forbidden. Such waves, if exist, would affect 
the relative arrangement of the atoms along . 
the [010]-axis, and would produce a diffuse re- 
flection for the (002) when the beam is along 
the [010] axis. 

All such waves are of thermal origin, and 
it would be interesting to study the thermal © 
conductivities of the crystal along its three | 
crystallographic axes. 

In conclusion the author wishes to record 
his sincere thanks to Professor Dame Kathleen 
Lonsdale F.R.S., D.B.E. for her help, criticism 
and encouragement while this work was in 
progress. 
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Methylamine chrome alum shows an antiferromagnetic ordering below 
0.015°K-0.02°K and it is known that this ordering results from the 
magnetic dipole-dipole interaction among the chromic ions. The present 
paper investigates, on the basis of the molecular field approximation, 
the phenomenon of transition below the Néel point from the antiferro- 
magnetic state to the paramagnetic state caused by an applied field, at 
constant temperature or at constant entropy. Depending on the direc- 
tion of the applied field relative to the crystalline axes and also on the 
shape of sample, different behaviours of the transition are obtained. 
For a spherical sample three are studied, namely, the cases of H//[111], 


H//{100] and #//{101], and for an infinitely long sample two cases, i.e., 
the axis of the sample and H are both parallel to either [111] or [100]. 
In Appendix is given a summary of the previous theoretical study by 
Kanamori, Motizuki and Yosida of the same kind of antiferro-para- 
magnetic transition in two-sublattice antiferromagnet, in relation to the 


present investigation. 


between these two doublets, 6, has been 
estimated to be about 0.25°K™ (in tempera- 
ture scale), which is about ten times as large 
as the antiferromagnetic transition tempera- 
ture, Tw. Therefore, near or Tw, only the 
lower Kramers doublet should be populated 
and the spin is to be tightly bound along the 
trigonal axis. We shall confine ourselves to 
this temperature range. 

The face-centred cubic lattice of the chro- 
mic ions can be divided into four simple cubic 
sublattices whose crystalline fields have their 


trigonal axes pointing along [111], [111], [111] 
and [111]. We shall denote their magnetiza- 


§1. Introduction 

Methylamine chrome alum is a well-known 
substance used for adiabatic demagnetization.» 
The magnetic and thermal properties of this 
salt below 1°K have been studied by several 
authors, with powder samples®:®) or with 
single crystals,)-® and an antiferromagnetic 
transition has been discovered at about 
0.015°K-0.02°K.4»7> Van Vleck® and Hebb 
and Purcell! investigated theoretically the 
paramagnetic properties of this substance at 
relatively high temperatures, by the moment 
expansion method, and O’Brien’? extended 
their studies to the antiferromagnetically 


ordered state, using the molecular field appro- 
ximation, and has shown that the antiferro- 
magnetic ordering results mainly from the 
magnetic dipole-dipole interaction among the 
chromic ions. 

In this alum, the chromic ions are situated 
on the face-centred cubic lattice and the sym- 
metry of the crystalline field at each chro- 
mic ion is trigonal, with its trigonal axis 
pointing along one of the body diagonals. In 
this crystalline field, the electronic state of 
the free chromic ion, ‘F, is split in such a 
way that the ground orbital state is non- de- 
generate and the two Kramers doublets be- 
longing to it have spin components +3/2 and 
+1/2 along the trigonal axis, the -+3/2 dou- 
blet lying lower. The energy difference 


tions by J, K, L and M respectively. For a 
spherical sample, the interaction energy 
between these four sublattices can be writ- 
ten, according to O’Brien, as 


GS =—pJK+JL+jJM+KL+KM+LM) (1) 


where yw is the interaction constant and we 
understand by /, K, L and M the thermal 
average values of the atomic magnetic mo- 
ments of the sublattices, measured respecti- 
vely along their unique axes. The interac- 
tion is mainly of the magnetic dipole charac- 
ter and w is therefore positive according to 
O’Brien, so that the state with /=K=L=3y, 
or —3vz is the most stable state at absolute 


zero in the absence of any external field. 


The corresponding ordering of the spins is 
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antiferromagnetic in the sense that the total 
magnetic moment is zero, although the four 
spin directions are not antiparallel to one 
another. 

The purpose of the present paper is to in- 
vestigate, on the basis of the interaction 
energy (1) and the approximation of the 
molecular field, the phenomenon of the tran- 
sition from antiferromagnetic state to para- 
magnetic state due to applied field. Depend- 
ing on the direction of the applied field 
relative to the crystalline axes, different be- 
haviours of the transition will be predicted. 
We shall treat particularly the cases in which 
the external field is applied parallel to [111], 
[100] and [101]. 

The antiferro-paramagnetic transition by 
application of a magnetic field has been stud- 
ied by several authors for the ordinary two- 
sublattices antiferromagnet. Garrett) has 
studied this phenomenon for the case where 
the exchange interaction acts only between 
different sublattices and has shown that the 
transition is always of the second kind. The 
present author, in collaboration with Kanamo- 
ri and Yosida,* has extended Garrett’s theory 
to the case where there exist exchange in- 
teractions not only between different sublat- 
tices but also within the same sublattice. The 
exchange interactions have been assumed to 
be anisotropic. It was found, for instance, 
that the antiferro-paramagnetic transition for 
a field applied along the easy axis of magne- 
tization is not always of the second kind; if 
antiferromagnetic interaction acts not only 
between different sublattices but also in the 
same sublattice, the type of the transition 
changes from the second kind to the first 
kind with lowering temperature. Gorter and 
Van Peski-Tinbergen’ studied independently 
the same problem and arrived at the same 
results. Since, however, our study was 
published in Japanese and treats the problem 
a little more in detail than Gorter et al. do, 
we shall summarize in Appendix the most 
essential part of it which is intimately con- 
nected with the present problem. 


§2. Change of Magnetization due to Ap- 
plication of a Magnetic Field 


In the presence of an external magnetic 
field, H, the effective magnetic field acting 
on each ion of sublattice J is given, cor- 
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responding to (1), by 
Ay yeryp =u K+L+M)+H cos Oz (2) 


where 0; is the angle between the external 


magnetic field and the trigonal axis of this 
Similar expressions are given for | 


sublattice. 


sublattices K, L and M. In (2), the demagne- 


tizing field is included in “(K+L+M), as- | 
Later in | 


suming the sample to be spherical. 
§ 3 we shall consider the case of an infinitely 


long sample, in which case u(KA+L+M) must | 


be corrected for different demagnetizing field. 


In the effective field (2), the chromic ion | 


takes energy values —38Hy,e77 and +38H,,ery, 

where 8 is the Bohr magneton. Therefore 

the molecular field theory gives the equation 
3B ie 

tanh aT [u(A+L+M)+H cos 0: | =33° (ee 


For the sake of simplicity, we shall use the 
following reduced quantities: 


a= J/32, O= Kiss, c=L/38..¢— Map: 
x=98?u/kT=Tx/3T ;y 
h=H/3B8u, hr=hcos 63, etc. 
Here Tyv=27f62u/k is the Néel temperature 
when there is no external field. Then, Eq. 


(3) and the corresponding equations for K, L 
and WM can be written 


x(b+c+d+h;)=tanh-‘a, 
x(a+ct+d+hx)=tanh-!b, 
x(a+b+d+hz) =tanh-'c, 
x(a+b+c+hw)=tanh" d. 
We shall solve these equations for the follow- 
ing three special cases. 
a) The external field is parallel to [111]. 
In this case Eqs. (5) become 
x(b+ce+d+h)=tanh-' a, 
x(a+ce+d—h/3)=tanh-' db, 
x(a+b +d—h/3)=tanh- CO 
x(at+b+c—h/3)=tanh" d. 
From these equations it follows that b=c=d, 
since b, c and d are uniquely determined from 
these equations by giving a, x and h, as one 
can verify easily, and b=c=d is compatible 


with these equations. Thus Eqs. (6) reduce 
to 


(4) 


(5) 


(6) 


x(3b-+h)=tanh-a, 7 
x(a+2b—h/3)=tanh-! 0 . ye 
These equations can be solved easily at abso- 


lute zero and the result for the total magne- 
tization, a-b, is plotted against h in Piceals 
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At an arbitrary temperature, it is convenient 
to use a graphical method to solve Eqs. (7). 
Curves of constant temperature, x, and curves 
of constant field, h, are drawn in the a, b- 
plane, and the intersecting points are looked 
for. These curves are given in Fig. 2 and 


2 
m=a-b 


Fig. 1. Magnetization, m=a—b, versus applied 
field along [111] at 0°K. 


=O) 


Fig. 2. Curves of constant temperature in the 
#7//{111). 


a, b-plane. 


-9 3 
Fig. 3. Curves of constant field in the a, b-plane. 
#7//(111]. 
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Fig. 3. The total magnetization, ab, as a 
function of h, at two temperatures T'=(2/3)Ty 
and T=Ty, is given in Fig. 4. It is seen 
that there are three different solutions, (A), 
(B), (C), on the lower field side. Two of 
them, (B) and (C), join smoothly with each 
other at a certain field, above which they 
cease to exist. This field is h=9 at 0°K; 
since the unit of the field is 3@4=34.00e., h= 
9 corresponds to 3060e.. When the tempera- 
ture is raised, it shifts towards the lower 
field side and the area enclosed by (B) and 
(C) decreases. At T=Ty the area vanishes 
and (A) becomes a broken curve shown in 
Fig. 4. Fig. 5 shows schematically the vari- 


Fig. 4. Magnetization, m=a—6, versus applied 
field along [111] at T=(2/3)Ty and T=Ty. 


acl oe h=1-0 h=2:0 h=2-75 
: 
(a) : 
; 
B a gor 
(6) 
& _S oS 
Cc M2 se? = ---> 
ea 
ees mem=O 
Fig. 5. Behaviours of a, 6 and m=a—b6 with ap- 
plied field. 


Three cases A, B and C correspond, respective- 
ly, to the solutions (A), (B) and (C) given in 
Fig. 4. 
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ations of a, b and m=a—b with varying ex- 
ternal field, corresponding to the three solu- 
tions. If the field is reversed, the signs of a 
and 0 are reversed. 

At T=0, @ and b are zero for the solution 
(C). Therefore this solution corresponds to the 
paramagnetic state which must be unstable. 
Corresponding to (A) and (B), there are two 
states which are degenerate at h=0. In one 
of them, the spin directions of the four sub- 


lattices are [111], [111], [111], [111], as shown 
in Fig. 5, (8), and in the other all the spin 
directions are reversed, (av). The crystal may 
consist of antiferromagnetic domains of these 
two states at h=0 and T=0. However, when 
the field is applied along [111], the domain 
structure will vanish and the magnetization 
will follow the curve (A) starting from (a), 
as this curve will give a higher magnetization 
than the curve (B). Decreasing the field and 
further reversing its direction, one will per- 
haps observe the following hysteresis effect: 
the magnetization will first come back along 
(A), then, after passing through the origin, 
will follow the curve (B) since the sudden 
change from (a) to (@) at the origin might 
not take place easily, and finally at a certain 
negative field it will change over to the curve 
(A). 
b) The external field is parallel to [100]. 
Evidently, a=b and c=d in this case. Thus 
Eqs. (5) become 

xa+2c+h/VY 3)=tanh- a, 

x(e+2a—h/Y 3 )=tanh-' c. 
At absolute zero, the relation between h and 
a—c (=VY 3/2 times the total magnetization 
in the direction of the external field) is easily 
obtained and is shown in Fig. 6. Our previ- 
ous theory™ of the two-sublattices model can 
be applied for the present case, taking the 
molecular field coefficients A and IJ’ in the 
ratio 2:1 (A is the coefficient of the molecular 
field in one sublattice due to the other sub- 


(8) 


2 3 

— hs 

Fig. 6. Magnetization, a-c, versus applied field 
along [100] at O°K. 
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lattice and I’ that due to the same sublattice). | 


Then equations determining the sublattice 
magnetizations of the two-sublattices model 
become equivalent to Eq. (8). 
the reader is referred to Appendix, where 


different cases are classified according to dif-_ 
ferent values of 2=I'/(A+I'), including 2= 


1/3. Here we only summarize our results: 
1) At temperatures above ti (measured in 


units of Ty), defined in 3) of Appendix, the — 
antiferro-paramagnetic transition due to appli- — 
cation of a magnetic field is of the second . 


kind, as predicted by Garrett.’ 

2) At low temperatures below fz (<t1), de- 
fined also in Appendix, the antiferro-para- 
magnetic transition is of the first kind. 


3) In the tenfperature range between ft; — 


and #2, transition occurs twice. The first 
transition occurs from an antiferromagnetic 
state to another antiferromagnetic state and 
it is of the first kind. A further transition 
occurs from the latter to the paramagnetic 
state at a higher field and it is of the second 
kind. 


Fig. 7. Curves of constant temperature in the 
a,e-plane. #//[100). 


To estimate temperatures 7; and to, a 
graphical ‘method was used. Curves of con- 
stant temperature, x, and curves of constant 
field, h, corresponding to Eqs. (8) are drawn 
as given in Fig. 7 and Fig. 8; their intersect- 
ing points correspond to antiferromagnetic 
and paramagnetic solutions. The antiferro- 
magnetic solution coincides with the para- 
magnetic solutions (a=—c) at the following 
critical curve (see Fig. 9) 


For the details, | 


1959) 


1/xe=311—a?) , 
h.|/V 3 =a+30—a?) tanh- a. 


According to our previous theory (given in 
Appendix), there exists in the temperature 
range t>¢; (t=1/3x=T/Ty) only one antiferro- 
magnetic solution below he and none above 
he (Fig. A. 4(e)). On the other hand, between 
t, and ?, there exist two or three antiferro- 
magnetic solutions in a certain narrow field 
range which lies below hk. (Fig. A. 5 (2)). 


(9) 


4 
i) 


Fig. 8. Curves of constant field in the a, c-plane. 
#//({100]. 


10; 


f 


0-5) 


oO 


) 0-5 5 2-0 


3 


Fig. 9. Critical curve, 1/3xe vs. he/y 3 - 


From the intersecting points of curves of Fig. 
7 and Fig. 8 above t=0.467 (at which he at- 
tains its maximum) we find only one antifer- 
romagnetic solution for h<hc. We see there- 
fore that t; is lower than 0.467. As an ex- 
ample the magnetization curve at t=0.564 is 
shown in Fig. 10(a). As another example, we 
took ¢=0.360 and made a numerical calcula- 
tion, and found that at this temperature 
there is only one solution at h=he (=1.9865) 
but there are three solutions at h=h-—0.0013. 
Fig. 10(b) shows the magnetization curve at 
this temperature. Therefore, ¢: must lie in 
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the range 0.360<t:<0.467, and probably very 
close to 0.360. 

Next we estimate f. At this temperature, 
there exist three antiferromagnetic solutions 
at h=h., one of which coinciding with the 
paramagnetic solution; a transition of the 
first kind must occur at he. According to our 
previous theory, ¢2 is greater than 4/3—1/3A, 
which is equal to 1/3 in the present case of 
A=1/3. The magnetization curve at t=0.340 
is shown in Fig. 10(c); it can be seen that at 
this temperature the antiferro-paramagnetic 
transition is of the first kind but occurs at a 
field a little higher than he ‘(a little to the 
right of the vertical broken line, as the two 
areas enclosed by this line and the curve are 
unequal). Therefore, f, must be between 
0.340 and 0.360. 

The temperature range between t; and fz 
may be too narrow to be of practical interest. 
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Fig. 10. Magnetization, a-c, versus applied field 
along [100] at constant temperature. 
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c) The external field is parallel to [101]. 
In this case the external field is perpendi- 
cular to a@ and c, and Eqs. (2) become 


x(b+c+d)=tanh"'!a, 
x(at+e+d+2h/V 6 )=tanh bd, 
x(a+b+d)=tanh"! c, 
x(a+b+c—2h//Y 6 )=tanh"'d. 

Subtracting the third equation from the first 


one, we obtain xc+tanh-!c=xa+tanh a, so 
that a=c. Therefore Eqs. (10) reduce to 
x(a+b+d)=tanh- a, 
x(2a+d+2h// 6 )=tanh!d, 
x(2a+b—2h/Y 6 )=tanh-! d. 
As a is perpendicular to the external field, 
the total magnetization in the direction of the 
external field is b>—d=m times 72/3. Writt- 
ing b+d=m’, Eqs. (11) can be written as 
follows: 


m=m?+4 —4mn’ [tanh] 


(10) 


(11) 


au ie tank | ; 
m +a 


m +a 


x= tanh™a 


? 


4 , L 
Vermin +a) tanh se 


[anh Ga 


eal 
1—(m?—m?)/4 
(12) 


Fig. 11. Magnetization, m=b-—d, versus applied 
field along [101] at 0°K. 


The relation between h and m at absolute 
zero is shown in Fig. 11. The portions of 
this curve denoted by A, Bi, etc. correspond 
to the following states: 


A,: two states, a=c=1, b=1, d=1 anda 
=c=s—1,1b=--1,- ¢d=—1 5 0r an equal 
energy. 

A: two states, @=c=1, b=1, —l<d<1 
and a=c=—1, —1<b<1, d=-—1. 

As: two states, a=c=1, b 1, d=—1 and 
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a=c=—1, b=1, d=-—1. 
one state, a=c=0, b=(Y 6/3)h, d=— 
(VY 6/3)h. 
B,: one state, c=c=0, b=1,.d=—1. 
As and B, have an equal total magnetization — 
but the respective values of a@ and ¢ are dif-_ 
ferent. The energy value is lower in As. 
than in B,. Therefore the magnetization, m, | 
changes along Ai, A: and A; with increasing |) 
external field. 
At an arbitrary temperature the relation — 
between m and hk cannot be obtained analyti- > 
cally. However, the paramagnetic solution at 
finite temperatures which joins B, and By, at 
absolute zero can easily be obtained putting 
b=—d (m’=0). Then the relation between » 
m, h and x becomes 


Gp LL nae Ld 
h ve ean 9+ 9 5 


Big 


(13) 


h=0 
O02 04 O86 
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Fig. 12. Curves of constant temperature in the 
m, m!-plane. H]//[101]. 


02 04 06 o8 OF ke 14 16 8s 20 


nd! 
Fig. 13. Curves of constant field in the m, m/’- 
plane. #7//{101]. 


1959) 


Next, in order to obtain antiferromagnetic 


solutions (m’=<0), curves of constant tempera- 
ture and curves of constant field in the m~ 
-m’ plane were calculated with the use of 


| Eqs. (12) (Fig. 12 and Fig. 13). (In this cal- 


culation, a@ was calculated as a function of m 


.and m’ from the first equation of (12) and 


then x and h were calculated.) At T=Tyw 
the curve of constant x shrinks to the origin 
and at T=0 the curve becomes a straight 
line, m=2—m’. The limiting value of m for 
m’—0 is given, as a function of x, by 


4(1—x) 1 

2—4 ~ Se —_ 

x(1+3x) 8 a —— 
Ga UE Tx) : 


m=2 tor =x (T< =p 
In Fig. 13, all curves for h<3/6/2 go 
through a point m=0, m’=2; at h=3/ 6 /2, 
there are two branches, one of which is a 
straight line, m=2—m’, and the other is a 
curve bending downwards, both starting from 
m=0, m’=2; for h>3/ 6/2, the curve starts 
at a point m=2, m’=0, goes down almost 
along the straight line m=2—m’, down to 
certain point, and then returns in the region 
_enclosed by the two curves for h=3// 6 /2 to 
a point on the m-axis. In Fig. 13, only the 
returning part is shown, since the first part 
is not discriminable from that straight line. 


At h=oo, the curve becomes a point (m=2, 


m’ =0). 
Looking for the intersecting points of these 
sets of curves, we obtain the m~hs relation 
corresponding to antiferromagnetic solution. 
In the temperature range Tw/3<7T<Tw, there 
is one antiferromagnetic solution below he, at 
which it coincides with the paramagnetic 
solution and the transition is of the second 
18 
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Fig. 14. Magnetization, m=b—d, versus applied 
field along [101] at T=(2/3)Ty. 
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kind. As an example, the curve of m~h at 
T=(2/3)Tw is shown in Fig. 14. The transi- 
tion field fe is given by 


eer =|1 er TTS |e 
ore Tr(T+Ty) 
Ts b: TET —T wit? 
13S tanhal| (eee 
ino | Fre | 


(14) 
When the temperature approaches Tw/3, the 
transition field increases indefinitely. Below 
Tw/3, the antiferromagnetic and paramagnetic 
solutions do not meet at a finite field strength, 
so that we have no sharp antiferro-para- 
magnetic transition. 


§3. The Case of Infinitely Long Sample 


In this section we shall consider the case 
of an infinitely long sample. The field is as- 
sumed as applied parallel to its axis. 

If the axis of the sample is parallel to one 
of the symmetry axes of the crystal, the de- 
magnetizing field is zero. In such a case, the 
effective field given by Eq. (2) must be cor- 
rected as 


Ay jerp =U K+L+M)+H4H cos 67 
Ar 1 N 
+ al 3 (K+L+M) | xa 
=pu[k{J—(K+L+M)/3}+(K+L4+M)] 
+H cos 6; , (15) 


where k=zN/3u=1.71, if the value of 4 given 
by O’Brien is used. We shall study how 
the magnetization curve undergoes a change 
for the present case. Comparing Eq. (15) with 
Eq. (2), it will be seen that, in the case of 
H//{111] and #//[100], the correction due to 
the absence of the demagnetizing field in the 
present case can be made by altering the scale 
of the applied fild; namely, one has only to 
use h—km instead of h for the curves of 
Fig. 4 and Fig. 10, respectively. 

In the case of A@//[111], the behavior of the 
magnetization curve in qualitatively the same 
as that of Fig. 4. However, in the case of 
H//{100], for which we have now 4=0.71 
(A=1/3 in the spherical case), we are in the 
region 1/2<A4<1 (see Appendix). Therefore 
the feature of the transition becomes simpler. 
Namely, at temperatures below 0.87Tw the 
transition is of the first kind and above 
0.877 it is of the second kind. 
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§ 4. Magnetization Versus Applied Field at 
Constant Entropy 


At temperatures as low as 0.01°K, experi- 
ment at constant temperature may not be 
practicable. Therefore, we shall calculate the 
magnetization curve at constant entropy. 

In the molecular field approximation, the 
entropy of system is represented by the sum 
of the entropy of each spin: 


= a 2-2 [(+a) ied ree 


—similar terms in b, c and d, (16) 


where a, b, c and d are the sublattice magneti- 
zations. We shall consider the case of spheri- 
cal sample and treat the cases of A//[111] and 


H//{100], but not the case of #//[101] which 
requires a more laborious calculation. We 
look for the intersecting points of curves of 
constant entropy and curves of constant field, 
the latter being given in Fig. 2 and Fig. 8. 
a) #A//{111] 

Curves of total magnetization, m=a—b, at 
different entropy values are shown in Fig. 15. 
There are three critical entropy values, S:> 
S:>S3, which are calculated to be 0.52R, 
0.44R and 0.17R, respectively. For S>S,, 
there are three different solutions, (A), (B) 
and (C), up to a certain field, but only (A) 
beyond it. (B) and (C) join smoothly with 
each other (Fig. 15(1)). At maximum value 
of entropy, S=In2, the loop consisting of (B) 
and (C) shrinks to nothing and (A) coincides 
with the abscissa. In.the entropy range 
between S; and S:, (B) and (C) do not join 
(Fig. 15(2)) and with decreasing entropy from 
Si to S:, (C) diminishes and finally vanishes 
at S=S,. Between S, and S; there are two 
solutions, (A) and (B), (B) ceasing to exist be- 
yond a certain field (Fig. 15(3)). Below S3, 
(A) shows a discontinuity at h=3 (Fig. 15(4)). 
At zero entropy, solution (A) jumps from 
m=(0 to m=2 at h=3 (Fig. 15(5)). 

These three solutions correspond to those 
at constant temperature in Fig. 4. Two of 
them, (A) and (B), have an equal energy at 
h=0 and (C) has a higher energy. It might 
be noted that, when S and H are taken as 
independent variables, differential enthalpy 
dH=TdS—MdH is to be considered, instead 
of differential Gibbs free energy dF=—SdT 
—MdH, to treat the thermodynamical equili- 
brium; thus, for dS=0 the state of minimum 
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Fig. 15. Magnetization, m=a—b, versus applied 
field along [111] at constant entropy. 
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_ these 
with the paramagnetic solution at the critical 
field he given by Eq. (9). 


magnetization energy ( = —\maz) will be 


realized. So the magnetization will follow the 
curve (A). The same kind of hysteresis effect 
as that described in § 2 a) is expected in this 
case. 
b) #A//[100] 

The intersecting points of curves of con- 
stant entropy and curves of constant field 


| give antiferromagnetic solutions (¢@s<—c) and 


One of 
solutions coincides 


a paramagnetic solution (a=—c). 
antiferromagnetic 


For the paramagne- 
tic solution, the magnetization curve at con- 


stant entropy is a horizontal line, @a—c=2a= 


constant. The antiferromagnetic solutions 
behave in the following way. 

There are again three critical values of S, 
Si>S:=0.35R>S3. In the entropy range In2 
>S>Si, there exists only one antiferromagne- 
tic solution below he and none above fe. (At 
S=In 2, it disappears.) In the range Si>S> 
S:, which is probably very narrow, there 
exist two or three antiferromagnetic solutions 
in a certain narrow field range which is below 


he. The magnetization curves for S=0.60R 
20 
6 S=0:35R 7 
a-c 
the 
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(er) 
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(b) 
Fig. 16. Magnetization, a—c=(¥ 3 /2)m, versus 
applied field along [100] at constant entropy. 
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(>Si) and S=0.35R (=S.) are shown in Fig. 
16(a). 

Below S:, the magnetization curve separa- 
tes into two branches. As an example the 
magnetization curve at S=0.20R is shown in 
Fig. 16(b); (A) and (B) represent these two 
branches. The gap between these two curve 
may have been caused by our use of the 
molecular field approximation. If we could 
calculate the entropy to a better approxima- 
tion, they might have joined smoothly to 
each other. For S=0, curve (A) coincides 
with the ordinate for 0<h<3 and curve (B) 
becomes one point, a—c=2, h=1, as shown in 
Fig. 16(b). 

The antiferro-paramagnetic transition is of 
the second kind at entropies above S;. In a 
narrow range between S; and S3, we have 
two transitions. The first transition occurs 
from an antiferromagnetic state to another 
antiferromagnetic state and is of the first 
kind. A further transition occurs from the 
latter to the paramagnetic state at a higher 
field and it is of the second kind. At entro- 
pies below S3, antiferro-paramagnetic transi- 
tion is of the first kind. These features are 
similar to those at constant temperature. 


$5. Conclusion 


We have calculated the magnetization curve 
versus external field at constant temperature 
and at constant entropy to study the nature 
of the antiferro-paramagnetic transition. 

Interesting results obtained are different be- 
haviors of the transition depending on the 
direction of the applied field. 

The results at constant temperature for 
spherical sample can be summarized as 
follows: 

a) When the field is parallel to [111], the 
total magnetization follows the curve (A) in 
Fig. 4; there is no sharp transition. One ex- 
pects a hysteresis effect that on reversing the 
field direction the magnetization will follow 
curve (B) for a while and then jump over to 
curve (A). 

b) When the field is parallel to [100], there 
is an antiferro-paramagnetic transition. At 
temperatures above ti (f: is between 0.360 
and 0.467 and close to 0.360), the transition 
of the second kind, and below ts (0.340<in< 
0.360) it is of the first kind. In the tempera- 
ture range between ¢; and ?2, transition occurs 
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twice. The first transition is from an anti- 
ferromagnetic state to another antiferromagne- 
tic state and it is of the first kind. The 
second transition which occurs at a higher 
field is from the second antiferromagnetic 
state to the paramagnetic state and is of the 
second kind. 

c) When the external field is parallel to 


[101], which is perpendicular to two of the 
four sublattice spin axes, the antiferro-para- 
magnetic transition is of the second kind and 
it occurs only at temperatures above (1/3)Tyw; 
there is no transition below (1/3)7Tw. 

Very similar results are predicted for the 
magnetization at constant entropy. 

Calculations at constant temperature have 
also been made for infinitely long sample to 
which a field is applied parallel to its axis. 
In this case we have the following results: 

a) When the axis is parallel to [111], the 
magnetization curve is qualitatively the same 
as that for spherical sample. 

b) When the axis is parallel to [100], the 
antiferro-paramagnetic transition is of the 
first kind below 0.877 w but it is of the second 
kind above 0.877 y. 

We have assumed that the sublattice spins 
are tightly bounded along the respective 
trigonal axes of the crystalline fields (the 
three-fold axes of the crystal). However, at 
high field, where the Zeeman energy becomes 
comparable to or larger than the Kramers 
doublet separation, 0, there will be a thermal 
excitation to the upper Kramers doublet and 
the spin direction will be able to deviate from 
the trigonal axis. In such a case our con- 
clusion has to be modified. 

The writer would like to express her sin- 
cere thanks to Professor T. Nagamiya for 
suggesting this problem and for his help and 
encouragement. She is also indebted to Dr. 
J. Kanamori for valuable discussion. 


Appendix. 
Transition from Antiferromagnetic to Para- 
magnetic State by an Applied Field 
We introduce the following effective field 
acting on each spin of the positive and nega- 
tive sublattices: 

Fess+ = H—AM*F+I' M+, (A.1) 
where H is the external field applied along 
the easy axis of the spins, M+ are the sub- 
lattice magnetizations (positive when they are 
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parallel to the applied field, negative when 
antiparallel) and A and /’ are the molecular 
field coefficients. M* are determined by the 
equations 


2 


where WN is the total number of spins, S the 
magnitude of each spin and By the Brillouin 


me —NBe Bs Sen AM*+IM*)], (A.2) 


function. The Néel temperature, Tw, is given 
by 

Ty= SUA +T) 
where 


C=Ng?B?S(S+1)/3k . 


Using the reduced quantities, 
M+ [E88 =0*, 
it 
Tw eat 
H /(A+T)a8S=h 


(A.2) is written 


3S h—(1—A)oF+ 26+ 
a= By oe = v2 : iP (A.3) 
where 
yi 
~AtP 


A is assumed to be positive, /" either posi- 
tive or negative and A+/>0, as otherwise 
the stability of the two-sublattice antiferro- 
magnetism will be invalidated. Therefore 1 
>Aa>—oo, 


ip ai ne | 
VN. AL ae 
h "3 3 


—h —spb2a 
Aro A=0 A<O 
Fig. Al. Magnetization, m, versus applied field 


at O°K in the cases of 2>0, 4A=0 and A<0. 


At absolute zero, the relation between the 
external field and the total magnetization, m 
=(o*+07)/2, is as shown in Fig. A.l. Inthe 
case of A<0, the antiferromagnetic state con- 
tinues up to h=1, then a ferromagnetic state 
starts and at h=1—24 the ferromagnetic 
state is realized. In the case of A4>0, the 
ferromagnetic state is unstable and at h=1— 
4 a transition of the first kind occurs from 
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the antiferromagnetic state to the ferro- 
magnetic state. 

To investigate the transition at the arbitra- 
ry temperature, we shall confine ourselves to 
the case of S=1/2. Perhaps we may expect 
similar results for any value of S. For S=1 
/2, Eq. (A.3) reduces to 


Besta ah peerage +4o* | _ (AA) 


t 


If we use m=(o++07-)/2 and m’=(o+t—o-)/2 
instead of o* and o-, Eqs. (A.4) become 


m?=1—2m’ coth (2m’/t)+m”, (A.5) 
t _,| (1—2m’ coth a ee 

h =— tanh“! | ie UALS 
5 ae | 1—m’coth(2m’/t) | 


+(1—24){1—2m’ coth (2m’/t)+m?}/, 

’ (A.6) 
It can be shown that m is a monotonously 
decreasing function of |m’| in the allowable 
range of m’, —o0<m’< oo (060 represents the 
magnitude of ot and o of the antiferro- 
magnetic state at h=0). The h~m’ curve 
representing the antiferromagnetic solution 
will appear in three types as shown in Fig. 
A.2, corresponding to different values of ¢ 


and 4. At the field h4-, which corresponds to 
h h 
t t f 
-o% LOL 0% “CGO rEes “% 0  % 
type | type I type 
Fig. A2. Three types of h vs. m’ curve. 


m’=0, the antiferromagnetic solution joins 
the paramagnetic solution, which is the verti- 
cal line passing through m’=0. In order to 
examine the ranges of 4 and ¢ which give 
rise to these three types, we calculate dh/dm’ 
and expand it in the neighbourhood of m’= 
0. Using another variable y=2m’/t, we have 
dh _ t Co a. 
dy 2{1—tycoth y+(ty/2)?}}? Sters/ 


1 pane 
a) mae ele 
a 3 \y 


2 1, 4 
TID (ee ae 5 ee eee a 
a 3 ts \o+ | 


If the coefficient of the linear term of y, 2(4/3 
—1/3A4—2), is positive, the h~m’ curve is of 
type II, and if it is negative, the curve is 


(A.7) 
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either of type I or of type III. The tempera- 
ture at which the transition from type II to 
type I or III occurs is determined by 4/3--1/3A 
—t=0, ie., ¢=4/3—1/34. This ¢ is greater 
than 1 (higher than the Néel temperature) if 
A<0, in which case we have no finite value 
of o) and thus Eq. (A.7) has no meaning. In 
this case, one sublattice magnetization increa- 
ses and the other decreases monotonically 
with increasing field below the Néel tempera- 
ture, as /’<0 and A>-—TI’, and we havea 
h~m’ curve of type I; thus, a transition of 
the second kind occurs at h=he. If 1/4<r< 
1, £=4/3—1/32 lies between 0 and 1, and a 
transition between type II and type I or III 
occurs below the Néel temperature. We 
further distinguish between two cases, 1/4< 
X<3/8 and 3/8<4<1, the former correspond- 
ing to the positive coefficient of y* in Eq. (A.7) 
and the latter to the negative coefficient. 
Furtheremore, if 0<A4<1/4, the h~m’ curve 
is always of type I or III because the coeffi- 
cient of y in Eq. (A.7) is negative. We shall 
investigate these cases separately. 
ty V2Z<2<1 

This case is the same as the next case (3/8 
<A<1/2) except for the existence of a ferro- 
magnetic solution. However, the ferromagne 
tic Curie point at h=0 is 2A—1 and is lower 
than the transition point from type II to type 
I or III, therefore the ferromagnetic solution 
will not be realized. 
2) ojos ai /Z 


3 
—3 


mes 
=> 


—sh Ne hy —>h_ hyhe 
| enol cima 
0) t<3-3y b) t= 3-34 ©) t73-35 


Fig. A3. Magnetization versus external field for 
the case of 3/8<4<1/2. hy represents the tran- 
sition field from antiferromagnetic state to para- 
magnetic state. 


At a temperature ¢=4/3—1/34, the top of 
the h~y curve is flat and, since the coefficient 
of y? in (A.7) is negative, the curve looks 
like type I but it is flat at the top. Above 
this temperature, the curve is of type I, which 
diminishes to a point as ¢ approaches l. Be- 
low this temperature, the curve must be of 
type II. Since m is a decreasing function of 
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m’ or y, as mentioned before, the relation 
between m and h must be as shown by Fig. 
A.3 in this temperature range; an antiferro- 
paramagnetic transition of the first kind must 
occur at a certain field at which the area of 
the shaded portions of the curve become 
equal. In the higher temperature region the 
transition is naturally of the second kind. 
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shown in the second figure of Fig. A.5, at | 


a field which is lower than the field of the ff 
The latter ff 


antiferro-paramagnetic transition. 
is of the second kind. The first figure of 
Fig. A.5 represents the transition at another 
temperature, fz, at which the character of 
the antiferro-paramagnetic transition changes | 
from the first kind to the second kind. A | 


double transition occurs in the range | 
An example of determing | 


te<t<h. 
these temperatures, f; and fz, is given 
in the text. 
4) 0<A<1/4 

In this case the coefficient of y in 
Eq. (A.7) is always negative and so 
the curve h~y is of type I or type 
Ill. However, considering the be- 
haviour of the curve at absolute zero, 
the curve must be of type III at 
sufficiently low temperatures. There 
exists a temperature, /:, at which 


| 
| 
: | 
ee ! 
| change from type III to type I oc- 
4 curs, and also fz, as in the previous 
(aire, ae hoch. case (see Fig. A.5) 
gk iis aay mite ere 
c) CeO SEAS SNe ae aS In this case m is a monotonously 


Fig. A4. Magnetization versus external field for the case 


of 1/4<’<3/8. 


BS) 


i 
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Fig. AS. Magnetization versus external field for 
the case of 1/4<’<3/8. 


3) 1/4<r4<3/8 

Since the coefficient of y*? in Eq. (A.7) is 
positive in this case, the curve of h versus y 
at t=4/3—1/3A looks like type II but it is flat 
at the bottom of the concave part. For t< 
4/3—1/3A, the carve first changes to type III 
and then to type I with increasing tempera- 
ture. The temperature at which the curve 
changes from type III to type I will be denot- 
ed by t:. The change of the m~h curve 
with varying temperature is shown in Fig. 
A.4. Just below fi, a transition of this first 
kind from an antiferromagnetic state to an- 
other antiferromagnetic state must occur, as 


increasing function of h, as mentioned 
before, and the antiferro-paramag- 
netic transition is always of the 
second kind. The transition field is that given 
by Garrett.!» 
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Crystal Structure of 2-Amino Azulene 


By Yoshito TAKAKI, Yoshio SASADA and Isamu NITTA 
Faculty of Science, Osaka University 
(Received February 26, 1959) 


A systematization was proposed for the determination of the crystal 
structure when the crystal consists of the molecules with known shape. 
The main feature of this method is to separate the refinements by the 
least squares at an early stage into (1) successive improvements of the 
position and orientation of the molecule and (2) correction of the mole- 
cular shape fixing the molecular position and orientation. 

The result of the application of this method to the crystal of 2-amino 
azulene (a=11.62, b=10.76, c=6.32A, Z=4, space group Pon2,) was 


given. 


Introduction 


§1. 

While several systematic procedures, such 
as Fourier methods, have been used for the 
refinements of structure in the X-ray crystal 
analysis, there remains unsolved an important 
problem, how to obtain systematically the ap- 
proximate parameters as the starting point 
of the refinement. If, for example, a mole- 
cule without centre of symmetry contains 
light atoms only, it is often difficult to obtain 
satisfactory results by the so-called direct 
methods proposed heretofore. Such being the 
case, instead of applying these methods, the 
authors have attempted to use fully the in- 
formation given by the intensity data for 
individual reflexions as well as known mole- 
cular shape. 

The present account will describe a sys- 
tematization of the method of this kind, ap- 
plied to the crystal of 2-amino azulene which 
was taken up as a part of the serial investi- 
gations of crystal structures of the compounds 


containing planar seven-memberd carbon 
ringsP-), 
§2. Experimental 


Crystals are obtained as very fine reddish 


violet needles elongated along the direction of 
the ¢ axis. 

Crystallographic and physical data are ob- 
tained as follows. 

2-Amino azulene; CioH»N, m.p. 93-94°C. 

Orthorhombic; a=11.62+0.04, b=10.76+0.04, 

6=67328-0,03. Ax 

Absent spectra; (0k/) when k is odd, (h0/) 

when h+/ is odd. 

Space group; Pbn2:—C,,. 

Four molecules per unit cell. 

Volume of unit cell; 790.2A%. 

Density (by floatation); 1.20 g.cm™°. 

Density (calculated); 1.20 g.cm™. 

Linear absorption coefficient for CuKa ra- 

Giation a —G6so1emigs: 
Total number of electrons per unit cell, 
F'(000) =304. 

For the structure analysis, a complete set 
of relative intensities for (hk0), (hk1), (hk2) 
and (hk3) were obtained by the integrated 
Weissenberg procedure. The specimen used 
has. the following maximum and minimum 
dimensions at right angle to the axis of rota- 
tion: 0.01 x 0.006 cm. 

Intensities were estimated by visual com- 
parison with a calibrated scale. The multiple- 
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film technique was used to correlate strong 
and weak reflexions, ranging in relative in- 
tensities from 5100 to 1. Reflexions from 
only 96 planes were observed out of 163 pos- 
sible (kh0)’s. The corrections for polarization 
and Lorentz factors were made in the usual 
way, and that of absorption was neglected. 


Structure Determination of (001) Projec- 
tion 


§ 3. 


Analysis was made in the following se- 
quence: : 

a) The molecule of 2-amino azulene was 
assumed to possess the dimensions as shown 
in higeel: 


Bigs 


Assumed model of the molecule. 


b) The approximate position and orienta- 
tion of the molecule were chosen by using 
the structure factor maps‘. 

c) At such stage, the application of the 
ordinary least squares, sometimes leads to false 
structures (see Appendix). In erder to avoid 
such confusions, the authors allowed for the 
shape of the molecule as the limiting condi- 
tions in the application of this method. 

Let 
(xi, yi, 2) the coordinates of the 7-th atom in 

the molecule with respect to the crystal 
axes a, b and c, 

(xi’, vs’, 0) the coordinates of the same atom 
with respect to the molecular axes as 
shown in Fig. 1, 

(p,q, 0) the coordinates of the origin of the 
molecular axes in the (001) projection, 

(Ai, #4, V1), (Az, M2, ¥2), (As, us, ¥3) the direc- 

tion cosines of the molecular axes x’, y’ 

and 2’ with respect to the crystal axes a, 
b and c respectively, 
4x:, Ayi, 4p, 4q corrections, 


Fo, Fe observed and calculated structure fac- 
tors, 
w weight. 


From simple consideration of the analytical 
geometry, 
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(1) fi 


m= x di ty’ dtp | 
yi=xi Matyi ba tq ; 
Then 
Axyp=xi AA t+yi da.t+Ap | (2) 
Ayi=xi Ain t+yi/ 42+ 4g 


If F=> Fi(xi, y), where the summation is | 


taken over all the atoms in the cell, each > 
structure factor gives observational equation, 


wi4F=w SOF /Ox1)(xi' Ady +yi/422+Ap) 


+OF/Oyi)(x’ An t+yiAp2t+4qg)}. (3) ff 
To find the most probable values, usual pro- ; 
cedures of the least squares are applied. 

d) After several successive applications of 
the above-mentioned method, there remain 
some comparatively large discrepancies be- 
tween observed and calculated structure fac- 
tors, even for the reflexions with lower order 
indices, although the values of the corrections 
decrease with advancing refinement processes. 
This is mainly due to the insufficiency of the 
parameters contained in the assumed model. 

In the following step of refinement, the 
authors tried to shift each atom in the mole- 
cule, so as to keep the molecular symmetry 
of C2 with all the atoms except the nitrogen. 
From equation (1), it follows 


Axi= A Axi +d2.4yi/ +Ap ) 

Ayi= Axi + pedAyi’ +4q sh 
Then the observational equation is written as 

wAF=w> > [{(OF/0xi)A1+ (OF/Oyi) Ha} 4 xi’ 

+ {(OF/0x:)d.+ OF /0y%) p10} by’ 

+(0F/Ox:)4p-+OF/0y.)4q] (5) 
where there are thirteen independent para- 
meters and >) means the summation over all 


(4) 


uv 

these independent parameters. These para- 
meters were corrected by the successive three 
least squares processes. Discrepancy index, 
R= ||Fo|—|Fell/SlFol, decreased by about 
0.1. Agreement between the observed and 
calculated structure factors showed remarkable 
improvement, especially for some reflexions 
with relatively lower indices. 

e) Finally, the coordinates obtained in this 
way were refined by means of least squares 
without keeping the symmetry Cx» among 
atoms in the molecule. 

In the application of the least squares, the 
authors have experienced difficulties due to 
the effect that the higher order reflexions 
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decreased rapidly owing to large temperature for a given E is a&/4, they can be considered 
factor. to be proportional to &f-exp(—BE&?/4/?), as 
The magnitudes of the coefficients in the shown in Fig. 2 for several B. In the present 
observational equation are proportional to case, magnitudes of coefficients corresponded 
hf -exp (—B&/42?) if sin 2x(hxit+kyi) is as- to those shown by the lowest curve in Fig. 2, 
sumed to be constant. As the maximum / and the effect from the reflexions with larger 
&€ than 1.0 were very small. In order to ac- 
B=0 celerate convergence, exp (+0.7&") was taken 
do vheak as the weight in the least squares. Using 
this value, the coefficients in the observational 
amas fo equation were adjusted to be of almost equal 
B20 magnitudes in the range of higher angle than 
ws —&=0.5. By this means, it was possible to 
obtain the satisfactory solution which gave 
eid TWAS aaa Ge fair agreement between observed and calcu- 

§ 


lated structure factors over all the range of 
Fig. 2. Variation of magnitudes of the coeffici- & 


ents in the observational equation with é. The final discrepancy index became 0.18 


Ql 
(e) 
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Fig. 3. Observed and calculated structure factors for (hk0), (Okl) and (R01). 
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Table I. Atomic coordinates. 

Atom a/a y/b z/e 

N 0.226 0.615 0.010 
(Cn 0.092 0.442 0.000 
Ce 0.180 0.507 0.093 
C3 0.201 0.452 0.285 
C4 0.133 0.271 0.503 
Cs 0.058 0.169 0.528 
Cé — 0.030 0.116 0.409 
(Cy —0.064 0.161 0.212 
Cg —0.028 0.259 0.086 
Co 0.059 0.345 Onls 2; 
C10 0.134 0.348 0.328 


Fig. 4. The final electron-density projection along 
the ¢ axis. Contours at intervals of 1eA-2 with 
the lowest solid contour at 2eA-2. The broken 
one shows 1eA-? level. 


(R=0.13 if non-observed reflexions were 
omitted in the calculation). Throughout these 
calculations, the atomic scattering factors 
were taken from McWeeny®, using for carbon 
the values for ‘ valence states’. The best B 
factor was 8.6. In Table I are listed the final 
atomic coordinates. Fig. 3 shows the com- 
parison between observed and calculated struc- 
ture factors F(hk0) and Fig. 4 the final Fourier 
projection of the electron density on the (001) 
plane. 


§ 4. Determination of z Coordinates 
Structure factors F(Okl) and F(h0l) were 
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taken from the equi-inclination Weissenberg | 
photographs about the c axis for the first, 
second and third layer lines. 


As the accuracy | 
of intensity measurements is rather low and | 


moreover the data is small in number, ordi- | 


nary procedure of the analysis could not be | 


applied. Therefore, approximate z coordinates | 


were first estimated on the basis of x and y | | 
coordinates already obtained and the assumed | 


planarity of the molecule. It is noted that 
any one of the atoms can take its z value 
equal to zero as the c axis is polar. Ten 
parameters were refined by the trial method. 
The final values are also listed in Table I 
and the comparison between observed and 
calculated structure factors F(O0k/) and F(h0l) 
is shown in Fig. 3. 


§5. Description of the Structure and Con- 
clusion 


Crystal structure projected on the (001) 
plane is shown in Fig. 5. Intra-molecular 
distances are between 1.37 and 1.41A except 
Cyo-Cio for which a value of 1.52A is found. 
Intermolecular distances in contact with each 
other are between 3.6 and 4.0A. It may be 


concluded that the crystal is formed mainly | 


by van der Waals forces, and the crystal 
structure as a-whole can be taken as one 
somewhat modified from the structure of 
naphthalene®. This is probably due to the 
similar shape and small dipole moment of this 
substance (2.09 D!). Recently it becomes 
clear™ that, although azulene (an isomer of 
naphthalene) belongs to the same space group 
as that of naphthalene, a simple random re- 
versal of direction of successive azulene mole- 
cules was observed in the crystal. It is in- 
teresting to note that, while the orientation 
of azulene molecules (with smaller dipole mo- 
ment (1.0 D)) is random, the present structure 
shows the regular reversal of direction of 
successive molecules. 

In conclusion, the authors wish to make 
some comments for the method described in 
this paper. At the present stage of develop- 
ment of the phase problem, it is necessary 
to use fully and systematically the definitely 
known physical and chemical evidences, in 
order to solve the structure of a crystal with 
minimum efforts. The process mentioned 
above, which is an attempt of this kind, 
consists of two parts, that is, the first is the 
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‘of molecules in the (O01) projection. 


bes} 


Arrangement. 


Fig. 5. 


False structure 
—-—-- True structure 


Fig. 6. Observed and calculated structure factors F(hk0) calculated for the false structure 


(a part). 
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determination of approximate position and 
orientation of the molecule using the struc- 
ture factor map and the second is the im- 
provement by the least squares with the 
limiting conditions. It is possible in many 
cases to limit allowable sets of molecular posi- 
tions and orientations severely enough to ap- 
ply the second process, as far as the molecule 
is not of too large magnitude. On the other 
hand, we can avoid by the second process 
any false structures which often appear in 
routine applications of the least squares and 
lead the structure which is sufficiently enough 
to achieve further refinement by the orthodox 
procedure. The authors think that the pro- 
cedure described in this paper is simple and 
practical, even for the cases with molecules 
having no centre of symmetry provided that 
their molecular shapes are roughly known. 


The authors wish to express their sincere 
thanks to Professor T. Nozoe for supplying 
the sample and for continued interest. The 
authors are also indebted to Professor T. 
Watanabé for kind discussion of the results 
of this investigation. 


Appendix. Example of False Structure 


The authors drew attention elsewhere about 
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the fact that the routine application of any 
systematic processes sometimes leads to false 
structures. An example of the false struc- 
tures which was derived starting from a crude 
structure by the least squares without con- 
sideration of molecular shape is shown in Fig. 
6 in the form of comparison between observed 
and calculated structure factors with cor- 
responding false molecular position. 
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Experimental and theoretical considerations of segmental motion in 
chain molecules were studied from the view point of nuclear mognetic 
resonance. 

By using the high resolution type spectrometer of NMR, it was veri- 
fied that the line widths of phenyl group and CH» group in polystyrene- 
CCl, solutions were almost all independent of chain lengths in dilute 
solutions. These values of line widths indicate that the so-called seg- 
mental motion in a chain is performed in the unit of about ten mono- 


mers. 


The segmental motion hindered by the potential field was discussed by 


using the generalized theory of Brownian motion. 


The influences of 


restricted motion upon Z; and TJ» in polyisobutylene-CCl, solution are 


examined. The results of our theory are as follows. 


The activation 


energy of segmental motion tends to the activation energy of solvent 


when the concentration of polymer decreases. 
energy increases with the increase of concentration of polymer. 


The value of activation 
These 


results are in a good agreement with these of mechanical and dielectric 


measurements. 


Furthermore, the values of hindering potential are cal- 


culated from the data of 7, and JT» in PIB solutions. 

Finally, it is verified that the rigidity of polymer solution in the high 
frequency measurement should be caused by the potential field hindering 
the micro-Brownian motion of segment. 


$1. Introduction 


The development of experimental meth- 
ods»»2) of observing nuclear magnetic reso- 
“nance (NMR) has brought a renewed interest 
in the theory of high polymer solutions. Al- 
though only a few experiments have been re- 
ported, they have revealed a posibility of 
certain connections between the motions indi- 
cated by NMR and the mechanical and di- 
electric properties of high polymer solutions. 

Hitherto, theoretical treatments of the mo- 
“tion of chain molecules have been introduced 
by Kirkwood et al® and by Rouse’? and Bue- 
che». In the Kirkwood theory, it is assumed 
that the bond lengths and the bond angles of 
each polymer molecule are constant, but that 
the azimuth angles are free to rotate. Thus, 
they introduced the coordinates describing the 
configuration of a molecule, and gave the 
equation of diffusion in the multidimensional 
space defined by these coordinates. On the 
other hand, more simplified theories by Rouse 
and Bueche assume that a polymer molecule 


is divided into a number of submolecules 
“whose end-to-end distance shows the Gaussian 
distribution. That is to say, it 1s assumed 
that the molecules are replaced by a number 
of beads of submolecules linked by Hookean 
springs, and a frictional constant € of the 
bead is taken into consideration. 

In NMR measurements, the micro-motions 
of individual group in the chain molecules 
are observed in detail. In this meaning, the 
models proposed by Rouse and Bueche may 
not be suitable, unless they are modified with 
some devices. 


On the contrary, the rigorous method of 
Kirkwood seems to be helpful to apply to the 
NMR theory concerning to the internal mo- 
tions of polymer solutions. Recently, Miyake” 
developed a theory based on the statistical 
mechanical theory of irreversible processes 
given by Kirkwood”. However, a great dif- 
ficulty®) has been pointed out in the deriva- 
tion of an actual distribution of correlation 
times of segmental motions from the Kirk- 
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wood equation”. 

Moreover, the experimental results®) in 
dielectric dispersion in the polar polymer solu- 
tions were in disagreement with the Kirk- 
wood theory». According to this theory», 
the average relaxation time Tp is proportional 
to a power of the degree of polymerization. 
In Gaussian chain a=1/2, but a may be larger 
than 1/2 as a result of the excluded volume 
effect. However, the experimental data®? 
showed that tp did not change systematically 
with the molecular weight, and its observed 
variation was less rapid than the one predicted 
by the theory in the dilute concentrations. 

In the Kirkwood theory? hydrodynamic 
interactions between the segment in molecules 
are considered, but no interactions between 
polymer molecules are included. Therefore, 
the predicted dependence should be applied 
in the case of very dilute solutions. 

It is worth while to study by NMR method 
whether the spin-lattice relaxation time 71 
and the spin-spin relaxation time 7» in the 
polymer solution also depend upon the mole- 
cular weight or not. According to our mea- 
surements and the one by Nolle®, ZJ> is in- 
dependent of the degree of polymerization, in 
the dilute range. In the concentrated region 
of the solutions, 7, seems to be dependent 
upon the degree of polymerization. However, 
in such a concentrated region, the Kirkwood 
theory is rather inapplicable and the molecu- 
lar weight dependency of TJ: should be ex- 
plained by a different mechanism”. 

Further, Nolle has recently made a de- 
tailed measurement of 7i and TJ» in poly- 
isobutylene (PIB)-CCl, solutions by means of 
the spin-echo transient method, which is not 
yet published**. Herein, the present author 


* The experimental result that the motional 
narrowing of line width is related with the mo- 
lecular weight was found in polystyrene, solid 
polymer, by Guth et al. (L. V. Holroyd, R. S. 
Codrington, B. A. Mrowca, and E. Guth: J. Appl. 
Phys. 12 (1951) 696). As well known in the 
thermal properties of solid polymer, owning to the 
fact that the free volume for segmental motion is 
related with molecular weight, the line width 
transition temperature of polystyrene may depend 
upon molecular weight. So, this dependency should 
be caused by a mechanism different from the one 
in the Kirkwood theory. 

** A copy of Nolle’s paper unpublished was pri- 
vately sent through Mr. Sohma who was now at 
Department of Physics, University of Maryland. 
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finds interesting problems in the 7: and Taf 
behaviors concerning to the temperature and 
concentration as well as the molecular weights. 
In the aspect of theoretical study, on thed 
other hand, a great progress has been} 
achieved in the magnetic resonance absorp-} 
tion since the BPP theory! was proposed. 
Kubo-Tomita!? presented a theory which 
treated the motion of spins by a quantum-; 
statistical method based on the linear theory) 
of irreversible process. Another theories es-; 
sentially similar to this were also presentedi> 
by Solomon! and Red-field*”. 

Strictly speaking, however, these theories 
do not take sufficiently the complicated me-,; 
tions of segments in polymer systems into 
consideration. Therefore they may not be: 
suitable to explain the mechanisms of 7; and 
T2 in polymer solutions. In this paper, the 
author will deal with the relaxation problem 
of NMR in polymer solutions on the basis off 
new theoretical approach concerning to the 
Brownian motion of segments in chain mole-: 
cules. 


§2. Experimental Results 


I. NMR methods 

When the molecular motion becomes rapid. 
and its correlation time is small, a high ho-. 
mogeneity of the magnetic field is required | 
for the measurement of the line width of ab- 
sorption line. Accordingly, few attempt” has if 
been made to obtain the absorption lines in 
polymer solutions. 

By employing a high resolution magnet of. 
Varian Association Spectrometer***, measure- 
ments of absorption line of polystyrene (PS) 
and polyisobutylene (PIB) in solutions were 
undertaken. In order to obtain their high 
resolution spectra, it is necessary to select a 
solvent without containing a proton. This 
requirement was satisfied by using CCl, and 
CS. as the solvent. 

Samples were placed in 5mm O.D. glass 
tube. The portion of the magnetic field oc- 
cupied by the samples was found to be uni- 
form within about 2c/s or about 0.5 milli- 
gauss. All measurements were carried out 
at room temperature. 


*** Measurements were carried out at the Chemi- 
cal Research Institute of Non-Aqueous Solutions, 
Tohoku University. 
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Il. Effects of molecular weight and concen- 
tration on T; and Ts» 

The proton spectra of PS and PIB solutions 
are shown in Fig. 1. The multiple structures 
of these lines are in accord with the chemical 
shifts predicted from the structures of (-CH- 
C-(CeHs)-CH.-), and (-C-(CHs)3-CH»—-)n, re- 
spectively. 

In four samples of fractionized PS used in 
the measurements*, the half widths of their 
each groups are obtained over the concentra- 
tion range of 2.7g/100cc to 11g/100cc, as 
shown in Table I. 


joes sean 
b) 


(c) 
(a) PS (d.p.=1.1x10%)-CCl, solution (6.5 g/10 


( 
cc). Reading from left to right the peaks 
corresponding to resonance absorption in CHp, 
CH, and CsHs groups. 

(b) Absorption line of CH, group in the spect- 
rum of PS (d.p.=1.02 x 104)-CCl;, solution (11 
g/100 cc). 

(c) PIB-CCl, solution (6.5g/100cc). Reading 
from left to right the peaks corresponding 
to CH3 and CH, groups. 

Fig. 1. Example of spectra of the proton reso- 
nance absorption in PS and PIB _ solutions. 
(Resonance frequency, 40 Mc/s. Sweep rate, 
4c/s per second). 


The half line widths of the CH. group in 
PS are larger than those of the phenyl group. 
It is supposed that the two lines of CHz 
group and CH group in PS may have fine 
structures due to the 7—J coupling with the 
CH group and CH2 group in the neighbour 
on the chain, respectively. The large widths 
of CH: group and CH group lines are probably 
caused by a multiple structure of lines, the 
splitting of which is unseparable. 


* The fractionation of PS was performed by 
Mr. Miyake, Dept. of Phys., Hokkaido University. 
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The widths of phenyl group are almost in- 
dependent of the concentrations in the range 
mentioned above, It is also verified that the 
line width of phenyl group is not dependent 
on the molecular weight in dilute solutions 
as well as the dielectric relaxation time of 
polar polymer solutions. On the other hand, 
it is presumed that the values of the width 
of CH: group increase as the concentration 


Table I: 
Degree of | Concen- 
polymeri-| tration Half width (c/s) 
zation | (g/100 cc) 
phenyl | 
group (CH.-group 
| 104 11.0 16 35 
4.1 15 28 
eS 4 x 103 2, 15 Pi 
103 Gas 15 28 
| 7x10 10.0 16 30 
CH3-group/CH2-group 
PIB | 2x10! | 6.5 6.5 ~10 
| 330 aul 6 ~10 
10.0 
is 
RSS 
oD 
° 
= 
=o 90 
Cc 
So 
iS 
<< 
oO 
ro) 
el 
8.0 
3.0 3.5 
Tx 108 
Fig. 2. The logarithmic plot of 7\/T and T,/T 


as a function of 7-1, by the use of the data of 
PIB solutions measured by Nolle. The solid 
lines represent 74/7’ and broken lines 72/T. ¢ 
indicates the concentration of PIB solution 
(g/100 cc.). 
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increases. 

One kind of PIB sample, the molecular 
weight of which is about 10° is used*. The 
half widths of CH: ond CH; groups seem to 
be almost constant under the concentration of 
6.5 g/100 cc, and they are smaller than those 
of the CH. and CH groups in PS. 

It is interesting that Nolle!? also found 
both 7; and JT. in PIB-CCl, solutions became 
substantially independent of concentrations 
and molecular weights in sufficiently dilute 
solutions. But he found further that they 
fell rapidly with increasing concentration 
above a fairely well defined critical value. 
This point will be discussed in section 6. 


Ill. Effects of on Ti and T, temperature 

By the use of Nolle’s data of the 7; and 
T2 vs. temperature curves in PIB solution, 
both T/T; and T/T, are plotted against the 
inverse of temperature 7-1 in Fig. 2. Here, 
it is found that the Zi curves are approxi- 
mately linear. The 72 curves, however, are 
less linear in higher region of temperature 
when the solution becomes dense. 


§3. Brownian Motion in the Potential Field 


We shall now consider, in the classical 
theory, the general Brownian motion under 
the influence of the potential field’. 

When it is assumed that the Brownian 
movement can be idealized as a Markoff pro- 
cess, the probability distribution W(47, 4u; At) 
in a phase space can be derived from the 
following equation: 


Akira ODAJIMA 


(Vol. 14, 


However, if we are interested only in time 
interval very large compared to the “time of 
relaxation” 7~!, we can reduce Eq. (1) to the 
Fokker-Planck equation in configuration space 
independently of the velocity space. 


We shall also suppose that the force 


—grad U does not change appreciably over a 
distance of the order of (g/y*)”?. With this 
assumption, the transition probability 
w(A7; At) that suffers an increment 47 in the 


coordinate space in time 4fS> 7! is obtained — 


from the equation in the form 


oO = div (q/y? grad w+a/yn-grad U), 
where g and 7 are related to the diffusion 


constant D as 


(3) 


D=aqiy. (4) 

Here we draw attention to the fact that 
this equation is valid only if we ignore the 
effects which happen in time intervals of the 
order of 7-1 and space intervals of the order 
of (g/n?)“2.. When such effects are of interest, 
we should go back to Eq. (1) which is rigor- 
ously valid in the phase space. 

We think, however, the approach by Eq. 
(3) is helpful to explain the motions of seg- 
ments in polymer solutions as will be desbribed 
in section. The entanglment between the 
chain molecules is considered to give a steric 
hinderance to the rotational motion of the 
segment. And it may be supposed that such 
a hindrance is expressed by the potential bar- 
rier against the segmental motion. 


aw ih i : In this case, we start from the motions of 
rae +t W, 4° )=7 divu(Wu)t+aruW, (1) proton pairs isolated in the chain molecule 
whereby Means thesPolssonstblacketew The which rotate under a hindering potential. 
CBRE Sentenaf eat iaearte® airérhbiy However, these results should be applicable 
‘day not only to those of the chain molecules but 
ae (2a) to the other rotational motions in general. 
: From Eq. (3), the differential equation of 
_ <4u?> (2b) the rotational Brownian motion of proton pair 
At is given as 
OF koT f 1 Ok Of escs 1 o2 1 0 0U 
= ether — ein @ 
ot y \sin@ 00 ; key ss koT 06 ) sinkd O¢? koT sin? 0 Og f dg J 
(5) 


The spherical coordinate system-(7, ¢) is defined so that the hindering potential of rotation 


is expressed by 


U(@)=—Weosé. 


* 


This sample was supplied through the kindness of Dr. Iwayanagi, Scientific Research Institute, Tokyo. 
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Substituting Eq. (6) into Eq. (5) and putting cos 0=v, we get 


Of _ wT ( 0 Ce er We 
Ot v7] Ov bw) Ov - 1—v? apt — koT Ov aon ; (7) 


In order to solve Eq. (7), we consider the operator 


d 
dv 


d 


& ) W m? 
dv \2koT 


koT we 1—y? © oe 


Lae le) (1—v?)-+ 


By supposing that Lo is self-adjoint, let us consider the eigenvalue problem 


InX+AX=0. (9) 


I will possess a set of eigenvalues —Amn and eigen functions Xinn forming a complete or- 
thogonal set. 
Thus, a solution of Eq. (7) may be written in a series of the orthogonal set as 


ee CmneW/2KoT 0. KM. e-Amnt , (10) 


At t=0, the direction of nucleus pair is in the position (@, go), and the distribution function 
in the initial state is 


Ff (0)=0(0—O)-d(e—@o) . (11) 
From this condition, the expansion coefficient is determined as 
e720 X n* (yp )e~W/2k oF eo 


Cnn >= i 7 - 
| IXamltdv-| eWlko? dy 
1 


=1 


(12) 


§ 4. Spin-Lattice Relaxation Time and Spin-Spin Relaxation Time for the Rotations Re- 
stricted 

By following the Solomon’s theory’, the 
relaxation of two-spin systems was treated by 
a random semiclassical perturbation. 

Though his theory may be not rigorous 
enough, it was verified to be correct? when 
the fluctuations of the dipolar field are rapid 
as in liquids. Therefore, it may be reasonable 
to apply this method for the rubbery state 
of polymers. 

The Hamiltonian of an interacting pair of 
like spins, in a magnetic field Ho along the z’ 
direction is 

Ko = Fon — hry Whe the) t+ EH 5 (13) 


Sm is the Hamiltonian of the motion of the 
particles and commutes with the spin oper- 
ators. The next terms are the Zeeman en- 
ergies of two spins in the constant magnetic Fig. 3. Diagram illustrating the transformation 


field Ho. We will consider only spin of value between (6, $, ¢)-coordinate and (6’ ’, ¢')-co- 
4. so that there is no quadrapole interaction. ordinate. The magnetic field H is applied to 
H’ is the spin-spin interaction term considered the z/-direction. The Eulerian angles are illust- 


as a perturbation which is expressed by rated by 0’, ¢’’, and ¢’’, respectively. 
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a [Tier Toe-—4( his -h_-+h- - Io) | Fo +h 2 Toe + here yea | “Fy 


+h hethe: b-]:-Fi*+(h+ he): eth: hb) F* , (14) 
where 
Fo(t)=R(1—3 cos? 6’(#)) (15a) 
F,(t)= —8k sin 0’(¢) cos 0 (He'?’ (15b) 
F(t) = —3k sin? 0’ (te? , (15c) 
and 
k=h?7?/63 , (16) 


and Ji are the raising and lowering operators of the nuclear spin and J is the longitudinal 
component of the magnetic moment. 

Now, as is shown in Fig. 3, the transformation of the coordinate system-(9, ¢) given in 
the preceding section into the coordinate system-(0’, y’) with the z’ axis in the direction of 
the magnetic field, gives the following relations: 


sin 0’ cos y’=(cos &” cos gy” cos 0’’—sin ¢”’ sin ¢’’) sin 8 cos g-+(cos d”’ sin ¢” cos 0”” 
+sin £” cos g’’) sin 6 sin g—(cos ” sin 6’”) cos @ . (17a) 
sin 0’ sin gy’ =(—sin ” cos ¢” cos 0’ —cos ¢” sin ¢’’) sin 6 cos g+(—sin ” sin y’”’ cos 6” 
+cos ” cos ¢’’) sin 0-sin g+(sin ¢” sin 0’’) cos @ . (17b) 


cos 0’ =(cos ¢” sin 0’’) sin 8 cos ¢+(sin ¢” sin 6” cos 6”) sin @cos@sin¢g . (17c) 


Transforming (’, ¢’)-representations of Fo, Fi and Fy in Eggs. (15) into (0, ¢)-representa- 
tions, we get 
Fy/k= —4(1—3 cos? 0)(1—3 cos? 6’) —2 sin 26 (e*? +e-*”) sin 20” 
—#? sin? 0(e?"? +-e-*"”) sin? 0” (18a) 
F,/k= —3(1—3 cos? 0) sin 20’e-*¥” —2 sin 20e**(cos 20’ +cos 0’’ et” 
—# sin 20e-**(cos 20’ —cos 0” )e-*?” —3 sin? 6 -e#? sin 6’’(1+-cos 0’ )e-*?” 
+2sin? Ge?” sin 6’’(1—cos 0” )e-*#” , (18b) 
F./k=3(1—3 cos? 8) sin? 0’’e-24”" +3 sin 26e'” sin 0’’(1+cos 0’ )e-2#4” 
— sin 26e~'” sin 0’’(1—cos 0” )e-2*¥”" +2, sin? Be#?(1-+cos 0’’)2e-244”” 
+38; sin? @-e-**?(1—cos 0’’)2e-246” (18c) 
According to Solomon, we have a couple of transition probabilities for the longitudinal 
component J, as follows: 


2 


1 


oii Boe 
nro | fa le, a (19a) 
a Sle Fb )e72*9' dt’ a 
ears Ver a(t’ )e-8e' dt (19b) 


In order to perform the integration of Eqs. (19), the following correlation functions corre- 
sponding to Eqs. (18) have to be determined. 


Kish GFA toe =O, 122) (20) 


If we apply the distribution function of the Brownian motion expressed by Eq. (10), with 
the initial condition given by Eq. (11), to the correlation functions Ki(r), and when the aver- 
age over the initial values (@, go) and the average over Eulerian angles (0’’, y’’) are taken, 
the transition probabilities become 
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3) k a i TN ee 3 Brow 2 (Ofek 
Wi= 
1 air h ) | 4 ~ 1+ @?Tn? 4 = 14+ 0tp? ce 4 a 140tr? ee 
3 k\? Antn Bntn, Cntn 
W,=—| — a 3 Ett = ge Sak 
; sl h ) 12 1+40?r,” + ~ 1+40?tp? rg = 1+40?r,? ‘ teh, 
where 
An=|{\! (3v?—1) Xn" exp ES . jew Wi . |Xn?[do- * eOrleor Indy (22a) 
( -1 2koT ) =i = 
i ‘ tastd — oe W 2 1 1 
Bn = | 2QvV 1—v? Xn exp( i, av ys |Xn3|?dv- eke? dy (22b) 
| =F] 2koT -1 a! 
1 W i 1 1 
Cr =| (1— uv?) Xn? exp ( ae yh |Xn?|?dv- CELA, (22c) 
4 2koT Vey ee a 


and Ax, Bn ,and Cn correspond to m=0, +1, and +2, respectively. When these values in 
Eq. (21) are used, the spin-lattice relaxation time Jj, the derivation of which is given in 
Appendix, is expressed as follows: 


See Tn 4tn, 
ts PY ae lire n n m rs : 
Trt=2(un-+ua)=5(4-) B (Ant 3Bat3C) (7 + | (23) 


On the other hand, the expressions of the transition probabilities of the transversal com- 
ponents are 


2 


1 


m= ss 7, (e- Fy(t) $ ett F*(U) 6-2" FU) +e F*)) dt! (24a) 

n= 355 |p RO) te 200 FA) bet E+ rior’ P*(t’) | dt’.  (24b) 
Following the similar procedure, we get the transition probabilities as follows: 

pian) De at Th) Gaon era 2) 

mma ga gO yar Team) ae 


As will be shown in Appendix, the spin-spin relaxation time 7: can be represented with the 
above transition probabilities as 


h ) 8 eas 1+02tp? a 1+40?r,2 ] © oe) 


Peo, Ne Re ( 


n=1 


However, we have to take the contribution of the term of Amn=0 to Tz into account. This 
term in Eq. (10) is 
Poo(v) =e" 207 Xoo =exp {W/(koT)-v} , (27) 


- and 
Cw=((" golem) (28) 
=i 


This indicates that starting from an arbitary initial distribution f (00, Go. : 0), the Boltzmann 
distribution in the potential U(@) will be established after the time interval of 4t> 771. 
Hereafter we call #oo(v) the stationary component. It is emphasized that the stationary com- 
ponent is obtained from the local magnetic field fluctuating rapidly due to the thermal 
motions restricted in the potential field but is independent of time. 

As will be easily seen from the form of Fourier integral in Eqs. (19), the stationary com- 
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ponent gives no contribution to 7;. But it contributes to 7, through the term of Fo(t) in ff 
Eq. (25b). The contribution must be calculated by a different method from the one described 
above. By using Eq. (27), the function corresponding to Eq. (20) is obtained from Fo in Eq. 
(18a) by 


1 2 
il -1 


by) ; : 
{| corned! 
=1 


This corresponds to the time-independent component in the local magnetic field. There- 
fore, according to BPP theory™, Ks is related to the term of (T2)s that is the contribution 
of the stationary component to 72. The relation between Ks and (T2)s is 


(T>)s AV ep \Kor (30) 


(29) - 


Ks = 


Hence, the spin-spin relaxation time for the rotation hindered by the given potential barrier 
is expressed as the sum of two contributions mentioned above. That is, 


= (T2)m+(T2)s7 , (31) 
where (1/T2)m is obtained as Eq. (27). 


§5. Case of Wik) T<1 

Although it is generally rather difficult to solve Eq. (9), the solutions of the case we shall 
deal become easy, because the assumption of the hindering potential W is assumed to be 
W/koT<1. In this case, Xn™ and Amn in Eq. (9) can be expanded as a power series of W/koT 


as follows: 
WwW W VWew ) 

X,m= = i) Xr ott een XnM + ee 32a) 
en(sn7 ’) (x ier ) ies ) ay 

W Wane 
Api Ai ney aes ) canoe : Ainn&? Cube os 32b 
+ (Giz a+ (Gage) Aan (32b) 

The zero-order approximations of Eqs. (32) are 
i Xm) = Pry) (33a) 
U Ann OL non ED kets (33b) 


where Pv) is the normalized Legendre function. Moreover, am is given by the equation 
ann =| PamvPymdo=0 “ (34) 
Therefore, the eigenvalue is not influenced by the existence of the hindering potential for 


the first order approximation. 


On the other hand, using the first order approximation of Xn™, we get the following equa- 
tions for the coefficients An, Brn and Cy in Eqs. (22). 


SEMEN 
tee ca Cole - 
1 
6 


TW. St a cht Aa ei ie: 
A3) =— 14 
° ie rei ie Aira olson 


A,YD=0 (<1, 2, 3) 
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3/W i LAY Wear ai as ae 
Bye ae ee) : ( ba i 
; iba nays: Plea all 


8 Ween dori g2\) 4-1 
pom 8fia( MY 44 1 eB) 
a ero 7. ae , val 


(36) 
14. 4 W2(1 a UPR: roe = 
B® =—~x 1 ( i \ eas | | 
pire 12% a nr) te tist weet 3 j 
BO=0 (l2<1, 2,3) 
8 WA\43 1, 87> 
Ce eee Bae i 
i zh je \9a 6 a 
14" / WS? 1 W ?(1 1 =a 
OSC IIES Seno | AAS pte ( { S 241 902 | (37) 
; ee ien) See ry | oe alos 
GiO@=0 (<2; 3). 


For the term corresponding to m=0, that is, the stationary component, we get the follow- 
ing equation neglecting the higher decimals than the order of three in the expansion: 


fo 5(i5) (ar) tt alr) } 


Then we can estimate both 7; and 7: according to the following expressions with the 


(38) 


first order approximation of Xp” and Amn: 


RIE 


2 
Ti tenths & |0.25—0.033( 


k Vi N 
=tEA). 
Ts 045( h Sime kel 


For the case of W/koT>1, the perturbation 
theory is not applicable. Thus, it is difficult 
to get the solutions of Xn” and &mn, but we 
can obtain the average value <Amn». The de- 
tailed discussion on this point will be reported 
in near future. 


§6. Discussions 


I. Some properties of T, and Tz, in PIB 
solutions 

(1) A note of the critical concentration in 

polymer solution. 

Before attempting to apply our theory de- 
scribed in the preceding sections to the re- 
sults of 7; and 72 measured in polymer solu- 
tions, it must be noted that both 7; and 7; 
tend to have certain values which are in- 
dependent of the molecular weight as the 
concentration decreases. As mentioned in the 
preceding section, both 7; and 7» fall rapidly 
with increasing concentration above a fairly 
well defined critical value. Fig. 4 shows the 
critical concentration, corresponding to the 
knee in TJ, curve at 25°C, as a function of the 


es 
ai ore: 
6; \'}0.25— 0.083( 5 )| (39b) 


molecular weight. The critical concentration 
is presumably the concentration above which 
each polymer molecule has a kind of en- 
tanglement each other as Nolle! pointed out. 
From this presumption, he estimated the cri- 
tical concentration theoretically as follow: 


W.=7.1M8/a® ABM? , (40) 


where Ms stands for molecular weight of the 
basic unit, w for “excluded volume”, A for 
Avogadro’s number, / for the length of seg- 
ment, and MM for the Molecular weight of the 
chain molecule. 

Nolle! thought that Eq. (40) was not satis- 
fied with his experimental data, as is shown 
in the solid line in Fig. 4, but it is supposed 
that the experimental data is in fairly good 
agreement with Eq. (40) in the range of the 
molecular weight higher than 10°, as is shown 
by the broken line in Fig. 4. Under the mo- 
lecular weight of 10°, the assumption that 
each long chain molecule coils up in a sphere 
and @ can be taken as unity does not pre- 
sumably hold, and then the curve of We would 
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shift from the proportional line to M-¥?. 

The dependency of viscosity of liquid poly- 
mers and concentrated solutions on the mole- 
cular weight! is known to change at the 
molecular weight 103, that is, to show a differ- 
ent characteristic beyond this boundary of 
polymerization. This might essentially have 
a connection with the phenomenon of polymer 
solutions mentioned above. 


critical concentration (g/cm?) 


O10 o 4 
09 5 
.08 
el | 
-C6- 
05+ 4 
af 

1 
10% 10% 10° 10° 107 


molecular weights 


Fig. 4. Critical concentration of PIB solution, 
corresponding to the knee in 7) curve at 25°C, 
as a function of molecular weight (obtained by 
Nolle). The solid line plotted by Nolle repre- 
sents critical concentration proportional to the 
—1/6 power of molecular weight. The broken 
line added by the author represents ~—1/2 power 
of molecular weight, above that of 105. 


(II) A kinematic unit of segmental motions. 

There is another important connection be- 
tween the properties of liquid polymers and 
the polymer solutions. In the viscous flow of 
liquid polymers’, it has been suggested that 
the elementary process of flow consists of the 
displacement or jump of only a small seg- 
ment of molecule rather than the displace- 
ment of the entire molecules as a unit. As 
the evidence of supporting this hypothesis for 
long chain polymers, it was found that the 
values of the activation energy were low (only 
several times the values of their monomer 
unit) and independent of chain length. 

On the other hand, the half widths shown 
in Table I or 71"! and 7,1 in the Nolle’s 
data! are independent of the molecular 
weights. And their values are more than ten 
times of the order of the monomer molecules, 
for instance, 7; of PIB solutions (C=0.0173 
g/cm?) at 20°C is 0.09 sec™ and T; of distilled 
water (7y=1.02 centi-poise) at 20°C is 2.3 sec). 
Consequently, it is readily interpreted that 
the reorientation or the displacement is carried 
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out by such a small segment with about ten 
monomer units as the segment in liquid poly- 
mers*. 


(Il) A mechanism of segmental motions. 

It is found from the above mentioned data 
that the frictional constants of segmental 
motions in the high frequency region are not 
related to the chain length. This frequency 
region is correspondent to more than O(10° c/s). 
Below this frequency, spectral lines are un- 
observable by the Varian Spectrometer. 

The result that the relaxation times are 
independent of the molecular weight suggests 
us that the motional behavior of each seg- 
ment is not so markedly influenced by the 
interaction of other segments on the same 
chain that the Kirkwood theory*) predicted. 
This theory gives the mobility of segments a 
large inhomogeneity for their positions on 
the chain so that the theoretical result does 
not become to agree with the experimental 
results. 

From NMR data, it may reasonably be as- 
sumed that the mobilities of segments in the 
high frequency motions are homogeneous con- 
cerning to the position on the chain to which 
the segments belong. When the concentration 
increases, however, the entanglement among 
the chain molecules must be considered. The 
entanglement may give a kind of steric 
hinderance to the reorientation and the dis- 
placement of the segments. Herein, we as- 
sume for simplicity that such a hinderance 
can be expressed independently of each mo- 
lecular group in the segment by equation: 

VGia)=—W cos Bir , (41) 
where the suffix means 7-th gronp in @-th 
segment. The Eulerian angles (6’’, ¢’’) given 
in Eq. (17) are expressed on coordinates de- 
fined in each molecular group, in each seg- 
ment, respectively. 

It should be noted that such hindering po- 
tentials can not in general be assumed to be 


* Jt is well known in experimental results of 
T,1) that the correlation time c of molecular mo- 
tion is given by 

t=Ar7a3/3koT . (53) 

In the above PIB-CCl, solution, the viscosity 
coefficient of CCl, is 0.97 centi-poise! at 20°C, so 
effective volume of PIB for segmental motion is 


approximately twenty five times of that of water 
molecule, 


1959) 


fixed in the space. The potential field should 
be understood to fluctuate because of the mo- 
tion of the chain molecule or the large group 
of segments as a whole. According to the 
dynamical study, for instance, in PIB (mo- 
lecular weight, 3.87x10)-cychlohexane solu- 
tion (1%), the characteristic frequency of 
the motion of large group of segments is 
550 c/s. 

Therefore, in polymer solutions, the statio- 
nary component in Eq. (27) gives the contri- 
bution to Tz in somewhat modified form. 
That is to say, the contribution of motion 
due to the segment group to 7: becomes as 
follows when the motional effect derived from 
the Kubo-Tomita equation™, are taken into 
consideration: 


Ty 


4 log he Se 


where (72-1); was given in Eq. (30) and ty is 
the correlation time of motion of submolecule 
group as a whole. 

In conclusion, the present model is divided 
into two parts for the segmental motions: 
the one is the micro-rotational motion of seg- 
ment, and the other the motion of segment 
group as a whole. 


(Tr Y= 2. (T2})s- tan( 


II. Some notes concerning application of 
theory of T, and Tz to polymer solutions 
Based on the above described assumptions, 
the NMR in PIB solution can be treated as 
the problem of NMR in the system in which 
two-spin system of CH2 groups and three- 
spin system of CHs groups exist independently 
each other. The theory concerning to this 
problem was discussed in the former sections. 
First, the following points must be taken 
into consideration. One is the point that an 
absorption line of PIB solution in Fig. 1 con- 
sists of two lines and each of them comes 
from the CH; and the CHe groups. Hence 
Nolle’s values of both 7i and YZ: measured 
by “spin-echo” method should be considered 
as a kind of average value of the two groups. 
The average is assumed to be 


a A ea i=1, 2) 
“7, Gee Ti Jon; ait 


(43) 


where the coefficients 3/4 and 1/4 come from 
the ratio of the number of protons in the 
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CHs and the CH2 groups in PIB molecule.* 

The next problem is the estimation of in- 
fluence of the interaction due to inter-group 
protons upon 7); and 7:. Powles” found from 
the measurement of the second moment of 
PIB that the spin-spin interaction due to the 
inter-groups was unexpectedly large. In a 
solution, however, each group rotates with a 
sufficient rapidness about the C—C axis so 
that the local magnetic field due to the inter- 
group interaction would be more remarkably 
averaged than due to the intra-group interac- 
tion. In other words, it may be able to as- 
sume, by neglecting the inter-group interac- 
tion, that only the intra-group interaction 
contributes to both 7 and 7» in a solution. 

Furthermore, it must be noted that the 
Solomon’s theory’ is not generally applicable 
to the system with more two spins. Kubo- 
Tomita’s theory! shows, however, that 7; 
and 7. can be given by similar equations with 
the relations obtained from Solomon’s theory’? 
even for the systems with many spins, when 
the correlation function is expressed by 


K(t)=exp (—|é|/te) .** (46) 


* The reasonability of JZ, and J», that can be 
computed from Eq. (43) will be examined compared 
with the experimental data in PIB-solutions. The 
half widths of the CH; and CH, groups in the PIB 
solution (6.5 g/100cc) are 6.5c/s and about 10c/s, 
respectively, as shown in Table I. By subtracting 
the width of the inhomogeneous magnetic field dv’ 
of 2c/s, and by using the relation of J,-1= 
m(4vi/2—4v’), Eq. (43) gives the value of 7)-1! as 

Pie treESeCa (44) 

On the other hand, the Nolle’s data give the 
following value of 7,-1 at c=0.059 g/cm? and T= 
203C% 

Tima 20ISCCa a (45) 

Thus, 7) calculated from the line width in the 
present measurements is in fairly good agreement 
with that in Nolle’s data. 

** Tn this theory, 7; and 7» are 


2 Te 8 Te ) 
Vece see AT 
ao oP BS L+w2r? 5 14+40%r¢? Sli 
3 Te 2 Te ) 
en fe eeee 4 = 47b 
Paes BC Trt ee pane tee Tadts) SO 
where 
o p= 1(I+1)(k/h)? (48a) 
B=> (b/rij)’ « (48b) 


j 
When Eqs. (47) are applied to two-spin systems, 
the same solutions as Solomon’s equation can be 
described. 
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And, in case of such a modified correlation function as Eq. (10), it is assumed that Eqs. 
(27) and (31) obtained in the preceding section are applicable, by substituting o»?B for 
I1+1)(k/h)?, in three-spin systems, too. The 3rp?B in Eqs. (47) is the second moment of 


rigid state, and is given by 


gor°B= 74H *rig : 


Therefore, ?or?B in Eq. (49) is 


goPB=F(7{ 4A rot)cH, tar 4H*))cH, = 5.034 10%see?) # 


(49) 


(50) 


Ill. Comparison of the present theory with the experimental results 

Nolle’s measurements of both 7, and 7» were carried out at the resonance frequency w/2z 
of 28Mc/s. Therefore, as shown in Fig. 2, the small values of 71+ and 72° of PIB solu- 
tions in his data indicate the condition of tz<w-! for the correlation times in Eqs. (39). 
Hence, by using Eq. (50), Eqs. (39) are applicable to this case in such forms as 


y} 
ie *B {0.830.044 al (52a) 
Ti pee ( oT f 
: sph) Sa tensie ie Te oe a 044( in) 52b 
Ds 1= 0.0527 a"B (jo) 2 tan hiiso: ig Fs Gah ne i oT , (52b) 


where the mobility of segmental motion is 
expressed by 


B=771=B8) exp(—U/koT) . (54a) 
It is clear, from log T/T; curves represented 


approximately with a straight line in Fig. 2, 
that Eq. (52a) is in a good agreement with 


Table II. The activation energies of 
segmental motion. 
Concentra- (A) from eka ts wieiees a 
tion consideration | without the 
gma ee 
0.017 2.6 | Bers 
0.059 3.8 | 2.9 
0.091 3.6 Avie Mele 5265 
0.350 5.4 | a 


* The second moments of ‘both methylene and 
methyl groups in PIB molecule can be calculated 
as follows, by assuming the tetrahedral structure: 
| (<4H*>)on,=11.3 gauss? (51a) 
<4H>)ou,=22.5 gauss? . (51b) 

However, the CH; groups in PIB solutions rotate 
more rapldly about C3-symmetric axis than motions 
with the other freedoms in a molecule. According 
to Gutowsky and Pake2), in a C;-rotation, the ef- 
fective value of the second moment of CH; group 


is one forth of the second moment in a irrotational 
state. Namely, 


(<4H*>rot)ou,=5.6 gauss? . (51c) 


the experimental curve, if the hindering po- 
tential W in Eq. (52a) is understood to satisfy 
W/koT <1. 

As is shown in Table II (A), for the solu- 
tion of lower concentration (0.017 g/cm’), the 
activation energy U estimated from the 
the gradient of log T/T; curve in Fig. 2 is 


U=2.6 Kcal/mol . (54b) 


It is note-worthy that this value is approxi- 
mately same with 2.4 Kcal/mole of the activa- 
tion energy of the solvent, CCl,**. 

For the solution of higher concentration 
(0.091 g/cm’), the gradient of the curve be- 
comes steeper and less linear. On the other 
hand, log 7/7, curves shown in Fig. 2 are 
less linear than the curve of log 7/7:. When 
the solution becomes more dense, the devia- 
tion of the curve from the straight line be- 
comes appreciable. This tendency is espe- 
cially remarkable in the region of high tem- 
perature. 

Another noticeable result is that T; is larger 
than 7, in dilute solutions in spite of the 
other theoretical prediction™-) of T, ~ T, 
when ty<o. According to the present 
theory, however, Eq. (52b) is also in a good 
agreement with the experimental curves of T>. 


** The value of activation energy for CCl, was 

calculated from the temperature variation of the 
viscosity of CCl, which was tabulated on the che- 
mical table in “Kagaku-Binran”, (Maruzen press, 
1958) 476. 


centrations in Table II (A and B). 
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Thus the author is inclined to consider that 
this agreement is due to the stationary com- 
ponent in Eq. (52b). 

Since the temperature variation of the sta- 
tionary component in Eq. (52b) is less than 
that of the other terms, the contribution of 
the stationary component to 7» should be- 
come effective at high temperature. 

Even at lower concentration of C=0.017 
g/cm’, at which individual chain molecule is 
supposed to be independent and separated, as 
was described in the preceding section, the 
log T/T2 curve also deviated considerably from 
a linearity and is not equal to log T/T;. The 
reason of this trend is not clear at the present 
state. 


Table Ill. The hindering potential energies. 


Concentration (g/cm?) | WlkoT 


1.2 x 10-2(50°C) 
2.5 x 10-2(60°C) 


0.017 | 
| 


0.091 | 


The values of hindering potential can be 
determined from the ratio of 7; and JT: by 
using the Eqs. (52), if the correlation time 
Tz of submolecular group in Eq. (42) is known. 
Assuming ty>T>» in Eq. (52b), for simplicity, 
we obtain the value of W as shown in Table 
III. It is supposed that the small values of 
hindering potential energy in Table III are 
due to the flexible rotation of each molecular 
group around the C—C axis in a chain mole- 
cule in spite of the fact that the translational 
motion of molecule as a whole is hindered by 
the entanglements among chains in solutions. 


Further, the relation 


ee AAV? 
r| T2!— 0.052V or? ipa | 
oe’*B 


le 
foBy > \toT 


is plotted against the inverse of temperature 
T-1 in Fig. 5 for three cases of C=0.059, 
0.091, and 0.35 (g/cm). Here, the values of 
W are assumed as 2.1107? koT, 2.310? oT, 
and 4.6x10-2 koT, respectively. 

When the approximation introduced in the 
above discussion is considered, the linearity 
of the curve shown in Fig. 5 is satisfactory. 
The activation energy U obtained from 7/7» 
curves by Eq. (55) is tabulated for various con- 
As are 


=0.33 (55) 
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shown in Table II, both W and U increase 
with the concentration. 

On the other hand, the values of activation 
energy which are calculated, by following the 
conventional way, in an approximation of 
neglecting the contribution of the stationary 
component in Eq. (52b) are added in Table 
Il(C). It can be seen that the activation 
energy decreases as the concentration in- 
creases, if the conventional way is employed. 
In many studies of NMR, for instance, con- 
cerning to valcanized rubbers” and plasticized 
PIB’, it is also reported that an opening the 
freedom of segmental motions introduces an 
increases of activation energy. 


U/RT+A 


9,0 0.091 


8,0 


30 
Tx10° 


Fig. 5. Plot of U/k)T against 1/T obtained by 
the use of Eq. (55), at the three concentrations 
(g/100 cc) of PIB solution which are indicated 
in the curves, respectively. 


In the other measurements of mechanical!” 
and dielectric relaxations?», however, it is 
well known that the activation energy de- 
creases with the concentrations of solvents. 
As the freedom of segmental motion depends 
upon the entanglement among chain mole- 
cules, it is rather acceptable that the acti- 
vation energy would decrease with the in- 
crease of solvents. Thus, in this case, above 
mentioned results which is derived from Eq. 
(52b) with the stationary component, may 
seem to be plausible. 


(Vol. 14, 


790 Akira ODAJIMA 
Table IV. The correlation times and the relaxation times in polymer solutions. 

: | : Temperature 
Method Sample Solvent (sec) Concentration (@C) 
NMR | PIB | CC 21058 6.5 2/100 cc 20 
BS | CCly 4.6x10-9 6.5 g/100 cc 20 
Dielectric PVAc | toluene TCENO? | 6 g/100 cc —10 
PMA toluene 1,6 10-5 ol 6 g/100 cc —10 
Ultrasonic PIB | cyclohexane Arh 1030 1% 25 


IV. Correlation time and hindering potential 

The correlation time ty* and the relaxation 
times tp and ty are presented in Table IV, 
respectively. The tz used in Table IV is the 
value which is obtained from the dispersion 
of ultrasonic shear wave in the PIB-cyclo- 
hexane solution (1%). It has been explained 
that the ultrasonic relaxation time in this 
case is related to the twisting motion of the 
smallest segment group in a chain, since the 
stiffness of PIB-cyclohexane solution becomes 
from 890 dyne/cm? to 84,000 dyne/cm? in the 
frequency region of w>ty7!.18 The ctw is the 
value of PIB-CCl, solution obtained from our 
measurement. The value of ty is remarkably 
smaller than ty. This suggests to us that 
the mechanism of segmental motion observed 
by the ultrasonic relaxation is different from 
the one detected by NMR. 

As shown in Table IV, however, tw may 
be of the same order of tn at the same con- 
centration and temperature which is obtained 
by extrapolating from the experimental data”, 
even if the samples employed are not same 
in both cases. 

These data seem to be very interesting and 
important facts in making clear the mecha- 
nisms of segmental motions in a chain mole- 
cule. 

Next, it is very desirable to verify how the 
hindering potential W described in the present 
theory is connected with the other physical 
quantities characterising the motions of poly- 
mer molecule. As mentioned above, the stiff- 
ness of polymer solutions is markedly large 
in the regions of high frequency. Hence, it 
is supposed that in this case the flow of 
segment group as a whole is quenched but 
the micro-Brownian motions of segments are 

* 


tw was calculated from the data of line width 
shown in Table I, by using Eqs. (47). Here we 


assumed a single correlation time in the polymer 
solutions. 


occured in a certain restricted region. That 
is to say, the rigidity of polymer molecule: 
depends upon the so-called energy effect rather 
than the so-called entropy effect concerning 
the rotational motion of segment around each 
C-C bond, even if the entropy effect is an. 
origin of the rubber elasticity in polymer 
systems in static case. 

Following the above consideration, the ri- 
gidity of polymer system in the high frequency 
field can be simply estimated as follows. It 
may be reasonable to adopt Eq. (6) as the 
potential energy concerning the rotational dis- 
placement of each segment. 

Hence, for a small displacement, the poten- 
tial energy per lcc of polymer systems, for 
example, PIB solutions (1 g/100 cc) is given by 


Liaw aul \ 
E=—W6?,-x0.01, (56a) 


where M is the molecular weight of the} 
monomer and WN is Avogadro’s number. 

If we assume W=10- oT, in the consider- 
ation of our results shown in Table III, the 
value of energy at 300°K becomes 


Baa x10 


(56b) 

On the other hand, the energy of this 
should be same as the elastic energy in the 
system caused by the ultrasonic shear wave, 
that is 


1 
RS Cleve 
9 V 


(57) 
where G is the rigidity and V the volume in} 
the system. Therefore, in the above case, G: | 
is 

G=4.3 x 10‘ dyne/cm? . (58) 

This value is in a pretty good agreement 

with the experimental value of rigidity, 8.4: 
10 dyne/cm?, in PIB-cyclohexane solution (1%) 
which has the similar condition with the one 
assumed in Eq. (56b). 
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In conclusion, it may be sure that the po- 
tential field hindering the motions of segments 
in a chain exists even in fairly dilute solutions 
of polymer, and the results that the hindering 
potential has an effect on segmental motions 
become more and more marked in high fre- 
quency measurements. 

It seems to us, that the present theory of 
the segmental motion is more proper in such 
a case than the Kirkwood®) or the Rouse” 
and Bueche® theories, though it has not been 
applied to a number of problems concerning 
relaxational phenomena other than NMR one 
in polymer solutions. 
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Appendix. Relaxation Processes in 
Two-Spin System 

According to the Solomon’s paper™, we 
define two eigenstates |+)> and |—)> of the 
unperturbed Hamiltonian for spin i of value 
3 corresponding to both energies EF, and £_, 
respectively. 

Similar two eigenstates of spin 2 of value 
3 are defined as |+) and |—). 

Thus we define four eigenstates of two spins 


aap es 
Ww, S wy, ' f 


(A) (B) 


Fig. 6. (A) Transition probabilities between the 
eigenstates of the longitudinal components of 
the spin operators. (B) Transition probabilities 
between the eigenstates of the transverse com- 
ponents of the spin operators. 


Study of Segmental Motion in Polymer Solutions in NMR 


791 


by the following relations 
higl+>=3|+> 
Ine|+) =3$|+) 
|=) =—3|—) 4 


Therefore the four unperturbed eigenstates 
of two-spin system become |+, +), |+, —>, 
|—, +> and |—, —> with the respective oc- 
cupation members N,., N.-, N-+ and N_-. 
The transition probabilities between these 
four states shown in Fig. 6(a) are represented 
by wo, Wi, Wi’ and we. 

Next, four eigenstates of the transverse 
components of the magnetic moment must be 
also defined. These four eigenstates of the 
spins are expressed by 


Tela>=3|a) 
he|B>=—3|8> (A2) 
hhe|a) =3|a) 
Te|B) =—3|6) . 
Hence the four states of a pair, la, a, 


la, B>, |B, a> and |B, B>, are not eigenstates 
of the energy. According to Solomon’s theory, 
however, we can define the occupation num- 
bers Naa, Nag, New and Nes, and the transi- 
tion probabilities mo, w1, ui’ and uz between 
these states, as are indicated on Fig. 6(b). 

The macroscopic magnetic moments of 
le and he are given by the following equa- 
tions: 


[asda ett led sain ye 
Khe=(Ns4+N-+4)—(N+-+N-_-) : 


Similar equations are also given for the trans- 


(A3a) 
(A3b) 


verse components fig and Je. 

Thus, the equations of motion of the longi- 
tudinal component and the transverse one in 
the two spin system lead to the following 
equations, respectively: 

Mig tH) — 2001+ wa) bgt 2h) (Ada) 
d(he+ Tet) _ 
dt 


In conclusion, the longitudinal relaxation 
time 7 and the transverse one 7» are given 
respectively by 

1/T1=2(witwae) 
1/T2=2(ui+ue) ; 


—2(u1+u2)(he+ he) - (A4b) 


(A5a) 
(A5b) 
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Effects of Gamma Rays on Aqueous Solution of 
Polyvinyl Alcohol 


By Osamu SAITO 
Faculty of Engineering, Chuo University, Bunkyo-ku, Tokyo 
(Received March 4, 1959) 


The general treatment developed in previous papers is applied to the 
case where the aqueous solution of polyvinyl alcohol is irradiated by 
gamma rays and the results are compared with Danno’s measurements. 
The behaviours of irradiated aqueous solution of polyvinyl alcohol before 
and after gelation are well explained by the author’s general theory. It 
is concluded from the analysis that end-linking instead of cross-linking 
occurs in the solution and also that only one molecular end out of the 
two which are produced by molecular scission of a polymer links with 
a monomer unit of another polymer molecule. It is also shown that if 
any impurity, especially oxygen, is not contained, the intrinsic viscosity 
of polyvinyl alcohol increases with radiation dose. 


§1. Introduction 


The author developed in his’ previous 


Figs. 1 and 2. The change in viscosity-average 
degree of polymerization with increasing 


papers?-*) a general theory concerning the 
effects of high energy radiation on polymers. 
In this paper the theory will be applied to 
the case where the aqueous solution of poly- 
vinyl alcohol is irradiated by gamma rays. 
A. Danno measured the intrinsic viscosity and 
the gel point of polyvinyl alcohol irradiated by 
gamma rays’?. These results are shown in 


amount of radiation dose is represented in 
Fig. 1, and the dose for the incipient gel for- 
mation shown in Fig. 2 has a minimum at 
a certain value of concentration. The pro- 
perties shown in these figures must be ac- 
counted for by a general theory. 

When a polymer is irradiated by ionizing 
radiation, the intrinsic viscosity [7] will change 


1959) 


its value with the radiation dose R. It has 
been shown in the previous paper® that in 
the early period of irradiation we have the 
relation: 


[yV/Iyl=1+AiR+4+ A.R?2+--- , GG) 
where [y]o is the intrinsic viscosity before ir- 
radiation. The viscosity-average degree of 


polymerization p is likewise expressible in the 
following form: 


p/po=1+BiR+BR?+-+- , (5) 
where fo is the initial value of p and 
Bi= A/a, Bo=(A:/2)+(—a@)Ai?/2a, +--+. (3) 
30 
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If cross-linking and degration occur in the 
irradiated polymer, the coefficients are given 
by the following formulas: 


Ar=uéce\ C42N@4D a} ; (4) 
Ay <lOUa+Y) | (@+2) (@+3)(@+7)(@+14) 
Sreoras 00 
2 
ue oes (5) 


where uw is the number-average degree of 
polymerization before irradiation, a is the ex- 
ponent in the relation between the intrinsic 
viscosity and number-average molecular 
weight, ¢ is the probability that a monomer 
unit irradiated by radiation of unit dose will 
cross-link with a monomer unit of another 
molecule, and 4=7/¢, where 7 is the probabi- 
lily that a monomer unit irradiated by radia- 
tion of unit dose will be scissored. The value 
of a@ may vary with radiation dose. In the 
early period of irradiation, however, it may 
not differ greatly from the value before ir- 
radiation. We may, therefore, use 0.62°) for 
the value of @ of polyvinyl alcohol. 

If the polyvinyl alcohol whose number- 
average degree of polymerization is u is 
irradiated by gamma rays and the change of 
intrinsic viscosity is measured, the values of 
A; and A, will easily be calculated from the 
viscosity curve. Then we obtain c and 4 by 
solving Eqs. (4) and (5). And the radiation 
dose necessary for the incipient gel formation 
is given by 

Rg=1/uc(4—A) . (6) 


It is usually difficult to get the accurate value 
of Az. When the value of ¢ is very small, 
the values of ¢ and A cannot be accurately 
calculated from Eqs. (4) and (5). We must 
then use Eq. (6) instead of Eq. (5). 

When the end-linking occurs in the irradi- 
ated polymer, the coefficients Ai and A: are 
given by the following formulas”: 


Ai=ura{(a+3)o—1} , a) 
Vig ated (ade sO) | (oes 

A,= ree {Forla+2X(a+3) 
—2a(1—o)(a-+2)+—3)'} , (8) 


where o is the probability that a molecular 
end prouced by a main chain scission will link 
with a monomer unit of another molecule. 
We get 7 and o by solving these equations. 
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Then the radiation dose necessary for the 
incipient gel formation is given by 
Ry=1/7(4o-1). (9) 

When the value of 7 is very small, we must 
calculate 7 and o from Eqs. (7) and (9). 

These results were derived for polymers not 
in solution. However, if we consider the fact 
that the probabilities c, ~ and o are deter- 
mined by the circumstances around the ploy- 
mer molecule, they may be expected to be 
applicable to the cases where polymers are in 
solution or contain impurities. 


§2. Cross-linking and Degration 


As is shown in Fig. 2 gel is formed in the 
irradiated aqueous solution of polyvinyl! alcohol. 
This fact indicates that cross-linking or end- 
linking is produced in the solution. Let us 
now assume that cross-linking occurs in it. 
In Fig. 2 the curve for larger concentration 
is linear. When the linear portion is extended 
back to lower concentration, it does not go 
through the origin. Danno” showed that the 
product wR, is independent of the value of 
u, where u is the initial degree of polymeri- 
zation of polyvinyl alcohol and Ry: is the dose 
corresponding to the intersection of the ex- 
tended line and the ordinate axis. This fact 
can be accounted for by the consideration 
that a fraction of radiation energy is consumed 
by some impurity perhaps oxygen, and Ry, 
—R, is the net dose necessary for the 
incipient gel formation. We should notice the 
fact that the coefficients A: and Az of Eq. 
(1) are much influenced by impurity. On the 
contrary, if we use Ry,—R,: instead of Ry, of 
Eq. (6), the right hand side of the equation 
must be independent of the effect of impurity. 

When the aqueous solution of polyvinyl 
alcohol is irradiated, the following two cases 
may be conceivable. The first is that the 
radiation reacts upon polymer molecules 
directly and produces active centres, for 
example free redicals, which cross-link with 
monomer units of other molecules. The second 
is that the radiation reacts upon water mole- 
cules and dissociates some of them. The 
products give active centres to polymer mole- 
cules, and the active centres cross-link with 
monomer units of other molecules. Let us 
call the former the direct action and the lat- 
ter the indirect action of radiation. For the 
case where the polymer is degraded by radia- 
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tion, the direct and indirect action are also 
conceivable. Let us denote by ¢ the probabi- 
lity that a monomer unit irradiated by radia- 
tion of unit dose will cross-link directly with 
a monomer unit of another polymer molecule. 
¢) is independent of the concentration of 
polymer. If we denote by a the probability 
that a water molecule will be dissociated 
by radiation of unit dose, the probability that 
a monomer unit irradiated by radiation of 
unit dose will indirectly cross-link is 


ai(1—c)/e ? 


where the effect of impurity is neglected and 
the ratio of the total number of monomer 
units and the number of water molecules is 
expressed as c:1—c. When the effect of 
impurity is not neglected, the probability 
becomes 


(10) 


.l-c ¢ . l-—c 
a = 


@ ctk ae é 


(11) 


where hk; is proportional to the amount and 
the reaction rate of impurity, but it does not 
depend on the concentration c. Thus the total 
probability that a monomer unit irradiated by 


radiation of unit dose will cross-link is given 
by 


ree . l—c 
C=Cota : 
0 Saat 
Similarly the total probability that a mono- 
mer unit irradiated by radiation of unit dose 
will be ruptured is given by 


(12) 


Oe wil =¢ 
v=) + @2——— 


c+k,’ 2) 


where 7 is the probability that a monomer 
unit will be directly ruptured by radiation of 
unit dose, dz is the probability that a water 
molecule will be dissociated by radiation of unit 
dose, and kz is proportional to the amount and 
the reaction rate of impurity. In general, a 
will not have the same value as dy. Substi- 
tuting Eqs. (12) and (13) into Eqs. (3) and (4), 
we obtain 


Bi=n| {B—a)—G—as)} + Baath 
c+ky 
Beers 
Ga ee | ; 
where B=(a@+2)(a+7)/6. Since the effect of 


impurity is not included in the radiation dose 
Ryg—Rzgi, we obtain from Eg. (6) the relation: 


(14) 
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il 


aa ee 


Li, {Ae —a1)6—(o— a) ante 

(15) 

where ¢ has been introduced for the following 
reason. It is very difficult for polymer mole- 
cules in lower concentration to interact upon 
each other. The larger are the polymer 
molecules, the smaller are their mobilities. 
When the polymer concentration is very small, 
large molecules will hardly interact upon each 
other, and the probability of cross-linking c 
will be diminished. ¢ is a factor expressing 
this property, and it varies with the concen- 
tration c and becomes unity for larger con- 
centration. If we plot 1/(R,—R,i) against 1/c, 


US 


Yrg—Rgi) 


fe) 


ONS) 


(9) 500 
Fig. 3. 


1000 


we must obtain a straight line for the smaller 
values of 1/c. This is the case for Fig. 3, 
where the values of 1/(R,—R,i) for the 
aqueous solution of polyvinyl alcohol is plotted 
against 1/c. From this linear portion we ob- 
tain the relations: 

A(éo— a1) —(%o — Gx) =0 ’ (16) 

4@1—d@2=5.51x10°° . (17) 
It is shown by Eq. (14) that if we plot Bi 
against 1/c, a straight line must be obtained 
for smaller values of 1/c. This is the case 
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for Fig. 4. From the slope of this line we 
get the relation: 

Baiv(1+ki1)—a2(1+k2:)=3.10x10-%. =—(18) 
And for c=0 we also get the following values 
from extrapolating the measured values in 
Bigwb: 

Bi,=—-1.11 and dBi/de=—177. 
By solving Eqs. (16)~(19), we obtain 
d2=—5.51x 107° , 

kx=0.,, k2=—2.8 1072. 

These results are unreasonable. On the other 
hand, by determining the parameters of Eq. 
(14) so that it may well represent all the 
measured values of Bi, the following values 
are obtained: 


(19) 


a=0, 


KSOL SMO. pe=PBI*K MO? » 
10 —-- 
=6) 
fo) 
05 ip 
ae) 500 \/c 1000 
Fig. 4. 
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k= 2:0 4107s, ky=1e08 103, 
From these results we get 
4a:—d2=8.40 x 10° . 
This is contradictory to Eq. (17). We may, 
therefore, conclude that cross-linking does not 
occur in the irradiated aqueous solution of 
polyvinyl alcohol. 


§3. End-linking 

Now we assume that end-linking occurs in 
the irradiated aqueous solution of polyvinyl 
alcohol. Linkage and scission are independent 
of each other in cross-linking, but they are 
correlated with each other in end-linking. In 
end-linking the probabilities y and o are the 
fundamental parameters. Since 7 is the same 
as that in the preceding section, it is expres- 
sed as follows: 
Iie 
ct+ky 
where 7% is the probability that a monomer 
unit will be directly ruptured by radiation of 
unit dose, @ is the probability that a water 
molecule will be dissociated by radiation of 
unit dose, and A; is proportional to the amount 
and the reaction rate of impurity, but not 
dependent on the polymer concentration. The 
probability o that an active end produced by 
molecular scission will link with a monomer 
unit of another molecule is expressed as 


v=" +a (20) 


oe 

CHR,’ 
where oo is the value of the probability o for 
large polymer concentration and negligibly 
small amount of impurity, and k, is propor- 
tional to the amount and the reaction rate of 
impurity which inhibits the end-linking. The 
value of oo is the same as that of o for solid 
polyvinyl alcohol. Substituting Eqs. (20) and 
(21) into Eqs. (3) and (7), we get 

Braun } yee | (a+3)o0c 
c+tki} | ctk 

and hence Eq. (9) gives 


(21) 


it, (22) 


Bopp arta |doob—), (23) 

where ¢ is the same factor as that considered 
in the preceding section. If we determine the 
parameters in Eqs. (20) and (21) by consider- 
ing the linear portion in Fig. 3 and the 
measured values of Bi, the following results 
are obtained: 
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yo= 2.281075, a@=2.28x10-*, o=0.31, 
ki=2 0910529 ka OPO aaae 


The value of oo is larger than 1/(a+3)=0.276. 
We know”, therefore, that the viscosity- 
average molecular weight of polyvinyl alcohol 
irradiated in aqueous solution increases with 
radiation dose, if no impurity is contained. 

The G-value of the dissociation of water 
molecules is given by the formula: 


£4 (Avogadro number/18) a 100 
absorbed energy in e.v./gram/dose 
=a. 
the G-value of main chain rupture of solid 
polyvinyl alcohol by 


(Avogadro number/44) 7o 

ea 5 x 100 
absorbed energy in e.v./gram/dose 

5.0); 

and the G-value of end-linking for solid poly- 

vinyl alcohol by 


r 


bs (Avogadro number/44) 2700 
absorbed energy in e.v./gram/dose 


be 


Therefore, the energy for producing an end- 
linkage is 32 e.v.. It is assumed in this case 
that two ends produced by a molecular scis- 
sion are active. If we assume that only one of 
the two ends is active, the G-value becomes 
a half of the above-mentioned value, and the 
energy for producing an end-linkage is 62e.v., 
which agrees with Danno’s experimental re- 
sult. 

Thus it is concluded that end-linking occurs 
in the irradiated aqueous solution of polyvinyl 


x 100 


eu, 


10 
) 
0.5 
M exio” 10 


Fig. 6, 
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alcohol and that only one of the two mole- 
cular ends produced by a molecular scission 
is active and links with a monomer unit of 
another molecule. 

The factor ¢ in Eq. (23) is equal to unity 
for larger value of c. Comparing Eq. (23) 
with the curve in Fig. 3, we should obtain 
the relation between ¢ and c. However, there 
being only a few observed values, we could 
not hope to find correct relation. Therefore, 
in order to know the approximate behaviour 
of ¢, we have calculated the values of ¢, by 
interpolating the values of 1/(R,—Rzi) in Fig. 
3. The result is shown in Fig. 6. It will be 
seen that the curve of ¢ against c is approxi- 
mately linear. From this fact it may be con- 
sidered that the probability that an active 
centre will end-link with a monomer unit of 
another molecule is proportional to the num- 
ber of polymer molecules contained in a sphere 
of definite radius with centre at the active 


centre. The more correct measurments are, 
however, necessary in order to know the 
details. 

§4. Summary 


Effects of radiation on aqueous solution of 
polymers have been discussed by a few 
authors. There has, however, been no suc- 
cessful attempt to explain the properties be- 
fore and after gelation at a single stroke. 
The author applies his theory to the irradiated 
aqueous solution of polyvinyl alcohol and 
shows that end-linking instead of cross-linking 
occurs in the solution. He also calculates G- 
values of molecular scission and end-linking, 
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the values thus obtained being in good agree- 
ment with those obtained by A. Danno. The 
author concludes that only one molecular end 
out of the two which are produced by mole- 
cular scission links with a monomer unit of 
another polymer molecule. It is also shown 
that if no impurity is present, the intrinsic 
viscosity and the viscosity-average molecular 
weight of irradiated polyvinyl alcohol in 
aqueous solution increase with radiation dose. 
When the concentration of polymer is very 
low, linking between large molecules is 
hindered and the gel formation suppressed. 
This is the reason why the radiation dose 
necessary for the incipient gel formation has 
a minimum. In order to know the details, 
more accurate experiments are desired. 
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Effect of Impurity on Molecular Linking of Irradiated Polymer 
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The effect of impurity on cross-linking or end-linking of an irradiated 
polymer is discussed theoretically. It is shown that the radiation effect 
on a pure polymer can be found by measuring the intrinsic viscosity 
and the gel point of an irradiated polymer containing an impurity. 
The theory is compared with Chapiro’s measurements. One of the im- 
portant results is that when impurity hinders cross-linking, all the rela- 
tions between physical quantities of an irradiated polymer containing 
impurity can be reduced to those of the polymer containing no impurity, 
if use is made of a reduced radiation dose instead of the real dose. This 
is not the case for the effect of impurity on end-linking. Such a dif- 
ference is expected to enable us to distinguish between cross-linking and 
end-linking. 


Introduction 


§ 1. 

The author has developed in his previous 
papers») a theory concerning the effects of 
high energy radiation on polymers. In this 


results for various pressure of oxygen. 


§2. Effect of Impurity on Cross-linking 


When a polymer contains some _ radical 
radiation 


paper the theory will be extended to cover 
the effect of impurity. Polymers contain 
usually some impurity, for example, oxygen. 
Polymer in the market contain more or less 
additives, the effect of which may not be 
neglected. The effect of oxygen is especially 
important, because a little amount of oxygen 
gives a fairly large effect on polymers and it 
is very difficulty to remove oxygen complete- 
ly out of them. On the contrary, if we know 
how it reacts upon polymers, we may be 
able to know the radiation effects on pure 
polymers by analyzing the experimental 


scavenger, cross-linking will be 
hindered by it. The mechanism is consider- 
ed as follows. Active centres will be produc- 
ed by radiation on some of monomer units. 

This probability will be denoted by ¢ as in 
the previous paper. When a polymer con- 
tains some impurity, c is lowered by the ef- 
fect. Let us denote by z(p, R) the number 
of polymer molecules which give the degree 
of polymerization p and are irradiated by 
radiation of dose R. When the radiation dose 
is increased from R to R+dR, the increment 
of n(p, R) is given by 


Ae eae g RyedR( ar ea, 


rae In(l, R)diedR \P PS nO 


He Gare: 


RN+K’ni (1) 


where WN is the total number of monomer units, 2; is the number of impurity molecules, k 
is the reaction rate constant for the active centre and monomer unit, and k’ is the constant 


for the active centre and impurity. 


mp, R)=n(p, RIN, mi(R)=ni(R)/N, Ri= 


Eq. (1) becomes 


ULL G Eat d emeane  ia e 
OR (1+kimi)| 


2pm(p, R 


If we introduce a new variable 


= R 
=\"4 l+kimi’ 


If we write 


k’/k, 
y+ (" Ip—Dmll, Ryn(p-1, Ralh (2) 


dR 


(3) 
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Eq. (2) becomes 


Om(p,_R) 
OR 


=—2pm(p, B+ \"o—Dmd, R)m(p—I, Rdl . 
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(4,) 


This is the same as the equation for the polymer containing no impurity, which has been 


considered in detail in our previous papers.)-®) 


The increment of the number of impurity molecules is given by 


dn(R)= —NodR( 


where ¢ represents the amount of impurity 
which is supplied from outside per monomer 
unit and per unit radiation dose. This equa- 
tion can be written in another form: 


dm _ chimi ae 


dR 1+kimi 
where mi=ni/N. This can be easily solved, 
when ¢ is known. 

Case A. mi=const. When the supply of 
impurity from outside is enough, m; takes a 
constant value, say A. In this case Eq. (3) 
gives 


(6) 


R/R=1+k:A. (7) 


R can be easily obtained from the experi- 
mental curves as shown in Fig. 1, where the 


@ R R 
Kien 1 


abscissa is the radiation dose and the ordina- 
te is any one of physical quantities, for ex- 
ample, viscosity, molecular weight, melting 
point and so forth. The relation between R 
and R is linear. The slope varies with A. 
The radiation dose R, necessary for the in- 
cipient gel formation is related to the dose 
R, for the polymer containing no impurity by 
the following formula: 


The left hand side must, therefore, by pro- 
portional to the amount of impurity A. When 


ni 
kN+ ni 


)eNeaR , (5) 


a thin film of polymer is irradiated in air by 
radiation of low dose rate, the amount of 
oxygen in the polymer will always be con- 
stant. If we perform experiments under 


various pressures of oxygen, (R,y—R,)/Ry 
plotted against the pressures of oxygen will 
give a straight line, because A will be pro- 
portional to the pressure. 

Case B. ¢=0. This is the case where 
there is no supply of impurity from outside 
and this is more easily realized by experi- 
ment than the preceding case. When the 
initial value of m: is A, Eq. (6) gives 

R=R+(A/e){1—exp (—kiéR)} . 
Then we get 


Ga =1+k:A exp (—kicR) 
and after a certain value of R, we get the 
following relation 
Lae 
dR 
Chapiro*? measured the change in melting 
point of polyethylene film irradiaed in air. 
The relation between R and R deduced form 
the measurement is represented is Fig. 2. 
The initial slope of the curve is 7.5. The 
slope decreases gradually to the ultimate 


value unity. For larger values of R Eq. (9) 


(9) 


(10) 


(11) 


xier 
3 
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is reduced to 
R=R+A/c . 
This is a linear relation. 


(12) 
If we extend the 


line back to R=0, the intersection of the line 
and the ordinate axis gives 


A =1.54 (10°r)-1, 
If we assume that the G-value of cross-link- 
ing of irradiated polyethylene is 6.8,°> we 
obtain 
Ce LO CLs ee 

so that 

A=2.8x10-. 
This value means that there existed initially 
2.8 oxygen molecules per 10 monomer units. 
Since ¢ is not zero in Chapiro’s experiment, 
the abovementioned value of A will be a lit- 
tle larger than the true value. 

At the gel point Eq. (9) becomes 
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Ry=Ryt(A/e){1—exp (—RicRo)} - 


This shows that the radiation dose necessary 
for the incipient gel formation is a linear 
functicn of the amount of impurity. We can 
calculate the parameters A, ¢, Ry and ki 


form Eq. (10) and (13) and the value of A/c 


which is obtained from Eq. (12). 
Case C. kim:<1. 
comes 
dm: 
dR 
When ¢ is a known function of R, the solu- 
tion is 


+chm=?, 


0 


mi=exp (he) |" @ exp (heR\dR + Al : 
(15) 


Let us consider the case where m: is equal 
to A for 0<R<Ri, and then ¢=0 for R>R:, 
then Eq. (15) gives 


OIE WS ie SS Ii 


m= {A ) (16) 
\Aexp{—kic(R—R1)}, for i<R, 
and Eq. (3) becomes 
pa lR/a +h A) , for 0 {Kea Re, (17) 
|R—R:—(A/é)[l—exp {—Ric(R—Ri}], for i<R. 
For large R it becomes 
R=R—-Ri—A/é. (18) 
If ¢ is proportional to A—mi, that is 
o=K(A—mi) , (19) 
then Eq. (14) becomes 
dmi 5 
dR +(chite)mi=kK , (20) 
which can be integrated to give 
KA Chi 
i=— 1 ae = chi 
m aon | 4p (2+ " exp { («+ck 0R)| : (21) 
and hence from Eq. (3) we get 
S kiA ki: A(2n +¢k;) ; 
R=(1 =e \R 2 2 ae: = 
chete }  (Ghi-be) [exp a 1 | ; ee 
For large R it becomes 
ai chiA ki A(2«+ chi) 
a 1 eee ) BEY 
( chit i (chi +n)? ce 


This is a linear relation but the slope is not equal to unity, Thus the behaviour is not the 


(13) | 


In this case Eq. (6) be- | 


(14) 5) 


| 
| 
| 
| 
\ 
7 
| 
} 
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same as that in the preceding cases. 


§3. Effect of Impurity on Cross-linking with Degradation 

When degradation as well as cross- linking occurs in an irradiated polymer, the effects of 
impurity must be considered at the same time. 
(i) Let us first consider the case where cross- linking is hindered by impurity, but degrada- 
tion is not affected at all. In this case the following equations are derived 


0 R) 4 DP RP) 
mp, iS agli Ay R)+ Up—)m(, R)m(p—1, R)dl , (24) 
cOR 0 
Pe ee 
r={' 1+kimi~ os 


However, the distribution function for R=0 must be given by» 
|m(2, 0) +27p [" m(o, oap+irp'|do|” mes, op} exp (—prR) . (26) 
Dp p bp 


When the molecular weight distribution before irradiation is of the Poisson type, Eq. (26) 
becomes 


5 : +7R) exp | — (+7R) 0 (27) 


where uw is the number-average degree of polymerization before irradiation. 
When the supply of impurity is enough, m: is equal to a constant, say A. 


Then the relation between R and R becomes 

R=R/1+k:A) (28) 
if we assume 

c= 6/(1+kA) (29) 


Eq. (24) becomes equal to that for the polymer containing no impurity. Therefore, if we 
use rupturing probability ~ and reduced cross-linking probability c:, the behaviour of irradiat- 
ed polymer including impurity is reduced to that for the polymer containing no impurity. 
For instance, the number and the weight-average molecular weight are given respectively by 


M,(R)=M2(0)/{1+(% —2c,)"R} , (30) 
Mw(R)=M.(0)/1+¢—4e,)uR} , (31) 
and the intrinsic viscosity is given by® 


[7] 2 sin (az) \ yktidy ; (32) 
[a] za(a +1) (1+urR)* Jo(1—y)*(1 —Ky(y +1) 


where 
K=2ué.R/1+urk) . (33) 
When R is sufficiently small 
[vyV/[ylo=1lt+taR+a.k?+ - (34) 


where 


FT a ial Fs ClG (35) 
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The radiation dose necessary for the incipient gel formation is given by ! 
p= 1{u(4er—)} « (36) 

The relation between R, and A is not linear. When A is very small, Eq. (36) becomes | 
1/Ro=u(4e—17)—4uckiA . (37) 


If the initial slope a: in Eq. (34) is measured, and the value and the slope of 1/Ry, at A=0| | 
are determined, the parameters ¢, 7 and & can all be calculated from Eq. (35) and (37). 
When there is no supply of impurity during irradiation, the following formula is derived: 


R=R+(A/é){1—exp (—kicR)} . (38). 
The number- and the weight-average molecular weight are repectively 
MAR) =M,(0)/{1-+u7rR—2ucR} , 
M.(R)=M.(0)/{1+u7rR—4ucR} . (39). 
We know from the last formula that if there hold inequalities 


AIA +R: A) <7/é<4 , (40) 


the weight-average molecular weight has a minimum. Such a behaviour never occurs for 

polymers containing no impurity. We must, however, remember the fact that the viscosity- 

average molecular weight for a polymer including no impurity may have also a minimum. 
The dose for incipient gel formation is given by 


Ry=(1+4ucRs)/ur (41) 
where R, satisfies the equation: 
1+uRo(+—40)4+ (ur A/o){1—exp (—FitRz)}=0 . (42) 


When A is not small, the relation between Ry and A is not linear. On the contrary, when 
A is sufficiently small, 1/R, becomes a linear function of A, that is 


pee) —4e(4e—F) Al 1—exp | Wen 43) | 


On the other hand, the intrinsic viscosity is given by 


[y] 2 sin (az) i yettdy (44) 


[a)o ma(a+1) 1 +arR)* Jo(1—y)*1 —Ky(y+1)}*’ 

where 
K=2ucR[(1+urr) . (45) | 
When R, is sufficiently small, Eq. (44) can be expanded in a series 


alt oe toe (46) | 


If we measure the initial value and the slope of intrinsic viscosity [y] as well as the value | 
and the slope of 1/R, at A=0, we can calculate the values é, + and k; from Eqs. (43), (46). 
(ii) Let us next consider the case in which an impurity molecule not only combines with a | 
molecular end produced by a molecular scission but also it hinders cross-linking. In this | 
case the equation corresponding to Eq. (5) is given by | 
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dmi__,_kemi__ keri 
dR 1 + kemi i) +k, 


oO, (47) 


where ke and k, are the ratios of reaction rate constants and correspond respectively to cross- 
linking and rupture. When kemi<1 and k,mi<1, Eq. (47) becomes 


dmi 
dR 


=—(ke+2rk,)mi +6 « (48) 


Now let us divide m; into two fractions m,’ and -i’’, where mi’ is the fraction of impurity 
which hinders cross-linking and mi’ is the fraction of impurity which combines with mole- 
cular ends produced by scission. Then we obtain the relation: 


. Remi . Remi 
Gis = Cc v : ve v) : 49 
dmi,:dm ang la gy et (49) 
~ Therefore 
iii WO Wen Li Wh: ) 
a Na aR Se 2, : 50 
Dik eg tm) {Ete te cat ~ 


Since kemi<1 and krmi<1, Eq. (50) becomes 


dm, ae kee _ i (51) 
dm RkeC+2krr 1+ 2dp 
where A4=7/c and n=k,/ke, so that 
mi =mifAt+2Ap) . (52) 


Case A. When the supply of impurity during irradiation is enough, mi: has a constant 
value, say A. Then 


mi =A/1+2Ap) . (53) 
Accordingly 
R keA (54) 
Reet TO a 
If we put 
a=c/AitkA) and Ri=Rof(L+2ay) , (55) 


we can made the same discussions as those about Eqs. (30)~(36). 
Case B. When there is no supply of impurity, Eq. (48) gives 


m= A exp {—(keé +2k-r)R} (56) 
and then 
mi = A(1+2Ap)-1 exp {—(ke6 + 2hrr)R} . (57) 
Therefore, we get 
R l keA [ — (het 2kr#)R 58 
1— ——- 1—exp {—(keC+2kr7)R} | |. (58) 
aes .erepet rare 4 f 1+ 2au+hA 


Since kA is very small, the following relation is derived: 


Us a —ket(1+24)R}I. (59 
R=R+7Gy pal exp {—hel(1 +24) R}] ) 
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Comparing Eq. (38) with (56), we know that if we replace é(1+24n) by € and A/A+2Az) by | 
A, Eq. (59) becomes the same as Eq. (38). Therefore, the same discussion as those about | 
(38)~(46) can be repeated here. | 
(iii) Let us assume lastly that the scission of polymer molecules occurs at the same time ini 
two ways, one way is that a monomer unit is directly ruptured by radiation and the other | 
is that a cross-linking unit produced by radiation combines with an impurity and then rup-- 
tures instead of making cross-linking. In this case the equation for degradation becomes 


Om(D, K) = (i chime “(; chum | 
ae r+ 5S rat mb, R) +2) pris oe ml, Ridl. (60), 
If we put 
Qe chimi _) a | 
ji CRiMi d , 
({ acl +kimi)) - (61) 
Eq. (60) becomes 
ora Ped =—pm(p, R)+ 2 "me R)dl . (62) | 
vOR p ; 


This is the same as for the polymer containing no impurity. When the initial molecular 
weight distribution is of the Poisson type, the degradation changes the distribution into the 


following form: 


md, B= (1 +rR) exp |—(+- +78) a! (63) f 
u u J 

The effect of cross-linking on the molecular weight distribution is represented by Eqs. (24) | 
and (25), and the change of the number of impurity molecules is given by Eq. (6). 
Case A. When the supply of impurity is enough, m: will have a constant value, say, A. 
If we replace 7 in the formulas for the case of no impurity by 7+ ¢k:A/(1+k:A) and ¢ in 
them by ¢/(1+k:A), we obtain the formulas which take into account the effect of impurity. 
Case B. When there is no supply of impurity during irradiation, the relations among R, 


R and R are given by 
R=R+(A/o)(1—exp (—ckiR)} , 4) | 

R= Aexp (—tkiRA—7(R—R)} exp {—chi(R—R)} . 6s) 

The number- and the weight-average molecular weight are given respectively by 
M,.(R)=M2(0)/(1+urR—2uéR) , (66) | 

MAR) =Muw(0)/(1-+utR—4ueR) - 67) | 

When A is sufficiently small, we get 
R=R+(A/@)(1—exp (—éhiR)}+--- , 68) | 

R=R+(A/*{1—exp (—chkiR)} +--+ , (69) | 

and the radiation dose for the incipient gel formation R, is given by 
1/Ry=u(4c—r) —3u2(4c —7) A[1—exp {—hkie/(4e—7)u}]+--- . (70) | 

The intrinsic viscosity is given by» 


[y] ____2 sin (az) at widy 
[lo wa(a+1)(1+urR)*)ol—y)*1— Ky y+ D}’ 


(ay | 
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where 


K=2ucR/(1+urR) . (72) 
Where R is sufficiently small, 
[vl _, $+ uaf CART) sume) 


[al SoA Ae aa (73) 


By comparing the measured values with Eqs. (70) and (73), we obtain the values of ¢, ry and ki. 


§4. Effect of Impurity on End-linking 


The fundamental parameters in end-linking of an irradiated polymer are + and a; the for- 
mer is the same as the degrading probability + in degradation and the latter is the probabili- 
ty that an end produced by molecular scission will link with a monomer unit of another 
polymer molecule. The effect of impurity will reduce the value of o. By the same con- 
sideration as that mentioned in the previous sections, o will be expressed as follows: 


o=00/(1+kimi) , (74) 


where oy is the probability o for no impurity. 
Case A. When the supply of impurity from outside is sufficient, m: is equal to a constant, 
say A. Then o has also a constant value, that is 


o6i1=0o/1+kA) . (75) 


If we use the reduced probability o; instead of o in the case where no impurity is contained, 
the radiation effect could be estimated. For instance, the number- and the weight-average 
molecular weight are respectively 


M,(R) = M2(0)/{1+(1—20,)urR} (76) 
Mw(R)=Mw(0)/{1+0 —40i)urR} (76) 


where the initial molecular weight distribution is assumed to be of the Poisson type. 
The radiation dose R, necessary for the incipient gel formation is given by 


acme ii 
when kiA<l 
a nr( St - 1)=ur (400-1) — taykAl (79) 
The intrinsic viscosity is given by 
eh asia cer ce Si 
where 
fe ert (81) 
When R is sufficiently small 
[yV[ylo=1lt+efoi(a+3)—ljurk+:::. (82) 


If we measure the value and the slope of 1/R, at A=0 and also the slope of intrinsic vis- 


cosity at R=0, we can calculate the values of 7, oo and ki. beg) 
Case B. When there is no supply of impurity from outside, the variation of the number of 
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impurity molecules is expressed by 


dmi 
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dR 


1l+kim ~ 


The solution satisfying the initial condition mi(0)=A is given by 


2kivooR=ki(A—mi)+log (A/mi) . 


When A is sufficiently small, it becomes 


m= A exp (—2kirvooR)[1+ Aki{1—exp (—2kirooR)}+---], 


therefore, we obtain 


oo/o=1+kiA exp (—2kivooR)+:---. 


(84) 
(85) | 


(86) 


The radiation dose R, for the incipient gel formation is given by 


1/Ry=ur{(409—1) —4ki Aco exp (—2kirooRg)} . 


(87) 


On the other hand, when the radiation dose and the amount of impurity are both small, 


the intrinsic viscosity is given by 


[yl/[ylo=1+ afoo(a+3)—1+0.(a+3)kiA exp (—2RivooR)+---} 


= 


a{(a+3)oo 


If we measure the value and the slope of 
1/R, at A=O and also the initial slope of the 
intrinsic viscosity, we can calculate the values 
of 7, o and ki from Eqs. (87) and (88). 

It is important to note that when impurity 
hinders cross-linking the reduced radiation 


dose R can be defined in such a manner 


that, in terms of R instead of R, all the re- 
lations between physical quantities of an ir- 
radiated polymer containing impurity, for ex- 
ample, average molecular weights, viscosity, 
and melting point, can be reduced to those 
of the polymer containing no impurity. This 
is not the case for the effect of impurity in 
end-linking. Such a difference in character 
may be expected to enable us to distinguish 
between cross-linking and end-linking. 


§5. Summary 

The effect of impurity on irradiated polymer 
is discussed. Polymer contains usually some 
impurities or additives. Among many impuri- 
ties oxygen is the most important, because it 
gives a large effect on irradiated polymers 
and it is difficult to remove completely out of 
polymers. It is, however, concluded from our 
discussion that the radiation effect on pure 
polymers is known from the measurements 
of intrinsic viscosity and gel point of irradiat- 
ed polymers containing impurities. 


l}+a(a+3)okiA exp (—2kivooR)+::-. 


(88) 


In the case where molecular linking is ac- 
companied by degradation the analysis is per- 
formed by assuming that the statistical result 


is not altered by exchanging the order of § 


molecular linking and molecular scission. 
The validity of this assumption is not verified. 
However, even if the assumption might not 
be correct the error would not be large in the 
period before the gel point, because an intial 
polymer molecule had, in the average, less 
than one linking unit before the incipient gel 
formation. The validity of our results will 
be justified by experiments. 
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A new type of antiferromagnetic spin arrangement, which is theoreti- 
cally possible in the rutile type crystal and seems to be realized in 
polianite, MnO., is proposed. This spin arrangement, which will be 
named the screw-type structwre, consists of spins screwing along the 
four-fold crystalline axis. The stability ranges of this and other spin 
structures are studied, assuming three different exchange interactions. 
The magnetic properties of the screw-type structure, including the an- 
isotropy energy due to dipolar interaction and that due to crystalline 
field, the susceptibility, the spin waves, and the neutron diffraction pat- 
tern, are studied. Neutron diffraction data for polianite obtained by 
Erickson (unpublished) can well be accounted for by the screw-type 


structure with a pitch of (7/2)e. The magnetic properties of the MnO, 
crystal are discussed on the basis of this 7/2-pitch-structure. 


$1. Introduction 


The purpose of the present paper is to find 
out possible antiferromagnetic spin arrange- 
ments in the rutile type crystal and to study 
their magnetic properties. In this crystal we 
expect three different superexchange interac- 
tions with exchange integrals fi, f, and J, 
the first being the exchange integrai between 
neighboring corner cation and body-center ca- 
tion, the second that between two cations 
neighboring along the c-axis, and the third 
that between two cations neighboring along 
the a- or b-axis. It will be shown on the 
basis of a classical energy consideration that, 
if the first two exchange interactions act in 
antiferromagnetic way (/:>0, j2>0), three 
types of spin superstructure will be possible, 
the relative stability of which depending on 
the relative magnitudes of the three exchange 
integrals. One of them is the MnF,-type 
structure, in which the corner spins and 
body-center spins point antiparallel, the second 
is the structure suggested by Bizette®, Erick- 
son®) and Yosida*, in which the corner spins 
and the body-center spins form uncorrelated 
antiferromagnetic sublattices, and the last is 
anew spin arrangement which we propose 
and in which positive spins on the corner 
sites and negative spins on the body-center 
sites screw along the c-axis. This arrange- 
ment will be called the ‘‘ screw-type’’ struc- 


ture; the pitch of the screw depends on the 
value of f/f. 

In the MnF,.-type spin structure, the ex- 
change coupling between neighbors along the 
c-axis and that along the a-axis or b-axis act 
unfavorably, if ,2>0 and /s>0, but the ex- 
change coupling between neighboring corner 
and body-center cations acts favorably (/:>0) 
and this stabilizes the structure. In the 
Bizette-Erickson- Yosida-structure, the first two 
couplings act favorably if 22>0, js>0, while 
the third (/:) is inactive. Therefore, if jz is 
large compared with f:1, both being assumed 
to be positive, and /3 is small compared with 
ji and jf, or Js is negative, these two struc- 
tures will not be stable, and it can be shown 
that the new screw-type structure becomes 
more stable when /2o//:>1. 

The screw-type structure seems to be re- 
alized in polianite, MnO,. Bizette and Tsai® 
(1949) measured the powder susceptibility of 
polianite and found that its Néel temperature 
is at 84°K. Bizette2 (1950) measured y. and 
xy. of a single crystal of it and suggested 
that spins in this crystal might form two 
mutually uncorrelated antiferromagnetic sub- 
lattices whose spin axes are along [110] and 
[110]. respectively. Erickson®) (1952) carried 
out a neutron diffraction experiment with a 
powder sample and found that the corner 
spins and the body-center spins separately 
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form antiferromagnetic sublattices. Yosida? 
(1952) calculated the dipolar anisotropy energy 
assuming the Bizette-Erickson structure, and 
qualitatively explained the anisotropy of the 
susceptibility below and above the Néel tem- 
perature. A recent neutron diffraction experi- 
ment by Erickson® with a single crystal in- 
dicates, however, a different spin structure: 
the spins are in the c-plane but the magnetic 
unit cell is seven times as large as the chemi- 
cal unit cell along the c-axis. It will be 
shown that the screw-type structure of a 
pitch of (7/2)c will account for the lines 
observed by him. 

By calculating the classical dipolar anisotro- 
py energy in the screw-type structure, it was 
found for MnO, lattice that when the unit 
turning angle of the spins, corresponding to 
the unit c-axis, is less than about 100°, the 
spins are in an arbitrary plane which contains 
the c-axis, and that when the unit turning 
angle is greater than 100°, the spins become 
perpendicular to the c-axis. It was found 
further that the crystalline field anisotropy 
energy stabilizes, to a certain extent, the 
structures of pitches of simple rational num- 
bers in units of c. 

The ratio of the susceptibility in the easy 
plane to that perpendicular to the easy plane 
is found to be finite at absolute zero and to 
depend on the value of j,/fi. For a pitch of 
(7/2)c a qualitative agreement with the ex- 
perimental results obtained by Bizette”) is 
found. 

Spin waves in the screw-type structure are 


|}a|) =|b) =a =4.44 


ICit== C= 269) 


Fig. 1. The rutile type crystal structure of MnO,. 
Solid circles are cations, open circles anions. 
The value of w is unknown for MnO,. For 
MnF,, NiF2, w=0.31. 
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also calculated and two non-degenerate bran- 
ches of the spin wave modes are obtained. 
It will be shown that there are three modes 
of antiferromagnetic resonance. Finally, 
neutron diffraction pattern expected from the 
screw-type structure will be discussed. 


§2. Derivation of the Screw-type Structure 


As mentioned in the preceding section, we 
shall assume three different exchange integrals 
hh, jz and Js (see Fig. 1), and start with a 
Hamiltonian, 


Hex=2h SS Si-Svt+2ht SS Si-Ss 
<4t7>1 <ij>2 
+ > Sv Sy}4+2R{ Ss Si- Sj 
<i j>2 <if>3 
+ > Si Sy}, (15 
<Uj/>38 
where 7 and 7 run over N/2 corner cations 
and 7’ and j’ over N/2 body-center cations, 
< >1 means pairs of neighboring corner and 
body-center cations, < >2 pairs of cations 
neighboring along the c-axis, and < >3 those 
along the a- or b-axis. For a while, we shall 
treat the spins as classical vectors and look 
for the minimum of Hx. For this purpose 
we perform Fourier transformations on S; and 
Si: 


Si= 2 S(k) exp (tk-ri), S(—k)=S*(k), 
Sv=E 8h) exp (ik-rv), S(—-H=S'*(k), 
(2) 


where k runs over N/2 wave vectors in the 
Brillouin zone corresponding to the chemical 
cell. Then, we have 


Aex: (2/N)=16 fi > TrS(k)-S’(—k) 
+ x (2 Jaria +4 Jsrns)(S(k)-S(—k) 
ES Gas (hie 
where 
7 =COS (kxa/2) cos (Rya/2) cos (kzc/2), 
Yk2=COS (kc), 
Ym={COs (k2a)+cos (Rya)}/2 
Since S;?=S;?2=S?, we have 
3, StH)-SU’) exp A+R) ri} = 8 


(3) 


= SH -S'(h) exp (RK) re} =, 


Under conditions (4), we vary S(k) and S’(k) 
so as to make Hx stationary. Then, equations 
determining these vectors are found to be as 
follows: 


1959) 


(4 Jorie+8 Jor xs)S(k) +16 frmS (k)=ASk), (5) 
16firnaS(k) + (47 2t+8 Jor ns)S (k)=AS(k), (6) 


where 2 is the Lagrange multipier which we 
have assumed to be common to all the N 
conditions of (4) (for different rm: and ri). 
This assumption means that we are here 
concerned with a simple sinusoidal change of 
the spin components in space, with a wave 
vector k, only distinguishing between the 
corner and body-center sites, since without 
this assumption different kK vectors will mix 


in the equations for S(k) and S’(k). We are 
therefore imposing only one condition 
3D SP+E Si? =(N/2) E (Sk)-S(—k) 

+S8'(k)-S'(—k))=NS’, (7) 


in place of N conditions (4). We have thus 
to test later whether or not the obtained 
solution will satisfy all the N conditions (4). 
(N/2)AS is the energy of the total system, 
Hex, aS one can see by multiplying both the 
sides of (5) by S(—k) and both the sides of 
(6) by S’(—k) and summing them over k*. 

In order to obtain a non-vanishing solution 
of (5) and (6), 42 must take the following 
eigenvalues: 


A= F16f/irmt4hrmt8/srns (8) 
The corresponding eigen-vectors satisfy 
Sk)=+S(k) , (9) 


if ymasO. If yve=0, S(k) and S’(k) are un- 
correlated to each other. Now (4) can be 
written as 


S(k)? exp (2ik- ri) + S(—k)? exp (—21k- ri) 
+2S(k)-S(—k)=S?, 

S’(k)? exp (27k: rv) +S/(—k)? exp (—27k- rv) 
+29 (k):S’(—k)=S?. (10) 
In order that the right-hand sides of these 
equations are independent of ri and rv, either 
ka, kya and k.c must be integral multiples of 
xz or S(kY=S'(k)?=0. If kea, kya and kc are 
zero and S(k)=—S’(k), we have the MnF.-type 
antiferromagnetic structure; if S(k)=S’(k), 


* More generally, we can replace 4 of the right- 
hand of (6) by a different Lagrange multiplier 2’, 
imposing two conditions: }>,S?= (N/2)S? and 

v 
Y S;2=(N/2)S2, Then, the energy of the system 
i 
becomes (A+4’)S2/2. A and 4’ are related to each 
other by the vanishing of the determinant of the 
equations, and it can be shown that the energy is 
a minimum when A=’. 
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we have the ferromagnetic structure. If ka, 
kya and k.c are all z, in which case y,:=0, 
we have the Bizette-Erickson-Yosida structure. 
Now, if S(k)?=S’(k)?=0, 


S(k)= + S'(k)=(ui—tar)S/2, (11) 


where wi and wy are real unit vectors which 
are perpendicular to each other. For this 
solution, (2) becomes 


Si={(ui—tu) exp (ik-ri)+conj. comp.}$/2, 
={u1 cos (K+ ri) +up sin (k- ri)}S, (12) 
Sv=F{u cos (k- riv)+up sin (k-rv)}S . 


The corresponding spin structure is such that 
it can be derived from the MnF,-type anti- 
ferromagnetic structure (for the — sign in (12)) 
or from the ferromagnetic structure (for the 
+ sign) by rotating the spins in the wm, w.- 
plane in such a way that they screw along 
the direction of k with a pitch of 2z/k. This 
may be called the screw-type structure. 

The energy of the system, i.e., 2 (=(total 
energy) (2/NS?)), is given as follows. For the 
MnF,-type antiferromagnetic structure: 


A=—16/it4h+8)/ , (13) 
for the B. E. Y.-structure: 
A=—4),—8]3, (14) 


and for the screw-type structure, 2 is given 
by the minimum of (8). This minimum value 
and the corresponding k-value are obtained 
from the equations 
sin (kza/2){+ fi cos (kya/2) cos (kzc/2) 
— Js cos (kza/2)}=0, 
sin (Rya/2){+ fh cos (kzc/2) cos (kza/2) 
— J]; cos (kya/2)}=0. 
sin (kzc/2){+ fi cos (kza/2) cos (kya/2) 
— J, cos (kzc/2)}=0. 
There are several solutions of these equations, 
of which the following three are new: 

(a) Spins in the same xy-plane are parallel, 
i.e., Rea and kya are zero, and they screw 
along the z-axis with a unit screwing angle 
equal to k.c (see Fig. 2), where k.c satisfies. 


cos (kzc/2)= fil 2, 
provided that |/2l>|Al, (16) 
(see Fig. 3). The corresponding /-value is 
A=—8(J?/ Jo) 4248). (17) 
(b) Spins in the same yz-plane are parallel 
and they screw along the x-axis, with a unit 
screwing angle of ka, where 


(15) 
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cos (kxa/2)= fi/ Js, provided that |Js|>|Al. 
The corresponding 4-value is 
A= —8(?/Js)+4)2 - 


The x and y axes may be interchanged. 
(c) A three-dimentional screw, with 


cos (kza/2/2)=cos (kya/2)=V Jo J/h; 
cos (k.c/2)= Ja/h, 
(AI>V bjs, bJs>0, \Jsl>lAl) - 


The corresponding 4-value is given by 


(19) 


N 


VANA 
add 


N 


Mi 


u 
AF 


: 
A 


ie 


u, 
(A) 
Fig. 2. (A) The screw-type structure with a 


pitch of 7/2 (proper screw-type structure). (B) 
Projection on the c-plane. 
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Fig. 3. Relation between the pitch of the screw 
and J,/4. Dotted lines indicate (schematically) 
the modification in certain ranges of Jy/J, when 
the anisotropy energy is considered. 
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A=8)2J3?/J2—4)J2—8 Js (19) 

It is interesting to note that the energy 4 
is the same for both the screwed ferromag- 
netic (J:<0) and screwed MnF,-type antiferro- 
magnetic (/i>0) structures in the above three 
cases, as it should be since /; appears only 
as ji”. 

Now we compare the energy values of the © 
various structures derived above. Comparing © 
(13) with (14), it can be seen that the bound- 
ary of the relative stability of the correspond 
ing two structures is given by 

Jrt2fs=2h . (20) 
If f+2)s<2fi, the MnF.-type structure is 
more stable, but if f,+2/;>2/, the B. E. Y.- 
structure becomes more stable. The struc- 
ture which screws along the c-axis appears 
when /2>/: (we assume /;>0), and it can be 
shown that its stability range is bounded by 


h=fh and 2/hjfs= fe: (21) 
The other two screw-type structures have no — 
stability range. Therefore, the whole ,2//, 
J;/fi-plane can be divided into four parts as 
shown in Fig. 4. In this figure, the structure 
for #2<0 and f;>f (>0) is such that the 
spins are parallel to each other along the c- | 
axis and antiparallel along the a and b-axes 
while the corner spins and body-center spins 
are uncorrelated. 


(2) \ 


Structure eae 


Screw -type 


Structure 


Fig. 4. The stability boundaries of various spin 
structures in the Jy/J;, J3/J;-plane. Dotted ver- 
tical line shows the shift of the boundary due 
to dipolar anisotropy energy (assuming the cal- 
culated dipolar interaction in MnO, and estima- 
ting Ji, 2, J; for the same crystal). 
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In the molecular field approximation, the 
Néel temperature, Ty, in the screw-type 
structure with a screw axis along the c-axis, 
is obtained through a simple calculation as 


Rp Tn={S(S+1)/3}(8)?/fp+4h—8)s), (22) 
(kg: the Boltzmann constant) and the para- 
magnetic Curie temperature, 9», as 


RpOp={S(S+1)/3}(16fit4h+8 Js) . (23) 
Their ration, 9,/Ty, is 
Oy 4+ (Jo/ Ji) +2(Js/ fr) (24) 


Ty 2Jo/ sy"? + fol ft) —2(a/ J) 
The maximum allowable value of @,/Ty in the 
screw-type structure of a given pitch occurs 
at 2()/3//:)=(fo/f:)-"!, which is the largest al- 
lowable value of 2(j/://:) in this structure, 
and 


( Oy ) _ 44h y+) 


Tx (hh/ iy + +( hol J) 

O me) 2.0 Yeh 

_ I 

-0.5 : < 

I 
-|.0 
Eex 
NSBI, 


Fig. 5. The energy diagram for the various st- 
ructures along the dashed line in Fig. 4 (J3/J; 
EN) 

I MnF.-type structure, 
Ill Bee. Yo-structure, 
Ill Screw-type structure. 


The energies of the three superstructures 
are shown as functions of /o/fi for J3/fi=0.25 
in Fig. 5. It is noted that the energy curve 
of the screw-type structure makes a contact 
of the second order with that of the MnF»- 
type structure at /b/fi=1. 

Since the anisotropy energy has not yet 
been considered, the spins in the screw-type 
structure can be parallel to an arbitrary plane. 
If the spins are parallel to a plane which 
contains the c-axis, we may call the structure 
the ‘‘cycloidal structure’’ (Fig. 6). If the 
spins are perpendicular to the c-axis, i.e., the 
screw axis, the structure may be called the 
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‘‘ proper screw-type structure’’. Whether 
the latter or the former is realized depends 
on the anisotropy energy, which will be the 
subject of the next section. 

The ‘‘proper’’ 7/2-pitch-structure (Fig. 2) 
is expected as realized in MnO. from our 
analysis of the neutron diffraction data (un- 
published) by Erickson®. If we assume this, 
we expect from the conditions of stabilizing 
the screw-type structure, i.e. from Eq. (16) 
and 2/,jJ3< fi?, that in MnO. fr/fi is 1.60 and 
J3/J, smaller than 0.31. On the other hand, 
we can also determine /3//; from Eq. (24) and 
the observed ratio of @» (316°K) to Ty (84°K) 
by Bizette and Tsai», and have j3//i~0.56. 
This discrepancy will be discussed in section 
7. We give here a rough estimate of jf, for 
our later purpose assuming somewhat arbit- 
rary J://:=0.25: using Eq. (22) and putting S 
=3/2 and Ty=84°K, we have 16/;~90cm-!. 


Fig. 6. The cycloidal structure with a pitch of 
4, 


§3. Role of the Anisotropy Energy in the 
Screw-type Structure 
(A) Anisotropy energy due to magnetic 


dipolar interaction 

The magnetic field at each cation due to 
the magnetic moments of other cations can 
be expressed as follows: 


He Onaga + > Onv thr’, 
7 y 


H,f2=>; Dryrir par Ca py Draper; (26) 
t? 
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where we number layers of corner cations 
and body-center cations successively along the 
c-axis, and denote by m and /7 the layers of 
corner cations and by ’ and /’ the layers of 
body-center cations; Hn“? and Hn-“'? therefore 
mean, respectively, the field at a corner ca- 
tion on the mth net-plane and the field at a 
body-center cation on the v’th net-plane, and 
jw and gu, are the magnetic moments of ca- 
tions on the /th net-plane and /’th net-plane. 
On, and @,, are tensors, and evidently 
Dni=Din—-14, Ony =Vin-1. 

When the principal axes of the crystal are 
taken to be the coordinates axes (Fig. 1), it is 
evident from the crystalline symmetry that 
On, and On, are diagonal, and the following 
relations hold between their principal values; 


© n-1),2=9 (n-1) y= —(1/2)Oin_-11,2 ? 
D \n—17 =D 17), y= — (1/2) n_11,2 
Here 9):|,- for instance, is given by 
Die 3 TSEC 41 ATo oo al 


where 7 means the distance from a given 
cation on the zeroth layer to the 7th cation 
on the /th layer, and the summation extends 
over all z if J/X0, but it excludes 7:=0 if 
==). 

p= SHS = ue<Sz> {ui cos (R21) + ue sin (Rzi)}, 
pu = leaSv (27) 

= gitp<S_>{—wu1 cos (R21) —Us sin (kzi)} , 

where Se is the component of spin in the 
direction of the molecular field to which it is 
subjected and is common to all the spins. 
We take out two layers which are on the 
opposite sides of the mth layer at the same 
distance and combine their y’s together in 
the sum of the first eqation of (26). Since 
the sum of these p’s is a vector which is 
parallel to the magnetization of the mth layer, 
we can simplify the calculation of (26). It 
can be shown that A,“ is expressed as 


Hr?=(N/2)g4n<S_> ga(O){(c/c)(e/c)—D. 


-{uy Cos (kZn) +z sin (RZn)} , (28) 
where 3(e/c)(e/c)—l is a dyadic whose diago- 
nal elements are —1, —1, 2, and 

94()={9(A)—9'(A}/2, (29) 

(A) =(2/N) 3 O\1),2 cos (R21), (30) 

gy’ (0)=(2/N) > O 1171 ,2 COS (Rz1-), (31) 

where 20(=k.c) is the unit screwing angle. 
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Hi,“ can be expressed in a similar manner. . 
Denoting by mz the number of net-planes, the — 
dipolar energy per unit volume, Luip, is cal- 
culated as follows: 


Eaip=(N/2n2{ -—> pen BD) pear Hn}, 


={1—(3/2)(u12 +urz")}e4(O)(Nu/2)?, 
p=2ps— o>. | 
If us is defined by us=uixuz, and @ is the © 
angle between uz and the c-axis, it follows | 
that 


Ure? +22 = 1—Uu32=1—cos? 9. 
Thus 
Eaip=(1/2)(3 cos? @—1)¢.4(8)(Nu/2)?. (32) 
The values of ¢(@) and ¢’(@) were calculated 


Table I. 
6° — (8) —9'(6) ¢ (8) 
0 1.27 11.78 5.26 
15 1.91 11.26 4.68 
30 i yihg gd 9.83 3.10 
45 | 5.94 7.74 0.90 
51.4 6.96 6.72 ~0.12 
60 8.20 2 a eee eC 
15 | 9.81 | 2.68 +3. 57 
90 1s el ~5.20 
6 
, ) 
4 
2 
O 
-2 
=a 
-6 3 
O 30 60 9° 90 


wel Se ee ee 
co 8-7 65 4 353 (2H 6) 2 


Fig. 7. The variation of g4(@) versus @ in MnO,. 
A small arrow indicates the point correspond- 
ing to a pitch of 3.5. 
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by the direct sum method first summing over 
cations on each net-plane and then summing 
over different net-planes. The results are 
shown in Table I and Fig. 7 for the lattice 


of MnO:. Putting S=3/2 and g=2, Ea,/N 
becomes 
Eaiq/ N=0.0169¢.4(9)(<S¢>/S)2(3 cos? O—1)cm-}, 


(33) 

If g4(@) is positive, the easy planes of the 
spins is parallel to the c-axis (9=90°), i.e., the 
cycloidal structure becomes stable, but if 
ya(@) is negative, the proper screw-type 
structure (9=0°) becomes stable. In Fig. 7 it 
is seen that g.u(@) changes sign at @=50.8°. 
In the 7/2-pitch-structure for which 0=51.4°, 
6 is a little above this value and so the 
magnetizations are stabilized in the c-plane. 
Euiy/N Of the 7/2-pitch-structure is 

Eaip/ N= —0.002(< S¢>/S)2(8 cos? @—1) cm-!. 

(34) 
This anisotropy energy is very small and may 
not be important compared with the crystal- 
line field anisotropy energy which will be dis- 
cussed later. 

The dipolar energy of the MnF,-type 
structure, in which spins point parallel to the 
c-axis, is —(1/2)¢4(0)(Nv/2)?.. This is twice as 
large as that of the cycloidal structure for 
vanishing @. On the other hand, the differen- 
ce in the exchange energy for the MnF»-type 
and screw-type structures is very small when 
jo/fi~l1, as mentioned in section 2. There- 
fore, if J2 exceeds f; only a little, the MnF:- 
type structure will remain to be more stable 
than the cycloidal structure, since the cor- 
responding increase in exchange energy will 
be over-compensated by dipolar energy; in 
other words, the stability boundary shifts a 
little towards a larger value of f;h//f. For 
MnO., the difference in dipolar energy per 
cation corresponding to these two _ possible 
structure, namely (1/2N)¢4(0)(Nu/2)?, is about 
0.09cm-!. In order to estimate the order of 
magnitude of the shift in this case, we as- 
sume 16 /;~90 cm7! (see the preceding section), 
then the boundary value of j://: turns out to 
be 1.08 (Fig. 4). The pitch corresponding to 
this new boundary is about 8, i.e., screw- 
type structures with larger pitches than about 
8 are unstable (Fig. 3). The stability bound- 
ary shifts also due to the crystalline field an- 
isotropy energy, which will be treated in the 
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next subsection. 
(B) 
field 
The Mn** ions in polianite may have an 
anisotropy energy due to the crystalline field. 
Let us consider the orthorhombic anisotropy 
energy of the lowest order: 


1 a3"t-E, Bina, 

for the corner cations, 
DB? +E’ Bis, 

for the body-center cations, 


Anisotropy energy due to crystalline 


(35) 


where (1, B2, Bs are the direction cosines of 
the spins referred to the principal axes of 
the crystal. These energies are derived from 
the effective spin Hamiltonian, 


> (DSi? — E(SizSiy +SiySiz)} 
1, {DSP +E SeaSirgtSirgSirz)} . (36) 


Making use of the molecular field approxi- 
mation, we have 


D/D=E'/E={3<Se>?—S(S+)}/2. (87) 


Treating (35) as a classical perturbation to 
the exchange energy, one can easily obtain 
the first order crystalline anisotropy energy 
(per cation) to be 

(D’/2) sin? @ , (38) 
(the terms with EK’ are averaged out to zero). 
Hence, for positive D’ the proper screw-type 
and for negative D’ the cycloidal structure 
are stabilized. For negative D’, the stability 
boundary between the MnF:;-type structure 
and screw-type structure shifts in the same 
way as in the case of dipolar anisotropy 
energy. 

The anisotropy energy in the easy plane of 
the proper screw-type structure will vary dis- 
continuosly as a function of pitch due to E’- 
terms, if we go over to higher order pertur- 
bation calculation. Due to the £’-terms of 
(35), the corner spins tend towards [110] and 


the body-center spins towards [110], assuming 
E’>0, and it can be shown that a structure 
with a pitch of a simple rational number is 
stabilized by this effect. For example, the 
anisotropy energy in the c-plane of the 6- 
pitch-structure is expressible as a combina- 
tion of sin6@* and cos6@* and that of the 
4-pitch-structure as a combination of sin 80* 
and cos 80*, where §* specifies the angle of 
rotation of tne spins as a whole in the c- 


814 


plane, the minima of which these anisotropy 
energies depressing the total energy. The 
anisotropy energy in the easy plane may 
also come from the orthorhombic anisotropy 
energy of a higher order (for example, a 
higher order quantum-mechanical perturbation 
of the spin-orbit coupling). In any case, 
the anisotropy energy in the easy plane must 
appear at lower orders for simple pitches than 
for complex pitches. In particular, for irra- 
tional pitches we have no anisotropy energy. 
As a result, the pitch as a function of o/j 
will become as shown schematically in Fig. 
3. However, the width of each part of con- 
stant pitch in this figure may be very small, 
as it arises from a higher order perturbational 
calculation. We find a similar situation in 
the cycloidal structure considering only the 
dipolar interaction. 


§4. Susceptibility 


In calculating the susceptibility, we shall 
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neglect the dipolar interaction, which will be 
of minor importance compared with the ex- 
change interaction, if the Néel temperature 
of the substance is high (©1°K). The crystal- 
line field anisotropy energy will be taken in- 
to account through an anisotropic g-factor. 
By applying an external field, the pitch of 
of the screw will be slightly changed if the 
field is applied in the plane of the spins, but 
it can be shown that the change does not 
occur to first order in HW. Therefore, we 
shall assume that the pitch is a given con- 
stant. 

When the external field HW is applied per- 
pendiculuarly to the plane in which the spins 
lie, we obtain a temperature-independent sus- 
ceptibility, vs1, as we shall show below. In 
this case, all the we and wr, must make the 
same angle, t (<90°), with HW. The torque 
on, say, #n must vanish, 1.e. 

pin (Hy +H)=0 (39) 
where 


FSS = — (01/2) (pene + pen? —1) — @2/2) (pene + pent) — 7 fen; 


a=16f( gus), 


a,=4 f( gue), 


7=8)3( gus). (40) 


If the z’-axis is taken along H, x’-axis along the original fn-direction (for no external field) 
and the y’-axis perpendicular to the both, we have from the y’-component of (39), 


44 COS T(ai/4 Sin T COS 8—anyt sin tT Cos 20)— sin t(— aie CoS T— aft Cos T+ H)=0, 


or 


cos t= H/{ai(1+cos 8)+a2(1—cos 24)} . 


The magnitude of the total magnetization is 


Neze=Ne cos t= A/{ Ai(1+cos 8) + Ax(1—cos 20)} , 
Ai=a,/N, Az =Q2/N 
so that the susceptibility is given by 


%si =1/{ Ar(1+cos 0) + A2(1—cos 26)} . (41) 


It might be remined that cos 0= f,/ j= Ai/4Az. 

When # is applied in the spin plane, we have a different susceptibility, ys/;._ In this case, 
we denote the angle between the equilibrium direction of wm in the field and HA itself by On 
and similarly the angle between —pm- and H by On. Then we have 

| fen X (H°+ H)| = Ai Ln< Ln? sin (On —Gn) 
—Lnr1 SIN (On —Onr—1) }+Ql2 pnt Mne1 sin (6n+1—On) 
—/n—1 SIN (O0n—On-1)}—LnH sin On=0 , (42) 
and a similar equation for pn. Here H°&, given by (40), is different from that without ex- 
ternal field since pn and gn» have changed, not only as regards their directions but also as 
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regards their lengths. The latter is determined by 


Mn=Sla<Se>=SleSBs(yn), — Yn=(ZuaS/keT)|HX+H| , (43) 


and similar equations for /-, where Bs( y) is the Brillouin function. When no external field 
is present, On41©—0,© and 0n—6,™ are given by 


In11 9 —O2nO=26, On OO, O=8 , (44) 
and all the “, and “#,- are equal to 
LM=ZL3SBs( yo), yo=(grteS/keT ) (a1 cos 0—az cos 20—7) . 


If angular shifts, 40n=0n—O@n, AOn-=0n7—On', and variations of p», and /m:, denoted as 
En and “En, due to the external field are considered to the first order in H, Eqs. (42) and 


(43) can be linearized, and the following difference equations are obtained for Srp Gay Sha 
MOn, AO nr: 


(at1/2)(En:—Ens1) Sin 0 —(a’2/2)(Enz1—En—1) sin 20 
+(a1/2)(40n1 + AO n’1—240n) COS 0 —(at2/2)(4On41 + 40n-1—240n) Cos 20 
—(H/p) sin (2n0+6)5)=0 , (45) 
—(a1/2)(Enr +Enr-1) COS O+{tEn + (@2/2)(Ensi +€n—1) Cos 26} 
—(a;/2)(40n —AOn--1) Sin 6 +(G2/2)(40n+1—AOn-1) sin 20 
+(H/1) cos (278 +4))=0 , (46) 
where 
t=ksT((gus)Bs (yo) } +7 
The following solutions are easily found from these difference equations: 


AOn= —d, sin (2n0+0)™), AOn=d1 sin {(2n+1)0+4)™} , 


En=de cos (2n0+6), En= —d2 Cos {(20+1)0+4™} , ‘a 

where 
Nd, =(A/u)V—W)/(UV—-W?), Ndz=(H/4)(U—W)(UV—-W?), 
U=(t/N)+ A: cos? 6+ Az cos? 26, V= A. cos 0(1+ cos 0)— Az cos 20(1—cos 28), 
W=Ai sin? 0+ Az sin? 20, 
The magnitude of the total magnetization is 
(N/n){ > Ltn COS On— 2 Ln COS On: }=(Nypu/2)(di+ds) , 
so that the susceptibility is given by 
4s1/=(1/2)(U+ V—2W)/(UV —W?) . (48) 


This xs/; has a finite value at absolute zero. For 7-0, ¢ becomes infinite and so U->, so 
that 


(xs//)r-0=1/(2V)=(1/2){ A: cos O(1+-cos @)— Az cos 20(1—cos 20) }?. (49) 


The ratio of 7s/; to xsi at absolute zero is a function of @ only (see Fig. 8), and is given by 
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(xs//)r-0/%s2=(1/2){(1 +c0s 0)+(A2z/A1) —cos 26)} 
x {cos 0(1+cos 0)—(A2/A1) cos 20(1—cos 24)} 4, (50) 


where 


cos 0= Ai/(4A2) . 


ys/) increases monotonically with rising temperature up to Ty. At T=Ty, tf becomes 


| 


(t/N)r-ry= A1 cos @— A: cos 26, 


me) and it can be shown that ys/; coincides with | 

3 igsike | | 
Xsi When the anisotropy of the g-factor and © 
Xs 


the anisotropic crystalline field are taken into 
consideration, Eq. (39) will be replaced by 


pin X (H+ HS: +H*)=0, 


0.5 
and yn, in Eq. (43) by 
Yn=(gueS/keT)|HX+ Hs +A*| . 
Here H<;* (effective field due to crystalline 
‘ anisotropy) is given, corresponding to (35), by 
10 LS 20 L/S, H¢*= —(D’/") Bsn(e/c) -(E’/2)(Bana/a+ Binb/a) ) 
Fig. 8. Variation of ys///ys, against /A. and H*, H*’ are defined by 


GH=2H", “9° HsagH's, 


where g and g’ are g-tensors for the corner and body-center cations, respectively. Their § 
principal values will be denoted as gi, gs, gs corresponding to the axes [110], [110], [001] for 


the corner sites and [110], [110], [001] for the body-center sites. Assuming the proper screw- 
type structure, we obtain, in place of ys; and ¥s7//, 


%e=(g3/g){ Ai(1+cos #)+ A2(1—cos 20)+(D’/12)(2/N)}"}, (51) 
Xa=(1/2){(g12 +. 92")/222}(U+ V—-2W)/(UV—W?) . (52) 


At absolute zero, ya reduces to 
(Xa)r—0= (1/2){( 91? +.827)/2g?}(1/V) . (53) 


We shall calculate the principal susceptibilities for the proper screw-type structure of 
pitch 7/2 and compare them with those measured by Bizette” with a single crystal of MnOs. 
As 4A2/Ai= jo/i=1.60 for this pitch, we obtain (xs//)r-0/xs1=0.94 from (50), neglecting the 
anisotropy of the g-factor and H%;". However, the experimental value of (x1)r-0/(ze)r-0 is 
0.79. Furthermore, y. is smaller than xy. above the Néel temperature according to Bizette. 
These discrepencies may perhaps be explained by the anisotropy of the g-factor, crystalline 
anisotropy field and dipolar interaction. 

It was already pointed out by Yosida that an observed value of y./y- larger than 1/2 at 
absolute zero can be qualitatively accounted: by the B.E.Y.-structure and the anisotropic pro- 
perty of the susceptibility above the Néel temperature by dipolar interaction. However, the 
dipolar interaction does not seem to be suficient to account for the latter quantitatively. 

If we assume g1/g;~0.84 (putting gi=g for simplicity and neglecting D’ in expression (51) 
for %-), we can account for the difference between 0.94 and 0.79 for (Xs//)r-0/Xs1. D is relat- 
ed with g-values by 


D~X(gs—gi)/2 , 
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where 2 is the spin-orbit coupling constant and is 140cm-!” for the free Mn‘*. Since 23 
>&1, D is positive, which means that the crystalline anisotropy energy, in addition to the 
dipolar energy, stabilizes the proper screw-type structure. This is consistent with our as- 
sumption made at the beginning. If we adopt 1.49 for the value of {(2g.2-+-g;?)/3}2, as 
Bizette and Tsai®) found from their powder susceptibility measurments above the Néel tem- 
perature assuming S=3/2 for Mn‘*, we find D~9cm7!. This is somewhat too large to be 
expected from data on other salts and may not be reliable, but the positive sign of D will 
be certain. 

Finally, it may be noted that, when a strong field is applied in the c-plane for the proper 
screw-type structure, we expect flopping of the spin direction as in the usual antiferromag- 
net. Namely, above a certain critical field, spins as a whole will turn and become perpen- 
dicular to the applied field, in other words, the proper screw-type structure will change to a 
cycloidal structure. This critical field can easily be derived from (33) and (38), as 


H?={ND —3¢4(9)(NH/2)}/ (X81 —4Xs//) « 


H. is about 10° oe at absolute zero for the above value of D (D’=3D/2 for S=3/2). 


§5. Spin Waves and Antiferromagnetic Resonance in the Proper Screw-type Structure 


We start with the exchange Hamiltonian (1). First, we perform an orthogonal coordinate 
transformation for spin components which is different for different positions of the spin: 


Siz= Sie cos (R21) —Sin sin (Fz), Siy= Sie sin (kz) +Sin cos (Fz), fA) 
Sire= —Sirer COS (RZir) +Sirn Sin (R27), — Siry= —Sirge sin (R2i-) —Sirn’ sin (RZ) « 


& and & are the equilibrium directions of the spins at the corner sites and body-center sites, 
respectively. Quantizing the spins along & and & and using Holstein-Primakoff’s technique”, 
we can derive the following spin-wave Hamiltonian: 


As = —N8 iS? cos 0+ N2JoS? cos 20+.N4J3S? 
+2hS ets [(ai*ait+bi-*bi-) cos 0+ (ai*bi + aibi-*) 
x (1—cos 8)/2—(aibi + ai*bi-*)(1 +08 6)/2] 
+2)2S| i {—(ai*ait+a;*a;) cos 20 +(ai*aj+aia;*) 
x (1-++cos pp eine bs da rie cos 20)/2} 
+ ee eae 27) cos 20 -+(bi-*b5-+bi/b5-*) 
x (1+ cos 20)/2—(bi-by +bi*by*)(1 —cos 20)/2}] 
+2)S[ Pha {—(ai*ai+a;*a;) + (aas* +ai*a;5)} 
eae (—Oi*birby*bs) + Oe *by-+bvby)}) , 


<07j">3 


where ai, bir, ai*, bv* are the annihilation and creation operators and are connected with the 
spin operators by the following equations: 


Sig=S—ai*a , Sin 41S i2= (2S) — (aa*ai/2S)}} Pai (2S)? , 
Sie =S—bi* by , Sint tiSire® (28)? dir . 
We perform Fourier transformations on a and bi:: 


dy =(2/N 2 Si avexp igri), b= (2/N)? 31 bir exp (tq-Ti) , 


where g runs over the N/2 wave vectors in the Brillouin zone, referred to the chemical 
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unit cell. Furthermore, the following new operators, Agr and Agr, will be introduced: 


Aq: =(1/8)[{(A-/B*)/4+ (B*/A-)4}(aq-+ ba) 


= +)1/4__( B+/A-)i/4 tbat ; | 
+{(A7/B*)/4—(Bt/A-)M*}aa* +b") 56) | 


Agu= (1/8) {((A*/B-)/4 + (B/A*)/* (aq —ba) 
+{(A*/B-)4—(B-/A*)*}(aq* —bq*)) , 
where 
At+=16),:S cos 0147 )—4)2S cos 201—7q:.)—8J3S(1—7as) Ge | 
Bt=16/:S(cos 07q )—4)2S(cos 20-1 gq. )—8J3S1—74s) ; 
Yqi =COS (Gza/2) Cos (Gya/2) cos (gzc/2) , ee) 
Yq2 =COS (gz), ¥q3 ={COS (Gea) +c0S (qya)}/2 , 
(see (3)). Using these operators, we can derive the diagonalized spin wave Hamiltonian: 
How = —N8fiS(S+1) cos 6+.N2)2S(S-+1) cos 26 
TN4JS(S ++ 2 hog (Na +0/2))+ 2 hoguNqu+(1/2)) , (59) 
where 
Na=Aaq*Ag, Nau=Agu*Aan , 
(60) 


hog ={A- B*}?, tp ABP es 


As can be seen from (57), (58) and (60), wg: vanishes at g=0 and gy vanishes at q=+k 
(where k is the wave vector of the screw). In the neighborhood of these points, wg and 
@qu can be expanded as 


(hag )?=8S7{4 (1 +cos 8)— Jo(1—cos 20) }{( fi cos 6 — J3)(q2? +qy")a? 
+(j/i cos 0— Jz cos 20)q2?c?} , 
(hq)? =8S?{4f; cos 6(1-+cos 8)— Jz cos 26(1—cos 20)} 
x {( fi cos 6— J3)(qz? +qy7)@+ (fi cos 0— Jz cos 20)(gzFk)2c?}- . 


(61) 


A sketch of the variation of these frequencies against gq: is shown in Fig. 9. 

The modes of oscillation of the spins in branch I at @q=0 and branch II at g=-+k, are 
illustrated by Fig. 10. They must be detectable by antiferromagnetic resonance at zero field, 
as the matrix elements of x Sut > Sivz and py Stet 2 Sivz, for branch I and II respectively, 


do not vanish. The first mode can be excited when an oscillating field is applied along the 
the c-axis, and the second doubly degenerate modes by an oscillating field in the c-plane. 


Taking into account the crystalline anisotropy energy, (36), as well as the dipolar interaction, 
the frequency of the doubly degenerate modes for g==£k is calculated to be as follows: 


(ho 1)?=4S°{4f, cos 0(1+cos #)— jz cos 20(1—cos 20) }{(D/2)—(3N/8)¢ 40) g2 487} , (62) 
(on/rP=2Di/xXs7/ , 
where 7s; is given by (49), and D, is defined by the total anisotropy energy, Eu, 
Ea=Dy, sin? O={N(D‘/2)—(3/2)¢4(@)(Nu/2)?} sin? @ . 


In the case of MnO:, the wavelength corresponding to the frequency of this mode is calculat- 
ed to be about 200 4, assuming 16/i~90cm™, j2/Ji~1.60 (see section 2) and D~90cm7 (see 
section 4), thus it comes into the far infra-red region. 
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The mode of g=0 belonging to branch I is such that the spins oscillate as illustrated in 
Fig. 10 (A); the spins make a small oscillation as a whole in the c-plane, as well as out-of 
plane motions. Hence, its frequency is expected to be proportional to the geometrical mean 
between 1/zs: and the anisotropy constant in the c-plane. The anisotropy energy in the c- 


plane may be very small, as discussed in section 3 (B), so that frequency of this mode may 
also be very low. 


(A)q=0 (B) q,=4R 
Je -R R ae Ox= Gy=0 
Y Fig. 10. The modes of the spin wave of g=0 in 
Fig. 9. Sketch of the frequency spectra. branch I (A) and q:=k. (dx, Qy=0) in branch 
ho,=S[(16F, cos @— 82 cos @) II (8) (the 3-pitch-structure). 
{16J, cos 6 ~4A(cos 26+1)}]1/2 The upper figures are projections perpendicu- 
ho2=S[32J; cos 0{16J;(cos @ ~1) lar to the c-axis. The lower figures those on 
+4J2(1 —cos 26)}]1/2 the c-plane. 


§6. Neutron Diffraction Pattern 


The scattering cross-section of neutrons from the screw-type structure is calculated from 
the standered formula” as 


do/dQf(«){1+(«4/)?}(<S§>/S){A(e—-k+K)+4(c+k+K)} sin? {((Ai+Ko)at+ K30)/2}, (63) 


where do/d2 is the differential cross-section, f(«) the form factor, « the scattering vector, 
«, the component of « perpendicular to the plane to which the spins are parallel, K the re- 
ciprocal lattice vector referred to the chemical unit cell, Ai, Az, Kz are its components, and 


Table I. 

Indices | e=4e sin 63/4 (A-!) 1++(«2/«)? | f(x)? * | T/Ioos 
102 1.54 1.16 (hil .60 
005 155 2. .69 1 
il) 2.54 1.38 34 34 
009 2.80 2 aA | 39 
Re 3.22 1.04 oll 14 
205 3.23 1-23 .19 | aii. 
ig) 3.44 1.65 silts 18 
209 3.98 1.49 06 .06 

1012 3.98 1.87 .06 .08 
302 4.29 102 04 03 
225 4,29 iS 04 | 03 


* The normalized form factor for Mn?+ (not for Mn‘+) by Shull et al. used. (C. G. Shull, W.A. 
Strauser, and E.O. Wollan: Phys. Rev. 83 (1951) 334). 
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A(X) =(2/N)|S exp Xr), 
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| X,| <z/c. 


As easily seen from (63), the Bragg condition for the magnetic reflection is that « is equal 
to K+k and {(Ki+K.)a+Ksc)}/x is odd. Hence, if p is the reciprocal of the screw pitch in 
units of c, we expect reflections 1,0, f, 0,0,1+), 1,1,14p, 2,0, 14, etc.. ; 

Through private correspondences the writer has been informed by Prof. Erickson® of his 


experiment of neutron diffraction with a single crystal of polianite. 


He has observed five 


relations 102, 005, 115, 009, and 205, at 80°K, where his indices refer to the magnetic unit 
cell which is seven times large along the c-axis compared with the chemical unit cell. 
These reflections are just what we expect for the screw-type structure of pitch 7/2. The 
calculated relative intensities of the reflections expected for the proper 7/2-pitch-structure 


are shown in Table II. 
§7. Concluding Remarks 

By a Fourier method, possible arrangements 
of classical vector spins in rutile-type crystal 
were studied, and it was found that the 
screw-type structure is energetically favorable 
under certain conditions imposed on the values 
of f/f and js/fi. A similar method of “‘ the 
normal mode’’ has been independently used 
by Gersch and Koehler! in their study of 
the spin arrangement in some simple lattices, 
but they assumed scalar spins which have 
only two discrete values, +S and —S, so 
that they could not find a configuration in 
which the spin direction varies gradually in 
space. 

The stability conditions for the screw-type 
structure with a pitch of 7/2, which seems to 
be realized in polianite, are that ,://i=1.60 
and j3//:<0.31, as described in section 2. The 
range of j2/fi, in which the 7/2-pitch-structure 
is stabilized by the crystalline field anisotropy, 
is extremely narrow, as discussed in section 
3. It would therefore be accidental that the 
pitch of the screw in polianite at 80°K be 
exactly 7/2; to account for the neutron dif- 
fraction data, the pitch can be approximately 
7/2. The pitch can vary in the neighborhood 
of 7/2 if f/f varies due, for instance, to 
thermal expansion or an applied stress. It 
might be interesting to perform a neutron 
diffraction experiment at lower temperatures 
or under stress to detect such a variation in 
pitch. 

If f/fi>0.31, the 7/2-pitch screw-type 
structure cannot be realized, and the theore- 
tical value of @,/Tw cannot exceed 2.8. If 
we determine /J3//: using Eq. (24) from the 
observed ratio of Oy» (316°K) to Tw (84°K), 
that is, 9,/Tw=3.8, we obtain js//i~0.56. 
This discrepancy may partly be due to a 


crude approximation of the molecular field 
theory. 

If 6 is put equal to zero in (57), (60) and 
(61), we have the frequencies of the spin 
waves in the MnF»-type structure. According 
to these frequency formulae, some modes with 
small qg have imaginary frequencies when /, 
is greater than /;, as clearly seen from (61). 
This situation has been pointed out by Nagai 
and Nakamura’. However, the MnF,-type 
structure is less stable than the screw-type 
structure for /2>j;. Therefore we see that, 
as soon as the spin superstructure becomes 
energetically unstable, some of the spin wave 
excitations become also unstable. This state- 
ment is also true when the _ screw-type 
structure becomes less stable than the B.E.Y.- 
structure (2h)/;>f2, j/fi>1), in which case 
the frequencies of modes with q in the 
neighborhood of @z, @y==k2/a, qz=7/c be- 
come imaginary. It can be shown that if 
only exchange energy is considered, the 
stability boundaries in the /b/f, /s/fi-plane 
derivable from the instability of the spin 
waves are the same with those which can 
be derived by comparing the energy values 
of the various spin superstructures. When 
the anisotropy energy is also taken into con- 
sideration, this becomes no longer true; for 
example, in the region where the MnF,-type 
structure has just become unstable, all the 
spin waves of the same structure remain 
still stable. 

The writer would like to express his deep 
thanks to Professor T. Nagamiya of Osaka 
University for suggesting this study as well 
as his continual advice in the course of the 
work and to Dr. J. Kanamori of Osaka Uni- 
versity and Mr. Y. Kitano of University of 
Osaka Prefecture for their helpful discussions. 
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He is also indebted to Professor R. A. Erick- 
son of Ohio State University for kindly sup- 
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cation. 
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Oscillations in Plasma II 
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As previously reported, two or three plasma-electron oscillations of 
slightly different frequencies are simultaneously generated in a hot cathode 
discharge. The filled gas is mercury vapour at pressures of order of 1 
These oscillations can be observed by a Yagi antenna set apart 
from the discharge tube as well as by a probe in it. In the discharges 
the primary electrons form convergent and divergent beams. The oscil- 
lation of the highest frequency is generated by the convergent beam in 
the central part of the tube and this is that observed by many authors. 
The oscillation of the lowest frequency seems to be generated near the 
wall of tube by the divergent beam. Another oscillation having a middle 
frequency is often observed. This is generated at the periphery of the 


micron. 


convergent beam. 


§1. Introduction 

In a previous paper”, hereafter refered to 
as I, it was reported that a discharge at low 
pressure generates simultaneously two or 
three plasma oscillations of different fre- 
quencies. The frequency of plasma-electrons 
oscillation, f», is related to the concentration 
of electrons, N, by the well known expression 


fo=V Ne/xm , (1) 
where ¢ is the charge and m the mass of 
electron. Therefore the oscillation of unique 
frequency will be expected. If the concentra- 


tion of electrons is not uniform, frequencies 
of oscillations will be distributed continuously. 


The observation, however, indicated that 
there are discrete oscillations having different 
frequencies. In the present work the origin 
of the oscillations has been studied. 

An experiment described in I showed that 
the plasma oscillation could be observed out- 
side a discharge tube by a small antenna. 
Since the plasma oscillation is a longitudinal 
wave, it will give rise to no electromagnetic 
wave. In the preliminary experiment the 
antenna received the oscillation by electro- 
static interaction because of small range of 
investigated distance whose maximum was 
less than a wave length. In the present work 
the investigation has been extended to a 
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region where the induction field would vanish. 


§2. Procedure of Experiments 


In the previous work three types of dis- 
charge tube were used. The types A and C 
were similar to that described by Merrill and 
Webb» and to that by Looney and Brown” 
respectively. The type B was same as the 
type A except having no probe. In the pre- 
sent work somewhat modified tubes are used. 
However, the types are essentially same as 
before. All the discharge tubes are hot 
cathode tubes filled with mercury vapour at 
pressures of the order of 10-* mm Hg. 

The oscillations whose frequencies are in a 
region between 500Mc and 1000 Mc are de- 
tected by a super-regenerative detector through 
a probe inserted in the discharge tube or 
through an antenna set outside the tube. 
The frequency of the detector can be con- 
trolled by changing the plungers of coaxial 
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Fig. 1. Block diagram illustrating the method of 
displaying plasma oscillations on a cathode-ray 
oscilloscope. 


Fig. 2. A typical oscillogram. The time base 
of the oscilloscope runs in synchronism with 
the discharge current. The frequency of the 
detector is 833 Mc. The d.c. discharge current 
is 21mA, on which a.c. current of 6mA is 
superimposed. 
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cavities as described in I. In most of the } 
experiments, however, the detector is used |} 
at a fixed frequency and the frequency of | 
oscillation is adjusted to it by changing a | 
discharge current. 

By means of superimposing an a.c. current | 
of a suitable amplitude on a d.c. discharge 
current, generation Of the oscillation whose | 


eine 


Yagi antenna. 


| 


Fig. 3. 


Fig. 4. Discharge tube having two cathodes. A: 
Pair of ring anodes, D: Pair of plane probes, 
C, and Cz: Cathodes, P: Movable needle probe. 


frequency agrees with that of detector is 
visualized with an oscilloscope. A block dia- 
gram of this experimental method is shown 
in Fig. 1. The oscilloscope display which 
was obtained for the tube described below 
($5) is reproduced in Fig. 2. 

A Yagi antenna which consists of five guid- 
ing elements and one reflector is used for 


receiving. The construction is shown in Fig, 
3 
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§3. Oscillations in a Tube having Two 
Cathodes 


In I it was shown that the auxiliary elec- 
tron beam in the discharge tube of type C 
was not essential to generate the oscillations. 
The discharge tubes used here were same as 
the type C in I, but they had no auxiliary 
electron gun. A diagram of the tube is shown 
in Fig. 4. As previous experiments a relation 
between the frequency and the discharge 
current was studied. The obtained plots of 
frequency of oscillation vs. the discharge cur- 
rent are shown in Fig. 5. In this case too, 
three groups of oscillations, a, b and c groups 
were observed. The oscillations of the c 
group were very weak compared with those 


+/ 
60 100 T I40mA 
Fig. 5. Plcts of frequencies of oscillations vs. 
discharge currents. 


Fig. 6. Circuit diagram of experiment for a tube 
having two cathodes. 
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of other groups. On this tube an effect of 
pair of cathodes could be studied by chang- 
ing the currents through the each cathode 
independently. A circuit diagram of the ex- 
periments is shown in Fig. 6. In order to 
generate the oscillation of a fixed frequency 
there are some relations between the currents 
f, and i. Such relations were searched. The 
result is reproduced in Fig. 7. The points 
P, and P: in the figure correspond to the 
points indicated in Fig. 6 where the two 
cathodes were connected together. Even if 
one of the cathode currents is decreased, 
form P: to Pi’ for example, the other cathode 


O 40 e0mA 


Fig. 7. Plots showing relation of two currents 
which generate the oscillation of 917 Mc. The 
intensity of oscillation is illustrated by the size 
of point. 


current J, is almost constant. This suggests 
that the origin of the oscillations of group a@ 
is related to the cathode C,. Similary the 
origin of the oscillations of group 0 is related 
to the cathode C;. It is interesting that both 
oscillations originated from the pair of 
cathodes are observed by a probe at the 
center of discharge tube. If the cathodes 
were made identically, the groups @ and D 
would coincide with each other. On the 
group c a discussion will be given in the next 


section. 
$4, Detailed Characters of Oscillations 

In order to determine the concentration of 
electrons a discharge tube was equiped with 
a pair of plane probes. Its diagram is shown 
in Fig. 8. In the discharge tube the primary 
electrons form two beams. One is converging 
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and the other diverging*. The central region 
a where the convergent electron beam is 
present is brighter than the neighbouring 
plasma. The structure of discharge is also 
shown schematically in Fig. 8. In addition to 
the plane probes this tube has a pair of 
needle probes which are movable across the 
beam of electrons. From one of these probes 


Fig. 8. Discharge tube having plane probes. A: 
Anode, C: Cathode, P; and Py: Pair of plane 
probes, N; and Nz: Pair of needle probes, a: 
Bright region, 8: Faint region. 


_— 
60mA 


O 20 


40 
34 
Fig. 9. Plots of frequencies of oscillations vs. 
discharge currents. Closed circles indicate the 
results with a probe at the center and open cir- 
cles the results at the periphery of region a. 
Crosses represent the results calculated from 
measured densities. 
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* The convergent and divergent beams start 
from near the cathode. In the present case the 
meniscus which is described by Allen et al. (British 
J. Appl. Phys. 6 (1955) 320) was not seen. 
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the oscillations were picked up. A relation 
between the frequency of oscillation and the 
discharge current was studied. The result 
with a probe at the center of region @ is 
shown in Fig. 9 with full circles. The plots 
form into two groups as the case shown in 
Fig. 4 in I. When the pick-up probe was 
set at the periphery of region a the oscilla- 
tions mentioned above became somewhat 
weak and newly the third group appeared. 
These oscillations are shown in Fig. 9 with 
open circles. The results shown in Fig. 9 
indicate that two or three oscillations with 
different frequencies can be generated simul- 
taneously at a fixed discharge current. 

The simultaneous generation of the oscilla- 
tions was verified more directly with an ex- 
periment where two super-regenerative de- 
tectors working with different frequencies 
were used. 


Intensity 


-@ -4 e) 4 
Position of Probe 
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Fig. 10. Intensity as a function of position of 
the probe. The distance is measured from the 
center to the wall. I, II and III indicate the 
groups of oscillation shown in Fig. 9. 


The concentrations of electrons were deter- 
mined from measurements with the plane 
probes. An ion-saturation current of the 
proL2, Js, is expressed by Boyd®) and Shultz- 
Brown” as follows: 


I;=0.6leNV kT./M S (2) 


where k& is Boltzmann constant, J. the elec- 
tron temperature, M the mass of ion and S$ 
the area of the plane probe**. From the 


** In I, the usual expression Js=}eNWV 8kTp/nM S 

was used, where 7, is the ion temperature. In 
the present case at which the pressure is low 
enough the expression (2) seems to be more ade- 
quate. 
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measurement of /; the electron Concentration 
N was determined by using Eq. (2) and then 
the frequency of the plasma oscillation was 
calculated by the aid of Eq. (1). The calcu- 
lated frequencies are shown in Fig. 9 by 
crosses. The straight line through the calcu- 
lated points agrees with the line representing 
the third group of the oscillations. Since the 
measured concentrations give certain avetage 
values, the agreement should not be _ inter- 
preted strictly. It means only that all the 
observed oscillations are reasonable to attri- 
bute to the plasma electron oscillation. 

When the pick-up probe was moved from 
the center to the wall, the intensity of the 
oscillations of each group varied in different 
manner as shown in Fig. 10. Since the oscil- 
lations belonging to the third group have a 
maximum intensity at the boundary between 
the regions a and $8, they seem to be gen- 
erated at this boundary. The oscillations of 
the first group, which are generated strongly 
at the center of plasma, seem to be the main 
plasma oscillations that are reported by many 
authors”);»)», The oscillations of the second 
group are observed in a very wide region 
which extends to the wall. The convergent 
and divergent beams presumably play roles 
analogous to those from two cathodes men- 
tioned in the last section. Then, the oscilla- 
tion of the second group seems to be a 
plasma oscillation which is generated by the 
divergent electron beam. 

The frequencies of oscillations of the first 
and the second groups may be determined 
from the electron concentration in the regions 
a and B respectively. The Eq. (1) yields the 
following frequencies: 

fi=VeENalam and foa=VeNe/zm, (3) 
where Na and Neg are the concentrations in 
the regions a and 8. By using needle double 
probes the concentrations were measured. 
The obtained values were not accurate in ab- 
soliite scale because of the effect of sheath 
around the probes, but useful for comparison 
between them. The results supported above 
relations. 

In view of the location of oscillation the 
third group may attribute to the sheath reso- 
nance which occurs at the boundary between 
the regions a and 8. If a discontinuity in 
concentration is assumed, the frequency of 
the resonance is expressed by 
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fa=V fe—fe . (4) 
The results shown in Fig. 9 give the ratio 
fi: fo: fs to be about W754 : 23 : V35 which 
satisfy the relation expressed by Eq. (4) ap- 
proximately. 

The groups a and 0 in the discharge tube 
having two cathodes which are mentioned in 
the last section correspond to the first group 
in the present case. The group c to which 
belonging oscillation is very weak, corresponds 
probably to the second group in the present 
case. 


$5. Radiation having the Frequency of 
Plasma Oscillation 

The oscillations of the three groups men- 
tioned in the last section were also observed 
outside the discharge tube by a Yagi antenna. 
In this case the probe is unnecessary. Some- 
times, however, the probe affected the oscil- 
lations. When the probe was inserted at the 
periphery of region a, the oscillations of the 
third group became strong. It may be con- 
sidered that the probe works as a sending 
antenna. It was tested with a discharge tube 
whose probe was made from non-conducting 
material. The effect of the probe, however, 
was same as the case of conducting probe. 


O 2 4cm 
jn SR res ea | 


Hg 


Fig. 11 Discharge tube having no probe. 
So that the action of probe is to disturbe the 
plasma and to strengthen the oscillation. 
Radiation was further studied with a tube 
having no probe. A diagram of the used 
tube is shown in Fig. 11. Since the Yagi 
antenna had large gain, the oscillation could 
be detected at a distance of 300cm from the 
tube. The decrease of the observed intensity 
was less than that given by the inverse 
square law. As shown in Fig. 12, the field 
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strength was almost inversely proportional 
to the distance. This suggests that the oscil- 
lation propagates as an electromagnetic radia- 
tion. The intensity of radiation depended on 
its direction. The curve shown in the figure 
was a result when the direction of antenna 
was set at perpendicular to the axis of the 
discharge tube and the plane of the antenna 
was parallel to the axis. 

The angular dependency of the radiation 
was measured by changing the direction of 
antenna. The results in two cases where the 
elements of Yagi antenna are parallel and 
perpendicular to the axis of discharge tube 
are shown in Fig. 13. On the direction per- 
pendicular to the axis of tube the intensity 
of radiation was very different in the two 
cases. Such polarization effect was studied 
by rotating the antenna around its axis. The 
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(0) 100 200 300 cm 
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Fig. 12. Intensity as a function of distance from 


the centre of discharge tube. 


Intensity 


180° 


O 60° Q 120° 


Fig. 13. Angular distribution of radiation. @ is 
the angle between the direction of Yagi anten- 
na and the direction from the anode of dis- 
charge tube towards the cathode. A. The ele- 
ments of the antenna are parallel to the axis 
of discharge tube. B. They are perpendicular 
to the axis. 
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results of measurements are shown in Fig. 14. 

The angular distribution and polarization 
are not same for three groups of oscillations. 
The results mentioned above are refered to 
the first group of the oscillations. The oscil- 
lations of the second and third groups did 
not show remarkable polarization as those of 
the first group*. 

Since the super-regenerative detector emits 
oscillations from itself, it may receive change 
of impedance of distant plasma. In order to 
prove the presence of radiation a detector of 
pure absorption type is preferable. Fortu- 
nately, when the a.c. modulation of the dis- 
charge current was applied, a method of cry- 
stal detector and amplifier was usable. The 
radiation from the oscillation of the first group 
could be verified by this method. 


Intensity 


O 60° ¢ 120° 


Fig. 14. Polarization of radiation. ¢ is the ro- 
tation angle of the antenna around its axis. 0° 
is the direction where the elements of the an- 
tenna are parallel to the axis of discharge tube. 


$6. Conclusion 


In I, many plasma oscillations having slight 
different frequencies were detected. In the 
present work details of the oscillations are 
studied. Generally, a discharge tube yields 
two plasma oscillations. One is generated in 
the central region of discharge tube by a 
convergent electron beam from the cathode. 
The other is generated in the region near 
the wall by a divergent electron beam from 
the cathode. The frequency of the latter is 
lower than that of the former. When the 
main electron beam has a clear boundary, 
another oscillation is generated. 


* The third group of oscillations was scarcely 
observed for the tube having no probe. Only when 
the convergent beam had sharp periphery, it ap- 
peared. 
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These plasma oscillations can be radiated 
as electromagnetic waves. 

This work was financed by the Scientific 
Research Fund of the Ministry of Education. 
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In this paper, the phenomena of viscous-inviscid interaction effects 
at M..=6.2 over the front part of bodies have been investigated. The 
models tested are a flat plate and wedges having a plane, a convex or 
a concave surface, respectively. A uniform flow of R.=2.0x105 per cm 
was established using a divergent shock tube. The measurements of the 
flow field were made by optical methods (interferometer and schlieren 
photograph), and in order to supplement the data the X-ray technique 
was employed near the leading edge of the model. 

The results are as follows. (1) For a flat plate: i) the pressure 
distribution on the sharp-nosed plate is about 5 per cent higher than 
Nagakura-Naruse’s theoretical values; ii) the boundary layer thickness 
agrees almost perfectly with Naruse’s theoretical values; iii) the shock 
wave location is in good agreement with the empirical formulae of 
Kendall and of Bogdonoff and Hammitt. (2) For wedges: i) near the 
leading edge, the boundary layer growth on a concave wedge is more 
rapid than that either on a plane or a convex wedge; ii) except in the 
region close to the leading edge, the influence of leading edge bluntness 
on boundary layer growth is significant in the order of convex wedge, 
plane wedge and concave wedge;.iii) except in the region very close to 
the leading edge, the pressure distributions at the front parts of the 
plane and convex wedges are in fairly good agreement with the values 
predicted by inviscid theories (characteristic method, tangent-wedge ap- 
proximation, Newtonian-plus-centrifugal-force approximation and hyper- 
sonic small disturbance theory), but considerable discrepancies are found 
at the rear parts; iv) for the concave wedge, agreement is rather 
better at the rear part of the body than at its front part. 


§1. Introduction 
When the flight Mach number greatly ex- 
ceeds unity, linearized theory breaks down 


* Present address: Department of Physics, Na- 
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for a very slender body because non-linearity 
becomes an essential feature of the flow. This 
is due to the fact that the kinetic energy of 
the hypersonic flow is much larger than that 
of the subsonic or the supersonic flow. There- 
fore, the exact equations are in general very 
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difficult to be handled even when the vis- 
cosity and the real gas effects associated with 
the hypersonic flow are neglected. Approxi- 
mate solutions were obtained by Van Dyke” 
and Cole2 on the assumption that the entire 
flow field involves only small disturbances. 
But, for slender or thin bodies, the shock 
wave lies relatively close to the surface of 
the body and the so-called viscous-inviscid 
interaction may be generally more significant 
than that for blunt bodies. When this inter- 
action is strong?®-® or weak®-”, many theo- 
retical studies have been performed assuming 
that the flow between the shock wave and 
the body surface consists of the boundary 
layer and the inviscid external flow. Quite 
recently, Nagakura and Naruse! obtained an 
excellent approximate solution which covers 
the whole region including strong and weak 
interaction regions, in the case of the flow 
over a flat plate. 

Theoretical studies are mostly limited to 
the sharp-nosed simple bodies, so far as the 
present author is aware, but it is, in practice, 
impossible to make such a sharp nose. Thus, 
in particular, the interest of an experimental 
study seems to be in the problem of the effect 
of leading edge bluntness on the hypersonic 
flow field over the body. For the hypersonic 
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Fig. 1. Photograph of apparatus. 
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flow over a flat plate, several experiments 
were carried out by Bogdonoff and Hammitt'», 
by Kendall and by Bertram’. In these 
experiments, blunt leading edges of various 
thickness were obtained by cutting the leading 
edge of the wedge normal to the plane sur- 
face. They emphasized that the Reynolds 
number R; based on the thickness of the 
leading edge behaved as a very important 
parameter in the study of viscous-inviscid 
interaction of the hypersonic flow. 

The main aim of the present experiment is 
to study how the small disturbances propa- 
gate in the hypersonic flow. For this pur- 
pose, three groups of models are used: plane 
wedge, convex wedge and concave wedge (see 
Fig. 2). The choice of these models is phys- 
ically significant in the following respects. 
For the plane wedge and the convex wedge, 
disturbances due to the boundary layer add 
a negative pressure gradient to the pressure 
for the inviscid flow past a plane wedge, 
whereas for the concave wedge it adds a 
positive pressure gradient. Therefore, the 
former has a tendency to make the boundary 
layer thin and the latter has an opposite 
tendency. What has prompted this experi- 
ment is, in short, the expectation that there 
will be different modes of the viscous-inviscid 
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interaction in the accelerating (for plane wedge 
and convex wedge) and the decelerating (for 
concave wedge) hypersonic flow. For the 
detailed study of the problem, the effects of 
leading edge bluntness were also investigated. 
All the experiments were carried out at the 
free stream Mach number of M.=6.2, utiliz- 
ing the shock tube. The Reynolds number 
of the uniform flow was R..=2.0x 10° per cm, 
and the duration of the uniform flow was 
about 1 milli-second. The measurements of 
the flow field were made by optical methods 
(interferometer and schlieren photograph), and 
near the leading edge of the model, the X- 
ray technique was employed for determining 
the air density. Experimental results will be 
compared with Van Dyke’s hypersonic small 
disturbance theory” which assumes ideal gas 
flow. Experiments for the flat plate will also 
be compared with those of Bogdonoff and 
Hammitt™ and of Kendall™. 


§ 2. 
Full explanation of the divergent shock 
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tube, optical apparatus and X-ray tube has 
already been made by Professor F. Tamaki 
and the present author in Refs. 14, 15 and 
16. Accordingly, only a photograph of the 
essential parts of the apparatus will be pre- 
sented in Fig. 1. Divergent nozzle used in 
the present experiments has a throat section 
of 5mmx58 mm and a test section of 230mm 
x58mm. Models tested are shown in Fig. 2. 
For the sake of convenience, each model is 
called Wre.s, Wri, Woo, etc. First subscripts 
P, E and C denote plane, convex (expansion) 
and concave wedge, respectively, and second 
subscripts 0, 1 and 2.5 represent the cutting 
distance L from the sharp leading edge in 
millimeter scale. 

In order to make the comparison of the 
experimental results with Van Dyke’s hyper- 
sonic small disturbance theory, the leading 
edge of Wro, Wro and Wco are sharpened as 
sharp as possible, and they are examined 
several times throughout the experiments to 
keep R; (=Pxuxt/p0, t being the thickness of 
the leading edge) below 200. For these 
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Fig. 2. Models. 
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models, the hypersonic similarity parameter 
defined by k=M.1 is of the order of unity, 
where M.. is the Mach number of the uni- 
form flow and rt expresses either the thick- 
ness of the model or the inclination of the 
shock wave emanating from the leading edge 
of the model. For the study of the effects 
of the leading edge bluntness on the propa- 
gation of small disturbance in the hypersonic 
flow, Wr1, Wr2.s, Wm and We: are made by 
cutting the leading edges of Wro, Wo and 
Woo normal to their flat surfaces. All the 
models are made of stainless steel. The span 
is 58mm and the length of the uncut models 
is 80 mm. 


§3. Results and Discussions 


3.1) Uniform flow 

If one uses a continuously running wind 
tunnel, the aerodynamic heating due to the 
hypersonic flow is much more significant at 
the front part of the body than at its rear 
part. Therefore, in order to keep the uni- 
form temperature over the entire surface of 
the body, the surface must be partly heated 
or cooled. Thus, it is rather difficult to obtain 
the uniform surface temperature in actual 
experiments, although this condition makes 
theoretical analysis easy. Since a shock tube 
runs in a short time interval (about 1 milli- 
second) this difficulty dissolves itself. The 
shock tube was operated under the _ initial 
condition of po/f:=10 atms/2 mm Hg and T/T 
= 325°K/295°K, where fo, To and pi, Ti de- 
note the initial pressures and temperatures in 
the high and the low pressure chamber re- 
spectively. The Mach number M.. of the 
free stream at the test section was 6.2. This 
value was determined by observing Mach 
waves generated by small disturbing elements 
attached to the divergent walls of the shock 
tube. Temperature of the free stream was 
estimated to be about 37°K, and Reynolds 
number FR: of the free stream was 2.0 10° 
per cm. 


3.2) X-ray technique: radiographic method 
Except Bogdonoff-Hammitt’s experiment, 
most of the measurements of the hypersonic 
flow past a flat plate were carried out with 
static pressure holes and Pitot tubes. How- 
ever, the probe methods encounter an un- 
avoidable difficulty in bringing the probe very 
close to the leading edge without disturbing 
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the surrounding flow. In our experiments, 
measurements of the flow field were made 
mainly by optical methods. Even with these 
methods the accuracies of the measurements 
were not satisfactory near the leading edge 
of the model, because of the indistinctness 
of the interferogram and the schlieren photo- 
graph, and of the decrease in accuracy due 
to the refraction of light rays near the lead- 
ing edge. Accordingly, the soft X-ray radio- 
graphy described in the previous report (Ref. 
16) was used in order to supplement the den- 
sity data near the leading edge. 

The same flash X-ray tube as in Ref. 16 
was used in the present experiments. The 
anode voltage was 1800 volts, and the poten- 
tial for the triggering discharge was 2400 
volts. In order to sensitize the X-ray film it 
was exposed to three flashes of X-rays at the 
initial condition of the low pressure chamber 
of the shock tube (f#:=2mm Hg, 71=295°K) 
before experiments. Then it was exposed to 
three flashes by repeating three times the 
operation of the shock tube. 

Fig. 3 shows the typical radiograph of the 
flow near the leading edge of the model Wri 
whose leading edge thickness is about 10 
microns. As seen in this photograph, the 
shock wave coincides with the outer edge of 
the boundary layer in the immediate neigh- 
bourhood of the leading edge. Such a distinct 
flow pattern cannot be observed by ordinary 
optical methods, as shown in Fig. 4. Quan- 
titative results obtained from these radio- 
graphs will be presented in the following 
subsections. 


3.3) Boundary layer 

Interferograms and schlieren photographs 
of the flow past a plane wedge, a convex 
wedge and a concave wedge are shown in 
Figs. 4a, 4b and 4c, respectively. 

Let us consider first the boundary layer 
growth on the surface of the flat plate. As 
seen from these photographs, the region be- 
tween the plate surface and the shock wave 
except in the neighbourhood of the leading 
edge is distinctly separated into the boundary 
layer and the isentropic external flow, when 
the Reynolds number R; based on the leading 
edge thickness ¢ is 200 approximately. Bound- 
ary layer having finite thickness already exists 
at the leading edge of the body. Thus, in 
its immediate neighbourhood, the outer edge 
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of the boundary layer coincides with the 
shock wave. Because of this abrupt growth 
of the boundary layer even with such a small 
value of R:, the shock wave is slightly curved 
near the leading edge. In this region, the 
flow field between the shock wave and the 
boundary layer is not isopicnal laterally, i.e. 
in the direction normal to the surface of the 
flat plate. This phenomenon seems to be due 


FLAT PLATE SIDE 


not to the bluntness of the leading edge but PLANE WEDGE SIDE 
to the viscous effect (see 3.5)). Saar SS 
Fig. 4a shows that the flow region affected cz 200 | MM 


by the leading edge increases with increasing Fig. 3. Radiograph of the flow near the leading 
R:. At R, of approximately 6400, the bound- edge. 


Wro &:=200 Wro &:=200 


Wr. £,=2800 Wri &,=2800 


eee 


=6400 


Ae 4 € ny 
W po. R,=6400 Wre2.s i 
Fig. 4. Interferograms and schlieren photographs. 

(a). plane wedge. 
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convex wedge. 
We 


Fig. 4(b). 


concave wedge. 


Fig. 4(c). 
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ary layer cannot be distinguished from ex- 
ternal flow with an interferogram. Here, the 
measurements of the boundary layer thick- 
ness 0 were made by tracing the sharp bents 
of the interferometer fringes. Boundary layer 
thickness along the flat plate at various R; 
is shown in Fig. 5. Utilizing the helium tun- 
nel at Princeton, Bogdonoff and Hammitt 
carried out similar experiments for the fiat 
plate of various leading edge thicknesses ¢ 
with an interferometer. The influence of 
bluntness upon the boundary layer growth in 
their experiments appears much stronger than 
that of the present experiments. Although 
this may be mainly due to the larger values 
of M.. in their experiments, it may be partly 
due to the use of helium as a working gas. 


20 


Y(um) 


BOUNDARY LAYER 
a} 
x x x 


5 
Raz2.0 X10 PER CM 
M.= 6.2 


-10 
(0) 20 49 XCun) 


Fig. 5. Shock wave and boundary layer for the 
flat surface. 


In Fig. 6, the boundary layer thickness 6 on 
the flat plate for R,=200 is given by a chain 
-line, and the theoretical values dy_n calculated 
by the following formula of Nagakura and 
Naruse are given by a dotted line: 


F p si \"( lhes 
RNS py ht a (ee <= dx-+const , 
ON-n ( pe ine po 


where K and a@ are constants. Difference 
between the thickness 6 and the displacement 
thickness 0* is neglected in the present com- 
parison, since it is of the order of M.” in 
the hypersonic region. The values of p/p-, 
the ratio of static pressure on the plate to 
that of the free stream, are determined from 
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interferograms and radiographs (see 3.5)). 
These two curves show similar shapes in 
boundary layer growth along the x-axis, the 
ratio 0/dx_y being about 1.3 throughout the 
entire surface. It was revealed through a 
private communication from H. Naruse to 
the author that he obtained a more precise 
theoretical formula for the boundary layer 
thickness without neglecting the order of 
M..-*. When his refined formula is applied, 
our experimental values are found to agree 
almost perfectly with the theoretical ones 
(see double-dotted chain line in Fig. 6). 


20 


BOUNDARY LAYER ( EXP) 


(THEORY, REF. 10) 


Y (wm) 
4 (THEORY, REF. 17) 
MACH WAVE FOR Meo=6.2 ea 
= 
lok -------- SHOCK WAVE (EXP) --~ 
a 
ae 
1@) 
Re=2 X10”? PER CM 
[5 | ! I" 
2 XC ca) 
Fig. 6. Boundary layer growth along the flat 
surface. 


The shapes of the boundary layer on a 
plane wedge, a convex wedge and a concave 
wedge are shown in Figs. 7a, 7b and 7c, re- 
spectively. Compared with the boundary 
layer shapes on Wpo and Wxo, a boundary 
layer of a different shape grows on Woo: 1) 
boundary layers of parabolic shapes grow on 
Wro and Wxo, while in the case of Woo, the 
boundary layer growth is more rapid near 
the leading edge and is more gradual in the 
rear part; 2) the boundary layer grown on 
the front part of Wc has the effect to fill 
up the cave of the surface; 3) in the neigh- 
bourhood of the shoulder, the boundary layer 
thicknesses on Wro, Wuo and Woo are nearly 
the same. These phenomena seem to depend 
on the effects of Reynolds number, stability 
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of boundary layer, leading edge bluntness and 
others. However, it seems to the author 
that: 1) the fundamental feature of the 
leading edge~effects for plane, convex and 
concave wedges is the same as for the flat 
plate; 2) except in the region close to the 
leading edge, the influence of FR, on boundary 
layer growth is significant in the order: con- 
vex wedge, plane wedge and concave wedge. 


3.4) Shapes of shock waves 
Since the shock wave location is closely 
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Fig. 7. Shock wave and boundary larger 
wedge surfaces. 
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related to the effective shape of the body) 
(the geometrical shape of the body plus the} 
boundary layer displacement thickness), it is}} 
as important as the boundary layer on body H 
surface for the study of viscous-inviscid inter-, 
action. Here, the author considers only the-§ 
front portion of the shock wave which is not} 
influenced by the shoulder of the model. 

Fig. 6 and Fig. 8 show the shapes of shock: | 
wave originating from the flat plate and from 
Wro, Weo and Woo. In Fig. 8, the dotted|— 
lines show the shapes of theoretical shock 
waves obtained by characteristic method™”,, 
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CHARACTERISTIC METHOD 


R.=20X 10° (PER CM) 


15 
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SHOCK WAVE FOR Weo 
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Fig. 8. Shock shapes. 


neglecting the reflection at the shock waves 
of the waves generated from the body sur-4 
face (compression and expansion waves). The? 
chain lines in the same figure show thosed 
calculated according to the hypersonic small] 
disturbance theory”, considering only th | 
first order of the body curvature. In thes 
present experiments, optical methods (inter-- 
ferometer and schlieren method) are mainlyy 
employed for determining the shapes of the 
shock waves, but near the leading edge where: 
they become not clear, X-ray technique is 
employed. The steepness of the experimental! 
shock location compared with the above theo-: 
retical curves is, of course, due to the growth’ 
of the boundary layer. It is interesting, how-! 
ever, that shock waves for Wu and Weo ares 
very close to that for Wpo, though the geo-i 
metrical shapes of these bodies are fairl ' 
different. This fact seems to show the im-| 
portance of the leading edge effect in the 
hypersonic flow. 


As the thickness of the leading edge in,| 


1959) 


| creases, the shapes of the shock waves be- 


come increasingly fat. The corresponding 
shock shapes for a flat plate, a plane wedge, 
a convex wedge and a concave wedge are 


» shown in Figs. 5, 7a, 7b and 7c, respectively. 


The characters of the shock shapes are listed 


) in the following Table. 


Flat | Plane | Convex | Concave 
plate | wedge | wedge wedge 
L=0mm x x x @ 
L=1mm x O % @ 
©: with inflection 
L=2.5 Lae cas 
coda % O x: without inflec- 
tion point 


10 ] | 
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10° i = a age eer TT, 
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jarer 7 C) X—RADIOGRAPH 
—-—-— THEORY(REFI2) 
| | 
10° 10° Rf 10° 


Fig. 9. Relation between f,?/? and 
Reo(Ys—2/V Meo?—1) . 


The appearance of an inflexion point in the 
shock wave for Woo even when the leading 


edge is the sharpest in our experiments, i.e. 


as sharp as R,=200, seems to be due to the 
peculiar boundary layer growth on the front 
part of the body (see 3.3)). 

For the comparison with Kendall’s_ theo- 


retical shock shapes” for a flat plate, the 


experimental values shown in Fig. 6 are re- 
plotted in Fig. 9, representing the relation 
between R.2/2 and (ys—x/V M..2—1), where ys 


‘is the ordinate of the shock wave. 
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It should be remarked here that the shock 
location in Fig. 6 is also represented as 
Rys~R2°:*!, where Rys is the Reynolds number 
based on ys. It is shown in Ref. 12 that the 
shock locations for a flat plate with R,=119 
(M.=14)™, and with R:=100 (M..=5.8)! may 
be expressed as Rys~R,2-88 and Rys~R,°-®, 
respectively. The agreement of the shock 
shapes in the present experiments with those 
in Refs. 11 and 12 is very good. 


3.5) Pressure distribution 

The distribution of the non-dimensional 
pressure p/p. over a flat plate for various R: 
is plotted against x in Fig. 10, and against 
the hypersonic interaction parameter s= 
(CHteo/ Dcetteo)/?M..8x-/2 in Fig. 11, where c is a 
constant related to temperature ratio T/T. 
and viscosity ratio u/u“., o is the density, and 
co denotes the free-stream condition. In 
order to determine the pressure from the 
density measured by the interferometry, it is 
necessary to assume the entropy change across 
the shock wave. For the cases of L=0 and 
1mm, the entropy change was estimated from 
the mean value of the inclinations of the 
shock wave at the leading edge and the 
shoulder, while for the case of L=2.5mm, 
it was estimated from the normal shock rela- 
tion. 


= _RE200 (L=Omm) 


-- Rt=2800 (L= In) 


Fees. Rt=6400 — (L=2,5um) 


“> Me=62 


Tano=4- 


X(mna) 


Fig. 10. Pressure distribution on flat plate (lead- 
ing edge effect). 


The pressure rise at the leading edge is 
evident even in the case of sharp-nosed flat 
plate (L=0mm), for which inviscid theory 
predicts no pressure rise (see Fig. 10). This 
pressure rise at the leading edge may be 
caused either by the bluntness of the edge 
or by the viscous effects. Therefore, it seems 
to be desirable to determine, if possible, the 
relative importance of these effects under the 
various flow conditions. It is thus necessary 
to investigate the flow in the neighbourhood 
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of the leading edge. But the investigation is 
very difficult by using the static pressure 
holes or the interferometer, as already men- 
tioned in 3.3).. Here, the pressure distribution 
near the leading edge (to the distance of 1 
mm from the leading edge) was measured by 
the X-ray technique. In this case, the entropy 
change for the derivation of the pressure 
distribution p/p. from the measured values 
of o/0. was determined by the shock wave 
inclination at the leading edge in the radio- 
graph. 
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LEES AND PROBSTEIN, IST ORDER WEAK INTERACTION 
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Fig. 11. Relation between p/po and hypersonic 
interaction parameter s. 


As seen in Fig. 10, the leading edge thick- 
ness of the flat plate causes a pressure rise 
but not seriously. For instance, at the for- 
ward part of the flat plate (in the region of 
about 8mm from the leading edge), the values 
of p/p. become merely 1.4 times, as the 
leading edge thickness ¢ increases from 10 
microns (L=0 mm) to 320 microns (L=2.5 mm). 
Since the value of ¢ in cases of Wpo, Wxo and 
Woo did not exceed 10 microns, the pressure 
rise due to the leading edge thickness is 
small, and thus, the leading edge thickness 
cannot be considered as a major cause for 
the pressure rise. The pressure rise seems 
mainly due to the viscous effects near the 
leading edge of the flat plate. This fact is 
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also confirmed by Bertram’s calculation. 
Fig. 12 presents experimental values of | 
pressure for plane, convex and concave wedges 
of L=0 and 1mm. In the same figure are 
also included theoretical values for these | 
wedges with infinitely sharp nose, assuming — 
inviscid flow. The full lines, the chain lines and © 
the dotted lines denote the values calculated — 
by characteristic method!, tangent-wedge | 
approximation» and Newtonian-plus-centrifugal | 
force approximation!®, respectively. The 
broken lines show the value calculated by § 
Van Dyke’s first order approximation of the | 
hypersonic small disturbance theory (consider- 
ing only the first order of the curvature of 
the body). The pressure distribution on the 
surface of Wco is somewhat different from 
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TANGENT WEDGE APPROXIMATION 
= Sig NEWTONIAN. PLUS CENTRIFUGAL FORCE , 


pr 


® ~ weo e wel 


WEDGE | 


a 


x Y Y het as 


x “ 
PLANE WEDGE 


° 
eres = ° 
te | 
i) 9 20) Cwm) 3o 
Fig. 12. Pressure distribution on wedge surfaces. 


that for Wpo and Wo, that is: 1) at the | 
front part of Woo, values of p/p. are nearly 
the same over a fairly wide range, whereas 
they decrease gradually on Wro and more 
gradually on Wpo; 2) approaching the shoul- 
ders of Wpo and Wxo there are considerable | 
discrepancies between the theoretical and the | 
measured values of p/p», but these discrep- | 
ancies become small on the surface of Wep | 
as the distance from the leading edge in- 
creases; 3) the pressure rise due to the lead- | 
ing edge thickness is not so severe on the 
concave wedge as on the plane and the con- | 
vex wedge (see Fig. 12). These facts are, | 
of course, closely related to the boundary | 
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layer growth on the models. 
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The relations between the drag coefficient C of lattice of many parallel 
circular cylinders and Reynolds number FR were studied experimentally. 
The drag of the specimen falling in a tower was measured in the region 
of R=ca 0.25~1.0. If C vs R curve of a cylinder by Wieselsberger is 
used as standard, C vs FR relations of lattice are approximately the 
same as Wieselsberger’s, when h/d=250 and 125, with d being the dia- 
meter of the cylinder, and hf the distance of the centers of the two 
cylinders. Accordingly it is seen that Imai’s formula on the basis of 
the combination of Stokes’ and Oseen’s approximations is better than 
Tomotika and Aoi’s formula on the basis of Oseen’s. The C vs F rela- 
tions of lattice, when h/d=50, 25 and 12.5, are somewhat similar to 
Fujikawa’s C vs R curves of two parallel cylinders. 


§1. Introduction 


In nature we can see some hairy bodies 
such as pappi of dandelion or thistle. For- 
merly the properties of drag of these bodies 
falling in air were studied by the author”. 
The pappi are assemblages of many thin 
cylinders in spatial configurations, so the hy- 


drodynamical analysis of their drag should be 
very complicated. But the simplest of them 
may be subjected to theoretical analysis. 
Some years ago, H. Fujikawa” calculated the 
drag of two parallel circular cylinders on the 
basis of Oseen’s approximation. The drag of 
lattice of infinitely many parallel circular 


cylinders was studied by K. Tamada and H. 
Fujikawa®? on the same basis, and by T. 
Miyagi? on the basis of Stokes’. In this 
paper the author presents the results of ex- 
perimental study on the drag of lattice of 
many parallel circular cylinders of finite 
length arranged in a plane. Further, he can 
determine the most credible curve of drag 
coefficient C vs Reynolds number RF relation 
of an isolated cylinder at low Reynolds number. 


§2. Specimens and Experimental Method 


To make specimens of lattice of parallel 
cylinders, the author used thin glass filaments 
of ca 20 4 in diameter. They were measured 
by the optical microscope with the dissolving 
power of 0.2 4 and therefore the accuracy of 
measurement was not so good with regard to 
each one filament, but the mean value of 
many may be fairly accurate. For example, 
if the number of filaments is 10, then the 
probable error may be 0.06 vz. 


To set the specimen, a square-shaped frame- 
work made of glass filaments of 30~70 yw in 
diameter was used, the length of its one side 
being 6cm. The drag of the specimen was 
calculated from its final falling velocity in a 
tower of square cross section whose height 
and side length are respectively 420cm and 
50cm. The effective length of the tower to 
measure velocity is 250cm. Because the 
plane of specimen must be kept horizontal in 
falling, at eace corner of the framework was 
attached a filament of 8.0cm in length and 
30~70 w in diameter, and their opposite ends 
were joined together at one point. Further- 
more, to protect the thin filaments of lattice, 
1~3 supporting filaments are attached per- 
pendicular to them. The distances between 
centers of adjacent filaments, 2, were varied 
as.5.0; 2.5, -2.0,. Te 100), 05 Banas 02 2omnmne 
As the diameter of filament, d, is 20, the 
ratios h/d are respectively 250, 125, 100, 75, 
50, 25 and 12.5. The coefficient of viscosity 
of air was calculated by Sutherland’s formula: 


_ sig sO SF ig 
i ma) C+T 


where 4=1.722-10-4 poise, Ty)=273.15°K and 
C=1lON6S 


The density of air was calculated taking 
into consideration its humidity. 
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§3. Determination of Standard C vs BR 
Curves of Isolated Cylinder Set Per- | 
pendicular or Oblique to Uniform Flow | 


If the drag of the framework, legs and 


supporting filaments is subtracted from the | 


total drag of the specimen, then we can ob- 
tain the drag of lattice, from which we can 
find the mean drag coefficient of each cylinder 
per unit length. The drag of the framework 
and supporting filaments is calculated by 


means of the drag coefficient of a circular 


cylinder perpendicular to uniform flow. In 
our experiments, the Reynolds number used 
in the above calculation lies between ca 0.3 
and 3.0. In this region, C vs R relations are 
given by several authors. 
T. Aoi) gave theoretical formula according 
to Oseen’s approximation, and I. Imai® by 
suitable combination of Oseen’s and Stokes’ 
approximations. Further F. Eisner”? and C. 


Wieselsberger® gave respectively semiempiri- 


cal curves. Lately R. Finn® reported numer- 


ous experimental data, in which are to our | 
considerable fluctuations. 


regret See Fig. 1. 


al a2 Q4° 06 «08 | 2 4 6 8 10 
R 
Fig. 1. Theoretical or experimental C vs FR cur- 
ves of an isolated circular cylinder by several 


authors. 


But these curves are different from each | 
other, so we could not decide definitely which | 
Therefore the author | 
determined the most suitable curve by the | 


of them is the best. 


method of trial and error. It is as follows: 


In case of large value of h/d=125, the | 
interference of each cylinder may be negligibly | 
Let us assume any curve of the above | 
as standard, and by means of a suitable | 


small. 


method which will be shown later, determine 


Cvs R curve of a cylinder set oblique to the | 


S. Tomotika and | 
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“main flow. Next we calculate the drag of 
framework, supporting filaments and legs, 
then subtract them from the total drag of 
the specimen. Finally we obtain the C vs R 
curve of the lattice. If the latter coincides 
approximately with the assumed C vs R curve 
of a cylinder set perpendicular to the main 
flow, we can say that the assumed C vs R 
curve is true. 
_ As shown later, it resulted that C vs R 
curves in the region 0.3<R<3.0 by Eisner, 
Wieselsberger or Imai are better than that by 
-Tomotika and Aoi or Finn, but the value of 
drag coefficient by Imai in the region R<1 
is slightly less than reality. But the differ- 
ence between Wieselsberger’s and Eisner’s 
curves is small in this region, so the author 
‘could not determine which of them is the 
better. In the present work, he adopted tem- 
porarily Wieselsberger’s curve as standard 
and could obtain satisfactory results. 

The force acting on a cylinder set obliquely 
ina uniform flow has been studied by Tomo- 
tika, Aoi and Yosinobu on the basis of Oseen’s 
approximation. Let us represent the trans- 
verse and longitudinal components as 

iIN=1/2-pv7aCr , 
=e 1/2 OOFdCr. . 

Here ¢ is the density of fluid, v the velocity 
of the uniform flow, and Cw and Cz are non- 
dimensional force coefficients. Then the re- 


sultant drag on unit length of the cylinder 
in the direction of uniform flow is given by 


D=1/2- vd sin i(Cv+Cz cot?) , 


where 7 is the angle of incidence, i.e. the 
angle between the axis of the cylinder and 
the direction of the uniform flow. In our 
experiment, the angle of incidence is deter- 
mined by the length of the leg of the speci- 
men. Because the effective length of the 
‘leg was 7.8cm, the angle of incidence was 
33°, In Fig. 2 the values of (Cy+Cz cot?) 
are given against Reynolds number. 

First we experimented on the specimens 
constructed of framework and legs only. As 
stated above, the drag of framework was 
calculated according to Wieselsberger’s curve 
and was subtracted from the total drag. Then 
we obtain the drag coefficient of the leg; 
here the projected length of legs is taken as 
17.2cm. Because of difficulty in obtaining 
the exact values of mass and dimension of 
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specimen, the number of data is only three. 
But as seen in Fig. 2 these data lie on one 
curve slightly above Wieselsberger’s. Com- 
paring this with theoretical curves by Tomo- 
tika, Aoi and Yoshinobu it is seen that there 
is a remarkable similarity between them. 
Thus we may assume that the absolute 
values of drag coefficient of a cylinder by 
Tomotika, Aoi and Yoshinobu are larger than 
reality, but the ratios between drag coeffici- 
ents of a cylinder set perpendicular and ob- 
lique are correctly expressed. In our speci- 
mens there are 5 singular points, i.e. 4 cor- 
ners of the square and the lower center. To 
determine the C vs R curve of a cylinder 
set oblique, we must take into consideration 
this singularity. Let us denote the ratios of 
drag coefficients of a cylinder for 7=90° and 
33° at the same Reynolds number by Ao and 
and A, where the former is the theoretical 
value by Tomotika, Aoi and Yoshinobu and 
the latter the experimental value. The mean 
value of A/Ao with regard to 3 experimental 
data was 1.037. We may suppose that the 
value 0.037 originated from the above singula- 
rity, but the exact meaning of this number 
cannot be explained by these experiments 
only. 

The process of drawing the curve is as 
follows: At any Reynolds number the drag 
coefficient C, is read from Wieselsberger’s 
curve. At the same Reynolds number the 
drag coefficients Cio at 2=90° and Coo at 2=33° 
are read from the theoretical curve by Tomo- 
tika, Aoi and Yosinobu. Ao=Cv2/Cio is mul- 
tiplied by the factors 1.037 and Ci. The re- 


———Theoretical Curve by Tomotika, 
Aol & Yosinobu 


Standard Curve 


20) 


mol Cam a4 06 OB | 2 4 6 8 10 
Fig. 2. C vs R curves of an isolated circular 
cylinder set perpendicular and oblique to main 


flow. 
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sult is Cs, which is considered to be the 
most reliable of the drag coefficient of the 
legs. 

By this method we obtained the standard 
curves for calculation of drag of framework, 
supporting filaments and legs as shown in 
Fig. 2. 


§4. Relation between Drag Coefficient and 
Reynolds Number of Lattice 


The general method of experiment has al- 
ready been mentioned. To vary the Reynolds 
number, a small weight of lead was hung at 
the lower ends of legs by means of a thin 
nylon filament. The drag of the weight is 
very small in comparison with the other parts 
of specimen, so we can neglect it. The sym- 
bols necessary to show experimental data are 
as follows: 


Do=mg total drag of specimen 
n number of cylinders of lattice 
l length of cylinder 
suffix 1 framework 
2 legs 
3 supporting filaments 
4 lattice 


T. hid=250 h=5.0mm, 7=11) 

In this case the magnitudes of Di, D. and 
D3 are of the same order as Dz, so the errors 
by use of unsuitable standard curve may be 
quite large. But as shown in Fig. 4 we ob- 
tained quite satisfactory results. An example 
of experimental data is as follows: 


Specimen No. V-4 (Fig. 3) 


Fig. 3. 


Specimen of h/d=250. Side view. 


we used the cylinders of nearly 2.0 in dia-- 
meter as framework and legs. 
this, we obtained data at very low Reynolds; 
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Gi= ole ee p32 30 

d3=2.0 a” B—O-2 

di? OO arr Olle 

v=36.54 cm-sec™! Do=3.548 dyn 
Ri=1.270 Cy=8.58 D,=0.890 
Re=V227 C:=9.61 D,=0.670 
R3=0.478 Cz217.35.5) Di Gat 
R.=0.478 C169 Di=1.82 


2 hj d=1250( N= 2:53 Ze) 
To obtain the specimen as light as possible, , 


By use of: 


40 


o hf =250(n=i1) 


Cc 
a - 125( 23) 


20 
lol ; 
02 03 a4 O05 O6 O7 O08 O9 10 
R 
Fig. 4. Relation between C and RF of lattice of | 


parallel circular cylinders, in which h/d is 250 
and 125. 


Fig. 5. Specimen of h/d=25. 


Plan view. 
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number, but data beyond R=0.4 were not 
accurate because of flexion of framework in 
falling. The C vs R relation is shown in 
Fig. 4, which on the whole is the same as 
in h/d=250. 

3. h/d=100 (h=2.0mm, n=29) 

4. h/d=75 (h=1.5mm, n=39) 

In these two cases we could not perceive 
any distinct effects of interference of cylin- 
ders. The C vs R curves are nearly the 
same as in the previous cases. 

5. h/d=50 (h=1.0mm, 2=59) 

An example of experimental data is as fol- 
lows: 

Specimen No. V-3 


d,=4.02-10-8cem 4, =24.8cm 


Gs=5.23.. 7 I2=32.0 

dzs=20 lg 62 

ds=2.00 » 1,=368 

v=20.66 cm-sec" Do=5.485 dyn 

Ri, =0.546 Cy= 15:7, D,=0.398 
oO, 2=14.2 Dz,=0.325 
Rs3—0-202 Cs=2%,0 D3=0.085 

Te SOL Cz—-25.0) Ds=4.68 


The C vs R relation is shown in Fig. 6. 

6 hid=25 (h=05 mm, n=119) 

In this case the effects of interference of 
cylinders are remarkable. An example of 
experimental data is as follows: 

Specimen No. V-2 (Fig. 5) 


a=6.0-10%cm =24.7cm 
ds=6:8 "7 12=32.0 
dsea2.08 je I3=12.4 
@s=1.98 7 14=739 

V=22.42 cm-sec_* Do=10.42 dyn 
Ri=0.887 Ci=10.9 D,=0.483 
R2=1.005 G=1115 -"D,=0:389 
R3=0.296 C3=25.3 D3=0.188 
K.=0.293 Cy=21.4 Di=9.36 


On account of interference of cylinders, 
strictly speaking we ought not to use the 
standard curve of isolated cylinder to calculate 
the drag of framework and supporting fila- 
ments. But as seen above, Di, D, and Ds 
are small compared with D:, so their errors 
may be neglected. The C vs R relation is 
shown in Fig. 6, in which the curve tends 
asymtotically to coincide with the standard 
curve of isolated cylinder at higher Reynolds 
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number. 

7. h/d=12.5 (h=0.25 mm, n=239) 

An example of experimental data is as fol- 
lows: 

Specimen No. V-8 


d,=6.9:10%cm 1,=24.7cm 

d,=7.6 7 1, = 32.0 

G:=2.0)5 yt I3=18.4 

ds=2.00  » 1,=1480 

v=2/.1 cm-sec"! Dy=17.89 dyn 

Ri=1.197 C1=8.9 D,=0.65 
R2,=1.318 C2=9.3 D.=0.52 
R3=0.347 C.=—22.3 Dzs=0.35 
Ri=0.347 Cz=12.9 Ds=16.4 


The C vs R relation is shown in Fig. 6. 
The effects of interference of cylinders are 
very remarkable, so the apparent drag co- 
efficient of lattice Cap=Cd/h cannot exceed 
the value of the drag coefficient of square 
plate, i.e. 1.16. 


40 
é o A/y =50 (n=59) | 
30 ° 25( 119) 

° 125( 239) 
20 


Os 06075085095) 
R 


O04 


Fig. 6. Relation between C and # of lattice of 
parallel circular cylinders, in which h/d is 50, 
25 and 1215: 


§5. Discussion of tbe Results 


According to Fujikawa’s calculation the C 
vs R curves of two parallel cylinders are as 
Fig. 7. The features of these are very simi- 
lar to our results. In general the smaller the 
value of h/d, the more deviates the C vs R 
curve from that of the isolated cylinder, but 
the former approaches asymtotically to the 
latter at higher Reynolds number. 

The C vs R curves of lattice of infinitely 
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many parallel circular cylinders calculated by 
Tamada and Fujikawa are shown in Fig. 8. 
The relations between these curves and that 
for an isolated cylinder are in the opposite 
trend to our results. If, however, we use 
not the falling velocity of specimen but the 


001 Qo2 Q04 006 Q08 0) a2 O4- O06 O8 | 
R 


Fig. 7. C vs & curves of two parallel circular 
cylinders calculated by H. Fujikawa. 


Ol o2 o4 06 08 | 2 4 6 8 10 


Fig. 8. C vs R curves of lattice of infinitely 
many parallel circular cylinders calculated by 
K. Tamada and H. Fujikawa. 


~- Curve 
by Experiment 

20 Curve | 

by Calculation 


20 40 6080100 200 
ny 
Fig. 9. Relation between (1—C/Co)-100 and h/d, 
where C and Cp represent respectively drag 
coefficient of a lattice and of an isolated cir- 
cular cylinder at R=0.3. 


2 AG SiO 


actual velocity of flow through the lattice to 
calculate the drag coefficient, we would ob- 
ttain the curves similar to Fig. 8. 

The value of the drag coefficient of an 
isolated cylinder at R=0.3, Co, is 25.0. Let 
us represent as C the experimental value of 
drag coefficient of lattice at the same Rey- 
nolds number. In Fig. 9 are shown the 
(1—C/Co)-100 vs h/d relations, where the 
curve by calculation is as follows: We as- 
sume that the apparent drag coefficient of 
lattice cannot exceed 1.16, i.e. the value of 
the drag coefficient of square plate no matter 
how small the value of h/d is. The drag 
coefficient of lattice which gives Cap=1.16, 
i.e. C’=1.16h/d will become larger with in- 
creasing h/d, but cannot exceed 25.0, that is, 
the value of the drag coefficient of an isolated 
cylinder. If h/d=21.55, then-C’=25.0. By 
means of the above formula we calculate C’ 
for h/d<21.55, and plot (1—C’/Co)-100 against 
h/d. Thus we obtain the curve by calculation. 
It may be supposed that the curve by ex- 
periment will approach asymtotically to it at 
smaller value of h/d. 
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Downstream Development of the Wakes behind Cylinders 


By Sadatoshi TANEDA 
Kobe University of Mercantile Marine 
(Received March 4, 1959) 


Wake development behind circular cylinders and flat plates was inves- 
tigated in the research water tanks. The aluminium dust method was 
used to observe the flow patterns. 

At the intermediate Reynolds number range the Karman vortex streets 
are formed in the wakes behind cylindrical obstacles. But these prima- 
ry Karman vortex streets are not stable. They are more and more de- 
formed as the distance from the obstacle is increased, and finally break 
down. 

Thereafter, however, the wake in most cases begins to rearrange it- 
self again into a configuration of the Karman vortex street. The dimen- 
sion of the secondary Karman vortex street thus produced is much 
larger than that of the primary one. For the circular cylinder, when 
Reynolds number is lower than about 150, the ratio of the wave length 
of the secondary vortex street to that of the primary one is about 1.8 to 
3.6, while it is about 10 when Reynolds number is higher than about 150. 

Sometimes the secondary Karman vortex street simply decays by 
viscous diffusion as it moves downstream, but in most cases it rear- 


ranges itself again to the next Karman vortex street. 


§1. 

Since the time of Bénard», the wake pro- 
duced by a two dimensional body has been 
investigated by many experimenters. Espe- 
cially the Karman vortex street has long been 
a matter of interests to hydrodynamicians. 
All the observations, however, have been 


Introduction 


made only near the body, and we have no- 


information relating to the flow at a great 
distance downstream from the body. 

On the other hand, owing to the extreme 
mathematical difficulties of the problem, there 
has been little theoretical investigation of the 
wake, and the problem is still left unsolved, 
in spite of its importance. 

In order to investigate the wake more clo- 
sely, it seems to be necessary to observe the 
behaviour of the flow not only at the neigh- 
bourhood of the body but also at a great 
distance downstream. 

In the present paper a description is given 
of the observations on the wake development 
far downstream behind circular cylinders and 
flat plates, at Reynolds numbers between 10! 
and 10% for the circular cylinder and between 
10? and 10° for the flat plate. (The Reynolds 
number R is Ud/y for the circular cylinder 
and Ul/y for the flat plate, where U is the 
model speed, d is the cylinder diameter, l is 


the plate length and v is the kinematic vis- 
cosity of the fluid.) 


§2. Apparatus and Experimental Method 


The experiments were made with the glass 
sided water tanks of three different sizes. 
They are 300cm long, 20cm deep and 20cm 
wide; 400cm long, 30cm deep and 30cm 
wide; and 2500cm long, 150cm deep and 200 
cm wide respectively. 

The carriage to which a model was fixed 
upright was moved uniformly along rails 
mounted horizontally over each water tank. 
Circular cylinders and thin flat plates of 
various size were used as models. All the 
flat plates were carefully tapered smooth to 
sharp edges. Sizes of the models used are 
given in Table I. The Reynolds number 
could be varied from 10! to 10% for the cir- 
cular cylinder and from 10* to 10° for the flat 
plate. 

In order to visualize the motion of water 
below the free surface, aluminium dust was 
suspended uniformly in the water. Then the 
movement of the suspended aluminium dust, 
which was illuminated horizontally from a 
side of the tank by a sheet of intense light 
from incandescent lamps behind a narrow 
slit, was photographed from above with a 
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Table I. Sizes of the models used. 
Circular cylinder 
d (mm) DL (mm) | L/d 
2.0 180 90 
2.0 280 | 140 
3.0 180 | 60 
B20) 280 93 
3.2 180 | 56 
3.2 280 | 88 
4.8 280 | 58 
9.8 1000 102 
Flat plate 
t (mm) t (mm) | ZL (mm) Lil 
MOL | 0x5.) wutlpadeo 1.8 
101 0.5 | 280 [reeds 
140 1.0 | 180 Vapi te 3 
140 1.0 280 | ~—-2.0 
223 1.0 | 180 | 0.8 
223 fy ee ee 
1580 2.0 1200 0.8 
d: Diameter of the cylinder. 
L: Span of the model. 
lt: Length of the flat plate. 
t: Thickness of the flat plate. 
camera. From these pictures, the wave 


length and the spacing ratio of the vortex 
street were determined. 

On the other hand, it was attempted to 
use the hot wire technique for determing the 
frequency of the velocity fluctuations in the 
wake. Pt wire of 30 in diameter and about 
5mm in length, which was heated electrical- 


ly by 250 cycle a.c., was used in the water 


as the hot wire. It was quite easy to deter- 
mine the frequency of the velocity fluctua- 
tions in the primary Karman vortex street 
with the hot wire, as was reported in the 
previous paper». However, it was not easy 
to detect the frequency of the secondary 
Karman vortex street, because the velocity of 
the flow in the secondary vortex street was 
extremely small. In the present experiments, 
therefore, the measurements of the secondary 
Karman vortex street were made chiefly by 
means of photography, 


§3. Results 


In the first place, observations were made 
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on the wake behind circular cylinders. | 

Many photographs of the wake were taken 
at various Reynolds numbers. From these ] 
photographs it was confirmed that, at the in- 
termediate range of the Reynolds number, 
the wake behind a cylinder oscillates and ar- 
ranges itself into a configuration correspond- 
ing to that of the Karman vortex street some 
distance downstream. 

The Karm4n vortex street thus produced, 
however, can not keep its regular arrange- 
ment for a long distance. It gradually 
changes its shape with the distance from the 
cylinder, and finally breaks down at a distance 
of about 50 diameters behind the cylinder. 
The point at which the breakdown of the 
Karman vortex street occurs depends on the 
Reynolds number. The distance from the 
cylinder to the transition point seems to be 
decreased as R is increased. Moreover, it 
was found that the way in which the wake 
develops downstream is quite different in the 
two ranges, R<150 and R>150. 

When FR is lower than about 150, the flow 
is always the typical viscous flow and there 
is no further possibility for the fluid to be- 
come turbulent. After the primary Karman 
vortex street breaks down, there follows at 
once a secondary Karman vortex street, the 
wave length of which is much larger than 
that of the primary one. The secondary 
Karman vortex street is always somewhat ir- 
regular at the beginning of its appearance. 
It, however, gradually becomes regular and 
is finally completed at about 10? diameters be- 
hind the cylinder. 

If 4, and 2 are the wave lengths of the 
primary and the secondary Karman vortex 
street respectively, 42/41 depends on the 
Reynolds number. The values of A:/2, for 
various Reynolds numbers are shown in Table 
IJ. As is seen from the table, there seems 
to be a general relation that the lower is the 
Reynolds number, the larger is the value of 
ax/d1. At R=60 the value of 42/2: is about 
3.3, while at R=125 it is about 1.8. 

When R is lower than about 50, it is rather 
difficult to determine the wave length of the 
secondary Karman vortex street from the 
photographs, since the image of the second- 
ary Karman vortex street is not clear at such 
low Reynolds numbers. At R<50 the exis- 
tence of the secondary vortex street is some- 
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what in doubt. 

An example of the wake for R<150 is 
shown in the photographs of Fig. 1. They 
are the photographs of one part of the field, 
taken successively by a camera fixed to the 
water tank at a Reynolds number of 73.5, up 


to a distance of about 500 diameters behind 
the cylinder. 


(e) about 110cm to 150cm behind the cylinder. 
22=56 mm, A/A=2.9. 

Fig. 1. Photographs showing downstream wake 
development behind a circular cylinder for U 
=7-221cm) Ss, dg —3,0imm and v—/3.5 
41: Wave length of the primary vortex street. 
2: Wave length of the secondary vortex street. 


(a) Oscillating wake immediately behind the 
cylinder. 2;=19 mm. 


' ' ue (a) Oscillating wake immediately behind the 
) about 10cm to 50cm behind the cylinder. cylinder. A4:=13 mm. 


aw i S077 wo ra Notas 


(b 


(c) about 30cm to 70cm behind the cylinder. (b) about 80cm to 120cm behind the cylinder. 


(d) about 70cm to 110cm behind the cylinder, (c) about 180cm to 220cm behind the cylinder, 
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VII a = 


cm behind the cylinder. (c) about 50cm to 90cm behind the flat plate. 


iN 


(d) about 270cm to 310 


a sie Rs SOE 


(e) about 460cm to 500cm behind the cylinder. (d) about 100cm to 140cm behind the flat plate. 
As=110 mm, A5/A1=8. 5. : = sarasota 


Pee eee! 


Fig. 2. Photographs showing downstream wake 
development behind a circular cylinder for U 
=9.53cm/s, d=3.0mm and R=304. 


= _erorcenratacenemceninencinaneg 


Seeencacraaens 


(e) about 200cm to 240 cm behind the flat plate. 
ApS MM Ao) Atos Us 


Fig. 3. Photographs showing downstream wake 
dovelopment behind a flat plate placed at zero 
incidence for U=5.0cm/s, J=140mm and R= 
8150. 


On the other hand, when R is higher than 


ae about 150, the way in which the secondary 
(a) Oscillating wake immediately behind the flat vortex street is formed is quite different from 


plate. 4,;=27 mm. that at R lower than about 150. At R>150, 
' — youre after the primary Karman vortex street 
breaks down, the wake becomes turbulent, 
as was already pointed out by Roshko® in 
1953. The turbulent wake continues to exist 
for a considerable distance, then there appear 
again a new Karman vortex street. The 
ratio of the wave length of the new vortex 
street to that of the primary one scatters 
largely and cannot be determined precisely, 


. een ao but it is of order of magnitude of 10. This 
(b) about 20cm to 60cm behind the flat plate. value is much larger than that for R<150. 
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Table II. Values of 4/4, for various test Reynolds numbers. 


e ey bik oy (cm/s) | R 4, (mm) 2, (mm) Ao/Ay 
2.0 2.66 61.0 14 ah -weas : 3.3 
3.0 1.87 63.8 21 65 art 
3.0 1.94 67.0 20 62 3.1 
3.0 1.94 67.0 19 67 3.5 
3.0 2.22 73.5 19 60 3.2 
3.0 2902 TES 19 56 2.9 
2.0 3.26 74.0 13 33 2.5 
3.0 2.50 | 78.5 18 Al 2.3 
3.0 2.73 BaNy 19 43 2.3 
2.0 3.61 84.0 12 24 2.0 
3.0 2.91 93.5 17 42 2.5 
3.0 2.91 93.5 18 45 2.5 
2.0 4.14 94.7 12 29 2.4 
3.0 3.57 108.0 17 34 2.0 
3.2 3.57 108.0 19 7) Pau 
4.8 2.22 | 115.0 25 AT 1.9 
3.0 3.16 115.0 17 31 1.8 
3.0 3.16 115.0 17 42 2.5 
4.8 2.50 125.0 23 41 1.8 
4.8 2.91 149.0 23 46 220 


d: Diameter of the cylinder. 

U: Model speed. 

F: Reynolds number (Ud/,). 

4,;: Wave length of the primary vortex street. 


4g: Wave length of the secondary vortex street. 


Fig. 2 shows an example of the wake at R 
= 304. 

Sometimes the secondary Karman vortex 
street is observed to decay simply by viscous 
diffusion as it moves downstream. But, in 
most cases, it breaks down at some distance 
downstream, then the formation of the next 
Karman vortex street begins again, and in 
this way the formation and the breakdown 
of the vortex street are repeated alternately, 
the wave length becoming larger and larger 
with every transition from one vortex street 
to the next. 

In the second place, the experiments similar 
to those described above were also made for 
the flat plate placed at zero incidence. And 
it was found that the manner of the forma- 
tion of the secondary Karman vortex street 
and the subsequent history are substantially 
similar to those for the circular cylinder. An 
example of the wake development behind a 
flat plate at R=8150 is shown in Fig. 3. 

As is well known, the boundary layer of 


the flat plate is turbulent when R is larger 
than about 5x10°. Even in this range of 
Reynolds number, however, the appearance 
of the primary and the secondary Karman 
vortex street could be observed up to R=10° 
or more, although their periodicity was some- 
what irregular. 


§ 4. Discussion 

It is believed that the Karman vortex 
street is stable for the perfect fluid. How- 
ever, the actual vortex street which appears 
in the wake of real fluid is not stable. It 
continuously changes its shape with the dis- 
tance from the body and finally breaks down. 
After this, however, the wake shows a strong 
tendency to rearrange itself again into the 
configuration of the Karman vortex street. 
In this way the formation and the breakdown 
of the regular vortex street occur alternately 
as the distance from the obstacle is increas- 
ed, the wave length becoming larger and 
larger with every transition from one vortex 
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street to the next. Even when the regular 
vortex street is not formed, the dimension of 
the predominant discrete vortices which ap- 
pear in the wake always increases as the 
distance from the body increases. 

These results show that the dimension of 
the Karman vortex street which is formed in 
the wake is the function not only of the 
Reynolds number of the body but also of the 
distance from the body. 

Thus, we are led to the following questions: 
(1) why the vortex street with a fixed wave 
length cannot exist for a long distance, (2) 
why the periodicity of the wake can appear 
again after it has broken down once. It ap- 
pears that the answer lies in the hydrodyna- 
mical stability problem. A Karman vortex 
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position. Then the wake may begin to rear- 
range itself into the next Karman vortex 
street which is stable in the new position. 
And in this way the formation and the 
breakdown of the vortex street may occur 
alternately. Further investigations on this 
possibility are being carried out. 

In conclusion, the author wishes to express 
his thanks to Professor Hikoji Yamada of 
Research Institute for Applied Mechanics, for 
his valuable advice and encouragement in the 
course of this work. The present investiga- 
tion was supported by the Scientific Research 
Grant of the Ministry of Education. 
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Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 
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On the Anomalous Magnetoresistance 
Effect in n-InSb 


By Wataru SASAKI and Chikako YAMANOUCHI 
Electrotechnical Laboratory, Nagatacho, Tokyo 
(Received May 1, 1959) 


It has been pointed out by Broom! that n type 
InSb containing less than 10!6 carriers per cc shows 
oscillatory magnetoresistance effect at liquid helium 
temperature. We have prepared various InSb 
crystals containing less than 1016 carriers per cc, 
and have measured the magnetoresistance effect in 
these crystals. 

It has been found that the crystals containing 
nearly same amount of carriers show either oscil- 
latory or non-oscillatory magnetoresistance such as 
observed in heavily doped n-Ge® or p-InSb*), and 
that the oscillatory effect is found in crystals in 
which conduction electrons have higher mobility 
values. 

Fig. 1 shows the distribution of the crystals in 
regard to their carrier concentration and the relaxa- 
tion time determined from their conductivity and 
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Fig. 1. Relaxation time rc and carrier concentra- 
tion 2 of various crystals of n-InSb. A re- 
presents crystals with non-oscillatory magneto- 
resistance, and © and @ represent crystals with 
oscillatory magnetoresistance at magnetic fields 
higher than 1 koe and 2 koe respectively. The 
points attached with small arrows represent the 
observation by Frederikse and Hosler. 


Hall constant at liquid helium temperature. A 
represents the crystals which show non-soscillatory 
effect, while © and ® represent the crystals which 
show oscillatory effect at the magnetic field higher 
than 1 koe and 2 koe respectively. This figure 
contains the results obtained by Frederikse and 
Hosler!) as well as those by us. 


If the oscillatory magnetoresistance effect is 
caused by the same origin as de Haas van Alphen 
effect, we can expect that this effect will occur 
when the relaxation time of conduction electrons is 
longer than the cyclotron period, te-=m*c/eH, and 
when the carrier concentration is large enough so 
that the Fermi energy is higher than the dia- 
magnetic energy difference eg=ehH/m*c for the 
magnetic field where the oscillatory effect is 
observable. We can define a region in Fig. 1 
where these two conditions for de Haas van Alphen 
effect are satisfied. We draw horizontal lines at 
t values equal to re for various magnetic field 
strength with m*=0.015m», and draw a broken 
line which consists of points on the horizontal lines 
where the Fermi energy corresponding to the con- 
centration is equal to eq for each magnetic field 
strength. The conditions for de Haas van Alphen 
effect are satisfied for crystals represented by points 
on the right side of this broken line at the magnetic 
field with ct, values shorter than their relaxation 
time. 

As is seen in Fig. 1, the points representing 
crystals which do not show oscillatory effect are 
situated on the left side of the broken line, while 
the points for the oscillatory crystals are situated 
on the other side of the broken line, and the 
magnetic field where the oscillation begins corre- 
sponds to the parameter of the horizontal lines. 

These facts show that the oscillatory magneto- 
resistance effect and de Haas van Aiphen effect are 
caused by the same mechanism and that the assumed 
m* value is well fitted for these InSb crystals. 
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Synthesis of Large CdS 
and ZnS Crystals 
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In spite of several outstanding methods,!)2)%) it is 
not easy to synthesize large CdS and ZnS crystals. 
We have succeeded, with sufficient reproducibility, 
in synthesizing large single crystals from a charge 
of sulfide powder by the following procedure.?) 
Polycrystals of easy grain growth are first prepared 
from a charge of powder by sublimation and re- 
crystallization process. Special lattice plane of these 
polycrystals is prevailing at their growth front 
when the vapor of CdS and ZnS is cooled and 
recrystallized in the zone with large temperature 
gradient. These polycrystals are a bundle of needle 
like or rod-like grains with the growth plane of the 
same Miller index. C-axis of these grains are all 
parallel in the case of CdS to and make an angle 
of 25° in the case of ZnS with the normal direction 
of the substrate surface. Single crystals are then 
grown from these polycrystals by heat treatment 
under saturated vapor. The above-mentioned 
procedure, namely, recrystallization and grain 
growth, can be done by a single run of the furnace. 


CdS Crystals 
CdS powder 


Quartz crucible 


S 
o© 
XQ 
s 
5 /200 
Q 
s 


a a ee ene 
i ZnS Crystals 


H.B cruccéble 


ZnS powder 
(2) 


Furnaces with contents in place. 


Fig. 1. 


Experimental furnaces are shown in Fig. 1. A 
charge of CdS powder is placed in a quartz tube 
30mm in diameter with cups at its both ends (Fig. 
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1, (1)). One end of the tube is situated in the sub- 
limation zone. The cup of the other end serves as 
substrate upon which single crystals are formed. 
It has a small hole for exchanging the ambient gas 
and is attached to the head of U tube by which 
steep temperature gradient is formed there. CdS 
vapar produced in the sublimation zone is cooled 
and recrystallized on the substrate, and one or 
several single crystals are synthesized by grain 
growth. In the case of ZnS, another furnace with 
steep temperature gradient is used without U-tube 
(Fig. 1, (2)), and H. B. combusion tube (557% 
Al,O3) together with S. S. A. crucible (>95% A103) 
are inserted in it. 


(1) 


(2) 


Fig. 2. (1) CdS single crystals cleaved from a 
polycrystal. 


(2) ZnS single crystals cleaved from a 
polycrystal. 


Table 1. Conditions for growing CdS 


and ZnS Crystals. 


CdS | ZnS 
A charge of powder (g) 40 60 
T t : é 
emperature of sublimation ee 1150 | 1430 
Temperat f izati 
aafcrclas of recrystallization 1050 | 1350 
Temperature gradient (°C cm-!) 20 50 
Time of treatment (hr) 70 80 


Fig. 2 and Table 1 show some examples of CdS 
and ZnS crystals and their growing conditions. 
Large CdS block in the center consists of several 
single crystals of about 3x3x12mm which grow 
parallel to one another. The other CdS blocks are 
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separate single crystals. 
in the center, cleaved from the middle part of one 
single crystal are both about 5¢ in weight and 
their crystal structure is of Wurtzite type and have 
stacking faults. The larger the quantity of a charge 
and the higher the furnace temperature, the larger 
single crystals may grow. Remarkable grain growth 
in ZnS was observed when the temperature of 
recrystallization zone was higher than 1400°C. 
A detailed description will be pubiished later. 


Two large ZnS crystals 
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Double Proton Magnetic Resonance 
by a Side Band Method 


By Junkichi ITOH and Siro SATO 
Department of Physics, Osaka University 
(Received March 28, 1959) 


If, in an organic liquid, the chemical shifts of 
NMR lines from equivalent protons in atomic groups 
A and B differ considerably from each other, well- 
resolved two lines will be observed in high resolu- 
tion spectrum, each of which will split further into 
several multiplet components in the presence of an 
indirect spin-spin coupling between these protons. 

Suppose we are observing the A resonance by an 
usual method, and an additional rf field with am- 
plitude Hiz is applied, whose frequency is equal to 
that of the B resonance. When 7Hiz (7 is the 
gyromagnetic ratio of proton) is made considerably 
larger than the equivalent frequency of the indirect 
coupling, the multiplet will be smeared out into a 
single line with the intensity given by the sum of 
the intensities of the normal multiplet lines. 

This type of double resonance has been analysed 
by Bloch®), and Anderson’) has demonstrated the 
effect by his successful experiment. However, since 
the difference between these two frequencies is 
usually less than a few hundred cycles per second, 
a fairly large beating makes it rather difficult to 
apply this method to extensive investigation of in- 
direct coupling in complex organic compounds. 

We have carried out similar experiments by 
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making use of a side band technique. It is well 
known that when the static field is modulated 


slightly by audiofrequency ,,/2x, small side band 
peaks appear at the magnetic fields +w,,/y distant 
from the main resonance field. The intensity of the 
side band peaks is determined by the degree of the 
modulation’ So, making the degree of the modula- 
tion quite small, the main resonance can be strongly 
saturated while the side band peaks are always kept 
in unsaturated state. If we choose w,,/2x equal to 
the frequency difference between the A and B 
resonances, one of the side band peaks of the A 
resonance will then appear exactly at the B reson- 
ance, and wice versa. When Hy, is very weak, this 
side band peak is hardly recognized, being com- 
pletely hidden in the main line. But, when Hy is 
increased to saturate the main resonance, keeping 
the side band peak in unsaturated condition, this 
side band peak will become to be seen on a broad 
peak of the saturated main line. If yH, overcomes 
the indirect spin-spin conpling frequency consider- 
ably, this indirect interaction will be ineffective to 
form normal multiplet and the side band peak will 
become a single line with the intensity equal to the 
sum of the intensities of the multiplet lines. 

We have examined this consideration on CH3CHO. 
A Varian 4300 B high resolution NMR spectrometer 
was used. The frequency difference between the 
proton resonances from CH; and CHO groups in 
this molecule at 40mc/sec was 303 cps. By the 
indirect spin-spin coupling, they have doublet and 
quartet structures, respectively. Keeping 
constant, 303 cps, H, was increased upto such a 
value as to wash out the indirect interaction, and 
the side band line from CH3 group was observed 
which appeared just at the main Bresonance. Fig. 
1 shows the result of the observation. As is 
predicted by the foregoing argument, only a single 
line appears in this figure, instead of the normal 
doublet. When w»,/2x was altered slightly from 
303 cps, the normal doulet structure appeared again 
as shown in Fig. 2. 


Om 2m 
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Side band of CH, 
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This method of double resonance may be found current which passes through the cell is read on 
useful for analysing complex spectra in nuclear an oscilloscope and the average current of photo- 
magnetic resonance of organic molecules. multiplier is measured by a DC microammeter. 
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Avalanche Electroluminescence in CdS 


Single Crystal 


current of photomultiplier 


By Makoto KIKUCHI and Sigeru IIZIMA 
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current through the cell (mA) 
(Received April 11, 1959) Fig. 3. The light intensity versus the current 


through the cell. 
CdS single crystal having an ohmic evaporated In Be car 


electrode and a non-ohmic Ag-paste electrode 
generally shows N-type rectifying characteristic.V 
CdS rectifying cells whose construction is shown in 
fig. 1 are made with flaky single crystals. With 
these cells, when the forward voltage is increased 
up to 25~50 volts, the forward current increases 
rapidly and light is emitted as shown in fig. 2. 


V-I characteristic of the cell is shown in fig. 4. 
Again, the voltage pulse is used to eliminate the 
creep effect. The repetition frequency is 100cps 
and the pulse width is 20 microseconds. When the 
voltage reaches a critical value, current increases 
rapidly. This behavior is quite similar to that of 
the gas discharge tube. 


Ag=paste 


Metal plate 


Fig. 1. The construction of the rectifying cell. 


10 20 30 40 
500 V (volts) 


(pA) 
Fig. 4. The V-I characteristic of the cell. 


It is believed that when the forward voltage 
reaches a certain value, the avalanche breakdown 
occurs in the bulk of the crystal, taking the low 
differential resistance in on-state (about 400 ohms) 
into account. The emission of the light is due t 
Fig. 2. Photograph of light emission from the : ‘ 


- ; ‘ the recombination of electrons and holes generated 
g-paste electrode. in the above process. 


The relationship between the current through the 
: : Te ; : Reference 

cell and the light intensity is shown in fig. 3. Since 
the creep of the light intensity occurs with DC 1) R. W. Smith: 
steady current, voltage pulse is used for the 
measurement. The repetition frequency is 5,000 
cps, and the pulse width is 20 microseconds. The 
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Ferrimagnetic Resonance Line Width 
in Polycrystalline Y3;Fe;_,In,O., 


By Tomonao MIYADAI, Yuzo SHICHIJO 
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Nippon Telephone and Telegraph Public 
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and Ichiro TSUBOKAWA 


Research Institute for Iron, 
Steel and Other Metals, 
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Since the discovery by Bertaut et al”, intense 
interests have been taken to the ferrimagnetic 
oxides with garnet structure, having a general 
formula, M3Fe;Oj.. The discovery by Dillon?) of 
an extremely narrow ferrimagnetic resonance line 
width in an yttrium-iron garnet (YIG) single crystal, 
strengthened these interests. In this connection, 
it is interesting to investigate the change in line 
width in the indium-substituted YIG, Y3Fe5—zIn-Ojs. 

The mixtures of Y.O03 (999.9%), Fe,03 and In,03 
powders in desired proportions were pressed into 
disk form, sintered at 1400°C in air for about six 
hours and cooled in the furnace. The samples for 
resonance absorption were spheres of 0.32 to 0.49 
mm in diameter which had been ground by Bond’s 
method), The microwave frequency was 20080 
Mc/sec and a rectangular cavity of transmission type 
with Hios mode was used. 

The experimental results are shown in Fig. 1. 
Each point for the half line width plotted in this 
figure is the minimum value among those obtained 
for several samples with the same indium concentra- 
tion, x. As shown in this figure, at ~=0 the line 
width takes a value of 130 Oe and increases rapidly 
with increasing x to c.a. 900 Oe at x=1.3. Beyond 
this point it decreases slightly. The absorption 
intensity, however, first increases, passes through 
a maximum at nearly ~=0.3, then decreases mono- 
tonically and reaches zero at about w=2. As is 
shown in the figure, this variation corresponds ex- 
actly to the variation of saturation magnetization, 
Ms, with x. The g-values of these samples were 
between 2.01 and 2.03. 

According to X-ray analysis, the samples consist 
only of garnet phase for 0<a%<0, of three phases 
(Garnet + YFeO3+In.03) for 1.0<v<2.0 and at w= 
2.0, of two phases (YFeO;+In.03). 

The reason for the increase in line width with 
increasing indium content is not clear since our 
samples were polycrystals. Schlémann” studied 
the ferrimagnetic resonance in polycrystalline 
ferrites and concluded that the line width is 
broadened by |Ki|/Ms+1.5(4nMs)AV/V in a poly- 
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AH, and of the saturation magnetization at room 
temperature, Ms, with w in Y3Fes5-2In,Oy. 


crystalline specimen, where Ky, is the lst order 
anisotropy constant, Ms the saturation magnetiza- 
tion at a given temperature and AV/V the ratio of 
the pore-volume in the sample to its apparent 
volume. Since all our samples have a relative 
density of more than 90%, the fluctuation through 
the samples in the value of AV/V will be within a 
few percent. The saturation magnetization at room 
temperature varies with x as shown in the figure. 
This initial increase of Ms in c.a. 15% and, for x 
greater than 0.3, Ms decreases considerably. There- 
fore, the amount of increase of the second term, 
1.5(4nMs)AV/V resulting from the In-substitution 
will not exceed 20%. It may be certain that | K,|/Ms 
will not increase since the ferromagnetic Curie 
temperature decreases with increasing x. There- 
fore, so long as depending on the Schlomann’s 
result, the line broadening due to polycrystallinity 
should be of the same magnitude for all our samples. 
It might be possible that the greater part of the 
increase in line width for the single phase region 
(0<a#<1.0) results from the irregularities) in 16(a) 
and 24(d) sites caused by the indium substitution 
for Fe. 
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Electric Resistance and Cation Distribution 


of Fe-Mn Ferrite System 


By Zenya FUNATOGAWA, Nahonori MIYATA 
and Seiji USAMI 
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By means of the electrical resistance measure- 
ments of Mn,Fe3--O, (0<w<1.14) the distribution 
of Mn-ions on the crystal lattice points was esti- 
mated. It was concluded that Mn-ions should 
occupy the B-sites of the spinel lattice at least in 
the region of low Mn-ion content. 

Specimens (8x3x8mm) were cut from large 
blocks solidified from the melt in the air. Depen- 
dence of the specific electrical resistance (0) on 
absolute temperature (7") (100°K-280°K) was measur- 
ed by the four probes method with two In-amalgam 
electrodes on both sides of the specimen for the 
current flow and two brass electrodes, 4mm apart, 
for measuring the potential between them. log 0 
depends linearly on 1/T between 120°K and 200°K 
(w=0.1), and a knick is observed at about 120°K in 
the region 0.2<7<0.6. Linear dependency mention- 
ed above tells us that specific resistance is expressed 
by p= 00exp (e/kT). Two constants ¢ and 6 are 
plotted against w« in Fig. 1 and 2. Experimental 
values of 09 represented by open circles in Fig. 2 
are expressed by a simple relation, oy=6x10-3 
(a/1—a), which is shown by a curve in the figure. 

Conduction mechanism of these ferrites is under- 
stood as the motion of electrons between Fe2+ and 
Fe?+ on the B-site of the spinel lattice. Also oo= 
l/mpe, where mp is the concentration of charge 
carrier at the condition that 7 is extrapolated to 
infinity, » is the mobility, and e is the charge. 9 
is proportional to (1-2), the number of Fe2+ ion 
which is always at the B-sites, and independent of 
the distribution of Mn-ions. But as for mw, there 
are two possibilities; (1) it does not depend on x 
if Mn-ions occupy the A-sites because there are 
only Fe?+ and Fe%+ on the B-sites and yp is deter- 
mined by scattering by thermal motion of crystal 
lattice, or (2) it is reciprocally proportional to wx if 
Mn-ions are distributed on the B-sites because 
scattering by Mn-ions is predominant. Then 
depends on @ as const. x(1/1l~a) or const. x (a/1—2) 
when Mn-ions occupy A-sites or B-sites respective- 
ly. The experiment shows the latter case is actually 
true. But it must be noted that their difference is 
not clear in the region of low Fe?+ concentration 
where 1/1~a in both expressions is predominant. 
It is now believed by the neutron diffraction experi- 
ment that Fe;0, and MnFe.0, have inverse and 
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Fig. 1. Activation energy ¢ vs. Mn-ion 
concentration x. 


Fig. 2. 09 vs. x; open circles represent experi- 
mental values and a curve shows 
0o=6 x 10-3(a@/1—2) a cm. 


nearly normal spinel structure respectively). Then 
we should recognize that by substitution for Fe2+ 
in magnetite by Mn?+ the latter occupy B-sites in 
the region of low concentration while normal type 
spinel is stable in the region of large concentration. 

We are now investigating the magnetic crystalline 
anisotropy of these ferrites and pronounced valley 
in the curve —Kj/M vs. composition x is observed. 
—Ki/M is a minimum in the region 0) | OO, 
and changes its sign. The relation between these 
facts and distribution of ions mentioned above will 
be discussed in the paper of this journal very soon. 
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Magnetic Annealing Effect in a Fe,0; 


By Takao IwATA, Masako IWATA 
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We have studied the magnetic annealing effect in 
a Fe,O03, which is an antiferromagnetic with super- 
posed parasitic ferromagnetism of unknown origin”. 

The disc specimen, 1.62 gr in weight, was made 
from pure aFe,O3 powder (produced from Fe(NOs);3- 
9H,O by heating in air) by sintering at 1000°C in 
oxygen. It was cooled in air from 750°C (the Néel 
temperature is about 675°C) in magnetic field (H,) 
of moderate intensity (440 Oe), the direction of which 
is denoted as e=360°. The magnetic torque mea- 
surements of the specimen in this state could 
not detect any effect of magnetic annealing; the 
torque curves can be interpreted simply by the 
presence of the thermo-remanence remaining in the 
direction of the annealing field. Then, in order to 
eliminate the effect of the thermo-remanence, the 
magnetically annealed specimen was magnetized 
along the @=270° direction by an intense field of 
6700 Oe (Hx), and the torque of thus treated 
specimen was measured in the rotating field (#7) 
applied parallel to its disc surface. Typical torque 
curves as obtained for H=1320O0e are shown in 
Fig. 1. As is seen clearly, the curve (a) which was 
measured by the clockwise rotation of H shifts 
greatly from the curve (b) which was measured by 
the counter-clockwise rotation of H. This shows 
that the parasitic ferromagnetism has a_ large 
rotational hysteresis in accordance with the obser- 
vation by Jacobs and Bean). The curve (c) as 
determined by averaging the curves (a) and (b) cuts 
the abscissa at a point shifted slightly from ¢=270° 
towards @=360°, the deviation angle of this inter- 
secting point being nearly proportional to H. 

The Fourier analysis of the averaged torque 
curves shows that the energy associated with them 
can be expressed by a formula 


E=—K,cos (@+7/2)— Ky, cosé@. 


This formula indicates that the first term is due to 
the remanent magnetization remaining in the direc- 
tion of ¢=270° as a result of the application of H, 
and the second term is an unidirectional magnetic 
anisotropy induced by magnetic annealing which 
stabilizes the magnetization vectors lying in the 
direction of H, (¢=360°). The dependence on H of 
K,., Ku, and the magnitude of the rotational hystere- 
sis, AQ, which is the difference between the 
clockwise and counter-clockwise measured torque 
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Fig. 1. Torque curves for the rotating field of 1320 
Oe of an a Fe,O3 disc cooled in magnetic field 
(Hq) and then placed in a perpendicular field 


(Hy). The curve (c) is the averge of the curves 
(a) and (b). 
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Fig. 2. The measured values of Ky, K,, and AQ 
as dependent on the measuring field (H7) in an 
a Fe,03 disc. « is the value of measured Ky, at 
the liquid air temperature. 


curves, is shown in Fig. 2. It is to be noted that 
the value of K, measured at the liquid air tem- 
perature is considerably low, as shown in Fig. 2, 
which corresponds to the already known experi- 
mental fact that the parasitic ferromagnetism of 
a Fe,O; reduces considerably at low temperatures”. 

The observed unidirectional anisotropy may be 
explained by assuming, as an origin of the parasitic 
ferromagnetism, the existence of ferromagnetic 
layers such as the # phase*), which are parallel to 
the basal plane of a Fe,O3 crystal and in exchange 
contact with the antiferromagnetic matrix. When 
the specimen is cooled from above the Néel tem- 
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perature in magnetic field of moderate intensity, 
spins in the antiferromagnetic regions near the 
ferromagnetic layers aligne themselves parallel to 
spins in the ferromagnetic layers so as to lower the 
energy of the exchange contact instead of aligning 
perpendicularly to the annealing field, and thus an 
unidirectional effective anisotropy energy is produced 
within the ferromagnetic layers and brought to the 
room temperature. The antiferromagnetic spins 
aligned parallel to the spins in the ferromagnetic 
layers will not be affected by the normally applied 
field Hy. Then the unidirectional magnetic aniso- 
tropy will be observed only by the above-stated 
special procedure. In an intense measuring field 
(H>4000 Oe) the stabilizing action of the antiferro- 
magnetic spins will be weakened, so that the 
unidirectional anisotropy and the rotational hystere- 
sis of the torque will begin to decrease (cf. Fig. 
2). Here, it is assumed that the direction of 
antiferromagnetic spins can rotate in a basal plane 
so as to become perpendicular to the applied field 
and the critical field strength for such a rotation 
is about 2000 Oe after the magnetization measure- 
ments of Bizette et al.4) Finally, it should be 
remarked that the observed unidirectional anisotropy 
can not be explained by the uniform body parasitic 
ferromagnetism such as proposed by Dzyaloshinsky». 
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Quenching Effect of the Photoconductivity 
Decay in CdS 


By Makoto KIKUCHI and Sigeru IIZIMA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received April 11, 1959) 


On one face of the flaky CdS single crystal is 
evaporated In, and on the opposite face Ag-paste is 
applied. The cell having such a configuration shows 
relatively good rectifying characteristic.2 The 
decay of photocurrent in forward direction after 
having been irradiated with very weak light is much 
faster than that in backward direction. In fig. 1, 
the time required for the photocurrent to decay 
down to one fifth of stationary value, 74/5, is plotted 
as a function of applied voltage. The relation be- 
tween the applied voltage and the stationary photo- 


Short Notes 


(Vol. 14, 


current is also shown. 


~e—e photocurrent 


~—o- decay time 


Stationary 
photocurrent (x 10"A) 
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Fig. 1. The stationary value of photocurrent and 
its decay time versus applied voltage. 


When the cell is biased forward, photocurrent and 
its decay are governed by the photoconductivity 
and its decay in the bulk of crystal. On the other 
hand, when biased backward, they are governed by 
the photoconductivity and its decay in the barrier 
layer near the surface where Ag-paste is applied. 
Since the free carriers are exhausted in the barrier, 
the rate of recombination process is low, and the 
recovery after the light is removed may be expected 
to be slow. 

The slow decay of the photocurrent in the back- 
ward direction is accelerated by temporarily remov- 
ing the bias voltage or reversing it to forward as 
shown in fig. 2. The cell on which backward bias 
(7 volts) is applied is illuminated with a very weak 
light, and after the photocurrent reaches the 
stationary value, the light is removed. In the 
course of the decay of photocurrent, applied bias 
voltage is reduced to zero, and after 10 seconds 
raised again to 7 volts. The current is rapidly 
settled down to original dark value by this process. 


—— light off 


0 volt 
10 sec. 


trormal 
decay 


current 


I min 
Fig. 2, The quenching effect of photocurrent 


decay by temporarily reducing the voltage to 
zero. 


A possible explanation is as follows: reducing 
the voltage to zero, the barrier layer is shrinked, 
then the region in which the free carriers has been 
exhausted or nearly exhausted is made to have more 
free carriers, and the recovery is accelerated. 
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Luminescence of Tl ion in alkali halide crystals 
has been investigated so extensively since early 
decades from both the theoretical and experimental 
sides, because of the fact that the electronic transi- 
tion involved in either emission and absorption is 
considered to take place within the Tl ion, and the 
model of the luminescence center is quite simple. 
The emission of the pure and activated crystals 
was studied in Nal crystal and the fluorescence which 
is likely attributed to the exciton has been re- 
ported!). 

The investigations of Tl emission with irradia- 
tions of lights in the fundamental absorption bands 
of host crystals, will provide valuable informations 
to the process of the energy transfer in crystals. 

This note describes a preliminary results on the 
quantum yield of Tl-fluorescence in KI crystal when 
it is excited at room temperature with lights in the 
far ultraviolet absorption bands. Teegarden” has 
obtained the similar results independently, using a 
KI crystal containing much smaller concentration 
of Tl ion (one part in 105), hence the comparison is 
also described. 

The KI crystal was grown from the melt contain- 
ing three mol. per cent thallium, and one tenth of 
the initial concentration of Tl is considered to be 
introduced in a single crystal. For the illumination, 
the monochromatic lights (band pass is 6 my) from 
a hydrogen discharge tube through the previously 
reported vacuum monochromator») was used. The 
relative intensities of monochromatic lights in the 
region from 300myz to 150my incident upon the 
crystal surface were obtained by measuring the 
fluorenscence of a sodium salicylate fluorescent 
screen which was placed close to the crystal. The 
fluorescent screen is confirmed to have same uniform 
quantum efficiency to the lights down to 100 mp. 

The fluorescent screen was removed out of the 
light path by means of rotation mechanism, then 
the monochromatic lights illuminated the crystal 
and made it luminesce. The luminescence from 
the crystal and from the screen were measured 
alternatively for each monochromatic light with a 
photomultiplier tube. The direction for receiving 
the luminescence from the crystal was set to take 
a proper angle against the path of monochromatic 


* This work was talked at physics meeting in 
October, 1958. 
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Fig. 1. Quantum yield of Tl emission in KI 


crystal at room temperature as a function of 
photon energy. The concentration of Tl is about 
0.3% for (a) and 0.001% for (b). Curve (b) is 
the results by Teegarden. Curve (c) is ab- 
sorption bands of thin film of KI crystal by 
Schneider and O’Bryan. 


lights to avoid the stray light from the monochro- 
mator. 

The relative quantum yield thus obtained is shown 
in Fig. 1 (a). For the comparison, the result by 
Teegarden is given by (b). Two peaks at hy=4.3 
eV and 5.2 eV are the direct excitation of Tl and 
correspond to absorption maxima of TI ion it- 
self. As cleary shown in the absorption curve of 
pure KI film (c)», minima at hy=5.7 eV and 6.6eV 
correspond to the maxima of absorption coefficient 
of the host crystal, hence they are attributed main- 
ly to the reflection loss. 

It is well known that the yield of Tl emission is 
unity) with a light in the region of its absorption 
bands. Comparing the relative height in Fig. 1 (a), 
the yield for lights below 175 my is determined to 
have the value of 0.8. 

On the other hand, when the host crystal is ir- 
radiated in this spectral region, it shows a_ photo- 
conduction and free electrons and holes are generat- 
ed. Therefore, the emission in this spectral region 
is considered to be due to the energy transfer 
through the recombination of electron and hole. 

There is no definite information where the photo- 
conducting region starts, however, it may be 
considered to extend to the excition peak at hy= 
5.7eV. Therefore, the peak of yield at hy=6.2eV 
will be the superposition of the emission induced 
by the exciton and the recombination of electron 
and hole. From these facts, the efficiency of emis- 
sion of Tl ion induced by only the exciton will be 
lower than that indicated in Figure, at room temper- 
ature. 

The quantum yield of the induced emission by 
exciton or recombination of electron and hole 
depends on the Tl concentration as seen from 
figures of (a) and (b). Therefore, with measuring 
the yield as a function of Tl concentration, the 
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mechanism of energy transfer will be discussed. 
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Study of the electric quadrupole interaction of 
the nucleus of an iron group ion with the local 
field gradient in crystals gives informations on the 
nature of the crystalline electric field as the local 
field gradient has a close relation to the electric 
local field.12 We studied the quadrupole effect in 
the nuclear magnetic resonance of Co® in K3[Co(CN)g] 
and [Co(NHs3)s]Cl3, which are diamagnetic. 

Rotation patterns about the a, b and c axes of the 
pseudo-orthorhombic crystal (twin) of K3[Co(CN).] 
were measured at 4.2°K. The quadrupole coupling 
constant e?¢Q/h, the asymmetry parameter 7, and the 
orientation of the principal axes of the field gradient 
tensor were determined by the usual method. The 
obtained values were e?¢Q/h=7.340.1 MC and 7= 
0.75+0.03. The orientations of the principal axes 
for the two equivalent Co(CN)s groups in an unit 
cell are shown in Fig. 1. This asymmetric field 
gradient seems to have its main origin in the 
asymmetry of charge distribution in the group 
Co(CN)s, as the directions of the principal axes can 
not be related to the arrangement of K+ and 
[Co(CN)s}- ions in the monoclinic unit cell.» It 
must be noted that the orientation of the principal 
axes of the g-tensor of K;[Fe(CN).],2 which is 
isomorphous with K;[Co(CN).], differs appreciablly 
from this. 
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Fig. 1. Orientation of the principal axes of the 
field gradient tensor in K3[Co(CN).]. The z axis 
lies along the direction of maximum and the x 
axis along the direction of minimum field 
gradient. The «x axis is parallel to the crystal- 
lographic c-axis. 


The powdered specimen of [Co(NH3)g]Clz showed 
an asymmetrically broadened resonance line at low 
temperatures. Its shape was quite similar to the 
second order powder pattern of the central com- 
ponent (m=-+%3<>-—4) for the field gradient of axial 
symmetry.Y Assuming 7=0, e?¢Q/h was found as 
1.5+0.1MC at 4.2°K. The symmetry axis will 
probably lie in the [111] direction of the Co(NH3). 
octahedron. 

The above results show that there exists consider- 
able distortion of the octahedral charge distribution 
around the Co nucleus. Such a distortion will be 
related to the anisotropy of the crystalline electric 
field in paramagnetic complexes such as K3[Fe(CN)g] 
and [Cr(NH3)s]Cls. More interesting result will be 
obtained from the nuclear resonance of Mn in Ks 
Mn(CN)¢ (paramagnetic) at very low temperatures. 
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The elastic and inelastic (leading to the first excited states of target 
nuclei) scatterings of protons by medium weight nuclei (Ti, Cr, Ni, and 
Zn) were studied by observing the dependence of their angular distribu- 
tions on bombarding energies from 8 MeV to 14MeV. The angular dis- 
tributions of protons elastically scattered from oxygen were also measur- 
ed in the same energy range. There are appreciable regularities in the 
elastic scatterings by medium weight nuclei as regards the dependence 
of their angular distributions on the bombarding energy and on the 
atomic number except in the case of the bombarding energy of 8 MeV. 
The elastic scatterings from oxygen show an anomalous behaviour at 
energies about 9 MeV. The angular distributions of protons inelastical- 
ly scattered from medium weight nuclei can be fitted by the predictions 
of the direct interaction theory with Born approximation at about 14 
MeV, but at the lower bombarding energies they seem not to do so, 
although they have the prominent forward peaks. The distorted Born 
approximation or the admixture of amplitudes due to compound process 
seems to be necessary to explain the angular distributions. In addition, 
it is found that the yield of the inelastic scattering varies with the 
bombarding energy appreciably. 

For Ni target, the dependence of the yield of the inelastic scattering 
leading to the first excited state on the bombarding energy was measur- 
ed in detail by changing the incident proton energy finely at intervals 
of about 50KeV. We recognized that there were resonance-like behavi- 
ours with spacing of about several hundred KeV. 


$1. Introduction 


Recently rather many experimental investi- 
gations have been reported upon the angular 
distributions of elastic and inelastic (leaving 
the residual nuclei in discrete states) scatter- 
ings of intermediate energy protons by nuclei. 
The results on elastic scatterings are fitted 
by optical model analysis. While the results 
on inelastic scatterings, leaving the residual 
nuclei in low-lying states, show rather com- 


* Department of Physics, Osaka University. 
** University of Minnesota, on leave from 
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*« Institute for Nuclear Study, University of 
Tokyo. 
«ek Department of Physics, Yokohama National 
University. 
we" Department of Physics, Kyushu University. 


plicated aspects, and do not allow us to make 
any clear interpretation of the reaction mecha- 
nism. The data of most investigations’ were, 
however, confined to some light nuclei and 
limited to narrow region of incident energy. 
In this situation, we consider, the accumula- 
tion of more experimental data is desirable 
for further developments. 

The experiment reported here is a part of 
our studies along this line. The whole plan 
of our study includes the measurements of 
angular distributions of the elastic and the 
inelastic scatterings from almost all the even- 
even nuclei from oxygen to zinc (including 


e The works of B. I: Cohen) on anomalous in- 
elastic scattering cover a wide range of mass 
number or that of R. W. Peele?) on Carbon covers 
a wide range of incident energy. 
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nitrogen) in their natural isotopic abundances. 
The energies of incident protons were varied 
between 8MeV and 14MeV. The present re- 
port forms the Part I of our studies and con- 
cerns with the experiments with the foil 
targets of medium weight nuclei; titanium, 
chromium, nickel and zinc, and also with the 
gas target of oxygen. 

Among the present authors the members 
of Osaka University had performed systema- 
tic investigations»? of inelastic scatterings of 
protons near 5.5MeV and had an intension 
to extend their works using gas targets to 
the higher energies. 

The experimental method and procedure of 
the present experiment are similar to those 
of the previous work reported by some of 
us. 


§ 2. Experimental 


The proton beam of the INS cyclotron 
was brought to the scattering chamber of 
100 cm in diameter through a pair of magne- 
tic quadrupole lens, a sector magnet and a 
collimator. Then the proton beam was scat- 
tered by a target mounted at the centre of 
the scattering chamber and then detected by 
a Nal (Tl) scintillation crystal and a photo- 
multiplier (RCA 6342), which were located on 
the turning table in the scattering chamber. 
Output pulses were amplified and feed to a 
Johnstone type 20-channel pulse height analy- 
ser. Details of the scattering system, beam 
integration, beam energy measurement and 
the scintillation counter have all been describ- 
ed in Reference 4. As the gas target, we 
used a gas chamber, which was made of a 
brass cylinder of 9cm in a diameter and of 
6cm in height and had a window extending 
along the angle of more than 180°, including 
the beam entrance and the beam exit. This 
window was covered with a sheet of alumi- 
nium foil of 20% in thickness. 

The thicknesses of the self-supporting foils 
used as the targets were; Ti (2.09 mg/cm?), 
Cr (0.37 mg/cm”), Ni (1.02mg/cm2) and Zn 
(4.48 mg/cm”), respectively. As the oxygen 
target we used the gas of 1/2 atom. When 
excitation curves were measured, the beam 
energy was varied at intervals of 50KeV by 
changing the magnetic field and the frequen- 
cy of the cyclotron. The energy spread of 
the incident beam was not determined precise- 
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ly but it seemed to be less than 50KeV. 
Although technique used for continuous chang- 
ing of the energy was rather preliminary, the 
agreement between the results of two inde- 
pendent runs were good. 

The typical energy spectra of the emitted 
protons are shown in Fig. 1. Fig. 1 displays 
also that most parts of the errors in differen- 
tial cross sections, especially at forward an- 
gles, are caused by background subtraction. 
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Fig. 2. Differential cross sections with estimated 
errors (1). 


Examples of differential cross sections of in- 
elastic scatterings containing errors due to 
counting statistics and background subtraction 
are shown in Figs.2to5. At the bombarding 
energy of 14 MeV, the figures also include the 
results of Reference 4. The agreement be- 
tween both measurements is fairly good. 
The errors of the absolute values of cross 
sections come mainly from the uncertainty in 
target thickness and were less than 10% for 


1959) 


foil targets and less than 5% for gas targets. 
The relative errors of the cross sections of 
elastic scattering may be 5% or less. The 
‘total cross sections of inelastic scattering, 
‘obtained by numerical integration of angular 


distribution curves, will have the errors less 
than 20%. 
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Fig. 3. Differential cross sections with estimated 
errors (2). 
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Fig. 4. Differential cross sections with estimated 
errors (3). 
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The elastic scattering from oxygen was 
measured especially for the purpose of sub- 
traction of background due to oxygen con- 


tamination in the cases of chromium and 
magnesium. 
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Fig. 10. Angular distributions of elastic scatter- 


Fig. 8. Angular distributions of elastic scatter- : : 
ing on Zinc. 
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12 MeV for Ti; 14, 12, 10, and 8 MeV for Cr 
Ni and Zn. These results are shown in Figs. 
A. Elastic scattering 6 to 10*. They show that, except the case of 

The absolute differential cross sections of * The numerical tables of the differential cross 
elastic scatterings were measured at energies sections of elastic and inelastic scatterings will be 
of 14, 12, 10, and 8 MeV for oxygen; 14, and _ reported elsewhere. 


§ 3. Results and Discussion 
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oxygen, there exist smooth variations with 
|the bombarding energy and with the atomic 
'number. The latter dependence is shown in 
| Fig. 11. Fig. 12 shows the plots of the posi- 
'tions of the first maxima as a function of 
|A-3_ This figure shows that there exist 
marked regularities at energies more than 10 
MeV, but at 8MeV the behaviour is some- 
what different. Simple calculation shows 


that there is not the relation that RkR@min is 
- constant. 
/ recognize a hump at forward angles but it 


For the lighter nucleus; Ti, we 


_ disappears as the atomic number is increased 


'or the bombarding energy is decreased. This 


hump becomes clear for argon*. 

In the case of nuclei from argon* to zinc, 
the minima in angular distributions are 
smeared out as the incident energy decreases. 
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%* The results for lighter nuclei will be published 
in another report. 
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But in the case of oxygen, the minima be- 
come sharper at about 9 MeV. Such a mark- 
ed energy dependence in elastic scatterings 
does not appear in the case of nitrogen** but 
similar effects occur in the case of neon** 
from 10MeV to 14MeV. This behaviour in 
oxygen or in neon seems to be anomalous. 
The angular distribution at 9.07 MeV in the 
case of oxygen resembles fairly to that obtain- 
ed by W. E. Burnham et al. at Eyy=9.5 MeV. 
This shows that the above-mentioned anoma- 
ly is not confined to narrow region of incident 
energy. All through this report, we express 
energies in the centre of mass system. 


Ist minima 


Positions of the 


0.28 
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Fig. 12. Regularities in the elastic scattering. 


B. Inelastic scattering 

The angular distributions of inelastic scat- 
terings from Ti, Cr, Ni, and Zn were 
measured in the same energy region as the 
elastic scattering, and are shown in Figs. 13 
to 16. The curves in these figures are drawn 
smoothly among experimental points as shown 
in Figs. 2 to 5. The levels which take part 
in the measured cross sections are also shown 
in these figures. The results are not so re 
gular as was in the case of elastic scattering. 
This circumstance may indicates that the in- 
elastic scattering concerns with details of the 
structure of nucleus. 

We may make some general discussions on 
the inelastic scatterings of proton, observed 
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in this experiments, leading to the first ex- 
cited states of even-even nuclei. There are 
following features in these cases. First, we 
have a common spin-parity relation between 
the levels, even though natural elements are 
used as targets and the first levels of indivi- 
dual isotopes are admixed. Secondly, we may 
assume the energy spread of the beam cover 
so many levels of the compound nuclei in 
these medium weight nuclei and at our bom- 
barding energies. : 

As reported in reference 4, the angular dis- 
tributions can be fitted well by the simple 
theory of the surface-direct reaction based on 
the Born approximation at about 14MeV. 
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Fig. 14. Angular distributions of inelastic scat- 
tering (1st excited state) on Chromium. 


Y. NAGAHARA, Y. ODA, N. TAKANO, M. TAKEDA, T. YAMAZASI, C. HU, K. KIKUCHI (Vol. 14} 


However, when the energy is decreased, the 
first maximum seems to shift to the smaller) 
angle or to disappear, although the promineniy, 
formard peaking is preserved all over the; 
energy range. | 

At present, however, a decisive conclusiori) 
on the angular distribution at very small an) 
gles might involve some vulnerabilities. We| 
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Fig. 15. Angular distributions of inelastic 
tering (lst excited state) on Nickel, 
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expect further studies with a magnetic reac- 
tion particle analyser. 

The total cross sections obtained by numeri- 
cal integration of angular distribution curves 
are shown in Fig. 17. In performing the in- 
tegration, the cross sections at forward an- 
gles were estimated by extrapolation. The 
total cross section increases as the incident 
energy decreases. In the cases of nickel and 
chromium, this increase becomes steeper from 
a certain energy. 

For nickel, the excitation curves for elastic 


Fig. 17. Total cross sections of inelastic scatter- 
ing (lst excited state). 
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Fig. 18. Excitation curve of elastic scattering on 
Ni. 
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and for inelastic scattering at laboratory an- 
gles of 45° and 90° were measured near 9 
MeV and 12MeV. The bombarding energies 
were changed at intervals of about 50KeV. 
The results shown in Figs. 18 to 19 reveal a 
very interesting phenomena. The general 
tendency of forward peaking is preserved all 
through the energy range. Near 9 MeV, 
however, (do/d2).s5°/(do/dQ)y° varies violently 
with bombarding energy; e.g. the angular 
distribution changes remarkably with small 
variation of the incident energy. The percent- 
age change at 45° is much larger than that 
at 90°. In addition, there seems to be no cor- 
relation between peaks of inelastic scattering 
and those of elastic scattering. The resonan- 
ce at 9.3 MeV has a full width at half maxi- 
mum of 150 KeV and the spacing of the peaks 
is several hundred KeV. 
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Fig. 19. Excitation curve of inelastic scattering 
(1st excited state) on Ni. 


Some of discussions on the experimental 
results will be given as follows: 

a) The behaviour of angular distributions 
with decreasing energy may be explained 
with the distorted Borm approximation. The 
mean free path of nucleon in nuclear matter 
is reduced as the incident energy is increased, 
and so, at higher energy (H»>10MeV), the 
direct interaction occurs mainly at the surface 
of the target nucleus and the nucleon which 
enter into the nucleus forms a compound 
nucleus and contributes little to the scattering 
to the low-lying state as the excitation energy 
is high and many channels are open. Thus 
these scatterings could fit well the simple 
theory of surface interaction with the Born 
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approximation. At the lower energy (En< 
10 MeV), the above assumption will be violat- 
ed and the wave will be more distorted. More- 
over, as pointed out in c), the admixtures of 
the compound nucleus formation or some ef- 
fects like it, may not be neglected as the 
number of open channel decreases. 

b) Sudden increase of total cross sections 
with decreasing of the incident energy can- 
not be explained by the simple Born approxi- 
mation, but it may be conceivable” .in the 
distorted wave approximation. Alternatively, 
this may be explained by the compound 
nucleus formation and the decrease of the 
number of open channels. It should be not- 
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ed that such a sudden increase is chiefly due 
to the increase of nearly isotropic parts of 
the angular distribution. 

c) Total cross sections and, in particular, 
the yields of forward peak which are perhaps 
due to the direct interaction are very dif- 
ferent among neighbouring elements. The 
yield from chromium is very small. The 
difference between the yield from Cr*? (which 
has the magic neutron number) and that 
from Ni (which has the magic proton num- 
ber) suggests some information about the 
reaction mechanism. (cf. Figs. 20, 21). 

d) We did not expect such a variation of 
differential cross sections as occur in the ex- 
citation curves of Ni in these energy range 
and in such a medium weight nuclei*. These 
resonance-behaviours are very similar to that 
have been found in the (d, p) reactions from 
light nuclei® (lighter than Ca‘’). The excita- 
tion energies of compound nuclei formed by 
proton are generally much lower than that 
formed by deuteron when the bombarding en- 
ergies are same. In (d, p) reactions, these 
phenomena are in general regarded as the 
admixture of the amplitude due to compound 
process or the resonance interaction between 
the emitted proton and the residual nucleus. 
It should be noted that the excitation energy 
of the Ni+p system is low as compared with 
that of neighbouring elements. K. Izumo” 
has proposed an explanation for such reso- 
nances with large spacings. His idea bases 
on some kind of partial heating of the 
nucleus. The similar resonance phenomena 
with large spacings have also been found in 
our measurements in the case of the inelas- 
tic scattering from lighter nuclei, which will 
be reported in our paper to be published. 
More exhaustive studies may be necessary to 
clarity these phenomena. 
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Cl2(n,n’)3a@ Reaction induced by 14.8 MeV Neutrons 
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The probable mechanism of the C!*(x, 2/)3a reaction when induced by 
d-T neutrons has been deduced from a study of 403 stars in nuclear 
emulsions. The angular distribution of the inelastically scattered neutrons 
show a forward peak, and it is concluded that the reaction occurred mainly 
through the compound nucleus and that the asymmetry at about 90° is 
caused by the interference of several levels. The possible decay mode 
of the C!2 nucleus was also investigated, and an approximate branching 
ratio was obtained, assuming that the decay mode via Be? was negligible. 
Then, comparing the angular distributions of the inelastically scattered 
neutrons which correspond to the different decay modes, Sacks’s model 
for the direct break-up of C!8* was found to be in disagreement with the 


present experimental results. 


§1. Introduction 


Chadwick, Feather and Davies” discovered 
the neutron-induced break-up of C” in a 
methane filled cloud chamber exposed to Po- 
Be neutrons. Green and Gibson” studied this 
reaction using d-D neutrons, d-Li neutrons, 
d-B neutrons, d-B™ neutrons and d-N neu- 
trons, and established that these reactions are 
CB+n>3a+n—7.34 MeV and NY +n—-> Li? 
4+2a—8.8 MeV. These events form “ stars y 
apparently radiating from the points of dis- 
integration, because all the processes under 
investigation occur within a very short in- 


terval. This fact introduces certain diffi- 
culties into the task of identifying interme- 
diate stages of the reactions. 

The cross section of this reaction was 
measured by Green and Gibson using d-Li 
neutrons ranging from 108. to 14.5 MeV, and 
by Kellog®? using 90 MeV neutrons, and by 
Frye et al. using d-T neutrons ranging from 
12 to 20 MeV. The values of the cross section 
measured by Frye et al. are 78mb at 12.6 
MeV, 265mb at 16.9MeV and 223 mb at 20.1 
MeV. These values of the cross section were 
calculated semi-empirically by Sacks® and 
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agree well for low energy reactions. 

The angular distribution of the inelastically 
scattered neutrons was measured by Green 
and Gibson for the first time, and found to 
be isotropic within the limits of experimental 
error. O’Neill® was able to show that the 
angular distribution for all inelastically scat- 
tered neutrons was isotropic within about 15% 
using the time-of-flight technique. And Frye 
et al. observed that all scattered neutrons 
which made ‘‘carbon stars’? in nuclear 
emulsions have isotropic angular distributions 
when the energies of the incident neutrons 
were mixed from 12.3 to 13.5 MeV, from 14.1 
to 16.9MeV and from 17.6 to 20.1 MeV. 

The decaying mode of this reaction has also 
been investigated by many authors. Perkin” 
analyzed 700 stars in nuclear emulsions ex- 
posed to d-Li neutrons with a maximum 
energy of 24 MeV, and found indications for 
Be® levels at 2.65, 4.0, 7.25 and 9.8MeV. He 
found that the 485 stars correspond to the 
C(n, m’)3a reaction, but it seems that the 
carbon stars which involve the ground state of 
Be® were missed in scanning. And the angular 
distribution of alpha particles was found to 
be isotropic in the center-of-mass system. 
Jackson and Wanklyne® studied these events 
using the cloud chamber and p-Be neutrons 
ranging from 8 to 40 MeV. They found that 
the evidence based on the energy distribution 
of the emerging particles shows that the 
reaction proceeds to an appreciable extent by 
the formation of a compound nucleus at 
neutron energies less than 20 MeV, while at 
higher energies the mechanism is that of ex- 
citation of C™ by inelastic collision. And 
they found that in 40% of the events, Be® 
occurs in its ground state, and that in less 
than 25% of the events involving the 9.6 MeV 
level of C¥” decay occurs directly into there 
alpha particles. Frye et al. also found evidence 
for C” levels at 9.6, 7.7MeV and for Be® 
levels at 0,3 MeV. And the processes via Be? 
were estimated to be less than 25% of the 
events. But the center-of-mass energy spec- 
trum of the scattered neutrons may be fitted 
by a four-particle phase space distribution. 
In the present work, using nuclear emulsions 
and d-T neutrons, the angular distributions 
of the inelastically scattered neutrons are 
studied in more detail, and probable mecha- 
nisms for neutron interaction and break-up 
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of the carbon nucleus are deduced. Sacks’s 
model for the direct break-up of C1’ is also — 


compared with the present experimental | 
results. 
§2. Experimental Procedure 


The experimental arrangement is shown 
schematically in Fig. 1. 1 x1(/2)” Ilford C2 | 
nuclear emulsions (200 ~) were irradiated by | 
14.8 MeV neutrons which were produced by | 
the d-T reaction, . 
analyzed molecular deuterium of 220keV from - 
a Cockcroft-Walton machine. The tritium 
target consisted of 0.5 curies absorbed in a 
0.2 mg/cm? zirconium foil and was bombarded 
with a steady beam of about 100“A. The 
distance from the tritium target to the center 
of the emulsions was 4” and the direction of 
the incident neutrons lies in the y-z plane, 
and the total flux of neutrons on the emulsions 
was 9.42 x10® neutrons/cm?. 


! (for emulsion A) 


(for emulsionA 
and B) 


Fig. 1. Experimental Arrangement. The direction 
of the incident neutrons lies in the y—z plane. 


An incident angle of 45° was chosen to 
minimize the error arising from the variation 
of shrinkage factor from day to day. The 
error is averaged over all angles in this case, 
but the disadvantage of this angle are that 
more complicated calculations are needed, and 
that the half width of the calculated curve 
in Fig. 4 becomes broader owing to a larger 
error introduced in measuring the depth of 
tracks. But the advantage of obtaining more 
accurate angular distributions of inelastically 
scattered neutrons is essential for the present 


employing magnetically 


1959) 


experimental aims. 

Two emulsions A and B were placed face 
to face as shown in Fig. 1. This setting and 
the choice of the incident angle has other 
advantages, 7.e., the effects of the neutron 
attenuation in the glass and emulsion becomes 
nearly the same for the whole observing 
volume. 

The emulsions were processed by the tem- 
perature method” using a low pH (6.6) amidol 
developer, and during the hot stage the con- 
ditions of 15 minutes and 18°C were chosen 
as suitable to reduce background fogs and 
recoil proton tracks. 

The processed emulsions were scanned with 
the ‘‘ Tiyoda LCM bi’’ microscope and the 
““Nippon Kogaku KUG bi” microscope at a 
magnification of 1350 and 1500 respectively. 
In the microscopic field, the x, y, z coordinates 
relative to the vertex of each carbon star 
were chosen in a right hand system, and the 
z axis had the direction from the interior 
region of the emulsion toward the surface. 
And a nuclear plate was attached to the stage 
of the microscope so that the direction of the 
incident neutrons lies in the y-z plane. The 
x,y,z coordinates of the end point of alpha 
prongs relative to the vertex of the carbon 


Fig. 2. Microphotograph of carbon star and recoil 
protons and alpha particles from (m, a) reaction 
Oi (CIN, O) 
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star were measured in the microscopic field 
with a eye-piece graticle and a scale of a fine 
focus screw. As the diameter of the micro- 
scopic field is about 100 » in both types of 
microscopes, the measurements could be made 
near the center of the field where the curva- 
ture of the field can be neglected. Each 
depth measurement was subject to about 
+0.5 w standard deviation. Errors in hori- 
zontal projections were about +0.3 y. 

To determine the shrinkage factor, the 
Po?!°-@ source was placed on a small portion 
of emulsion surface, and by measuring the 
horizontal and vertical components of the 
length of Po?°-a tracks the shrinkage factor 
was determined graphically™ to be 2.2. The 
range-energy relation for the C2 emulsion was 
obtained from the range-energy relation of 
Rotblat!™ calibrated for the humidity of 
laboratory conditions according to the meas- 
ured range of Po”°-a tracks. More discussion 
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(c) ar . 

Fig. 3. Microphotographs of typical carbon stars. 
(a): cascade break-up that involves the first 
excited state of Be®. 

(b), (c): cascade break-up that 
ground state of Be§, 


involves the 
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on the measurement of shrinkage has been 
reported in another paper. 

Data were obtained in two emulsions A and 
B, and analyzed separately. After it was 
established that the two sets displayed the 
same general features, the data were combined. 
This confirms that there was not a systematic 
error arising from the measurement of depth 
and that the method of calculations was not 
in error. (The depth was measured using the 
scale of a fine focus screw with attention 
given to the backrash of gears. But there 
may exist a personal error and an error aris- 
ing from the fact that the end point of the 
track near the surface of the emulsion appears 
sharp compared to the end point which les 
deep within the emulsion.) 

Fig. 2 shows the typical microscopic field. 
The three pronged star is the carbon star, 
and the single tracks of short range and large 


E,+Q= En + SE; 
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grain density are produced by alpha particles 
emitted probably by the (v,q@) reaction of 
carbon, nitrogen or oxygen. And long tracks 
with low grain density are produced by the 
neutron-recoiled protons. Fig. 3 shows the 
typical carbon stars which are considered (a) : 
cascade break-up that involves the first 
excited state of Be®, (b) (c): cascade break-up 
that involves the ground state of Be®. The 
analysis described in §3 (ES—E; graph) must 
be used to determine the decay mode. 


§ 3. 

As the direction of the incident neutron is 
known, the energy of the incident neutrons 
as well as the energy and direction of the 
inelastically scattered neutrons can be calcu- 
lated from the measured energy and momen- 
tum of the three alpha particles as follows. 

Using the conservation law of energy and 
momentum, we get 


Star Calculations and Results 


(1) 


where E; ((=1, 2,3) is the energy of the 7th alpha particles in the laboratory system, En and 
En are the energy of the incident and the inelastically sattered neutrons, respectively, 
Q(=—7.28 MeV) is the Q value for the break-up of C¥ into three alpha particles, and Xn, 
Yn, Zn 3 Xn, Yn", Zn 3 Xi, Yi, Zi @=1, 2, 3) are the x, y, z component of the momentum of the 
incident and the inelastically scattered neutrons and the 7th alpha particles, respectively. 
Momentum is taken as (mE)'/?, with m in atomic mass units and E in MeV. 

Since the incident angle of the neutron is 45° as in Fig. 1, 


AGU 5 Yi ==, , (2) 


where the double sign is plus for emulsion A and minus for emulsion B, and the energy 


of the neutrons can be expressed in momentum by, 
En=Xn+ ape ) 3 
En Dy Se Woop +Zy. \ ) 


From these formulae (1), (2) and (3), we get 


En= : E 2Ei)-Q4+ (SX? +(2 Vi)? 


(SY)#4(2Z) 
where the double sign is the same as in formula (2). 


(4) 


CL 


Fig. 4 shows the results thus calculated 
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Fig. 4. Calculated energy of the incident neutrons. Fig. 5. Excitation energy of Cl. 
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for 889 stars. Some contribution from the N'“(n, 2a)Li? reaction appeared on the higher 
energy side. Then, 403 stars that gave calculated values in the region of 12.8<F,<16.8 MeV 
were selected as C¥(u, -)3a@ stars produced by 14.8 MeV monochromatic neutrons. 

The excitation energies of C” for these 403 stars were calculated by the following formula, 
and the results are shown in Fig. 5. 


Exx(C)=(3E)—Q— [EXP 4(2 YiP+(2Z,)] (5) 


where E.x(C™) is the excitation energy of C” and the other notations are the same as in 
the preceding formulae. Figs. 6 and 7 show the energy distribution of the inelastically 
scattered neutrons and the three alpha particles which made a carbon star in the laboratory 
system. 
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Fig. 6. Energy distribution of the inelastically Fig. 7. Energy distribution of the alpha particles 
scattered neutrons in the laboratory system. in the laboratory system. 


The energy FE, and the angle @ of the scattered neutrons in the laboratory system can 
be obtained by the following formulae, where the double sign is plus for emulsion A and 
minus for emulsion B: 


joe cexor+| (By —2¥. +] (A) "22, | (6) 


cos Oo=(2Ew)-*4 | (By a sy bel (A) "32, || (7) 


To get the angular distribution of the inelastically scattered neutrons in the C* center-of- 
mass system, Figs. 8 and 9 were drawn using the following formulae (8) and (9) respectively* : 


* From kinematical considerations, 
MryMn' Hin =|" 
ae noe +-meo12(mo12 +Mn! —Mn) En, 
= ae ve (10) 
~ \ 12-18Q/+122H, 
and @Q/=Q-Hex(C®) 


=By(14 | #,(1 oe 
Mcl2 mMmcl2 


2 
= (Mn Mn! LL y')/2 cos 
mMmc12 


pee [1 411. 42Ey —6.76(En "2 cos Bol-¥? , 
Vv 
(8) 


4 


13 11 

12 12 
where Q’ is the experimental @ value!) and mn, mn/ 
and mc12 are the mass of the incident neutron, the 
inelastically scattered neutron and the C™ nucleus, 
respectively. Then, substituting the formula (11) 
2 3 4 ? Eni(Mev) into the formula (10) we can obtain the formula 


Fig. 8. A plot Hy’ vs. cos 4. (8) using #,=14.8 Mev. 


1 
Hing (En Bn’)¥? cos 69 , (11) 


cos Og 
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sin 0 (9) 


tan O)= , 
7 -+cos 6 


where 0 is the angle, v’ and v” are the velocities of the incident neutron and the C® 
nucleus respectively, in the C!* center-of-mass system. 

We can determine 7 from Ey and cos using Fig. 8, and @ from 7 and cos using 
Fig. 9. These calculations were made for each star individually and we got the angular 
distribution of the inelastically scattered neutrons in the C™ center-of-mass system, which 
is shown in Fig. 10. 

Then, we divided the scattered neutrons into three regions according to their energy. 


Relative number of scattered neutrons _ 


cos Go 
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Fig. 11. Angular distribution of the inelastically 
scattered neutrons (higher energy part) 
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Fig. 9. A plot y vs. cos @. 
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scattered neutrons. scattered neutrons (lower energy part). 
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Figs. 11 and 12 show the angular distributions of the inelastically scattered neutrons for 
8.5<EFex(C™)<11.75 MeV and 12.25<E.x(C")<13.7 MeV respectively. The resulting curves 


have the following equations when fitted by the method of least squares, 


o(9)=30+15Pi(cos #)—0.6P.(cos 0)—11P3(cos 9) , 
for 8.5<F..(C”)<11.75 MeV , 


17.22 (1 TF) 


(Mey) 


10.75£¢(C'I3.7Mev 
° cascace break-up that! 
: involves the ground 
state of Be 


Fex (C%)<lo75Mev 
direct break-up 


d A 
Ge Cén-n 


Fig. 13. The energy-level diagram for Be® and 
C2 (taken from Ajzenberg and Lauritsen™)),. 
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decay mode is the tripartition of C!2* directly E; 1.5 1.9 
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o(9)=22+21P,(cos 0)+16P2(cos 0)+20P3(cos #)+16P.(cos 8) , (13) 
for 12.25<E..(C")<13.7 MeV , 


where P,(cos 0) is the Legendre polynomial of the /th degree. As can be seen from Fig. 
13, there are four levels in the region of 8.5<F..(C”)<11.75 MeV, and two levels in the 
region of 12.25<F.x(C¥8)<13.7 Mev. The angular distribution for the region of IL. <i CY 
<12.25 MeV shows the intermediate character of Figs. 11 and 12; and there is no level in 
this region of the excitation energy as can be seen from Fig. 13. 

If the cascade break-up of C”* that involves the intermediate Be*® nucleus is more pre- 
dominant than the direct break-up of C”* into three alpha particles, evidence for Be® levels 
would appear when the excitation energy of Be® was calculated. As no one can decide, 
from the shape of the carbon stars, which two of the three alpha particles came from the 
break-up of Be’, three calculations must be made for each star giving at most one third 


‘“‘real’’ values superimposed upon a two thirds background of spurious values. The excita- 
tion energy of Be® nucleus Ei is given by 
Eh=Ert By—0.1—GUKA XP (Vit VP ZAZA, (14) 


@, j=1, 2, 3) 


where 0.1 is the Q value for the break-up of Be® into two alpha particles. Fig. 14 shows 
the distribution of E;; values, there being three values for each star as described above. 
If the C” nucleus does not break-up in a cascade form but directly into three alpha particles, 
these E;; values are all suprious. But, as can be seen from Fig. 14, there is good evidence 
for the mechanism involving the ground state and the first excited state of Be®. As for 
the possible decay mode, Frye et al. showed that the mode involving Be® was negligible 
compared with the mode involving Be® or direct break-up, and we assumed that all the stars 
undergo the Be® or direct break-up. 

Then, we plotted the Eij—E, graph (i,7,k=1,2,3), and selected the stars which had 
nearly zero E;; which may correspond to cascade break up involving the ground state of Be® 
and having large FE; value. Similiarly the stars that involve the first excited state of Be® were 
selected. Fig. 15 shows some of these Eij;—E; graphs, open circles show the ‘‘ real ’’ values 
and closed circles show the ‘‘spurious’’ values. For example, analysis of the carbon stars 
shown in Fig. 3 gives the following values, where F.x(Be’) is the ‘‘ real’’ excitation energy 
of Be’. 

From this analysis, the branching ratio of the various disintegration modes was found as 


follows : 
diveet cascade break-up\ cascade break-up 
( ): (i the ground) (vs the first ex- 
break-up state of Be® cited state of Be® 
=148 events: 193 events: 62 events=2:3:1 (15) 
§4. Discussion neutrons, but as can be seen in Frogs) 6, 210; 


Carbon 12 is a very tightly bound nucleus, 
and (p, p’) experiments on this nucleus can 
be accounted for by the direct interaction 
mechanism, according to Austern, Butler and 
Mc Manus", when the residual nucleus is in 
the lower excited state. Therefore we ex- 
pected at first that the contribution from the 
direct interaction would appear in the angular 
distributions of the inelastically scattered 


11 and 12 there is no high energy group of 
inelastically scattered neutrons and_ the 
angular distribution of the ‘“‘lower’’ energy 
group of the inelastically scattered neutrons 
shows the stronger forward peak. If the 
forward peaks in Figs. 11 and 12 arise from 
the mixing of the direct interaction process, 
the “‘higher’’ energy group of the inelastically 
scattered neutrons ought to show a stronger 


; 
. 
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_ forward peak ; and in addition to this result, 


_ Frye et al. showed that all scattered neutrons 


which made carbon star had isotropic distri- 
bution when the energies of the incident 
neutrons were mixed from 14.1 to 16.9 MeV. 
Therefore we should conclude that the reac- 
tion occurred mainly through the compound 
nucleus, and the angular distributions in the 
present experiment were probably due to the 
interference effect of several levels. 

As for the decay modes, disintegration of 
the compound nucleus C* may be considered 
mainly as follows. 

(a): the cascade break-up that involves 
Be®(C8* > C2* +. 7’ Be®*+a,+n’>2a+ai+n’), 

(b): the direct break-up of C2* into there 
alpha particles (C8*=C®*+7’/—>3a+n’), 

(c): Sacks’s model (C#3*-3a-+n’). 
According to Fig. 5 there is evidence for the 
9.6 MeV level of C”, but the peak at about 
12 MeV cannot be considered as a peak which 
corresponds to a single level, since the peak 
shifts with increasing neutron energy‘? and 
the level spacing of C” near 12 MeV is less 
than the resolution of the present experiments. 
Therefore the peak at about 12 MeV can be 
accounted for by either (a), (b) or (c). On 
the other hand, if the direct break-up of C!* 
into three alpha particle occurs as the main 


_ process and the statistical assumption of equal 


_ P(E*)dEX= 


probability in phase space is made for these 
three alpha particles, the distribution of Ei 
values can be calculated by, 

8 ve 
SS 
n[Es.(C%)—Q £9) 


x [Eex(C2)—Q— Ej)}2d Ei; (16) 


_ where P(Ej5)dE¥; is the probability for finding 


Ej, values in the domain of (Ei, E5+dEs), 
and for F.x(C!) we used the experimental 
result. The solid curve in Fig. 14 was cal- 


culated in this way, but the experimental 


results cannot be fitted by this curve. There- 
fore good evidence for the ground and the 
first excited state of Be® can be obtained, 
which is in good agreement with the result 
by Frye et al. 

Further, as the analysis using the E;;—E, 


_ graph shows that the cascade break-up that 


involves Be® is about twice the rest of the 
other decay modes as indicated by the formula 
(15), we can conclude that the possible decay 
mode is the cascade break-up of C”* that 
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involves Be®, superimposed by the small 
amount of direct break-up of C!’* or/and C!*, 
To determine which process of direct break- 
up occurs, the inelastically scattered neutrons 
were divided into two groups. Fig. 16 shows 
the angular distribution of the inelastically 
scattered neutrons for direct break-up, and 
the angular distribution of the inelastically 
scattered neutrons for the cascade break-up 
that involves Be*. Even the ambiguity of 
classifying the decay mode by Fig. 15 is taken 


Relative number of scattered neutrons 


180° 
(9) 


Fig. 16. Angular distribution of the inelastically 
scattered neutrons, where the open circles 
correspond to the carbon stars that break-up in 
cascade form, while the closed circles correspond 
to the carbon stars that break-up directly into 
three alpha particles. The solid curve is the 
experimental curve corresponds to the closed 
circles, while the dotted curve is the theoretical 
curve when the decay mode is Sacks’s type. 


120° 
Center of mass angle 


O° 60° 


into account, the angular distribution for the 
direct break-up of C!** is expected to be more 
isotropic than the angular distribution for the 
cascade break-up or the direct break-up C*, 
because the semi-empirical theory of Sacks” 
predicts the isotropic angular distribution for 
neutrons and alpha particles. But the present 
experimental results show that both the 
angular distributions in Fig. 16 are similar 
in shape, and the angular distribution for 
direct break-up is peaked forward rather 
strongly. Therefore we can conclude that 
the angular distribution for direct break-up 
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corresponds not to the direct break-up of Ct*, 
but to the direct break-up of C!* superim- 
posed by some amount of the cascade break- 
up of C”* that involves Be®. In this case, 
the intermediate state of Be*® is probably the 
first excited state, because the classification 
of direct and cascade break-up using Eij—Ex 
values is easier for the cascade break-up that 
involves the ground state of Be*®. The solid 
curve in Fig. 16 corresponds to the cabon 
stars that break-up directly into three alpha 
particles, which has the following equations 
when fitted by the method of least squares: 


o(9)=26+20Pi(cos 8) (17) 


and the dotted curve shows the prediction by 
Sacks’s model. 

Although the cross section calculated by 
Sacks agrees very well for low energy reac- 
tions, we could not find evidence for this 
process. The disagreement with Sacks’s 
model in the angular distribution measure- 
ment was also fount by Sakisaka' in his 
recent experiments on the reaction Be®(7, 2”)2@ 
using 14 MeV neutrons. 

The present experimental results for the 
decay mode of carbon nucleus is also reasona- 
ble, if we compare this result with the other 
experiments!” for the break-up of C”*, for 
which the excitation energy is about the same 
and the mechanism of excitation is different 
than that in the present experiment. In these 
experiments, the disintegration of excited C?* 
nucleus proceeds in most cases by successive 
emissions of alpha particles rather than by 
tripartition of C!* directly into three alpha 
particles. The branching ratio of direct 
break-up given in the formula (15) seems 
rather too large compared with such other 
experiments ; for example, we did not obtain 
the evidence of tripartition of C”* by p-Li 
y rays even though the excitation was higher 
than the present experiment, and the peak 
or shoulder that corresponds to the first emit- 
ted alpha particles cannot be seen in Fig. 7, 
while it can be clearly seen in the experiment 
by Cook et al. on the study of B%(8-)C* - 
(ai) Bet*(2@) 60 Hel C13. A. MeN testers this 
small discrepancy for the branching ratio of 
direct break-up is not so important because 
the mechanisms for exciting C* are different 
in these cases. 


Fig. 17 shows the angular distribution of 
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the inelastically scattered neutrons for the 
carbon stars that break-up in cascade form. 
The solid curves have the following equations 
when fitted by the method of least squares: 
o(0)=16+3P,(cos 0)— P2(cor 0)—8P3;(cos 8) , 1 

for 8.5<Fex(CY)<11.75MeV, (18) 
o(0)=16+14P,(cos #)+10P2(cos @)+10P3(cos 8) , | 

for 12.25<Ex(C2)<13.7 MeV. (19) if 
The difference of two angular distributions | 


in Fig. 17 is more conspicuous than that of 
the angular distributions in Figs. 11 and 12. - 


20 


8.5 s Fex(C'®)<I1.75 Mev 


(e) 
° 


60° 120° 
Center of mass angle 


180° 
(e) 


12.258 £e,(C'?)<13,7 Mev 


14) 
(2) 
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20 


oy 60° 


120° 
Center vs mass angle 
Angular distribution of the inelastically 
scattered neutrons for the carbon stars that 
break-up in cascade form. 


(@) 
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§ 5. Conclusion 


The results of the present experiment can 
be summarized schematically as follows, where 


the double arrows represent the predominant 
processes. 
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A Jet Shower with Energy of 5x10 eV 
found in Emulsion Chamber 
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A high energy jet shower suitable for detailed analysis was found in 
one of the emulsion chambers flown in 1956 as the ‘‘ Emulsion Chamber 
Project’. The charged secondary particles of this jet were analysed in 
the usual way and especially the energy of «!-mesons was determined by 
making use of the cascade showers developed from the ;-rays decayed 
from these n9-mesons. The energy of incident particles was obtained by 
the use of usual median angle method, and was estimated to be 5x10¥ 
eV (ye=165). 

Next, by making use of the fact that transverse momenta of points are 
constant and by analysing cascade showers developed from ;-rays produced 
by the decay of x9-mesons, the energy of secondary particles was estimated. 
It was thus found that the differential momentum spectrum obtained is of 


the form dP/P3. 


Also inelasticity coefficients K’, K’’ and K in the de- 


finition of the Bristol group were estimated to be 0.15, 0.10 and 0.5 res- 


pectively. 


Further, the results of the present analysis were compared with various 


theories. 


Introduction 


§1. 

In recent years a great number of works 
on cosmic ray jet showers in nuclear emulsions 
have been performed. In order to study the 
detailed mechanism of multiple meson produc- 
tion at extremely high energy, the ‘‘ Emulsion 
Chamber Project’’» was carried out in 1956 
with a collaboration of several laboratories 
in Japan. One of the most important results 
obtained is that the value of the transverse 
momentum of z-mesons is several hundred 
MeV/c over the wide ranges of both primary 
and secondary energies. The emulsion cham- 
ber has an advantage over ordinary emulsion 
stacks in that it is possible to estimate the 
energy of z°-mesons accurately by the use of 
separate cascade showers developed from the 
y-rays from z°-mesons. 

In the present paper we shall report the 
results of a detailed analysis"of one jet shower 
“ST 2” which was found in one of the emul- 
sion chambers and seemed to be favourable 
for the detailed study. In this case, not only 
many cascade cores from secondary z°-mesons 
but also charged particles were clearly observ- 
ed. 

For the study of extremely high energy 
phenomena the emulsion chamber seems to be 
more preferable to ordinary emulsion stacks, 


because in the case of usual stack the elect- 
ron pairs converted from 7-rays mix with the 
charged secondary particles in the inner core 
of the extremely high energy jet, thus making 
the detailed analysis of these secondary parti- 
cles difficult. Therefore, it is desirable to 
accumulate much data about the extremely 
high energy jet by the use of emulsion cham- 
bers which have better arrangement than 
those in the present experiment. 


§2. Experimental Procedure 


a) The balloon flight and the arrangement 
of the experiment 

Our emulsion chambers were flown at an 
altitude of 23Km by polyethylene balloons 
(5600 m*) launched from Kobe in summer 1956. 
The emulsion chamber, in which the jet we 
are going to report was found, is of the type 
B». Its arrangement is shown in Fig. 1. It 
consists of seventeen G5 200 microns plates 
(6 x8’), ten plates of carbon with thickness 
of 8mm, eight plates of lead with thickness 
of 5mm and two air gaps of 2cm. In this 
chamber the upper part, which is consisted 
of material with low atomic number, acts as 
a jet producing layer, while the lower part of 
material with high atomic number acts as a 
detecting layer of cascade showers developed 
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from y-rays which are the decay products of so that the primary particle could not be seen. 

m°-mesons resulting from jets. The axis of the jet was determined in two 

| b) Observation and measurement ways, namely from the analysis of the cascade 

Scanning was carried out to search for cas- showers» and from the center of mass of the 

cade showers in the emulsion plate at the bot- charged particles. These two determinations 

tom of the emulsion chamber. A shower were in very good accord, and it was found 

having 11 cascade corres, as shown in Fig. 2, that the said axis makes an angle of 76° with 
the emulsion surfaces. 

\ origin of the jet From an analysis of the cascade 
showers? developed in the inner cone, 
the energy of z°-mesons, £7°, was esti- 

——— nuclear plate mated by the use of Nishimura-Kamata’s 

= carbon plate distribution function”. The angles, 67°, 


xem lead plate which z°-mesons make with the shower 
axis were also estimated from the analysis 
alr gap of the cascade showers. The results are 


tabulated in Table I. Over wider region 
outside the inner cone, electron pairs and 
cascade showers were scanned. These 
y-rays are also considered to be due to 
the z°-mesons belonging to the outer 


ERR RRO RS 


RS scale 1/4 cone of this jet, because the 7-rays 
Fig. 1. Elevation of the type B of the emulsion from the bremsstrahlung by the Gere 
chamber, showing the arrangement of plates and particles are estimated to be negligible”. 
air gaps. The angles 0,, between the y-rays and 
the shower axis were measured by mak- 
—— ing use of the target diagram, obtaining the 
2s results as tabulated in Table II. 
wi : 2 , Table I. Values of energy #9, transverse momen- 


tum Pr and angle 6,0 of 7°, and those of Hy and 
@y of y-rays decayed from 7°, both in the inner 
cone of the jet. 


oe No. of ¥ 6y (rad) Ey (eV) 


Pi 
7 amphes “1 3 0.53 x 10-3 10.0 x 1011 
7 1.43 0.5 
: 8 1.84 1.0 
4 1.93 0.5 
6 220 0.5 
9 3.38 0.2 
— 200) —> 11 4.13 OL 
‘“ ee al 4.62 RO 
ot et 10 5.04 0.1 
Fig. 2. Illustration of the cascade showers having 2 6.28 Oo 
11 cores observed at the bottom of the emulsion 5 8.41 0.4 


chamber. =a y 
J : No. of 7 og (vad) © EHw(eV) Pr(MeV/c) 
was found in the course of this scanning. By _ = og 


tracing the tracks of the shower back to the 1-9 A, Rueatie 3 1.091011 es 
upper plates a jet was found, in which one 4-10 1.35 0.58 
2 3-7 0.73 MeO 561 


heavily ionized track and 53 shower particles ; ahh ae a 
could be seen. Fig. 3 shows the target dia- oes 08 0.68 476 
gram of the charged shower particles. The 3 6.28 0.5 314 
origin of the jet was in the top carbon plate, = 
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Table II. Angles between the jet axis and ;-rays 
produced by 7° in the outer cone of the jet. 
6 (rad) 6 (rad) 6 (rad) 
(0a x10s2 16.5 x 10-3 BIe2<10ss 
ee 17.6 31.8 
CES 19.4 32.4 
8.8 23.6 33.0 
9.4 2599 36.5 
9.4 26.5 38.8 
10.6 PAT Sab 38.8 
14.1 29.4 45.3 
14.1 30.0 Aa 
14.1 30.6 50.6 
Way 


—S0p 
Fig. 3. The target diagram of charged shower 
particles at 8.5mm beneath the origin of the jet. 
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Charged shower particles were observed in 
several plates near the origin. The angles, 
0, which these shower particles make with the 
shower axis are given in Table III. The tar- 
get diagram (Fig. 3) used for measuring these | 
angles is that in the emulsion plate just be- 


| 


neath the production point of the jet shower, } 
because the number of electron pairs from 
the y-rays of z-mesons is estimated to be 
negligible. 


§3. Estimation of the Incident Energy 


An estimation of the energy of the primary 
particle is made by kinematical method due 
to Castagnoli et al.,® assuming that the inter- 

action is a nucleon-nucleon col. 
lision. From the data of charged 
shower particles, the Lorentz fac: 
tor 7: of the center of momentum 
system is obtained from the equa- 
tion : 


a log tan 0; = log de : 
Ns i=l Te 
where ms is the number of the 
charged shower particles, and 4; 
the angle of the 7th shower parti- | 
cle with the shower axis in the 
laboratory system (L. system). 
Then, the energy Eo of the pri- 
mary nucleon in the L. system is 


Eo= (272-1) Me? , (2) 


where Mc? is the rest mass of a 
nucleon. Plotting the values of 
tan @; on the logarithmic scale as 
in Fig. 4, the following results 
are obtained : 


re=165.4715'5 , 
Eo= (5.10 #133) x 10% eV , 


Table HI. Angles between charged shower particles and the jet axis. 


6 (rad) 6 (rad) 6 (rad) 6 (rad) 6 (rad) @ (rad) 
0.43 x 10-3 198 10=3 4.21x10-3 8.60 x 10-3 16.0 10-3 22.0 10-3 
0.86 eee 4.48 9.81 16.1 23.0 
0.95 2.42 4.56 10.0 Wes! DSyal 
1.03 2.50 4.65 12.4 18.6 2085 
1.10 3.00 5.09 Wt 19.7 26.2 
A All 3.02 5.16 Us hevil 19.8 oles 
on 3.27 6.89 1572 Ply Br 
1.58 3.35 6.95 15.5 21.4 
Mesh 3-19 8.02 
1.94 4.05 8.15 
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i, the errors estimated above being merely sta- 
tistical. 

. According to the theory of the multiple 
#, meson production by Landau or Fermi, the 
# relation between the multiplicity and the 
_the energy of primary particle of mass num- 
| ber A is given by® 


' where / is the ratio of the length of column 
in target nuclear matter to that in incident 
nuclear matter. In the present jet / is estimat- 
med as 2:1 if A is 1 and as 1.0 if A is 2. 
_ Therefore, three nucleons are considered to 
_ be involved in the collision. Then, the energy 
of incident particle will be 


Eu=2lr-2Mc?=10% eV .? 


eave avian Fe cL 
=a —2 3 
5 10 ose 5 Or 26 
Fig. 4. Tang plot of charged shower particles. 
§4. Multiplicity and Ratio of Numbers 


of Neutral and Charged Particles 


The number of the shower particles obtain- 
ed from the above-mentioned observations is 
shown in Table IV. In this table ‘‘ charged ”’ 
contains not only z*-mesons but also the 
more heavy particles, 7.e., ‘‘ «-particles’’ as 
mentioned by the Bristol group.” The ratio 
of the number of z°-mesons to that of z=- 
mesons plus x-particles is shown in the last 
row of the table. It will be seen that the 
ratio of the numbers of neutral and charged 
particles emitted in both the inner and outer 
cones is 0.45, in agreement with the results 
hitherto obtained. However, it is to be noticed 
that the said ratio in the inner cone is some- 
what less than that in the outer cone. 


Table IV. Number of shower particles and ration 
of numbers of neutral and charged particles. 


inner cone outer cone total 
charged 26 27 53 
1 ff 17 24 
(31 cascades) 
total as} 44 Ga 
2 & - eels : 
——— 0227, 0.63 0.45 
a= +ot 
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§5. Angular Distribution of the Shower 
Particles 
If we transform the angle @ in the L. sys- 
tem, which the shower particle makes with 
the jet axis, to the angle 0 in the C. M. sys- 
tem by the use of the relation: 


re tan 6=tan (6/2) , (4) 
the angular distribution in the C.M. system 
of the charged shower particles and z°-mesons 
emitted in the inner cone becomes as shown 
in Fig: 5-(a) and (b). 


dN (b) JT°in the Inner cone 
4 = 165 
2 
O 
| | 
aM (a) Charged 
10 | %=165 : 
sk! cos d(cosd) 
6 i Landau's 
distribution 
4 
2 Se 
i peer 
-10-8-6 --4-2 0 .2 4 .6 -81 
cos@ 


Fig. 5. The angular distribution of shower parti- 
cles in the C. M. system. 
(a) Charged secondary particles 
(b) 7° in the inner cone 


Following B. Edwards et al.®, this angular 
distribution may be represented approximately 
by an expression cos 0d (cos 6), with m posi- 
tive even integer, and a convenient parameter 
specifying the degree of anisotropy is (cosec 
@)av., Which for the above expression becomes 


(cosec )ay. © 1.25 7/m 
(for large m). 


In our jet m is nearly equal to 2, so that the 
anisotropy is of rather low degree in compa- 
rison with that obtained by other authors for 
such a high energy collision. The angular 
distribution is also compared with that given 
by Landau’s theory in Fig. 5 (a), by normaliz- 
ing the total number of mesons with the ex- 
perimental values. 

The integral angular distribution in the L. 
system for charged shower particles is shown 
in Fig. 6 by plotting log[F(@)/{1 — F@)}] 
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against los (r-tan@), where F'(@) isa fraction 
of the number of tracks with angles less than 
6 making with the jet axis.» It will be seen 
that a straight line with slope 1.3 fits the 
observed values fairly well. In this connec- 
tion it may be noted that in a similar repre- 
sentation, the isotropic distribution in the C. 
M. system is expressed by a straight line with 
slope 2, while in the extremely anisotropic 
distribution of Heisenberg a straight line has 
slope 1.1 


ory Oa 5. 10. 


Fig. 6. log [F'(@)/{1—F(6)}] versus. log yc tan @ plot 
of charged particles. 


Also, it is found that the integral distribu- 
tion in cosec @ for charged shower particles 
is represented by a relation of the form 
N(> cosec 0) oc (cosec #)-2.. This implies that 
the differential momentum spectrum of the 
shower particles subject to the assumption 
Pr= const. is, on the average, of the form 
dP/P*. This result does not agree with the 
form dP/P* as assumed by Heisenberg” and 
the experimental results obtained by the Bris- 
tol group® as well as an estimation made by 
S. Hasegawa eft al.) Further, it is found 
that as shown in Fig. 7, the differential mo- 
mentum spectrum falls off fairly rapidly with 
increasing pion energy asin the form dP/P# 
from the point at which the momentum of 
pion is about 0.8 GeV/c. 


§6. Energy Estimation of the Shower 
Particles 


The energy of z°-mesons emitted in the in- 
ner cone can be determined in the same way 
as in our previous experiment” and the re- 
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sults obtained are shown in Table I. The 


energy for charged particles was estimated J 
assuming that their transverse momenta Pr} 


are all of the same value 0.38 + 0.02 GeV/c | 
as obtained for °-mesons in our previous ex- 
periment cited above. 
in the outer cone the total energy was esti- 
mated as the total sum of energies of y-rays | 


produced by the decayed z°-mesons, using the t 


result that their transverse momenta Pr, are- 
one half of those of z°-mesons, namely Pry= 
0.19 + 0.01 GeV/c. The ratio of the energy . 
of neutral particles to that of charged ones 
in the L. system was calculated using the 
values above estimated. The results are 
shown in Table V, where E+ denotes the total 
enrgy of the z+- and z~-mesons and Emargea 1S — 
that of all the charged particles, which was 


N 
1.5 
5 \, F 
4 
_ 
19) 
© 
Oo 
22 
5 
jox 
Re) 
- 
® 
a 
& 
Foal 
( 


Se eS 
108 10° 
momentum eVye 
Fig. 7. (a) Integral momentum distribution of 


charged shower particles in the C. M. system. 


number of particles 


Oo 
momentumyp, 


cosecO 


Fig. 7. (b) Integral momentum distribution of 
charged shower particles in the L. system. 


For z°-mesons emitted }) 
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Table V. Energy in GeV of secondary particles. 


In the C. M. system 


inner cone 


outer cone total 


charged 20.3 44.1 (12.84+2.8) 
70 4,.254+1.74 


15.14+3.0 (9.7142.16) 


35.445.1 (22.543.6) 


4,25*+1.74 Some 2.0 


total 


24.5544.4 (17.05+3.33) 19.35*43.47 (13.96*+2.77) 


43.9*+5.6 (31.0*44.4) 


In the L. system 


inner cone 


outer cone total 


charged 5460+ 1098 (3030+ 673) 
m0 1198+76 
total 6658+1101 (42284677) 


727+145 (645+ 143) 


1066+158 (984+ 153) 


6187-885 (3675-+588) 
1537 +90 
77244890 (5212 +596) 


339+ 63 


Here, errors indicated are merely statistical. 


The ratio of the energy of neutral particles to 
that of charged ones in the LZ. system. 


inner cone outercone total 
E/E charged 0.22 OATe pnOses 
FE 0/Ha+ 0.40 0.53 0.42 


calculated by regarding them as pions. In 
this table, the value in parentheses are those 
calculated for the shower particles by exclud- 
ing x-particles, being 20 per cent of all the 
particles, emitted forwards and backwards 
near the axis in the C.M. system. Also, the 
values with asterisk are those estimated under 
a conventional assumption that for the same 
kind of particles the energy emitted in the 
outer cone in the C.M. system is equal to 
that emitted in the inner cone. 

As will be seen from the table, the values 
of the ratio E,0/Ex+ in the inner and outer 
cones are nearly equal to each other, namely 
~0.4 and ~0.5 respectively. It is to be 


noted, however, that the values of the ratio 


of the total energy of z°-mesons to that of 
all the charged particles, including «-particles, 
E,/Ecnargea are different, being ~ 0.2 for the 
inner cone and ~0.5 for the outer cone. These 
results seem to suggest that both the percen- 
tage here adopted for the x-particles, 7.e. 20 
per cent, and their angular distribution are 
not far from reality. 


$7. Inelasticity 

The inelasticity coefficient, K’, defined as 
the ratio between the total energy of second- 
ary particles and the kinetic energy of nu- 
cleons before collision in the C.M. system 


assuming all the shower particles as pions, 
was estimated in three different ways: 

(1) Thus, in the first place, by making 
use of the fact that the transverse momentum 
Pr of pions is constant and assuming charge 
independence in meson creation, the value 
of K’ was estimated by the formula: 


_1.5 Prx S' cosec 0 

sh 27e 
obtaining the result that K’=0.16-£0.03. 

(2) Secondly, estimating the energy of 
charged pions by the same method as above 
as well as the energy of neutral pions from 
the analysis of cascade showers developed 
from y-rays which decayed from them, the 
value of K’ was determined, and it was found 
that Ais=0132-0202. 

(3) Thirdly, the value of K’ was also esti- 
mated by estimating, by the same method as 
in the second case, the energies of charged 
pions as well as of neutral pions emitted only 
in the inner cone, obtaining the result that 
KK =0 lov 0s: 

On the other hand, the value of the inelasti- 
city coefficient K’’, i.e., a fraction of the 
available energy radiated as points, was cal- 
culated, assuming that 20 per cent of the 
secondary particles are x-particles and are 
emitted with the smallest forward and back- 
ward angles in the C. M. system. It was thus 
found that K’’=0.100.02, 0.09-0.02 and 0.10 
+0.02 corresponding to each K’ in the above 
three cases respectively. 

The values of K’ and K” in reference to 
the L. system were also calculated, obtaining 
the result that 


KG 


o 
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Ky’ =0.14+0.03, Ki’ =0.100.02 . 


It is seen that the values of K’ and Ky 
determined in the above four different ways 
are in good agreement with each other, and 
similar situation can be found in the values 
OleKG 

Since the transverse momentum Pr of x- 
particles is estimated to be 1.8++0.5 GeV/c and 
according to the results of the Bristol group”, 
the number of x°-particles is 1.25++0.5 times 
as large as that of charged x-particles, the 
energy of various particles in reference to 
the C.M. system are calculated as follows: 


22.03- 3.6 GeV . 
60.7+24.7 GeV . 
75:8243.2 GeV .. 
O.Uery 210 Gey. . 


~167.54=50.0 GeV . 


Energy of z#: 
Energy of x*: 
Energy of x°: 
Energy of z°: 


Total 


Thus, the value of the inelasticity coefficient 
K,1.e., a fraction of the energy radiated as 
secondary shower particles, becomes 0.51= 
0.17. 

Also, in reference to the L. system we find 
that 


energy of z*:/( 3168-2069) 10" 
energy of «+; (1),94s24.86) x10 
energy of x® : (14.92+8.50) x10? GeV , 
energy of z°® : ( 1.54-£0.09) x 10% GeV , 


> (32.08229°81)x 10 GeV 


GeV , 
GeV , 


total 


Therefore, the value of the inelasticity coeffi- 
cient Ky; in reference to the L. system cor- 
responding to the above K becomes 0.59=£0.20. 
All the errors estimated in this section are 
merely statistical. 

Judging from the above results it may be 
considered that fairly appropriate and reliable 
values for K” and K are respectively 


K”’-~0.1 for pions only, 


K~0.5 for all the secondary particles. 


All the above values of the inelasticity 
coefficients have been calculated assuming 
that the event is caused by a nucleon-nucleon 
collision. However, in case when the value 
of / is 2 and the target is a nucleus with two 
proton mass, each of the above values should 
be divided by 2. In this case the compara- 
tively reliable values of K’’ and K are res- 
pectively 


K”’~0,05, K~0.3 , 
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§8. Conclusion and Discussion 


The results of our present experiment may 
be summarized as follow: 
(a) A jet found in one of the emulsion | 
chambers has 53 shower particles and 24 7°- | 
mesons created in the interaction, and the. 


ratio R of neutral to charged particles is 0.45. 9! 


(b) The value of 7c is 165, and the inci- | 
dent energy in the L. system is (5.1071-83) x 10 


Ara 


eV when the event is assumed to be due to. p 


a nucleon-nucleon collision. | 

(c) The angular distribution is anisotropic 
in the C.M. system and agrees to some deg- 
ree with Landau’s distribution. The indica- 
tion of anisotropy is as follows: 

(i) If we approximate the angular distri- — 
bution in the C.M. system by an expression | 
dn=cos"6d(cos 0), the value of m becomes 2. 

(i1) Inthe L. system, the slope of a straight 
line obtained by plotting log [F'/(1—F)] against 
log (ref) is 1.3. 

(d) The differential momentum distribution 
of secondary particles in the C. M. system is, 
on the average, of the form dP/P?, and it 
falls off sharply with increasing pion energy 
in the form dP/P‘. 

(e) The inelasticity coefficients estimated 
are respectively as follows: 


K’=0.15 regarding all shower particles 
as pions, 


K’’=0.1 for pions only, 
K=0.5 for pions plus x-particles. 
(f) The value of / in Eq. (8) is 2. 


It was shown by previous experiments by 
the Bristol group® and other workers"! that 
in general the higher is the energy of the 
primary particle of the nuclear collision, the 
larger the degree of anisotropy of the angu- 
lar distribution. It is interesting to note, 
however, that although our jet is of high 
energy (5x10"%eV), the degree of anisotropy 
is comparatively small as indicated by the 
results that the value of m is 2 and the slope 
of the F-plot is 1.3. Further, it is to be noted 
that as indicated by the result that the value 
of J is 2, the present jet has high multiplicity 
for its energy, and is not considered to be an 
event caused by a single nucleon-nucleon col- 
lision. 

The value of the inelasticity coefficient K 
is nearly 0.5, but not unity as suggested by 
the theory of Fermi? or Landau, in spite 
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of taking account of an appreciable error in 
‘the results by the Bristol group on x-particle. 
By adjusting the value of Pr of x-particles 
(it is able to make the value of K unity, but 
‘the adjusted value of P, of 25 x-particles 
‘(charged: 11 and neutral: 14) is, on the 
average, as high as 4 GeV/c. Judging from 
the results by the Bristol group, however, it 
‘is not reasonable to consider that all the x- 
(particles have such a high Pras 4 GeV/c. 
Therefore, about one half of the incident 
‘energy may be carried away by a nucleon or 
nucleons involved in the collision, or may not 
contribute to the collision. 


) These experimental results do not agree 


with the theory of Fermi or Landau as to 
the inelasticity coefficient K, but they are 
considered to be in fairly good agreement 
with Landau’s theory in respect of the angular 
distribution in the C.M. system of shower 


particles. It will be important to compare 
the experimental results with various theories 
by using the parameters essential to the theo- 
ries. This can be done when more experi- 
mental results will be accumulated and one 
can then clarify what is really essential to a 
particular theory. 
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An Experimental Investigation on the Mode 
of Slip in Face-Centered Cubic Metals 


By Tadami Taoxa*, Ko YASUKOCHI, Ryukichi HONDA* 
and Isao Oyama** 
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(Received January 8, 1959) 


The changes of saturation of magnetization of the ordered Niz3Mn and Pt3Co 
alloys caused by plastic deformation were used as the criterion to decide 
whether the slip in metals is ‘‘ homogeneous ’”’ or “‘ inhomogeneous ”’, i.e., 
whether it takes place in atomic steps on many successive atomic planes 
or in large steps on widely separated single atomic planes. It was found 
that in the ordered Ni3Mn alloy, the saturation magnetization decreases 
with the amount of elongation at room temperature, while in the ordered 
Pt,Co alloys, the intensity of magnetization at temperature near the Curie 
point increases with the amount of compression. These changes, which 
are roughly proportional to the amount of deformation, are probably 
understood only from the point of view that new disordered regions with 
Curie point different from that of the ordered state are produced during 
the deformation, being associated with homogeneous slip on successive 


atomic planes. 


§1. Introduction 


During recent years, following the original 
work of Heidenreich and Shockley which 
was undertaken to get a clear understanding 
of slip mechanism within crystals, many ob- 
servations on the surface structures of 
deformed metals have been accumulated by 
Brown,” Kuhlman-Wilsdorf and Wilsdorf,® 
Thomas and Nutting,” Seeger et al.» and 
others. They are mainly concerned with 
the dependence of the fine structures of slip 
bands on the stages of deformation, the alloy- 
ing elements of the specimen, and tempera- 
ture. In the above investigations, it has been 
usually presupposed that the slip, in the 
course of slip band formation, takes place in 
large steps on single atomic planes separated 
by laminae of undeformed regions. In the 
following, the term ‘‘ inhomogeneous’’ slip 
will be used for the slip on widely separated 
single atomic planes, as schematically shown 
in Fig. 1 (a). This assumption has been sup- 
ported by Mott’s theoretical description” 
given of the edge and screw dislocation net- 
works on {111} planes in a face-centered cubic 
lattice. These net-works lead to an account 


* Now at National Research Institute for Metals, 
Nakameguro, Meguro-ku, Tokyo. 
** Now at the Central Inspection Institute of 
Weights and Measures, Itabashi-ku, Tokyo. 


of Frank-Read sources multiplying disloca- 
tions in single atomic planes. Recently H. 
Wilsdorf and J. T. Fourie® succeeded in show- 


ing directly by an electron microscope using | 


high resolution replica techniques that there 


does not exist angular difference between the - 


slip plane and the surface exposed within the 


slip zones. This result might be doubtless 
so far as concerned with the slipbands on 


the surface of deformed a-brass. 


(a) (b) 


Fig. 1. Two schematical modes of slip: (a) ‘In- 
homogeneous ”’ slip on one plane. (b) ‘‘ Homo- 
geneous’ slip on a number of neighbouring 
planes. 


On the other hand, Yakutovitch et al.,” 
who repeated the work of Heidenreich and 
Shockley on aluminium, failed to confirm 
their results. They arrived at a conclusion 
that each elementary slip band is a region of 
finite width in which localized deformation 
of the amount of order of one atomic distance 
per successive slip plane is concentrated. 
This type of slip is called ““ homogeneous ”’ 
slip which is schematically shown in Fig. 1 


888 


1959) 


‘b). “H. Suzuki and F. E. Fujita observed 
the fine surface structures of a-brass before 
and after cold-work by electron microscope 
and were also led to the same view. T. 
Suzuki and H. Suzuki' have pointed out that 
Frank-Read sources on {111} planes multiply- 
ing dislocations on only one atomic plane 
proposed by Mott seem to be very rare as 
compared with those on {113} planes mul 
tiplying dislocations in successive atomic 
planes. They also pointed out that the surface 
Structures of deformed crystals might be 
produced rather by the operation of the 
surface sources which are different from those 
in the interior of metals. 

) Brown and Honeycombe™ and others have 
experimentally shown that the slip structure 
observed on specimen surface depends on the 
difference of surface structures obtained after 
various preparations of the surface. These 
results are summarized in ‘‘ Surface Effect in 
Plastic Deformation of Metals’’ by Brown.) 
There remains more or less a distorted layer 
after mechanical polishing, an oxide layer 
after an electropolishing and a fine surface 
structure after chemical polishing. The slip 
structures on the crystal surfaces sensitively 
depend on these surface structures. It is 
extremely difficult to decide whether any one 
of different observations described above 
reveals the true state of affaiars in the interior 
of crystal or not. It will be necessary to 
develope the techniques other than the surface 
observations to understand the correct process 
of slip in the interior of crystals. The ex- 
periment of Blewitt and Koehler™ on slip in 
ordered alloy CusAu seems hopeful to get 
some answer on the slip mode in the interior 
of crystals. The significant point of this 
work is that the disordering process in defor- 
mation is a direct result of atomic slip. The 
residual resistance was used as the criterion 
of the order and it was found possible to 
calculate the degree of order in a semiquanti- 
tative way. The result shows that there are 
three stages of deformation and it can be 
understood by using the same mechanism of 
slip as that proposed by Heidenreich and 
Shockley, namely an inhomogeneous slip. In 
spite of their good idea, we are doubtful of 
their conclusions because the assumptions pre- 
supposed in their calculations are too simple 
to deduce their results. Moreover, the electric 
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resistance is structure sensitive and depends 
not only on the degree of order but also on 
the various types of lattice defects which 
would be introduced during the cold work. 

Now, we will focus our attension to make 
clear which mode of slip actually takes place 
inhomogeneous or homogeneous slip. It is 
likely that the spontaneous magnetization of 
ferromagnetic order-disoder alloys is a favour- 
able physical quantity to decide the mode of 
slip, because it is structure insensitive. For 
this purpose we have picked up two alloys, 
NizsMn and Pt;Co of which the saturation 
magnetization largely depends on the degree 
of order. In case of Ni;Mn,!” it is ferromag- 
netic in ordered state, but is paramagnetic 
in disordered state at room temperature, while 
PtsCo is paramagnetic in ordered state and 
ferromagnetic in disordered state at room 
temperature, as is recently found by Simpson 
and Tredgold.™ 

Let us consider the changes of spontaneous 
magnetization produced during the deforma- 
tion of these ordered alloys in both cases of 
slip modes. In homogeneous slip, the satura- 
tion magnetization of NizsMn will gradually 
decrease, while that of PtsCo will increase, 
with a formation of slip bands which are 
assumed as the disordered regions. On the 
other hand, in inhomogeneous slip, any ap- 
preciable change might not be expected in 
both alloys. Then this circumstance will be 
utilized for the criterion whether the slip mode 
is ‘‘homogeneous’’ or ‘‘ inhomogeneous ’’. 


§2. Specimens and Experimental Methods 


2.1 Ni;sMn 

The materials investigated were prepared 
by melting together electrolytic nickel and 
electrolytic manganese in vacuum and the 
alloys were drawn to a wire of 1.0mm in 
diameter after a homogenizing heat treatment 
at 1200°C for 6 hours. It was cut in rods of 
200~250 mm length and further annealed at 
1200°C for 2 hours to remove the mechanical 
strain, and then they were sealed in evacuated 
quartz tubes. Different states of order of 
this alloy were obtained by quenching, in a 
course of slow cooling, from 600°C (disorder), 
460°C, 400°C (intermediate order) and by slow 
cooling to room temperature (perfect order), 
following the suggestion by S. Kaya.1 As 
a measure of ordering, the electrical resistance 
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and saturation magnetization measured at 
room temperature are tabulated in Table I. 
After these heat treatments, the alloy was 
chemically analysed and was found to be 
about 1% richer in nickel compared with the 
stoichiometric composition NisMn. ‘The size 
of grains was larger than the diameter of 
rods. The specimens were carefully electro- 
polished to produce a clean surface before 
extension of them. They were extended up 
to several percent at a rate of one percent 
per second. After various stages of elonga- 
tion, the magnetization curves and saturation 
magnetization were measured by the usual 
ballistic method at room temperature. 


Table I. Electrical resistivity and saturation 
magnetization measured at room temperature 
of NijsMn alloy quenched from various 
temperatures. 


Specimen number 1 2 3 4 


600 460 400 20 
72.7 42.7 26.6 19.8 


30) GY) Se Cale 


Quenching Temperture, °C 
Electrical Resistivity, 2-cm 


Saturation Magnetization, 
gauss/cc 


2.2 Pt;Co 

The alloy was prepared by melting together 
the known amounts of pure (99.99%) platinum 
and (99.99%) cobalt in vacuum to give the 
PtsCo composition. The alloy was cold-rolled 
after a homogenizing annealing at 1200°C and 
was cut into the form of rectangular paralle- 
lepiped, about 2mmx2mmx4mm. The poly- 
crystalline specimens were sealed in evacu- 
ated quartz tubes, and annealed at 1200°C for 
2 hours and some of them were quenched 
into cold water. These specimens were at 
the disordered state. An intermediate state 
of order was obtained by quenching the 
specimens from 600°C, in the course of slow 
cooling from 800°C to room temperature for 
18 days. The electrical resistivity and satura- 
tion magnetization of these specimens 
measured at room temperature are tabulated 
in Table II. 

For the purpose of slip formation within 
the specimens, they were compressed up to 
several percent at a rate of one precent per 
second. To measure their saturation magneti- 
zation in the temperature range from liquid 
oxygen temperature to 400°C, a modified 
Domenicali type magnetometer was _ used. 
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The details of this apparatus will be described 
elsewhere.'? The saturation values of mag- 
netization of specimens with various stages 
of deformation were measured in a magnetic }}! 
field of 7500 Oe. The values were actually, 
found to be independent of the field strength 
between 4100 Oe and 8900 Oe. The tempera- }: 
ture of specimens could be changed up tec | 
room temperature in an evacuated quartz tube | 
which was initially immersed into liquid | 
oxygen. For the measurements at higher | 
temperatures, the liquid oxygen vessel was . 
replaced by an electrical furnace. The heat- 
ing rate was about 2°C per minute through 
the whole temperature range. 


Table II. Electrical resistivity and saturation 
magnetization measured at room temperature 
of PtsCo alloys with various order. 


Specimen Number i 2 3 
Quenching Temperature, °C 1200 600 20 
Electrical Resistivity, 2-cm 42.7 40.3 
Saturation Magnetization, 
gauss/g 18.9 O16 19285 
Curie Temperature, °C IZ 52 209 
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Fig. 2. Variation of magnetization intensity as a 
reciprocal function of field for the specimen 
quenched from 460°C. The amounts of elonga- 
tion are indicated on the curves. 


§3. Experimental Results and Discussions 
3.1 Ni;Mn 

Some examples of magnetization curves are 
shown in Fig. 2, which represent the varia- 
tion of magnetization as a function of recip- 
rocal of field, Z/H, for the specimens quenched 
from 460°C. They can be represented by 
straight lines in the range of considerably 
large field, namely a simple from /= J,(1—a/H) 
where J and J; are the magnetization at field 
intensity H and infinity respectively and ais — 
a constant, showing the inclination of the 
straight line. As W. F. Brown!® has already © 
explained, the inclination @ increases with | 
the amount of cold work. The saturation | 
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| values of magnetization J; can be determined 
; by extrapolating the lines to an extremely 


large field. As can be seen in the figure, the 


» saturation values so determined decrease with 
| the amount of elongation. 
, the decrease of the saturation magnetization, 
» 4I;, measured at room temperature, as func- 
| tion of elongation for the specimens quenched 
- from various temperature. 
! is replaced by 41J;/Js. 
- figures, the decrease of saturation magnetiza- 
» tion 
} amount of elongation in the range of exten- 
‘ sion smaller than about 6%. 


Fig. 3 (a) shows 


In Fig.o3i(bisdls 
As can be seen in these 


is approximately proportional to the 


Elongation , AL/L 


Decrease of saturation 
magnetization, als,in gauss 


(a) 


Als 
Fig. 3. Variation of decrease of saturations mag- 
netization, AZ; and AJ;/Z;, asa function of elonga- 
tion. The quenching temperatures are indicated 
on the curves. 


These results must be attributed to either 
a uniform decrease of ordering within the 
whole specimen or discrete disordered regions 
created by the cole work. Considering that 
the disordering process is a direct result of 
atomic slip, the latter case is reasonable, 
because the slip in metals is concentrated on 
widely spaced regions. If a lamina of crystal 
glide relative to its neighbour by an odd 
number of atomic distances, the effect is to 
disorder the atomic arrangement between 
these two neighbouring planes. Now, let us 
return to the slip mode. In the inhomoge- 
neous slip, the disordering occurs only between 
two neighbouring atomic planes. Then one 
can not expect the appreciable decrease of 
the saturation magnetization due to cold work. 
Moreover, such a disordering occurs only 
when the slip distance is an odd number of 
atomic spacings. From energy consideration, 
such a slip seems to be rare compared with 
the slip of an even number of atomic spacings 
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which does not accompany the disordering 
process. While, in the homogeneous slip, the 
disordered regions the thickness of which is 
more than a few hundreds A would be pro- 
duced and accordingly the magnetization will 
decrease with the increase of the disordered 
region. 

In the above discussion, only single disloca- 
tions are considered. However, in the ordered 
alloy, pairs of dislocations seem to appear 
and the number of them will increase with 
degree of order, because the slip plane is in 
anti-phase in either side of single dislocation 
being accompanied by high energy, which is 
reduced by the pair of dislocations. In case 
of pairs of dislocations, disordering does not 
occur as the direct results of the propagation 
of such dislocations. In inhomogeneous slip, 
the conclution mentioned above need not be 
changed. Moreover, even in the case of 
homogeneous slip, disordering process will 
not occur and appreciable decrease of mag- 
netization is not expected after the cold work. 

The present experimental results, i.e. the 
decrease of magnetization in Ni;sMn propor- 
tional with the extension, lead to the conclu- 
sion that the slip takes place on many succes- 
sive atomic planes by the movement of an 
appreciable number of single dislocations, 
even though the existence of pairs of disloca- 
tions might not be deniable. Under the ex- 
tension smaller than about 3%, only one 
system of the slip planes within each crystal 
grain will be active, as was already shown 
by our electronmicroscopic observations.! 
In the homogeneous slip caused by single 
dislocations, the disordered regions and ac- 
cordingly the change of magnetization as well 
will be proportional to the amount of elonga- 
tion, in agreement with our experimental 
results. Moreover, the other experimental 
result that the decrease of magnetization 
caused by the cold work is larger in inter- 
mediate order than in ordered state might be 
explained by the facts that energy contained 
in anti-phase boundary is lower in interme- 
diate order and consequently single dislocation 
is likely to be more probable to exist than in 
perfectly ordered state. The above argument 
leads one to believe that the slip in NisMn 
crystal takes place in atomic steps extending 
on many successive atomic planes, namely 
by the ‘‘ homogeneous ”’ slip. 
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However, there exists another factor which 
may affect the apparent saturation value of 
magnetization measured by ballistic method, 
that is, the deviation of shape of specimens 
from the ideal cylindrical from which is intro- 
duced during the cold work. It is difficult 
to estimate theoretically the amount of this 
effect. One experimental estimation of this 
effect is given by considering the same ex- 
periment on Ni;Fe alloy of which saturation 
value scarecely changes due to the disordering 
(nearly 4%). The result on NisFe is indicated 
in Fig. 3(b) by a mark, ©. The amount of this 
change can not be neglected, but is still small 
compared with that of Ni;Mn. 

Because of the difficulties to measure the 
absolute value of saturation magnetization 
more acurately, it seems favourable to assume 
that the distorted specimen consists of two 
kinds of regions with different Curie points. 
Unfortunately, as the magnetic intensity of 
the disordered Ni;Mn alloy falls very gradu- 
ally with increasing temperature, it is not 
easy to apply such an analysis to this case. 
While, in the case of Pt;Co, the value of 
saturation magnetization falls so sharply with 
increasing temperature that one can apply 
this analysis. Moreover, as this alloy has 
higher Curie point in disordered state than 
in ordered state a small portion of disordered 
region embedded in the matrix of ordered 
phase gives a comparatively large contribution 
to total intensity of magnetization at a tem- 
perature near the Curie point of ordered state. 
This is a very favourable fact to our present 
purpose. 


3.2 PtsCo 

The magnetization-temperature curves of 
Pt;Co with various stages of order are shown 
by full lines in Fig. 4, which were measurred 
at 7500 Oe from liqued oxygen temperature 
to 400°C using the magnetic belance described 
in Section 2.2. These curves are typical 
saturation magnetization-temperature curves 
for ferromagnetic substances of single phase, 
the Curie points of which are about 12°C, 
51°C and 209°C respectivery, and these curves 
seem to tend the same saturation value at 
0°K. The saturation value of disordered state 
is about 18.9 gauss/g at room temperature, 
while that of ordered state is about 2.5 gauss/g. 

The ordered specimen was compressed by 
a specially devised small compressor. Fig. 5 
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shows the saturation magnetization-tempera- 
ture curves of the ordered alloy of various 
stages of compression measured at tempera- 
tures near their Curie points. 


The differences 
between these curves are represented in Fig. | 


6. As shown in this figure, a considerable — 
amount of difference can be seen between the © 


curves of undeformed and deformed specimen, 
especially in temperature above the Curie 
point of the undeformed alloy. Roughly 
speaking, this result may be understood as a 


formation of new regions, of which the Curie > 


point is higher than that of original phase, 
in argeement with the result on Ni3;Mn alloy. 

To make clear this situation, it will be ap- 
propriate to replace Fig. 6 by Fig. 7. Fig. 7 
represents the ratios of ¢;/4o2 and 4og/dos in 
temperature above the Curie point of unde- 
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Fig. 4. Magnetization-temperature curves of 
PtsCo alloy with various stages of order. The 
dotted line represents the estimated curve for 
the new disordered region produced after slight 
compression; for 4% elongation and for 7% 
elongation. 


b 
T 


ot 
T 


compression 
” 


AAAA 


Scturation Magnetization o- gauss/gq 
np 
T 


eee \ lien tek meters | 
oO Eye) [fefe) 150 200 250 
Temperature °C 


Fig. 5. Magnetization-temperature curves of the 
ordered Pt3Co alloy of various states of compres- 
sion near the Curie point. The amounts of 
compression are indicated in the figure. 
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formed ordered alloy, where 4ox,, dos and 
Aog are the differences between magnetiza- 


tion values of 2%,5% and 8% compressed 


specimens and that of undeformed alloy res- 


pectively. As can been seen, the values of 


| 4o;/do2 and Aos/os5 are approximately constant 
over wide range of temperature. 


This result 


}is reasonable quantitatively from the point 
| of view that any amount of compression is 


associated with the creation of new disordered 
region with higher Curie point than that of 
the original ordered phase. The constant 
value 3.2 and 2.0 obtained from the figure 
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deformed specimens and undeformed one in the 

temperature near the Curie point for ordered 
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Fig. 7. Aos/Acz and Acg/Acs as a function of 
temperature. 


are slightly larger than the simply expected 
values 5/2 and 8/5. This may be attributed 
to the following two factors; one is the ex- 
perimental error in the measurment of amount 
of compression, the other is the appearance 
of multiplicated slip system associated with 
the increase of deformation. 

The saturation magnetization-temperature 
curves of the new disordered region produced 
after 2% and 5% compression can be estimated 
and represented by a dotted line in Fig. 4. 
The difference between Curie points of the 
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mechanically disordered region and that of 
thermally disordered phase would be reasona- 
ble because the new region is in a directional 
order, namely ordering in a perpendicular 
direction to the slip plane is broken away but 
that on the slip plane is maintained constant. 
This curve is nearly the same as one of inter- 
mediate state of order as shown in this figure. 
Thus the increase of magnetization of the 
deformed alloy may be explained due to the 
new disordered regions produced during the 
deformation where the slips take place by an 
amount of order of one atomic distance on 
many successive planes, namely by the 
““homogeneous ’”’ slip. 


§ 4. Summary and Acknowledgment 


The experimental results can be sum- 
marized as follows: 

1) In the ordered Ni;Mn alloy, of which the 
Curie point is higher than that of disordered 
state, the saturation magnetization decreases 
with an amount of elongation at room tem- 
perature. 

2) In the ordered PtsCo alloy, of which 
the Curie point is lower than that of dis- 
ordered state, the intensity of magnetization 
in temperature near the Curie point increases 
with an amount of compression. 

3) These changes of magnetization are 
roughly proportional to an amount of de- 
formation. 

These results can be only understood from 
the point of view that a new disordered phase 
of which the Curie point is different from 
that of original phase is produced during the 
deformation, in which the slips take place by 
an amount of order of one atomic distance on 
successive plane, namely by the ‘“‘ homo- 
geneous ”’ slip. 

It is great pleasure for the authors to 
thanks Prof. S. Kaya for his valuable sugges- 
tions, discussions and encouragement through- 
out this work. The authors also wish to ex- 
press hearty thanks to prof. R. R. Hashiguchi, 
Prof. S. Chikazumi, Dr. T. Suzuki, Dr. Y. 
Tomono, and Dr. S. lida for their kind dis- 


cussions. 
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Photocurrent of AgCl was measured using light and voltage pulses of 
about 50 ysec duration between — 150°C and —50°C. Experimental results 
show that the life time of electrons has a maximum between ~—80°C and 


~—110°C depending on the treatments of the samples. 


Darkening of the 


crystals was also measured at lower temperatures, showing that the 
darkenability increases with temperature higher than —80°C. The re- 
sults were discussed with models containing sensitivity centers and recom- 
bination centers and it seems to be clear that the temperature dependence 
of the life time is concerned with the darkening properties of the crystals. 


Introduction 


§1. 

According to Gurney and Mott theory» on 
photographic processes in silver halide crys- 
tals, there are two fundamental stages in it, 
namely the electronic stage and the ionic 


stage. In the first stage, pairs of conduction | 
electrons and holes are created by absorbing 
photons and these charge carriers are trapped 
at some trapping sites after wandering in the | 
crystals. In the second stage, the negative- | 


| 


1959) 


ly charged centers attract interstitial silver 
ions which combine with the trapped elec- 
trons to form silver atoms. This principle 
was verified by Haynes and Shockley», who 
showed that photolytic silvers were displaced 
by voltage pulses and showed that electrons 
are participating in the photolytic processes, 

Gurney and Mott theory, however, explained 
nothing about the detailed mechanisms in- 
volved, for example, about the nature of the 
trapping centers nor about the behaviors of 
holes. In these connections Seitz®» and 
Mitchell* gave another theories, although 
the principle by Mott and Gurney remained 
unchanged. Seitz explained that the photo- 
lytic silvers are formed at the incipient 
vacancies. which have half charge and attract 
electrons and silver ions alternately. By 
Mitchell’s theory holes are trapped with the 
production of interstitial silver ions and this 
silver ions combine with liberated electrons 
at so-called sensitivity centers. 

In order to clarify the mechanism of pho- 
tographic processes, it is necessary to study 
the nature of trapping centers. Although 
most of the features of trapped electrons and 
holes in alkali halide crystals have been 
studied by optical methods», these methods 
are not so powerful in silver halide crystals. 
Kaiser® found a peak at 375 my in AgCl 
having excess silver at low temperatures. 
This center changed into colloidal silver when 
crystals were warmed to room temperatures, 
and Seitz considered it to be a kind of F- 
center.” 

Another method of obtaining some knowl- 
edges of trapping centers for electrons and 
holes is to measure photocurrent. Gilleo® 
measured photocurrent by monochromatic 
light after filling up trapping centers by 
photoemission from electrodes. His results 
showed that there are five bands for electrons 
and two bands for holes. Van Heyningen and 
Brown” have studied current glow curve of 
AgCl after illumination at 9°K, and showed 
that there are three kinds of electron traps 
having glow peaks at 15°K, 35°K and 170°K. 
It has also been cleared that photolytic sil- 
vers are formed preferentially near disloca- 
tion lines by the observation of Hedges and 
Mitchell™, showing that the sensitivity cen- 
ters are located near dislocation lines. In 
spite of these studies, the detailed nature of 


Photoconduction and Darkening of AgCl 


895 


trapping centers have not been specified yet. 

The purpose of the present investigation 
is to study the behavior of photoelectrons by 
measuring photocurrent and darkening at 
various temperatures. Crystals used in the 
present experiments were grown by Kyropo- 
ulos method in air and they may contain a 
certain amount of oxygen and have some ef- 
fects on photoelectric and photolytic proper- 
ties as pointed out by Brown! and Mithcell™. 
Therefore, our results may be concerned with 
the presence of oxygen. Studies on these 
points and effects of impurities are now in 
progress. 


§ 2. 

As silver chloride crystals are good ionic 
conductors, it should be avoided to apply 
them D. C. voltages, especially at higher 
temperatures. It also should be avoided to 
illuminate the crystals for overly long period 
to prevent their photographic reactions. 
Therefore, both voltage and light pulses were 
used for the measurement of photocurrent. 
The length of both pulses was about 50 usec, 
and their repeatness was 30 cycles/sec. 
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Experimental Procedures 


released 
photoelectron 


voltage pulse 


Waveforms of the measuring system. 


In order to obtain higher sensitivity and 
to measure the time response of photocur- 
rent, we used the methods shown schemati- 
cally in Fig. 1. Some devises have been made 
in order to separate photocurrent component 
from dark current and charging current com- 
ponent. The similar methods were utilized 
in the measurements of optical absorption 
change of gasses.!* The crystal was illum- 
inated by light pulses (A) (Fig. 1), having 
frequency of 30 cycles/sec, by which photo- 
electrons will be released as shown in (B). 
The rectangular voltage pulses (C) of 50 usec, 
were applied to the specimens at a frequency 
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of 60 cycles/sec, and the current output would 
be as shown by (D). The difference between 
the magnitude of any current pulses and the 
following ones coinsides with the conductivity 
change induced by light pulses. This dif- 
ference was amplified by a narrow band 
amplifier, which has the center frequency of 
30 cycles/sec. By changing the delay time, 7, 
of the voltage pulses to the light pulses, the 
time dependence of photocurrent was also 
measured. Measurements were also done 
using 800 cycles/sec light pulses instead of 
30 cycles/sec light pulses. 


Oscillator 
(304s) 


Freq. Multi 


& 
Delay Circuit 


High Vottage 
Rec. Wave 
(30%) 


/ 
Mercury lamp 
Fig. 2. Block diagram of the measuring apparatus. 


Specimen 


<~ 
20 psec 


Fig. 3. Waveform of light pulses. 


The block diagram of the apparatus is 
shown in Fig. 2. The light pulses were 
generated by applying rectangular high volt- 
age pulses toa mercury arc lamp with V-V1A 
filter. The waveform of the light pulses is 
shown in Fig. 3, and its decay time constant 
was 50 usec. The delay circuit between the 
60 cycles/sec rectangular wave generator and 
the master oscillator could change the time 
interval between light pulses and voltage 
pulses. The tunned amplifier contained a 
rejection filter of 60 cycles/sec, so that the 
gain at 60 cycles/sec was at least some thou- 
sandths of that at 30 cycles/sec. 
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For the darkening experiments, the high 
pressure mercury lamp of 100 watt with V-VIA 
filter were used as a light source and the 
absorption coefficients were measured by 

eckman type spectrophotometer (Shimazu, 
QB-50) at room temperature. 

The crystals of AgCl were grown by 
Kyropoulos method in air. Recrystallization 
was repeated three or four times in order to 
get pure specimens. The specimens were 
cut from large crystal blocks. For the mea- 
surement of photocurrent the specimens were 
1x20x20 mm? plates and for the measure- 
ment of optical absorption the specimens 
were 1x10x10 mm? plates. After being cut 
the specimens were ground by sand paper, 
polished on dry oil stone and washed by dis- 
tilled water, which served a good optical 
surface. The electrode were thin silver 
plates made by development on the surface 
of the specimens with photographic developer, 
and through these electrodes the specimens 
were illuminated. The measurements were 
done in a vacuum cell with quartz windows. 


§3. Experimental Results 


We measured the temperature dependence 
of photocurrent using voltage and light pulses, 
the results of which are shown in Fig. 4. In 
this case every light pulses were superimposed 
on the voltage pulses, and there was no delay 
between the light pulses and voltage pulses. 
These results did not depend on the duration 
of both voltage and light pulses, showing 
that they are free from space charge effects. 


100 


Photocurrent (Arb, Unit) 
wo 
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-120 -80 
Temperature (C) 

Fig. 4. Temperature dependence of photocurrent 
of AgCl measured by light and voltage pulses 
of 50 usec duration. Applied voltage, 650V/cm; 
—o°—oO— with specimens not pre-illuminated; 
—e—s*— with specimens pre-illuminated for 
30 min at room temperature. 
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They also did not depend upon the repeatness 
of both pulses except at the lowest tempera- 
tures where decay time constant of photocur- 
rent is near the time interval of voltage 
pulses (Fig. 7). As shown in Fig. 4, the photo- 
current temperature curve takes a maximum 
and the temperature of the maximum photo- 
current shifts to lower temperature side by 
pre-illumination at room temperature. In the 
case of virgin specimen the photocurrent 
takes a maximum at about —80°C, and this 
results are almost reproducible during several 
runs as long as the measurements were limited 
below —50°C. But in order to avoid the 
complication due to changes of the results 
during the measurements for virgin speci- 
mens, we used the specimens pre-illuminated 
for 30 minutes at room temperature in the 
following measurements of photocurrents. 
As the photocurrent depends on the quantum 
yield of free electrons and holes formation 
7, mobility of electrons 4, and mean life time 
of electrons t as 1=Jenpyt (holes are not ex- 
pected to move), where J is the number of 
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Fig. 5. Photocurrent vs. field strength measured 
with light and voitage pulses 
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incident photons per second, it is necessary 
for us to know which factors are the most 
important to explain the photocurrent tem- 
perature curve shown above. Therefore, the 
voltage current curve were measured at sev- 
eral temperatures, the results of which are 
shown in Fig. 5. From these curves the 
Schubweg of electrons!” w=yr can be cal- 
culated. At —106°C we obtained the Schubweg 
of 5x10-4 cm?/volt and from which we get 
the life time of 5x10-®sec using the mobi- 
lity of 100 cm2/volt sec. The Schubweg at 
—80°C and —128°C is about one tenth of the 
value at —106°C, showing that the Schubweg 
takes a maximum near —108°C. We can 
conclude qualitatively from these results that 
the temperature dependence of the photocur- 
rent is determined mainly by the temperature 
dependence of Schubweg and not of quantum 
yield. 

It can be shown that the dependence of 
mobility on temperature obtained by various 
authors is quite small comparing with that 
of photocurrent obtained by us. Therefore 
the rapid change in photocurrent with tem- 
perature seems to be almost entirely due to 
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the change of life time of electrons with 
temperature. 

In order to get some knowledges about the 
nature of the trapping centers which may 
cause such a temperature dependence of 
photocurrent, measurements were done on 
the change of pulse photocurrent due to con- 
stant illumination. These additional illumin- 
ation may vacant the trapping centers if its 
wavelength corresponds to the energy depth 
of trapping centers, and may fill up the trapp- 
ing centers if its wavelength corresponds to 
the energy of the forbidden gap. The effect 
of additional continuous illumination are 
shown in Fig. 6. The additional light was 
illuminated from the side wall. Photocurrent 
due to continuous illumination can be dis- 
criminated from that due to light pulses be- 
cause the amplifier is sensitive only to 30 
cycles/sec signals. When the wavelength of 
continuous light was 400 my, the photocur- 
rent increased at lower temperatures and 
showed no maximum. When it was near 
600 mz, the photocurrent decreased a little 
at lower temperatures. 

The decay characteristic of photocurrent 
was also measured at several temperatures, 
the results of which are shown in Fig. 7, 
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fe) 


Photocurrent (Arb. Unit) 


(6) 1 2 
T (m sec) 

Fig. 7. Decay curve of photocurrent after light 
pulses. 7, time difference between light pulses 
‘and voltage pulses; applied voltage, 650 V/cm 
(The result at —102°C is shown by a dotted line 


because it is the same as the decay of light 
pulse) 
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where the abscissa is the time interval T be- 
tween voltage pulse and light pulse (see Fig. 
1). At higher temperatures than —108°C the 
decay time constant was lower than 50 usec. | 
However, at —120°C the decay time constant | 
was about 1 msec. Measurements were also || 
done on the build-up of photocurrent by 1 | 
msec light pulses and obtained the results | 
showing slow build-up at lower temperatures | 
than —108°C. 

In the case of photographic film, it was 
shown that photographic sensitivity increased . 
rapidly with increasing temperature.’ It is 
interesting to know if there are any relations 
between the photocurrent-temperature curve 
and the temperature dependence of the rate 
of formation of photolytic silver in silver 
chloride crystals. In order to examine the - 
rate of formation of photolytic silver with — 
various temperatures, the change of absorp- 
tion coefficient at room temperatures were 


1.00, 
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0.25 
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Fig. 8. Change of absorption coefficient measured 
at 20°C, after low temperature illumination. 1- 
lumination was done from lower temperature 
subsequently, that is, -170°C, ~—105°C, —73°C, 
and 20°C. 
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* measured after illuminations at lower tem- 
_ peratures. Wainfan! showed that optical 
‘ absorption changes did not occur by illumin- 
ation at —100°C, but they occured after 
warming to room temperature by our results. 
It may be possible because silver ions will 
be attracted to trapped electrons during warm- 
ing up. In Fig. 8 the change of absorption 
coefficient after subsequent illumination from 
lower temperatures for virgin specimens is 
shown. The results for 20°C are just the 
same as Wainfan’s results, but for lower 
temperature illumination the peak is rather 
narrow. Fig. 8 shows that at higher tem- 
peratures than —73°C the change of absorp- 
tion coefficient due to illumination becomes 
considerable although at —105°C it was just 
the same as that at —170°C. It may be con- 
cluded from this results that the formation 
of photolytic silver becomes considerable at 
higher temperatures than —80°C. 

In order to know the concentration of 
sensitivity centers, it is useful to investigate 
the relation between the darkening and the 
illumination period at low temperatures. At 
low temperatures only a few silver atoms 
are formed in each sensitivity centers be- 
cause Agt ions move very slowly in these tem- 
peratures. As shown in Fig. 9 the absorption 
change is independent on the illumination 
period more than 1 hour illumination, which 
seems to indicate that all sensitivity centers 
are filled up by about 1 hour illumination at 
—170°C. From the absorption curve for three 
hours illumination we can estimate* the con- 
centration of sensitivity centers by Smakula’s 
formula, getting the value of the order of 
1015, if we take the oscillator strength about 
OA; 


§ 4. Discussion 


As explained in the previous sections, it 
seems to be clear that the abrupt change of 


* Jt isnot clear that the Smakula’s formula are 
applicable to the case of this center. However it 
seems reasonable that the equation can be used for 
order estimation, if we consider the facts obtained 
by F. C. Brown and N. Wainfan! that the absorp- 
tion band due to the coloration at room temper- 
ature can be bleached by illuminating the crystal 
by the light near the peak of the band. Moreover, 
the center causing the absorption peak of Fig. 9 
seems to be composed of a few silver atoms because 
the illumination was done at low temperatures, 
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photocurrent observed in the present exper- 
iments seems likely to be due to the temper- 
ature dependence of life time of electrons. 
We are going to discuss the nature of the 
trapping centers in silver chloride crystals 
from the experimental results obtained. 

The types of trapping centers which we 
should take into consideration are as follows; 
(1) shallow trapping centers, the depth of 
which is comparable with kT, 

(2) recombination centers in which recom- 
bination of electrons and holes occurs, and 
(3) sensitivity centers in which photographic 
silver are formed. 


0.10 


Coefficient (cm) 


0.05 | 


Change in Absorption 


600 


400 


Wave length (mp) 

Fig. 9. Change of absorption coefficient measured 
at 20°C, after illumination at —170°C. ———_., 
3 hours illumination; ----- , 1 hour illumina- 
tion; —-—- 10 min. illumination; and — -- —--, 
2 min. illumination. 


In discussing our results it should be noted 
that we are measuring by repeated light 
pulses whose interval was about 30 msec. 
By each pulse, photoelectrons are released 
which will be trapped at several kinds of 
trapping centers within less than 10 ysec. 
These trapped electrons will redistribute 
themselves in the following time interval, and 
photocurrent for the next light pulse is de- 
pendent upon the number of vacant trapping 
centers at the start of the light pulse. As 
the measurement was done after the steady 
state was established, the magnitude of our 
photocurrent depends upon the rate of neutr- 
alization of trapped electrons. 

It seems clear that the increase of photo- 
current with temperature can be explained 
by the presence of shallow trapping centers 
as discussed in the case of alkali halide. 
At lower temperatures electrons trapped by 
these centers can hardly be released from them 
within the termination of light pulse, whereas 
at higher temperatures they are released in- 
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stantaneously by thermal agitation which ser- 
ves to increase the photocurrent. This con- 
sideration is consistent with the results of 
decay time measurement; decay time is long 
when the thermal release occurs slowly. The 
depth of shallow trapping centers from the 
conduction band bottom is estimated to be 
about 0.3 eV, if we assume that the fre- 
quency factor is about 101%. 

The decrease of photocurrent with temper- 
ature has not been reported in other insulat- 
ing crystals. In semiconductors such as CdS 
these phenomena were observed. It can be 
explained if we assume that the number of 
effective trapping centers for electrons in- 
creases with temperature. In the case of 
CdS these phenomena are explained by the 
increase of recombination velocity of free 
electrons and holes with increasing temper- 
ature. In extremely low temperatures holes 
are trapped by shallow hole traps which can 
trap only holes. Therefore, recombination 
do not occur, and recombination center are 
all filled with electrons during the measure- 
ment. With increasing temperature the trap- 
ped holes begin to be released thermally and 
recombine with electrons at recombination 
centers. Thus the rate of trapping electrons 
at recombination centers increases with tem- 
perature. 

The explanation above may be applicable 
in the case of silver halide crystals. Wecan, 
however, make another explanation taking 
sensitivity centers into consideration. It is 
suggeseted by the theory of photographic 
sensitivity that the photographic silvers are 
formed by the neutralization of trapped elec- 
trons by interstitial silver ions at sensitivity 
centers. With increasing temperature the 
mobility of silver ions increases and the 
formation of photographic silver occurs with 
higher rate. As sensitivity center can trap 
electrons again after neutralization, the 
photocurrent will decrease with temperature 
because the number of effective trapping 
centers increases with increasing temper- 
ature. 

Energy diagram for the both explanation 
are shown in Fig. 10. In any case we should 
assume the existence of deep lying centers 
besides the shallow trapping centers, which 
are filled with electrons generated by succes- 
sive light pulses at low temperatures. In our 
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measurement by repeated voltage and light 
pulses, it takes several seconds to reach a sta- 
tional value of photocurrent after illumination 
is begun. This fact supports the existence 
of such deep lying trapping centers. Another 
evidence of such trapping centers is given by 
the results of Fig. 6. The fact that the 
photocurrent decreases by the illumination 
with 600 my light at lower temperatures 
shows that these trapping centers are filled 
at lower temperatures. These phenomena 
occur by the illumination near 600 my, so 
that the depth of these centers can be esti- 
mated near 1.5 eV below the conduction band. 


panes 


shallow traps 
for electrons 


recombination center 


shallow traps for holes 


— shallow traps 
for electron 


— sensitivity center 


Fig. 10. Energy diagram of models, containing 
(a) recombination centers and (b) sensitivity 
centers. 


The effect of illumination with 400 my light 
can be explained considering shallow trapp- 
ing centers. Electrons are always released 
from valence band by constant illumination, 
which are trapped by shallow trapping centers 
at low temperatures. Therefore, current 
response due to light pulse is much higher in 
the presence of continuous illumination at 
these temperatures. With increasing tem- 
peratures, the neutralization with silver ions 
or positive holes become more frequent which 
surpasses the rate of electron liberation by 
continuous illumination. 

Considering the facts that the photographic 
sensitivity increases with temperature, second 
explanation seems to be more reasonable. 
That is because if recombination rate increases 
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with temperature the photographic sensitivity 
should decrease with temperature. 

The following fact seems to support the 
above explanation. If we plot the decreas- 
ing part of our photocurrent-temperature 
curve by log (photocurrent) and 1/T, we get 
a Straight line, the slope of which shows the 
activation energy of 0.5 eV. It can be easily 
seen that the effective number of trapping 
centers is proportional to the velocity of 
neutralization of trapped electrons, which 
will be proportional to the diffusion velocity of 
silver ions. The activation energy obtained 
from the conductivity-temperature curve in 
these temperature regions?” is approximately 
tbe same as that obtained from the photocur- 
rent-temperature curve. 

The results of our experiments seems to 
be explained by considering two kinds of 
trapping centers. The one is shallow trapp- 
ing centers whose depth is about 0.3 eV. 
The another is rather deep one whose depth 
is about 1.5 eV and the density is estimated 
to be of the order of 10"/cc. The nature of 
these centers is not known clearly. From 
the results of Fig. 4 they are sure to de- 
pend on the existence of large silver aggre- 
gates formed by pre-illumination at room 
temperature. We are now proceeding the 
experimental study to know the effect of im- 
purity and imperfections on the photocurrent 
and darkening. 
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The general non-isothermal diffusion theory of rectifiers has been derived 
by using the non-isothermal diffusion equation deduced from the formal 


theory of conduction. 


upon temperature distribution in a barrier. 


The rectification equation obtained depends clearly 


If a temperature difference 


exists between the both ends of the barrier, then the appearance of 
thermoelectromotive force is predicted from the present theory. Taking 
into account the non-isothermal property of the barrier, the present theory 
shows the tendency that the values of the dielectric constants of barrier 
materials for Cu,0 and Se rectifiers determined from the capacitance- 
voltage characteristics seem to approach those of the bulk materials of 


Cu,O and Se, respectively. 


Introduction 


§1. 

The diffusion theories of rectifiers which 
were first presented by Wagner? have been 
later developed by Mott”, Schottky», and 
many other authors.” Especially Billig® and 
Landsberg® have recently developed the theo- 
ry further in a general way. But all these 
theories have been so constructed as to be 
essentially isothermal since these theories 
had been developed by using the well-known 
isothermal diffusion equation established by 
Wagner. 

While an electric current flows through a 
rectifier disk, the heat generation occurs ne- 
cessarily in a barrier region. Therefore the 
barrier and its neighbour playing an impor- 
tant part in respect of rectification phenomena 
should become non-isothermal, and this ten- 
dency would become more conspicuous with 
increased applied voltage in both forward and 
reverse directions. So it is desirable from 
the theoretical point of view to construct a 
non-isothermal diffusion theory of rectifiers 
taking into account the non-isothermal pro- 
perty of the barrier. Of course, in order to 
construct such a theory, it is necessary to 
introduce the non-isothermal diffusion equation 
which is a starting-point for non-isothermal 
theories. 

In this paper, we shall first introduce a 
general non-isothermal diffusion equation of 
rectifier theory by generalizing a non-isother- 
mal diffusion equation deduced from the for- 

* A part of this paper was published in Science 
Bullein of the Faculty of Liberal Arts and Educa- 
tion, Nagasaki University, 7 (1958) 13 (in Japanese). 


mal theory of conduction, and next construct 
generally a non-isothermal diffusion theory 
on the same line as the isothermal theory 
presented by Landsberg.” 


§2. A General Non-Isothermal Diffusion 
Equation 


We shall presuppose a simple v-type semi- 
conductor. Results derived on this assump- 
tion can be applied to a f-type semi-conductor 
by making some modifications for the charge 
and the mass of charge carriers and for the 
€nersy. ctes. 

Supposing first that the Maxwell-Boltzmann 
distribution function applies to conduction 
electrons in a conduction band of a semicon- 
ductor, electrical conduction by those electrons 
in the absence of magnetic fields is given by 


iow rae! n e OT 
jnekil oP eT gaa) ee 


Ox 

(1) 
from the formal theory of conduction, where 
j is the current density which flows in the 
direction of the positive «z-axis, e the (algeb- 
raic) charge on the electron, » the volume 
density of the conduction electrons, k the 
Boltzmann’s constant, T the absolute tempera- 
ture, & the electric field applied parallel to 
the x-axis, and K; is given by the following 
equation : 


A p+2 
Q2P AY _ (pT) s+ho-1 


37 V/2yye Pt 


TS gee (2) 


in which m is the effective mass of electron, 
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™ the gamma function, and the electron 
*mergy has been measured from the bottom 
Mf the conduction band. In obtaining Eq. (1) 
t has been assumed that a time of relaxation 
S given by tr=yc”, where “ is a constant, c 
the velocity of an electron, and p a suitable 
parameter.” 
Provided we put as follows: 


aac : (3. a) 
n 
pa (3. b) 
n 
a=( ee 7 RK) (3. c) 
then Eq. (1) yields 
i —envE—eD on ee 4) 


For 0T/0x=0, we get the isothermal diffusion 
equation 
On 
pide 
i Ox 


j=—envE— : (5) 


which has been used hitherto for rectifier 
theories. Here v and Dare the mobility and 
the diffusion coefficient, respectively. 

Dividing the both sides of Eq. (4) by eD, 
we obtain | 


(6) 


where V is the potential energy of an elect- 
ron. 


mye using Eqs. (2), (35a); Gib); hand. Cre), 
we get 
v 1 
ee a 
kr a 2) 
1. Oo il 
A=——=(1 Veo 
Slip ( is p) (7. b) 


Eq. (7. a) represents the validity of Einstein’s 
relation under the above assumptions. Eq. 
(7. b) shows that 4 is a constant including p 
as a parameter. 

In the case that the Fermi-Dirac distribu- 
tion function applies to the conduction elect- 
rons, we get the same expression for the 
current density j as Eq. (4), where v, D, and 
6 are, respectively, given by!” 


ee (8. a) 
n 
a Se (8. 0) 


nm Fap(€*)’ 


On the Non-Isothermal Diffusion Theory of Rectifiers 


903 


i= oa Bo 6.9 (epee salt (8. 0) 


Jf Pip, Cer ) 


where Ks and F:(€*) are, respectively, the 
following integrals 


__16Y 2am? (544 Ofo 
era Ses \ cEvt SeaE, (9) 
BC*)= is ads C—O) 
: 1+ers* ’ ‘ 


here h is the Planck’s constant, fo the Fermi- 
Dirac distribution function in a thermal equili- 
brium state, €* the thermodynamic potential 
divided by kT. In the equation correspond- 
ing to Eq. (6) we obtain 


v Tate) 


ee 
eD 2kT FiplC*)’ 


(11. a) 


_8T _1 5+b Fan) Finson(O*) 3 
nD ey 3+ p Fy p2(*) Fy jo+nj2(C* ) 2 ; 
(11: 0) 
according to 
PREF ALAR EE 6 


The values of €* should in general be nega- 
tive, so that we can expand the denominator 


of the integrand in F:(€*) in terms of 
exp[—x+¢*]. Then we get 
FyC*) =TPE+)) > Pee sD et: =. (12) 


Using this equation, ee (11. @) and (11. d) 
yield approximately 


aa Os es 
a5 ee ae 
Dep Ad P/2— 1 es" Ye a 
4=|( oi >) geirenis J 2 | 
(13. b) 


respectively. For e**<1, Eqs. (13. a) and (13. 0) 
tend, respectively, to 
1 


j= 
kT 


-(1 4p) 


Eqs. (13. a) and (13. ) show that 4 and A are 
weak functions of €*. But for e*<1, A tends 
to a constant, and also the Einstein’s relation 
is approximately established. 

From the above considerations, we have 
seen that if we denote v, D, 0,4, and 4 by 


(13. a) 


(20/2 


(14. a) 


and 


(14. db) 
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the above equations, respectively, we can ex- 
press the non-isothermal diffusion equation in 
the same form as (4) or (6) in both of Max- 
well-Boltzmann and Fermi-Dirac statistics, 
though slight differences exist between the 
two cases. 


§ 3. Barriers 

The potential energy of current carriers in 
a rectifying barrier has a maximum V»(= 
V(b)) at some plane x«=0 and drops to zero 
at a plane x=a close to a metal electrode, due 
to the image force (see Fig. 1). x is measured 
into the semiconductor from the metal-semi- 
conductor interface and the zero of potential 
energy is taken at the bottom of the conduc- 
tion band of the semiconductor in the absence 
of applied voltages. a is very small compar- 
ed to b which depends on an applied voltage. 


FERMI LEVEL *~? 


SEMI-CONDUCTOR 


sires Hl, 
ductor in the presence of an applied voltage 
Ue. 


Potential barrier of an m-type semicon- 


V@)= 


where 


In the last added term, which is due to the image force, g(x) is the function introduced aa 
a correction coefficient by taking into account the temperature dependence of the dielectrid 
Let Vp be the diffusion potential in the absence of the image force, then Vp has 


constant. 
the form 


ae U—AdEOV'(d)+4ne|" {&(0)—8(y)}Ny) dy « 


Inserting the condition dV/dx=0 at x=0 into the equation obtained by differenting Eq. (16° 


with respect to x, we obtain 


—e(d)E()V(d)+4ne\" (E(x) —8() }NGy) dy— 22& 


NUMATA (Vol. 1] 


The thickness, d, of the barrier is defined Dif 
n(d)=n(x)=const. for xd, 

where n(d) is the volume density of the cunf 
rent carriers in the bulk semiconductor, bein 
assumed to be independent of applied voltages| 
The volume density of the current carriers 
n(a), at the plane x=a may be assumed to 
nearly equal to the one at the surface of thf 
metal and to be independent of applied vo) 
tages. Defining an applied voltage U/e> — 
for a forward voltage, we have V(x, U) = t | 
LOGE a. 
The potential energy of the current carrier 
in the heterogeneous barrier, V(x, U), can 5 
obtained by adding the term due to the image 
force to the solution of the differential equay 
tion 


d 
dx 


where e(x) is the dielectric constant of the 
barrier material, which is a function of ¢ 
since the temperature in the barrier is éf 
function of x, N(x) the volume density of tha 
ionized impurity centres in the barrier. We 
have n(x)=N(x) for x=d since the net charge 
in the interior of the bulk semiconductop 
must vanish. 

Integrating Eq. (15) twice with respect tol 
x over the region [x,d] and reducing thel 
double integral by a partial integration, wef 
obtain | 


{ec ») Th Ane2N(x) , 


e? eA 
de(b)x 


(17) 


1 br _ 4e(d)V"(d) / 
uate aie NS cb \caby (4 
where | 

rei 2) (20; 


¢(b) 
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Since b is in general small (of order 10-7cm.), v is of order unity. 
By using Eqs. (16), (17), (18), and (19), we obtain 


Vo—V(b)= SMO) 


Qe(b\b” (Bs 
where 
Ae 1 v(b)e ae, a roe 
(0)= | 1+ Ot ob) |, FON) | (22) 


gene OO)? ae 
one Pate \ ais 
and by Eq. (16) 


—V"(b)= &9(b)b() 


2e(b)b? ” ey 
where 
_ A OLR HOKE TOON 676) NO) 
b Sl Rad = 
BO ssa Coa ee BOW eS 


~l. 


§4. Derivation of Rectification Equation 


In order to obtain a rectification equation, we must integrate the non-isothermal diffusion 
equation (6) over the barrier. As a heat generation by an electric current occurs in the 
barrier, the temperature distribution should depend on an applied voltage U/e. Let the 
temperature and the electrical potential energy in the barrier be, respectively, 


T=T(Ts,U,%) and V=V(Ts, U,x), (25) 


where Jz is the temperature at x=d, and it will be assumed to be equal to the temperature 
in the interior of the bulk semiconductor. 

The diffusiom equation (6) is a linear differential equation with respect to ~, since D, 4, 
and A can be expressed as some functions of a variable « only by means of Eq. (25), res 
pectively. Integrating Eq. (6) in the region [x,d] using an integrating factor 


ava, oly 
exp} — 0 oP top de Jaz |, 


-\" Jrexe| -|" ( A an a peal dy-+-n(x) exp| — \ ( A oy 4 va dz |= n(d) (26) 


Now putting (a) as 


n(a)= An(d) , (27) 
then Eq. (26) yields 
_ en(d) elu qv 4 aT) a (28) 
| Ge [A ee ‘ Meee T dan) ee 
where 
one DV AA aya la (29) 
jv=\" exp | — (Oe ar Td Z \ay 


In the case of isothermal barriers, inserting the condition j=0 when U=0 into Eq. (28), 
we have 


ad 
A= exp (| ie dx ) (30) 
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perature. 
In the case of non-isothermal barriers, supposing that both metal and bulk Se icondceuat | 


are to be in thermal equilibrium, and at low temperatures m(d) is simply given by? | 


n(d)= (2) (2amkT [h2)3/4N g!e-4El2eT an) ; 


and at high temperatures 2(d) tends to the value No which is the density of impurity cen: 


tres in the bulk semiconductor, the value of A can be easily given by | 
i 
| 


1 for high temperatures, (32. @) 
Alias La 3/4 
ee exp E ope a ma for low temperatures, (32. b) 


where 7, and Jz are the temperatures at x=a and x=b, respectively, and 4E(>0) the 
energy difference between the bottom of the conduction band of the semiconductor and the 


impurity level. 
The exponent in Eq. (29) can be integrated by a partial integration : 


\ (Coa I \ie= |" paler te —\/*an 1) aT. (33 
of 
y 


dz 'T d dz Ty 


The third term on the right-hand side of Eq. (33) will be generally small in camparison 
with the others, hence in the following calculation we shall neglect this term. Substituting 
Eq. (33) into Eq. (29) we get 


J oy A(x) day 
ool BCR Joo f-fagre 


ay 1 A(x) 
, Lo (pico) P{-. 1G oy} lax 
V=1+4_- wero a2 : (35)ei 
(loGe)er(\ Go ole 
The value of the dimensionless factor ¥ depends upon applied valtages and temperatures 
of the barrier, and is limited usually for variation of temperature as follows: 


vy > lim ¥ (& 2) (36) 


where 


Figs. 2 and 3 show the variation of ¥ calculated for special barriers by assuming an iso- 
thermal barrier, a constant mobility, Eqs. (7. a) and (7. d). 
The potential energy in the region [a, b] has a steep slope for both the reverse and the 


MOTT BARRIER Y : N=/0", %=0.5eV, 
7 €=/0 SCHOTTKY BARRIER 
> N=5x10"7 Y=0.5eV, 
—:\= ae AA 5» 6 & =10 
-- : Y=035eV,) d= 2.5X/0%m. 


o -l -2 -3 -4 


o -| -2 -3 -4 -5 -6 -7 -6 -9 -10 UZ 


=o <6) -7 =e -om=(0n2 
Fig. 2. W as function of applied voltage U/e for Fig. 3. ¥ as function of applied voltage Use for 


an isothermal Mott barrier. Calculations have an isothermal Schottky barrier, 
been done using Simpson’s 1/3 rule. 
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| small forward applied voltages (see Fig. 1), hence we shall use Laplace’s approximation to 
calculate the integral in Eq. (34) in this region, but not use Laplace’s approximation in the 
region [b,d] where the slope of the potential energy is not so steep excepting high reverse 
applied voltages. If Laplace’s approximation would be used for both of these two regions 
of the barrier as has been done by Landsberg, then we get Y=2, but this value of ¥ is smal- - 
} ler than its true value, since Laplace’s approximation is applicable in the limit kT (which 
4 involves) — zero. 
The theorem of Laplace’s approximation™ to be used is 


|, $(x) exp [A(x)|dx ~(- wiz) exp [Am] , (37) 


where the subscript m denotes the values at the maximum of h(x). Since the variation of 
_ the electric field is likely to be larger than that of the temperature in the barrier, the 
' maximum hm» will occur at the plane at which the potential energy V reaches its maximum 
(at x=b). Hence by a partial integration 


ae. (38) 


dx ax 


Making use of Eqs. (21), (23), (34), (37), and (38), we obtain 
jaye ae r) oA ee exp (- | eae dx 1B 1} exp | ({. ya dx ) au | , (39) 


hin=|"2 1 de DV ADV (d)— [‘v 


TO | jee dx 
where 
apy pur(de (b) D(b) Pe (40 
Jae) Spay eng OP L-AO)Val (40) 
and 
ee e?n(b)p(b)A(b) (41) 
2e(b)b i 
Eq. (39) may be rewritten as follows: 
payne TEE \ yl 4 TH oxen (0 y Fh agen 
j=JU Pant ior Je Atay exp ({’ Vogt) exp (au if V ie dx i (42) 


Eqs. (39) and (42) are the general formulas which give the characteristics for reverse and 


small forward applied voltages. 
; ae dda er 9 
When the values of di/dx is so small to satisfy the conditions | Vu and ee ae 


Eq. (42) becomes 


pois Tae eA Seale (43) 
= |e y T@ f 


ae 


Further, assuming Eqs. (14. a) and (14. 6), that is 2=1/kT and A=constant, Eq. (43) takes 
the form 


F : a a In ‘ Uskl a 
j= Jot >yh( 7) of A(z") —eF ser ? (44) 
where 
112 61/2()e(b) ay : E Vo Zale 45 
15 a) Pee mee Per, oP 
and 
_ e'n(b)g(b) _ 1 (46) 


22(b)b =kT> © 


| 
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$5. Special Cases of the Rectification Equation 


a) Isothermal barriers 
In this case, Ta=To= Ta and A(Ta, Ta)=1, so that Eq. (42) yields 


b 
ja [Papin piers, T A@) Ala) exp (| 


a 


val dx)- exp(4(@) U ay ve de) | (47) | 


If, furthermore, 2=1/kT and A= constant, Eq. (47) leads to 


; U | 
= [,V-1y3/2 =? : ‘ 48) 
4=] yt 9 ae exr( ar) ( | 


In this case, ¢(b) and ¢(b) in j and Jy are equal to unity, respectively. When ¥Y=2, Eq. 
(48) is just the same as obtained by Landsberg,” but the value of ¥ does not usually become 
equal to 2 excepting the limit of 7-0 as seen from Figs. 2 and 3 or Eq. (36). 


b) Characteristics for zero applied voltage 
Putting U=0 into Eqs. (42) and (44), we obtain, respectively, 


a D d 
jun an ta oR ie expt | Vondey eexney ee (49) 
G=I EG VG M0 
I. v=0 b uv =0 


A(b) (a) 
a 74 a ax 


and 


b a 


ene ps oat etu-o ACT) =i : (50) 


If Ta#Ta, the insides of the brackets in Eqs. (49) and (50) are not generally equal to 
zero. Hence, if the rectifier is in series with a negligible resistance in a circuit, then a 
thermoelectric current given by Eq. (49) or (50) flows in the circuit. According to Eq. (50), 
if A>0, then 


Aa Ibi, SIP 
yo Ofae Pe (51) 
For an open circuit, according to Eq. (42) or (44), a thermoelectromotive force 
Oa a) n(a) Te ee 
e =a" n(d) “tale rag al dx (52) 
or 
U_kTa{,, n@ a 
en J¢é {in n(d) oe Te (53) 


takes place between the both ends of the barrier, respectively. 


c) Characteristics for reverse applied voltage 
In this case, exp[U/kT]<I1, then Eqs. (42) and (44) yield, respectively, 


s Aes OS alg 
= Ui = A 3/2> a y V. 
Spey Tso ex (| ge ae dx) (54) 


and 
j V-1 Ayp/2 Lea Se, 
If the temperature gradient due to self-heating in the barrier is such as T,>Ty>Tv, the 


larger reverse current than that expected from the isothermal theory will flow through the bar- 


b 
rier, nevertheless the factor exp (| vi an) acts usually to decrease 7. When A(Tu, Ta)~1, 


the magnitude of the reverse current is mainly dominated by the magnitude of J which 
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| creases exponentially as increasing of the temperature 7,. But it should be noted that 
\che factor ¥(Ta, U) acts to increase in some degree the magnitude of the reverse current 
jwith decreasing temperature of the rectifier as seen from Figs) Zand son and) that the 
nobility of charge carriers is temperature-dependent. Therefore the reverse current may, 
| some special cases, increase with decreasing temperature of the barrier. 


‘$6. Barrier Capacitance 


If the lower limit in the integral in Eg. (19) is put equal to zero,’ the charge, g, per 
unit area of the heterogeneous barrier layer is ae given by 


g=el NG) drm CO 8 wa) (a) 


[Pann WL ae oo 


the contribution of the current carriers to this charge being neglected compared with the 
charge due to the ionized impurity centres. 
Using Eqs. (56) and (41), the capacitance, C, per unit area is given by 


i d(y?) d(3(b)) 
Er auy is ie aie =e Sen (97) 


Ge 


where 


v(b)e2(b) 

Hp ae 58 
= PO ORE) ’ ee 
The term V’(d) in Eq. (56) has been assumed to be negligible or at least to be approximately 
independent of Vp—U, so that the following considerations do not apply to a Mott barrier. 


On integrating Eq. (57), we obtain 


20(b) X(T) 
BuO) OP O= Ae a) | OAT oe) 


where +7(b) and (db) are the values of 5(b) at the applied voltages U/e and at the zero 
applied voltage, respectively, and also 3o(b) is equal to e2(T.)/22(T..) since the temperature 
at the zero applied voltage is constant through the barrier and equal to the ambient 


temperature Tu. 
Eq. (59) is slightly different from that obtained for isothermal barriers by Landsberg’® in 


the point that the coefficient of y(U) is not unity, but 27(6)/2X0(d). 


$7. Analysis of Experimental Characteristics 


Assuming Eqs. (7.a) and (32.a) (the latter corresponds to the the case where all impurities 
are ionized; this seems to hold for Se.™), and neglecting In(74™/T#), Eq. (54) can be 


rewritten as follows (see Appendix): 


2 In y(U)-y(U)= In j(U)— In Fol La) Inv ee V(b)AT , (60) 
where 
2\¥? p¥2(a)e(a)  pU(@) po7 2 | aad 
iis 27) SEER a panied daar SAA oS 
and 
ATE Th Bitgs 100 <Oeelles (62) 


The last term on the right-hand side of Eq. (60) represents the effect due to temperature 


‘ise of the barrier. 
On the other hand, from Eq. (59) we can obtain approximately 


In [y°(U)—92(0)] =In Ee ee) is cua |-2 Ine(T.) , (63) 


910 


Sv(d) 
(db) 
case of large reverse applied voltages. 


since In | 


As seen from Eqs. (60) and (63), we can draw the theoretical curves of 3/2 Inj(U )+9( GT i 
y(0)] for given suitable values of (0), since 3/2 In y(U)+y(U ) anc | 


as function of In [v2(U)— 


In [ y2(U )—y?(0)] are iene 4 through the parameter y(U). 
measured 7 and C values for each reverse voltages, we can plot the experimental curves 03] 


| 

20 | 
y | cau]. | 
v | 


Inj as function of 


e 
kTa 


in| 4x( 


The latter experimental curve should coincide 


displacements of 2 Ine(J7.) horizontally and In /g(Ta)—In Prt he 


This type of analysis in the isothermal cases was first used by Lees! and next by Moriguchi 


and Okazaki.}© 
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(U)—y? 0) may be approximately equal to In[y(U)—y(0)] except for te | 


(Vol. 144 


On the other hand, using thell 


with one of the theoretical curves by paralleby 


kT 2 (Vn—OV(b))4T vertically. 


Table I. The values of y(0), (Za), Jn(Tu), and 6(0) for the Se rectifier (No. 11-1). 
Ambient temperature 7),=160°K 
: | | 
Maximum temperature | J2(Tu) (0) 
ae rise AT (°K) vO |) Ee | Ae 
Moriguchi and Okazaki 0 1.0 | Ad Frees | 4* | 116 
Present author | 0 1.0 | 4.8 We) | 109 
1 | 5 © bee 12 &8 
” 10 1.0 6.7 14 | 79 
a 20 LEO Ww oak 45 
twice the value of Vee and Okazaki’ s data. 
Table Il. The values of y(0), e(Tu), Ju(Ta), and 0(0) for the Cu,O rectifier (No. 20-2). 
Ambient temperature 7T,,=176°K. 
Maximum temperature J (Ta) b(0) 
Authors rise AG. (°K) y(0) (Tq) cm=-2) (A) 
Moriguchi and Okazaki | 0 0.25 | 4.6 ST lO ts 412 
Present author 0 0.35 | 4.6 | 3.31071 295 
ji 5 ks -ptOWSt xp 5.7 4.5x 10-1 237 
y 10 O53) 6.4 Atos Se 211 
” 20 0.35 SA a6 16pel0 > 143 


Now from the above non-isothermal theore- 
tical point of view, it may be desired to 
analyse the experimental results obtained by 
Moriguchi and Okazaki to check up how the 
temperature rise of the barrier affects experi- 
mental results. But we can not find the 
values of ¥, 0, V(b), and 4T necessary for 
the analysis, because the temperature distribu- 
tion in the barrier is not yet given and we can 
not analyse the experimental results along 
the same lines as Moriguchi and Okazaki 
have taken. Under the present situation we 
should be obliged to do a very rough analysis 


under the following assumptions: 
(1) The value of V(b) is that for a Schot- || 
tky barrier; 
(2) Vo=0.5 eV, 0=0.5 for both Cu.O and] 
Se rectifiers; 
(3) The temperature-and voltage-depende- ; 
nces of ¥ are approximately of the form of | 
the curve A illustrated in Fig. 3; | 
(4) AT is zero at the lowest applied voltage } 
and has a maximum value, 47m, at the highest | 
applied voltage (the assumed values of 47» | 
are shown in Tables I and II). 
From the above assumptions we get only two | 
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experimental values for the lowest and highest 
applied voltages. Therefore, we can not get 


an experimental curve to fit one of the above- 


mentioned theoretical curves. To get a rough 
knowledge on the effect of the temperature 
rise in the barrier, we may make the above 
two experimental points, for which the cor- 
rection due to the temperature rise is applied, 
fit the same curve as the theoretical one, 
which is first determined by neglecting the 
temperature rise, (this is, under the isothermal 
condition), by suitable parallel displacements. 
From the values of these parallel displace- 
ments we can find the values of y(0), e(7.), 
and Jz(Ta). Some of the results obtained by 
the present analysis are shown in Tables I 
and II, which include the results by Moriguchi 
and Okazaki. By the above parallel displ- 
acements, the experimental points, for which 
the correction due to the temperature rise is 
not applied, should displace from the above 
theoretical curve. From the vertical component 
of this displacement for each experimental 
point, we may estimate the temperature rise 
of the barrier at each applied voltage except 
the lowest and highest ones. 

Under the isothermal condition, the overlap 
of each experimental curve with one of the 
theoretical curves after suitable parallel 
displacements is found to be better than that 
obtained by Moriguchi and Okazaki. The 
reason may be possibly due to the fact that 
the factor #” modifies, especially, the low 
reverse characteristics. The results for the 
isothermal condition are also given in the 
third line of Tables I and II. 


§8. Discussion 

In the preceding sections, we have developed 
generally the non-isothermal diffusion theory 
of metal rectifiers by integrating the general 
non-isothermal diffusion equation newly in- 
troduced here. In the development of the 
theory, the assumption of temperature-and 
voltage-independences of mobility and dif- 
fusion coefficient have not been made with 
dropping of the Einstein mobility relation. 
Hence the present theory has been constructed 
under fewer theoretical restrictions. The 
rectification equation obtained shows clearly 
how rectification current depends upon the 
temperature distribution in the barrier layer 
since it containe Tu, I», and Ta in addition 
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to the values of D, 2, and A at the various 
positions in the barrier layer. Therefore, if 
the temperature distribution in the barrier 
layer changes as rectification current flows 
through the barrier, thermal creep may be 
able to occur. Furthermore, owing to a 
temperature difference between both ends of 
the barrier, thermoelectric current flows ina 
circuit or thermoelectromotive force generates 
at both ends of the barrier according to 
whether the circuit is closed or not. These 
effects can not be expected explicitly by the 
usual isothermal theories. In order to obtain 
further knowledges on the above effects or to 
analyse experimental results in detail, it is 
necessary to solve a differential equation of 
heat conduction with heat generation source 
under suitable boundary conditions. But this 
has not been done in this paper. 

The value of ¥ generally depends upon 
temperature and voltage distributions in the 
barrier layer and several quantities of the 
barrier. Hence it is practically not easy to 
obtain the accurate value of ¥ of a special 
rectifier under a given applied voltage and 
ambient temperature. But the tendency of 
the variation of ¥ may be, in general, similar 
to those indicated in Figs. 2 and 3 obtained 
for the special cases of Mott and Schottky 
barriers. It should be noted that the value 
of ¥ is larger than 2 over the usual tempera- 
ture range, and the value of ¥ in the vicinity 
of zero bias voltage changes rapidly with 
variation of applied voltage and ambient 
temperature. These properties of ¥” may 
affect effectively the low voltage characteris- 
tics and zero bias resistance. 

As seen from Tables I and II, the values 
of the dielectric constants determined by 
Moriguchi and Okazaki are pretty smaller 
than those of the bulk materials of Cu,O 
(10.5, Héjendahl’; and 8, Wright!?) and 
Se (6.13, Vonwiller and Mason;!® 6.60, 
Schmidt; 7.44, Pirani; and 6.31, Tammann 
and Boehme,?” for vitreous Se. 8~20, Eckart 
and Rabenhorst;? Jaumann and Neckenbiir- 
ger; and 14.5, Numata and Isami,?% for 
hexagonal Se). But taking into account the 
temperature rise of the barrier, the Tables 
show that the values of the dielectric constants 
determined in the present analysis tend to 
approach those of the bulk materials. This 
fact seems to be in favour of the present non- 
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isothermal theory. encouragement and to Mr. Y. Moriguchi for 
lending of the experimental data. The present 


Finally, the author expresses his sincere investigation was finacially spported by the | 


thanks to Professor A. Okazaki of Kyusyu Scientific Research Expenditure of the Ministry 
University for his continual advice and of Education. 


Appendix 
Making a logarithm of Eq. (54), we obtain 


3 In y(U)-+9(0)= 1st; @iestlwy Lalarensinas |. yd ( } ae, (A.1) 


Be One NI RIE 


under the above-mentioned assumptions. 
Expressing /Jz(T,) given by Eq. (45) in terms of the values of the quantities at the plane 
x=a by using Taylor’s theorem, we obtain approximately 


Vo 
kT. 


Inv Che) = In Jal Ta) + 


The function V(x) is a monotonous increasing function in the interval ax<x<b. Hence, 
if dT/dx>0 in the above interval, we have the following inequality relation: 


teks eh p d 
0< le Verse Seen < he VO 


4 


Grae a (A.3) 


By Taylor’s expansion, Eq. (A.3) can be written as 
Oat fF Al 
0< ip V dn, ) WG 


V(b) 
kT? 


AT 
On the other hand, 

V(O) V(0) 

i eae 0<621 


Hence, selecting a suitable value of 0 (0<@<1), we can obtain 


0<A 


wii Col Aa epee, VO) 
| War Gd cate ee ere (A.4) 


By Eqs. (A.1), (A.2), and (A.4), we get Eq. (60). 
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| Study on Vacuum Deposition of Metals, I 
On the Formation of Alloys by Successive Deposition of 


Constituent Metal Vapours in Vacuum 


By Yoshibumi FUJIKI 
Institute of Physics, Kyoto Prefectural Medical College 
(Received March 6, 1959) 


The formation of alloy phases by successive deposition of constituent 
metal vapours in vacuum was investigated by electron diffraction method 
for some binary alloy systems. It was concluded that the temperature 
of the surface layer of primary deposit is raised by the deposition of 
secondary metal vapour. This temperature rise, which contributes to 
the formation of alloy phases, is mainly due to the latent heat of con- 
densation of the metal vapour which deposits on the substrate, and 
consequently metal pairs which have larger latent heat of condensation 
may form alloys easier than those which have smaller ones. It was also 
suggested that some structural defects in the substrate layer would 


contribute to the formation of alloy phases. 


§1. Introduction 

When the vapours of two metals are de- 
posited successively on any substrate in 
vacuum, alloys of these two metals are formed 
for some pairs of metals, but not for other 
pairs. Michel!) examined Ag-Zn, Ag-Sn, Al- 
Sb, Al-Cu and other pairs by electron diffrac- 
tion method and found the formation of al- 
loys for the first two pairs, but not for other 
pairs. He considered these phenomena as the 
problem of inter-diffusion similar to the case 
of bulk specimens, and calculated the depth 
to which inter-diffusion had occurred for a 
day using the diffusion constants of the che- 
mical diffusion extrapolated from values at 
high temperatures to room temperature. His 
conclusion is that alloy formations are ob- 
served for pairs whose diffusion constants at 
room temperature are larger than the order 
of 10-2°cm?2/sec, and not for pairs whose dif- 


fusion constants are smaller than this. 

The writer observed almost instantaneous 
formation of alloy phase by the deposition of 
secondary metal vapour in electron diffraction 
camera for Pb-Bi system, and the rate of 
formation of alloy seemed too large for the 
order of diffusion constant at room tempera- 
ture (10-'*cm?/sec). When Sn vapour was 
deposited on Cu deposit (the weight ratio of 
Sn and Cu having been 60:40), an alloy of 
the nickel arsenide type (hexagonal, a=4.19A, 
c=5.08A) was observed. The diffusion con- 
stant at room temperature in this case is of 
the order of 10-32cm?/sec. The writer sup- 
posed that these facts depend upon two main 
factors, namely, the temperature rise of the 
surface of primary deposit by the deposition 
of the secondary constituent metal vapour 
and the crystal texture or the condition of 
the surface of the primary deposit. To con- 
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firm these conjectures the writer examined 
some metal pairs by the electron diffraction 
method. 


§2. Temperature Rise of the Primary De- 
posit by the Secondary Vapour Deposi- 
tion 

The temperature of the deposit is supposed 
to be considerably high just after the deposi- 
tion of vapour, and then is lowered rapidly 
to room temperature, and so the temperature 
of the surface layer of the primary deposit 
would be risen by the deposition of secondary 
constituents. The temperature of the second- 
ary deposit should be higher at the surface 
layer than the bottom during the deposition, 
and so the diffusion should occur upwards. 

The alloy thus formed should be those whose 

composition is rich in secondary element com- 

pared with the composition of films as a 

whole. To assure this the writer examined 

first the Au-Pb alloy system. Au-—Pb alloy 
system has three intermetallic compounds, 

AusPb (cubic, a=7.93A), AuPb: (tetragonal, 

a=7.31A, c=5.644A) and AuPb;”) (tetragonal, 

a=11.958A, c=5.878A), and this alloy system 
is suitable for this aim. Each constituent 
metal was heated in a spiral of tungsten wire 

(about 0.22mm in diameter) and deposited 

on a Formvar film successively in vacuum 

(about 2x10-° mmHg). Total amount of two 

constituent metals was 10 mg and the distance 

between filaments and substrate was 6cm. 

The rate of evaporation was about 25mg per 

minute. After two constituent metals were 

vaporized, specimen was examined by electron 
diffraction method. The ratio of the amount 
of two constituent metals, the alloy phases 
observed and the intensities of their diffrac- 
tion patterns are listed in Table I. These 
results show that compositions of alloys 
formed are rich in the later deposited element 
compared with the compositions of films as 

a whole. These diffraction patterns changed 

to those which correspond to the alloy phases 

of the composition of film as a whole when 

suitably heat-treated in vacuum (see Table I). 

When the amount of Pb for the secondary 

element was reduced to about 2 mg (i.e. 20 

wt. % Pb), no alloy phase appeared but only 

Pb and Au. This specimen showed the dif- 

fraction pattern of Au,Pb and Au after heat- 

treatment. This phenomenon may be under- 
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Table I. 
Composition 
of films as Alloy phase formed 
a whole 
Au:Pb | Au |Au,Pb\AuPb,|AuPb; Pb 
in wt. % 
a Ss m Ww. 
80:20 
b m Ss 
a a — 
Ay 
S a Vw m w 
© 66:34 | ed ee 
g . 
a7 
A, a Vw m w | vw 
2 S208 == aoa i 
S| : 
3 b S 
< | —_-—— 
A m w m 
DABS »|| * 
b m m vw 
a Ss - 
80:20 if 
b m m 
Z = = ——————————————— 
rs a Ss s 
S | 66:34 
3 ib estab 
B= 
8. ind “bana S| swede 
©” | 32:68 | 
oO — 
a | Ss 
Qu | 
ele | g - 
15:85 | = —. ae 
joy | m ae 


| \ | i \ | 


a: before annealing 

b: after annealing at about 200°C for a suitable 
time 

Intensities of diffraction lines 

(as strong m: medium strong 


w: weak vw: very weak tr¥s ee 


stood by considering that the amount of de- 
posited Pb vapour is very small, so that the 
latent heat of Pb vapour is insufficient for 
the temperature rise of the surface of Au 
necessary to form alloys. 

Thin films prepared by the deposition of Sn 
vapour showed the fibre structure which per- 
sisted up to the melting point of Sn. But 
this fibre structure was destroyed by the de- 
position of Zn vapour on it at room tempera- 
ture. (Sn-Zn system has no compound but 
eutectic; eutectic point is 199°C.) 

This suggests that the temperature of Sn 
layer was elevated to near the eutectic point 
by the deposition of Zn vapour. These re- 
sults show the temperature rise of films during 
the deposition of the vapour of the secondary 
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constituent metals. 

To estimate the temperature rise, Cd-Sn 
system was investigated. This system has 
8-phase (hexagonal) which is stable at tem- 
peratures higher than 133°C only. The ~- 
phase was observed when Cd vapour was 
deposited on Sn layer. It is estimated from 
this result that the temperature of the surface 
layer of Sn deposit rose at least above 133°C 
in this case. 


§3. Source of the Heat Energy 


The source of the heat energy producing 
the temperature rise should be composed of 
two parts, namely, the radiation heat from 
the filament, and the kinetic energy of vapour 
atoms and the latent heat of condensation by 
the deposition. To determine which of these 
is more effective, an experiment of deposition 
was carried out, shielding the radiation heat. 
A small rectangular aluminium mirror, whose 
width was a little larger than the diameter of 
filament coil, was placed between the filament 
and substrate at the distance about 1 cm apart 
from the former. A fraction of Pb vapour 
swerved in the shadow of radiation shield 
excepting the case when the vapour density 
was very low, and thus Pb was deposited on 
Au film which was prepared by the deposition 
of Au vapour previously. The formation of 
alloys was also observed when the vapour 
density was comparatively high. Compared 
with the fact that the alloys were not formed 
when the amount of evaporated Pb was about 
2mg with no radiation shielding because of 
the insufficiency of the total latent heat as 
previously mentioned, it is concluded that the 
latent heat of condensation is more effective 
for the temperature rise of the surface. If 
this conclusion is correct, alloys will not be 
formed if the speed of evaporation of second- 
ary constituent metal is very slow, even 
though the amount of it is sufficient to form 
alloys when the evaporation speed is suitably 
high. To examine this, Pb, 5mg in weight, 
was evaporated on Au deposit in about 20 
minutes with no radiation shield. The heating 
current of filament was carefully controlled 
to keep the uniform evaporation rate. Alloys 
were not formed in this case. 

Then it is presumed that alloys will be 
formed easier when metals having larger 
latent heats of evaporation per mole are de- 
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posited on the primary deposits than when 
those having smaller ones are deposited. 
(Since the kinetic energy of vapour atoms, the 
latent heat of solidification and the specific 
heat are small compared with the latent heat 
of condensation, only the latter has been 
taken up.) As mentioned above, no alloy was 
formed when small quantity of Pb vapour 
was deposited on Au, and therefore it seems 
suitable for the confirmation of the above- 
mentioned presumption to examine whether 
the alloys are formed or not by the deposi- 


Table II. 
—: veile Latent heat of 
Secondary Base Alloy vaporization 
: s phase 
deposit deposit ected of secondary 
deposit 

Pb Au none 42,400 cal/mole 
Au Pb AuPby: 81,800 
Pb Bi none 42,400 
Bi Pb none 42,600 
Sn Ag y-Ag-Sn 70,000 
Ag Sn y-Ag-Sn 60,720 


{a) 


(b) 
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Fig. 1. Thin metal films deposited on various 
base metals. 
(a) Pb was deposited on Bi film. 
(b) Bi was deposited on Pb film. 
(c) Sn was deposited on Ag film. 
(d) Ag was deposited on Sn film, 
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tion of small quantities of the same mole of 
the secondary constituents having various 
latent heats of condensation per mole. The 
latent heats of condensation of Au, Pb, Bi, 
Sn and Ag are listed in Table II. Experi- 
ments were carried out for Au-Pb, Pb-Bi and 
Ag-Sn systems. The quantity of each metal 
used for the second vaporization was between 
8~10x10-' mole. In the case of Au deposited 
on Pb layer the alloy phase was formed, but 
the case of Pb deposited on Au layer- showed 
no alloy formation. The formation of alloy 
was observed for the Ag-Sn system but no 
alloy phase was observed for Pb-Bi system 
independently of the order of evaporation (see 
Fig. 1). Latent heats of condensation of Pb 
and Bi are smaller than those of Ag and Sn 
(see Table II). Considering that diffusion 
constant at room temperature is of the order 
of 10-%cm?/sec for Pb-Bi and 10-?° cm?2/sec 
for Ag-Sn and the activation energy is 18.6 
and 21.4 kcal per mole respectively, it is con- 
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Fig. 2. Pb deposited on Au films (ratio of Pb 

and Au in weight is 50:50). 

(a) Au film is fresh. 

(b) Au film is aged for a week at room tempe- 
rature. 

(c) Au film is annealed for an hour at about 
200°C. This diffraction pattern shows the 
state immediately after Pb was evaporated. 

(c’) One day after of (c). 
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Fig. 3. Sn deposited on Ag films (ratio of Sn 
and Ag in weight is 50:50). 
(a) Ag film is fresh. 
(b) Ag film is annealed for 2 hours at about 
100°C. 
(c) Ag film is annealed for 2 hours at about 
BYOC- 
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= 6 -Pb-Bi 
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Bi 
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Fig. 4. Pb deposited on Bi films (ratio of Pb and 
Bi in weight is 50:50). 
(a) Bi film is fresh. 
(b) Bi film is annealed for 2 hours at about 
WOO" 


(c) Bi film is annealed for 2 hours at about 
Z00nCe 
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§4. Effect of the Texture or Surface Condi- 
tion of Primary Deposit on the Forma- 
tion of Alloys 


As mentioned above, alloys were formed 
when Au and Pb vapours were deposited 
successively. But when the Pb vapour was 
deposited on Au layer which was annealed 
at 200°C for an hour or at room temperature 
for a week in vacuum, alloy phases did not 
appear. These specimens showed no change 
after annealing for a day at room tempera- 
ture (see Fig. 2). This was the same when 
in place of Au deposit the commercial Au foil 
was used as substrate layer. The diffusion 
constant at room temperature is about 107!° 
cm?/sec in this case and alloy formation should 
occur according to the interpretation of Michel. 
To verify that the cause of no alloy forma- 
tion in the case of annealed Au deposit or 
foil lies in the contamination of surface or 
not, the annealed Au deposit or foil was im- 
mersed in benzen, distilled water and absolute 
alcohol successively and the Pb vapour was 
then deposited on it. No alloy formation was 
observed yet, however. A fresh Au deposit 
treated as annealed one was also examined, 
and in this case the formation of alloy was 
observed. This shows that a fresh one is not 
affected by such treatments. These facts 
show that the cause of no alloy formation in 
the former case does not lie in the contami- 
nation of surface and alloy formation depends 
not only upon the temperature rise of the 
surface but also upon the texture or structure 
of the substrate layer. 

To test this, the substrate layers of Ag and 
Bi were annealed for appropriate time and 
then the vapour of Sn was deposited on Ag 
film and Pb vapour on Bi film, respectively. 
The results are shown in Figs. 3 and 4. As 
is seen in these figures, alloys were formed 
contrary to the case of Pb-Au, but the 
amount of alloys formed diminished as the 
temperature of annealing became higher. In 
short, annealing of the substrate layers pro- 
motes the tendency to prevent the formation 
of alloy phases. The grain size of the sub- 
strate layer would become large by annealing 
and as the result the contact area of the 
substrate with the secondary deposit would 
diminish, thus reducing the rate of formation 
of alloys. The tendency of the grain growth 
would be larger at about these temperatures 
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for Bi and Ag than for Au, but the diminu- 
tion of the formation of alloy is larger for 
Au than for Ag or Bi. Especially, the ap- 
preciable grain growth of Au by the anneal- 
ing for a week at room temperature was not 
observed. Consequently, the grain size is not 
the ultimate factor, but some structural de- 
fects, which have been investigated by many 
authors, would contribute to the formation of 
alloy phases, 


$5. Summary 


The formation of alloy phases by successive 
deposition of constituent metal vapours in 
vacuum was investigated by electron diffrac- 
tion method for Au-Pb, Bi-Pb, Cu-Sn, Ag-Sn 
and Cd-Sn alloy systems. It was concluded 
that the temperature of the surface layer of 
the primary deposit is elevated by the de- 
position of the secondary metal vapour, and 
this temperature rise contributes to the for- 
mation of alloy phases. This temperature 
rise is mainly due to the latent heat of con- 
densation of the metal vapour which deposits 
on the substrate layer, and the radiation heat 
from the filament contributes little to this 
phenomenon compared with the latent heat 
of condensation. Consequently, metal pairs 
having larger latent heat of condensation may 
form alloys easier than those having smaller 
ones. The degree of this temperature rise 
was at least 133°C for Cd-Sn system. It was 
also suggested that some structural defects 
in the substrate layer would contribute to the 
formation of alloys. 
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Experimental studies have been made of the processes in which the 
changes of the carrier concentration and minority carrier lifetime are 
introduced into silicon by heat treatment at the temperature range 400- 
1200°C. In the low temperature heat treatment, the formed denors are 
less in the vicinity of crystal defects. In the high temperature heat 
treatment, the decrease of carrier density in p- and m-type crystals is 
observed in addition to the annihilation of the formed donors. These 
behaviors are closely related to the crystal defects. The characteristics 
of the processes involved are discussed and explained by the introduc- 
tion of the recombination centers with a capture cross section of 2x10-% 


cm? for hole (at 300°K). 


Introduction 


§1. 

It has been observed) that the donor 
formation is quite large in silicon crystals 
after heating between 400°C and 500°C, and 
these denors can be annihilated by a sub- 
sequent heat treatment above 600°C. The 
details of this phenomena depend on the para- 
meters of the crystal growth such as gaseous 
ambient, rotation rate, and crystal diameter. 
W. Kaiser*)»®) has shown that silicon crystals 
pulled from a quartz crucible contain oxygen 
as much as 10cm’, and some heat treat- 
ment effects are caused by the presence of 
oxygen. Some other investigators have re- 
ported®)-®) that lifetime of minority carriers 
in silicon may be influenced by heat treat- 
ment, and S. Lederhandler and J. R. Patel” 
have shown that oxygen atoms can pricipitate 
at dislocations in crystal. As the correlation 
between the denor formation, the change in 
lifetime, and the presence of dislocation has 
not yet been studied, it is interesting for 
us to study the electrical properties of heat 
treated silicon having deliberately introduced 
defects in order to understand the behaviors 
of oxygen in silicon. 

Here, observations are made on the changes 
of carrier density and minority carrier life- 
time in pulled silicon crystals by heat treat- 
ment between 400 and 1200°C, and the re- 
sults are explained by both the defects in 
silicon and the recombination centers intro- 
duced by heat treatment. 


§2. Experimental Results 


Several silicon crystals are sulled from a 
quartz crucible in argon atmosphere with 
various rotation rates. In order to produce 
a grain boundary parallel to the pulled axis, 
some other crystals are pulled with two seeds 
which have the same <111> axis and are put 
together side by side. 

Samples are ground with silicon carbide 
powder, and rinsed in a mixture of HNO; and 
HF and then in deionized water. Throughout 
heat treatment, samples are put upon a 
quartz boat in a quartz tube using argon as 
a gas ambient unless stated otherwise. 

Resistivity is measured by four point probe 
method or by potentiometer on the bridge 
shape samples, and carrier concentration is 
determined by the value of Hall coefficient 
or resistivity using the mobility data. Life- 
time of minority carriers of the surface 
treated silicon is measured by Morton Haynes 
method under an ambient dc illumination. 


A. General features 

A typical variation of carrier concentration 
change measured at room temperature with 
treating temperature is shown in Fig. 1. This 
is found in p-type specimens cut from the 
same ingot pulled at 60 rpm. Heating time 
in hydrogen is about 50min in each treat- 
ment. It is seen that the hole density in 
silicon decreases by heating at the tempera- 
tures in the range of 400 to 600°C and in- 
creases at above 600°C. This change results 
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from the donor formation and annihilation. 
The values of the activation energies of such 
induced donor centers have been determined 
by measurements of the variations of Hall 
coefficient with temperature on arsenic doped 
silicon which is heated at 470°C for 50 hours. 
Two levels at 0.14eV and 0.31eV below the 
conduction band are evaluated, in a good 
agreement with F. J. Morin’s data. Since 
the shallow level may be completely ionized 
at room temperature, it has been assumed in 
this work that the change in carrier concen- 
tration by heat treatment below 600°C is a 
measure of the number of the induced donor. 
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Fig. 1. The change of carier density as a func- 


tion of heat treatment temperature in p-type 
silicon pulled at 60 RPM. 


The formed donor denters are annihilated 
by subsequent heat treatment for short period 
above 600°C, and appeared again below 
600°C2).®. It has been known that the donor 
concentration formed by heating in the tem- 
perature range of 400 to 600°C is larger in 
the crystals pulled at high rotation rate than 
at low. As the crystal experiences the tem- 
perature of the donor formation during the 
pulling, the formed donors exist originally 
in every pulled crystal. The decrease in 
donor density, shown in Fig. 1, by the heat 
treatment above 600°C is due to the annihila- 
tion of the donors formed during the pulling 
at high rotation rate, 60 rpm. 

The formed donor density depends much 
on the period of heat treatment. It is ob- 
served that the denor density induced by heat 
treatment at 450°C increased with the heat- 
ing period and approached some value which 
may be related to the pulling condition. These 
results agree with Fuller’s and Kaiser’s”. 
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The specimens are also heated in various 
sorts of ambient gas at 500°C. It is seen 
that the heat treatment in vacuum of 1 x 107° 
mm Hg induces the denors a little less than 
the other treatments in hydrogen, argon, and 
air. The induced donor density is not influ- 
enced by cooling rate from 500°C. This is 
examined by the following experiments. The 
specimens were quickly dropped into the dif- 
fusion pump oil at room temperature from 
the treating temperature and other specimens 
were slowly cooled. In both treatments, the 
difference in the formed donor density is not 
seen. 

In the high temperature treatment, it is 
observed that in addition to the annihilation 
of the formed donors, both electron density 
in m-type and hole density in p-type crystal 
decrease, independent of the crystal growth 
condition. Such decreases of carrier density 
are not affected by the variation of cooling 
rate* from high temperature, but little af- 
fected by the sorts of ambient atmosphere 
including vacuum. 

Lifetime of minority carriers decreases by 
the heat treatment in the temperature range 
of 400 to 1200°C. This is similar to the 
characteristic of the decrease of carrier den- 
sity by the high temperature treatment men- 
tioned above. 


B. Heat treatment at low temperature 

Specimens of about 7x2 mm? cross section 
are cut along the radial direction in some 
round slices from u-type crystal pulled at 10 
rpm. After heat treatment for 30 hours at 
450°C, the induced donor concentration varies 
along the rod. One of these radial variations 
is shown in Fig. 2, where etch pit density 
and lifetime of minority carriers before and 
after the heat treatment are shown together. 
It is seen that the induced donor concentra- 
tion decreases at the edge of the slice where 
the etch pit density is large compared with 
at the center, and that the decreases of the 
lifetime are striking at the center. 


* More rapid cooling experiment were performed 
by quenching the p-type specimens by dropping 
into the room temperature oil from 1000°C for 
about 3sec. The decrease of hole density in order 
of 5x1014cm-3 was observed. As this results will 
be related to the lattice defects made by quench- 
ing, it will be reasonable to discuss this phenomena 
in other place. 
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A p-type specimen having an artificial grain 
boundary pulled at 10rpm as shown in Fig. 
3 is heated at 470°C for 25 hours. The 
changes of the hole concentration along the 
rod are also shown in Fig. 3. It is explicitly 
shown that in the neighbourhood of the grain 
boundary the formed donor concentration is 
small compared with that at the other por- 
tions. 

In order to make precise of the influence 
of crystal defects on the concentration of the 
formed donors, the following experiments are 


also performed. Two specimens are cut along = Fe © etched specimen | | 
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Fig. 2. Increased electron density, etch pit den- 
sity, and lifetime as a function of distance along 
the diameter in »-type silicon heated at 450°C. 
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Fig. 3. Decreased hole density as a function of 
distance along the diameter in p-type silicon 


having a grain boundary by heat treatment at 
470°C, 
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increased electron. density 


the radial direction from the adjacent slices 
One is etched by CP-4, 
and another is ground by 600 mesh silicon | 


of the m-type ingot. 


carbide and carefully rinsed 
water. After both specimens are heated for 
25 hours at 470°C, the radial variations of 
increased electron density are measured along 
the rod. The results are shown in Fig. 4. 
At the edge where a large number of dis- 
locations are expected, the difference in the 


formed donor density between both specimens — . 
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Fig. 4. Increased electron density as a function 
of distance along the diameter in 2-type silicon 
having a etched or abrased surface by heat 
treatment at 470°C. 
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Fig. 5. Decreased electron density and etch pit 
density as a function of distance along the dia- 
meter in m-type silicon heated at 1000°C. (a): 
etched specimen, (b): abrased specimen. 


28 | 


(Vol. 14, | 


in deionized | 


| : 1959) 


|, is not clearly observed, but at the center the 

| formed donor density in the etched specimens 

| is distinctly higher than that in the ground. 

' From the above mentioned results, it is 

' seen that the donor formation depends strongly 
on the degree of crystal perfection. 


_C. Heat treatment at high temperature 

_ Both silicon specimens, one cut from a 
pulled ingot and another from vacuum ficat- 

_ ing zone refined crystal, exhibit a number of 

‘interesting effects by heat treatment in the 
temperature range of 600 to 1200°C. 

Specimens of 72mm? cross section are 

' cut along the radial direction from some round 

| slices of an n-type crystal pulled at 10rpm. 

| After heat treatment for 8 hours at 1000°C, 
electron densities decrease as a function of 

' the radial distance as shown by curve (a) in 
Fig. 5, where the dislocation density along 
the sample is also shown. Another specimen 
having the same dimensions is prepared from 
the adjacent slice of the crystal, and ground 
by 600 mesh silicon carbide and then care- 
fully rinsed in deionized water. This speci- 
men is heated with the etched one, the re- 
sults of which is already shown by curve (a). 
The radial variations of the decreased elec- 
tron density are shown by curve (b) in Fig. 
5. It is seen that the decreases of electron 
density are contrary to the results caused by 
a low temperature heat treatment and are 
striking in the center of the rods where etch 
pit densities are low. In Fig. 5, it is also 
seen that the decreases of electron density in 
the abrased specimen is less than that in the 
etched one. Such decreases of carrier density 

are accompanied by the decreases of minority 
carrier lifetime. 

In order to investigate the correlation be- 
tween the changes of the carrier density and 
the crystal defects, p-type specimens having 
a grain boundary are heated for 8 hours at 
1000°C. An example of the results is shown 
by curve (a) in Fig. 6, where the decrease 
of hole density is plotted along the sample. 
It is seen that the decreases of hole density 
are small at the grain boundary. Measure- 
ments of thermoelectromotive force by hot 
probe method show an n-type property along 
the grain boundary. The similar features 
are also observed in the following experi- 
ments: Among the two p-type specimens cut 
from a vacuum floating zone refined crystal, 
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one is etched and another is ground, and 
after a heat treatment at 1000°C for 8 hours, 
it is observed that only the surface of the 
abrased specimen has an n-type layer of 
1x10? mm thickness which is determined by 
angle lapping and hot probe technique. The 
decreases of the hole density are also observed 
in these specimens which may be expected 
to have a lower concentration of oxygen 
atoms. 


grain boundary 


increased hole density (10'*cm*) 


2 4 6 8 lj We 
distance along diameter (mm) 

Fig. 6. Changes of hole density as a function of 
distance along the diameter in p-type silicon 
having a grain boundary. (a): after heat treat- 
ment at 1000°C, (b): after subsequent heat treat- 
ment at 470°C. 


The p-type sample heated at 1000°C is 
again heated at 470°C for 25 hours. The 
change of hole density before and after the 
heat treatment at 470°C is shown by curve 
(b) in Fig. 6. In spite of the heat treatment 
by which the large amount of the donors 
should be formed, it is observed that the hole 
density on the contrary increases only in the 
order of the decreases by the heat treatment 
at 1000°C. 

The decrease of carrier density in p- and 
n-type silicon by a high temperature heat 
treatment is accompanied by the decrease of 
the minority carrier lifetime. Such pheno- 
mena depend on the temperature at which 
the specimens are heated. Some n-type spe- 
cimens are cut from a crystal pulled at low 
rotation rate and the values of lifetime are 
found to be 30 to 50yusec. These specimens 
are heated for 6 hours at various tempera- 
tures. Fig. 7 shows the variations of the 
decreased electron density and the lifetime 
after the heat treatment with the reciprocal 
of the treating temperature. If it is assumed 
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that the logarithm of the decreased electron 
density and the lifetime after the heat treat- 
ment vary linearly with the reciplocal of the 
treating temperature, the activation energy 
may be obtained as 0.36eV for the changes 
of electron density and 0.34eV for the life- 
time. It is also observed that the decreases 
in carrier density and the lifetime after a 
heat treatment depend neither on the heat- 
ing period, nor on the resistivity and the 
lifetime before the heat treatment. 
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Fig. 7. Lifetime after heat treatment and de- 
creased electron density as a function of reci- 
procal of heat treatment temperature in »-type 
silicon. 


§3. Discussion 


Discussion is separated into two parts; first, 
the donor formation by low temperature heat 
treatment and second, the decreases of carrier 
density and the annihilation of the formed 
donors by high temperature’s one. 

About the phenomena of donor formation, 
Kaiser») has shown that the oxygen atoms 
included in silicon cause the absorption at 9 uu 
by Si-O molecular vibration, and that oxygen 
atoms sensitive with the 9 absorption are 
mostly present at the center of pulled ingot, 
contributing to the donor formation by a heat 
treatment at 450°C. The results given in 
Fig. 2 and 3 show that the formed donor 
density depends in a very sensitive way on 
the dislocation density of the materials. Edge 
portions of pulled crystal and the neighbor- 
hood of grain boundary have a higher dis- 
location density than at the center. The 
formed donor density is distinctly small at 
the grain boundary and the edge portion. 
From these data, it may be reasonable to as- 
sume that, when a crystal is cooled during 
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the pulling, the oxygen atoms introduced intoi} 
the crystal are frozen at the dislocations and] 
the grain boundary, and that the frozen oxygen)" 
atoms do not contribute to the donor forma- |: 
tion by a low temperature hert treatment...) 
Such assumptions that the oxygen atoms in) 
crystal may be captured by the crystal de-4) 
fects are consistent with the results of low) i 
temperature heat treatment on the specimens) 
having an abrased layer as shown in Fig. 4,, iy 
that is, as the oxygen atoms in crystal dif- |) 
fuse and precipitate in the abrased surface}) 
layer, the density of oxygen atoms to contri- | 
bute to the donor formation is smaller in the} 
abrased specimens than in the etched one. | 
At the edge of crystal, as the oxygen atoms: 
are nearly frozen at dislocations during the} 
pulling, the influence of surface abrasion may | 
be expected to be very small. Lederhandler }- 
and Patel?) have used nearly the same as- | 
sumption and clearly explained their data on | 
the fast decrease of the absorption coefficient | 
at 94 by high temperature heat treatment | 
on the plastically deformed silicon. | 

The phenomena induced in silicon by a 
high temperature heat treatment can be ex- 
plained by the following two processes; (a) 
annihilation of the formed donors and (b) de- 
crease of carrier density in p- and n-type sili- | 
con. The former may be related to the 
oxygen atoms included in crystal, but the 
latter should not be related to oxygen since | 
the decrease of hole density is also observed | 
on a vacuum floating zone refined silicon } 
which is believed to include less oxygen atoms. | 

Process (a) is explained by Kaiser’s assump- 
tion that the oxygen atoms, originally active | 
in donor formation, group together into clus- | 
ters of high oxygen concentration during the | 
heat treatment at 1000°C and then the formed 
donors are annihilated. In such process, elec- | 
tron density in m-type crystal decreases and | 
hole density in p-type increases. In Fig. 1, | 
the increases of hole density by a heat treat- | 
ment at above 600°C show that the donors 
induced during the pulling are annihilated by 
this process. 

Most of the high temperature heat treat- 
ment effects are hardly explained by the pro- 
cess (a). Reduction of the density of majority 
carriers shown by the curve (a) and (b) in 
Fig. 5 and the curve (a) in Fig. 6 may be 
explained by a new assumption that heat 


- stood. 


\) treatment introduces some deep trapping cen- 
) ters into both n- and p-type silicons. 
i ther assumption for these trapping centers 
‘ to play another important role, the recombi- 
| mation center, when the minority carrier is 


By fur- 


present, the observed reduction of the life- 


) time after heat treatment may easily be ex- 
) plained. To explain the correlation between 


the decreased majority carriers density and 
the lattice imperfection and to explain the 
m-type character of the grain boundary and 
the abrased surface, these centers should be 


} assumed to be captured by dislocations quite 
) easily after high temperature heat treatment 
and to become new donors. 
/ may have a temperature dependent solubility! 


If these centers 


and may aggregate each other by low tem- 
perature heat treatment, the behavior of the 
curve (b) in Fig. 6 will be reasonably under- 
Also, the facts that the minority 
carrier lifetime is slightly recovered by the 


i subsequent low temperature heat treatment 


will be reasonably explained. 

If the energy necessary to introduce this 
center into silicon is eV, the density of this 
center 4n, will be given by the following 
equation, 

A4n=No exp (—E/kRT) . 


Value of E determined by the slope in Fig. 7 
is about 0.35eV, and No is 2x10%*cm™*. The 
lifetime ty in the n-type crystal heated at 
high temperature may be nearly determined 
by the number and the capture cross section 
o of the introduced recombination center, 


(Sa 
AN-V-Tp 

The value of o obtained from Fig. 7 is 
2x10- cm? for hole at 300°K. Same estima- 
tion of o for electron in p-type silicon were 
performed by some experiments. The value 
of o is order of about 10-%cm? for electron 
at 300°K. 

The value of the formation energy esti- 
mated from the data does not agree with the 
B. Ross’s value and the Bemski’s one® 
which have determined by the quench ex- 
periments. It seems that this discrepancy 
results from the difference in the cooling rate 
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from a _ treated temperature. Recently, 
Bemski™ has reported that at high tempera- 
ture gold is introduced in a concentration of 
10 cm™ into silicon from the surface and 
formed a donor level at 0.34eV from the 
conduction band. It is interesting to notice 
that the density of the recombination centers 
introduced in our experiments is of the order 
of 10” to 10'*cm=-3 at 600 to 1200°C and that 
the capture cross sections for hole and elec- 
tron are similar to Bemski’s results. If 
these centers are introduced from the surface, 
the concentration of centers must be propor- 
tional to the ratio of surface area to volume 
of the specimen. Studies on the energy level 
of the centers and on the variation of their 
concentration with the surface-to-volume ratio 
seems to be helpful for getting information 
about what they actually are. 
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Electronmicroscopic Observations of the Cleavage 
Plane of KCl Crystal 


—the Deformation Zone— 
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The deformation zone_of KCl single crystal decorated with potassium 
colloid particles is investigated with electron microscope using a replica 


technique. The deformation zone is 


perfections contained originally in the crystal. 
deformation zone observed with light microscope are consisted of a 
The thickness D of the slip lamella, the 
slip distance s and the height h of the slip step were estimated as D 
=720A, s=270A and h=240A for three adjacent slip lines. 


number of fine slip lamellae. 


ed that several hundreds of screw 


every new cleavage step at the deformation zone. 
made for the explanation of the mechanism by which new cleavage steps 


are formed at the deformation zone. 


Introduction 


§1. 

When an alkali halide single crystal is co- 
loured either with x-ray» or with excess 
alkali metals introduced additively,® growth 
of crystallites is observed electronmicroscopi- 
cally not only on the outer surface, but also 
in the interior of the crystal. One of the 
most important markings in analysing the ef- 
fects induced inside the crystal has been the 
pattern of steps revealed on the freshly clea- 
ved plane obtained after the colouration, and 
the characteristic features observed so far 
with electron microscope are summarized in 
the following: On the fresh cleavage plane 
of the coloured crystal, it is observed a zig- 
zag step at the kink site where crystallites 
grow and, in some cases, a bundle of wavy 
steps converges at such a kink site. This 
phenomenon was interpreted as follows: The 
zigzag step may correspond to a kind of in- 
ternal surface which was originally straight 
before colouration and was made to turn into 
the zigzag shape as a result of ion redistribu- 
tions caused by the colouring processes. It 
is also considered that such a motion of the 
internal surface causes growth of crystallites 
at kink sites. The bundle of wavy steps 
attached to the kink site may indicate the 
internal stress produced by the process stated 
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formed independently on the im- 
The slip lines near the 


It is suggest- 
type dislocations are attached to 
The attempts were 


above.)*),4) These situations are quite simi-4) 
lar to those which could be expected on the 
nonconservative motion of dislocations. At} 
present, we have not a sufficient experimenta!]} 
confirmation to interpret the phenomenon in)}) 
languages of the current dislocation theory, } 
except for a few remarkable cases. | 
On the other hand, it has been generally | 
accepted, on the basis of the observations} 
with optical microscope, that when the: 
cleavage crack front travels across a twist || 
boundary, new cleavage steps are formed at | 
screw dislocations whose Burgers vectors are || 
not parallel to the cleavage plane.» Recent | 
investigation by Forty® showed that when | 
the cleavage crack front ceased its propaga- 
tion, the two halves of the crystal plate have | 
plastically deformed by absorption of the | 
kinetic energy of the crack front, and that | 
the new cleavage steps are formed there 
when the cleavage crack front is made to 
move forwards again. He observed also the 
<100> slip lines attached to every cleavage steps 
which were created anew, and called this 
special region ‘‘ deformation zone’’, which 
can also be produced when the cleavage crack 
front propagates with a velocity under a criti- 
cal value.» It was suggested that the ar- 
ray of dislocation loops are nucleated along 
the deformation zone, and this was proved 
by decorating the dislocation loops with ex- 
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cess metal particles. Another experiment §2. Experimental 
was carried out independently on LiF single 
crystal with using a successive etch techni- 
que, and this gave the same confirmation, 
too. 

If the above relation between the cleavage 
step and the screw dislocation were applicable 
to the bundle of wavy steps which converges 
at the crystallite grown at the kink site of a 
zigzag step, there must exist a screw dis- 
location whose Burgers vector is not parallel 
to the cleavage plane. But, this would be too 
favourable to be true. It is desired to obser- 
ve the deformation zone or a twist boundary 
with electron microscope, if the attempts are 
made for the interpretation of the charac- 
teristic features of step patterns. 

As the first step to see the relationship 
between the cleavage steps and the crystal 2@ ‘ 2 
imperfections such as dislocations, the defor- ig. 1, An optical microscopic image of KCl 
mation zone of KCl single crystal was obser- crystal decorated with colloid particles along 
ved with electron microscope. dislocation lines. 


2-1 KCl crystal employed in the experiment 
KCl specimen employed here was not a 


: 
: 
) 


Deform, Zone 
by 4 4 ‘ey Ss +4 vs Sheree 


t of 7 4 ¢ t 2S 
ee Deform. Zone 
Fig. 2. An electron image of the deformation zone and the cleavage plane adjacent te it. 
The [100] and [010] direction are chosen as shown in the figure, and the [001] axis is 
directed upwards normally to the paper. Cr-shadow is directed to the [010], and the 
cleavage crack front propagated from left to right. Every arrow indicates the spots 


where the slip lamellae are predominant. 
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pure single crystal cleaved from the block, 
but was one decorated with potassium colloid 
particles along the dislocation networks. The 
reason why the decorated crystal was adop- 
ted is based on the following facts: The 
electronmicroscopic observations on the fresh- 
ly cleaved {100} planes of the decorated cry- 
stal showed that a pit is produced at the spot 
on the cleavage plane where colloid particle 
precipitated’; this means that we can obtain 
the surface markings which are closely rela- 
ted to the crystal imperfections without smear- 
ing out the fine steps of an electronmicrosco- 
pic scale, for the application of the usual 
etch technique to the fresh cleavage plane to 
produce the etch pits leads to the simulta- 
neous and inevitable removal of the surface 
layer of few microns in thickness. 

In the present experiment, the undeformed 
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KCl single crystal was heated in the atmos- f 
phere of potassium vapour at 550°C for 4 
hours, followed by the furnace cooling to | 
room temperature in 12 hours. By this pro- | 
procedure, it was possible to obtain the cry- 
stal that was decorated with potassium col- 
loid particles along the dislocation lines as | 
shown in Fig. 1. If the crystal is quenched } 
to room temperature instead of the furnace. 
cooling, it will acquire the atomic dispersed 
F centres, as is well known. The procedure 
adopted in this experiment is slightly different » 
from Rexer’s method by which greater parts 
of the experiments for decorating dislocations 
of alkali halides with colloid particles were 
carried out,’ nevertheless the phenomena |p 
that the crystal becomes to contain colloid 
particles by this procedure are not quite new 
in themselves.!” 


Si 2S3 


Fig. 3. An electron image of fine slip lamellae on the cleavage plane adjacent to the de- 


formation zone. The coordinate system is identical with that of Digee2. 


The slip lines 


Si, S. and S3; are estimated as about 240A in heights, 
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2-2 Cleavage planes and a reprica 

The (001) cleavage plane of the crystal was 
obtained with a sharp razor by tapping it 
with pincette at room temperature. The 
special attentions were not put on the cleav- 
ing process as were done in the previous 
workers.®»”) This fresh cleavage plane was 
observed with the electron microscope using 
the one stage replica which was consisted of 
obliquely deposited Cr film subsequently re- 
inforced with C film in high vacuum, where 
the Cr-beam was directed parallel to one of 
the <100> of the specimen and made an angle 
6=tan (0.4) to the cleavage plane to be 
observed. 


§3. Experimental Results 


The electron image of the deformation zone 
described above and the surface area adjacent 
to it are shown in Fig. 2 which illustrates 
the general features of cleavage steps on this 
surface area. The shadow direction indicates 
that the cleavage crack front propagated 
from left to right leaving the straight cleava- 
ge steps directed to the [100] of the basal 
plane behind, until it reached to the defor- 
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Fig. 4. An electron image showing the single 
slip line on the flat cleavage plane. The arrow 
indicates the [010] slip line. 


(a) 


(b) 


Fig. 5. An electron micrograph showing the effect of imperfections on the 


cleavage step. 
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mation zone. When the cleavage crack front 
passed across this zone, the new cleavage 
steps were produced and their running direc- 
tion was suffered a sudden change from the 
older [100] to the direction making an angle 
of about 30° to it after the short passage 
along the direction making an angle of about 
20° to the [010]. 

The small semispherical pits of about 0.5 
microns in diameter encircled with tiny drops 
are observable on the cleavage plane. They 
are considered to be resulted from the potas- 
sium colloid particles. Since they indicate 
probably the place where imperfections were 
located before cleaving process, it is conceiv- 
able that a deformation zone can be formed 
independently of the imperfections contained 
originally in the crystal, provided that all of 
the imperfections are to be decorated with 
colloid particles. 

Another interesting phenomenon is that the 
fine slip lines having the [010] direction of 
the basal plane are observed chiefly on the 
surface area where only the [100] cleavage 
steps appear. Every arrow in the figure in- 
dicates the spots where the slip lamellae are 
predominant. 

Fig. 3 shows the detailed structure on the 
surface region enclosed with black lines in 
Fig. 2. One sees here clearly a kind of fluc- 
tuation in the density and strength of the 
fine slips. To every new cleavage step a 
number of fine slip lines whose directions are 
slightly deviated (about 20°) from the [010] 
are attached. The sum of their slipped dis- 
tances represents roughly the height of the 
new cleavage step to which they are attach- 
ed. Furthermore, the [100] cleavage step are 
segmented by the [010] slip lines. The shape 
of the intersection of the cleavage step and 
slip planes indicates that the resolved slip 


processes are mainly due to the (101)/[101] 
slip system. It should be pointed out, how- 
ever, that the slip lines are not always so 
simple as stated above, but mixed with other 
glide systems. 

Fig. 4 is the electron micrograph which 
shows the single slip line on the cleavage 
plane. We could occasionally observe slip 
lines of this type on the cleavage plane. 

Finally, it must be mentioned the effect of 
the “‘colloid’’ pit on the cleavage step. 
Though it is observed that a new cleavage 
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step is rarely created behind the spot where | 


colloid particle precipitated, its definite influ- 
ences on the cleavage step could not be 
observed as shown in Figs. 2, 3 and 4. 


the pit, its passage was forced to curve leav- 
ing a semicircular locus of the cleavage step 
around the pit. The radius of curvature of 
the semicircular step was slightly larger than 
that of the pit by 300A to 1,000A. This is 
considered to be caused by the stress around 
the imperfection. These phenomena are 
shown in Fig. 5. 


§ 4. Discussion 


4-1 Estimation of the number of screw 
dislocations 

The resolved [010] slip lines on Figs. 2 and 
3 probably correspond to the (101)/{101] slip 
system, taking the orthogonal coordinates 
system such as shown in Fig. 2. It is con- 
ceivable that this configuration causes the 
slip lines to have the dark contrast against 


Surface Planes of Cleavage Plate 


Plane of a 
~~~ ~ _cleavage crack 
. = a. = J 


Cleavage ~~~ 
chisel 
—— > 


Fig. 6. (a): A schematic diagram of slip lamella 
and plastic bending of the half crystal. This 
configuration was obtained on the basis of Fig. 
2 (or 3). The slip distance s of a slip lamella, 
the step height h and the lamella width D are 
defined. (b): The darkening of an electron 
image obtained from the replica which casts 
the surface represented by Fig. 6 (a). The 
width d of a slip line and the lamella length 


L~ measured along the [100] on the (100) are 
defined. 


If a ie 
fine cleavage step happened to proceed against | 


| where L 


| 1959) 


| the slip lamellae even though the Cr-shadow 
| was parallel to the [010] direction. Fig. 6 is 
| the schematic diagram obtained from Fig. 2 
. (or 3). Then, the step height h due to the 
|} slip motion of each lamella is equal to the 
breadth d of the slip line, and the slip dis- 
| tance s along the [101] is7/ 2 -d. The thick- 
' ness D of a slip lammella is given by L// 2, 
is the breadth of the lammeila 
measured along the [100] on the (001) plane 
| (see, Fig. 6). For the slip system S1, S: and 
| Ss indicated in Fig. 2, the following values 
' can be obtained: 


Slip Lamella 
Si Sy S3 SoS S38. 
ats ealus 
h 240A >240A 240A = _ 
s 270A >270A 270A | — — 
D = — — 720A 720A 


These values will give a rough picture for 
the slip system observable in the region near 
the deformation zone. To each new clea- 
vage step created along the deformation zone 
five to ten resolved slip lines are attached, so 
we can calculate the number N of the screw 
dislocations per new cleavage step according 
to the next equation: 


N=(s/b)-n (1) 


where, 


m=the number of slip lines attaching to 
a new cleavage step 
b=Burgers Vector=a-[110]/2 


Taking s=270A, the relation N=120-n is ob- 
tained. Thus, it is estimated that 5.10 to 
10? screw dislocations are created at or near 
the every new cleavage step along the defor- 
mation zone. 


4-2 The mechanism of the creation of new 
cleavage steps 

According to the present investigation, the 
deformation zone was formed independently 
of the imperfections originally included in the 
crystal plate, because Fig. 2 shows that the 
deformation zone is located on the region of 
the cleavage plane which has not any relation- 
ship to the colloid pit. Thus, it is certain 
that the slip lines observed in Figs. 2 and 3 
were produced by the applied external force 
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by which the cleavage crack front was 
driven. 

As to the mechanism of formation of the 
deformation zone, the previous investigators®»” 
infered as following: When the cleavage 
crack was introduced into the crystal and 
driven by the external force, the elastic ener- 
gy in the crystal is stored up in addition to 
the increment of the surface energy accom- 
panied with the crack propagation; this elas- 
tic energy is released possibly by the plastic 
work, hence the dislocation loops are spon- 
taneously introduced into the crystal region 
near the front of a propagating cleavage 
crack. This special region is the so called 
deformation zone, as stated in §1. This pro- 
blem has been investigated on the standpoint 
of crack propagation. Nevertheless, the me- 
chanism by which new cleavage steps are 
created along the narrow strip of deformation 
zone was not taken up so far as we know. 
In this paragraph, some discussions are given 
on this point. 

When the cleavage crack was introduced 
into the crystal plate along the {100} so as 
to obtain two halves of the crystal plate with 
equal thickness, they separate each other 
with nearly equal amount of a plastic ben- 
ding which is partly caused with glide proces- 
ses extensively occurred on the deformation 
zone. In the other case when the thinner 
crystal plate was cleaved off from the thicker 
one, the former is severely deformed. It is 
considered here, therefore, the mechanism 
by which the new cleavage steps are created 
along the deformation zone only in the case 
when the two halves of the crystal plate are 
cleaved with equal thickness and under the 
same plastic bending. This may be applicable 
to the other cases with a slight modification. 

Fig. 7 shows that the cleavage crack ABNM 
is introduced into the crystal plate to produce 
two halves of crystal plate Z and #7 with 
equal thickness, here a cleavage crack front 
is located along the curve ASB. It is assum- 
ed that the crystal plates J and 7 are equiva- 
lent in all respects. Now, let us suppose 
that the elastic energy in the crystal is stor- 
ed up and happens to be elevated at a criti- 
cal value at the instant when the cleavage 
crack front is located along the ASB, and 
that the crystal plates J and @ are conse- 
quently deformed by slip by the high stress 
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concentration at the point, for example S, on 
the ASB in order to release it. For the easy 
comparison between Fig. 2 (or 3) with Fig. 7, 
the same coordinate system was adopted in 
both figures. The family of the [100] clea- 
vage steps in Fig. 2 is considered to exist on 
the cleavage crack ABNM in Fig. 7. If the 
slip process in J is due to the (101)/[101] sys- 
tem, as in Fig. 3, the crystal plate ZZ must 
slip along the [101] on the (101) at the same 
instance because of the assumption of equi- 
valency. Consequently, dislocation loops may 
be nucleated both on the (101) and on the 
(101), where the dislocation loops on the (101) 
may be easily located downwards in the re- 
gion of the crystal plate Z, and those on the 


Fig. 7. Schematic diagram for the propagation 
of a cleavage crack front. ABNM is the clea- 
vage crack, ASB is the front of a cleavage 
crack. The curve SPyy corresponds to a 
dislocation loop on the (101) and SP,Ky to that 
on the (101). Shaded regions represent the slip- 
ped area (See the text). 


(101) upwards in the crystal plate WZ. The 
parts of dislocation loops near the free sur- 
face ASBNM may move to the surface, then 
cut it leaving the slip steps along the [010] 
to release the stress field. The configuration 
of the dislocation loops at this instance is re- 
presented in the figure as the curves of 
SPiE, and SPE. The character P indica- 
tes that they have the positive edge charac- 
ter, and the character E for the end point of 
the dislocation loop. The shaded part in the 
figure indicates the slipped region. Near the 
point S, the excess of screw dislocations of 
the same sign may be concentrated locally. 
If the dislocation loop SPuEu have a screw 
component near the region S whose sign is 
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reverse to that of the SPi&, the high conf 
centration of the stress at the region S could 
not be released, thus such kind of combina: 
tion of slip processes is meaningless. These 
special situations lead to raise the elastic 
energy in the neighbourhood of S, and give) 
rise to the additional force F' directed towards: 
interior the crystal along the [010]. In accor: 
dance with Fig. 2, if we suppose the applied: 
external force f to be directed along the [100}, 
the cleavage crack front near the point : 
may be driven by the resultant force (F+f). 
This mechanism appears to explain the facts 
that the slip steps serve as the starting 
lamellae of every new cleavage step to whicag 
they are attached and that their directions: 
are deviated slightly from the [010] direction 
(see §3; Fig. 3, for example). After the ac- 
ditional spontaneous force F around the pointi 
S as well as the other points along the de- 
formation zone under the same condition as} 
S vanishes by the movement of the crack; 
front along the special direction stated above, } 
the crack front should be driven solely by’ 
the external force along the direction favour-.- 
able to it. Thus, the cleavage step may’ 
change its running direction suddenly. It is|| 
conceivable that the abrupt change of the: 
direction of cleavage steps from that of the: 
slip lamella making an angle 20° to the [010] |f 
in Fig. 3 may correspond to the above state | 
of affairs. 

Now, according to the above mechanism, | 
it appears possible to understand the reason | 
why the new cleavage steps are formed and 
suffered to the abrupt change of their run- | 
ning directions at the deformation zone ASB | 
nearly independent of the older cleavage 
steps. As estimated in §4-1, it is easy to 
make the older cleavage steps of 0.1 microns | 
or less in heights vanish by the slipping pro- | 
cess. If any cleavage step is sufficiently high 
so that it is not made vanish by the slip pro- ) 
cess, it can across the deformation zone. 
However, its running direction is forced to | 
change at the deformation zone to the direc- 
tion which was determined by the force F to | 
relieve the strain energy of the screw dis- 
locations with same sign. 


§5. Summaries 


The cleavage plane of KCl single crystal 
containing colloid particles was investigated 
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-plica technique. 
» summarized as follows: 


| pendently of the 
' originally in the crystal. 


sisted of a number of fine slip 
_ Measurements were made on the thickness D 


amples. 


with electron microscope using one stage re- 
The important results are 
(1) The deformation zone is formed inde- 
imperfections contained 


(2) The slip lines near the deformation 
zone observed with light microscope are con- 
lamellae. 


of the slip lamella, the slip distance s and 
the height h of the slip step for three ex- 
They gave the following values: D 
=720 A, s=270A and h=240A. Thus, it 
was estimated that several hundreds of screw 
dislocation are attached to every new cleava- 
ge step at the deformation zone. 

(3) It was found that new cleavage steps 
are created independent of the older cleavage 
steps at the deformation zone and that the 


height of a new cleavage step at the defor- 


tion zone and that the height of a new clea- 
vage step is nearly equal to the sum of the 
slip lamellae attaching to it. Attempts were 
made for the explanation of the mechanism 
by which new cleavage steps are formed and 
made to change near the deformation zone 
their running direction from that of the older 
one. 

(4) Some effects of crystal imperfection 
on the passage of a cleavage step was de- 
tected (Fig. 5). 


Acknowledgements 


This experiment was made in 1956 during 
the course of the experiment of the additive- 
ly coloured crystal with the electron micro- 
scope®») at the Research Institute for Scien- 


Cleavage Plane of KCl Crystal 


tific Measurement, Tohoku University. The 
author would like to express his cordial thanks 
to Prof. S. Ogawa, the Research Institute for 
Steel, Iron and other Metals, who made this 
possible. He is very greateful to Prof. T. 
Hibi for his kind and instructive guidances to 
electronmicroscopy through experiments. His 
gratitudes are also due to Dr. T. Suzuki who 
kindly suggested the mechanism of the pro- 
duction of new cleavage steps and criticized 
the manuscript. 


References 


1) T. Hibi and K. Ishikawa: 
Japan 13 (1958) 709. 

2) T. Hibi and K. Yada: 
14 (1959) 455. 

3) T. Hibi and T. Tomiki: 
14 (1959) 444. 

4) T. Tomiki: J. Phys. Soc. Japan 14 (1959) 

304. T. Tomiki and M. Ueta: ibid. 14 (1959) 

602. 

5) P.B. Hirsch: Progress in Metal Physics, vol. 

6. (Butterworths London, 1956) 267. 


JM ePhyst soc: 
J. Phys. Soc. Japan 


J. Phys. Soc. Japan 


6) A.J. Forty: Proc. Roy. Soc. A, 242 (1957) 
392. 

7) J.J. Gilman and W.G. Johnston: J. Appl. 
Phys. 27 (1956) 1018. J.J. Gilman: ibid. 27 


(1956) 1262. J. J. Gilman, C. Knudsen and W. 
P. Walsh: ibid. 29 (1958) 601. 

8) S. Amelinckx: Phil. Mag. 3 (1958) 653. 

9) J.J. Gilman and W.G. Johnston: Dvzslocations 
and Mechanical Properties of Crystals (Wiley, 
New York, 1956) 116. 


10) T. Hibi and T. Tomiki: J. Phys. Soc. Japan 
14 (1959) 375. 

11) See, for example, S. Amelinckx: Phil. Mag. 
1 (1956) 269. 

12) See, for example, E. Mollwo: Z. Phys. 85 
(1933) 56. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 14, No. 7, JULY, 1959 


f-Ferric Oxyhydroxide and Green Rust 


By D. R. Dasgupta and A. L. Mackay 


Birkbeck College Crystallographic Laboratory, 
21, Torrington Square, London, W. C. 1 


Evidence that the existence of crystalline Fe(OH); has not been demon- 
strated by Abe) is presented and doubts cast on the existence of f- 
FeOOH are dispelled. The green rust observed by Yoshioka») is shown 
to be identical with that found by Keller®) and outline structures are 


suggested for these compounds. 


Introduction 


§1. 


In the course of a programme of work on 
magnetic iron minerals we have studied as 
many iron oxides and hydroxides as have 
been reported in the literature and in most 
cases have been able to characterise the 
various phases and elucidate their mutual 
relationships. Our experiments lead us to 
results which conflict with those of Yoshi- 
oka; and Abe? which are reported in 
Structure Reports, 15 (1951). 


§2. ~£-FeOOH 


Data on the material precipitated when 
ferric chloride solution is hydrolysed at about 
90°C have been published by several authors, 
for example, Weiser and Milligan®, Kratky 
and Nowotny”? and ASTM cards numbers 1- 
0669, 3-0429 and 3-0446. All these observa- 
tions are in substantial agreement with our 
own (Table I), except that Weiser and Milli- 
gan, presumably because of instrumental de- 
ficiencies, did not record the highest spacing 
in the diffraction pattern (at 7.404). Within 
experimental error our pattern can be indexed 
on the basis of a body-centred tetragonal unit 
cell with the dimensions @=10.48-+0.01 and 
c=3.023+0.005A. Small distortions from this 
symmetry are, of course, not excluded by a 
powder photograph. 

We prepared our specimen by the hydro- 
lysis of FeCl; but examined also the hydro- 
lysis products of a number of other ferric 
salts. We found that FeF; gave a product 
identical with $-FeOOH. Ferric bromide, 
nitrate and sulphate, however, gave a-FeOQOH 
on hydrolysis. Ferric alum gave jarosite, 
(NH«)Fes(OH)e(SOx)2, From a mixed solution 
of chloride or fluoride and sulphate, 8-FeOOH 
was precipitated in preference to jarosite. 
All methods of preparation gave, to within 


1%, the same spacings which did not vary) 
with the Cl’ content. On very prolonged} 
hydrolysis at 90° (for 144 hours) B-FeOOH | 
transformed to a-Fe.O; and not to a-FeOOH. 

We think that the structure should be com-- 
pared with that of hollandite or a-MnC; 
(Bystrom®») where the unit cell is very similar’ 
(space group I4/m and cell dimensions a=9.3 
and c=2.86A) and where extra large ions are: 
necessary for stabilising the structure. In the: 
manganese oxide Ba** ions occur statistically } 
and analyses of 8-FeOOH show variable quan- 
tities (up to 4%) of Cl’ ions. The Cl’ (or F’) 
cannot occur stoichiometrically as the dia-. 
meter of the Cl’ ion (3.62A) is greater than 
the c-dimension of the cell. Analysis also 
confirms that all the iron is in the ferric 
state. 

On heating, 8-FeOOH loses water and trans- 
forms to a-Fe.,03 at about 200° depending on 
the Cl” content. (With less Cl’ the temperature 
of the decomposition is lowered). It is dif- | 
ficult to estimate the significance of the water 
loss, about 20% above 100°, because of the | 
adsorption of water on small particles. The | 
loss if the composition were FeOOH would 
be 10% and if Fe(OH)3, 25%. There are | 
good reasons for not believing the material | 
to be Fe(OH); because the latter is well 
known as a gel which on drying at room | 
temperature goes to a-Fe.03 and on ageing 
may give a-FeOOH. No reliable observations 
of crystalline Fe(OH); have been made before. 

Abe’s data seem to correspond to a mixture 
of 8-FeOOH and FeCl;-6H.,O (see Table JD. 
Decomposition of the ferric chloride hydrate 
by the electron beam would account for the 
difference between the X-ray and electron 
diffraction observations. 

The agreement between the observed and 
calculated values using the hydrargillite-type 
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| Table I. Analysis of Abe’s powder photographs of “ Fe(OH); ”. 


Abe’s preparation naeies abe ra Serupta) ( rot ese) Differences 
I dA) Method I dA) hkl 1, dA) (Abe’s less other) 
Ww 6.95 Xx vs 7.40 110 —0.45 
vm 6.49 x 100 6.0 + 0.46 
mw 4.95 x! m DEZO 200 —0.30 
Ww 4.43 x 38 4,40 +0.03 
vw 4.10? x 20 4.40 +0.10 
(vw 3.70 220) 
mw 3.39 x vs Social 310 38 3.50 +0.08, —0.11 
s 3223 XE 75 3.14 +0.09 
50 2.76 
m eon XE m 2.616 400 31 2257 —0.05, —0.00 
vs 2.48 XE S 2.543 211 38 2.42 —0.06, +0.06 
| (w 2.343 420) 
s Zee XE m 2.285 301 25 BAO —0.05, +0.04 
| a ae (ie 2.097 321 —0.02 
w 2.064 510 +0.02 
sm 1 OLS XE ms 1.944 All 28 1794 —0.03, —0.03 
20 1.90 *+0.02 
(vw 1.854 440) and weaker lines 
sm IL XE m 1.746 600 —0.03 
(vw IL (ky 501, 431) 
vs 1.615 XE vs 1.635 521 —0.02 
s 1.490 XE m 1.5L 002 —0.03 
(w 1.497 611) 
(w 1.480 IA, Ge Bs0) 
(vw 1.459 640) 
sm 1.418 XE Ss 1.438 541 —0.02 
m 1.356 XE m 1.374 (EV BIZ —0.02 
m 1293 XE Ww 1.310 —0.02 
(vw 1.290) 
(vw PAD) 
(vw 1.229) 
(vw 219) 
m 1.189 E vw 1.189 0.00 
(vw 1.166) 
m Maal Sy/ E vw 1.158 —0.01 
m 1.138 0.00 
(vw 1.107) 
(vw 1.085) 
sm 1053. oak! vw 1.064 
vw 1.050 
w 1.030 ; —0.02 


* X=X-ray diffraction E=electron diffraction. 
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structure is certainly remarkable but if the 
latter really obtained the intensities should 
be similar to those in the powder pattern of 
A\(OH);. The extremely strong reflexion (002) 
corresponding to the layer structure should 
be outstanding but it appears to be only 
moderate while there are other serious inten- 
sity differences. 

We conclude therefore, that the existence 
of crystalline Fe(OH); has not been demon- 
strated and that the 8-FeOH remains as a 
well-characterised and established compound. 


§3. Green Rust 


We have prepared green rust (Feitknecht 
and Keller®)) in quantity both chemically, by 
the controlled oxidation of buffered ferrous 
solutions, and electrolytically. In the presence 
of Cl’ ions the rust produced has a rhom- 
bohedral cell with @=3.198+-0.01 and c=24.2 
+0.1A. This is called “green rust I” and 
has been described by Keller®. In the pres- 


Table II. Analysis of Yoshioka’s powder data 


for green rust (1948). 


1/a2 hich 1/d2 hit |1/a? 
Orthor- Hexa 1 it 
Observed | hombic |Calculated ";*530'4 “ae a 
; indi 
(Yoshioka) Croetioka) (Mackay) | (Mackay) obs. 
0.1422 | 200 0.1425 | 1012 0.0003 
0.1833 | 103 0.1834 | 1015 0.0001 
0.2601 | 004 0.2596 | 1018 ~ 0.0005 
0.3295 | 301 0.3297 | 101, 10] 0.0002 
0.4005 | 020, 204 | 0.4035 | 1120 0.0030 
0.420 310 0.421 1123 0.001 
0.541 220 0.540 2021 —0.001 
0.5835 | 123 0.587 2025 0.0035 
0.661 024 0.663 2028 0.002 
0.938 130 0.945 2131 0.007 
0.988 026, 510) 0.992 2135 0.004 
1.061 231 1.068 2138 0.007 
1.220 330 1.210 3030 —0.010 
1278 600 1.280 3036 0.002 
1.621 040 1.614 2240 ~0.007 
1.751 240, 044 | 1.752 3141 0.001 


1/d? is calculated for a rhombohedral cell with 
hexagonal cell dimensions a=3.15 and c=22.6A. 
In the X-ray powder photograph the reflexion 0003 
is very strong and 0006 is strong. There are other 
intensity differences consequent on the preferred 
orientation in the electron diffraction camera. 
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ence of SO.’’” ions the same material is also 
formed (with dimensions a=3.23 and c=22.5) |— 
but at a later stage another phase, which | 


we have called “green rust II” appears. 
This has a hexagonal cell with dimensions 
a=3.174 and c=10.94A. The green rust II 


is also formed in the electrolysis of N/10_ 


(NH.)2SO, between iron electrodes at a high 
current density, air being excluded from the 
solution. Further details are in the press 
elsewhere. 


The material reported by Yoshioka” ap- : 


pears to differ from these two forms. Never- 
theless spacings recorded by electron diffrac- 
tion can be very satisfactorily indexed on a 
rhomdohedral cell with @=3.15 and c=22.6A 
(see Table ID). 
tially the same as the green rust I which 
would be expected in the electrolysis of dilute 
NaCl with iron electrodes. However, the 
strongest lines, 0003 and 0006, found in the 
X-ray pattern are missing. It is also noticable 
that the 1 indices do not exceed 10. These 
observations would be consistent with the 
orientation of flakes of rust parallel to the 
mounting film and perpendicular to the elec- 
tron beam. 

There seems to be no simple transforma- 
tion between Yoshioka’s cell (body-centred 
orthorhombic with a=5.30, 6=3.16 and c¢ 
=7.83A) and ours. This orthorhombic cell 
is not, therefore, an alternative description 
and coincidences between certain key spacing 
explain the satisfactory indexing of the spac- 
ings. It would be possible to use a monocli- 
nic cell with a=5.45, b=3.15, .b=7.75 and 
B=103.6° (di00=5.30 and dou1=7.53A) which 
was centred on the c-face. 

Some speculations can be made as to the 
structure of the green rusts I and II in terms 
of the packings of equal spheres, if some 
simplifying assumptions are made: 

a) Hexagonal layers of anions (O’, OH’ or 
HO) are stacked so that regular tetrahedra 
fill space. The interlayer distance is thus 
0.817a where a is the anion diameter. 

b) There will be tetrahedral and octahedral 
vacancies available for cations. Assume that 
no great distortion of the structure is caused 
by filling these and restrict consideration to 
the octahedral holes. 

c) Restrict consideration to hexagonal cells 
(P or R) with one anion per layer (a=approx. 
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It is thus seen to be substan- | 
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3.16A). 

d) Reject as unlikely the sharing of faces 
by coordination octahedra (or tetrahedra) 
round the cations (Pauling’s rules). 

e) Assume the compounds are stoichiome- 
‘tric. There are then, only the following 
stackings for the numbers of layers indicated: 
(A, B, C denote anions at 0, 0, z; 1/3, 2/3, z; 
2/3, 1/3, z and a, b, c denote cations with the 
same coordinates) 
2-layers 

Composition AO,. Sequence A-BcA. 

(c=1.633a, hexagonal cell). 
. 3-layers 
. Composition AO. Sequence AcBaCbA. 
(cubic with acub.=1.414a). 
Composition A,O3. Sequence AcBaC-A. 
(c=2.45a, hexagonal). 
Composition AO3;. Sequence AcB-C-—A. 
(c=2.45a, hexagonal). 


4-layers 
Composition A,O.. Sequence AcB-AbC-A 
or A-BcAbC-A. (c=3.27a, hexagonal). 


6-layer rhombohedral 
Composition AO:. Sequence AcB-CbA- 
BaC-A. (c=4.90a, rhombohedral) 
-9-layer rhombohedral 
— Composition A,O3. Sequence AcBaC- 
BaCbA-CbAcB-A 
Composition AO;. Sequence AcB-C-BaC- 
A-CbA-B-A or A-B-CaB-C-AbC-BcA. 
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(c=7.35a, rhombohedral). 

We suggest that as a first approximation 
the green rust I has the 9 layer rhombohedral 
structure (c/a obs.=7.2) and that the green 
rust II has the 4 layer structure A-BcAbC-A 
(c/a obs.=3.4). The 2 and 6 layer structures 
are exemplified by Fe(OH). and CdCl: respec- 
tively. 

The formula Fet*+FetttO,’’-OH’ suggested 
by Deiss and Schikorr as the composition of 
the green rust I seems, therefore, not only 
compatible with the structure but likely, if 
the above assumptions are correct. 
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Using thin evaporated films of gold-copper-zinc ternary ordered alloys, 
the line-up of anti-phase domains has been observed as parallel! lines on 
transmission electron micrographs of bright field, down to a domain 
size of about 8A. 

The lattice modulation accompanying anti-phase domains, i.e. the 
periodic error of lattice spacing or scattering factor with the same 
period as a domain size, has again been verified to play an important 
role in forming the satellites around the direct spot on a diffraction 
pattern, and hence, in forming the parallel lines on electron-microscopic 


images. 


Two-thirds of the intensity of the satellites have been estimat- 


ed in the present alloy films to arise from the modulation, and the rest 


probably from double diffraction. 


§1. Introduction 

In our previous work” it was reported that 
parallel lines spaced at intervals of about 20A 
were observed on transmission electron micro- 
graphs from evaporated films of CuAu II and 
that they revealed the line-up of stable anti- 
phase domains in this ordered alloy. There 
are many ordered alloys with long period, 
i.e. with anti-phase domains of definite size”, 
and most of them have considerably smaller 
domains than CuAu II. It is interesting and 
desirable to observe the domain structures 
also in such alloys with smaller domain size 
by means of electron microscopy. This ob- 
servation will be useful in the following two 
points. First, it enables us to investigate into 
the details of distribution of anti-phase do- 
mains in many examples, and secondly, it af- 
fords data to the problem how far the fine 
structure of metals and alloys can be resolv- 
ed by an electron microscope with the high 
resolving power. 

K. Schubert et al)» studied many ordered 
alloys with long period by means of X-ray 
diffraction, especially, in detail those in the 
gold-copper-zinc system. According to them, 
the addition of zinc to CuAu makes a doma- 
in size smaller, keeping the crystal structure 
almost isomorphous to CuAull. For example, 


an alloy containing 42.5 gold, 42.5 copper and 
5 zinc in atomic per cent has a domain size of 
3.7a, i.e. about 14.7A, a@ being the lattice 
constant along the line-up direction of do- 
mains. The more the zinc content is, the smal- 
ler this size, and for an alloy containing 31 
gold, 31 copper and 38 zinc in atomic per cent 
a domain size is 1.4 a, i.e. about 5.5A. Thus, 
the addition of a divalent metal makes the 
occurrence of out-of-steps more frequent and 
gives rise to a continuous decrease of the 
domain size. The present authors undertook 
to utilize this fact and to observe anti-phase 
domains far smaller than those in CuAull. 
The observation was made on several ternary 
alloy films with different contents of zinc, and 
the line structures corresponding to the line- 
up of domains were successfully observed, 
the least resolved distance being 8A. The 
details of observation and the discussion on 
them will be given in §3 and § 4, respectively. 


§2. Experimental 


Specimen films were prepared as follows: 
Gold was first evaporated on to cleavage sur- 
faces of rocksalt heated at 400°C and then 
equivalent copper in number of atoms was 
evaporated on gold films at room temperature. 
Composite films were homogenized and alloy- 
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Table I. Lattice constants and domain sizes of the Au-Cu-—Zn alloy films. 


No. a (A) b (A) c (A) domain size (A) | M=domain size/a 
1 3.94 3.68 13.3 3.4 
2, 3.96 3.68 11.8 BU) 
3 4.01 3.96 3.68 9.4 | Pee 
4 4.02 3.94 3.68 8.0 2.0 


ed at 350°C, and after having been detached pared, but the compositions were not immedi- 
from the substrates, they were mounted on ately known. Domain sizes estimated from 
titanium plates with pin holes 0.1mm in dia- separations of split superlattice reflections of 
meter. Electron diffraction proved these diffraction patterns were 13.3A, 11.8A, 9.4A 
films to be composed of single-crystalline CuAu and 8.04, corresponding to 3.4a, 3.0a, 2.34 
I. They were again put into the evaporation and 2.0a, respectively. According to X-ray 
chamber, and after preheating at 350°C a measurements by Schubert et al, these data 
small quantity of zinc was evaporated on to show compositions of the films to range be- 
them, the temperature being maintained at tween 47gold-47copper-6zinc and 38gold-38cop- 
about 100°C. The alloy films consisting of per-24zinc in atomic composition. The lattice 
the three elements were then heated up to constants of these alloys are tabulated in 
350°C, kept at this temperature for 2 hours Table I with the above data. Specimens No. 
and slowly cooled. This treatment was suf- 3 and 4 have orthorhombic unit cells, while 
ficient to produce single-crystalline ternary No.1 and 2 were observed from electron dif- 
alloy films of the crystal structure isomor- fraction patterns not to be orthorhombic but 
phous to CuAull. Thus, four kinds of speci- to be tetragonal. The film thickness was al- 
mens with different compositions were pre- Ways about 300A. 


ay (b) 
Fig. 1. (a): Electron diffraction pattern of a Fig. 2. (a): Electron diffraction pattern of a 
Au-Cu-Zn alloy film with M=3.4 (No. 1), nor- Au-Cu-Zn alloy film with M=3.0 (No. 2), nor- 
(b): Its electron micrograph. mal incidence. (b): Its electron micrograph. 
(750,000 x). The mean spacing of the lines is (750,000 x). The mean spacing of the lines is 


i308 11.8A. 


mal incidence. 
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The electron microscope of Hitachi HU-10 
type was used, as in the previous work”. 
The operating voltage, the focal length of 
the objective lens and the aperture size were 
75KV, 3mm and 50y¢, respectively. The 
images were recorded on Fuji Process plates ’ 
(hard) at a magnification of 80,000~120,000x. 


§3. Results 


Electron diffraction patterns of four kinds 
of single-crystalline alloy films are shown in 
Figs. l(a), 2(a), 3(a) and 4(a), respectively. 
They are quite similar to the pattern of 
CuAull®, the main difference between one 
another consisting in the separations of split 
superlattice reflections and of satellites around 
the direct spot and main reflections. The 
smaller the domain size is, the larger the se- 
parations, and the satellites of the first order 
which are very much close to the direct spot 
in case of CuAull are here sufficiently se- 
parated from it. Some _ special remarks 
should be made about Fig. 4(a). First, spots 
in a {001} group of supperlattice reflections, 
Miller’s indices being used in terms of the 


(b) 

Fig. 4. (a): Electron diffraction pattern of a 
Au-Cu-Zn alloy film with M=2.0 (No. 4), nor- 
mal incidence. (b): Its electron micrograph. 
(750,000 x). The mean spacing of the lines is 
8.0A. 


axis of rotation 


(b) 


Fig. 3. (a): Electron diffraction pattern of a 
Au-Cu-Zn alloy film with M=2.3 (No. 3), nor- 
mal incidence. (b): Its electron micrograph. : eeumeeiinmeie — 

(750,000 x ). The mean spacing of the lines is Fig. 5. Electron diffraction pattern of the same 
9.4A, film as in Fig. 3 (a), [110] incidence. 
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disordered cubic lattice, appear to be doubled. 
The fact is, however, that there occurs noth- 
ing unusual. That is to say, owing to the 
special value of domain size, 2a, both the 
second order splits of {110} superlattice re- 
flections, A, and the second order satellite of 
the direct spot, B, just accompany the origi- 
nal three component spots of {001} group, C. 
Secondly, the nearest neighbors among four 
component spots forming a {110} cross are 
connected with each other by lines of fairly 
strong intensity, as indicated by arrows, and 
moreover, there are seen unusually diffuse 
spots, D, immediately inside the twe inner 
component spots. The origin of these pheno- 
mena is not clear at present. 

Utilizing the satellites around the direct 
spot to image formation, it was tried to 
observe the line structures on electron micro- 
graphs of the present alloy films of four 
kinds. The micrographs obtained are shown 
in Figs. 1(b), 2(b), 3(b) and 4(b) and are of 
very high magnification. Equally spaced 
parallel lines are seen on each of them. 
The instrumental magnification was calibrated 
against the (201) spacing of copper phthalo- 
cyanine. The mean spacings of the lines 
agree within about 10 per cent with the values 
deduced from the diffraction patterns, 13.3A, 
11.84, 9.44 and 8.0A, respectively. 

The line structures were found only ata 
few places in the image on one photographic 
plate, and so the above electron micrographs 
were selected from not many examples. The 
little frequency of visibility of the line struc- 
ture is probably caused by the lack of uni- 
formity in the thickness of the present speci- 
mens. As shown on micrographs, they have 
a patch-like structure, and there may be ap- 
preciable unevenness even in one agglomera- 
‘tion. The preparation method of films by 
Bassett, Menter and Pashley® is probably bet- 
ter in obtaining the uniform thickness. 

In Fig. 1(b) two sets of parallel lines are 
seen, one consisting of the lines with a smal- 
ler spacing and the other with a larger spac- 
ing. The former set is understood from the 
value of its spacing to correspond to the line- 
up of anti-phase domains, while the latter is 
inclined by 45° to the former and its spacing 
is about 7/2 times as large as the former. 
The nature of the set with the larger spac- 
ing will be elucidated in §4. Any of the 


Anti-Phase Domains in Au-Cu-Zn Ordered Alloys 


939 


line structures seen on the micrographs ex- 
icept Fig. 1(b) is interpreted to represent the 
line-up of domains. As it is known from the 
diffraction patterns that there are two ortho- 
‘gonal directions of the line-up of domains in 
ithe film plane, the lines should be observed 
‘along two orthogonal directions also on the 
micrographs. These micrographs, however, 
ido not show such two directions owing to the 
limited area where the lines are visible, 
although such two orthogonal sets of the 
lines were surely seen at some distance from 
each other on one photographic plate, 


§4. Discussion 


In the previous work” the present authors 
ascribed the origin of the satellites around 
the main reflections to some periodic lattice 
modulation, accompanying anti-phase domains, 
with the same period as a domain size, pro- 
vided that the modulation meant not the 
periodic occurrence of out-of-steps but the 
formation of a periodic error of lattice spac- 
ing or of scattering factor. There may be 
some contribution of secondary diffraction to 
the intensity of the satellites, but the present 
authors concluded experimentally that a grea- 
ter part of the intensity is caused by the 
above modulation of the lattice. Glossop and 
Pashley” also tried to observe anti-phase do- 
main boundaries in CuAulIl by means of 
electron microscope and obtained the similar 
line structure in bright field images as well 
as in dark field images. According to them, 
the latter image is formed directly as a re- 
sult of the phase change itself by utilizing 
two pairs of two component spots in a {110} 
cross, while the former is formed by combi- 
nation between the direct spot and the satel- 
lites which are produced by double diffrac- 
tion of two component spots in a cross. 
Thus, they neglected the effect of the perio- 
dic modulation in explanation of the image. 
Although the present authors were convinced 
that the said modulation plays an important 
role in producing the satellites, the experi- 
ment which involved the tilting of the 
specimen and was done in the previous work 
was repeated in the present case, in order to 
examine quantitatively the contribution of 
double diffraction. Fig. 5 shows that the sa- 
tellites remained even when the film produc- 
ing the diffraction pattern in Fig. 3(a) at 
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normal incidence was tilted about the princi- 
pal axis lying in the film plane until {110} 
groups of superlattice reflections vanished 
and {111} main reflections appeared. In this 
condition there are no split superlattice re- 
flections located close to the sphere of reflec- 
tion in reciprocal space, except those of the 
considerably higher order. It is highly im- 
probable, therefore, that the remaining satel- 
lites are caused by double diffraction, and 
they should be considered as originated en- 
tirely from the periodic lattice modulation. 
They appear fairly strong, but a microphoto- 
metry showed their intensity to be about 
two-thirds of the original intensity in Fig. 
3(a), {400} reflections on the tilting axis be- 
ing taken as standard. The intensity of the 
remaining satellites was sensitive to an error 
in the direction of the tilting axis, and the 
above value is the maximum one in several 
examinations. Similar results were obtained 
also from the other kinds of films. About 
one-third of the original intensity, therefore, 
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Fig. 6. Illustration of Fig. 1 (a). 


depends upon the appearance of split super- 
lattice reflections and might arise from double 
diffraction. Double diffraction considered here, 
however, may mean not such one as given by 
two incoherent layers, which were previously 
discussed, but a dynamical one occurring in a 
coherent lattice, as suggested by Glossop and 
Pashley”. 

Next, the lines with the larger spacing seen 
in Fig. l(b) will be explained. In Fig. 6, 
which is an illustration of Fig. l(a), OA cor- 
responds to the spacing V 2 times as large 
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as the domain size which is represented by | 
OB and OB’, if a diffraction spot were ob- | 
servable at A. As OA is equal to CC’ which ff 
is a distance between two neighboring spots | 
in a {110} cross, it may be conceivable that | 
A would be produced by double diffraction. 
However, diffraction spots, C and C’, belong 
to different systems of anti-phase domains, | 
and hence this double diffraction is caused | 
not by dynamical interaction in a coherent | 
lattice but by successive diffraction through | 
two overlapped layers of different systems of 
anti-phase domains whose line-up directions 
are orthogonal to each other in the film 
plane. This idea explains well both the spac- 
ing and the direction of the lines in question 
which are thought as a kind of a rotational 
moiré pattern. Such lines as these have 
already been observed in CuAull by Glossop 
and Pashley” and explained in the above- 
mentioned way by them. In their case, how- 
ever, two sets of the lines crossing each 
other were observed. These sets are thought 
to be due to the occurrence of two component 
diffraction beams, e.g. A and A’ in Fig. 6, 
at the same time by double diffraction. In 
the present case, however, only one of the | 
two component diffraction beams was probab- 
ly formed and hence only one set of the lines 
was observed. The fact is, however, that in 
the present diffraction patterns the diffracted — 
intensity has never been observed at any of 
A, A’, A” and A’”’. If the overlapping of 
two different systems of domains is so rare 
that it contributes very little intensity to the 
diffraction pattern, however, the circumstan- 
ces will fully be understood. 

The number M, a size of anti-phase do- 
mains measured in atomic distance, is given 
in general as a fractional number from dif- 
fraction patterns. This fact can be under- 
stood, if different domain sizes are assumed 
to be mixed in a coherent crystal lattice. 
This assumption was verified in the previous 
work, where the line structure on electron 
micrographs of CuAull was observed to con- 
tain surely two kinds of the spacing, i.e. 
two kinds of M values. The same should 
hold also for some of the present alloys, i.e. 
for those with M values, 3.4 and 2.3. 
Measurements of the spacing were carefully 
done on the line structures of the four kinds 
of alloys by means of a comparator as well 


_ about +8 per cent. 
an error of measurements, 
should be the uniform spacing in the latter 
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as of a microphotometer. A positive eviden- 
ce for a mixture of M values, however, 
could not be obtained from the electron 
micrographs in the present case, probably 
due to the obscurity based on too large 
magnification. But it will be worth while 
saying that the fluctuation of the measured 
spacing is larger in the alloys with M values 
of 3.4 and 2.3 and amounts to about +15 per 
cent, while it is smaller in the alloys with 
M values of 3.0 and 2.0 and amounts to 
The latter fluctuation is 
because there 


alloys. Thus, if further examples are requir- 
ed for a mixture of different domain sizes to 


| be observed on electron micrographs, it may 
_ be disadvantageous to use ordered alloys with 
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small domain sizes such as in the present 
work. 
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Proton resonance in crystal water of Mg(HzO)sCl, Mg(H20).Bro, 
Cal,6H,O, SrI.6H,O and MglI,8H,O0 was studied in temperature range 
from —90°C to +110°C and the same in CaCl,6H,O, CaBr26H.O, SrCl.6H,O 
and SrBr,6H,O was studied in the range above room temperature, all in 
powdered states. Line shapes were recorded by the radiofrequency 
spectrometer with an automatic field scanning apparatus connected to the 
sweeping coils of a permanent magnet. Transitions of second moment 
and line shapes were observed for all the above salts. Experiments on 
single crystals of Mg(H.O)sClz and Cal,6H;O were also carried out at 
room temperature. In Mg(H,O)sCl, Mg(H2O)sBrz, Cal.6H.O, SrI.6H,O and 
Bal.6H.O, water molecules of hydration have the states of hindered 
rotational motion below melting point, but in CaCl,6H,O, CaBr26H;O, 
SrCl,6H,O and SrBr.67,0, these rotational states were not observed. The 
angle between the rotational axis of a water molecule and its inter-proton 
direction was estimated to be about 90° in the case of Mg(H,0),Cle. 
In the cases of Cal,6H,O and SrI.6H.O these angles are calculated to be 
45° or 60°, and these results suggest the precession of the rotational 
axis, if rotational motion of water molecules is assumed to occur about 
an axis perpendicular to the inter-proton axis. Sharp peaks appearing in 
chlorides and bromides of Ca and Sr are interpreted as the; narrowing 
due to random re-orientation of the rotational axis. 


Introduction 


oo 


The studies of structure and motion of 
water molecules in hydrated crystals are im- 
portant for the information about the hydro- 
gen bonds and chemical properties of com- 
pounds. The halogen compounds of the group 
II elements, Mg, Ca, Sr and Ba, have six 
water molecules as hydrates at normal tem- 
perature, and their chemical properties can 
be compared with each other because they 
are of the varied combinations of the metal- 
lic ions and halogen ions. One of the chara- 
cteristic properties of these salts is the 
strongly hygroscopic nature in the dehydrated 
state and the strong deliquescence in the 
hydrated state. Therefore, it is interesting 
to obtain some informations about the state 
of the water molecules in these hydrates. 

Nuclear magnetic resonance method in solid 
state explored by E. M. Purcell et al. has 
been applied to the structural investigation 
of water molecules in hydrates by G. E. 
Pake” and others, or to the study of hindered 
rotational motion in solids. The rotational 
motion of NH”, or CH. molecules in solid 


has been observed by many workers. Since 
these molecules are non-polar and have sym- — 
metrical shapes, their hindering potentials © 
are in general not high. However, water | 
molecules are not expected to rotate easily 
because of larger electric dipole moment and 
less symmetrical shape. Therefore, the rota- 
tional motion of water molecules in solid has 
not been found yet as far as the author knows. 
Translational motion of proton along the 
hydrogen bonds in solid was found in 
several substances involving ferroelectric — 
substances®, and small torsional oscillation 
of water molecules in K.HgCl,H.0 was also 
studied by J. Itoh et al. 

It is reported, in the present paper, that 
proton magnetic resonance in hydrates ex- — 
amined here has been found to show two 
types of line shape transitions when temper- 
ature changes, and these will be discussed — 
by rotational model of water molecules. Al- i 
though the complex structure and strong de- — 
liquescence have not permitted the precise 


determination of hydrogen positions in these | 


salts, experiments on small single crystals — 
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were used for the determination of motional 
state of water molecules. Besides above 
salts, resonance research has been made on 
beryllium salts, the results of which are not 
reported here because they are only on 
BeCl.4H,O and BeSO,4H.0. 


§ 2. 


Experiments were performed using the 
modulation technique described by Bloember- 
gen, Purcell and Pound?. A block diagram 
of the apparatus is shown in Fig. 1. The 
first measurement was made in Mg(H2O).Cl: 
by the Weiss type electromagnet which was 
excited by currents from 24 volts batteries 


Experimental Apparatus and Procedure 


Magnet 
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to give the gap field of about 3000 gauss 
with pole pieces 10 cm in diameter and 25 mm 
air gap length. The homogeneity of magnetic 
field within 0.2 gauss over the sample volume 
was obtained by providing the ring shim of 
3mm wide and 0.7 mm high around the per- 
iphery of each pole face, adjusting carefully 
parallelism and coaxiality of both pole caps 
with three brass spacers. For cooling exper- 
iments this magnet was not suited because 
of the intervening of the spacers and smal- 
Iness of gap length. 

A permanent magnet with pole face diame- 
ter of 140 mm and air gap length of 40 mm 
was constructed, which produces the magnetic 


Cathode-ray 
oscilloscope 


Bis. 1. 


field of 4140 gauss by NKS-3*, with a uni- 
formity of 2x10-* over the sample volume. 
Continuous variation of the static magnetic 
field linear with time was achieved by an 
automatic current scanning apparatus®, which 
supplied current by ten 807 control tubes to 
the ten coils connected in series each coil 
having 250 turn windings around a pole. An 
error voltage which is the difference of the 


* This magnet was constructed by Sumitomo 
Metal Industries, Ltd., Osaka. 


Rf oscillator | 
rf amplifier | 
and detecto 


Autornatic 
| magnetic field 
scanning unit 


Lock-in 
1 Amplifier 


Audiotreq. 
> amplifier 


| Oscillation 
Recorder 


level monitor 


Block diagram of the apparatus. 


potential between that across the standard 
resistor Rs and that across reference rheostat, 
is amplified by a direct current amplifier and 
applied to the control tubes in such a phase 
that the error voltage may be reduced to 
zero. The rheostat is a 15-revolutions helipot 
which is driven continuously with time by a 
clock motor. The accuracy of the sweeping 
rate is larger than 10~‘ and static stability 
is higher than 10-* over 10 minutes. 

For the detection of resonance signals, a 
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6J6 cathode coupled oscillator developed by 
Pound and Knight® and an autodyne oscillat- 
ing detector similar to Hopkins’ circuit™ were 
used. To study the temperature variation 
of resonance, cooling or heating of the high 
frequency probe was made by thermal con- 
duction. A brass pipe for shielding of a 
radiofrequency coil was tightly inserted into 
a hole of the copper block to which a long 
copper rod was connected as shown in Fig. 
2. This rod was inserted into a dewar. vessel 
containing liquid oxygen or into a long heater 
coil. By suitably enclosing the air gap of 
the magnet, high temperature stablity was 
secured throughout a long period of time. 


LO IERIE“ 
x MAAS WOES OS SS ~ LS 
SS SLOSS Sas § 
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N SOS SNE ce SASS: 
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Fig. 2. Sample coil assembly. 
A. Rf coil, B. Sample, C. Glass tube containing 
sample, D. Daiflon spacers, E. Coil for com- 
pensation, F. Cupper-constantan thermocouple, 
G. Cupper block, H. Cupper rod. 


Sample temperature was varied by adjusting 
the position of the dewar or the current of 
the heater coil. Use of such conduction 
method is of great advantage in preventing 
noise generated by boiling of liquid oxygen 
or by both electric induction and mechanical 
vibrations produced by the heating current. 
A radiofrequency lead from the sample coil 
is supported by Daiflon spacers and the probe 
part within the shielding cylinder can be 
easily interchanged by removing it at a co- 
axial cable connector. The small coil inserted 
coaxially into this part was used to deliver 
ac voltage into the radiofrequency coil for 
the cancellation of constant zero drift due 
to the residual voltage induced directly by 
ac modulation which remains after careful 
positioning of this probe in the magnet gap. 
In most cases, however, signals obtained were 
strong enough at low level of magnetic field 
modulation, 0.5~1 gauss peak to peak, so that 
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the use of this cancellation unit is not always 
necessary. 

Samples were obtained from Maruwaka\f 
Chemical Company almost in powdered states. || 
Iodides of Ca, Sr and Ba have the strongest § 
deliquescence and magnesium salts come next 'f 
to this. A small crystal of Cal.6H:O with | 
the size of about 1x1x1 mm’ deliquesces; 
and becomes liquid after exposed in ordinary 
atmosphere for several seconds. Instead of) 
making a fine powder of Cal.6H,O and! 
SrI,-6H2O, small crystals in a glass tube were: 
dried by pumping in vacuum until it became } 
transparent and sealed in vacuum, then these : 
samples were heated to their melting point: 
and quenched quickly. Slowly cooled samples } 
of these salts show different shapes in their} 
absorption curves when they are rotated in) 
magnetic field, although their shape has a) 
good symmetry. These effects are due to the: 
crystallization by slow cooling. Chlorides and! 
bromides of Ca, Sr and Ba have not so strong; 
deliquescence that fine powders are easily’ 
compressed to form a small circular tablet. 
and sealed in a glass tube after pumping in. 
vacuum. 

Single crystals of Mg(H:.O).Cl. were grown. 
from aqueous solution by evaporation method | 
or slow cooling method. A needle-like single : 
crystal having the size of 25x3x3 mm? was) 
grown by the latter method. This crystal 
was fixed in a test tube and sealed in vacuum. 
A plate-type crystal of Cal.6H.O of the size: 
of 1x5x7 mm was selected from many crys- 
tals made by Maruwaka Co. 

Resonance curves were recorded automati- 
cally every 3°~5°C in temperature range 
from —90°C to +110°C in almost all pow- 
dered samples, but for CaJ.6H:O and SrI.6H.0 » 
a hundred curves were recorded. Tempera- 
ture was measured by a copper-constantan 
thermocouple attached to the sample tube 
wall. 

Melting point of the samples was measured 
in vacuum sealed test tube immersed in a 
water bath except in case of the magnesium 
salts, and the result was in good agreement 


with the values described in text-books on 
chemistry. | 


a ee 


§3. Experimental Results and Discussion 


In general proton resonance absorption 
derivatives in these hydrates have a line shape 


- 1959) 
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similar to F ig. 3. In some of them, however, 
the separation between peaks of doublet be- 
. comes narrower below room temperature, and 
_in others a single peak appears overlapping 
the line at its center. The experimental re- 
sults obtained in powdered samples are sum- 
marized in Table I with three characteristic 
separations and second moments calculated 
from experimental derivative curves. Chlo- 


Fig. 3. Line shape and parameters of 
3 resonance line. ‘ 


—4.7°C 


— 58°C 


Fig. 4. Recorded derivatives of proton resonance 
in powdered Mg(H;0) Bry. 
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Fig. 5. Variations of second moments with tem- 
perature in Mg(H,O)Ch, Mg(H,0)Br. and 


Mgl.8H,0. 
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ride and bromide of Ca and Sr show rather 
broad absorption curves of two spin system 
with second moments of nearly 30 gauss? at 


room temperature. Chloride and bromide of 
Mg and iodide of Ca, Sr and Ba have very 


+2.0-C 


Seon 


= 35.9°C 


=72°€ 


Fig. 6. Recorded derivatives of proton resonance 
in powdered MglI,8H,.0. 
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Fig. 7. Variation of second moments with tem- 
perature in Cal,6H,O and SrI,6H,0. 
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narrow curves with small second moments 
at room temperature. A narrow curve ob- 
served at room temperature seems to be due 
to some motion of water molecules, so the 
resonance curves were taken at different tem- 
peratures. At lower temperatures they be- 
came a broad and definite two spin system 
structure with second moments of about 
26~28 gauss’. Fig. 4 shows two photographs 
of absorption derivatives at two different 
temperatures selected from curves recorded 
by millivoltmeter charts in Mg(H:.0).Bre. 
Nearly the same results had been obtained 
in Mg(H:0)6Cl,!. 

Second moment variation with temperature 
of Mg(H20).Clz, Mg(H:0).Br. and MgI.8H.0 
is shown in Fig. 5. Chloride and bromide 
exhibit line width and second moment transi- 
tions at about 0°C and it seems to become 
rigid at about —30°C and —50°C respectively. 
At lower temperatures MgI.8H,O has a broad 
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= 40-€ 


+20°C 
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and nearly flat resonance curve, but a sharp 
peak appears at —55°C which becomes larger 
as temperature rises, as shown in Fig. 6. 
The gradual decrease of second moment in| 
Fig. 4 is due to the mixing of this sharp 
part. Strong signals with narrower separa- | 
tion between doublet than in the magnesium 


salts were observed in both iodide of Ca and 


that of Sr at room temperature. Variation 
of second moment and line shapes with tem- 
perature are also given in Figs. 7 and 8. 
a) 
Meg(H20).Cl, and Mg(H20).Brz 

The formula derived theoretically by Van 


Vleck!” may be written for the case of these 


powdered hydrates as 
<4H*)=(4 H+ <4H* 


| 
| 


Hindered rotation of water molecules in 


(AH) y=(4/5)a2= 358.1 x 10-#87-8 (1) 
(4H*):=358.1x 10-8 Sry | 
+ (4/15) 3 Ia(Le + Dn? Bre 
—2206 
— 56.5°C 
=42' 2G 
—92°C 


Fig. 8. Recorded derivatives of proton resonance in powdered SrI.6H.O. 
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that is, total second moment, <4H?), is di- 
vided into two parts, the intra-water molecular 
part <4H>) and the interaction part due to 
other molecules <4H*),. r is the inter-proton 
distance in a given water molecule, a= 
(3/2)ur-*, w= gIB, r;’s are the distances to other 
protons, 7's are the ones to other magnetic 
nuclei with the spin and the gyromagnetic 
ratio of i, and gy, respectively, and 8 is the 
nuclear magneton. Eq. (1) is valid when the 
lattice is rigid. The structure of hexahydrated 
“magnesium chloride and the corresponding 
bromide has the same type, but it is different 
from the one of SrCl.6H,O type. The unit 
~cell-contains two molecules: a=9.90A, bo= 


(b) 


Fig. 9. (a) A projection of the monoclinic 
Mg(H20)6Cle structure on a b-face. The chlorine 
atoms are shown as the largest circles, the 
water molecules as middle-sized circles which 
surround octahedrally the central magnesium 
atom shown by the smallest circles. The 
assumed positions of hydrogens of water mole- 
cules are shown by the small black circles. 

(b) A projection on an a-face. 
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7.15A, co=6.10A with the angle B=94° be- 
tween positive a and c axes for the chloric 
salt, and ao=10.25A, bo=7.40A, co=6.30A, 
8=93°30' for the bromic salt. In both salts 
the magnesium ion is surrounded by six 
water molecules in the form of a regular 
octahedron and each halogen ion has eight 
H:O neighbors. Projections of Mg(H20).Cl. 
on a b-face and an a-face are shown in Fig. 
Ory, 

Considering distances from water molecules 
to chlorine atoms or to other water molecules 
and also directions to chlorine atoms from 
oxygen positions, probable hydrogen bonds 
locations considered here are shown in Fig. 
9 by arrows with black circles which indicate 
each hydrogen position. In this configuration 
the bond angles of H-O-H are 130°~140°. 
However, the bond angle of water molecule 
is to be nearly equal to tetrahedral angle. 
Therefore the intermolecular part of the se- 
cond moment was calculated by assuming 
the water molecule which had the tetrahedral 
bond angle and the direction of one O-H 
coinciding with one of the directions of 
O-H----Cl shown in the figure. There are 
two possible arrangements for each of two 
water molecules just lying on b-plane, and 
also two for each of four water molecules 
which are lying above or below b-plane. By 
averaging the values of <4H?>, calculated 
for the combination of these configurations, 
we obtained the value of <4H*>:;=5.95+0.6 
gauss”. Using the value of <4H*>o which is 
obtained by subtracting <4H*>, from the ob- 
served value of the second moment 26.0-£0.5 
gauss”, the inter-proton distance in these 
water molecules is calculated to be 1.615 
0.015A. 

The second moment obtained from the ex- 
perimental records shows a transition at 
—30°~0°C astin=Hie on ~The data ‘on the 
solubility of MgCl. in water show that twelve- 
hydrate is stable below —16.4°C, eight-hydrate 
is stable between —16.4°C and —3.4°C, and 
that hexahydrate is stable above —3.4°C to 
117°C. The temperature of phase change, 
—16.4°C and —3.4°C, is nearly equal to the 
temperature of the second moment transition. 
However, it is not reasonable to consider 
that the transition of the second moment at 
—30°C~0°C originates from a phase change 
of the crystal or the change of the hydration 
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Table I. 

5, eee if ; i <alP> 
CaSO,.2H,O* (room temp.) 6.0 1220 30 24.5 
CuCl,2H,O* (room temp.) 6.5 TS 26 Dek 
MgCl,6H,O (below ~—30°C) WB 14.0 31 26.0+0.5 
MegBr.6H,O (below —60°C) 7.0 13.6 30 aay 
MglI.8H,O (below —70°C) — 14.5 30 Zilaaes 
MegCl.6H,0 (room temp.) 3.0+0.2 6.0+0.2 16+2 6.0+0.5 
MgBr.6H,O (room temp.) 3.0+0.2 6.0+0.2 16+2 5.5+0.8 
MgI.8H,O (room temp.) se AS 30 less than 15 
CaCl,6H,O (room temp.) 7.0 13.0 30 30 
CaBr.6H,O (room temp.) 5.0 12.0 30 30 
Cal,6H.O (below —70°C) lS 12.0 29-1 26.1+0.5 
Cal,6H.O (room temp.) iad 2.6+0.1 54+1 1.6 
SrCl,6H,O (room temp.) 730 16.0 32 30 
SrBr.6H,O (room temp.) 8.0 16.0 33 33 
SrI,6H,O (below —90°C) ee IBS 30 Bagl = O53 
SrI,.6H,O (room temp.) 3.0 Sal 12+2 2.5+0.3 
Bal.6H,O (room temp.) SedlseOell A 9.4 3.0 
Bal,2H,O (room temp.) Bil 4.1 9.6 Past 


* These salts are listed for comparison. 


number. But instead we regard it as origin- 
ating from the onset of some motion of the 
water molecules. The reasons are as follows. 
(1) Because the samples used are the dried 
hexahydrated powder sealed at room temper- 
ature and absolute number of water molecules 
must be unchanged, some fraction of the 
hexahydrated molecules must be dehydrated 
below —30°C, if eight- or twelve-hydrate is 
produced by cooling. However, dehydration 
temperature of hexahydrates is about 117°C 
from the solubility data. Then our sample 
must keep a form of hexahydrate below 
—30°C. (2) If the inter-proton distance is 
calculated on the assumption that the doublet 
line with second moment of 6.0 gauss? ob- 
served at room temperature originates from 
rigid lattice, it becomes 1.96A or longer, and 
this is nearly equal to twice 0.98A of O-H 
distance in a water molecule in a gas phase. 
Also as seen in Table I, second moments for 
SrI,6H:0, Cal.6H,O and Bal.6H,O are much 
smaller than those of magnesium salts at 
room temperature, so that the resulting inter- 
proton distance from rigid lattice model be- 
comes longer than 2A. It is difficult to 
believe that the water molecule is distorted 
in these salts, although the structure of a 
water molecule in a solid is affected by their 
surrounding ions. (3) In the case of phase 
transformation, variations in second moment 


** Central peak. 


associated with a change of crystal structure 
cannot be so large as those observed. For 
example, CuCl2H.,O and CaSO,2H:;0 have — 
nearly equal second moments and the same 
line shape. For iodide of barium, our ex- — 
periment shows independence of line shape | 
and second moment on the hydration number | 
as seen in Table I. (4) The assumption of | 
rotational motion of water molecule is con- — 
sistent with other results obtained so far, as 
will be described below. Tunneling motion 
of the proton between an oxygen atom and 
a halogen ion is also discussed later. 

The second moment for a proton pair in 
rotational motion about an arbitrary axis may 
be derived by the method used by Gutowsky 
and Pake®, 


(AH?) 9=(4/5)a , 
(AH = S08. 110-43 a? 
+(4/ 15) Slee + Lon 8*{re avi? « (25 


Here, a’=aP,(cos rx), 7 is the angle between — 
the radius y and the axis of rotation of 7 
and <rj~*>av and <7-*>ay denote the average . 
value over the rotational position of the © 
molecule. Eq. (2) may apply to the second — 
moment for a powder on the assumptions 
that the rotation permit the use of a classical — 
average over this motion and that the re- 
orientational frequency of this motion is 
higher than the frequency width of the ab- 
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sorption curve. 

To distinguish exactly <4H2>o from <4H?), 
in the observed value of <4H?)>, the result 
of the experiment on single crystal is used. 
When a single crystal involving a proton 
pair P—P rotating about an axis OR is 
measured in various orientations, keeping 
external magnetic field Hy in the xy-plane as 
shown in Fig. 10, the observed doublet separa- 
tion 6H of the proton signal may be written as 


‘Fig. 10. Definition of various angles for the model 
~ of a rotating proton pair. 
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O0H=4aP,(cos 7)P2(cos 6’) 
= 2a’ {3cos? dcos?(9—@D )—1} , (3) 


where 9’, ®—@) and 6 are as shown in the 
figure. If OH is measured for various 9—Qp, 
with a constant angle 0, and a’ can be de- 
termined. Then from the known values of 
6, 7 will also be given. 

Experimental plot of 6H is shown in Fig. 
lla, and the derivative curves for the special 
three orientations are reproduced in Fig. 11b. 
These experiments were performed using a 
needle-like single crystal with its long axis 
perpendicular to the static external magnetic 
field. Since the smaller one of the extreme 
values of 0H is 2a’, the experiment gives 
2a’=5.10 gauss, which is compared with 
2a=10.0 gauss derived from <4H*>) for the 
rigid lattice value. Two possible values 
So sey ANG! SHV oe oe stolen, dle 
former is easily accepted. The width of a 
component line of the doublet shown in Fig. 
1lb can be considered to originate from iso- 
tropic contribution of neighboring molecules. 
The smallest value among them is 2.2 gauss 
at room temperature. As the result, <4H?), 
becomes 0.60 gauss?. <4H?>) for the rota- 
tional motion can be calculated to be 
5.05-£0.28 gauss”, using 7v=1.615-++0.015A and 
P,(cos 7)=0.5. The sum of the two values, 
5.65 gauss’, is within the experimental error 
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/Fig. 11. (a) Line pair separation as a function 
of the angle @—@p as shown in Fig. 10 for a 
single crystal of Mg(H20).Clz. 

(b) Recorded derivatives of proton resonance in 
a single crystal of Mg(H2O)sClz for three direc- 
| tions of @- Oo. 
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Table I. 
sa It is ‘state <AHPYo <AH*, Yr ; if 
Mg(H20)6Clz rigid 20.2+1.10 5295 1.615+0.015 _— 7 
Meg(H.0).Cle rotation Dew 0.8 — 88° +2 
Meg(H20).Br2 rigid PAD) 522 1.6140.02 4 
Mg(H,0)sBr2 rotation DAO 0.5 -— 88°+3 


of the observed value for the powder, 
6.00.5 gauss?. 

Nearly the same results were obtained for 
Mg(H2O).Brz. Although the difference from 
the resuts of Mg(H2O),Clz was almost within 
experimental errors, it is quite certain that 
the second moment for Br-salt is a little 
smaller than that for Cl-salt. This fact corr- 
esponds to the expanded structure of Br-salt 
due to the larger size of Br ions. The second 
moment increase due to Br-nuclei in place 
of Cl-nuclei is about 0.4 gauss? and gives 
little contribution. These results are sum- 
marized in Table II. 


b) Hindered rotation of water molecules in 
CalI,6H,O and SrI.6H:O 

The crystal structure of Cal.6H.O and 
SrI.6H,O is determined by X-ray and this 
has a type of layer structure isomorphous 
with that of SrCl.6H,O, in which the position 
parameters of oxygens of water molecules 
are also known. In these crystals a metallic 
ion is surrounded by nine water molecules, 
three of them in the equivalent positions on 
the same plane with the metallic ion, three 
on the upper and three on the lower planes 
respectively, From various considerations 
on these crystals, the position of water 
molecules is determined, although it is not 
definitely known by the X-ray analysis, as- 
suming that the distance from metallic ion 
to water molecule is the sum of ionic radii, 
for Ca** and HO, being 2.39A, and for Sr++ 
and HO, being 2.53A. The distance between 
water molecules becomes equal to the sum 
of an ionic radius of the nearest neighbor 
halogen and the radius of the water molecules, 
using the same relative position for halogen 
as in SrCl.6H.O. By the same method used 
previously for Mg(H,O),Cl, experimental 
rigid lattice second moments 26.1 and 27.7 
gauss” for Cal,6H:.0 and SrI.6H.O respective- 
ly, give the values of the intra-molecular 
part as <4H?>)=23.0 and 25.0 gauss?. The 
values of <4H?),=3.0 and 2.7 gauss?, calcu- 


lated for the Ca-salt and the Sr-salt respec- 
tively, consist of the part of proton-proton 
interaction between neighboring water mole-- 
cules, 2.5 and 2.3 gauss”, and that of proton; 
halogen interaction part of 0.5 and 0.4 gauss? 
respectively. 

The inter-proton distance in the water 
molecule becomes 1.595+0.02 for the Ca-salt} 
and 1.576-+0.02A for the Sr-salt. Second mo-: 
ment transitions to very small value frome | 
rigid lattice value which occur at about : 
—70°C~—15°C and —85°C~—5°C for the Ca- - 
salt and the Sr-salt respectively as seen ini 
Fig. 7, are considered to be also due to the: 
motional narrowing as in the case of the: 
Mg-salts. In these iodides the values of” 
second moment at room temperature are: 
about 6.5% and 9.5% of the rigid values re-- 
spectively, while in Mg(H:0),Cl. and . 
Mg(H.O).Br. the corresponding reductions} 
have been 22% and 15% respectively. 

Two types of experiments were performed 
at room temperature on the single crystal of | 
a small plate type CaI.6H.O. In one case re-— 
sonance curves were recorded in various: 
directions 7.5° apart, rotating the plane par- 
allel to the crystal plate, keeping one axis | 
on it perpendicular to the static magnetic 
field. In another case the axis normal to the > 
crystal plate was held perpendicular to the 
external field, and the crystal was rotated 
about this axis. In the former case the max-— 
imum number of component lines resolved 
was 2 and these component lines of the dou- 4 
blets have maximum separation of 2.45 gauss _ 
and interchange their positions to give an-_ 
other extreme separation of 2.20 gauss after { 
the rotation by 90°, as seen in Figs. 12a. 
and b. In the latter experiment maximum 
splitting number was 3. The further splitt-— 
ings with incomplete resolution were observed 
ambiguously at a certain angle of crystal 
rotation. The splitting shown in Fig. 12a in- 
dicates 2a’=2.2 gauss. Using the same pro- 
cedure in Eqs. (2) and (3), the angle 7 


\ 
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becomes about 63.5° or 46°. The inter- 
contribution <4H*,=0.6 gauss? between 
neighboring molecules obtained by subtract- 
ing <4H?>o)=1.0-+0.1 gauss? from the experi- 
mental value <4H?>=1.6 gauss? at room 
temperature is not so different from the value 
expected from <(4H?>,=2.5 gauss? at rigid 
lattice. The minimum observed width of the 


component line is 0.6 gauss from Fig. 12b, 


4 


which amounts to <4H?), of 0.05 gauss?. In 
powdered Cal.6H,O, two types of resonance 
were observed in samples of two kinds which 


differ mainly in the rate of evaporation at 


_and the second moment is 1.6 gauss?. 


precipitation. One type has a central peak, 


The 


other is a doublet and has the second moment 


of 0.6 gauss”, but this was observed about 


the sample which later dissociated and could 


not be tested again. It is not certain that 


this type can exist always in a stable form. 
Although it is probable that HI molecules 


& H (gauss ) 


Bigs 12. Line pair separation as a function 


(a) 
of the angle @—@o as shown in Fig. 10 for a 
single crystal of Cal,6H.O. 


(b) Recorded derivatives of proton resonance 
in a single crystal of Cal,6H,O for three direc- 


tions of @—@o. 
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remained in these powders from chemical 
point of view, it is not reasonable to regard 
the central peak as originating from the HI 
molecules in so far as the resonance signal 
is taken into consideration, because the dis- 
appearance of central peak at low temperature 
may not correspond to HI model and the 
vacuum puming treatment would remove the 
residual HI molecules if they are adsorbed 
on the surfaces of these powders. 

In SrI,6H:O the second moment observed 
at room temperature can be separated to 
<4H?>)=2.0 gauss? and <4H?)=0.5 gauss?, 
by assuming the model of rotating water 
molecules with +=67.5° or 43.5°. The vari- 
ation of the selection of the ratio of <4H?)o 
to <4H?>, from 2.5/0 to 1.5/1.0 may change 
the angle by +2° about the above values. 

To avoid difficulties exist in the model of 
rotational motion of water molecules with 
such a value of the angle 7, the precessional 
motion of rotational axis around a definite 
direction is considered as a new model. In 
Fig. 10, if the rotational axis of OR preces- 
ses around an arbitrary axis OS with a con- 
stant angle between OR and OS, we have, 
denoting 

a’’=a’ P,(cos 7’)=a@P,(cos 7) P2(cos 7’), 

0H=2a’’{3cos? 0’ -cos? (O—D)—1}, (4) 
since the average of P.(cos 6’) over the angle 
@’ becomes P:(cos 6’’)P2(cos 7’) by the addi- 
tion theorem of the Legendre functions. 
Therefore, the doublet separation in this 
case is given by writting a” in place of a’ 
in Eq. (3). Here 0’ and ®’—@,’ are the angles 
for OS corresponding to 6 and @—@) for OR. 


Fig. 13. Drawings showing the relative position 
of H,O and the halogen ions in Cal,6H,O and 
SrI,6H,O. Larger circles represent the iodine 
ions, a small circle represents a Ca or Sr ion, 
and a double circle shows a water molecule. 
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Table III. 
salt state ; Alt <A>) <AH*>; 7 i nit 
Cal,6H2O rigid Zon 3.0 1.595+0.02 — 
Cal,6H,O rotation 1.0 0.6 — 40° 
SrI,6H,0 rigid 25.0 Zee 1.576+0.02 a 
SrI,6H,O rotation 2.0 O25 — 33° 


The second moment for such a powder is 
given by the modification of Eq. (2) as fol- 
lows: 


SrI.6H.O at higher temperatures, but these 
hydrates melt into their own water without 


passing the state in which the water of hydr- 


ation can rotate in their lattice. It is often) 
said in chemistry that hydrogens will escape ’ 
from these crystals as molecules HCI or HBr’ 
at melting. If it is assumed in this model 
that the hydrogen belonging to a water mole — 
cule is shifted to the neighboring halogen” 
ion and forms a molecule HCl or HBr before _ 
melting, then this state must correspond tc 
the narrower line. However, in SrCl6H.0, 
for example, when one proton of a water 
molecule moves to the chlorine atom to form 


(4H? 9=(4/5)a’”? 
= (4/5)a2{ P2(cos 7’) P2(cos 7)}? . (5) 


In crystals having the structure of SrCl.6H,O 
type, the positions of water molecules can be 
shown by Fig. 13. This structure suggests 
the precessional motion of rotating axis, 
without discarding the model of rotational 
motion about C2-axis of water molecules, be- 
cause the second moment in this case takes 


a reduction due to {P2(cos 7’)}? with P2(cos 7)= 
0.5. Thus 7’ becomes 40° for Cal,6H.O and 
33° for SrI,6H.O. Theses results are tabulated 
in Table III. 


Results on other hydrates 
Powdered CaCl.6H.O, CaBr.6H:O, SrCl.6H,0 
and SrBr.6H.O have broad resonance lines of 
almost two spin type at room temperature, 
which correspond to the rigid lattice with 
second moment of about 30 gauss*. Signal 
to noise ratios for these resonances are not 
so high as for the salts discussed in a) and 
b) because very low level of oscillation of 
the rf oscillator is used to avoid distortion 
of signals by a slight saturation. Although 
a sharp overlapping central peak with the 
broad line which originates from the adsorbed 
moisture on the surface of powders or from re- 
maining HCI or HBr was eliminated by vacuum 
drying as much as possible, resonance signals 
in CaCl,6H,O and CaBr.6H:O had nevertheless 
a faint central peak, but those in SrCl.6H,O 
and SrBr.6H,O showed hardly any peaks. 
However, in enough lower temperature ranges 
which is above room temperature but under 
the melting points, a peak appeared at the 
center of the broad line in the latter salts, 
and it became large at elevated temperature 
with the decrease in intensity of broad lines. 
In the former salts the nearly same things 
occurred. This state must correspond to the 
transitions of resonance in Mg(H.0)Cl, or 


C) 


HCI, interatomic distance of which is taken 
to be 1.27A, the second moment for such a 
model of the distorted water molecule is cal- 


culated to be 2.1 gauss?, and the line becomes a 
doublet having a peak separation of 3.22 gauss. | 
This is different from the observed one in | 
SrCl,6H.O, but it is similar to the reasonance | 


of SrI,6H,O in the room temperature range. 
On the other hand, if HI molecules are 


formed in solid state of SrI.6H.O in the room ~ 


temperature range, the bond formation of 
I-H----O-H gives the second moment of 2.65 


gauss? for hydrogen-iodine interaction and — 


4.42 gauss? for proton-proton interaction. 


The sum of these two values is much larger — 


than the observed value of the second mo- 


ment at room temperature for SrI.6H.O. The ~ 


motion of the proton between two potential 
minima along O-H----I bond makes the se- 


cond moment assume an intermediate value — 


between the rigid lattice value, 23.5 gauss?, 
and the above distorted value, 7.07 gauss?. 
Thus in all cases, the reasonable account can 
be made only on the model that the proton 
moves out of the line joining the oxygen and 
the halogen ion. 

As an explanation for a central peak, the 
following motional narrowing is considered. 
If the precessional motion occurs varying the 
angle between the axis of rotation and the 
axis of precession from 71’ to Yo’, then the 
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eduction of the approximate doublet separa- 
ion OH is shown to be proportional to the 
verage value of P.(cos7y’) over 7’ from 7’ 
0 72. For example, a doublet separation of 
bout 10 gauss reduces to 0.65 gauss taking 
7 =45° and 7.’=60°, and the doublet line 
nay not be distinguished from a single peak, 
vhen <4H?>:>0.2 gauss?. Moreover, the second 
moment can be reduced to zero, if the aver- 
ge of P,(cosy’) is taken over the angle 7’ 
rom 0° to 90°. Thus the rotational motion 
pproaches in such a manner to random re- 
rientational motion, then the resonance line 
‘ives rise to a sharp central peak. Without 
assing the rotational motion or precession 
f a definite angle, the hydrates discussed in 
) go into the liquid-like structure. 


4. Concluding Remarks 


It should be concluded, from the above re- 
ults, that the water molecules of hydration 
n some halogen compounds of the second 
‘roup elements go into the hindered rotation- 
1 motion. However, detailed behavior of 
his motion such as rotational frequency, or 
he reasons why these motion should occur 
n some salts and not in others, is not certain, 
nd must be studied further. 

Little is known about the thermal proper- 
ies of these hydrates and we know the data 
bout the hydration of magnesium chloride 
nly. Energies of hydration of Mg** ion 
nd [Mg(H.O).|** ion are estimated to be 
52 kcal/g.ion and 210 kcal/g.ion respectively™, 
nd heat of solution of Mg(H.O),Cl, crystal 
s known to be 2.94 kcal/mole!?. We may 
ieglect the energies associated with entropy 
hanges in the reactions, because they are 
mall compared to these energies. By sub- 
racting the heat of solution of Mg(H2O).Cl 
rom the sum of hydration energies of 
Mg(H20).]** ion and two ClI- ions, we ob- 
ained 345 kcal/g.ion as the binding energies 
yetween two Cl ion and [Mg(H:2O),]** ion. 
Jn the other hand, the energy of formation 
f [Mg(H.0).]** ion from Mg** ion and six 
4,0 molecules can be calculated as the dif- 
erence between the energies of hydration 
f~ Mgt* ion and [Mg(H20).]** ion. This 
mounts to be 242 kcal/g.ion. Although 
hese values show that the attractive forces 
Yetween electric dipoles of the water mole- 
‘ules and chlorine negative ions are not so 
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small, the arrangement of negative ions does 
not make the suitable angle of H-O-H as 
well as sufficiently shorter O-H- - --Cl distance 
for Cl----H-O-H----Cl binding to be possible, 
therefore the water molecule may take two or 
more equilibrium directions. Moreover, we 
believe that the coordination of water mole- 
cules to the central small metallic ion makes 
the interaction between charges of the electric 
dipoles reduce appreciably the hindering 
potential for rotation in the case of magnesi- 
um salts. 

Possibility of hindered rotational motion 
of water molecules for the iodides will be 
due to the small electronegativity of iodine 
ion and it represents little contribution of 
covalency to these binding. 
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Radiofrequency Spectroscopy Using Three-Level Maser Action 
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A direct transition between l-type doublet of OCS molecule was observed 
either as emission or absorption using the three-level maser action. The 
pumping radiation was supplied by a klystron 2K33 at the frequency 
correspanding to J=2<1, and the l-type doubling transition at 12.78 Mc/sec 
for J=1 was observed by a modified Pound-Knight circuit. Generally the 
low frequency transition of molecules is shown to be detectable using the 
bandwidth of about 1s~—}, if the corresponding microwave transition at 
24,000 Mc/sec has the absorption coefficient larger than 10-®cm-!. The 
line-width can possibly be reduced to several kc/sec at the sacrifice of 
sensitivity. The application of this type of spectrometer is also discussed. 


either be »=(E;—E:.)/h as in Fig. 1 (a) or 
vo=(E2—F1)/h as in Fig. 1 (b). In order to 
simplify the discussion only the case of 
Fig. 1 (a) will be described. 


General Considerations 


Sal 

The absorption of electromagnetic waves 
by molecules in gases has widely been observ- 
ed in the infrared and microwave range, but 
it has never been observed in the lower radio- 
frequency range. This is only because the 
absorption by molecules is approximately 
proportional to the square of the frequency 
and it becomes very weak at lower frequen- 
cies. Thus the radiofrequency spectroscopy E> ry 
of gases by conventional methods of micro- EN jE) F 
wave spectroscopy is not practicable in the 
range below 1000 Mc/sec, where only a few 
lines have been observed». 

However, a variety of transitions is known 
to fall in still lower radiofrequency range 
which is too weak to be detected by a con- 


Es : Es 


E2 


» 


, 
ny hv. 


(a) 
Bios 


(b) 


Three level systems. 


The power absorption coefficient at the fre- 


ventional absoption technique. It is the pur- 
pose of this paper to report the first success 
of observing low frequency transitions of 
molecules by the application of three-level 
maser technique»), 

Consider a three-level system where the 
low frequency transition to be observed may 


quency vy=y9 is given by 

872y9 | p00 |? 
BAe had noi ge 
where » and ms are the number density of | 
molecules in the energy levels E, and E3 re- _ 
spectively, 2 the dipole matrix element be- 
tween states &, and E3, and 4y the half-half- 


a=(N2—N3) 


1959) 
l 
width of the line which is assumed to be 
‘mostly due to pressure broadening. In thermal 


‘equilibrium at temperature T, the Boltzmann 
distribution shows 


) Wp — he N2 (2) 
and the absorption coefficient is given by 
) Paid ALS (3) 


SCL 


‘Therefore the absorption coefficient is pro- 
‘portional to the square of the frequency, 
assuming that other factors are constant. 

| If the transition between states F, and E£; 
is allowed, pumping power at the frequency 
Y= (Es—Es)/h is used to saturate the transi- 
tion, and then the induced emission at the 
frequency vo will be observed. On the other 
hand, if the transition between states Ei and 
E, is allowed, the pumping power at the fre- 
quency v,’=(£,—E£))/h will enhance the in- 
duced absorption at the frequency vo. In 
either case for complete saturation one 
obtains 


VAS 


The absorption coefficient or the coefficient 
of induced emission in this case becomes 
0, pump = An*vovyNa | 00 
Serr Ody 

which is v,/2v0 times larger than ao. 

Since the low frequency transition can 
more conveniently be observed with a resona- 
tor cell than a transmission line cell, a better 
measure of the intensity is the quality factor 
of the molecules. It is denoted by Qm(v) and 
is given by 


(5) 


_ 2m 
Om(y) = ca(v) ae 


as a function of frequency. For v=v0, Qm(vo) 
will be simply written as Qm, but it may be 
noted that Q-! of the molecule in this paper 
does not represent the line-width but is equal 
to the loss factor of the gas. 

When the molecule is completely saturated 
by the pumping radiation, the following 
equation is obtained from Eggs. (5) and (6). 

mi! os QTY pNz | 40)? (7a) 
On Ber Ay 
This equation may be expressed as 
1 App 


Qm 4x 


fo - 
Lp 


(7b) 
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where ys, is the dipole matrix element of the 
pumping transition and a, is the absorption 
coefficient at »,. It is noticeable that Eq. (7) 
is independent of »). Assuming that the 
pumping frequency is about 24 Gc/sec and 
/o~ Lp, Eq. (7) can be written as 


ee (8) 


As the typical value of microwave absorption 
coefficient which has been measured arround 
24 Gc/sec is a@=10-°~10-® cm™}!, the above 
equation shows that Q of the molecule at the 
low frequency transition should be such that 
1/Qm=10-*~10-®, which is of detectable 
magnitude as will be shown below. 


§2. Line-Width and Sensitivity of Three- 
Level Maser Spectrometer 


If the radiofrequency spectral lines are as 
broad as those in the microwave range, direct 
observation of low frequency transitions would 
be less worthy of study. The resolution of 
microwave spectrometer is largely limited by 
Doppler broadening, which is proportional to 
the transition frequency and the velocity of 
molecules. The Doppler width is approxi- 
mately given by 


Avp~*™ vy~10-%% (9) 
where v» is the average velocity of molecules. 
For low frequencies, »»~10 Mc/sec, the,Dop- 
pler width, 4yy~+0.01 kc/sec, is so small as to 
allow very high resolution. However, other 
broadening factors will dominate in usual ex- 
perimental conditions. 

The broadening by collisions of molecules 
with cell walls or electrodes is given approxi- 


mately by” 
ee O01 ee 
bet NE 


where d is the distance between opposite 
walls, R the gas constant, and M the molecular 
weight. Asan example take d=2 cm, M=60, 
and then Eq. (10) gives 4yy~=1.45 kc/sec. 

The broadening by collisions of molecules 
with each other is known to be proportional 
to the gas pressure. In order to reduce it to 
1 kc/sec for example, the gas pressure must 
be of the order of 10-*mm Hg. 

Saturation effect will be appreciable, when 
the field intensity at the frequency » is larger 


(10) 
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than the critical value Ee which is approxi- 
mately given by 

(Avo) 
| 400]? 
where 4y» is the total line-width and h the 
Planck’s constant. The critical field E. may 
be written as 


he=3 (11) 


Avo(kc/sec) 
|/0|(Debye) * 
Therefore, the field intensity must be very 
weak in order to obtain high resolution. For 
example, when 4y3=3 kc/sec and s»=1 Debye, 
the field intensity must be less than 10 mV/cm. 

Now the sensitivity of the spectrometer is 
calculated. In order to detect electric dipole 
transition, the molecules of gas must be put 
in the r.f. electric field. The cell acts as 
a capacitor C, which forms a resonant circuit 
with an external inductance L. Assuming 
that the quality factor of the LC resonator 
is @o at the absence of molecules in the 
capacitor, the impedance at the resonant fre- 
quancy is Ro>=Q)/2z0C. At the presence of 
molecular transition having Qm the impedance 
at resonance becomes 


R= eS apee 
2rvoC(Qot+Qm) * 

Therefore, when the LC resonator is driven 
by a constant current generator, the resona- 
tor r.f. voltage Vo=7Ro will change by 4Vo 
=1(R—Ro) at the presence of molecules. For 
Qm>Qo the signal voltage due to the transi- 
tion of molecules is 


E<V/cm)=3.44 x 107% (12) 


AVe=K 8" Vo, 


where K is the filling factor. 
On the other hand the effective noise vol- 
tage is expressed as 


Vni=4FRokTAS , 


where F is the noise figure of the r.f. spec- 
trometer, and 4f the effective bandwidth of 
the detecting system. 

Assume for simplicity that the signal vol- 
tage larger than r.m.s. noise voltage can be 
detected. Then the minimum detectable 1/Qmn 

FRTAS 


is 
(55) phe 
Qm iter KVo QrvCQo ; 
This equation shows that the larger the r.f. 
voltage the higher the sensitivity, while equa- 


(13) 


(14) 
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tion (11) or (12) requires the lower r.f. voltage? 
for the higher resolution. i 

As an example of high sensitivity let us# 
take Vo=0.2V, F=2, 4f=1s, K=0.8, voi 
10 Mc/sec=10’s“!, Qo=100, and C=200 pF, one} 


obtains 
1 ) i, 
ee =A 6 
ee min | 


This sensitivity assures observation of r.f., 
transition having the intensity corresponding |} 
to the microwave absorption coefficient of 
10-§cm-1 as can be seen from Eq. (8). 

However, higher resolution must be at-: 
tained at the sacrifice of high sensitivity. 
The resonator voltage should be smaller than 
Vo=3.44X 10-3 dvod/uo0 volts from Eq. (12), 
where d is the separation of r.f. electrodes) 
in centimeters. For example, take 4yo= 
3kc/sec, wo=l Debye, d=2cm, and Vo= 
2x10-V is obtained. This results in the 
sensitivity as 


1 
eh Peet Si saci, 
tee 


if other factors are the same as before. 


a 


§3. Experimental Results 


A three-level radiofrequency spectrometer 
has been constructed and tested to observe > 
direct /-type doubling transitions of ICN and 
OCS. The spectrometer was first operated — 
for ICN. The rotational spectrum of ICN, 
corresponding to the transition /=2<1, shows 
l-type doublets, which were measured by 
Oka, Hirakawa, and Miyahara, although they 
were not reported in their paper®) because of 
the inadequacy of these lines in determining 
the quadrupole coupling constants. 

The rotational transition of ICN at 
13,094 Mc/sec or 13,083 Mc/sec, corresponding 
to J=2<-1, F=9/2<7/2, and v.=1, was em- 
ployed to increase the intensity of direct 
l-type doubling transition at 5.4Mc/sec, for 
J=1. The experiment turned out to be a 
failure, and the reasons of its negative result 
are considered as follows. The pumping 
radiation supplied by a crystal doubler was 
not sufficiently strong to achieve appreciable 
saturation. Moreover, the presence of hyper- 
fine structures due to [27 and N™“ made each 
component weaker, and the sample used was 
not pure. 


Then the three-level spectrometer was 


aio 
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‘ tested with carbonyl sulfide which shows no 


hyperfine structure. The pumping transition 
was J=2<1 in v,=1 state, and the direct 
l-type doubling transition for J=1 could be 
observed either as emission or as absorption 
at 12.78 Mc/sec. The accurate frequency was 
not measured, but it seemed to be only a lit- 
tle smaller than this value. 

The energy level diagram of OCS for J=1 
and 2 is shown in Fig. 2, and the frequencies 
of allowed transitions between these levels are: 

¥12= 12.78 Mc/sec 

¥34= 38.35 Mc/sec 

Yi3= 24,355.50 Mc/sec 

¥24= 24,381.07 Mc/sec 


Ea ES 
E, 
Ee J=\ 
Ess 


Fig. 2. Energy level diagram of OCS in the first 
bending vibrational mode. 


In thermal equlibrium at room temperature 
the absorption coefficient of j/=1 line at 


_12.78Mc/sec is calculated to be a=4.0x 


10- cm=!, which is many orders of magnitude 
smaller than the detectable absorption with- 
out pumping. 

The dipole matrix element® for the transi- 
tion J/+1</ is 


(15) 


[aij P= 4 


-and for 4/=0 


ye 1 2 
luo? 0". 


22 
aris : = 
| 25 Le J+D(2J+1) é 
Thus for the pumping transition /=2<-1 at 


(16) 


pA, ee 
the frequency v1i3 OY v2, [p= and for 
direct J-type doubling transition of /=1 


6 As the absorption coefficient at 
the frequency vp is a=4.4x10-°cm “4, the 


intensity of /-type doubling transition under 
complete saturation by pumping at the fre- 
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quency yvp=r13 Or v4 is calculated from Eq. 
(7b) as 


1 
——=14%10-7, 
Q 


m 


(17) 


The calculated intensity of the J=2 line is 
VOTES 7 10 reenact |= in this 
case. 

To achieve high resolution as well as high 
sensitivity, the separation of r.f. electrodes 
must be large, but then large pumping power 
is required. The optimum pumping power 
of a plane polarized wave can be approxi- 
mately expressed as 


iP opt se (dy,)? 
|p|? 


oO; (5)" 


Ar 
where the relaxation time is taken as v= 
1/2z4y,, Avy is the total line-width including 
Doppler effect of the pumping transition, and 
S is the cross-sectional area of the cell: It 
may be noted that although the Doppler 
broadening is not a power dissipating pro- 
cess, it must be taken into the calculation of 
saturation power, because only during the 
time interval 1/2z4yp the phase difference 
between molecules and waves is kept within 
one radian.’ 


Taking the following values, | pol? =—(0.709) 
Av»=70 kc/sec, and S=23cm?, the optimum 
pumping power is calculated as 

Pope TW 


Microwave power of this order of magnitude 
at 24Gc/sec was supplied by a klystron 2K33. 


beet 
S x) 


N ra LTO 
N 
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Fig. 3. Cross-section of the waveguide cell. 


The absorption cell is made of 3,000 Mc/sec 
band waveguide of 2 meters length, whose 
cross-section is 72.0mmx34.0mm I.D. and 
the r.f. center electrode has been inserted in 
the same way as the Stark septum as shown 
in Fig. 3. 

The r.f. voltage is applied to the center elec- 
trode which is connected to an external in- 


oP ‘This corresponds exactly to |y|?c?=3 in ref. 
(7) or |up|-H#c=h, where EF is the r.m.s. field in- 
tensity of the pumping radiation, 


958 


ductance Z and a small variable capacitor to 
tune the resonant frequency. 

The r.f. oscillator and detector employed 
is of a modified Pound-Knight circuit.» The 
pumping radiation is frequency modulated at 
the frequency of 175s, and the r.f. ampli- 
fier and detector is followed by a tuned 175s7? 
amplifier and a phase-sensitive detector. The 
time constant of the filter in the detector 
output can be varied from 0.005 to 0.25 sec. 
The output of the spectrometer can be ob- 
served with a d.c. oscilloscope as well 
as with a pen-and-ink recorder. A_ block 
diagram of the spectrometer is shown in 
Fig. 4. 


INTERPOL, RECK—&) W@W 
eile 


Ys 


[MODULA TOR | 


125s! AMP, 
| °.] 


[PHASE SENSITIVE DET..| 


[FILTER L+[D.c. AMP. Lesa] 


Fig. 4. Block diagram of the three level r.f. 
spectrometer. 125s-1 should read 175s71. 


The absorption cell is used as a Stark cell to 
observe and monitor the pumping transition 
by a crystal detector in an auxiliary wave- 
guide. 

The klystron 2K33 might be automatically 
frequency controlled with respect to the UHF 
oscillator at 358 Mc/sec which is locked in the 
harmonic of a 2Mc/sec crystal oscillator”, 
but actually it was manually tuned with re- 
spect to the 358 Mc/sec oscillator. To sweep 
the microwave frequency for pumping, fre- 
quency of the interpolation receiver was 
changed with time. When the pumping: fre- 
quency was v3, emission of r.f. signal at 
Yo=Yiz could be observed, and when it was 
vy4, absorption of r.f. signal could be observed. 

The capacitance of the r.f. electrode of the 
cell is about 300 pF including capacitance of 
the lead, and Q of the resonant circuit is 
fairly low. Because the r.f. field is stronger 
at the edge of the electrode, the filling factor 
is supposed to be also small. Using the 
values, 4yy)=10kc/sec, |/0|=0.709/62 Debye, 
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and d=1.66cm, it is found from Eq. (12) or) 
(15) that the resonator voltage should not | 
exceed Vy=0.2V. Then the minimum de- 
tectable intensity is calculated from Eq. (14), 
assuming vo=12.78 Mc/sec, C=3 x10 F, Qo= 
20° K=U5PF=3,%ande4f—1.3s- correspond: _ 
ing to the filter time constant of 0.25 seconds, 


as 
1 
—= = dF. Ox Ae we 
x Hg 


Therefore, the J/-type doubling transition 
having the intensity as shown by Eq. (17) ; 
must be observed with the signal to noise 
ratio of 


Sea 


= =39 
Dh Ole e5 ee 3) sg 


Moy ys 


Fig. 5. Traces of records of the direct /-type 
doubling transition of OCS, where the left one 
was taken with sweep in the reverse direction. 


By sweeping the pumping frequency through 
vp, the direct /-type doubling transition was 
observed and recorded as shown in Fig. 5, 
using the filter time constant of 0.25 seconds. 
The observed intensity of the line agrees 
fairly well with the calculated value, thus 
confirming the theoretical considerations given 
above. Saturation effect by r.f. field was 
observed when the r.f. amplitude was’ in- 
creased above 0.1 volt. 

The spectrum could also be recorded by 
sweeping the r.f. frequency. However, the 
record was disturbed and blotted by inter- 
ferences from other laboratories. The ob- 
served line-width at a pressure of about 
10°? mm Hg and with r.f. amplitude of about 
0.25 volts was nearly 40kc/sec. The line- 
width was found to decrease by reducing the 
pressure, but then the signal intensity also 
decreased and the pumping power could not 
considerably be reduced. It can be supposed 
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that much higher sensitivity with slower 
Sweep as well as smaller r.f. amplitude must 
be used in order to reduce the line-width 
below 10kc/sec and observe the line with 
good signal to noise ratio. 


§4. Applications 


Most of the low frequency transitions of 
simple molecules might be studied by the 
three-level technique described above. 

1. Direct transitions between K-type doub- 
lets, corresponding to 4J/=0 and 4Ki=1 in 
case of a nearly symmetric prolate rotor, can 
be detected. The transition 4J=1 is used for 
pumping. A slightly asymmetric molecule 
such as CH:CO or CH.DC1 seems to be a 
good example of this type, and larger signal 
intensity than for /-type doubling transition 
is generally expected. 

2. Direct hyperfine transitions corresponding 
to 4/=0 and 4F=-+1 for a symmetric mole- 
cule may be studied. But the intensity is 
expected to be smaller, because the magnitude 
of the dipole matrix element is rather small 
in this case. 

3. Transitions between Stark or Zeeman 
components under d.c. external field, corres- 
ponding to 4/=0 and 4M=+1, may also be 
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observed. 

4. Other low frequency transitions due to 
l-type doubling, inversion, or internal rota- 
tion may possibly be observed, if both the 
observation frequency and the pumping fre- 
quency fall in some convenient ranges. 

In conclusion the author would like to ex- 
press his thanks for the assistance of Messrs 
H. Takuma and T. Shimizu in carrying out 
the experiment. He also thanks for the 
financial help of the Ministry of Education. 
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Stationare Temperaturverteilung in der Waad vielschichtiger 


Rohrenleitungen 


Von Vaclav VoDIGKA 
Pilsen, CSR 
(Eingegangen am 19. Marz 1959) 


The present paper solves completely the problem of stationary tem- 
perature distribution in a hollow ~-layerd circular cylinder whose bound- 
aries are kept at given temperatures varying both in the tangential and in 


the longitudinal direction. 


The first part of the paper takes into ac- 


count heat transfer at the surfaces of separation, and the second part 
treats the case of a continuous variation of temperature at each surface 


of separation. 


Dieser Aufsatz bringt fertige Formeln fiir 
stationdre Temperaturfelder in einem hohlen 
n-schichtigen Kreiszylinder, dessen beide Ober- 
flachen auf vorgeschriebener ‘“Temperatur 


The results are very complicated. 


gehalten werden. Trotz ihrer technischen 
Bedeutung hat der Verfasser die fertigen 
Formeln in der Literatur nicht finden konnen. 

Der ganze Aufsatz zerfallt in zwei Teile. 
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Im ersten rechnen wir mit endlichen Warmeii- gegebene Konstanten, f(y, z) und F(¢g, z) zwei 
bergangsfaktoren an den Trennflachen ein- fiir alle reellen ¢, z definierte Funktionen mit 
zelner Koérperschichten, der zweite Teil setzt der Periode 27 beziglich ¢. Im Bereich} 
iiberall stetige Aenderung sowohl der Tem- 0 <g <2z lassen sich f(g, z) und F(@, Zz) im 


peratur als auch des Warmeflusses voraus. Fourierreihen entwickeln, als Funktionen von} 
z seien beide mit Hilfe vom Fourierschen 
I. Warmespriinge an den Trennflachen Integraltheorem ausdriickbar. | 

? Unter diesen Verhaltnissen geht es um died 

§1. Froblemstellung. Es seien in gy periodische Loésun ui(0, ¢, Z) folgenden | 
O<pr<p2<-++<pnsr, M>0, Mi’ >0 technisch und physikalisch leicht verstandli- } 


(i=2, 3,---,m) (1) chen Aufgabe: 


Ou; 1 Oui 1 Ou; O2u; 


002 9 Op | ep? Og? 62 a 

(1<0<Oiwn, OXY <2nr, —wW<z<+o0; i=1,2,---,n), (2) 
ur(o1, Y, Z=SF(Y, 2) O0<¢<22, —w<z<+o), 3.) 
Oui Oui. 
3p +hisiui— —Ui+1) = i = ins ea 0 


(0=pi4i, OS OS 2n, —co <Z< Peo, t=) 2, (3.3 
Un(One1, 2; 2)=F(¢9, z) (0 Ss ? = an, —o<z< +0) . (3.3)) 


§2. Zuruckfuhrung auf zwei einfachere Falle 


Die Lésung unseres Problems (2)-(3.3) ergibt sich augenscheinlich durch Summierung der- 
Lésungen zweier einfacheren Aufgaben, die dadurch zustandekommen, dass man sich in (2)-- 
(3.3) das eine mal F(g, z) und das andere mal /(¢, z) durch Null ersetzt denkt. 

Ist u™(0, v, z); i=1, 2,---, m die Loésung des ersten und m(0, gy, z); i=1, 2‘---,m des; 
zweiten Teilproblems, so hat man also in 


ule, 9, =u, y, 2+u@(p, gy, z)  (i=1, 2, -+-, n) (4)) 


das verlangte Ergebnis fiir die Anfangsaufgabe (2)-(3.3). 


§3. Die Bestimmung von wi(p, g, z); i=1, 2,---,n 
Die mit noch unbestimmten Parametern 8, y und mit /im allgemeinen freilich von 8, 7 

abhangigen/ beliebigen Konstanten Aix, Biz, Ci und Dix gebildeten Ausdriicke 
vin= Rix(B0)(Aix cos ke+Bix sin ke) cos B(y —z) Gal Oss, mM) 
Rix(Bo)=Cixlk(B0)+ Dir Kx( Boe) (@=1, 2,-+-, m—1), (5)) 
Rnx(B0)= Kx(Bon+1)Ie(B0)—Ie(BOns1)Kn(Bo)  (k=0, 1, 2, ---) 

sae fiir el k Losungen von (2), haben die Periode 27 besiiglich g und dariiber hinaus ist 

Unk\On+1, P, Z 


Es ist leicht zu erzielen, dass auch noch die Vetere esveaingaeay (3.2) von den viz 
erfiillt werden. Dies wird dann und nur dann der Fall, wenn 


hiss(Aiss,x cos RO+ Bisi,x sin R)R i41,c(B0i+1)=hisi( Aix cos Ro+Bix sin ko) Rix(Bot41) , | 


Rix(B 0is1) , Ris1,n(B0i41) d 
Mt” (Bi) OY Rie x(Boin) 2? Rme(BOn)= lan Ros(Bo) | of (67) 


(0<¢ <2z; i=1, 2, ---, n—1, RO, eo ee 


Gebraucht man die Tatsache, dass sich aus 
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a+bx 1 a+by 
= = iL a. 
A+ Bx zk aes) 


nach einiger Rechenarbeit 


5G : & pga ) 
N M+ Ny 


M=aBq—A(B+5p) , N=—B[B+)(p—q)] , 
P=A[B+0(p—q)]+p4,  4=aB—Ab 
ergibt, so folgt aus der zweiten Gleichungsgruppe (6)-unter gleichzeitiger Beriicksichtigung 


aS und von bekannten Wronskischen Beziehungen aus der Theorie der Zylinderfunktionen- 
eicht 


Dir=QieCix Ga Zee, gale =O al. 2 ies} re 
a 1 { hisshi 
Gee) = PB) = pee L, 
; ARC TE eee 0241[ Muar ,x(B) + Noat,x(B)qe+1,x(8)] 


| Miist,x(B)= Tk (Bo is1) Kx’ (B 0:01) —hisrln’ (Bois1) Ke(Boist) +hierl(Bpis:) Ke (Boiss) , 
Ni+i,x(8) = —Ki’ (Bois) [Ku (Bois1) + (hisi hist) Ke(Boi+r)] , 


Pas a(B)=— 2+ Ie’ Boses)[ Ki (Bp) + (hoes his Kaos 
((=1, 2), n—2; k=0,1,.2, +) (7.1) 
eter lB) = — ink Gi fe oO 
= hn ~ 
“no Go| a RRM 


IY eae 


Geht man mit (7) und (7.1) in die erste Gleichungsgruppe (6) ein, so bekommt man daraus 
durch leichte Rechnung 


Ais1,xCi+1 k= O141,nArrCir , Bier ,xCi+1,4b=0141,nBirCir 
(G==1,2,---,n—2; k=0, 1, 2, <-=) 


Pb I é [; (Bova) +Qv Kx’ (B Ov4+1) 
NE — Ir hs Nisa Il k = 
1y6= D141 (8) hohs++-hisr v= Tnf(BOv+1) +Qv+1,eK’ (Bov+1) (8) 


Anxr= On ArkCir ’ Brx=OneBirCir (k=0, 1, 2, ie ~) 


Nn’ : Tk (B On) +Qn—-1,% Kx (B On) pea 
doa DO RlBpaasble (Bon) — In Bones) Ke Bon) 


Unter Zuhilfenahme von bisherigen Ergebnissen erscheinen unsere partikulare Losungen 
(5) in der Form 


Vin= Oin(B)Ciz Vir(B0)Dx(¢) cos B(r =Z) G21, 72, 7-80; k=O; 12, ==) (9) 


worin dy%.=1 (k=0, 1, 2, ---) und die iibrigen du(8) nach (8) zu berechnen sind. Weiter ist 
mit den durch (7.1) bestimmten Grossen dix 
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Vin(Bo)=Te(B0) +GixKn(Be) ; VarlB0) = Kil BonsvTe(B0)—Ie(B 0n+1)Kx(B0) (9.9 | 

(G1 e Qe n= ls 02) 

und endlich 1 
O.(¢)= Axx cos kg-+Biz sin ke (E20, \oacy te) (9.2) | 


Die durch (9)-(9.2) definierten Ausdriicke vix=vix(o, 9, z; 8B, 7) geniigen allen Forderungen | 
unseres ersten Teilproblems, bis auf (3.1). Dasselbe gilt dann natiirlich auch fiir die Funk- | 


tionen 


Uikl 0, P, = \"aa\" Vikl 0, 2, 3 B, r)dr Gel, (ap pee) nN; k=0, He 2, ra >) C (10) 
0 — oo 
Die letzte noch zu befriedigende Bedingung (3.1) driickt sich mit gelaufigem Ansatz 


wi, ~, Aas Uix(O, , 2) (=1,2,---, 2) (11) 
k=v 


aus durch die Gleichung 


= .. \"aa\" Lia) cos ke+fra(r) sin ke] cos B(7 —z)dr 
= 3) |" Ua(@o1)-anKi(Be.)}48)” Coa(Arw cos kp-+ Bu sin hy) cos Br 2dr (12) 
eee aes Te) = Les _cos ka 
Foe) 2x \i@ Ye for) = \, Me sin une (R=1). 


Daraus entnimmt man sofort 


AirCix 1 Sul%) | 
rs A =A i — a = cee 
aC. a lemet Ga c= Ax(B) = Ie(B01) + Qin Kx(B 1) (k=0, 1, 2, De (13) H 
wobei natiirlich fiir das Endergebnis ganz belanglos ist, dass der Ausdruck BioCip unbestimmt | 
bleibt. 
Fasst man die bisherigen Teilergebnisse (11), (10), (9)(9.2) zusammen, so gelangt man zur | 
folgenden fertigen Losung unseres ersten Teilproblems: 


~ ba(8) y, 
"dey V0) 48\ 


7 [fi(r) cos ke +firo(7) sin ke] cos B(y —2)dr 


co 


1, 0.29-+ 3 
G=1, 2, +++, ”). (14) | 


Die in den Losungsformeln (14) vorkommenden Gréssen und Ausdriicke berechnen sich wie 
folgt: qix mach (7.1), 48) nach (13), Vie(Be) nach (9.1), fix(r) und feo(r) nach (12), di(8)=1 
und die anderen 0jx(@) sind in (8) erklart; J. und Kz bedeuten modifizierte Besselsche Funk- 
tionen, mit Strich werden iiberall die Ableitungen nach 0 bezeichnet, sodass z. B. 


d 
do 


Tk’ (Bn) -| T.(Bo) | 


P=Py 


§4. Die Bestimmung von u:(p, g, z); i=1, 2,---,n 

Nach dem, was im Abschnitt 2 gesagt wurde, geht es hier bloss um eine unwesentliche | 
Abanderung der vorigen Aufgabe. Die gewiinschte Lésung kann angenscheinlich direkt nach — 
(14) ohne jede Rechnung aufgeschrieben werden, indem man in (14) die alten Symbole durch | 
neue nach dem leicht verstandlichen Schema ! 
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uo, Y, 2) , Oi, FO; Z) ’ hi ; ki’ } , 
4 : j (15) 
Un+i-i(0; Y, Z) , On+2-% , F@, Z) . —hn+-2-i ; —hinw2—-+ 


ersetzt. 
Dadurch erhalt man 


. 1k, a aap ba 
ural § i aaa Wa 6o)d8 "a Boo tie Gp ein Fe hens aod 


(@=1, 2, ---, 2) (16) 
wobei die hier vorkommenden Abkiirzungen folgende Bedeutung haben: 
hy Tk’ (B02) + roxKx’ (B02) 
d (B)= - ds 
OT” Kel Bo.)he(Bos)—Ie(Boi)Ke Bon) >” 


Oa (8) = oo ae 
t+2F054+3° m YY 


1 Th’ (BOnsi—v) tYn+i—v,~eKr (BOns1-») (16.1) 
I Ties (BOn+i-v) + ¥n—v eK’ (BOns1-y) 


Gas be mie) n—2), dnx(B)=1; (k=0, 1; 2; see) 


o- 


Li(B)= Te Bons1) + nr Kul 8 0n+1) (k=0, dls 2 one. -) 


(16.2) 
Wir(Bo) = Ki( Boi) (B80) —Te(B01) K(Bo) , Wix(Bo)=In(B0)+rixKx( Bo) 
GaP Bs 300,778 =U), yh 082) (16.3) 
== For = — — 1 —- 9 We ef) 
ra=tulB) = — e795 a (Bo.) 
| - aoe aed en erereen = hy Pee fuse. oe 
| ? : Ki Bo1)Le( B02) — Ix( B01) Kx( Bs) ‘ 
—hy Ki 2 Ki by) i I his 
(Bps)+ Ka’ Bos) Lb ge Sanaa 
els ahs a 
| rural) gy (UM oatSu By rein FalBN Oe 
Six(B)= — I (B01) Kx’ (80:1) —hili(B 0:1) Kx’ (8 0:) + hi’ Tk’ (B01) Kx(B0i) , 
Tix(B)= yee Rea alien pales ’ 
TTix(B) = (Boi) Kx’ (Bo: i) +(i--hi’) Kx( Boi) 
C= 34 ie kOe 2 rer) 
i Fai(7) ~ 1-(* cos ka = ctor 
Folr) = gol "Pl@, veda, = Flan) Spa EL). (169) 


§5. Die Losung des urspriinglichen Problems (2)-(3.3) 

Nach der Vorschrift (4) ergibt sich die gewiinschte Losung durch Summierung der beiden 
Teillosungen (14) und (16). Der Leser moge sich vom neuen direkt tberzeugen, dass die so 
erhaltenen w:(0, ¢, z) wirklich unsere urspriingliche Aufgabe (2)-(3.3) befriedigen. 


Il. Stetige Aenderung der Temperatur und des Warmefiusses 


Das jetzige Problem unterscheidet sich von dem vorhergehenden nur in den Bedingungen 
(3.2), die jetzt durch die gelaufigen Beziehungen ' 


Wi=Uis1 , Ai oe = dias 5 (0= Oi+1, V2O Sa, SCIAP Coe i=1, Za a=) (17) 
0 


964 Vaclav VODICKA (Vol. 14, 


zu ersetzen sind. 
Die Lésung ergibt sich augenscheinlich aus dem Ergebnis des ersten Teiles durch den | 
Grenziibergang 


‘ Ai ; 
his1 7 + , Nii 0 , Pint a Lae (@=1, 2,780 ae (18) 
hisr Ai+t | 
wenn man wie iblich unter 4; (i=1, 2, ---, 2) die Warmeleitfahigkeit der i-ten Korperschicht 
versteht. 


Nach einiger Rechenarbeit kommt man so zum Ergebnis 


TCM ae OS \ SulB) Vy,.(Bp)de \" Lfalr) cos ke-+fu(7) sin ke] cos B(y —2)dr 


m k=0)o Ax(P) 
ch 2 ~ ee Walbords |” LFin(7) cos ko-+ Fix(7) sin ke] cos Bly —2)dr 


@G=1, Zs ee n); (19) 


Es ; At Te’ (Bover) + Qve( 8) Kx’ (B0v+1) 
O1x(B)=1 ’ Oi+1,%(8) = aes oO Tk’ (Bova1) + Qv+1,x(B) Kx’ (Bov+s) 
@=1, 2, oa = n—Z) ’ 


Tk’ (BOn) + Qn—1,x(B) Kx’ (Bon) 
Onk = kn 5 On— kK 
et KiB en+1) Ik’ (Bon) — Ti BOn+1) Kx’ (B0n) ah 


Ax(B)= Te B01) +Q1x(8)Ke(B 1) , Vix(Bo) = Ik(Bo) + qix(B)Kx(Bo) 
Var Bo) = Kx(Bons1)J(B0) —Ik(B 0ns1) Kx( Be) (@=1, Ze 7) 


ik ee —Pist,k a 
A ay tee? RT Tee 


Miai,x(B)= kis h( Boiss) Kx’ (Bois1) —Tk’ (8B 0i41) Kx( Boiss) 


Ni+1,%(B)= (1 —kis1) Ke(B0t+1) Ke’ (B0i+1) (19.1) 


PAS ae PA kai (Roc Rihpa) Ca See 


Qn—1,x(8) SS Onli’ (Bon) 


ee ee 
On Kx’ (Ben) 


1 
of 
_ n Kil BOn+1) Le Bn) — Ti BOn—1) Kx(BOn) 
Ki ms lage n / : 
(Bon) + « (Bo lB FA on) Tx BOn+1) Kx’ (Bon) 


Gas ee eee 
Rian 


1 Tk’ (B02) +1rex( B).Kx’ (Bo2) 
dix = s 2k k = 
ay k,  Kx(Bo1)Dx’(B02)— In(Bo1) Kx’ (Boz) dax(B) , dni(B)=1 , 


ye n-i-1 Tk’ (BOnsi—v) + Ynsi—v (8B) Kx’ (Bo s ) 
dia nKB)=—— UU ay 
1x(8) Qiar vet Tk’ (BOn+1—v) +%n—v,e(B) Ki’ (Bons1—v) 


Ge], On te, n—2) 
Lil B)= Te( Bonet) +7nx(8)Ki(BOns1) 
Wir(Be)= Ki(Bor)Li(B0)—Ik( Bor) Kx(B0) , = Wir(89)= Ie(B0) + rix(B) Kx(Bp) 
(@=2, 3, ee” n) 
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rox(B)= — 


1 
02Kx’ (Box) fake 


(19.2) 


ra a 
< : Kx(B1) Ik Bo2) —Ik( B01) Kx( B02) , 
2 Kx 2 k 2 ae 
Beesley, Kalla) Fas 7 Bps) Is Bo, Kadlbay 


Vik ce Se ik = = 
rHhB)= a ogy | Val) + Salsa on ad@TalB) $’ 


Six(B) = —In(B0i) Kx’ (8 0i) + kirk’ (B0:) Kx( B01) 
Tix(B)=(1—1i) Kx( Boi) Kx’ (Boi) 


Uix(8) = 7 +(1—#1) Ik’ (Boi) Kx(B 0%) (i=3, 4, --+m). 


Was endlich die in der Lésung (19) noch vorkommenden Fourierkoeffizienten fi(y), fi2(7), 
Fia(y) und Fi2(7) betrifft, so behalten diese ihre friheren Werte (12) und (16.5). 


Errata 


On the Viscosity of Irradiated Polymers I 


By Mitio INOKUTI 
J. Phys. Soc. Japan 14 (1959) 79 


Page Line Should be read 
| 83 19 Eq. (42) 
) a(at+ly(a+2)(a+3) ce a(a+1)(a+2)(a +8) ¢e 
i 48 
f 83 22 Eq. (44) 
_2QHa(a +1)(a-+2)(2a +5) Qala +1)(a +2)(5a +11) 


: 6 ee 24 Ss 
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This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 
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Three-Level Maser Detector 
for Ultramicrowaves 


By Koichi SHIMODA 
Depariment of Physics, Faculty of Science, 
University of Tokyo 
(Received May 12, 1959) 


Conventional electronic detectors such as silicon 
diodes lose their sensitivity in the millimeter and 
sub-millimeter ranges. A device which was proposed 
by the author as a three-level maser detector™ is 
described in this note. 

Consider a system of molecules which have energy 
levels as shown in Fig. 1. Here a transition between 
levels #, and #3 falls in the conventional microwave 
range where a good sensitivity is feasible. When 
the other transition between levels #, and either 
EH, or EH; is allowed, the system can be used to 
detect high frequency waves written as yp or vp’ 
in Fig. 1. 


Fig. 1. 


Three levels. 


Absorption of ultra-microwaves at the frequency 
vp OF v»’ changes the population of levels and results 
in the increase or decrease of microwave absorption 
at the frequency vo. The system is similar to that 
which has been studied as a three-level maser 
spectrometer!) except that all transitions lie in much 
higher frequencies in this case. 

Because the gas absorption coefficient is very 
large at higher frequencies, the ultra-microwaves 
at the frequency vy,» will be appreciably absorbed by 
a small amount of gas. Increase of population of 
the level Hy, is given by 

C 
Any. = Ving ; CAS) 
where 4P is the absorbed ultra-microwave power, V 
the volume of the gas, and r=(2n 4y»)-1 the time 
of relaxation. The microwave gas absorption 
coefficient at the frequency vo is given by 


i 
966 ; 


8r0 | Ho |? 
3he Avo 

where jo is the dipole matrix element, and 4vo the 
half-width of the line. The change of ag when the 
ultra-microwave power is absorbed by 4P is 
Br2v0 | ol?  4P 8r2v0r | Hol? 

She dip ~~ Vi 3h2evyp v9 
Then the absorbed ultra-microwave power is express 
sed as 


a= (%2— Ns) (2, 


i 
(3) 


4ao=4n, 


3h2c Vp Avo 4vp 


4x vo | Mol? 
It may be noted that this equation does not includes 
m, nor m3, and hence for the sensitive detection one4 
choose molecules which have large | po| and 
considerable absorption coefficient at the frequency 


4AP=- 


V4ao. (4 


Vp- 
Taking values as 4vp=4vy,=100kc/sec, | 9 |?= 
D?, Eq. (4) becomes 


AP=10-4V~” day watts. 
vo 


A typical microwave spectrometer can observe thes 
change of absorption as small as 10-§cm-1!. Thus 
the minimum 


Cc 4 
=0.4mm is 
Vp 


detectable power at 4)= 


33 x 10-11 W/cm? . | 
A long waveguide cell should not be used, sinced 
the ultra-microwave is absorbed in a short lengthif 
of the path. A compromise is the use of a cavity 
cell tuned to the frequency vo, in which the ultra 
microwave is radiated. With the cell volume of 
10 cm* the ultra-microwave power of 3x 10-10 wattss 
might be detected. 

It may be impossible to reduce the line-width of 
the ultra-microwave line to 100 kc/sec and may} 
perhaps be some ten times larger. Nevertheless thes 
three level maser detector is expected to be mores 
sensitive than crystal detectors, minimum detectable: 
power of which is estimated as 10-6 watt at the¢ 
wavelength of 0.4mm. 


* This proposal was given at the annual meeting? 
of the Physical Society of Japan in October 1958. 


1) K. Shimoda: J. Phys. Soc. Japan 14 (1959) | 
954. 
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Polaron Mobility in Potassium Bromide 


By Masami ONUKI and Hajimu KAWAMURA 
Department of Applied Physics, Osaka City 
University, Osaka 


(Received May 19, 1959) 


The reliable value of electron mobility in alkali 
halide crystal have been desired in connection with 
‘the polaron problem.D2) We made experiment on the 
KBr crystal of high purity obtained by the recrys- 
talization technique. The conductivity was afforded 
by illuminating the additive coloured crystal with 
500 watts tungsten lamp through water filter. For 
the measurment we adopted the ac method after 
‘ Macdonald,®) in order to avoid the space charge 
effect, the frequency being 330 cycles/sec. The 
' detecting device is composed of pre-amplifier, dif- 
-ference amplifier, main band pass amplifier, dc 

detector and cathode ray oscilloscope. The input 
impedance of the pre-amplifier was about 80 M2 
for 330 cycles/sec, the input capacitance being 
eliminated by feed back system. The push-pull 
output of about 100 volts from an oscillator is 
supplied to each current electrode. The relative 
amplitude and phase are adjusted so that the voltage 
at two Hall electrodes are just balanced when the 
magnetic field is absent. The temperature range 
was from 85°K to room temperature. The maximum 
intensity of the magnetic field was 4500 oersted. 

_ Since the impedance between Hall electrodes which 
‘is about 1~3x1092 under illumination at room 
temperature is much higher than the input impe- 
dance, the detected Hall voltage is reduced by the 
factor Zery/Zin, where Zin and Zery are the input 
and crystal impedance respectively. Hence it is 


Arbitrary Unit 
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Fig. 1. V’a, o and Vy vs temperature, 
the ordinate being arbitrary scale. 
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necessary to measure Ze,y as well as appearent Hall 
voltage V’y in order to get the true Hall voltage 
Vz. Fig. 1 shows the photoconductivity ¢ which is 
the reciprocal of Zepy, V’g and Vy in arbitrary 
scale as the function of temperature. The mobility 
uw is given by (Va/t)/(KV/l)=yH-10-8, where 1 is 
the length of the specimen, ¢ the width, V; its 
applied voltge and K the numerical factor due to 
the non-uniformity of electric field near the Hall 
electrode. We determined this value to be 0.83 by 
mapping the pattern of the electric field by making 
use of conducting sheet. 

The average values of » for about ten specimens 
are plotted as the function of temperature in Fig. 2. 


K Br 
ce 
3 a 
Oar ee 
: “a 
~~ l07F wee 
5 a 
baat wo 
va 
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oF 
74 
va 
74 
7 
7 
7 
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Vr x 10" (°K™) 

Fig. 2. Mobility in KBr as a function of 
temperature. The dotted line shows the 
theoretical curve »=A (exp 0/T—1), with 
A=16.4 cm2/volt sec and 0=255°K. 


These points better fit to »=A (exp 0/T-1) rather 
than p=BT-", The best fit was obtained for 
A=16.4cm2/volt sec and 0=255°K. According to 
Low and Pines, mw is given by 


ee 1 244 f(a): (exp 0/T-1), O>T, 
Zan m™*\ Mp 


in ST | ae a Nes @ e Ai £6520 i 
2 6 ): h\ 2hw Esso \ mm f 


where m* and my» are the effective masses of conduc- 
tion electron and polaron respectively. From the 
measured value of A we have mpy=0.33m, m*¥= 
0.23m and a=2.65, where m is the free electron 
mass. The Debye temperature associated with the 
longitudinal optical vibration 9 is calculated from 
Reststrahl frequency w, by making use of the rela- 
tion kKO=Wes/ey hw, where es and ¢ are the static 
and optical dielectric constant respectively. We 
get @=246°K for KBr, which is to be compared 
with the experimental value of 255°K. From this 
work we can conclude that the interaction of electron 
with the optical phonon is more dominant than with 
the acoustical phonon as well as with the impurity 
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centers above 80°K. The acoustical mode may 
become effective below 50°K, if the deformation 
potential of KBr is the same order with that of KCl 
which was calculated by one of us.” 

It is our pleasure to thank Mr. H. Okura who 
furnished specimens and gave many valuable discus- 
sions. 
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Connection Formulas for WKB Solutions 
with Two Turning Points 


By Haruo MORIGUCHI 
Department of Physics, Faculty of Liberal Aris, 
Shizuoka University, Shizuoka 
(Received April 27, 1959) 


In this note we shall give the connection formulas 
for the WKB solutions of a differential eqation 


d?y 


Sa th@y=0 , (1) 


where f(x) is a smooth function of x which satisfies 
the following conditions: 


f(a=f(-a)=0, (2) 
Si) <0 for ~«<—a and w>a, (3) 
and for b<a<ce, f(w) can be approximated as 
1 ee? A 
BAC ama lester (4) 
where 
a=20+H)2, ve-$, 
and 
b<-a, Cd. 


Under these conditions, let us write the WKB 
approximate solutions for |a|>a as 


y~yi=|f@)|-¥4 exp («| vise@ias) (w<-—a), 
, (5) 


and 
Y~Us=|f@)|-“4 exp («| vir@iae) pa), 1) 


Then we have the connection formulas 
‘nm Sinve 


<>— COS seth ae nee eee LV 41/269 —yv—1/2 
Y1 vr Y3 2 WED (v+4) e oa 


(7) 
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— | 
Y2 COS va Ys V2 sin yn P'(y+1)(v +$)—-¥~ Ve" 41/243, | 


(8)) 
» sin | 
USS Sena Oe re To ay” nh) te 9 Ae 


(9)} 
and 


Y4<>COS va Yo2— 2 sin vn '(y +1) +4)- 9 Vey ty, | 
i 


(10) | 


For the deduction of these formulas, let us con- 
sider an approximate solution 

Y~Yo= Dy(@) 

in the region b<a<c. Here D,(x) is the parabolic 

cylinder function, for which we have the asymptotic 

expression 
wv” exp (— 22/4) 
Dile)~| eos vr |a|¥ exp (—x?/4) 
—V2)/nT (vy +1) sin va |w|-¥-1 exp (w?/4) . 


(>a) 


(ax —a) (12)) 


On the other hand, substituting (4) into (5) and (6) 
and expanding them, we have, for large values of 
\arl, 
ere a(y ++ 3)¥/241/4e—v/2-1/4]29| -y-l exp (w2/4) 
(w< —a@) 
ec 2 (v+3)—Y/2-W4eyv/2 41/4] 49] ¥ exp (—a?/4) : 
and 
Ys~ V 2 (v-+d)V/24+1/4e—v/2-1/4—-Y—-1 exp (0024) 


(w>a) 


Ysr~y 2(v +-$)—v/2-14ev/2+1]4gv exp (~a?/4) % 


Now (12) and (13) should be the approximate solu- 
tions of the same order of accuracy for b<u<-a 
or ax<w<ec. Hence, comparing them with each 
other we have the connection formula (10), and 
inverting the role of the sign of w we have (8). 
Other formulas (7) and (9) can be derived from (8) 
and (10). When y is large, we have, for the 
coefficients in the expressions (7)—(10), 


a 2 T'(v-+1) sin va(v-+4)-¥-¥2e¥472~2 sin ve. (14) 


The corresponding formulas, in which the coef- 
ficients have such a simple asymptotic form can 
also be obtained by repeated use of the usual con- 
nection formula at the linear turning points a and 
—a. 

More rigorous and extended discussions on the 
asymptotic solutions about turning points will be 
shortly published. 
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(11) 


(13) | 
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F-centers in LiCl Crystals 


By Kuniya FUKUDA, Hiroaki MATSUMOTO 
and Akizo OKUDA* 


Department of Physics, Faculty of Science, 
Kyoto University 


(Received May 23, 1959) 


Optical and spin resonance absorptions were 
measured on the LiCl crystals irradiated by X- or 
y-ray at room temperature. 

In Fig. 1 are shown the optical absorption curves 
of the colored crystals; curve I shows the absorp- 
tion of the crystal irradiated by X-ray at room 
temperature and curve II that obtained after the 
colored crystal showing curve I was bleached by 
F-light. LiCl crystals are so much hygroscopic that 
the optical measurements are very difficult. In our 
experiments the crystal could be kept transparent 
throughout the period of X-ray irradiation and 
_ optical measurements by holding it in a vacuum 
_ vessel, which has two quartz windows for optical 
measurements and one Al-foil window for X-ray 
irradiation; the cloudiness on the crystal surface 
caused by moisture could be removed by heating 
slowly the crystal during evacuation of the vessel. 
In curve I there exists no appreciable absorption 
except the absorption of F-center at 395myp, which 
has the half-width of about 0.65eV. On the other 
hand, Ottmer) measured the optical absorption of 
the X-ray irradiated crystal by immersing it into 
the saturated solution of LiCl and found out two 
small humps on the long wavelength side of F- 
absorption. These very small absorption bands at 
580 and 650 my are tentatively assigned to Ry, and 
M centers respectively, but further investigations 
are necessary for conclusive assignments. 

Electron spin resonance measurements were 
carried out on the crystal irradiated by Co® ;-ray 
at room temperature, the optical absorption of 
which is shown as curve III in Fig. 1. In this case 
the crystal shows also only F-absorption; and the 
absorption below 300 my results from the polyvinyl 
coating film, which protects the crystal from 
_moisture for optical measurements. The density of 
F-centers is estimated as 10!%cm~-3 in the order of 
magnitude from Smakula’s formula, provided that 
for LiCl the refractive index and the oscillator 
strength of F-center are approximated as 1.5 and 
unity respectively. The derivative curve of the 
spin resonance absorption was recorded, which 
centered at the external magnetic field H=8,515+5 
gauss for the microwave frequency of 23,804 MCPS 
and had the peak to peak width of 50 gauss. Thus, 


* Department of Mathematics and Physics, Faculty 
of Science and Engineering, Ritsumeikan University. 
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Fig. 1. The optical absorption curves of colored 
LiCl crystals. Curve I: after 5 hrs irradiation 
of X-ray (30kV, 20mA), curve-II: after F-light 
bleaching of the sample showing curve-I, curve- 
Il: after 100hrs irradiation of y-ray (dosage: 
2x10° r/hr). 


for F-center of LiCl the g-value is 1.997+0.002 and 
the half-width 60 gauss because of the Gaussian 
shape of absorption. This value of g is about the 
same as that of F-center in KCl” and the half- 
width of 60 gauss considerably smaller than that of 
90 gauss predicted by Kittel). He calculated the 
widths of F-center resonance for various alkali- 
halides by making appropriate extrapolations from 
the results of KCl F-center, but it is likely that 
the discrepancy in the above extent, though it is 
smaller for LiF F-center3).4), occurs between the 
observed and the predicted width by his method 
based on the L.C.A.O. model of F-center wave 
function*. The half-width value of 60 gauss leads 
to the density of F-center electron |¢(Li)|?=0.95 
x10?3em~-% at the nucleus of a nearest neighbour 
Li ion, because the contributions from the nuclei 
of the next nearest neighbour Cl ions to the width 
may be neglected. 

If the L.C.A.O. type wave function is assumed 
for LiCl F-center, the above value of F-electron 
density gives £=0.36 in |P(Li)|2= $é|ri(0)|2 for LiCl 
in contrast to §=0.6 for KCIl®, where |¢ri(0)|? is 
the density of 2s electron at the nucleus for free 
atom. 
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Observation of a Peculiar Type of Domain 
Structure of Triclinic Tungsten Trioxide 


By Sigetosi TANISAKI 


Faculty of Literature and Science, 
Yamaguchi University 


(Received March 23, 1959) 


Triclinic tungsten trioxide has usually the domain 
structure whose walls are (010) twin planes as 
shown in the previous note. In the monoclinic- 
triclinic phase transition, (110) domain walls observ- 
ed in the monoclinic phase change itself into the 
irregular boundaries rather than the domain walls 
in the triclinic phase, and each part of the crystal 
divided by the boundaries has a regular (010) 
domain structure which is sensitive to the external 
stress as well as in the monoclinic phase”). 


SSS nc NOE ARONA ERIE AS 


Fig. 1. Domain structure obtained by the 
pressure along b-axis. 


The appearance of a peculiar type of domain 
structure under the pressure along b-axis is observ- 
ed between crossed nicols (Fig. 1). In Fig. 1 the 
left upper part is the original (010) domains and 
the right lower part is the new domains induced 
by the stress, and the angle between a domain wall 
of the upper part and that of the lower part is 
about 178°. The boundary between upper and lower 
parts is not vertical to ¢ surface of the crystal but 
inclined to it. Apparently the domain structure of 
this type is very similar to that obtained by the 
pressure along ¢ axis in the monoclinic phase 
(Photo. 4 in the previous paper?)) except the inclina- 
tion of the boundary to the crystal surface, and 
similarly as in the previous paper it can be explained 
by taking into consideration the reversal of a and 
6 axes by the pressure on either side of the 
boundary and the condition of continuity that the 
crystal must have the least strain at the boundary. 
it is supposed that the orientation of the crystal- 
lographic axes of each domain is as shown in Fig. 


2 and the boundary plane is very close to (661) and 
(661), or (661)’ and (661)’ for either side, where 
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indices with a prime are used for the planes of 
lower part. 


domain can be easily understood from this orienta- 
tion of the crystallographic axes. The angles be- 
tween (010) walls of the upper domains and (100) 


Then the peculiar domain pattern | 
observed between crossed nicols which is caused 1 
by the difference of the extinction position of each 


| 
| 


walls of the lower domains are calculated to be | 


178°16’ for the boundary of (661) and (661)’ and 
178°20’ for (661) and (661)’ from the lattice con- 


stants of the triclinic phase (a=7.30A, b=7.52A, | 
c=7.69A, w=88°50', B=90°55’, y=90°56’)). Though © 


there is a difference of angle 5’ between them, the | 


coincidence of these values with the measured one 
is satisfactory. In the side view of the crystal, if 
the boundary plane is assumed to be (661) etc. 
themselves, / and l’ in Fig. 2 (b) are corresponding 
lengths at the boundary on either side of it, whose 
values are calculated to be 46.59,A and 46.59sA 
respectively, and the calculated value of the angle 
between a axis and the direction of J is 81°54’ 
whose measured value is about 81°. The small 
difference between these values shows that the 
boundary is not (661) etc. themselves but very 
close to them. Of course the fitness at the bound- 
ary is not perfect and there must be a strain in the 
crystal. The supposition for the orientation of the 
crystallographic axes of each domain is ascertained 
by taking X-ray rotational photographs of either 
side of the boundary. 


(b) 
Fig. 2. (a) top and (b) side views of supposed 
domain structure. 


The (100) domain structure induced by the stress 
does not seem to be stable in the triclinic phase 
and the change to the (010) domain structure follow- 
ed by a gradual displacement of the boundary 
takes place below the transition temperature to the 
monoclinic phase when heating up the crystal. In 
other words the orientation of the crystal axes 
reversed by the stress is not maintained in trans- 
forming from the triclinic phase to the monoclinic 
phase, but recovers the original orientation before 
the phase transition takes place. 
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Dielectric Property of Triglycine Sulfate 
Single Crystal at 9000 Mc/s Region 


By Atsuo NISHIOKA 


Hlectrical Communication Laboratoyy, 
Musashino, Tokyo, 


and Minoru TAKEUCHI 


Fuji Hlectric Machine Manufacturing 
Company, Ltd., Tokyo 


(Received May 28, 1959) 


Ferroelectricity of triglycine sulfate was found 
by Matthias et al, and studied in detail by Hoshino,” 
Kiyasu,®) and Toyota, but its dielectric property 
in the microwave region is not yet reported. Since 
it has been suggested that the ferroelectricity of 
this crystal may be contributed from the hydrogen 
bond, it is interesting to study how the hydorogen 
bond affect the dielectric property of this crystal at 
the microwave frequencies, and to compare with 
that of some other hydrogen-bonded crystals like 
rochelle salt, which had been studied in the microwave 
region by Akao et al.) 

Firsty the dielectric constant, ¢, and loss tangent, 
tan 0, were measured at room temperature in the 
ferroelectric b-axis by the standing wave method 
at 9600 Mc/s; ¢,=19.7+0.2 and tan d=0.043+0.002. 
This value of dielectric constant seems to be rela- 
tively high, compared with that of low frequency 
value, e.g., €,=35 at 10kc/s measured by Hoshino 
et al,» and the medium value of tan d suggest that 
the dielectric relaxation process is effective in the 
microwave region. 
| Then, we have measured the temperature 
dependence of the dielectric property of thin plate 
crystals by the cavity perturbation method, using 
Hj, mode. A circular disk of 2.8mm in diameter 
and 0.18mm in thicknss was suspended by a small 
Teflon rod at the center of Hj, cavity with its 
ab-plane parallel to the high frequency electric field. 
Because the value of above quoted dielectric constant 
and the dimensions of the specimen were near the 
limit of the approximation of the cavity perturba- 
tion method, it was difficult to estimate the accurate 
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Fig. 1. Obserued frequency change of 
Hy, cavity with temperature Curves (a) 
and (e) show values corrected for thermal 
expamsion of the cavity. 


value of the dielectric constant, and thus we show 
the temperature dependence of the observed 
frequency shift due to the insertion of crystal into 
the cavity above and below the Curie point, in place 
of the dielectric constant, in Fig. 1. The reduced 
frequency shift refered to 21°C which is purely 
contributed from the crystal, show the marked 
anomaly in the b-axis at 47°C, the Curie point, but 
no anomaly in the a-axis. These tendency is parallel 
to that observed at low frequency by Hoshino,” 
and therefore, we may suppose that the dielectric 
anomaly of triglycine sulfate crystal does not disap- 
pear in the microwave frequency, and is more sharp 
than that of rochelle salt at 10,000 Mc/s, and so it 
would be necessary to cover wide frequency range 
extending to the shorter wave length, to clarify the 
mechanism of the dielectric relaxation of this 
crystal. 
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NMR Second Moment of a Radical under 
the Restricted Rotation 


By Akira MIYAKE, Riichiré CHOJO 
Faculty of Liberal Arts and Science, 
Shizuoka University, Shizuoka 
and Hatsuko ADACHI 
Fujieda-Nishi High School, Shizuoka Prefecture 
(Received May 25, 1959) 


As we-can assume the rotation of the side chain 
group, e.g. CH3 radical, in the polymer is caused 
rapidly at higher temperatures under the restricting 
potential 


Vig)= 4 (cos ¢)-+ 5 (1—cos 3g) , i) 


so we may have the second moment of NMR due 
to the group, according to Gutowsky et al.,Y 


1 
AUF CTE IA Pea eR C0S Opn ee 2 ) 


<Pr(cos x)= aii P,(cos 6x) exp{ — Vie/kT}d¢ 


= 


| \" expt Vie iae | 


vA isotropic mean 
(3) 
where 


Px(Cos 05%) = P2(cos 6’) P2(cos 7 jx) 


a 5 P,1(cos 6’) P2'(cos 7 jx) Cos (¢ — 9 jx’) 
+5 P,?(cos 6!) P3"(Cos 7 jx) CoS 2 — jx") , 
(4) 


Piz) and Py™(z) (m=1, 2) denote Legendre and 
associated Legendre polynomials of the second order 
respectively, 7j;x is the angle between the rotational 
axis and the internuclear vector connecting the jth 
nucleus with the Ath, other notation is similar to 
that used in the previous article.” 

Eq. (3) results in) 


<P3(cos 8 ;%)>= 5 {Pleo : wh 
+4 Zu(w/2kT)Ty(v/2KP) 
+2 2 Tam(u]2kT )In(vf2hT)| 
x [a5 {Pattcos ix) | Iy(u]2kT)Ip(v/2kT) 
+ iz (Tam—y(t/2eT) + Lam ex(4/2RT) Tp per)\ 
= 5 | P2(cos jn) 4 Lala P2RT \Io(v/2kT) 


a pS (Lam —2(u/2k IP!) 
m=1 
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Fig. 1. Explanatory figure for angles 6;x, 0’, 73x, 
and y—gj'. H and A denote the static field — 
and the rotational axis directions respectively. 


+Tomvx(uP2kT)In(v[2kT)| |, | 
(5) 


which is reduced to 


eet 
gti) = 59 + 


3 { 2k {? (6) 


20 | Ip(u/2kT) J 
if v=0, and to 
Liem t jh 
qh Daze (6")) 
if #=0, as shown in the previous article. 
On the contrary, the theoretical second moment - 
is given by Eq. (2) where in place of Eq. (3) 


<Px(COS 0 jx)>= sale 


{Px(cos 6 ;x)}2 exp{— Vy) kT }dg 


/ \" exp(—Vip)/kT}de 


YA isotropic mean 


(3')) 


on} 


must be substituted. The theoretical one is con-- 
stant, as already indicated... The case in which. 
azimuths of one- and three-fold potential minima. 
in Eq. (1) are distributed independently of each. 
other is discussed by Odajima.® 
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Ferroelectricity in Potassium 
Ferrocyanide Trihydrate 


By Shigeru WAKU, Hisao HIRABAYASHI, 
Hiroo TOYODA and Hiroshi IWASAKI 
Electrical Communication Laboratory, Nippon 
Telegraph and Telephone Public 
Corporation, 
and Ryoichi KIRIYAMA 
Department of Chemistry, Osaka 
University, Osaka 
(Received June 8, 1959) 


One of the authors has reported a study on the 
dielectric anomaly in [101] and [101] directions of 
potassium ferrocyanide trihydrate crystals. In 
investigating dielectric and hysteresis properties of 
this substance, we have discovered ferroelectric 
behavior below ~—22°C. Potassium ferro cyanide 
trihydrate, K, [Fe (CN)s]. 3H.O, cristallizes with 
monoclinic symmetry and space group C 2/c, having 
cell constants a=9.32A, 6=16.84A, c=9.32A and 
B=90°+5' at room temperature.2? Due to its 
pseudotetragonal lattice structure, large crystals 
show usually lamellar twinning with twin axis along 
with twin axis along [010]. Cleavage is perfect 
perpendicular to b axis. 

Dielectric measurements were made on plates cut 
perpendicular to [010], [101] and [101] directions. 
Fig. 1 shows the curves of the small signal dielectric 
constant of these plates. In [010] direction, there 
is no dielectric anomaly except a small peak at 
— 22°C. In [101] and [101] directions, five peaks are 
seen at about ~—22, -—26, —33, -—43 and —80°C 
respectively. Height of the peaks along one of these 
two directions is far larger than the other. Ferro- 


electric hysteresis loop appears in [101] and [101] 
directions below —22°C down to —140°C, the lowest 
temperature of measurement. As the coercive field 
increases rapidly with decreasing temperature, 
saturated figures of ferroelectric hysteresis loop can 
be observed only in a narrow temperature range. 
In [010] direction, ferroelectric hysteresis does not 
-appear over a whole range of measuring temperature. 
Feature of the spontaneous polarization at the fer- 
roelectric transition, corresponding to the first di. 
electric peak at about ~22°C, suggests that this 
transition is of a second order. Abrupt increase of 
spontaneous polarization at about — 33°C corresponds 
to the third dielectric peak seen in Fig. 1. There 
are no distinguished differences in hysteresis cha- 
racteristics between [101] and [101] directions, in 
contradiction to the dielectric anisotropy. This 
discrepancy may be partly due to the probable 
change of polarization direction caused by the high 
electric field in hysteresis measurement. The fact 
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Fig. 1. Dielectric constant, measured along [010], 


[101] and [101] directions, as a function of 
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Fig. 2. Hysteresis loops at three different 
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field along [101], [101] direction as a function 
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that the lower curve in Fig. 1 shifted to the higher 
one under the application of high field, seems to 
support this assumption. As it is certain that the 
ferroelectric axis lies in the cleavage (010) plane, the 
space group just below the Curie point may be Cc. 
Therefore, two independent directions of polarization 
may be possible. This possibility, together with 
the existence of lamellar twin, makes the determina- 
tion of polarization axis quite difficult. 
We have also examined several 
compounds, most of which show some anomalies 
above liquid nitrogen temperature. Detailed studies 
of these materials will be reported subsequently, 
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On the Structure of Green Rust of Iron 
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Dasgupta and Mackay” proposed a structure of 
green rust which we previously studied by means 
of electron diffraction®. However, their analysis 
of our data on a rhombohedral cell seems to be 
unable to explain our observation that the rust 
sometimes produces a diffraction pattern as we 
denoted by S.R.S. (II) in our paper. The intensity 
of rings of the pattern is asymmetrically distributed 
as shown in Figs. 1 and 2. This fact indicates 
that the Intenzitatbereich in the reciprocal lattice 


(b) 
Fig. 1. Electron diffraction pattern of green rust. 


(a) normal pattern (S.R.S. (1)). 
(Cy) Sees), ig) 


| 
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Fig. 2. Microphotometric trace of diffraction 
rings. 
(a) normal pattern (S.R.S. (D). 
(Coy) SIRS, IDL 


is much elongated in one direction, namely, the 
crystal is nearly two-dimensional. Accordingly, 
we indexed rings which appear in the pattern | 
S.R.S. (ID) by (kk0). The hexagonal indices given |} 
by Mackay for our (hk0) rings do not belong to | 
the same zone axis and conflict with the above 
fact. 
We determined c-axis so as to index the other 
rings in green rust pattern as (hkl) with 10 on 
orthorhombic system. Therefore, it is not conclu- 
sive that c-axis is perpendicular to ab-plane. Thus, 
the monoclinic structure suggested by Dasgupta 
and Mackay may be possible. Their monoclinic 
cell gives the same index as ours when J/=0. 
Finally, it is worthwhile to note that the inner 
two rings which exist in X-ray data of Feitknecht 
and Keller») and are missing in our electron dif- 
fraction data can be indexed as (001) and (002) 
using our cell vectors. The fact that they are 
missing in our photograph seems to indicate that 
our crystals are very thin plates parallel to ab- 
plane. The small glancing angles to ab-plane make 
the reflexions (001) and (002) unfavorable in elec- 
tron diffraction, as in the case of graphite where 
(002) ring is usually weak in electron diffraction”). 
The author wishes to express his thanks to Mr. 


H. Morimoto for the microphotometry of the dif- 
fraction rings. 
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Extraordinary Hall Effect in Silicon-Iron 
Single Crystals 


By Eiji TATSUMOTO and Tetsuhiko OKAMOTO 
Department of Physics, Faculty of Science, 
Hiroshima University 
(Received April 27, 1959) 


The extraordinary Hall effect in ferromagnetic 
metals is observed in company with the ordinary 
Hall effect until the magnetization saturates, as is 
suggested by the empirical formula, e,=R,M+ 
RoHerss.. Here, e, is the Hall resistivity or the 
Hall voltage per unit current density, R,M the 
extraordinary Halli resistivity, R, the extraordinary 
Hall coefficient, M, the magnetization in the direc- 
tion of the applied field, Ry)Hz;r, the ordinary Hall 
resistivity, M , the ordinary Hall coefficient and 
Heys. the effective field in the ordinary effect. 

Usually, the extraordinary resistivity, R,M, is 
much larger than the ordinary resistivity, RoHey;., 
except in extremely low temperatures. Even in 
such a case, in order to obtain the extraordinary 
Hall coefficient, &,;, we must take into consideration 
the size effect of the specimens, because the definite 
width and thickness of the specimens result in the 
difference between the magnetizations near the edge 
and in the central part of the specimens at a given 
applied field, until the magnetization saturates. The 
magnetization in the direction of the applied field 
is larger near the edge than in the central part in 
low applied fields because magnetic poles appear at 
the edge, so that the demagnetizing field in the 
direction of the applied field becomes smaller near 
the edge than in the central part. 

In Fig. 1, the two seemingly different Hall resis- 
tivities are given as an example. These are 
measured on the 1.23% silicon-iron single crystal 
strip,» 0.5mm x9mm x35 mm, with the (001)—[100] 
crystal orientation by contacting the probes, re- 
spectively, at the edges (a-curve) and about 1.5mm 
inside from the edges at room temperature. This 
difference evidently results from the difference be- 
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Fig. 1. Hall resistivities measured by contacting 
the probes, respectively, at the edges (a), and 
about 1.5mm inside from the edges (b), of a 
1.23% silicon-iron single crystal strip, 0.5mmx 
9mmx35mm, with the (001)-[100] crystal 
orientation. 


tween the magnetizations near the edge and in the 
central part of the specimen, as is described above. 
Near the edge, magnetizing becomes suddenly hard 
as the magnetization reaches the saturation value 
as is inferred from a-curve. In a-curve, about 
26,000 oersted in applied field is necessary to 
saturate the magnetization completely, while in 
b-curve it is about 23,000 oersted. The difference 
in amount of the field is mainly attributable to the 
difference in the magnetizing field that is normal 
to the specimen near the contacting probes, being 
caused by the appearance of magnetic poles at the 
edge. In b-curve, the applied field, Hp, is nearly 
proportional to the magnetization (H)~4nM), be- 
cause the demagnetizing factor is nearly 4x in the 
whole magnetizing process (H)~ 8B) and the magnetiz- 
ing field, H, is much smaller than 4nM (B=4rnM). 
Here B is the magnetic induction of the specimen. 
Referring to the linearity of b-curve until the 
magnetization nearly saturates, the extraordinary 
Hall resistivity is regarded as proportional to the 
magnetization as is given by A,jMin Fig. 1. Thus 
we can obtain the extraordinary Hall coefficient, R,, 
approximately from b-curve, not from a-curve. 
However, we can obtain #1 more accurately even 
in the measurement in a-curve, by adopting the 
value at the intersection between the axis of 4nMsg, 
21,000 oersted, in the applied field and the back- 
ward extrapolation of the straight line in the 
ordinary effect in the applied fields larger than 
4xM,, in Fig. 1. This is because the ordinary Hall 
effect is the same in a- and b-curves after the 
complete saturation magnetization. With this 
procedure, the ordinary Hall resistivity, RyHesy., 
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is eliminated, since experimentally the effective 
field in the ordinary effect is regarded as the 
magnetizing field, H. As for the effective field, it 
is to be published by the same authors simultane- 
ously under the title, ‘Effective Field in the 
Ordinary Hall Effect in Ferromagnetics’’. 

By adopting this procedure in the masurements 
on the (001)~[100], (001)—[110] and (011)—[111] 
specimens and polycrystals, the extraordinary Hall 
effect is confirmed to be isotropic as was ascertained 
by Webster®) on iron single crystals. In this case 
the extraordinary Hall coefficient at room tem- 
perature is 49.2 x10-" volt cm/oersted amp. 
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Effective Field in the Ordinary Hall Effect 
in Ferromagnetics 


By Eiji TATSUMOTO and Tetsuhiko OKAMOTO 


Department of Physics, Faculty of Science, 
Hiroshima University 


(Received April 27, 1959) 


The nature of the effective field in the ordinary 
Hall effect in ferromagnetics has not yet been con- 
firmed. From the empirical consideration Pugh and 
Rostoker) have suggested this to be the magnetiz- 
ing field, H, while Wannier?) has theoretically ex- 
pected this to be H+2rM(1+p), where M is the 
magnetization and p the relative probability of a 
conduction electron penetrating in the interior of 
a polarized electron (y<1). On the other hand, 
Smit®) has asserted this to be B=H+4nM. Now in 
this report the effective field is pointed out to be 
the magnetizing field, H, just as suggested by Pugh 


Fig. 1. Domain structure, in the iron single cry- 
stal strips with the (001)—[100] crystal orienta- 
tion, produced by the circular magnetic field due 
to the primary current, 
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et al. 

The ordinary Hall effect has already been con- 
firmed experimentally by the present authors to be 
anisotropic and to vary by the lattice deformation 
in the measurements on the 1.23% silicon-iron 
single crystal strips and on the pure iron single 
crystal strips, though concerning the latter case it 
has not been published yet. However, the extra- 
ordinary Hall effect is isotropic}®) and hardly 
affected by the lattice deformation. The lattice 
deformation is made by applying tensions in the 
elestic range. In the (001)—[100] specimens, the 
domain structure as shown in Fig. 1 is produced 
by the circular magnetic field due to the primary 
current when it is sufficiently strong.” Tensions 
applied to the direction of the primary current 
changes the domains perpendicular to the primary 
current into those parallel to the same direction. 
In both cases with and without tensions, the ex- 
traordinary Hall effect is almost not different. This 
means that the extraordinary Hall effect does not 
depend on the magnetizing process, but depends 
on the amount of the magnetization only. 
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Fig. 2. Hall resistivities measured in high applied 
fields on the 1.23% silicon-iron single crystal 
strip, 0.5mmx9mmx35mm, with the (001)— 
[100] crystal orientation by contacting the probes 
at the edges: a- and b-curves stand for those 
measured when 0.25 kg/mm? and 1.9kg/mm? are 
applied in the [100] direction, respectively. 


In Fig. 2 are given the Hall resistivities measured, 
in high applied fields, on the 1.23% silicon-iron 
single crystal strip, 0.5mmx9mmx35 mm, with 
the (001)—[100] crystal orientation, when 0.25 
kg/mm? (a-curve) and 1.9kg/mm?2 (b-curve) are 
applied in the direction of the primary current, i.e. 
in the [100] direction, respectively. These meas- 
urements were made by contacting the probes at 
the edges of the specimen. According to such a 
way of measurement, about 26,000 oersted in applied 
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field is necessary to complete the extraordinary Hall 
effect, while about 21,000 oersted, 4nMsz, is enough 
to saturate the magnetization technically if the 
demagnetizing factor is 4x. This fact is mainly 
due to the appearance of magnetic poles at the 
edge of the specimen®). When the linear parts in 
high applied fields, i.e. the ordinary Hall resisti- 
vities, are extrapolated backward, they intersect 
each other around 4rM,, 21,000 oersted, in the 
applied field. This means that the effective field is 
just the magnetizing field, H, and is neither H+ 
2nM(1+p) nor B=H+4nxM, because if the effective 
field is H+2rM(1+p) or B=H+4nM, the inter- 
section point should be between zero and 2nM,, 
10,500 oersted, or around zero in the applied field, 
respectively. Accordingly we may safely conclude 
that the effective field in the ordinary Hall effect 
is the magnetizing field. 
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An Extended Form of Weyl-Laue Theorem 
and its Application to Surface Problems 


By Akira SUGIYAMA 
Nagoya Technical College, Nagoya 
(Received March 16, 1959) 


A metal is assumed simply to consist of a uniform 
distribution of positive charge with density 
(=kr?/3n2, ky the usual Fermi momentum* volume 
Vo and area of boundary surface Sp and of a 
number No=0Vo of electrons. The electrons are 
free in such a potential box with an infinitely high 
barrier that has similar shape as the positive 
charge, but whose volume V is not taken necessari- 
ly to be equal to Vo. 

The free electrons are specified by wave vectors 
k, and the number N(k) of energy levels of the 
free electrons within [klk in the potential box of 
any shape with volume V and the area of the 
boundary surface S~Sp is expressed in the form 


* Atomic units are used. 
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where the first term represents the Weyl-Laue” 
theorem, and the second term is the correction 
term considering effects of the boundary surfaces. 
The validity of the second term is inferable from 
a physical insight, though a mathematical proof is 
given only for particular cases of outer surfaces of 
cubic, platelike and spherical boxes and inner 
surfaces of spherical and cylindrical cavities in 
larger boxes. 

The formula (1) gives a simple method of deriv- 
ing in a general way some interesting properties of 
surfaces of any shape as given below. 

At O°K, the maximum momentum k,» of the 
occupied levels is determined by 


Nim) = No=k v2 Vo/3r2 2s) 
According to Friedel®), the interior density of the 
free electrons 0;=km?/3x2 should be equal to 0, or 


Kkn=Kr . (3) 
Then, from (1), (2) and (3), we obtain the relation 
V=VotbeSo, Soke =3n/8 (4) 


1. Using (2) and (3), 0; is rewritten in 
0i=(No/V) + Fer?/8x)(So/ V) 


which shows that the surface of an infinitely high 
barrier expels the free electrons into the interior 
by an amount of k,?/8x per unit area, since the 
first term No/V is the average density. The same 
has been shown by Bardeen®) and Swiatecki*) for a 
particular case of the plane surface. 

2. The total energy H# of the electron system is 
given as 


(5) 


or 


_ KereVo, ke'So 
"10m? 160n 


by using (3) and (4). Now the second term shows 


the surface energy 


BgO=kp'*/160n (6) 


per unit area of any shape, which agrees with the 
result given by previous authors!» for a particular 
case of the plane surface*”. 

The surface energy (6) is proved to be approxi- 
mately valid even for inner surface of cavities 
with smaller radius in spite of an assumption made 


** On rough assumption V=Vo, we obtain kn= 
kr +(wSo/8Vo) from (2), instead of (3), and then the 
surface energy Hs\“=k,4/32x from (5), instead of 
(6). Hs® agrees with the results given by Brager 
et al®. for the plane surface, and by Brager? for 
the spherical one. 
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in deriving (1) that the boundary surface has a 
larger radius of curvature. 

For an example, the formation of an atomic 
vacancy in monovalent metals is equivalent to 
creating the cavity of Wigner-Seitz radius 7s in the 
positive charge distribution, and therefore we can 
estimate the formation energy of vacancy AW, 
equal to 4n7"52-@Hs, where f is a factor represent- 
ing effects of curvature. On the other hand, 
Seeger and Bross®) have carried out numerical 
calculation of AH, based on the Friedel’s sum 
rule and the assumption of infinitely high potential 
barrier, from which we obtain @~0.93. 

For another example, the formation energy of a 
vacancy-pair with the distance 2C is estimated to 
be AHy-»=S(C)-BHs™, where S(C) denotes the 
surface area of the rotational ellipsoid with foci 
separated by 2C and twice volume of single vacancy. 
From the numerical calculations of AHy-» by 
Seeger et al.8), we obtain 8~0.95 for the range. 

These examples agree in showing approximate 
validity of (6), or B~1, for surfaces of larger 
curvature. Then the association energy of a vacancy 
pair is interpreted as a gain in surface energy due 
to decrease in the total surface area when two 
single vacancies make a pair. 

Detailed treatments will be discussed later. 
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NMR Second Moment of a Radical Rotating 
in a Periodic Potential 


By Akira MIYAKE and Riichiré6 Cutyé 
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(Received May 25, 1959) 


The influence of the motion of a radical, e.g. 
NH:, CH3 or benzene ring, in a periodic potential 
upon the second moment of NMR was discussed by 
Gutowsky and Pake,) Andrew and Bersohn,2 Powles 
and Gutowsky,3) and Das. Although the theoretical 
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second moment is nearly unaffected by the motion, 
as indicated by Anderson,*) Kubo and Tomita,” yet 
the observed one which is practically obtained || 
through cutting off the tails of the absorption line 
is changed almost in parallel with the motional 
narrowing of the line width.? | 

The second moment due to the radical is given | 
by 


1 
wpII+l) > 


IN 
oe 
I 


DD K1j7n— (3 cos? jn — 1)>, 
j k 
(1) 


where 7 is the gyromagnetic ratio of resonating 
nuclei, J their spin quantum number, N the number 
of resonating nuclei in the radical, 7; the distance 
between the jth and the &th resonating nuclei, 6; 
the angle between the applied static field direction 
and the 7j, direction. Let the x-fold periodic 
potential for the rotational angle ¢g of the radical 
be 

Vn(y)= 5 (1—cos oe (2) 
When the 2-fold symmetry axis is perpendicular 
to every 7';, direction, we can take 


COS 6j~=sin 6’ Cos(y— 5x") , (G3) 
where 6’ is the angle between the static field direc- 
tion and the symmetry axis, ¢jx’ azimuth of the 
7x direction. 

As at high temperatures the motion is very rapid, 
we can consider the over-all motional average 


nuclear magnetic interaction, so that we may have 
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FAL \= ai ii (3 cos? 45% 1) exp {—Vnl(g)/kT}- de 


4 2 
y | exp{- ValoneTyde | 0 
a isotropic mean 


(5) 
where the isotropic mean is taken over @’ and Q jx’. 
Eq. (5) gives 
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(6) 
where J,(x%) is modified Bessel function of the mth 
order. 

On the other hand, at low temperatures the 
motion is almost confined to the bottom of a potential 
trough, so we must have in place of Srl P) 


a/n 
a(t=<| | (3 cos?¢ jz—1) exp{ —Vr(elkT de 
—n/n 


(11959) 


nln 
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—a|n isotropic mean 


| . (5/) 
) provided the motion within the trough is rapid. 
Eq. (5’) gives 
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at low temperatures, we can write 
5 12 <Vn>_ 
gon) at nm UU 
which is to be compared with that given by Das,” 
where factor 12 of the second term in the right 
side of Eq. (7) is substituted by 112/9. 
The relation 
Ink )/9n(0)=1/4 (8) 
coincides with the conclusion already given by 
Gutowsky and Pake.) The diversity in the cases 
n=1, n=2 and n=3, as seen in Eqs. (6) and (6/), 
arises from the nature of symmetry in the nuclear 
magnetic dipolar interaction. f,(7) and gr(T) vs. 
2kT/u are shown graphically in Fig. 1. 


Mz ; 


7) 


n=l 


fr (nes) 


QO —— le 


O { 2 oo 
Temperature (°K) .x (2k/u) 
Fig. 1. fn(Z) and gn(T) vs. 2kT/u for n=1, 2, 
3, 6 and «. 
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New Cold Cathode Using Magnesium Oxide 


By Tetsuji IMAI, Yoshihiko MIzUSHIMA 
and Yoshitaka IGARASHI 
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Tokyo, Japan 
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It was reported by Jacobs).2) that a target on 
which magnesium oxide was deposited emitted 
secondary electrons as much as one thousand times 
the primary ones. Although the phenomenon 
resembled Malter’s Effect on a cathode of com- 
position (Al)-Al,03-Cs,0, Jacobs emphasized that 
the phenomenon was quite different from that Effect 
and due to the avalanche process produced in the 
magnesium oxide layer. Furthermore, with proper 


— 
©, 


COLLECTOR CURRENT CA) 
S, Ss 


/00 200 300 - 
COLLECTOR VOLTAGE (WW 
Fig. 1. Collector voltage—current characteristics 


of MgO cathodes. No. 1, 2 and 3 are test tubes 
having different electrode configurations, 
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disposition of the potential across the layer, the 
emission current could be made self-sustaining, 
with no primary current. This was first reported 
by Dobischek, Jacobs and Freely®) and on BaO by 
Yoshida et al. 

We could prepare the magnesium oxide cathodes 
yielding self-sustaining emission current of the 
order of milliamperes in a quite simple way which 
will be given elswhere in detail. According to 
Jacobs, a rather complicated method is necessary 
to obtain the extremely high yield of secondary 
emission or self-sustaining emission, that is, both 
the evaporation of magnesium and the heat treat- 
ment of the deposit should be applied in an atmo- 
sphere of oxygen in order to get good results. 

Some results obtained by us on the relation be- 
tween the self-sustaining emission and the collector 
voltage are illustrated in Fig. 1, which implies the 
relation 


I=Ihexp(NV), 


where J is the emission current from the cathode, 
V collector voltage, J) and N constants depending 
on the cathode and electrode configurations. The 
cathode was not self-starting and required some 
external stimulus, such as electrons, photons or 
ions. Among others electron bombardment was 
the most effective to start the current. Illumina- 
tion with light from incandescent lamp was also 
effective. Between the light intensity (Z) and the 
time (€) which was required to start, we obtained 
a relation, 


L-t=const. 


One of the most remarkable phenomena observed 
is an accumulation effect of light stimulation at the 
magnesium oxide cathode. Holding the distance 
between the cathode and the light source constant, 
the cathode was exposed to light of a constant flux 


INTERMITTENT EXPOSURE TO SOft-L LIGHT 
* EXPOSURE TIME 30sec, PAUSE TIME 5 sec 
” ‘ . 15 sec 


UNTIL AN EMISSION SETS IN (sec) 


TOTAL LENGH OF EXPOSURE TIME 


/0 iki O° 


TOTAL LENGH OF PAUSE TIME (sec) 


Fig. 2. The relation between the integrated time 
of exposure until an emission sets in and the 
length of pause at the intermittent exposure 
method. 
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intermittently. The integrated time of exposure > 


until an electron emission sets in was found to be } 


independent on the length of pause. One of these | 
results is given in Fig. 2. The pause length be- | 
tween light exposures was chosen as 5sec, 15sec, 
30sec, lmin, 2min, 5min and 10min, but sub- | 
stantially constant total-exposure-time was required ) 
to start an emission. This implies that a physical 
phenomenon caused by light stimulation is able to | 
maintain for a long time without appreciable decay. | 
The light exposure will eject electrons, out of the | 
MgO as the photo-emission, leaving the outside of — 
the MgO layer positively charged and the positive . 
charge on the MgO surface can not escape owing 
to the extreme high resistivity of the layer. 

It was found further that the photo-effect men- 
tioned above had a cut-off-energy in the ultraviolet 
region. It was also found that the characteristic | 
phosphorescent glow was violet or blue and in some 
cases redish violet. 
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Microwave Spectrum of Ethyl Iodide 


By Takahiro KASUYA and Takeshi OKA 
Department of Physics, Faculty of Science, 
University of Tokyo, Tokyo 
(Received May 21, 1959) 


The microwave spectrum of ethyl iodide C,H;I 
was observed in the frequency range from 5 to 
30kMc/sec. About fifty lines were assigned to the 
a-type transitios, and other twenty to the b-type 
transitions. 

This molecule is a slightly asymmetric rotor with 
by-=—0.003, having a very large quadrupole coupIl- 
ing constant, and the calculated frequencies could 
not satisfactorily be fitted to the observed spectrum 
with the first order quadrupole treatment alone. 

The second order quadrupole effect was calculat- 
ed using the wave function expanded in the power 
series of 6». With the parameters listed in Table 
II, the discrepancies between the calculated and 
observed frequencies were less than 1 Mc/sec (Table 
De 

The hyperfine anomalies in K=1 lines reported 
by Wagner and Dailey in the case of C,H,Br2 


1959) 
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Table I. Spectroscopic parameters of ethyl iodide. 

A 29109.2+5 Mc/sec (eqQ)ax —1481.9+0.5 Mc/sec 

B 2979.2 +0.5 N=(“yo-—Xee)/Xa =0.22 (assumed) 

(e 2797.1 +0.5 E =Xy6/Xaq=0.60 re) 
were also observed in this molecule. For example, (eqQ)aa 
the hyperfine component corresponding to 7/2->9/2 019 = (F407 43) | (8K -TT+1) 
of 22313 transition was found to show the splitting IT +1) 3) 
of 1.09Mc/sec. This splitting was explained by += oes -+-asymmetry correction | 


taking into account of the internal rotation of CH; 
group (Table II). 


Table I. An exampie of hyperfine anomaly. 
2127333 obs. calc. 
9/2—11/2 17096 .08 17095.84 
7/2 9/2 17034 .84 17035.30 (E) 
1035.75 17034.21 (A) 
3/22 5/2 16976.8 16976.6 
1/2 3/2 17007 .76 17007 .14 


The quadrupole interaction term averaged by the 


rigid asymmetric rotor wave function is known to 
be 


The second term +[J(J+1)7]/2 which does not 
vanish for K=1 must be multiplied by a factor 
€, owing to the coupling of internal and overall 
rotation”). 

For A-state of internal rotation € is one, but for 
E-state it is dependent sensitively on potential, 
which can be used to evaluate the barrier height®. 
Treating the internal rotation problem by the 
Hamiltonian developed by Kilb, Lin and Wilson®), 
the potential value of about 2.4kcal/mole was 
obtained. This should be compared with that of 
C.H;Cl and C.HsBr 7”. 

From the parameters listed in Table IJ, the 
structural constants were determined as follows 


Table III. Microwave spectrum of ethyl iodide. 
a-type transition b-type transition 
Ooo Lox 9/2> 9/2 17070.40 303 312 
5/2 3/2 5988 . 1 RPS By 17382 .34 11/211/2 26744 
5/2> 5/2 5542.08 33902431, 331432 9/2> 9/2 26845 
5/2> 7/2 5852.44 11/213/2 23214 .30 7/2> 7/2 26837 
23027321 9/2—>11/2 22968 .75 5/2> 5/2 26796 
9/211/2 17443 .60 7/2 9/2 22978 .44 7/2 5/2 26928 
7/2 9/2 17155 .92 5/2—> 7/2 23116 .56 5/2> 3/2 26900 
5/2 7/2 17227 .84 3.1 402 Ay > 4,3 
201 3a8 11/213/2 23167 .05 13/2-13/2 27108 
9/2-11/2 17438 .08 9/2->11/2 23059 .77 11/2>11/2 27196 
7/2 9/2 ANY 7/22 9/2 23050. 34 7/2> 7/2 27166 
202 303 5/2> 7/2 23090 .64 5/2> 5/2 27096 
9/2->11/2 17342 .28 3n2> 403 50s 514 
7/2 9/2 17354 ,96 11/2>13/2 23158 .50 15/215/2 27595 
5/2 7/2 17283 .82 9/2>11/2 23050. 34 13/2->13/2 27638 
3/22 5/2 17212 .40 7/2> 9/2 23042 .24 11/2>11/2 27663 
5/2> 7/2 23083 .38 5/2 5/2 27565 


assuming the C-C bond length to be 1.555+0.005A 
G-I 2.20740.005A, CCI 112°1'+30" 
‘More precise analysis especially of the b-type 
transition lines is now in progress considering the 
internal rotation effect. 
The authors wish to express their thanks to 
Prof. K. Shimoda for his kind guidance and en- 
couragement throughout this work. 
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Angular Correlation of Gamma Rays from Xe” and Te!” 


By Mitsuo SakAl, Hidetsugu IKEGAMI, Toshimitsu YAMAZAKI 


Institute for Nuclear Study, University of Tokyo, Tanashimachi, 
Kitatamagun, Tokyo, Japan 


and Kazusuke SUGIYAMA 
Department of Physics, Tohoku University, Sendai, Japan 
(Received February 21, 1959) 


The angular correlation of gamma rays in 2—2--0 cascade transitions 
in Xel26 and Te!26 is measured from the decay of [226 in order to obtain 
the mixing ratio of competing E2 and M1 transitions in the 2—2 transition. 
The mixing ratio is found to have positive sign for both nuclei, as ex- 
pected from the systematics of excited levels in even-even nuclei. 


Introduction 


§1. 

The systematics of excited levels in even- 
even nuclei revealed recently” that the nuclei 
having 0—2—2 spin sequence* appear in three 
-neutron-islands where the 1/2 orbit competes 
with the higher angular momentum orbit ow- 
ing to the large pairing energy, namely 
38 <N <48, 2 piye, 1 20/2), 645 N74, (3 Siz, 
Thirty) and 110 < N< 120, (3 piys, 1 t1a/2)**. 
Moreover it was pointed out from a rather 
poor statistics that the sign of mixing ratio 
0 of competing E2 and M1 transitions from 
the second 2+ to the first 2+ level alternates 
from one island to the other. The sign of the 
first and third islands is negative*** and that 
of the second island is positive. This observa- 
tion seems to be very important for under- 
standing the physical meaning of the mixing 
ratio in even-even nuclei. 

Since in the second island 6 was measured 
only in Sn1*%) and Te?“, it was considered 
worth while to measure the sign of 0 in Xe16 
and Te!”* by using gamma rays from I” (13 
day) in order to put this interesting rule on 
the more solid experimental bases. 

The decay scheme of I??* (Fig. 1) was very 
well established by beta and gamma spectro- 


* The nuclei having 4+ or 0+ level near the 
second 2+ level are included in this category. 

** Notice that there exist proton islands origin- 

ating from the competition of proton configurations 
(2 p12, 1 go/2) and (3 812, 1 hu/2). The last one and 
the third neutron island overlap each other. 
*k* Jt was remarked recently» that several nuclei 
in the third island have positive mixing ratio. How- 
ever this may be explained by the fact that the 
second proton island overlaps just this region, so 
it is not inconsistent with the rule. 


scopy. Therefore the problem is now to 
measure the angular correlations between 
0.75-MeV and 0.65-MeV gamma rays in Te!” 
and between 0.48-MeV and 0.386-MeV gamma 
rays in Xe?6, 


126 
s21€ 74 
Fig. 1. Decay scheme of [26 proposed by Koert 
et al: 


§2. Source Preparation 


The [6 sample was prepared by bombarding 
a natural antimony layer with 200 microam- 
pere-hours of 30-MeV alpha particles in the 
63-in. cyclotron of the Institute for Nuclear 
Study of University of Tokyo, leading to the 
reaction Sb¥3 (a, n) 1. Since [I (4.5 day) 
was produced at the same time, the measure- 
ment was started about 40 days after the 
bombardment. The scintillation spectrum of 
[144]26 is presented in Fig. 2 with its time 
dependence. A radio active Nal solution of 
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1mm diameter and 4mm long in a plastic 
container was served as the source for the 
correlation experiment for avoiding the in- 
fluence of extra-nuclear fields. 


O 10 20 30 
Pulse Height 


Fig. 2. Scintillation pulse height spectra of gam- 
ma rays in decay of [126+]4 taken 26 days, 42 
days and 52 days after the bombardment. 


§3. Results 


The angular correlation apparatus is shown 
in Fig. 3, consisting of two detectors, one 
fixed and one movable, mounted on a table. 
Nal (TI) crystals, one 2-in. in diameter by 
2-in. height and one 1#-in. in diameter by 2-in. 
height from Harshaw Chemical Corporation, 
were coupled to Dumont 6292 photomultipliers. 
The coincidence circuit was a conventional one 
of which 270.64 sec. Throughout the meas- 
urement, the accidental coincidence counts 
were about 10% of the total coincidence 
counts. The five measuring points, separated 
each other by 15°, were chosen from 90° to 
150° for avoiding the false coincidence counts 
in region at 180° produced by annihilation 
radiation. 


1) Angular correlation in Te 
The lower end of integral gate in each 
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Fig. 3. The angular correlation apparatus. 


Counts 


90 120 150 180 
Qin degree 
Fig. 4. Correlation curve in Tel2°, The dashed 


curve is the calculated one. 


channel is set at 0.62-Mev pulse height as ; 
indicated in Fig. 2. In this gate setting, as} 
known from the decay scheme, we can ex- | 
pected no other coincidences than that between |! 
0.65-MeV and 0.75-MeV gamma rays. The)! 
result is presented in Fig. 4. Assuming the}! 
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} experimental correlation function W’(@) as 
| 1+ A2’P2(cos 0)+ Au’ Pi(cos 9), the least square 
} fit has given A»’=0.055-£0.008 and A,’ =0.214 
#0.012. The calculated correlation curve 
} with these A,’ and A,’ is presented also in 
| Fig. 4. Since the energies of the gamma 
i rays in Te! and Xe? are not so different 
| from that of annihilation radiation, the correc- 
| tion for finite solid angle was made according 
to Church-Kraushaar’s method®, by measur- 
| ing the angular resolution with annihilation 
radiation of Na”. The correction coefficients 
Qo/Q2 and Qo/Qs were, then, obtained to be 
0.93 and 0.80, respectively. The correlation 
coefficients corrected for finite solid angle were 
the followings: A2:,=0.059+0.009 and As= 
0.268+0.014. 


2) Angular correlation in Xe'6 

In this case the differential gates were used. 
The window setting in each channel, being at 
the photo-peaks of 0.386-MeV and 0.48-MeV 
respectively, was indicated in Fig. 2. The 
geometrical conditions were the same as that 
in Te2®, The following two points were 
carefully checked. The first point is the 
contribution of 0.51-MeV annihilation radiation 
to the coincidence counts because it gives 
excessive coincidence counts in position at 
180°. Since in the present geometrical setting 
the overall angular resolution deduced by using 
annihilation radiation in Na? was found to be 
10.5° at half maximum, it was concluded that 


5000; 
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90 120 
© in degree 
Fig. 5. Correlation curve in Xel26, The dashed 
curve is the calculated one. 
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there was no such influence in region between 
90° and 150°. The second point is the contri- 
bution of coincidence counts from the 0.65- 
MeV and 0.76-MeV gamma rays in Te?”* to 
the correlation pattern in question. The esti- 
mation of this undesirable contribution was 
found to be about 10% in the present window 
setting, and since the observed correlation 
pattern was similar to that of Te!2*, the sub- 
traction of this contribution from the observed 
value could be expected to produce not so 
serious effect for getting the true correlation 
function of Xe”. The corrected value is 
presented in Fig. 5 with the least squares 
curve. According to the same precedure as 
the preceding paragraph, the final result was 
obtained: A»’=0.066+0.023, Au’ =0.235+0.033, 
A2=—0.071-+0.025 and As=0.294-++0.041, 


—> A2($) 


Fig. 6. Elliptical representation of A, and Ay in 
cascade gamma transition for nuclei in 2nd S(2) 
island. The parameter on the ellipse indicates 
directly 6 instead of 6/(=6(1+|0|)-1) used in 
reference 7. 


§4. Discussion 


The values of A, and Az obtained in §3 
are presented in the elliptical representation 
Of Amand 4,2 “The A; ‘and Az in Sni*®” 
and Te!224) are put also in the same figure. 
Parameters attached to the ellipse are mixing 
ratio 6 in stead of 6’(=6(1+]0|)“1) used in 
reference”, From this figure, it can be seen 
that the mixing ratio of these nuclei has 
positive sign as expected from the rule”. 
This rule seems to be very important for 
understanding the physical meaning of mixing 
ratio in even-even nuclei and for shedding 
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light on the excitation mechanism of so-called 
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Decay of I” 


By Kazusuke SUGIYAMA 
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Hidetsugu IKEGAMI, Toshimitsu YAMAZAKI and Mitsuo SAKAI 


Institute for Nuclear Study, University of Tokyo, 
Kitatamagun, Tokyo 


(Received May 1, 1959) 


The gamma and beta rays following the decay of [4 which was pro- 
duced by Sb (a, m) reaction have been studied with scintillation spectro- 
meters both single and in coincidence, and with a beta-ray spectrometer. 
Three gamma rays at 2.74-MeV, 2.29-MeV and 1.50-MeV and probab- 
ly 0.9-MeV which were not found in decay of Sb! were observed. 
The beta-gamma coincidence experiments revealed that the first positron 
group decays to the ground level of Te!24 so that the energy difference 
between [24 and Tel! becomes 3.22-MeV, being consistent with beta 
decay energy systematics. In addition this beta component was found 
to have an unique lst forbidden type spectrum, showing the spin and 
parity of the ground state of [14 is 2—~. From these results we led to 
conclude the presence of two new levels at 2.88-MeV and 2.74-MeV 
which the spin value is probably 1 and the parity is negative. A 
doublet level at the second excited level previously reported was not 
confirmed in the present experiment. However a definite evidence of 
cross-over transition from the second level to the ground level was 
obtained which may indicate a presence of a 2+ level at the second ex- 
cited level. The tentative decay scheme is proposed. 


at the second excited level. 


However the 


The excited levels in Te124 were studied in 
detail by making use of the radiations from 
the decay of Sb!*.) Especially Dzelepov et 
al.» published very recently the level scheme 
of Tel#4, showing the presence of a doublet 


positron emitter [4 (4.5-day) decaying to the 
same daughter nucleus was not yet studied 
except the Michell’s work® in 1949, 


Since I* belongs to the so-called 2nd S$(2) 
pattern” of which the systematic investigation 


11959) Decay 
( of excited levels was taken as the central pro- 
ject of our group and since so little informa- 
‘tion on this isotope was available up to the 
present*, it was considered worth while to 
' produce a sample of this isotope for studying 
the radiations from this isotope by scintilla- 
tion counter techniques developed since the 
time of Michell’s work. 


§2. Source Preparation 

The I? sample was prepared by bombard- 
ing a natural antimony layer with 200 micro- 
ampere-hours of 30-MeV alpha particles in 
the 63” cyclotron of the Institute for Nuclear 


Table I. Nuclear reaction in natural 


of [124 
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Study of the University of Tokyo, leading to 
the reaction Sb@a, n)P™%*. The antimony 
layer soft-soldered on the thin copper plate 
was fastened on the large copper block which 
was served as the head for the probe of 4” 
in diameter. After the bombardment, the 
antimony layer was turn off from the back- 
ing copper plate, and dissolved in a mixture 
of sulfuric acid and potassium sulfate. The 
active iodine was warmed up to the tempera- 
ture of about 300°C**. 

Since the bombardment produces the radio- 
active 1272, 1 and [8 aside from [224 in 
question (see Table I), the measurement was 


antimony by 30 MeV alpha particles. 


Sb121 2) 
2n) 
37) 
P) 
pn) 
) 
2n) 
37) 
P) 
pn) 


(a, 


43% 


[124 4.5d 

123 13h 0.159 MeV 7 and E. C. 
[122 3.5m no 7 

Tels stable 

Tel23 stable 

[126 13d 

[125 60d 0.035 MeV 7 and E. C. 
[124 4.5d 

Tels stable 

Tels stable 


started one week after the bombardment, 
avoiding the interference of the very strong 
0.159 MeV gamma ray from I[!. The pre- 
sence of radiations from I” gave no signifi- 
cant disturbance in the following measure- 
ments. 


§3. Gamma Ray Spectrum 


a) Single spectrum analysis 
The gamma ray spectrum was taken by 
the scintillation counter which consisted of a 
cylindrical Nal (Tl) crystal, 4-in. long and 4- 
in. in diameter coupled with a Dumont type 
6364 photo-multiplier and Sunvic 100-channel 
_ pulse-height analyser. In this measurement 
the gamma rays were collimated by a cylin- 


* After this experiment was accomplished, the 
authors noticed that two groups have performed 
the same kind of experiment. The agreement of 
the present results with the others was found to 
be fairly well. (R. Van Lieshout: private comuni- 
cation. Mitchell et al: Bull. Amer. Phys. Soc. Ser 
II 3. (1958) 357). 

** The chemical. procedure will be described in 
detail elsewhere by K. Saito et al. 
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Channel number 
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Fig. 1. Scintillation pulse-height spectrum in [24 
+1226 taken by the 100-channel pulse-height an- 
alyser. The spectrum in Sb! is presented for 
comparison. The response-curve analysis is 
indicated by thin line curves. 
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Table II. Energy and relative intensity of gamma radiations in I4 and Sb!24, 


[124 Sb124 
Present authors R. Van Lieshout** R. Van Lieshout** B. S. Dzelepov et al.*** 
Relative | Ener Relative Energy Relative Relative 
Energy (KeV) | Intensity (Kev) Intensity (KeV) Intensity ener oy Intensity 
605 320+50 605 605+ 20 605 195+10 609 197 
(655) (45) * 646 15 
720 (40) 725 110+5 714 ff 
900 (2) 725 2952 (23 20 
970 (2) 970 1042 970 4.441] 969 5 
1080 +40 (3) 1040 10+2 I 1040 Deel 1047 5 
1330 1326 2.8 
1380 (47) 1380 30+ 10 1361 9 
1500+60 | (22) 1500 3343 1380 16+5 1370 7 
1700+ 20 100 1690 100 | 1450 Aaa 
2100+30 25+3 2090 foe 1690 100 1692 | 100 
2290 +40 1142 2280 WASEZ 2090 15+1.5 | 2088 WAS 
2740 2280 I OZEOs2 
2750 Oe 1 
(2880) cx 


* Parentheses indicate an aproximate value which may have an error of order of 30%. 


** Private comunication. 
omitted. 
Cie Cia ret. 2). 


Table III. 


To be published in Physica. 


Gamma Rays with weak intensity are 


Chart of gamma-gamma coincidence. 


© and x stand for yes and no coincidence respectively. 


720 


Energy (KeV) 605 | 655 900 970 | 1085 1380 | 1500 | 1700 | 2090 | 2290 | 2740 
605 2 | OF ©. 12.) OlPO. SG, eG, RO Anema mes 
720 O 2 2 2: | obeaahe och Gare alors | Jeillwedo|eoR 

970 @) woul [ker dhe eau Repee heigediol adie eaeneinean ae 
1300-1350 Cra Ost Oa Eeoon | mare poet earine nae | x | ieee 


drical aperture of 0.8cm and 10cm long in 
the lead shield. This procedure was essen- 
tially useful for measuring higher energy 
gamma ray, reducing sum and escape peaks. 
For the purpose of comparison the spectrum 
of Sb ’* was also measured. In Fig. 1 the 
scintillation gamma ray spectra of these iso- 
topes are presented and in Table II the 
energy of the gamma rays is tabulated with 
their relative intensity. The last value was 
obtained from the efficiency curve and photo- 
fraction curves for this detection system. 
The new gamma rays at 1.50MeV, 2.29 
MeV and 2.74 MeV were observed. The last 
one was suspected to be a composite peak of 
2.74 MeV and 2.88 MeV gamma rays but the 
definite conclusion was not obtained. More- 


over, the comparison with the spectra of 
Sb™4 indicated the presence of a gamma ray 
in region of energy 0.9MeV. Both of pulse 
height peaks at 2.74 MeV and 2.29 MeV were 
observed to have the same decay time as 
that of 1.70 MeV gamma ray, having verified 
that these gamma rays belongs to I!%4, since 
the 1.70 MeV gamma ray was found in the 
decay of Sb". 

b) Coincidence measurement 

The coincidence measurement was perform- 
ed by making use of the multi-channel pulse- 
height analyser. Selection of a definite gam- 
ma ray from gate detector can be made with 
the single channel analyser and then gamma 
ray spectrum in coincidence with it via main 
detector may display on the multi-channel 
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analyser. We have used three coincidence 
apparatus which had the following combina- 
| tion; 14-in. $x1}-in. height (gate)+4-in. ¢x4- 
in. height (main)+Sunvic 100 channels pulse- 
height analyser, 13-in. ¢x14-in. height (gate) 


+13-in. @x14-in. height (main)+fast-slow 
coincidence circuit of which 27~30 mys* and 
es = 
- . 
a¢ os 
e{s S 
5/2 ee 
<|3 -o—o— Single eS 
£ ~4--S- Coincidence ° 
104 205 ne sous aya 000,140 \ 
S13 a § 5 
é 2 B 4 2.10-MeV + ts 
Fi i o 
ie ~ ae J 
Bs a2 
a ds 
oO 
1 20 


40 60 : 80 
— > Pulse Height (voit ) 


Fig. 2. Coincidence spectrum with 0-61-Mev 
photo-peak. 
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ow 
Counts/200 min. 


Single Counts/ 10min. 


Coincidence 


-0-0- Single 


-4-4— Coincidence 


40 -—=> Pulse Height (Vok) 


Fig. 3. Coincidence spectrum with 0.72-Mev 


photo-peak. 


* M. Sugawara: to be published. 
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1j-in. @xX2-in. height (gate)+2-in. ¢x2-in. 
height (main)+INS 10 channels pulse-height 
analyser** with slow gate circuit of which 
2r™~4yus. 

The results cross-checked by these two 
systems are tabulated in Table III. The 
itypical coincidence spectra are presented in 
Fig. 2, Fig. 3 and Fig. 4. It should be men- 
‘tioned that further careful examination of the 
‘coincidence spectrum with 1.35MeV gamma 
ray in the region 0.9~1.1 MeV indicates a 
ipresence of 0.9MeV gamma ray. This fact 
is consistent with the observation in the 
preceding paragraph. 


1.35 -MeV 


€ | .70-MeV 
rr 
8 
2 1.50-Mev 
§ 
—e—2- Single 
j YY Sas ——0- Coincidence 
3 
$ 9 : 7) 
4 4 4 
30 40 


50 
— Pulse Height (Volt) 


Fig. 4. Coincidence spectrum with about 1.35- 
Mev pulse-height region. 
A: Br Single Spectrum 


B: B Coincidence Spectrum with 0.605-Mev ¥ 


Cc: pt Coincidence Spectrum with 0.72-MeV © 


LW, 


Counts /Chonnet (Arbitrary) 


8 


Cc 
o 
A roe ‘ 
5 10 5 


20 —> Pulse Helght (Vo) 


Fig. 5. B*-—y coincidence spectrum. 


§4. Beta Ray Spectrum 


a) Bt—r coincidence spectrum 

In this case, the main detector was a beta 
ray detector which consisted of 1-in. ¢x5mm 
thickness plastic scintillator coupled with a 
Dumont 6292 photomultiplier and the gate 
detector was a cylindrical Nal (Tl) crystal, 
2-in. long. and 2-in. diameter attached to a 
Dumont 6292 photomultiplier. An INS 10 
channels pulse-height analyser was used as 
the displaying apparatus for coincidence 


** INS 10-channels pulse-height analyser was 
developed by the electronics section of the Institu- 
te for Nuclear Study. 
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pulses. The total and coincidence spectra are 
presented in Fig. 5 which revealed the main 
beta component decays to the ground level 
and the 0.605MeV gamma ray is in coinci- 
dence with the second beta component and 
0.72 MeV gamma ray in coincidence with the 
third beta component. Since the maximum 
energy of the first beta component was known 
to be 2.20 MeV», this fact indicates the energy 
difference between [4 and Te!” is 3.22 MeV, 
being consistent with the beta decay energy 
systematics. (see Fig. 6) 


b) Fermi plot analysis 

In order to get the Fermi plot of the first 
beta component, INS III beta spectrometer* 
(a sector type double focusing beta ray spectro- 
meter of which o=18cm) was used. The 
shape factor deduced from the Fermi plot is 
presented in Fig. 7, showing clearly a charac- 
teristic curve for the unique first forbidden 


74 


68 70 72 eT 


Fig. 6. Beta decay energy systematics. 
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Fig. 7. Shape factor for the first positron com- 
ponent of [/4, 


* The details of this spectrometer will be soon 
published. 
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type spectrum. Combining the result of the 
preceding paragraph, we concluded that the 


ground level of 14 has the spin value of 2) 


and negative parity. 


§5. Conclusion 


The gamma ray spectrum showed the new 
photo-peaks at 2.74MeV, 2.31 MeV, 1.50 MeV 
and probably at 0.9MeV which were not ob. 
served in the decay of Sb'4. This fact indi- 
cates the presence of the new levels in Te™. 
Since the 2.74 MeV gamma ray was found to 
decay directly to the ground level of Te 
and since the 2.28 MeV gamma ray was 
found to coincide with the 0.605 MeV gamma 


ray, we were led to assign the new excited | 


level at 2.88 MeV and 2.74MeV above the 
ground level. 

The spin value of the ground level of I'4 
was definitely established as 2— by the shape 
of the 2.02 MeV first positron spectrum. Sin- 
ce the beta component decays to the ground 
level, the energy difference between I! and 
Te™ should be 3.22 MeV which is consistent 
with the beta decay energy systematics. As 


the ground level of Sb!24, of which the spin | 


and parity are known as 3—*) can not decay 
to the new levels by beta ray emission, we 
were led to conclude that the spin and parity 
of these levels is probably 1—. 


Fig. 8. Proposed decay scheme of I!%4, The de- 
cay scheme of Sb! proposed by B. S. Dzelepov- 
et al. (ref. 2) is also shown in this figure. 


| 
| 
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The 1.35 MeV gamma ray is in coincidence 
with the 1.50 MeV gamma ray and partially 
with 1.35MeV gamma ray as shown in Fig. 
4. This fact indicates; 1) the second 1.33 
MeV level should be capable to de-excite to 
the ground level by cross-over gamma radia- 
tion and the spin and parity of this level may 
be 2+ as expected from the gamma ray 
energy relation and from the energy systema- 
tics of excited level of the S(2) pattern and 2) 
there must be a gamma ray of about 1.35 
MeV which decays in parallel with these 
1.35 MeV gamma rays and 3) the presence of 
a new excited level at 2.88 MeV of which the 
energy is the sum of 1.33 MeV and 1.50 MeV 
is evident, Fig. 8 shows a rather complicat- 
ed decay scheme deduced from the present 
results and the information from the decay 
of Sb’*. Of course it is too complicated that 
we could not pretend it is a real one. Espe- 
cially the interesting doublet at the second 
excited level reported by Dzelepov et al. can 
not be confirmed in the present experiment. 

The only possibility of obtaining a negative 
parity for the I’? ground level lies in assign- 
ing on hij, state to the 71st neutron which 
seems to be the same situation as that of 
I#26, So far as the spin of new levels are 
concerned, it may be understood as the fol- 
lowing configurations from the single parti- 
cle aspect 


{(1g7/2)*ha2)(3—) ot (2d3/2)?(2 +) Jnl —) 
and 
{(2ds/2)*(Lhi12)'(3—) }o{ (2ds/2)*(2+) }n(1 =) 


Therefore these two level seems to have the 
intimate relation to the two 3— levels just bel- 
low these 1— levels, since the configuration 
of latter levels were thought as 
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{(1g7/2)"(Varj2)(3—) H{ (2ds/2)(0+)}a(3—) 
and 
{(2d3/2)* A hiry2)(3 —)}ot{(2ds/2)?(0 tt )al3 = 


respectively. Of course it may be possible 
to discuss these levels by the collective 
model. And in this case, the explanation as 


an appearance of octupole vibrational levels 
seems to be very attractive. 
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A theory of the thermoelectric power of the NaCl crystal doped with 
CdCl, is developed, when we measure it by using the chlorine gas elec- 


trode. 


We derive also the expressions of it by taking into account the 


Coulomb interaction between defects in NaCl and AgBr, and estimate the 
correction terms to the simple theory. Next the relation between the 
thermoelectric power with the metallic electrodes and that with the 
halogen electrodes is derived, and the theoretical result is compared with 
experiments in silver halides and lead halides. 


§1. Introduction 


There is only a qualitative theory” on the 
mechanism of thermal diffusion of ions in 
ionic crystals. The information about this 
is obtained from the thermoelectric power. 
The purpose of the present paper is to in- 
vestigate the thermal properties of alkali 
halides from the knowledge of the thermo- 
electric power. In the previous paper (I) we 
have developed a theory of the thermoelectric 
effects in AgBr or AgCl, under the condition 
that the silver metal is used as electrode and 
defects distribute at random in it.» In the 
case of alkali halides, however, alkali metals 
are not available as electrode because of their 
low melting points. Therefore, we shall 
develope a theory of the thermoelectric power 
of NaCl with use of the chlorine gas elect- 
rode as devised by Reinhold.” 

As is well known, the ionic conduction in 
alkali halides is due to the presence of the 
Schottky defects in contrast with silver 
halides. Etzel and Maurer have measured 
the ionic conduction in NaCl doped with 
CdCl, and estimated several important para- 
meters making use of the simple theory in 
which the Coulomb interaction between de- 
fects is left out of consideration.” Their 
measurements show that below 400°C the 
intrinsic effects can be neglected in com- 
parison with the impurity effects. 

Further, the analyses of the ionic conduc- 
tion have been carried out taking into account 
the Coulomb interaction between defects in 
AgBr by Teltow® and in NaCl at impurity 
range by Lidiard®. The values of parameters 
thus obtained are considerably different from 
those based on the simple theory. Therefore, 
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it seems interesting to study the effect of the 
Coulomb interaction on the thermoelectric 
power. This effect will be considered in the 
Debye-Huckel approximation” for NaCl and 
AgBr. 


§2. Thermoelectric Power of NaCl 


Let us consider the following arrangement 
devised by Reinhold: 

M|C, Cl, | NaCl|Ch, C|M. Ei} 
Here, C is the graphite rod inserted (“einge- 
schmolzen”) into a sample of NaCl, and M 
is the lead wire. We shall calculate the dif- 
ference of the Fermi levels per degree, eQ, 
between the topps of two graphite rods in 
NaCl, which is equal to the thermoelectric 
power measured in the arrangement (1) times 
the magnitude of electronic charge if the 
thermoelectric powers of M and C are left 
out of consideration. 

The chlorine atom in NaCl near the contact 
with C and that in the chlorine gas at the 
same temperature, are in thermal equilibrium 
through the process of generation of Y- 
centers in NaCl, so that we have 


Ler = HE2/2 , (2) 
where w¢7°' and g}2 are the chemical poten- 
tial of a chlorine atom in NaCl and that of 
a chlorine molecule in the chlorine gas, re- 
spectively. Further, the following reaction 
takes place at the constact between NaCl 
and C: 

CISCl-—e-. (a2) 
The above equilibrium will be established 
through the process in which electrons from 


C recombine with trapped holes in V-centers 
and the double layer is formed at the contact 
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between NaCl and C, or through the inverse 
process. We have, from the reaction (3), 
HBO WBE, (4) 
where Cf! and €9. are the electrochemical 
potential of a chlorine ion in NaCl and that 
of an electron in C, respectively. From Eqs. 


(2) and (4), we find the following fundamental 
equation for Q: 


eQ =eQuie!—st3/2 , (5) 
where eQ&%°! is the value obtained by sub- 
tracting the electrochemical potential of a 
chlorine ion in NaCl at a certain point from 
that at other point at lower temperature by 
1°C, and soz is the entropy of a chlorine 
molecule in the chlorine gas. Now the prob- 
lem is merely to calculate eQXec!. 

Let us now assume that positive and nega- 
tive ion vacancies are distributed at random. 
The chemical potential of an Na* vacancy, 
“t+, and that of a Cl- vacancy, u-, which are 
defined as the Gibbs free energy of taking 
out a sodium ion and a chlorine ion in a 
normal site into the vacuum, respectively, 
are then given by 


fs= pr ERT In Ce (6) 

pa-= pu +kRT Inc 
where 4° and 4° are the Gibbs free energies 
of taking out a sodium ion and a chlorine 
ion in a normal site in a perfect crystal of 
NaCl into the vacuum, respectively, c, and 
c- are the mol fractions of sodium- and 
chlorine-ion vacancies, respectively. From 
Eqs. (5) and (6), we can derive an expression 
for the thermoelectric power: 


eQ=—= (+ 0.4409 + 22 kine, 
th E 


(7) 


Here ¢_ is the transport number of the chlo- 
rine ion, hs is the enthalpy of formation of 
a pair of Schottky defects, Q.* and @_* are 
the heat of transport of an Na*- and a Cl-- 
vacancy, and sé- is the entropy of a sodium 
ion in a perfect crystal of NaCl. Further, 
yp and v, are the frequency of a normal 
mode of lattice oscillations in a perfect crystal 
and that in a crystal including only an Nat 
vacancy as defect, and >’ means the sum- 
mation over all normal modes. The entropy 
of a pair of Schottky defects, ss, is written 
as 


+(s6-—3) ees tn 


VY 
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Ss=RS In (vp/vs) +R In (vp/v_) , (8) 
of which both terms are expected to be 
positive.» If we assume that they are equal, 
we have klnvp/y4~150 ~w/degree according 
to Etzel and Maurer. Further, the analysis 
of Etzel and Maurer gives h;~2.02 ev. It may 
be assumed that s%- is equal to a half of 
the entropy of a pair of ions in a perfect 
crystal of NaCl which is obtained from the 
experiment on the specific heat. Then, we 
can find the values of Q.* by comparing the 
theoretical expression (7) with the experiment 
on the thermoelectric power of NaCl at the 
impurity range (t_~0). It is to be noted that 
the diffusion of pairs of Cd++ and Na* vacan- 
cies, and of those of Nat- and Cl--vacancies, 
have no effect on Eq. (7), since they have no 
charge. 

So far, we have neglected the Coulomb 
interaction between defects. We shall now 
consider this effect in the impurity range 
making use of the Debye-Hiickel approxima- 
tion. The chemical potential of an Nat 
vacancy, f+, is now written as” 


fr = ty +RT In (crf) . (2) 

If the charge neutrality is assumed, the 
activity coefficient, f., is given by” 
e? K 870? C4 

—— ies 10 

Ny SET eR 2 wen eee 


where FR is the effective shortest distance of 
approach of a Cd** and an Nat vacancy 
without forming a complex, ¢ is the dielectric 
constant, and v is the volume per pair of 
ions of pure salt. Lidiard® has put R=)// 2a 
and €?/;/2 kea=To, where a is the normal 
anion-cation separation, and obtained To= 
3900°K from comparison with the experiment 
of Etzel and Maurer.*? Further, he has ob- 
tained the expression of the degree of as- 
sociation of a Cdt* and an Na* vacancy, p, 
as 


Table I. The value of Qe in pv/°C in NaCl 
SG Co=10-4 Co=10-8 Co=10-2 
200 +26 +59 +63 
300 + 4 +22 +25 
400 -—A4 + 5 + 9 
500 — 7 -— 3 +1 
600 -— 7 — 6 -— 2 
700 -— 7 - 8 - 4 
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ey. =exp| 5 + In (12¢o) 1+4G/ 30) [A —pcolo/ TP? |’ 
where co is the mol fraction of doped cadmium. From Eqs. (10) and (11), Infs is written as 4 


—kTIn fa“P| te + In (1260)— 


p it a2) 
”" d—p? | 
The electric field is obtainable from the condition that the current density due to Na* | 
vacancies :!) 
aC. 
dx 


OM+ 


(13) 
OC+ 


byes 2 Ss eB + 
é 


vanishes. 
(12) and (13), we find 


°Q= os kin fel —p)1+- (s8-—-s0i) +22 In 2 nF +eQe, 


Here o is the partial conductivity due to Na* vacancies. 


From Eqs. (9), (11), 
if 


14) 
5 ( 7 


where €Q. is obtained % differentiating Eq. (12) with respect to T as 


eQc= 


k [1+ p+p In (12col—p)?/p}1-[Lo/ T+ In {12co(1—p)?/p}] 


and represents the deviation from the simple 
theory. Table I. shows the values of Q. in 
po/degree at several temperatures and with 
several mol fractions of doped cadmium, 
where p has been obtained from Eq. (11). It 
is seen from Table I. that the correction term, 
Qc, is so small that it need not to be taken 
into account in the analysis of the thermo- 
electric power of NaCl, at least, in the im- 
purity range. 

Nikitinskaya and Murin have measured the 
thermoelectric power of NaCl by making use 
of Pt etc. as the electrodes.» It is difficult 
to interprete their results, since we do not 
know what is the equilibrium condition at 
the junction between Pt and NaCl. The ex- 
periment with use of the chlorine electrode 
is desirable. 


§3. The Effect of the Coulomb interaction 
on the Thermoelectric Power of AgBr, 
and the Relations between Qy and Qy 


Let us consider the effect of the Coulomb 
interaction also in the case of AgBr in the 
Debye-Hiickel approximation, The ionic 
conduction in AgBr is due to both Ag? inter- 
stitial ions and vacancies. The chemical 
potential of an Ag* vacancy, fw, is given by 
Eqs. (9) and (10), where R means the effec- 
tive shortest of approach of three kinds of 
ions (i.e. a Cd** dissociated, an Ag* inter- 
stitial ion and an Agt* vacancy) without 
forming a complex, and the suffix v is used 


2 plTo T+ In (2co(1—p)?/P}1—-20 + pL +4(/ 2 x)¥2{—p)ooTr/ TH] 


(15) 


in place of +, in this section. The chemical 
potential of an Ag? interstitial ion, yi, is 
given by 
Le= BO +RT In (c: fi/2) , (16) 
where c; and f; are the mol fraction and the © 
activity coefficient of an Ag* interstitial ion, 
respectively. The neutrality condition gives 
fi=fv. The current density due to Ag* vacan- 
cies, Jv, is given by Eq. (14). On the other 
hand, the current density due to Ag+ inter- 
stitial ions, ji, is given by? 
Oui der Omi deo 
OCP FIO CGE 


5 ie 

(17) 
where o; is the partial conductivity due to 
Ag* interstitial ions. As f; and accordingly 
wi depend on cy, the third term in Eq. (17) 
represents the diffusion of Ag+ interstitial 
ions in the presence of the concentration 
gradient of Ag* vacancies. From Eqs. (3) 


and (7) in (1), we find the thermoelectric 
power Q: 


= 


fy 
eQ= —F (te +Qe + Qo%)—R In Cot oe 


+a+eQe . (18) 


Here ¢; is the transport number of Ag? inter- 
stitial ions, a@ is the notation used in (). 
Further, Q- represents the deviation from the 
simple theory and is given #3, 


éQ = — 


a. 


0 eK il 
ch 1g ie 94 fog le ca 
ap et Insel mae 
1 de 1 dv dR 
349.p)\t 4, 1 dv 5 dR 
he eee) an tig ape aT 
1 dey 
Co 24 (20) 
ee ee 
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(21) 
Now, we roughly estimate the values of Q, 
making use of the values of parameters ob- 
tained from the simple theory by Teltow.© 
Table II shows the values of Q- in wu/degre 
for AgBr-++0.25%—CdBr. and pure AgBr. For 
comparison, the experimental values of Patrick 
and Lawson are also shown. Here, the value 
of ¢ is obtained from the extrapolation of the 
experimental values of Eucken and Biichner.! 
It is seen from Table II that the correction 
due to the Coulomb interaction is small com- 
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Reinhold® has measured the thermoelectric 
powers of silver halides and lead halides in 
two different ways, one is with use of the 
metallic electrodes and the other with use of 
the halogen electrodes. We shall find the 
relations between the thermoelectric powers 
with the metallic electrodes, Qu, and those 
with the halogen electrodes, Qz. The as- 
sumption of local equilibrium in silver halides, 
AgX, leads to 


ies ae (Gane = pe (22) 
where zz? is the chemical potential of a pair 
of ions in a perfect crystal of AgX. From 
Eq. (5) and Eq. (8) in (1), we obtain 

a=Qut+S 


Sey om 
CS = 8; S55 = Sy3/25 


(23) 
(24) 
where s? is the entropy of a pair of ions in 


a perfect crystal of AgX. Similarly we have, 
in the case of lead halides, 


pared with the experimental values. eS= (sf —spp—sy)/2 , (25) 
Table Il. The value of Q,. and the experimental value of Q by Patrick 
and Lawson in AgBr (in pv/°C). 
AgBr +0.25%-CdBry | Pure AgBr 
°C | R=0 | R=a | R=20 R=3a | Exp. | °C | R=0 | R=a | R=20 | R=3a | Exp. 
100 — 20 — 20 — 20 — 20 — 400 200 —110 — 80 — 60 — 50 — 1240 
150 — 50 —40 — 30 — 30 —310 250 —110 — 60 — 30 —10 —1010 
200 — 60 — 40 — 30 — 30 — 290 300 — 80 —10 +10 +20 — 820 
250 +10 +4 + 3 + 2 -— 430 | 350 — 40 +30 +40 +40 — 660 
Table III. Qy—Qywu and S in pv/°C. 
| AgBr | AgCl | PbBr, PbBra 
*K | Qx-Qu oS | Qx-Qv S | Qx-Qu S| Qz-Qu 8 
400 — 660 —570 —180 — 540 — 850 —760 —700 —720 
500 — 680 — 550 — 380 — 500 —790 —720 —700 —710 
600 — 680 —510 — 580 — 460 — 740 —710 —700 —700 
where s? is the entropy per molecule of PbX, 
ina perfect crystal of PbX,. Table III shows Ps References 
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The ionic conductivity, o;, of -AgeTe and B-Ag.Se is estimated from 
the time constant of the ionic polarization with the help of the galvanic 
cell Ag|AglI|specimen|Pt, showing that o; depends on the composition 
(deviation from the stoichiometric ratio) in contrast with the composition- 
independent o; in their a phase. The chemical potential of Ag ion, ¢;, 
known from the e.m.f., #, of the cell is also dependent on the composi- 
tion in the 6 phase, and accordingly # does not represent the relative 
position of the Fermi level as in the a phase. This composition de- 
pendence of ¢; and o; is accounted for by a simple theory. In addition, 
the electronic properties measured as functions of # are also compared 
with the theory with a correction to H by ¢;. 


$1. Introduction 


As known from the measurements of the 
transport numbers by Tubandt, Wagner et 
al., Ag ions are mobile in Ag.S, AgeSe and 
AgeTe. The ionic conductivity, o: is fairly 
large in their a@ phases, while it is so small 
in their 8 phases that the measurement of 
the transport number becomes difficult except 
B-Ag»S in which the electronic conductivity, 
de, is also small as shown in Fig. 1. We 
have already reported about “ polarization 
method” for measuring o:, which is available 
even in such a case of small transport num- 
ber?»®. The results for 8-Ag»Te and B-Ag.Se 
obtained by this method will be reported in 
the present paper. Fig. 1 shows a somewhat 
schematic diagram of o and o; thus obtained 
vs temperature). 

Now, as used already in Tubandt-Wagner 
method, the galvanic cell Ag|AglI| Ags VIb 
specimen Pt is very convenient, since Ag can 


be freely supplied to or removed from the 
specimen and e.m.f., E, of the cell gives us 
the information of the chemical potential of 
Ag, Ci, in the specimen»). That is, 


eL=Ca—Ca=Co +6 —(Cot+&i) , (1) 


where Ca, €: and €. are the chemical poten- 
tials of an Ag atom, Ag ion and electron in 
the specimen respectively, and the superscript 
0 represents those in Ag-saturated state. In 
the a phase, €:=€.°, namely €; is composition- 
independent, since there are more than two 
available sites for each Ag ion (average cry- 
stal)®, giving eK=€.°—€., that is, E repre- 
senting the relative position of the Fermi 
level. In the @ phase, on the contrary, 
€iA<Ci°, namely composition-dependent, as seen 
later, which means that the character of 
average crystal becomes lost. Correspond- 
ingly, the ionic conductivity, oi, is composition- 
independent in the a phase, while it will be, 
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in general, composition-dependent in the 8 
phase as AgCl, AgBr etc. In fact, o; depends 
on the composition in 8-Ag.Se as seen later. 
Thus, the 8 phases of Ag»Te and Ag.Se are 
of interest in the sense that they are located 
in a transient region from the average type 
to non-average. 
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Fig. 1. o- and o; vs 1/T (Somewhat schematic). 

The o,’s are in the range shown by hatching, 

depending on the composition. exp(—U/kT) is 
also drawn for reference. 


§2. Experimental and Comparison with 
Theory 


(a) The chemical potential of Ag ton 

Fig. 2 shows FE and o. vs temperature for 
various x values where x represents the de- 
viation from the stoichiometric ratio as 
Agoa+zyTe (or Se) and is equal to the concen- 
tration of excess Ag, D, divided by the con- 
centration of Ag ion, N, (eN=4.77x 10°C cm“ 
for AgeTe and 5.25x10* for AgeSe). First, 
let us consider AgeTe. The & vs temperature 
curves (Fig. 2(a)) show that they become to 
separate from each other with decreasing tem- 
perature. Such a separation is not observed 
in the @ phase and can not be attributed to 
the chemical potential of electron, €. since 
the electrical properties such as thermoelectric 
power, Nernst coefficient etc. do not indicate 
the increase of degeneracy large enough to 
account for such a separation. It should be, 
therefore, attributed to the chemical potential 
of Ag ion, €:, that is, €; should be composi- 
tion-dependent. 
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In order to obtain the theoretical expression 
for €:, let us assume there are two available 
sites, a and 8, of different occupation energies, 
Ea and Ey (Ha>E,) for each Ag ion. In the 
limit of perfect average crystal (E.=E;) the 
two sites are equivalent, and in the other 
limit of Eas E, the a-site corresponds to 
interstitial and the b-site to normal site. 


lia) Agete. 9, fib) AgeSe 
SS 4 
t ©) Jd 


2 
20 50 {00 i50°C 20 650 100 1S0°C 
Tomperature 
Fig. 2. (a) H vs temperature for Ag»Te with 


various « values where the a values are known 
relative to a certain composition from the 
amount of Ag removed or supplied across Agl, 
and «=0 is determined by the analysis in the 
a phase. (b) The similar plots for Ag,Se where 
a==0 is determined by the analysis of o; as seen 
later. (Cc) oe vs temperature corresponding to 
(a) and (b). 


Then €; is given, as seen in the next para- 
graph, by 


= et se log j+kT log (Y1i+2+2) . 
fe UA. aes 
2V j AN 2VjA : 
nes bao 
A =exp( ORT te 


(2) 
where m is the concentration of Ag ion, WN is 
that in the stoichiometric composition which 
is equal to the concentration of the b-site, 
No, and 7 is the ratio of the number of a-site 
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to b-site, Na/No. 
to 


Eq. (2) is reduced, if |z|>1, 


Cebe ter ice ae 


a 


(nm>N), |} 


N—-n 


Com —Ci= — Eo tkT log n<N), 


(3) 
which are the familiar expressions for single 
defect; interstitial only and vacancy only re- 
spectively. Fig. 3(a) shows log (\/1+2?+2) 
(the last term of Eq. (2) divided by kT) vs 
log A, taking x/)/ 7 as parameter. The ab- 
scissa can be regarded as 1/T in a certain 
scale because of — log A=(Ea— Ey)/(2kT). 
This function tends to log (x/7/ 7 )—log A for 
zZ>>1 as shown by broken lines, corresponding 
to Eq. (3). Further, since log (i/1+2+2) is 


log(vi+ z? + Z) 
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an odd function of z or x, the curves for 
negative x become same, exclusive of sign. 
For negative x, however, the curves in the 
figure may be regarded as |—logY7 
+log (V1+2+2)| vs log A taking x itself as 
parameter if |z| is large, since the latter func- 
tion tends to log (*/A). Fig. 3(a) is rewritten 
as 3(b); —(1/2)logj + log@/1+2+2) vs %, 
taking A and j as parameters, which repre- 
sents how €; changes with x at a fixed tem- 
perature. 

Now, returning to the experimental, the 
change of E with varying temperature in 
Fig. 2(a) is constituted of three factors; the 
change of €2°, of €:, and.of ¢:.) The” firse 
corresponds to the change of the saturation 
limit for Ag, and the second is due to the 
change of carrier densities and the energy 
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|gap which may be taken as constant (com- 
position-independent) in the present rough 
discussion, and the last will be due to the 
temperature dependent term in Eq. (2). One 
will see in Fig. 2(a) that the inclinations of 
_f-curves decrease with increasing temperature 
| and become almost zero at the neighborhood 
of the transition point, which may mean that 
the composition-dependent term of €; tends 
|to zero at such a temperature. Further the 
| & curve for x=0 is almost horizontal and so 
| we may take the curves in Fig. 2 (a) as re- 
| presenting the last term of Eq. (2), exclusive 
of the respective additive constants coming 
from the difference of €. which will be nearly 
equal to the difference of E at a higher tem- 
perature e.g. 140°C. Thus, comparing Fig. 


ue j 
a (a) 
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2(a) with 3(a), one will see that it may be 
possible to account for the experimental by 
Eq. (2). The value of E.—E, is accordingly 
obtainable, e.g. from the inclination of EF 
curves for large z. Some of the experimental 
values are shown in Fig. 3(a) and (b); assum- 
ing two values of E.—E, for (a) and assum- 
ing the curve passes the origin for (b). From 
these plots, one will see that the experimental 
and theory show at least a qualitative agree- 
ment. The value of E.—E, thus estimated 
is shown on the ordinate axis at right. For 
convenience, Ez—E, vs log A lines are also 
drawn as the chain lines, making use of 
which it is easy to know the A value from 
the E,—E, value. 


Next, let us consider Ag»Se (Fig. 2(b)). In 


Fig. 4. z(sec), 1/s(C v-1cm-%), and o; (271 cm-1) vs #. 
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this case, the negative x is not realized owing 
to the evaporation (or precipitation) of Se, 
and so the separation as appears in Ag»Te 
is not remarkable. However, the rapid in- 
crease of & with increasing temperature sug- 
gests also that it is due to €;. The value of 
A will be estimated in the next section. 


(b) Ionic conductivity 

As mentioned in Introduction, the ionic 
conductivity, o:, is obtainable from the polari- 
zation as follows: When a constant direct 
current is sent to the specimen through pla- 
tinum electrodes, the polarization of Ag ions 
occurs along the specimen. The time con- 
stant, ct, for the polarization to build up or 
decay out is given by 


(By tt as 


OE 

O(eD)|’ 

(4) 
where L is the length of the specimen (see 
also the next paragraph (b)), The value of 
|(OE/0(eD)|=s is known if one measures the 
change of E at the change of eD which is 
equal to the amount of electricity sent across 
AglI divided by the volume of the specimen. 
The time constant, r, is also obtainable from 
the time rate of change of EF at the polariza- 
tion building up and decaying out (see the 
schematic diagram in Fig. 4). Thus o is 
estimated with use of Eq. (4). When o is as 
small as the present case, L should be chosen 
properly small so that rt is not too large. 
Besides, AgIl-5%AgCl is used in place of pure 
Agl, since o; in the y phase of pure Agl is 
very small. 

Fig. 4 shows t, 1/s and o; obtained from 
them vs FE for different temperatures. As 
seen in the figure, o; of §8-Ag:Te is almost 
composition independent at least at higher 
temperatures, while o; of B-AgsSe depends 
remarkably on the composition. Then, let 
us consider such a composition dependence 
with the help of the simple model assumed 
in the preceding section. From a simple 
calculation (see §3 (c)), oi is expected as 

a=eNy j A{(a+b)VTFz+(a—d)z}, (5) 
where a and b are the mobilities of Ag ion 
in the a-site and b-site respectively. If z is 
large, Eq. (5) is reduced to oi=2eNY 7 Az 
=eaD. In order to compare Eq. (5) with the 
experimental, o: of Ag:Se is plotted against 
eD (relative) as Fig. 5, which shows that o; 
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is, in fact, proportional to eD for large z 
only if the origin of eD is properly chosen 


as shown in the figure. From the inclination 


of the straight lines representing o:=eaD, 


the value of a@ is determined for each tem- 


perature as 0.9x10-* cm? sec“! volt} at 98°C, | 
1.1x10-3' at. 110°C, 1.4x10-% at, 122°C. andy 


1.6x10-3 at 130°C. Further, the deviation 
from this line is 


ox—aeD=eNy 7 Atatb\(YI+z—2), (6) 
which is eNy 7 A(a@+b) = ow at z=0 (D=0). 
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Fig. 5. of vs eD. 


The value of cio is estimated by extrapola- 
tion to D=0, and hence we have jA(1+0/a) 
as 3:2« 10° 10°C), 4.0 107* (22°C)i and 5.1 
x107-* (130°C). Thus we see that A is order 
of 10-° at these temperatures. On the other 
hand, the value of A is required to be 1~2 
x10-° at 124°C from the analysis of the 
electronic properties (see §3 (d)). The value 
of Ea—E>» thus estimated is also shown in 
Fig. 3(a). 

Next, let us consider o; of AgsTe. At tem- 
peratures higher than 140°C, where €; is 
almost composition independent as mentioned 
in (a), o is expected to be also composition 
independent just as in the a phase. This is 
in fact the case as mentioned already (Fig. 4). 
Regarding the composition dependence at 
lower temperatures (Fig. 5), we can not say 
anything sure since the measurement of rt is 
not too reliable. 

In conclusion, one will see, from the de- 
scription so far, that what determines the 
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“composition dependence of €; and o; is A (or 

| the reduced energy difference between two 
sites, (Ex—E»)/(kT)) and x (or the amount of 
excess or deficit mobile ions). The a-phase 
| of Ag»Te, AgsSe and AgsS and the 8 phase 
| of AgeS are average type, and #-Ag.Se is al- 
' most non-average, and §-Ag2Te is just inter- 
- mediate. 


§3. Theoretical and Electronic Properties 


(a) The chemical potential of an Ag ion 

If there are two available sites, @ and bd, of 
different occupation energies, E, and £, 
(Ea>E)) for an Ag ion, then Ag ions will be 
distributed in these two kinds of sites with 
different concentration, m2 and m,. From the 
condition of thermal “at hoe we have 


C= =f, k if , " 
Ci + Tilonegs (7) 


Na(Nr— Ny) Ea—E» 2 ‘ 
5 ae ea _ =A’, 8 
no(Na— Na) exp ( RT ) et 
where Na and N, are the concentration of 
the a-sites and b-sites respectively. From 
Eqs. (7), (8) and m=mnatm, Ci is, putting 
No=N, Na=JjN, expressed as 
Eat Ev VitZ+2—-yjA 
‘= Ped 10g ce ; 
Rirdecy a ae aT AE PEED) 
nent 1—A? (nti ) 
AVIA AN od A?) 
(9) 
Also, %a and m are given by 
oc ffe-v74. 0) 
m= -vVFAVite-2} A) 
respectively. If A<1, ie. (Eu.—Ey)>kT, 
then Eq. (9) is reduced to 
(a BB tog jtbT log (VIFe+2 5 


aiew tee 


(b) Polarization 

When a constant direct current is sent to 
the specimen through the platinum electrodes 
at the ends of the specimen, the current 
densities carried by electrons and ions, 7, and 
ii, are given by 


(12) 


(13) 
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44=— Oo ’ 14 
i ae Er (14) 
where @ is the electrostatic potential. Under 


the boundary condition that there is neither 
supply nor removal of Ag at the electrodes, 
these differential equations can be solved”, 
resulting in the expression for the time con- 
stant, t, as given by Eq. (4). 


(c) JLonic conductivity 
The ionic conductivity, oi, may be ex- 
pressed as 
(15) 
where 4, and sw» are the mobilities of Ag 
ions in the a-site and b-site respectively. In 
particular, if E.=E, (perfect average), then 
Jii=Ly=y and hence o;,=enp~eNy, that is, 
composition-independent o;. On the contrary, 
if E.—E,>kT, and |x| is so large that Eq. 
(3) is valid, then Eq. (15) is reduced to o 
=€Ma pts for positive x and o;=enyy=e(N—Np) My 
for negative x. As seen by the latter equa- 
tion, 41, 4», and so 4 will be dependent of 
Na and my, as given by p#1=a(Na—na)/Na, 
Ly=b(N—n,)/N, and so /»=bn,/N. Then o 
may be given by 
Nin, 


=¢€dna—— 
Na 


which is rewritten, making use of Eqs. (10) 

and (11), as 

ots eNY eet 
(1— A??? 


Oi =CNatta +eNofio , 


+ebmy J 


(16) 


at an )O-V FAY i) 
(17) 


where y=Y1i1+2+2. If A<1, it is reduced 
to 
a=eNy 7 Al a+) 
=eNY j A{(atb)V1+2+4+(a—b)z} , (18) 
which is again reduced to eNy j A2az 


=ea(n—N) for n<.N, and eb(N—n) for N>n, 
if |z|S>1. Here, it becomes meaningless to 
give a and b seperately according as A in- 
creases and approaches to unity where the a- 
and b-sites are equivalent. 


(d) Electronic properties 

Fig. 6(a) shows o. and Ro. vs eF/kT for 
AgeSe, where R is the Hall coefficient. As 
emphasized so far, E contains €; beside €:, 
and so the above plot is rewritten as the 
plot against eEF/kT+log (V1+z2+2)= const.. 
—7 as (b), where A=10-° and j=1 are as- 
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sumed and 7 is the reduced Fermi energy. 
(c) is the similar plot for 06 =e@/k (reduced 
thermoelectric power). The theoretical curves 
are drawn so as to fit with the experimental 
points as shown in (b) and (c), where the 
relaxation time is assumed constant, i.e. the 
mean free path /=/(€/kT)'/2 since Ro is al- 
most constant. We obtain, under such assump- 
tions, the electron mobility “=elo/V/2mikT 
as 1500cm? s-! v-} and effective electron 
mass, 71, aS 0.1lm at 124°C. Next, Fig. 7(a) 


Oe SE + log( MFZ2 +z ) 


Fig. 6. An example of analysis of electronic 
properties for B-Ag.Se. 


5 
<— <6 + fog(firz?+z) 


Fig. 7. An example of analysis for B-Ag,Te. 
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and (b) are the similar plots against eE/kT | M 
corrected by log (/1-+z2+2z) for Ag,Te, where [> 
A=2.7X10-* (Ea—E,=0.53 eV) and j=1 are) 
assumed; (a) is o- and Roe vs 71+const. and | 
(b) is 0, q, Vb, and w vs %-+const., where | 
q = eQ(kRo.) is the reduced Nernst coeffici- | 
ent, b = (—4o)o-(HRoe)- is the reduced mag- 
netoresistance, and w= 400-(HRo-)? is the | 
reduced magnetothermoelectric power. The | 
theoretical expressions are as follows; g=7—9 , 
—r/a, b=o/(ta?)—1, and w=(y—9)b+7/a—¢ 
/(ta®), where 7=71, t=01/(01+02) (01; electron | 
conductivity, o2: hole conductivity and a, 7, 
y and ~ are the Fermi-Dirac integrals as de- 
fined in the reference 7). The theoretical 
curves are drawn as shown in the figure 
where the constant mean free path /=J) and 
the effective mass of hole m2=m are assumed. 
They agree with the experimental points 
fairly well except w, indicating the validity 
of our various assumptions. Thus we obtain 
the electron mobility u=eln//2m,kT as 5430 
cm? s-! y~!, hole mobility 42 as 807, mi as 
0.06m, and the energy gap Ee as 1.5kT at 
100°C. For both AgeSe and Ag,Te, the 
agreement between experiment and theory 
as shown in Figs. 6 and 7 will be never ob- 
tained without the correction to E. 


The author wishes to express his sincere 
thanks to Mr. Suzuki, Mr. Yokota and Mr. 
Haga for their kind advices and discussions. 
This work was supported by the research 
grant of the Ministry of Education. 
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Structures of Ferroelectric Domains in Triglycine Sulfate 
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Domain structures in ferroelectric glycine sulfate are studied by etching 
in various alcohols. Methyl alcchol etches the head of polarization more 
readily than the tail end, and gives, in a relatively short time, clear 
domain patterns. Moreover, this etchant etches the (001) surface very 
slowly and after a long time delineates the arranging manner of domains 
along the polarization axis. Domain boundaries have cylindrical surfaces 
parallel to b axis, but the sections perpendicular to the axis are quite 
indefinite in dimensition and direction. Domain terminated with a rounded 
tip in the antiparallell domain was observed. Crystal imperfection seems 
to have a considsrable effect on the domain structure of this crystal. 
Some preliminary studies of domain wall motion under the application 


of electric field are also reported. 


§1. Introduction 


since the discovery of ferroelectric glycine 
sulfate? many workers have had interests 
on this material. Crystal structure and 
optical properties”, phase transition®, dielec- 
tric and thermal properties’, coercive field 
and spontaneous polarization», switching 
properties !, secondary electron emission", 
piezo-electric constants!”’, conditions of crystal 
growth!) have been studied. One of the 
authors has investigated the etch pits on the 
crystal by various liquids and discovered the 
difference of the etch pits between the tail 
and head of the polarization’. 

In order to visualize the domains, there are 
three principal techniques. The first one, the 


- etching technique, is usually applied to barium 


titanate'®-2, Phosphoric, nitric, chroric and 
fluoric acids etch the head of polarization of 
this material more easily than the tail end. 
The second one uses the polarized light and 
can reveal the domain structures by the 
displacement of optic planes. This is widely 
used for barium titanate?»-? and other pero- 
vskite families?-2%, for rochelle salt?®~*), 
and potassium dihydrogen phosphate*?, The 
third one takes advantage of the pyroelectric 
property of rochelle salt*.*%, Fine powder 
of sulphur, lycopodium and carmine, blown 
over a charged crystal, adheres to the surface 
and covers it with patches of red and yellow, 
indicating the polarity. The authors, in 
progress of the study, were informed that 
recently G. L. Pearson improved this technique 


and developed a colloical process applicable to 
all the ferroelectrics”. 

Studies on the domain structure in triglycine 
sulfate (hereafter abbreviated as TGS) have 
not yet been reported. The reason exists, 
for one thing, in the fact that there are only 
180° domain walls and that polarization 
reversal does not bring about any rotation of 
optic planes. Though Wood and Holden” 
noted the unsymmetrical etch pits to deter- 
mine the crystal symmetry, precise description 
was omitted. The authors have investigated 
the domain structures of this material, using 
the etching technique and _ electron-micro- 
scope*). 

The crystal symmetry of TGS, 
(NH:CH:COOH)3;H2SO:, below its Curie point 
at 47°C, belongs to monoclinic space group, 
C} or P2:. Wood and Holden” have presented 
two possible choices of axes. In this paper 
the authors adopt the one with 8 more close 
to 90°. Lattice parameters are 


Go=9NTA, Do—2.69A, co=5.73A, B=105"40'. 
An optic plane is inclined to (100) at an angle 


of 93° and approximately parallel to (102), 
Fig. 1 shows these relations. 


§2. Experiments 


Etch patterns on (010) surfaces 
Etchants examined are water, acetic acid, 


* The authors are grateful to Dr. T. Nakamura 
for his kindness to show them a private communica- 
tion from G. L. Pearson. 
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acetone, ethyl ether, methyl alcohol, ethyl 
alcohol, n-buthyl alcohl, ethylene glycol, gly- 
cerine, ethylene glycol mono-methyl ether, 
and methyl alcohol containing various salts. 
All of these chemicals are of chemically pure 
grade. 

At first, etching results of naturally cleaved 
b face will be summarized. Water and acetic 
acid solve the surface very rapidly over the 
whole area, and no definite etch pattern can 
be found, while acetone, ethyl ether and 
glycerine do not etch the surface even after 
more than 24 hours at 30°C. 


105°40 


optic plane 
(102) 


(a) 


pS ) 


be=12,69A 


a 
(ny 


(a) (010) face, 
(b) (001) face. 


Fig. 1. Unit cell dimension and several relevant 


planes. 


Fig. 2. Etch pattern on (010) surface produced 
by methyl alcohol at 10°C for two days. Dark 
(uneven) area corresponds to the head of polari- 


zation, while light (flat) area corresponds to the 
tail. 
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Alcohols mentioned above, except glycerine, , i 
etch the surface in somewhat different man--) 
ners. Monovalent alcohols examined all give | 
similar etch pits, though the etching rate:) 
decreases with the increase of molecular’) 
weight. Etch pits due to methyl alcohol at) 
10°C for two days are shown in Fig. 2.) 
Uneven part is found to correspond to the} 
positive pole end of ferroelectric polarization, 
and the flat part to correspond to the negative 
pole. Etching rate increases with etching § 
temperature. The pits at lower temperature 
are of the pyramidal shape, while those at 
higher temperature are long and of wave 
form. The results obtained at 27°C for twe 
hours are shown in Fig. 3. 


(b) 


Fig. 3. Etch patterns on (010) surfaces produced 
by methyl alcohol at 27°C for two hours. (a) | 
SFA, (lo) S370), 


Fig. 4 shows the fine structure, revealed 
by electron microscope, of an etched surface. 


(010) faces overwhelm the negative pole end, 
while at positive end, considerable appearance 


of surfaces inclined to b axis, such as {111} 


and {110}, is characteristic, 
Ethylene glycol etches the surface in a 
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Fig. 6. Etch pits on (010) surface produced by 
methyl cellosolve at 10°C for two weeks. 


(b) 


Fig. 4. Electronmicroscopic pictures of etch pits 
on (010) surface produced by methyl! alcohol at 
27°C for two hours. Negative replica shadowed 
by germanium at an inclination of 30°. (a) tail 
of polarization (x1000), (b) head ( x 800). 


(b) 


Fig. 7. Electronmicroscopic pictures of etch pits 
on (010) surface produced by methyl cellosolve 
at 10°C for two weeks. (x1000) (a) tail of 
polarization, (b) head. 


Fig. 5. Etch pits on (010) surface produced by 
methyl cellosolve at 27°C for 30 hours. 
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stream-line pattern, which is nearly rectilin- 
ear. Ethylene glycol mono-methyl ether, the 
socalled methyl cellosolve, is one of the most 
interesting ethcants. At higher temperature, 
the etch pits are not very different from the 
ones by ethylene glycol. Fig. 5 shows the 
picture of the etched surface at 27°C for 30 
hours. Though presence of domains of both 
polarities is evidenced by the boundaries seen 
in the figure, the difference of the appearance 
between the head and the tail of polarization 
is not readily recognized. Etching rate be- 
comes, however, very slow at lower tempera- 
ture. Etching at 10°C for more than two 
weeks produces a remarkably regular etch 
pattern. Fig. 6 and 7 are pictures of typical 
parts of etched surfaces. Most of the edges, 


as seen in the pictures, correspond to < 101) 


(b) 
Fig. 8. Domain boundary reverled by methy] cel- 


losolve on (010) surface. 
area in (a) enlarge; x 300. 


(a) x 180; (b) framed 
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and <100>. The part, which displays the 
long strip-shaped patterns in Fig. 6, corre- 
sponds to the tail of polarization, while the 
short figures represent the head. Fig. 6 and 
8 contain some domain boundaries. Patterns 
on both sides of the boundary differs each 
other, but the directions of edge lines are 
common to both regions. 

Methyl alcohol containing some inorganic 
salts acts in a somewhat different manner, 
compared with pure alcohol. Methyl alcohol 
solves, to some degree, nitrates, hydroxides 
and halogenates, but it does not solve the 
sulfates to the same degree except in a few 
cases. When a crystal is immersed in methyl 
alcohol containing the salts other than sul- 
fates, its whole surface is soon covered by 
numerous, small needlelike crystallites. No 
structural difference was found that might 
correspond to the difference of the polarization. 
In the methyl alcohol saturated with potas- 
sium hydroxide, a sharp striped pattern 
appears in addition to these crystallites. The 
stripes are completely linear and parallel to 
each other and shown in Fig. 9. 


( x 1000) 


Fig. 9. Electronmicrospic eicture of the figure 
produced by methyl alcohol saturated with KOH 
on (010) surface. 


Sulfates have completely different effect on 
etching. Methyl alcohol saturated with cupric 
sulfate did not gave any appreciable etch pits 
in 24 hours, while the saturated solution of 
ammonium sulfate gave a characteristic etch 
pattern, as shown in Fig. 10, with a marked 
difference for polarization. Etching advances 
more easily at the head of polarization and 


{011} and {111} faces are observed distinctly 
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in the picture. 

The difference of the salts in the effect on 
etching may be accounted for by the fact 
that the salts other than sulfates can react 
with the sulfuric ion in TGS, and the resultant 
sulfate, which is less soluble in methyl alcohol, 
crystallizes on the surface. The significance 
of the characteristic etch pits given by methyl 
alcohol containing potassium hydroxide is not 
yet understood. (When the etched crystal 
was immersed in water, the surface dissolved, 
liberating some gas bubbles). 


Etch patterns on the other surfaces 

The effect of methyl alcohol and methyl 
cellosolve on the various surfaces of single 
crystal were investigated. Etching occurs 
more or less readily on all the surfaces. The 


(b) 
Fig. 10. Etch pits on (010) surface produced by 
methyl alcohol saturated with ammonium sulfate 


at 27°C for 30 hours. (a) x50; (b) head of 
polarization; { 111} and {011} planes appear dis- 
tinctly; x 350. 
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etching proceeds very slowly on (001) surface, 
but it reveals the existence of domains. 
Herring-bones-shaped patterns obtained by 
etching in methyl alcohol for one month at 
room temperature are shown in Fig. 11. 
Characteristic [110] edges turn over to their 
mirror images across the domain boundaries. 


(b) 
Etch patterns on (001) surface produced 
x 100. 


(b) shows a round-headed domain embeded in 


Bigs 1. 
by methyl alcohol at 10°C for one month. 


antiparallel domain. b-axis passes horizontally 


in the paper. 


These boundaries are nearly parallel to b axis 
or direction of polarization, as is usual in 180° 
domain walls, but some domains have been 
found to terminate within the crystal with 
rounded end. An example is shown in Fig. 
11 (b). Fig. 12 shows typical picture of sev- 
eral other surfaces etched in methyl] alcohol 
for one month. 


Shape of domains 

The domain boundaries are cylindrical sur- 
faces which are parallel to b axis, while their 
intersections with (010) face are rather in- 
definite. Spindle-shaped and rectilinear sec- 
tions are most frequently observed, but their 
directions are not definite concerned with the 
crystal axes. There exist rarely domain side 
boundaries inclined to b axis. The angle of 
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Fig. 14. Etch pattern on a crystal with an ap- 
proximately vanishing average polarization, 
brought about by a relatively high field applied 
to a circular electrode. Domains completely 
penetrate to backside; x 25. 


(b) 


Fig. 15. Etch pattern on a crystal with an ap- 
proximately vanishing average polarization, 
brought about by a lower field applied to a 
rectangular electrode. Domain penetration is 
not all complete; x25. 


, u me R : ae m 
(c) 
Fig. 12. Etch patterns produced by methyl alco- 
hol at 10°C for one month. (a) (111) surface; 


x 270: (b) (121) surface; x270: (c) (801) sur- 
face; x 190. 


Fig. 16. Etch pattern on a crystal showing a 
remarkable anomaly under the application of 
electric field. The oppositely polarized domain 
has grown, after removal of the field in a certain 

Fig. 13. Etch pattern after poling. Scale is 1cm. limited region, as seen in right side: x25, 
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inclination is not yet determined. Dimensions 
of domains also vary remarkably, ranging 
from few tenth of a millimeter to several 
millimeters. 


Application of electric field 

Cooling past the Curie point with application 
of D. C. electric field turns a crystal into a 
single domain, and the boundaries of various 
shapes, which have had existed before poling, 
completely disappear, as is found when re- 
etched in methyl alcohol. Also the domain 
patterns given by etching, after this single 
domain crystal is again heated over the 
transition without electric field, are quite 
different from the original domain patterns. 
Fig. 13 shows an etched crystal after poling 
by the field with opposite sign applied to two 
sets of diagonal quadrants respectively. 

Some preliminary studies have been made 
on the dynamics of polarization reversal using 
etch technique, together with the supersonic 
method developed by K. Husimi*® to measure 
the average polarization. Fig. 14 shows an 
etch pattern of a crystal with approximately 
vanishing average polarization, brought about 
by a pulse of 1.5kv/cm and 1004 sec. at 10°C. 
It was assured by etch patterns that the 
domain penetrated completely through the 
crystal along b axis. Fig. 15 is also an ex- 
ample of a crystal with null polarization, 
reached by a lower field, 50v/cm at 20°C. 
It was hard to say, in this case, that the 
domain penetration was complete. Though 
the electrode shape and temperature examined 
are not the same, this difference of penetration 
might be attributed to the field strength. 

There are some exceptional crystals that 
display distinct unsymmetry in polarization 
reversal. In such a crystal, a low positive 
field E: brings about readily a 100 per cent 
polarization and the polarization does not 
decay after the removal of field. But in the 
negative direction, —, brings about the 
polarization only to —50 per cent and there- 
after, the polarization grows with successively 
growing negative field and arrives at —100 
per cent by a quite higher field than Fi. 
When the negative field is lowered, 
polarization falls off rapidly to —50 per cent 
at —2, the magnitude of which is far below 
E;. Accordingly, a reversible pseudo-double 
hysteresis buckled at —£: and —E£, is ob- 
served. This example may be understood as 
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an extreme case of the phenomenon known 
as “lock-in”. When this crystal was etched 
after application of high negative field, it was 
revealed that about one quarter of electroded 
area was polarized in positive direction (Fig. 
16). Domain penetration was found to be 
complete. More detailed study on the effect 
of applied field are now in progress. 


§3. Discussion 


When one observes the plates of TGS along 
the b axis by polarized microscope, he can 
not find any displacement of extinction position 
across the domain boundaries. The fact is 
understood as follows. At the Curie point, 
crystal symmetry changes from P2;/m to P2, 
and two crystals with positive and negative 
polarization should be in the relation of mirror 
image against the mirror plane, which the 
crystal has had above Curie point. Alter- 
natively said, two crystals are in the relation 
of inversion concerned with the center of 
symmetry of paraelectric phase. a and c 
axes are common to both crystals, while b 
axes are antiparallel to each other. Polariza- 
tion reversal changes the crystal from a right 
handed one to a left handed one and does 
not displace the optic plane. 

Above the Curie point, the glycine molecules 
have nearly flat sheetlike structures and one 
of them lies on the mirror plane, together 
with the inorganic anion, while two other 
glycines are situated symmetrically with re- 


‘5 axis 


7 
J) 


a @ ee ee 


{ 
Z 


7 


b axis 


Fig. 17. A schematic picture of domain boundary; 
dotted lines; mirror plane in the high temper- 

ature phase. 

center of symmetry in the high 

temperature phase. 

domain boundary. 

sulfate ion. 

glycine molecule. 


small circle; 


chained line; 
scalene triangle; 
heavy full line; 
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spect to the plane»*. Breakdown of the 
coplanarity of glycine molecule is believed to 
act as a trigger on the transition ®®. Fig. 
17 is a schematic picture of polarization 
reversal. 

The absence of change of axial direction 
with polarization reversal explains the ir- 
regular shape of domain boundaries. Spindle- 
shaped sections may be favored since it lessens 
the wall energy. Imperfections may be play- 
ing the principal role to determine the various 
forms of boundaries. This assumption is 
supported by the anomaly observed under the 
application of electric field. Imperfections of 
some kinds seem to exist causing a strong 
crystalline field that aligns the polarization in 
one direction over a certain region of the 
crystal. Boundaries of domain terminated 
within the crystal as seen in Fig. 11 (b) and 
boundaries inclined to b axis should have 
higher energy because of the head-to-head 
coupling and they would be hard to be 
realized in a perfect crystal. The cause of 
existence may be also due to crystal imperfec- 
tion. 


(117) 


upward backward 


Fig. 18. A schematic picture of etch pits pro- 
duced by methyl] cellosolve. 


Etched patterns produced by methyl] cel- 
losolve (Fig. 6 to 8) are explained in Fig. 18 
on the basis of above-metinoned model. The 
boundary plane is taken as (301) according to 
an example in Fig. 8. b axis, which is per- 
pendicular to the paper, points backwards in 
the right side of the boundary and upwards 
in the left side. Planes which appear readily 
by etching are shown on both sides. Dif- 
ference in the etching rates for the planes 
with: opposite indices results in different 
appearance of etch patterns, while the direction 
of intersecting lines of b faces with these 
planes is the same on both sides of the 
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boundary. 


Attempts have been made to reveal the; p 
twin structures in TGS by X-ray, but no)p 


result has been reached that differed in any | 
way from the crystal of single domain. 


at the transition point was very little. 


The results are summarized as follows; 


1). Methyl alcohol and its solution satu- | 
rated with ammonium sulfate etch more easily © 
the head of polarization than the tail. 

2). Methyl cellosolve gives a regular etch > 
pattern closely related to the crystal axis. 

3). Methyl alcohol etches other surfaces 
more or less readily and the etch pattern on 
(001) surface deilneates the domain structure. 

4). Domains have cylindrical surfaces paral- 
lel to the polarization axis, while the sections 
normal to the axis are indefinite. 

5). Crystal imperfections seem to have a 
large effect on the domain structure. 


The authors are grateful to Mr. Y. Tanaka 
in preparation of the crystals of triglycine 
sulfate and to Mr. S. Hirota for electron micro- 
scopy. The authors wishes to express their 
sincere thanks to Mr. N. Niizeki for X-ray 
analysis and helpful discussions. 
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The electronic structure of the U, center is studied by using the so 
called ‘“‘point ion lattice model’’. 

The wave function which is obtained for the ground state of the U, 
center by considering the effects of various kinds of interactions, is applied 
to analyze the observed data of E.S.R.Y 

The ls wave function of the free hydrogen orthogonalized to the core 
orbitals of the surrounding ions gives us the interpretation of E.S.R. in 
the order of magnitude, however, there still remain some discrepancies 
between the calculated and the observed values. The physical origins 
of these discrepancies are considered. The large zero point vibration of 
the U, center suggests to us that the width of the absorption curve of 
E.S.R. is broadened about 20% by the vibration. Discussions on the effect 
of polarization, of crystalline field and on the optical absorption are made 
briefly by assuming the point ion and dipole approximation. 


retically in this paper. 

The experiments of E. 5S. R. and the optical 
absorption by Delbecq, Smaller and Yuster 
have given us much interesting information 
on the electronic states of hydrogen in alkali 


§1. Introduction 

In the course of the study on the electronic 
structure of hydrogen in alkali halide crystals, 
the U, center, which is supposed to be an 


interstitial hydrogen atom, is studied theo- 
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halides. From their experiments in U; center 
of KCl crystals we learn the following. The 
separation (4H); between the two peaks in 
the absorption pattern of E.S.R. is 50010 
gauss which corresponds to the doublet 
structure owing to the hyperfine interaction 
of the electron spin in the U, center with 
the nuclear spin of the proton. The width 
of each branch of the absorption pattern is 
measured as 68-+5 gauss in the peak to peak 
value of the differential curve of the absorp- 
tion. This value gives the half width (4H). 
of 81 gauss if the absorption curve is assumed 
to be Gaussian. It has been suggested that 
the width (4H)~» comes from the Fermi- 
interaction between the electron in the U, 
center and the nuclei of the surrounding 
ions. 

Apparently it is not clearly understood why 
the observed width (4H) is so broad as to 
be comparable with those of the F center, 
even though the separation (4H); shows a 
slight change from the value of the free 
hydrogen. 

Therefore the main purpose of this paper 
is to find the wave function of the U2 center 
by which we are able to explain both the 
separation (4H); and the width (4H). quanti- 
tatively. 


A model 


B model 


* denotes proton 
O@) denotes positive (negative) ion 


Fig. 1. Model of Uy, center. 


As to the model of the U, center we assume 
that it is a hydrogen atom in the interstitial 
point A shown in Fig. 1. Strictly speaking 
it is not yet definitely established by the 
experiments that the hydrogen atom really 
exists at position A as in Fig. 1, however, 
it is highly probable because of the geometr- 
ically high symmetry of the point. Another 
possibility of the position of hydrogen, for 
example, is the position B as in Fig. 1, which 
is discussed briefly in Appendix I. The second 


assumption is made by confining our 
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| 
calculation to the range of the so callec| 
‘‘point-ion-lattice approximation’. Gourary 
and Adrain® have developed their theory 0?) 
“‘noint-ion-lattice approximation’? and succe? 
eded in explaining the experimental data of} 
the optical absorption and E. S. R. which areg 
observed in the F and M centers in alkali! 
halides. | 
The results of their theoretical calculation 
seem to agree with the observed data, 
however, there remain some ambiguities in 
the treatment because it is difficult for thiss 
simple method of approximation to consider: 
the effects of the displacement and polariza-: 
tion of the ions perfectly. In the case of the} 
U, center these ambiguities are supposed to) 
be smaller than in the cases of the F and Af 
centers, for the crystal field arround the U- 
center has the high symmetry and there is 
no vacant lattice site, further more, the effect 
of the polarization is very small because of 
the localization of the trapped electron in the 
neighbourhood of the proton. Therefore we 
are able to clearly examine the applicability 
of this approximation. It is also believed 
that it will be easy to estimate the magnitudes 
of the complicated effects which are not 
included in this simple approximation. 

In Chapter 1 we have tried to analyze the 
data of E.S. R. and to find the wave func- 
tion for the ground state of U: center. It is 
shown in §4 that the wave function of the 
hydrogen orthogonalized to the orbitals of 
the core-electrons in the surrounding ions 
gives the correct order of magnitudes in 
(4H); and (4H). However, there still remain 
some discrepancies between the calculated 
and experimental values. In order to inves- 
tigate the origins of the discrepancies, it is 
investigated in §6 to what extent the wave 
function is changed by the effects of the 
crystalline field, the polarization and the 
resonance to the outer orbitals in the alkali 
atoms. The limit of the applicability of 
the “‘point-ion-lattice approximation” is also 
discussed from the qualitative point of view. 
One of the characteristic features of U2 center 
is the large amplitude of zero-point vibration 
of the proton in the interstitial point. The 
influence of this vibration on the absorption 
pattern of E.S.R. is estimated semi-empirical- 
ly in §5 of Chapter 1. 

In Chapter 2, the wave function and the 


' 
| 
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energy level for the first excited state of the 
U; center are studied by the same method 
as those in Chapter 1. We try to examine 
the three possible interpretations for the 
optical absorption of the U, center. The first, 
is that it corresponds to the transition between 
the ground and excited levels of hydrogen 
modified by the crystalline field, secondly that 
it corresponds to the exciton absorption 
disturbed by the U; center and thirdly that 
it corresponds to the electron transfer to the 
U, center from the four neighbouring halogen 
ions. In the actual crystal the latter two 
processes may not be clearly distinguished 
from each other and the observed excitation 
may be the mixture or in other words the 
resonance of the two processes. If we confine 
ourselves to the standpoint of the ‘‘point- 
ion-lattice approximation’”’ it is not perfectly 
determined which of the three processes is 
really predominant in the crystal, and the 
agreement of the calculated values of the 
optical absorption with the observed ones 
seems worse. than in the case of E.S.R. The 
reasons of the discrepancy are discussed 
qualitatively. As the: result of whole dis- 
cussions we can conclude that the hydrogen 
atom in alkali halides is a good tracer by 
which we are able to investigate the relation 
between the electronic structure of color 
centers and the many kinds of interactions 
which appear in the neighbourhood of centers. 


I. Analysis of E.S.R. 


—The electronic structure of the ground 
State —— 


§2. Expressions for the Separation and the 
Width 


The absorbed microwave frequency v 
corresponding to the transition between the 
Zeeman levels is given as follows: 


hy= 94s H+doloeet+ > (aitbiliz (1 ) 


where H means the external magnetic field 
along the z axis, 4, is the Bohr magneton, 
da is the coupling constant of the hyperfine 
interaction between electron and_ proton, 
(ait+b:i) is those between electron and 7-th 
nucleous, and Jo. and Jiz means the nuclear 
spins of proton and i-th nucleus respectively. 
These coupling constants are expressed as 
follows 
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Fermi interaction 


167 Lp Ho 
a Sa Se ee LP 2 
g Io 70) with proton 


3 


"abe _ 16m Hating p,y la Fermi interaction ) 


OF Ls with 7-th nucleus 
Beer dipole-dipole 
b:=2 7, ir—RP interaction with 


z-th nucleus 


The values of “0, Jo and “ui, J; which we use 
in the calculation are shown in Table I. 


Table [1.2 
proton po=2.79 (un) Lo=yZ 
deuteron po=0.86 Tg= 1 
K <p> =0.38 Vie '3) 2 
Cl <uci>=0.79 Iq=3/2 


ty =eh/2MC=5.05 x 10-4 erg/gauh. 


The separation (4H), is estimated as 


ao ( @ ) 
JHB 

and the half width (4H) is estimated by us- 

ing the following relation. 


GBe=2.35%—— «|= (aa+bas ier) F 


JLB 
(4) 


The g factor of Uz center has been observed 
to be same as those of the free hydrogen. 
Therefore we assume in this paper that g=2 
and avoid discussing the minor effect of spin- 
orbit coupling in the U, center. If we have 
the wave function ¥(r) for the ground state 
of U, center, we can estimate (4H); and (4H) 
by using (2) (3) and (4). The value of |¥(0)|? 
which is the electron density at the proton, 
concerns the separation (4H); and the value 
of |¥(R:)|? which is the electron density at 
i-th nucleus is related to the width (4H)w. 


Ce — 


§3. The Most Primitive Model 
—free hydrogen— 

The fact that the doublet separation (500-10 
gauss) is nearly equal to free hydrogen (506 
gauss) suggests to us the estimated width, 
(4H)w by employing the 1s wave function of 
the free hydrogen #x(r) as the first approxima- 
tion of V(r). 

1 : 
LAC OES 1-1 raney ee ae 


7 


(5) 


When the magnetic field H has the [1,0,0] 
direction, 5b; vanishes and only the Fermi 


(in a.u.) 
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term a; contributes to the width if we take 
into account the interaction of the trapped 
electron with only the eight nearest ions. 
The width (4H), is estimated as about 0.01 
gauss. When the direction of H is [1,1,1], 
02 takes its maximum value and the width 
(4H) is predicted as about 1 gauss. These 
values are far smaller than the experimental 
ones. Therefore, we have to modify ¥Y(r) of 
Ge 


§ 4. 

Gourary and Adrain have proposed a new 
method to treat the electron excess color 
center. They have evaluated the Zeeman 
energy with the trapped electron wave func- 
tion orthogonalized to the core orbitals of the 
surrounding ions. The trapped electron wave 
function is obtained by the variation principle, 
assuming that the trial wave function is 
slowly varying near these ions, so that the 
charge distribution of ions can be replaced 
by that of point charge. 

Applying this method to the U, center and 
taking the Is like wave function ¢a(yr) in 
(5) as the trial function, we can easily see 


(Ya| Very| Ox) = 0 
where V?,, means the crystalline field caused 
by the point ion lattice. Therefore we direct- 
ly orthogonalize the function ¢z(r) to the 
core orbitals and get the following ¥(r) 


¥(r)=Noa- 3, Six ix] 


Orthogonalization to the Core States 


N=[1—5: Sil? (6) 
Se= (da | ix) 
where ¢;, means k-th orbital in 7-th ion. In 


order to estimate the overlap integral Six, 
we use the Slater’s type $x, and to estimate 
¢ix(0) we use the Hartree’s function for 
dix. These orbitals are as follows 
bce- np(1)= Ny} en” cos 6 
ee- wns(1) = Nor?-1 @-Ynt 
y+ np(r)= N3r”-1 e-¥n™ cos 0 
Ox+ ns(r)= Nar”) e-#n™ — (See Table II) 
The estimated values of (4H); and (4H) by 
using these functions, are given as 
(4H );=550 gauss (obs. 50010 gauss) (7) 
(4H )»=46 gauss (obs. 81 gauss) 
The main contribution to the width is due 
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to the Fermi term of the trapped electron | 
with the four Cl nuclei. The magnitude of 


the Fermi interaction with the K+ nucleus 


is about 1/4 of that with the Cl nucleus. 
The magnitude of dipole-dipole interaction is 
estimated to be less than 1/15 of the Fermi 
term even though the direction of H is chosen > 
as the most favourable one. 


Dable) Ti.) 


nm | un(Kt) vn(Cl-) Warp; (0) W4ngol (0) 


1 18.7 16.7 161.7 136.5 
2 $(14.85) 43(12.85) 46.41 38.24 
3 4(7.75) 4(5.75) 152295 11.31 
vy, » and ¢@ In a.u. 


The results obtained in (7) seem to be 
satisfactory in the order of magnitudes, but 
it should be remarked that the orthogonaliza- 
tion procedure necessarily accompanies the 
larger value of separation (4H); than those 
of the free hydrogen whereas the observed 
(4H); is nearly equal or slightly smaller than 
those of the free hydrogen. We have also 
to notice that the calculated value of (4H). 
is smaller than the observed one, whereas 
the predicted value for the width of E.S.R. 
in the F and M centers by this method is 
always larger than the experimental one. 

This tendency of discrepancy in the f and 
M centers is interpreted as to be plausible 
by the fact that the value of Si, will decrease 
if we strictly carry out the variation of ¥Y(r) 
by including the exchange energy which is 
neglected in the simple treatment. 

Considering the above mentioned circums- 
tances we shall try in §6 to discuss some 
possible effects which may cause the change 
of ¥(r) in (6). 


$5. The Effect of the Vibration of the 
Hydrogen on E.S. R. 


Before entering into the more detailed 
discussions of ¥(r), we shall consider in this 
section the effect of the vibration of the 
proton on E.S.R. Because of the light mass 
of the proton, it may have a considerably 
large amplitude of zero point vibration in the 
crystal and may be supposed to show some” 
appreciable effects on E.S.R. 

If the condition hy+kTS ho is satisfied, 
that is, the frequency w of the fluctuation 
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of the local magnetic field due to the hyperfine 

!| Interaction is far smaller than the frequency 
\; ¥0 of the vibration, and the observed tem- 
‘|, perature T is sufficiently low to suppose that 
_ only the zero point vibration is predominant, 
_we obtain the following equation 


Ac=| Alwavwidx | [rex dx (8) 


where A(x) is the coupling constant of the 
hyperfine interaction with i-th ion when the 
proton is displaced by the distance x from 
the equilibrium point and %o(x) means the wave 
function of zeroth vibrational state of the 
proton or deuteron. If we assume that the 


Equilibrium point 
of Hydrogen 


°C! ion 


Fig. 2. Schematic representation of coordinates 
of proton. 
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adiabatic potential of the proton is given by 
(x/2)x?, the %o(x) is given as follows 


_VMe 


%o(x)=Nexp oe % (9) 


where MM means the mass of the proton or 
deuteron. 

By considering the fact that the width comes 
mainly from the Fermi interaction with four 
nearest C/- ions and it is proportional to 
|W(Ree-)|2, we further assume that A,(x) is 
proportional to the square of the overlap 
integral S between the Is orbital of hydrogen 
and the 3s orbital which belongs to one of 
the nearest C/- ion. As shown in Appendix 
II, S is well reproduced by the function Sye-*?, 
P=0.8 in a.u. so that we have A(x)= Ave?" 
and A(0)= Ave-28*, where we denote by 0 and 
R the distance between the chlorine nucleus 
and the proton and that between the chlorine 
nucleus and the equilibrium position of the 
proton respectively, as shown in Fig. 2. Us- 
ing these relations we can estimate A to be 
as. follows. 


A= A\ \eres*-3 o?dod(cos p)/ |\ers*e%ded (cos @) 
/ 


= Ae (1 ee {1 +Brf| Va (r-£) |} 


Bp? 1 
Ra 
1“ B 


B2 
Ra) 


=A(0( 


where 


Therefore the width (4H), should be multipl- 
ied by the factor eee as the effect 


of the vibration. This correction factor is 
shown in Fig. 3 as the function of §?/a. 

‘In order to apply this relation to the U, 
center we have to know the value of a and 
to verify the assumption which was introduced 
to obtain the relation (10). This is a dif- 
ficult problem and we have to content ourselves 
with a crude approximation only. We estimate 
semi-empirically the order of magnitude of 
a by using the data of thermal annihilation 
of the U.-center. It has been suggested that 
a hydrogen atom which forms U,-center 


7A acs Case al 


HP (1 Ek aay 


(10) 


Erf= =| "or? dx 


Va 


migrates through the crystal to form a 
hydrogen molecule H, by the collision process 
H-+H-—-H,. We assume that a hydrogen atom 
migrates in the potential field V(x)=(1/2)Vo 


cos (45) as shown in Fig. 5 with jumping 
a j 
frequency » which is given as follows 


vo 
y= Vje“Kr 


(11) 


and we further assume that the force constant 
x of the vibration can be related to this 
potential V(x) in the following manner, 


c= Sv(=) (12) 
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where 2a is the lattice distance and its numeri- 
cal value is 5.93 (a. u.) for KCl crystal. Strictly 
speaking the relation (12) does not hold exact- 
ly but it may be applicable in estimating the 
order of magnitude. By employing (12) we 
can get the following relations, 


V Mk Xr MV, 
oe wah FEL baa Aang 13 
pa Pais pa) 2 ae 
_h fits Vo 14 
hw=2-V Me 2a V Mm ” 


On the other hand, the thermal bleaching 
process of the U.-center is governed by the 
following kinetic equation of the d7-molecular 
reaction, 


Correction factor 


Relative Signal 


Ba 
Fig. 3. Correction factor. 
dn Dig 
SS 15 
dt N;z oo) 


where 7 is the number of U, centers, WN; is 
the number of the equilibrium points for the 
U, center and v means the jumping frequency 
given by (11)*. By denoting ~ at t=0 as mo 
and integrating the equation (15), we get 


(fe: 
n 


Delbecq, Smaller and Yuster mearured the 
decreasing of U, centers by the pulse anneal- 
ing of t=2 minuits as the function of anneal- 
ing temperature.“ The initial concentration 
mo of the U; center is suggested as m=1/5x 
2x10'8/c.c. by their experiment. In Fig. 5, 


1) = 2 tue (16) 


* Strictly speaking, frequency y may not be 
exactly the same as the jumping frequency (11). 
It may be multiplied by some numerical factor of 
the order 10-!~10. However it has not the im- 
portant meaning in the following discussions. 
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we try to fit the curve (16) with their observed: 
data. Unfortunately their experimental vali 
ues are scattered, so that we can not decid 
the value of Vo exactly, however, it seems! 


Zero point 
vibration 


Fig. 4. Adiabatic potential for proton (schematic). 


al 
x 
Vo=0,19e)/ 
eenny 
i 
oi x 
éle 
smOlkie 
80 90 100 110 120 
Annealing temperature (In°K) 
x optical absorption t_ anal 1 
TETStR: (os) 1.0 iva 1.2 
Results from Delbeca et ol Yr CK )xid 


Fig. 5. Thermal bleaching behavior of U, center. 


to be in the range of 0.15~0.25eV. If we 
assume that Vo=0.19eV we obtain »=10%% 
sec! by using (14) and a=2.6 by using (13). 
We can see that the condition ho SkTShvo 
is satisfied. On the other hand we are able 
to decide »; as 10% sec"! by using Fig. 5. Of 
course ¥ is not the same as »j, however, 
vo and v; should be in the same order of 
magnitude. As shown in the above considera- 
tions, this condition is satisfied if we assume 
Vo=0.19eV., on the other hand, it is not 
satisfied if we assume Vo=0.25eV, because 
in this case we obtain »»=10" sec-! from (14) 
and v;=10 sec-! from Fig. V. 

The experiment further shows that the 
maximum rate of decay of the U, center 
occurs near %o/mn=2 and at 108°K in the case 
of proton and at 113°K in the case of deuteron. 
This difference in the temperature is analized 
in Appendix III. 

By considering these discussions, it is sug- 


} gested that the approximate value of §2/a@ is 
jabout 0.64/2.6=0.25 in the case of proton 
|, and 0.25/V 2 =0.18 in the case of deuteron. 
Therefore the correction factor is obtained as 
1.21 in the case of the proton, the width (4H), 
of E.S.R. which is calculated in (7) by assum- 
ing the fixed center model should be multiplied 
'by the factor of 1.21. By considering that 
| the overlap integral is far smaller than 1, 

we can expand the normalization factor N in 
(6) as follows 


N2=(1=3 $3,751 +5 S++ 
tk kK 


_ so that the deviation of the doublet separation 
from these of free hydrogen should also be 
- multiplied by 1:21. As the correction factor 
is 1.15 in the case of deuteron, we may expect 
that the difference of (4H)w in both cases is 
about 1/20 of (4H) itself. Unfortunately it 
_ is not clear whether the observed width (4H), 
is different in this order of magnitude between 
both cases or not, because the experiment by 
Delbecq, Smaller and Yuster is not sufficiently 
accurate to detect this small difference. 
Finally it should be noticed that such an 
appreciable effect of the vibration on the 
absorption pattern of E.S.R. is the characte- 
ristic feature of the hydrogen because of its 
large amplitude of zero point vibration. 


§6. Some Possible Effects Modifying Y(r) 


6-A. In section 4, we considered the effect 
of the Pauli’s exclusion principle by the 
orthogonalization which causes the decreasing 
of the electron density in the neighbourhood 
of ions (not at the nuclei of ions) accom- 
panying the increasing of the electron 
density near the proton. 

To remove the discrepancy in (4H)s 
in (7) we have to investigate the pos- 
sible effects which decrease the electron 
density near the proton. In order to 
explain the fact that (4H). is nearly 
equal to the value of the free hydrogen, 
eee, should be replaced by ¢z= 

Van 
een (u=0.97 in a.u.) if we take 
7 


Wave Function (in arbitrary scale) 


the hydrogen like ls wave function for 
Pu. 

Contrary to the effect of Pauli’s princi 
ple, the polarization and the crystalline 
field of the surrounding ion will be sup- 
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posed to extend the electron distribution to 
the outer region of the proton. Therefore 
we will examine to what extent the decay 
constant “4 of the hydrogen like wave func- 
tion is decreased by these effects. 


6-B. Effect of the polarization 

We put the decay constant pas w=1+e and 
assume that e<l. The total energy includ- 
ing polarization is as follows 


H=Ho+He.pt+Hyp (17) 
where A is the electronic energy and is given 


by S{-1+e4}. Hy is the self energy of 


polarization and H-.» is the interaction energy 
between the U.center and the induced polariza- 
tion of the neighbouring ions. If we replace 
the approximate polarization by the induced 
point dipoles on the ions, we get the follow- 
ing equation 
He.»p=—nag/Ri! 
R=R. 
q=1—4n| * by(r. e)rdr (18) 
0 


dy= Ne-Gt®r 


where R; is the distance between the proton 
and nearest neighbouring ions, a is the mean 
value of polarizabilities of the nearest ions, 
nm is the number of the nearest ions, and q — 
means the effective charge which induces the 
polarization of the nearest ions. Hy» is given 
by —4H..p.? We expand H»+H..» to the Ist 
order in e and minimize the value of H. The 
obtained value of e¢ is about —4a(in a. u.) x 
10-*=7 x10-° and it is far smaller than 1. 


fase (Slater orbital) 


Oc sp (Slater orbital) 


} ia 3 4 5 


Distance (in a.u.) 


Fig. 6. Extention of wave functions. 
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Hence, the effect of « on E.S.R. is quite 
small, so long as we confine ourselves to the 
point dipole approximation. However, it 
should be remarked that the point dipole 
approximation is not adequate to the U, center, 
because the effective charge qg is not slowly 
varying near the lattice points of the neighbour 
ions. For example as calculated from Fig. 6, 
gq is 50 times larger in value R=4R, than 
R=R;, and the charge distribution of core 
electrons is still appreciable in this range of 
R. If we want to treat the polarization more 
in detail we have to discuss the many electron 
systems in which the orbitals of core electrons 
have variable freedom in precisely represent- 
ing the polarization. Detailed discussions 
along these lines are not in the range of the 
present paper in which we assume the point 
ion lattice model. This problem will be dis- 
cussed in a forthcoming paper. 
6-C. Effect of the mixing of f-type function 
owing to the crystalline field 

As shown in §4, the expectation value of 
Vi, is zero so long as we confine ourselves 
to the use of Is like wavefunction as ¢z, 
however the crystalline field V}.,, causes the 


mixing of the 4f like wave function. We 
put ¢y as follows 
Pa=abgistBYus 
Pars=NejeOre” (19) 


Yay=Nv)e-"" X.Y. 5 
and determine the variational parameters 
a, B, e and vy to minimize the electronic energy 
of the U, center in the point ion lattice. The 
results are as follows 
a=1 | 8=0(058i%e=0.012: v=12.0) 920) 
By substituting the wave function (19) into 
(6) we recalculate the width and the separa- 
tion. The results are as follows 
(4H )s=525 gauss 
(4H)»== 58 gauss 
Owing to the negative charge of Cl- ion, 
the charge distribution of the trapped electron 
is reduced in the range of Cl so that it is 
natural that we have the smaller value of 
(4H) than those obtained in (7). 
Considering the limit of the point ion model 
it is not clear whether the values obtained 
in (21) are plausible or not because the degree 
of mixing of the f type function may depend 
on the detailed interactions with the core 


(21) 
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orbitals. Therefore it is necessary to treat 
the problem as many electrons system and 
the situation is similar to the case of 6-B. 


6-D. The effect of electron transfer 
So far we have considered that the trapped © 
electron is localized in the neighbourhood of 
the proton. However the electron may transfer | 
onto K* ions or the electron which belongs — 
to the Cl- closed shell may transfer onto the | 
hydrogen atom. The former process is in-— 
terpreted in terms of the resonance between | 
4s orbitals of the nearest K atoms, and the 
latter is interpreted as a kind of configura- 
tional interactions. The problem to examine 
precisely those effects is not possible if we 
assume the point ion lattice, but by the fol- 
lowing simple considerations it is suggested 
that these effects may not be significant. 

In order to examine the resonance of the 
4s orbitals of the nearest K* ions, we take 
the L.C. A.O. procedure. In this procedure 
the most essential quantity is the non-diagonal 
matrix element of the following type 


4 

(#ars|Verl 2 a4). If we replace Very by 
=teil 
= |jr—R;| 
function, for example the Slater’s one, this 
nondiagonal element is nearly equal to 
(2|> aaa i), in which ¢; means the 
i [rh 
jf symmetrical component of + ¢x,4s expanded 
x; 


and §) ¢x;1s by the slowly varying 


around the proton. The effect of this term 
is the same as the one which has already been 
discussed in 6-C. The other essential point 
of L.C. A.O. method is that we use the A. O. 
of ¢x.s localizing near the ion potential field, 
Vx,ion, to gain the additional potential energy 
to those calculated by the point ion model. 
To estimate this effect we will compare the 
following two energies 
bx) 


E=(u Powe 
=Eeibes)+ (ba| =| bau) 
ta.) 


Y Vin 4 R 
x0) 


where Ey or Ex represents the ionization 
energy of hydrogen (1s) or potassium (4s) 
electron respectively : 


Eom (de| 4-24 Ve 
D Ta 


=Ex(Pulbxu)+($u 


al 
Yr 
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—Ex=0.1595 


| E4— Ez will give the energy gain of this kind. 
| If we use the Slater’s type function as 
bi bxss= Nr*e-°-549 we obtain E4=—0.1911 a. u. 
j and E,=—0.1912 a.u. and the difference is 
} very small. 
| of K ion can hardly resonate with 1s orbital 
| of hydrogen. 
| tion, the degree of mixing of the state in 
' which a hole exists in a core orbital of Cl- 
» ion, can be examined by calculating the energy 
| E,—x—I in the energy cycle principle. 
/ means the band gap of KCI crystals, x is the 
' electron affinity of KCl crystals, and J is the 
electron affinity of the hydrogen. If we assume 


Thus it seems that the 4s orbital 


As to the configuration interac- 


Ey 


- approximately 70.5 eV. and take the known 


values of E,=9.44eV and I=0.7leV, E,—x—1 
becomes nearly equal to 9.2eV. This energy 


» seems too large to cause the appreciable effect 


of the electron transfer to the hydrogen from 
the Cl- ion. 


Il. Brief discussions on the 
optical absorption 


§7. The Wave Length of the Optical Absorp- 
tion 


The optical absorption peak of the U, band 


jin KCI crystals appears at the wave length 


of 236 my i.e. about 5.2eV. At present it 
is not clear what kind of electronic transition 
corresponds to this optical absorption. In this 
section we classify three typical types of the 
transition and estimate the absorption wave 
length or photon energy by means of the 
simple point ion lattice model. 


7-A. Transition of the trapped electron 
We take the wave function of ls and 2p 
like state as follows 
Por= New Bez Nxe-" 
If we assume the point ion lattice model we 
can easily get the following relations, 
(P or| V ory or) = (Lex| Very| Yen) 
Ss (F or| Voy |W ex) =0 
so that the absorbed energy of the photon is 
10.2 eV which is the same as the energy gap 
between the Is and 2p states of the free 
hydrogen. 
In order to consider the effect of the 
crystalline field on the excited state, we take 
the following wave function, 
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CS Nixe7"" + Noyze-Har 


where /4, 42, Ni, and N, are the variational 
parameters. If we minimize the energy of 
the excited state, this level appears to be 
about 0.18 (a.u.) lower than those of the 
continuum state and the corresponding absorp- 
tion energy is 8.7eV. It seems too large to 
be compared with the observed value of 5.2 
eV. If we include the effect of exchange 
interaction between the trapped electron and 
those of the surrounding ions, the energy gap 
may be larger than the values obtained above. 
On the other hand the effect of polarization 
may contribute to decrease the energy gap. 

In any case we can conclude that the transi- 
tion of the trapped electron in the U, center 
may not take place near the energy of 5.2 
eV if we confine ourselves to use the point 
ion lattice model. 


7-B. Exciton near the Us center 


There are other interpretations on the 
optical absorption in the U, center, the elec- 
tron transfer model from the Cl- ions near 
the U. center. The one is to interprete the 
exciton absorption near the U2 center and the 
other is electron transfer to the U2 center 
from the Cl- ions. As has been already men- 
tioned, these two processes may not be clear- 
ly distinguished from each other in the actual 
process. 

To calculate the absorbed energy of the 
first process, we utilize the treatment by 
Bassani and Inchauspé“? who succeeded in 
explaining the absorbed energies of a and B 
excitons. Their method is the semiclassical 
one, based on the electron transfer model of 
exciton, in which the charge distribution of 
the excited electron is ignored. The Coulomb 
field and the polarization are expressed ap- 
proximately by the interaction between the 
point dipoles and the point charges and the 
complicated interaction caused by the ex- 
change effect is neglected. A similar picture 
was used in this paper. According to the 
discussions by Bassani and Inchauspé, the 
difference between the excitation energy of 
free exciton and U, center is given by the 
difference of the following three kinds of 
energies Q, W, and P. 


Q: Coulomb interaction energy between the 
charges of the point ion lattice 
W: Repulsive interaction energy between 
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the ion cores* 
P: Energy of polarization 
Because of the neutrality of H atom, difference 
4Q vanishes. The difference 4P is due to 
the polarization of the interstitial hydrogen 
and is given as follows (See Fig. 7) 


113 7439 77137732 


where az means the polarizability of the 
hydrogen atom and is 4.6 a.u. In this simple 
evaluation of 4P, we neglect the shielding 


e h 
(TT 
as \ 


Fig. 7. Exciton model of U, band. 
effect caused by the polarization of the other 
ions, and it leads us to overestimate the 
value of 4P. In order to estimate 4W, we 
assume approximtely that the repulsive energy 
W is given by“ 
Tey 
WG: 
We further assume that the hydrogen migrates 
in the potential field given by W so that we 
are able to determine the constant factor C 
by using the known value of the height of 
this potential field (=0.19eV as shown in 
§5) and the estimated value of the overlap 
integral S. 
The difference 4W is estimated as 0.04 eV. 
The total energy difference 4(hy) is 


~ Ahy= (hv) sree— (hv), =4W +4P+4Q=0.16 eV 


This value is far smaller than the value 
required, for the exciton peak appears at 7.6 
eV in KCl which requires the difference 
Athy) of 2.4eV. The discrepancy seems to 
come from the simplified picture of the point 
ion and dipole model. We may have to study 
the effect of the polarization and the exchange 


* Bassani and Inchauspé have neglected the 
energy difference in the process to bring back the 
neutral atoms into crystal. 

If we take account of the difference in this 
process, it should be expected that the difference 
in the repulsive energy has only smaller effect on 
the absorption energy. Thus, the following estima- 
tion of 4W should correspond to overestimation. 
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interaction more precisely. As stated in §6-D. | 
the required energy for another process is i 
estimated to be 9.2eV by energy cycle pr- | 
inciple. 


§ 8. Conclusions and Summary 


(1) The 1s wave function of the free 
hydrogen which is orthogonalized to the core 
orbitals of the nearest ions, gives the separa- 
tion (4H); and the width (4H), of E.S.R. as 


(4H)s=550 gauss (obs. 500 gauss) 
(4H)»=46 gauss (obs. 81 gauss) 


(2) Owing to the large amplitude of zero 
point vibration of the interstitial hydrogen, 
the width (4H), spreads about 20%. larger 
than those estimated by assuming the fixed 
model of hydrogen at the body diagonal 
interstitial point. 

(3) The effects of the polarization and 
the crystlline field are considered by using 
the simple point ion lattice and the point 
dipole model. If we confine ourselves to this 
simple model, these effects on the wave func- 
tion of U, center are very small. 

(4) Brief discussions on the optical absorp- 
tion are developed from the same standpoint. 
The estimated energy of the absorbed photon 
is considerably larger than the observed one. 
If we assume that the absorption corresponds 
to the transition between the ground and 
excited levels of hydrogen modified by the 
crystalline field, we get 


(hy)o,=8.7 eV (obs. 5.2 eV) 


If we assume that the absorption is the exciton 
absorption near the U, center, we get (hy)o = 
7.4eV (obs. 5.2eV) and if we assume that it 
corresponds to the electron transfer to the 
U, center from the surrounding Cl- ions we 
get 


(hv)o,=9.2 eV (obs. 5.2 eV) 


(5) In order to understand origin of the 
discrepancies between the calculated and 
observed values we have to take account of 
the core electrons more accurately, to esitimate 
the energy of the exchange interaction, to 
consider the effect of polarization more 
precisely and to notice further the effect of 
spin polarization of the core electrons, 
because the velocity of the electron in the U2 
center is nearly the same with those of the 
core electrons. 
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(6) Through all the discussions in this 
paper we conclude that the U,. center is one 
of the best tracers which shows the physical 
characteristics of various kinds of interac- 
tions involved in the problem of colour cen- 
ters. 
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On the model B of U, center 


Considering the geometrical symmetry only, 
the site B in Fig. 1 is possible as well as 
site A. However, the site B seems tentative- 
ly to be unacceptable because of the large 
repulsive energy. Further, the model A of 
the Uz center is more favourable than the 
model B to interprete the observed data of 
E.S.R. If we assume the model B we may 
expect that the separation (4H); shows a 
larger deviation from the one of free hydrogen 
because the overlap integral Si shows the 
larger value than in the model A. 

The line shape of each’branch is suggested 
as to be a triangle if we take the primitive 


Appendix I. 


S (HIS! Cf ZS) 
1 t=-315 


S 
a! 
ie BEIGE TT: 
S (t=-04) 
S(t =-0.3) 
0.01 


4 6 8 10 
P(= 1.46 p for present case) 


represents region between the classical 
— turning points of zero point vibration 


Fig. 8. Approximation for overlap integral. 
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treatment of § 4. 
The calculated results for the model B are 
as follows 


(4H); +610 gauss 
(4H) =155 gauss 
(4H); =560 gauss 
(4H)w=127 gauss 


obtained by the same 
approximation in § 4 

obtained by the same 
approximation in. § 6-C 


Appendix II. Approximate formula for 
the overlap integral 


We assume approximately the analytic form 
for the overlap integral S(C/ 3s|H 1s) in E,(10) 
as follows. 


S= So e-Fr B=Olsranus 


~The value of B is determined as a tangent 


near the internuclear distance in Fig. 8, 
where the value of S is obtained from the 
Mulliken’s table. S(C/3po|H1s) is also ap- 
proximately given by nearly the same func- 
tion as S(C/3s|H1s) in the required region 
whinife 


Appendix III. On the difference of 
bleaching temperature between D and H 


The experiments by Delbecq, Smaller and 
Yuster shows that the maximum rate of the 
decay caused by pulse annealing of 2 min. 
occurs at 108°K, 2/no=4 in the case of proton 
U, center and at 113°K, /mo=% in the case 
of deuteron U, center. 

Using the equation (16) and the above data 
we can obtain the height of potential barrier 
for each case where v; is replaced approxima- 
tely by ¥ which is proportional to M7. We 
find that the height of potential barrier is 
different from each other by the value of 
0.006eV. The difference seems to come from 
the difference of the zero point energies in 
each cases. 

If we estimate these energies by (14) and 
by assuming Vop=0.19 eV we obtain the follow- 
ing results. 


Shiv =0.02 @ VandncoreEh 
Sheree. for D 


Therefore the difference between above two 
values is to be 0.006 eV which is in agreement 
with the difference obtained from the barrier 
height. 
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Cleavage surface of ferroelectric G.A.S.H. crystal was etched with a 
mixture of water and ethyl alcohol, followed by rinsing in benzene. 
Identical etch pits were observed on matching cleavage faces. Density 
of the pits is 104/em? in the order of magnitude. Mechanical shock 
produces etch pits. Successive etching causes growth of pits at the 
unchanged locations. These facts lead us to conclude that the pits must 
correspond to dislocations. Patterns of etch pits on the upper and the 
lower cleaved faces of the crystal indicated that dislocation penetrates 
the crystal several hundred micron thick. Pair arrangements and linear 
arrays of etch pits were observed. Etch pits, of which the deepest 
points differ from the centers of triangles, correspond to dislocations not 


perpendicular to cleavage surface. 


$1. Introduction 


The polarization reversal of ferroelectric 
crystals is attained through the movement of 
the ferroelectric domain walls, and it is very 
plausible that the domain wall movement has 
interesting interactions with crystal imper- 
fections especially with dislocations, as pointed 
out by a few authors. It will be much in- 
teresting to inquire the behavior of polariza- 
tion reversal or domain switching in connec- 
tion with the dislocation. However, the in- 
formation on dislocations in ferroelectric 
crystals has been lacking, and even the ob- 
servation of a dislocation itself has not yet 
been reported, except the observation of 


growth spirals on crystals of WQ3.2) 


The present article describes the observa- 
tion of etch pits on {0001} cleavage surfaces 
of guanidinium aluminum sulfate hexahydrate, 
C(NH2)s Al(SO,)2:6H2O (usually abbreviated as 
G.A.S.H.) which was first reported to be ferro- 
electric by Holden et al in 1955, and has 
been investigated by several authors.#)-®) 


Holden et al reported that great many 
triangular pits were observed on {0001} sur- 
faces of G.A.S.H. by etching with water, 
without questioning whether these pits had 
anything to do with crystal imperfections. 
Our present study has revealed several im- 
portant characteristics of etch pits, leading 
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us to the conclusion that the etch pits hav- 
ing pyramidal form correspond almost certain- 
ly to dislocations, existing in G.A.S.H. 
crystals. 

Crystallographic description of G.A.S.H. was 
made by Wood,® reporting that the space 
group is P-31m, while she found by optical 
and X-ray examination that the etch pits dif- 
ferently ‘‘cocked’’ in different parts of 
crystals reported by Holden et al® do not 
result from the deviation from the parallelism 
of crystal structure in these different part. 
Crystal structure of guanadinium gallium 
sulfate hexahydrate, isomorph to G.A.S.H., 
was recently determined by S. Geller et al.© 


§2. Preparation of the Crystals 


Since the solubility curve of G.A.S.H. into 
water makes low angle with temperature 
axis, and the activation energy of the diffusion 
depends greatly upon temperature, it is not 
adequate to cultivate the crystals by cooling 
method but evaporation method is well ap- 
plicable. Equimolar mixture of (CHsNs)2H2SO, 
and Al,(SO.)s3 were poured into water and 
stirred well at about 40°C, 30% solution of 
(CHsN3) H2SOxu- Ale(SO:z)3 being obtained. This 
solution was kept in a thermostat at 30°C, 
water being evaporated quite gradually there. 
G.A.S.H. crystals of hexagonal prismatic 
form, every edge of the hexagon being a few 
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cm, hight being from a few to a fraction of 
cm were obtained. Some crystals were ob- 
tained from aqueous solution of crystallized 
G.A.S.H., by a recrystallization process. 
Crystals obtained from aqueous solution of 
(CHsN3)2H2SO. and Als(SO.)3 were not free 
from flaws, but crystals obtained by recrys- 
tallization were quite transparent. 

Specimens were made by cleavage along 
{0001} plane. Very good cleavages were ob- 
tained with a razor blade tapped sharply but 
lightly by a small hammer. 

Etching, of which method is described in 
the following paragraph, revealed that the as 
grown crystals show different densities of 
etch pits piece by piece, ranging from less 
than 104 up to 10°/cm?. 

Dielectric measurement revealed that the 
crystals show different P-E hysteresis loops 
place to place, some are biased, some are 
doubled, some are symmetrical, some are 
round-shouldered, and some are not ferro- 
electric without displaying any hysteresis loop. 


§ 3. 


G.A.S.H. crystal has a perfect cleavage 
parallel to {0001} face. Cleavage faces were 
etched by a mixture of ethyl alcohol and dis- 
tilled water in the volume ratio 7:1, the 
duration of etching ranging from a few to 
several seconds. Immediately after etching 


Etching Technique 


a 
Mnitexs I 


Mirror images on matched faces. 


b 
Gail25) 


1024 


Terutaro NAKAMURA 


Fig. 2. Mirror images on matched faces. 


in the solution, the crystal was rinsed in 
benzene, followed by drying the crystal, 
whose surface to be examined being in con- 
tact with a certain kind of blotting paper. 

This method enabled us to observe trian- 
gular etch pits on uncontaminated faces, the 
cleavage steps remaining essentially unchanged 
before and after the etching. On the other 
hand, water as etchant, that was used by 
Holden et al, shows too much high speed of 
etchting, resulting in disappearance of cleav- 
age steps and contamination of the surface, 
hence it was quite impossible to distinguish 
even the locality of etch pits. 


§4. Experimental Results 


(a) Matching faces 

A piece of G.A.S.H. crystal, that had been 
cleaved from the crystal as grown, was 
cleaved into two halves. The matching 
cleavage faces of the crystal were etched 
and observed under a microscope. Some ex- 
amples of couples of photomicrographs of 
etching surfaces are displayed in Figs. la, 1b, 
2a, 2b, 10a and 10b. Reader will recognize 
that the patterns are mirror images apart 
from small detail. 

These photographs clearly show that a 
certain crystal imperfection that causes pre- 
ferential etching goes from one piece to an- 
other through the matching face as shown 


(x 125) 


in Figs. 11 a and b. This imperfection is 
conceivably a dislocation, together with other 
experimental results reported below. 


(b) Density of etch pits 

Etch pits photographed were counted over 
23 photomicrographs and distribution curve 
as shown in Fig. 3 was obtained. Counting 
of etch pits, of which density is less than 
10*/em? was not attempted, because of the 
limit of the visual field of microscope. The 
geometrical mean was calculated to be 0.7 x 
10*/cem?. This value ~10‘/cm? is reasonable, 
if we take these pits to correspond to dislo- 


‘102. 10% 108 Zem? 


Fig. 3. Distribution of dislocation density. 


1959) 


cations, because the densities of etch pits cor- 
responding to dislocations in LiF”, KCl®, 
NaCl” etc. have similar orders of magnitude. 


(c) Production of etch pits by mechanical 
shock 

If it is provided that the etch pits obser- 

ved on the {0001} faces of G.A.S.H. correspond 

to dislocations, it will be expected that some 

etch pits should be observed after mechani- 
cal shock. 


Fig. 4. Dislocation etch pits produced by drop- 
ping a steel bar onto the cleavage face. 
(x 100) 


Fig. 5. Photomicrograph of needle contacted face, 
after a second etching. 
( x 100) 


It was easy to find a certain region of 
crystal, where etch pits were very few. This 
region was mechanically shocked by dropping 
a steel bar onto the surface, or by contact of 
point of a needle. The mechanillay shocked 
region underwent a second etching. The ex- 
amples of results are illustrated in Figs. 4 
and 5. The photomicrographs seem to indi- 
cate that dislocations were created by 
mechanical contacts. Flat bottomed pits ob- 
served in the photographs will be discussed 


in the next paragraph. 
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(d) Successive etching 

The cleavage surface was _ successively 
etched. A piece of crystal was picked up, 
which showed a few etch pits. This crystal 
was etched successively. The very small 
pits, that were observed in the first etching, 
became larger and a little deeper at the un- 
changed locations, without producing new 
pyramidal pits, as shown in Figs. 6a~d. 


Effect of successive etching. 
( x 100) 


Fig. 6. 
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When the state of Fig. 6d was reached, 
where couples of pyramidal pits became in- 
distiguishable, pyramidal pits had deepness 
of several microns, indicating that the pits 
observed represent dislocations, of which 
length is at least about ten microns. 

In the course of successive etching in Figs. 
6 it was observable that flat-bottomed pits 
appeared or disappeared. These pits may corre- 
spond to emergence points of dislocation half 
loop, which is located or has been located ex- 
tremely close to the surface. This situation 
is shown in Fig. 1lc and discussed in § 5. 
(e) Regularity of etch pattern 

Inquiring a number of photomicrographs it 
is easily recognized that the distribution of 
etch pits are not quite at random, but pits 
have tendency to be arranged in a regular 
manner. 


vorrmnen 
Pigeie 
ary. 


Dislocation array forming grain bound- 


(x 100) 


Fig. 8. Pair dislocations. 
(x 100) 


Firstly, pairs of etch pits are very frequent- 
ly observed, as shown in Figs. 1, 6 and 8. It 
will be very likely that a pair of pits corres- 
pond to a pair of emergence points of dis- 
locations. This pair of points are probably 
both ends of dislocation half loop. 

Secondly, etch pits have a tendency that 
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they make a linear array, as seen for exam- 
ple in Figs. 1 and 9. Linear arrays of 
closely located pits as shown in the lower 
part of Fig. 7 is sometimes observed. 
confirmed that an array of pits were found 


able by an optical mean. 
(f) Penetrating dislocation 


A piece of G.A.S.H. crystal, cleaved from | 
a crystal as grown, was cleaved again into | 


two halves. After the etching and the rins- 


ing, both sides of every piece was dried in — 


contact with the blotting paper simultaneous- 
ly. Figs. 9 show patterns of etch pits on 
four faces. Patterns on matched faces are in 


the relation of mirror images, as seen from | 


Figs. 9b and c. Patterns on the upper and 
the lower faces of piece (I), as shown in 
Figs. 9a and b, show that threee dislocation 
lines penetrate through the crystal. Since 
the thickness of the piece (I) was about 3704, 
the dislocations corresponding to the etch 
pits will have a length of a few hundred 
microns. 

Patterns on the upper and the lower faces 
of piece (II), as shown in Figs. 9c and d, 
show that one dislocation penetrate this piece, 
and the other two make a half loop. 

Geometrical arrangement of the dislocation 
lines in this crystal is as shown in Fig. 9e. 


§5. Discussion 


G.A.S.H. crystal has an advantage that un- 
contaminated surface is easily obtained by 
cleavage. In these circumstances a suitable 
etchant is able to attack immediately the 
stressed region around the emergence point 
of the dislocation and produce an etch pit, 
without necessitating the presence of some 
concentration of impurities around it. 

In the previous paragraph six experimental 
facts were shown, providing very strong sup- 
ports of the view that the etch pit observed 
indicates the emergence point of a dislocation. 

The density of etch pits in a good region 
of the crystal is as low as 10‘/cm?, while the 
density is large where linear array of dis- 
locations that corresponds to grain boundary 
is observed (Fig. 7). The low value of the 
density, suggests that the pits do not corre- 
spond to impurities but dislocations. 

As reported by Holden et al, some etch 
pits are ‘‘cocked’’, namely the deepest points 


It was | 


on the grain boundary, which was observ- | 
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of the pits are displaced with respect to the 
centers of triangular peripheries. 

The angle that a dislocation makes with 
the {0001} cleaved surface can be estimated 
by the asymmetry of the etch pits. Fig. 10c 
indicates the relation between cocked pits on 
the matching faces, of which photomicro- 
graphs are shown in Figs. 10a and 10b. The 
identity of the etch pits on both matched 
faces does not necessarily mean the coinci- 
dence of the deepest point of pits, but, if we 
superpose every corresponding pit so as to 
make the total overlapping area maximum 
as in Fig. 10c, the deepest points of the 
matching etch pits displace almost the same 


e 
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amount with respect to the centers of the 
peripheries and in the opppsite directions. This 
is a strong support that some dislocations 
make certain angles with {0001} face going 
from one side to another through the cleav- 
age surface as shown in Fig. 11b. 

Shape of pyramical etch pits is rather 
shallow. Etch pits, of which edges are of 
the order of 1/10mm, has a deepness of only 
a few microns, showing that the pyramidal 
faces are not crystallographic {1121} plane, 
but form stepped walls. 

In the case of ‘‘cocked’’ pits accordingly, 
small amount of displacement of the deepest 
point with respect to the center of triangle 
means rather remarkable inclination of dis- 
location line, some measured values of angle 
that the dislocations make with the {0001} 
basal plane amounted 15°~30° approximately. 

It must be noted here that there observed 
are a few etch pits of triangular form, of 
which bottom is not pointed but very flat. 
Some examples of these pits are found in 
Figs. 1b, 4 and 12. Some of flat pits do not 
compose mirror images between matching 
faces, but they showed no positive evidence 
to be identified as dislocations existing there. 


s 


d 


Fig. 9. Dislocation lines penetrating through a crystal, 
(x 100) 
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Neverthless some of the flat-bottomed pits 
are conceivable to correspond to emergence 
points of dislocations. If a dislocation line 
enters the crystal making very low angle 
with the cleavage face, and it lies extremely 


a, b: Mirror images of pits of which the deep- 

est points differ from the centers of peripheries. 
(x 100) 

c: Superposition of cocked pits on matched faces. 


Fig. 10. 


close to the surface, it is expected that the 
flat-bottomed pits are obtained as shown in 
Jere, Mae, 

An array of closely connected pits, as shown 
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by an arrow in Fig. 5, is observed in the 
photomicrograph of etch figure produced by 
etching after mechanical shock. This figure 
may be accounted as a trace of moving dis- 
location. 

Observations of etch pits on the upper and 
the lower cleavage faces indicated that the 
dislocations were existent penetrating through 


a: Dislocation perpendicular to matched faces. 

b: Dislocation not perpendicular to matched 
faces causes etch pits of which deepest points 
differ from the center of the triangles. 

c: Dislocation that causes a flat pit. 


Fig. 11. 


Fig. 12. Etch pits at contaminated cleavage step. 
(x 100) 


the crystal, a few or several hundred micron 
thick, as shown in Figs. 9. This experiment 
is expected to indicate a possible slip plane. 
Dislocation lines A, B, and C were perpendi- 
cular to the {0001} cleavage faces within the 
limits of experimental error. Slip plane seem- 
ed to be near {1120}, although precise 
measurement was not made. 

The etch pits are, however, sensitive not 
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i only to dislocations but also such crystal im- 
# perfections as contaminated points at cleavage 
# steps and others. The etch pits produced at 
f these defects are usually flat-bottomed as 
q shown in Fig. 12., and easily distinguished 
‘ from the dislocation pits, which are charac- 
* teristic pointed ones. 

Circular pits are sometimes observed, as in 
| for example Figs. 4, 6, and 12. They are 
i dislocation insensitive. These round pits may 
} be due to unskilfulness of etching technique. 
| By the etching experiment it is found that 
{ the slip bands are difficult to produce, by 
j compressing the specimen in the direction of 


| <1120>. This seems at first glance disadvan- 
' tageous to conclude for the etch pits to corre- 
spond to dislocations. 

This phenomenon, however, is plausibly 
explained in taking into account that this 
substance is ferroelectric. If the compression 


along <1120> is applied, polarization parallel 
to <0001> occur by the piezoelectric effect be- 
cause the space group is P-3lm. Therefore 
ferroelectric domain boundary may move, 
resulting in the consumption of energy appli- 
ed by the compression. Energy given by the 
compression is not used for the production of 
slip bands, but used for the displacement of 
the domain wall. This is a possible explana- 
tion that the slip bands are difficult to 
observe. 


§6. Conclusion 


Cleavage surface of G.A.S.H. was studied 
by etching technique. Identical etch pits 
were observed on matching faces. Density 
of the pits is 10‘/cm? in the order of magni- 
tude. This value supports the view that the 
etch pits do not correspond to impurities but 
emergence points of dislocations. 

Mechanical shock produces etch pits. These 
pits show that dislocations were produced and 
probably moved during the etching process. 

Etch pits of which deepest points displace 
with respect to the centers of the triangles 
correspond to dislocations inclined to the 
cleavage face. 
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Pairs of pits or linear arrays of pits are 
frequently observed. 

Array of pits corresponding to grain bound- 
ary is observed. 

Successive etching causes growth of pits at 
the unchanged locations. 

Patterns of etch pits on the upper and the 
lower cleaved faces of the crystal indicated 
that dislocation penetrates the crystal, seve- 
ral hundred micron thick. 

These experimental results lead us to the 
conclusion that the etch pits observed are 
emergence points of dislocation. 
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Sakamoto of Tokyo College of Science, for 
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suggestions. He is also grateful to Prof. H. 
Takahasi of University of Tokye, for inte- 
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Nuclear Quadrupole Resonances of Nitrogen 
in Amino and Amido Compounds” 
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Pure quadrupole spectra of N“ in para-bromoaniline, para-chloroaniline, 
para-phenylenediamine, and urea were obtained. From the spectra quad- 
rupole coupling constants and asymmetry parameters were determined. 
The apparent intensity of the high frequency line was always greater than 
that of the low frequency line when the method of Zeeman modulation 
was applied. This fact was interpreted from the second-order perturbation 
theory of Zeeman effect. By using the method of frequency modulation, 
the intensity difference between two lines became so small as it was in- 
terpreted with the population-difference between each state. The prin- 
cipal axis system of nitrogen in para-bromoaniline was determined with 


Zeeman studies. 


Discussions supported that the three bonds about nitro- 


gen in these compounds are coplanar with the plane of benzen ring. 


§1. Introduction 

Since the first. successful experiments on 
nuclear quadrupole resonances of nitogen in 
BrCN, ICN, and (CHz)sNz were carried out 
by Watkins and Pound in 1952, a few 
work has been done with this nucleus. In 
recent years O’Konski and Flautt found 
the resonances in NH;:, ND:, and N(CHs);3”, 
and Casabella and Bray in CICN®, and then 
in-CH3;CN, C.H;CN, and CH.(CN2).**. The 
latter authors gave an important discussion 
on the shape of trace of the resonance line. 
Chiba, Toyama and Morino detected one of 
nitrogen resonances in CO(NH2)2°)***, 

The theory of nuclear quadrupole resonance 
predicts that in nitrogen, which has a spin 
of unity, a non-zero field gradient asymmetry 
parameter, 7, gives rise to two resonance 
lines. Therefore, a pair of resonance lines 
would be expected in urea. If the pair of 
resonance lines were observed, the nuclear 
quadrupole coupling constant and the asym- 


* A doctorial thesis submitted to Tokyo Uni- 
versity of Education. 

**k When the present work had just been finished, 
we received the report of the experiment on CH3CN, 
C.HsCN, and CH.(CN»). by Casabella and Bray. 
They mentioned that in the compound having a 
large 7 the detection of resonance would be very 
difficult in the experimental technique. 
***- The author wishes to thank to Professor Y. 
Morino, Dr T. Chiba, and Mr. M. Toyama who 
gave her the information of high frequency line of 
urea before publication. 


metry parameter would be determined from 
their frequencies. Amino-compounds, such as 
para-bromoaniline, para-chloroaniline and para- 
phenylenediamine, seemed to have a relatively 
large asymmetry parameter. The present 
work has been attempted to detect pairs of 
resonance lines in those compounds. A brief 
account of this work was reported by Kojima, 
Tanaka and the present author®. In this 
paper, the method of detection and the 
analysis of the results are described in detail. 
Further experiments on the method of fre- 
quency ‘modulation and discussions on the 
apparent intensity of the line are also reported 
here. 


§2. Experimental Procedure 


a) Detection of the resonance lines 

The nitrogen resonances whose frequencies 
are in a region between 2Mc and 4Mc were 
detected with a recording spectrometer, The 
principle of the spectrometer was essentially 
same as the Pound-Watkins” type, but the 
circuit was somewhat modified®). An oscillator 
in the spectrometer was a cathode-coupled 6J6 
type with a cathode resistance. A decoupling 
resistance which served to decouple the tuned 
circuit from the plate of the second half of 
the 6J6 was adjusted to the largest value 
that sustained oscillation. A single-stage r.f. 
amplifier followed the oscillator. Its output 
was rectified by a 6AL5 and a negative voltage 
was fed into the second grid of the 6J6 
through a circuit of capacity and resistance 
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with a time constant of one second. This 
) feedback was useful to stabilize the amplitude 
‘of oscillation and to control the level of 
) oscillation. In this experiment, the r.f. level 
'was adjusted by the feedback control, and 
| the bias control in the cathode of the 6J6 
was shorted out. The sensitivity of the 
| spectrometer was measured by a calibrator. 
| A narrow band amplifier, a phase sensitive 
detector, and an integrating output circuit 
were used and the signal was displayed on 
a recording meter. As a Zeeman modulation 
an on-off square wave of magnetic field at 
160 cps was applied on the sample. Since 
_ the compounds which were used in the present 
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(a) p-BrCgH,NH,; frequency sweep of 6 kc/min. 
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experiments were expected to have a large 
asymmetry parameter, the strength of the 
Zeeman modulation field was increased up to 
about 50 gauss. The most of the measure- 
ments were done at liquid nitrogen tempera- 
ture, in order to avoid an effect of the 
internal rotation of the N-H bond and to 
improve the signal-to-noise ratio. Since a 
saturation effect, however, increased at a low 
temperature, the spectrometer had to be used 
at a sufficiently low power-level to avoid it. 
In the best condition of the spectrometer, the 
power-level of the oscillator was about 0.5v 
(r.m.s.), and the frequency-sweep of the 
spectrometer was 4~6kc per minute. At 
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(b) p-CICgHyNH2; frequency sweep of 6 kc/min. 
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(d) 
Figs 1: 


(c) p-(NH2)2CeHa ; frequency sweep of 4 kc/min. 
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CO(NH,)2; frequency sweep of 6 kc/min. 
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such condition a slight saturation effect still 
remained. The frequency of resonance was 
measured by the method that frequency- 
markers from a signal generator whose fre- 
quency was calibrated with J. J. Y. were 
superposed on the resonance traces. The 
compounds investigated were commercial pro- 
ducts*. As all compounds tend to decompose 
above the melting points, these were carefully 
melted in glass envelopes of about 10cc. 
The results of measurements are given in 
Table 1, and the recorded spectra in these 


Table. I. Observed resonance frequencies at 
liquid nitrogen temperature. 
Compound vi (Mc/ sec) ve (Mc/sec) 


p-BrCgHsNH2 2.860 +0.001 3.3417 +0.0003 
p-ClCgH4N He 2.837+0.001 3.3382+ 0.0003 
p-(NH2)oCeH 2.674+0.001 3.1902+0.0003 
2.690% 3.2109+0.0003 
2.6944 3.2129+0.0003 
CO(NHz)» 2.347+0.001 2.9137 +0.0003 


a@ Very week. 


compounds are shown in Fig. 1. 


b) Zeeman effect 

A single crystal of p-BrCsHi:NH2 could be 
prepared by the method of pointed-bottom 
crucible!™, then the Zeeman studies on bromine 
and nitrogen were attempted. A Helmholtz 
coil which was used to give a magnetic field 
could be rotated for full 360° in the horizontal 
plane. The crystal was mounted as the 
cylindrical axis was parallel to the r.f. field 
and to the horizontal plane. It could be 
rotated for full 360° about this axis, so that 
all orientations of the magnetic field with 
respect to the crystal would be obtained. 

For Zeeman studies on the resonance line 
of 221.8 Mc of Br®!, the field strength of about 
300 gauss was used. From the measured 
zero-splitting loci, the orientations of the 
principal axes of bromine were obtained. 
The results indicated that there are two 
principal axis systems %1, vi, 21, and %2, yz, 22, 
and that the angle between the Br-C bounds 
is 78°24’+30’ and the axes, y: and ye, which 
lie in a plane of the benzene ring, are 
parallel. 


* The sample of urea was provided by Toyo 
Koatsu Industries, Inc. 


Midori MINEMATSU 


(Vol. 14, 


The Zeeman studies on the nitrogen reso-)) 
nance were carried out with respect to the 
high frequency line, by using frequency 
modulation. The magnetic field was applied: 
on three special orientations, which correspond | 
to a, b and c axes of the crystal. In this; 
case a Helmholtz coil! used was larger than] 
that of the previous experiment for Br® ini 
order to cool the sample with liquid nitrogen. |) 
From the shifts of the lines at the three} 
orientations of the applied field, the principal 
axes of nitrogen were determined. Since the} 
experiment was more difficult than that or 
bromine, the results of measurements had! 
considerable experimental errors. 
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§3. Analysis 


a) Spectra 

The Hamiltonian for the interaction betweer 
the quadrupole moment Q and the electric 
field gradient gi: is given by the following 
formula": 


FS =KBI—-P—7I2—-f,)] , (1) 
where 
a CQ4zz 
47(2T—1) 
and 
es Qxx— Quy 
Qez 


In nitrogen, which has a spin of unity, a 
non-zero asymmetry parameter removes the 
degeneracy of the m=-+1 state, and causes 
the transition to split into two”. Thus a 
quadrupole spectrum of N*"™ consists of a 
pair of resonance lines. Their frequencies 
are given by 

y=(3—7)K 
and 

v=(3+y)K . (23 
A third transition exists at 27K, but usually 
occurs so low in frequency that it is unob- — 
servable. When a weak magnetic field is 


applied to the system, the perturbation term 
to be added to the Hamiltonian (1) is 


6" = —pH= D(cos 6-I,+ > Veto, 


“ee rel). C33) 
When 7 is small, the frequencies of observable 
transitions are given by the followings®): 
vy’ =3K—(7?2K2+ D? cos? O)1/2 4 
v2" =3K-+-(472K?+ D? cos? 6)? , oo 
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» An upper limit on the values of 7 for which 
+ the small 7 approximation is valid is about 


14%. For the case where 7 is larger than 
this value, the frequencies must be solved by 


! the second-order perturbation theory. Then, 


the frequencies are given by 
=k D* cos? @ 2D" sin?0 sin? 
2nKk (3—n)K 
D? sin? 80 cos? @ 
(S+y)K 
D? cos? 6 2D? sin? 0 cos? 6 
an Kk (3+7)K 
D? sin? @ sin?h 
(3-7) K 


yi =(3+)K+ 


(4’) 
In a single crystal, each resonance line shifts 
according to the angle, 6 and gy, which are 
the usual spherical polar coordinates of the 
applied magnetic field referred to the principal 
axis system of the field gradient tensor. In 
a polycrystalline or a powdered sample it is 
smeared out, because the orientations of the 
Zeeman field to the principal axes are at 
random on each nucleus in the samples. In 
any cases the effects of the field on the lines, 
which split due to 7, increase their separation. 
In the recorded spectra with Zeeman modula- 
tion, if 70, the high frequency line has a 
negative wing on the higher side and the 
low frequency line has it on the lower side as 
discussed by Casabella and Bray. 
p-BrCsH;NH2, p-CICsHsNH:, and CO(NH2)2 
have a pair of lines with the shapes as shown 
in Fig. 1. Among these compounds the 
crystal structures of p-BrC;H;NH. and p- 
CIC,H,NH2 are known by Zeeman studies of 
nuclear quadrupole resonance of bromine! 
and chlorine, and that of urea is well 
known by X-ray diffraction measurements’, 
and all nitrogen atoms in the compounds are 
at equivalent positions in the crystals. Both 
facts suggest that these pairs are caused by 
the non-zero asymmetry parameters. There- 
fore, the values of eQq and 7 are obtained 
with Eqs. (2). The results are listed in Table 
II. If the crystal structure of p-(NH2)2C. Hy 
was similar to that of p-BrCsH:NH2 and /p- 
ClCsHsNHz, the resonance lines of p-(NH2)2CeH. 
in which the number of N atoms per molecule 
is twice would be strongest among them. 
The spectrum, however, is composed of three 
pairs of lines, whose intensity is weaker than 


Nuclear Quadrupole Resonances of Nitrogen 


1033 


that of others. This suggests that there are 
three non-equivalent positions of N atoms in 
a unit cell. Since the variations of eQq and 
7 by the crystal effects seem to be small, 
the combinations of lines as described in 
Table I would be plausible. In Table II the 
constants, eQq and 7 for one pair are listed. 


Table Il. Quadrupole coupling parameters. 


1 (%) 


Compound eQq (Mc/sec) 
p-BrCgHisNH, 4.135 om 
p-(NHy»)2CeHs 3.910 26.4 
CO(NHs)s 3.507 B33 


On Zeeman powder pattern and on the shape 
of the negative wing, the detail discussions 
given by Casabella and Bray are applicable 
for the present cases. 


b) Strength of Zeeman modulation 

Since the Zeeman shift of the resonance 
frequency decreases when the asymmetry 
parameter increases, the Zeeman modulation 
of a large amplitude is necessary for the 
present cases. For an high frequency line in 
the powdered sample where 7 is 25 percent 
and K is about 1 Mc, the Zeeman modulation 
of amplitude of 100 gauss yields only an 
average shift of 1kc, which is nearly equal 
to the line width. Therefore, the Zeeman 
modulation of amplitude of 50 gauss which 
was used in the present experiment should 
only give almost same intensity as the fre- 
quency modulation of amplitude of a half line 
width does. In fact, a comparison of the 
resonance lines of p-BrCsHiNH» between the 
Zeeman modulation and the frequency modula- 


(b) Frequency modu- 
lation. 


Nitrogen resonances in p-BrCsH,NHp. 
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tion shown in Fig. 2 indicates that the lines 
are nearly equal intensities. The more intense 
field will give the better signal-to-noise ratio. 
This will be also suggested from the intensity 
ratio between the negative wing and _ the 
positive main part, when the effect of satura- 
tion was removed. In the recording traces 
shown in Fig. 1, however, an extreme satura- 
tion appeares. For example, in urea, when 
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the spectrometer was swept from low to high 
frequencies, the main positive part of the low 
frequency line and the negative wing of the 


high frequency line completely disappeared, and | 
when the specrometer was swept from high to | 


low frequencies, the situation was reversed. 
At room temperature where the relaxation 
time is short the negative wing appeared as 
shown in Fig. 3, even if the spectrometer was 


(a) 
Biceron 


Room temperature. 


(b) 


Liquid nitrogen temperature. 


Nitrogen resonances of high frequency lines in urea illustrating a saturation effects. 


The arrows indicates the direction of increasing frequency. 


used at the same condition. 


c) Intensities of a pair of lines 

Under the same condition of spectrometer, 
in the same sensitivity, the same power 
level and the same rate of frequency sweep 
the intensities of a pair of lines were con- 
siderably different. The line of the high 
frequency was always stronger than the line 
of the low frequency. In the _ polycrystal- 
line samples of the amino-compounds, the 
intensity ratio of the high frequency line to 
the low frequency line was from 1.5 to 1.7. 
In urea the ratio was about 2.5. The intensity 
difference can not be attributed simply to 
a saturation effect under the present experi- 
mental condition. The intensity difference 
sometimes comes from the difference of 
population of nuclei in the energy states. 
Since the ratio of the population-difference is 
approximately equal to the ratio of the reso- 
nance frequencies, a simple calculation yields 
that the intensity ratio of the two lines is 
about 1.25 for the case of urea. A large 
discrepancy between this value and the ex- 
perimentally obtained value seems to depend 
on another mechanism. It may be an effect 
of the Zeeman modulation. When 7 is small 


enough, the Zeeman shifts are symmetrical 
as expressed by the second terms of Eqs. (4’). 
However, when 7 is large as the present cases, 
the third and fourth terms of the equations 
are not neglected. These terms result to 
asymmetrical shifts. The frequency shifts 
at the modulation field of 50 gauss were 
calculated for the polycrystalline samples of 
b-BrCsH,NH» and urea, where cos?@, sin? 0, 
cos? g and sin?g in Eqs. (4’), were replaced 
by their average values, 


< COS? 0 en =C Sin? Cac =1/2 
{'COS? Y Yav=( Sin? G Dav= 12 ; 


Table III. Zeeman shifts in polycrystal. 
Compound Ay, (c/sec) Avy (c/sec) 
p-BrCgHyNH, PALS) 341 
CO(NH»)»2 159 361 


The calculated results are summerized in 
Table III. It shows that the Zeeman modula- 
tion field is less effective for the low frequency 
line than for the high frequency line. The 
pronounced difference of the intensities in 
urea is attributed to the effectiveness of the 
Zeeman field. 


| 


i 


(ig 1959). 


b 


- Ifthe method of frequency modulation is 


applied, such a large intensity difference will 
;mot appear. 


Fig. 4 shows the traces of the 


“nitrogen “resonances in urea by this way. 
{ the intensity ratio of the two lines became 
Mabout - 1:2. 
obtained from the simple calculation of popu- 
| lation-ratio mentioned above. 


This value agrees with that 
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non-equivalent directions as shown in Fig. 5. 
The cylindrical axis of the single crystal 
prepared was nearly parallel to.the a axis. 

In this sample, the low frequency line was 
not detected while the high frequency line 
was stronger than that in other polycrystal- 
line sample. This indicates that the orienta- 
tion of the r.f. field to the cylindrical axis of 
the single crystal is nearly parallel to the x 
axis in the nitrogen atom. 

The Zeeman studies on the nitrogen reso- 
nance were done at the three orientations 
described in the section 2 b, with the applied 
field of 68 gauss. The Zeeman shifts meas- 
ured are listed in the last column of Table 


~ SIV 

Low frequency line 

Fig. 4. Nitrogen resonances in urea with fre- 
quency modulation. 


I 
Table IV. Zeeman shifts in single crystal 
of p-BrCgHyNHy. 
Orientation Frequency shift (c/sec). 
ie ) 0 calculated observed 
High frequency line Ue Y 2p one 
& SPY oe 700 ~800 
e50248/ 902 524 ~500 
XBr ZN 


b 


Fig. 5. Molecular arrangements 
p-BrCgH.iNHg. 


in crystalline 


Determination of principal axes 
If the r.f. field oriented to the x direction 


‘is applied to a single crystal, the high fre- 


quency line has the maximum intensity and 
the low frequency line vanishes. On the 
other hand, with the r.f. field in the y 
direction, the situation is reversed'?. There- 
fore, the measurement of the intensity of 
resonance line in a single crystal is useful to 
determine the location of the principal axes. 
Beside this method the principal axes are 
also determined by Zeeman study. In this 
experiment both methods were applied for 
p-BrC.HiNHz which has two molecules with 


Fig. 6. Principal axis systems for bromine and 
nitrogen in p-BrCgH,NHp. 


The results are well interpreted by assum- 
ing that the z axis for the nitrogen atom is 
perpendicular to the plane of the benzene 
ring. The x and the y axes are discriminated 
from the intensity measurement of pair of 
lines. The principal axis system thus deter- 
mined is shown in Fig. 6. Based upon this 
principal axis system, the Zeeman shifts at 
the three orintations were calculated with 
Eqs. (4’). In Table IV, the results are com- 
pared with the experimental results. 


e) Substituent Hammett’s o in amino-com- 
pounds 
In the cases of substituted chlorobenzenes, 
bromobenzenes and iodobenzenes, linear cor- 
relations between the resonance frequencies 
and the substituent parameters, sigma of 
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Hammett, have been noted!®)-2». The sub- 
stituent constant is defined originally by the 
equation”*»»*4): 

log (K/K°)=o (3) 


where K° and K are the acid dissociation 
constants of benzoic acid and its mono- 
substituted derivatives, respectively. Eq. (5) 
implies an arbitrary definition of a reaction 
constant of unity for this reference series, 
and a substituent constant of zero for the 
unsubstituted compound. The relation be- 
tween the resonance frequency and the 
substituent constant is attributed to the fact 
that the sigma value of substituent and 
quadrupole coupling constant of the halogen 
are both the measures of the electron density 
at the position of the halogen nucleus. Not 
only for halogen but also for nitrogen, that 
will be true. So the obtained coupling con- 
stants were compared with o data in Table 
V. eQq increases as o become greater. A 


Table V. Substituent constants at para position. 


Substituent 


Opara eQq (Mc/sec) 
NH, —0.660 3.910 
Cl 0.227 4.117 
Br 0.232 4.135 
I 0.276 


correlation function as indicated by Bray and 
Barnes”? can not be determined accurately, 
because of small number of substances mea- 
sured. However, it is shown that the tend- 
ency of the correlation function accords with 
that in case of halogen, although the nature 
of bonding in nitrogen differs considerably 
from that of halogen. According to the above 
correlation, the frequency of resonance line 
in p-IC,H,NH2 is estimated to be somewhat 
higher than that in p-BrCsH,NHy. The de- 
tection of the line has been carried out un- 
successfully. 


§ 4. Discussion 


On amino-compound, it has not yet been 
established experimentally whether the bonds 
of nitrogen are strictly coplanar or not. 
However, the coplanarity is preferable for 
the arguments described in ‘the following: 
Reaction constant at the para-position in the 
amino-compounds used, indicates the impor- 
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tance of the structure II shown in Fig. 7. I 
the valency angles at the nitrogen atom ar 
the same as in ammonia, satisfactory reso-\}- 
nance with the electron of the ring can not 
occur. In order to take account of the 
resonance structure the bonds of the nitrogen’ 
atom should be coplanar or nearly coplanar: 
with the benzene ring. As Coulson has 
suggested) it seems quite probable to con 
sider the three bonds around the N atom as 
nearly coplanar. | 


I I 


- + 


Fig. 7. Tetravalent resonance structure of nitro- ; 
gen in aromatic molecules. 


On urea, the evidence for the planar struc- 
ture has been reported by Andrew and 
Hyndman”), Though they assumed the three 
bonds of nitrogen are equivalent, the N-H 
bond and the N-C bond will be not necessarily 
equivalent. Therefore, the wave functions 
as the H-N-H angle is @ in a planar model 
are assumed. Then, they become 


di=pz 


b= /154s— [2 p+ [1p 
im [SB [Zn fn 


where a@ is the s-character, being connected 
with @ as follows, 


tan Lc ts 

ey coe 
¢1 corresponds to the orbital of lone pair 
electron, #2 to the N-C bond and #3 and dy 
to the N-H bonds. The coordinate being 


chosen as shown in Fig. 8. 


(6) 


H H 


/ 


@ 
N———>y 


Fig. 8. 


1959) 


a) Amino-compounds 


. The bond’ structure can be considered. to be 
) made up. of’ the five structures shown in Fig. 
(9, under which the fractional importance of 
‘each structure is described. $8, and #) are 
s assumed to be 13% and 35% respectively 
| from electronegativity difference for the N-C 
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(T) (I) 


: and the N-H bonds?”. The unbalanced elec- ” ‘ fe ; : 
; trons and the asymmetry parameter are (|-Bi-2B2-0) By Be Be! rv 
calculated as follows; Fig. 9. Five resonance structures in p-XCgHiNHg. 
ee deta aril alee 
ie 1 B 1 B: 
Uz=> (1—fi—282—7) -—(1—2a) *\- + — (32a) 
5 | Lp Pe) 9 oe 2) ea 
i it B ap, @) 
Uy=—(1—61—283—7 2 — _ 
: se petal ee ae i 
7= U2—Uy ~ 3(1—a@)(B,—B1) 
| U; 21+c)Uz ; 


where c is the screening constant and esti- 
mated to be 0.32 for nitrogen?®). Since the 
coupling constant for one unbalanced p- 
electron has not been measured for N", a 
value of 10Mc was assumed*®?. The experi- 
mental values for eQq and 7 yield a and 7 
by the aid of Eqs (7). For. p-BrC,H,NH2 a@ 
is 0.6, corresponding to @ of 104°, and 7 is 
0.16. Table II indicates that eQq decreases 
gradually in the order of p-BrCsHiNHe, p- 
CIC,;HiNH:, and p-(NH2)eCgsHs while vy  in- 
creases. If the atom X is substituted in 
p-XCsHsNHz, the importance of the resonance 
structure V will vary with the atom X. As 
the atom X is more electron-attractive, the 
structure V is more important?®»?%. Namely, 
when y increases eQq decreases. This fact 
will be guessed from the substituent constants 
of Hammett’s o in the series of the side 
chain, for the constant indicates a measure 
of importance of the structure V depending 
on the atom X. Thus the results of amino- 
compounds can be reasonably interpreted. 


b) Urea 

For the reason as indicated before, discus- 
sions of the bonds around the nitrogen in urea 
can also be carried on with Eqs. (7). Using 
the experimental values for eQq and 7, @ is 
obtained to be 0.55 corresponding to @ of 107°, 
and 7 to be 0.22. According to the analysis 
by X-ray, the length of the C-N bonds is 
1.37 A'®, which indicates that the bonds have 


: 
, 


somewhat double bond character shown in 
Fig. 10. The fractional importance of this 
resonance structure calculated from the bond 
length is 0.27 which corresponds to y. This 
agreement suggests that the consideration 
mentioned above, seems to be reasonable. 


I I 
H H 
‘ H Wl H 
Vie 2 Vi 
o=— ¢ o—c 
iN SS 
No N—H 
\ 3 \ 
H H 


Fig. 10. Tetravalent resonance structure of nitro- 
gen in urea. 


§5. Conclusion 


Pure quadrupole spectra of N™“ in para- 
bromoaniline, para-chloroaniline, para-pheny- 
lenediamine, and urea were obtained. From 
the spectra, the quadrupole coupling constants 
and the asymmetry parameters were deter- 
mined. The apparent intensity of the high 
frequency line was always greater than that 
of the low frequency line when the method 
of Zeeman modulation was applied. This was 
interpreted from the second-order perturbation 
theory of Zeeman effect. The principal axis 
system of nitrogen in p-BrCsHsNH: was 
determined, by using the method of frequency 
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modulation. The results mentioned above 
seem to support that the three bonds about 
nitrogen in amino-compounds such as aniline 
are coplanar with the plane of benzene ring. 
The values of eQq and y for these compounds 
were analyzed by the aid of the planar model. 
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guidance and encouragement throughout the 
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Exact solutions of the Thomas-Fermi equation for positive ion have 
been obtained including their derivatives by the inward numerical in- 


tegration. 


The whole range of the ionization degree of physicai interest 


has been covered in sufficient detail to permit accurate interpolation for 


intermediate regions. 


Using these numerical solutions, several physical 


quantities of free positive ions have been investigated. 


| §1. Introduction 

The statistical model of Thomas”-Fermi” 
| (to be referred to as TF hereafter) has pro- 
' vided an important means for obtaining qu- 
alitative as well as semi-quantitative estimates 
of atomic behavior. Since it needs tedious 
- numerical integration to solve the fundamen- 
tal equation, the so-called TF equation, the 
accurate solutions for neutral atoms in com- 
pressed states as well as free states have 
been reported only several years ago by Lat- 
ter?) and others*®. For the case of positive 
ions there were hitherto only a few typical 
solutions reported by Fermi®, by Miranda® 
and by Feynman, Metropolis and Teller”. 
These were obtained by the outward integra- 
tion of the TF equation. This method is 
available for not too small values of ioniza- 
tion degree because the integral curves then 
cut the x-axis in a fairly large angle ata 
finite distance from the origin. For smaller 
values of ionization degree, however, the 
curves meet the x-axis nearly tangentially so 
that the values of the boundary radius and 
the tangential slope there (or the ionization 
degree) cannot be accurately determined. In 
consequence, we have had no exact relation- 
ship between the boundary radius and the 
ionization degree, and some uncertainties have 
followed in the calculation of the physical 
quantities of the TF positive ions. The ob- 
ject of this paper is to remove these uncer- 
tainties by the adoption of the imward nu- 
merical integration and to obtain accurate in- 
formation about the TF positive ions. 

First, we have calculated exact solutions of 
the TF equation for positive ions in a sys- 
tematic sequence of ionization degree by the 
inward numerical integration method (§ 2), 
which has been employed successfully to 


overcome the similar difficulty occuring in the 
case of the Thomas-Fermi-Dirac (TFD) 
model® as well as the TF model for free 
neutral atoms. 

Using the values of the TF functions and 
their derivatives obtained as solutions of the 
TF equation, we have investigated systemati- 
cally such quantities of positive ions as 
Fermi coefficient (§3), boundary radius (§ 4), 
ionic radius (§5), energy and ionization po- 
tential (§6), mean excitation potential and 
energy (§7), diamagnetic susceptibility (§ 8), 
scattering factors (§9) and electric field at 
the nucleus of polarized ions (§10) as func- 
tions of ionization degree and atomic number, 
respectively. 

As seen from the calculated values of some 
physical quantities, e.g. diamagnetic susceptibi- 
lity of neon-like ions! etc., the TF method 
provides a better approximation for positive 
ions than for neutral atoms owing to the 
large electron density caused by strong con- 
traction of the electron cloud. 


§2. Method of Solution of the TF Equa- 
tion 
It is well known!” that the potential V and 
the electron density o at the distance 


(1) 


x=r/u 


measured in the TF unit 


a On? 1/3 ke 
nal se) ous (a= eee 


within the ion having atomic number Z, 
electron number N and boundary radius 7o= 
ux, are expressed as follows: 


v= 264 Vo ’ 


(2) 


(3) 


Vo=(Z—No)e/ro (4) 
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VA Q 3/2 (5 
~ deep alia ) 
Here ¢ is the TF function and satisfies the 
TF equation 


(6) 


go!’ = p3/2/ 41/2 
subject to the boundary conditions 


g(0)= (7) 


and 


— x00’ (xo) eee =. 


e (8) 


y(xo)=90, 
Eq. (7) corresponds to the singularity of the 
electrostatic potential V(r)~Ze/r at the nu- 
cleus r~0. Eq. (8) results from the values 
of the potential and field strength at the 
boundary x=%0 of the free ion with the ioni- 
zation degree gq. 


Curves of the TF function g(a). - 
yo: for free neutral atom. 

gy: for positive ion. 

a: boundary radius. 

q: ionization degree. 

: atomic radius. 


tm: ionic radius. (OP: PQ=3:1) 


Se 4 4% \ tl? 
RA ee 1 ark 3/2 eee 
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The integral curve thus obtained, starting 
from an arbitrarily chosen point x=%) with 
appropriately assumed ionization degree @, 
cuts the y-axis in a non-vanishing angle so 
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To avoid the effect of the self-field of the | 
electron from the original TF model repre- 
sented by above Eqs. (1) to (8), Fermi and 
Amaldi! (FA) have proposed a modified TF 
model, by the use of which we can treat the 
free states of the singly ionized negative | 
ions) as well as atoms and positive ions, as © 
follows: 


x=rlu* , (9 
N_\% | 
#241 22- Bs] Da 
L ( V1 ) ee (2’) | 
v=o | Cav t Vor, (3) 
Yh Wie 
Vort=(Z—N+1)e/ro , (4’) 
3/2 
ata N ( 2) . (5’) 
Ap? N—-1\ x 
B= 93!?/a'l?, (6’) 
gO)=1, (7’) 
9(%o)=0, = 10) =a4 ‘ (8) 


‘In order to solve, not outwardly but in- 
wardly, the original TF Eq. (6) for positive 
ions subject to the boundary condition Eqs. 
(7) and (8) as stated above, we assume an 
appropriately chosen value of ionization -de- 
gree for each of a number of starting points 
taken midway between x=2 and 36.5. 

In accordance with the same numerical in- 
tegration routine that we have used for free 
neutral atoms”, the starting values of ¢ and 
its derivatives in the neighborhood of a cho- 
sen starting point x) were calculated with the 
use of series expansion 


é 3 (qo)? (2 of pa 


1) 


(pu BT. as 436 13/2 
( Ss (q%) (1 ee 


15/2 16 x 8 
[p= eee), 3/2 me 23 = 
( = % ae (qo) (1 Mejor goggtn®? (1 =) 


17/2 


4 N° 
3/2 (4 —* 
+ qQXxo *|Cax) ( io + 3003 gine (a ay) 


128 
135135 


gq? x08 (1 — 

(9) 
that it is possible to determine accurately the 
point of intersection g(0) as well as the slope 
g’(0) there. Of course, 9(0) is not always 
unity as requested by the boundary condition 
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‘Eq. (7). But it is possible to make the solu- 
‘tion ¢(x) satisfy Eq. (7) and get the normaliz- 
ed TF function ¢(x), if we apply the scale 
| factor transformation based on the Sommer- 
feld invariance property of the TF equa- 
tion, as: 

[pO) xx , 
F/G) F(x) , 10) 
? ONG OVP¢'(x) , 


and 


ij 


q/e(0)¢ . 
| The full tables of the obtained values of 
|the normalized TF functions and their deri- 
'vatives of free positive ions for twenty-eight 
different degrees of ionization have been pub- 
lished in a separate paper which is avai- 
able on request. 


Fig. 2. Solution curves of the TF equation. 
%: starting point taken arbitrarily midway 
between x=2 and 36.5. 
q: ionization degree assumed appropriately 
for %. 
: integral curve. 
9(0): final value (=- 1). 
¢: normalized TF function g=¢/¢(0). 
wp: boundary radius ap=[¢(0)]!/32% . 
q: ionization degree q=q/¢(0). 
Two curves of ¢(x) and ¢(%) always cross each 
other. 


It is very convenient that these values for 
free positive original TF model can be direct- 
ed to the FA-modified TF atoms and ions as 
well as compressed positive ions. 

In Table I are columed the values of initial 
slope, Fermi coefficient, boundary radius, 
ionization degree and atomic number corres- 
ponding to the order of ionization from one 
to four for the calculated states mentioned 
above. For the sake of completeness the 
three states given by Miranda® are inserted. 
In Table II, we have these quantities as 
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functions of ionization degree in a regular 
sequence. 


§3. Fermi Coefficient 
The TF function for positive ions can also 
be expressed approximately with the use the 
ordinary TF function g for free neutral 
atoms and the Fermi part 7 as® 
9(x) = Go(x)+k0(x) , 
y (x)= Go’ (x) + Rio’ (x) . 
Since these values have been recently tabulat- 
ed accurately by the present author, the 
inverted equation of Eq. (11) 
h(x) = LOA) = ¢ (x) — 90 (x) 12 
o(X) Mo’ (x) Oe 
affords information about the constancy of 
the Fermi coefficient k, namely the validity 
of Eqs (1) 


(11) 


aei2 


yy onze = | ere cans 
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Fig. 3. Fermi coefficient k(a, g=const)-curves. 
The turning point of two curves in each state 
corresponds to the position x where the value 


of k7o(a~) equals to about 1/10 of ¢go(a). 


The values of k, thus obtained for three 
typical states, are plotted in Fig. 3 which 
shows that we can regard & as a constant in 
each state where the value of k7(x) is small 
compared with that of ¢o(x) by less than 1/10. 

These constant values of k in each state 
are listed in Tables I and II. They are also 
plotted versus q in logarithmic scale in Fig: 
4. In this figure, as Fermi and Amaldi! 
have pointed out, we find the existence of 
approximate linear relation between log |R| 
and logq, which is determined by the method 
of least squares as 

= —0.0542 q?'®, (13) 


while Fermi and Amaldi gave an expression 
with somewhat different numerical para- 


meters 
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k= —0.083 q?. Chae) 
The exact relation Eq. (13) enables us to 
construct correctly the TF functions for posi- 
tive ions with any ionization degree and: to 
calculate easily various physical quantities 
concerned with positive ions. However, as it 
is an approximate expression, we cannot ex- 
pect too much of the results evaluated along 
this line. All values of the physical quanti- 
ties in the following sections have been direct- 
ly calculated with the use of our tables’ of 
the TF functions obtained as solutions of the 
TF equation for free positive ions. The full 
tables of them are available on request. 


Pie Z 


t » Calculated point 


f —— Kobayashi 


+ -—- Fermi-Amaldi 


aio log q . AO) 


=20 


Fig. 4. Dependence on q of k. 
The full line is determined by the method of 
least squares, while the dotted line by Fermi 
and Amaldi. Approximation degree of these 
lines is indicated by the numericals of the 
columns 3 and 4 in Table II. 


§ 4, 

The dependence of boundary radius xo of 
free positive ions on initial slope ¢’(0), ioni- 
zation degree g and atomic number Z is 
given by the numericals in Table I and II 
and shown in Figs. 5 and 6. In Table II, for 
reference, we have tabulated the values of 
boundary radius calculated by Fermi) and 
those recalculated by the present author with 
the Sommerfeld approximate formula!) 


Boundary Radius 


Shigehiro KOBAYASHL 


(Vol. 14, 


Zo \ 
(1+-20)!*A1/? ae , a 
where 
Zo=(%0/12?/%)A2 
and 


M=I+VB, bS-T4+V73- 
These values are also plotted in Fig. 5 which 


indicates that for smaller gq the Sommerfeld | . 


approximate formula is better, and for larger — 
q the calculated values by Fermi are nearer 
to the exact curve than the Sommerfeld © 
formula. The reason for this fact lies in 
the circumstances that the Fermi values have 
been obtained by the outward integration 
which. is. applicable for larger g, while the | 
Sommerfeld formula has. an asymptotic 


° Fermi 
—-— Sommerfeld 


at! 


Kobayashl 


were 


— 
| 
a 


etd 
3 
(Xm 0.385 ]x 10° ———> 


a ee en 
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= | L r j 


le) : -. 
fe) 25 50 


—J 
S 75 100 


Fig. 6. Dependence on Z’of xo for singly. (n=1) 
to quadruply (x=4) ionized. positive ions. 
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iicharacter valid for smaller q. 

As seen in Figs. 5 and 6, the boundary 
radius % of the TF ions monotonically de- 
“creases with the increase of ionization degree 
q and increases with the increase of atomic 
‘number Z for a fixed order of ionization n, 
and it is a defect of the TF model that it 
Cannot explain the periodic properties. 
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In the FA-modified TF model, the above 
values of «xo for free positive ions with atomic 
number Z(m) turn out to be the boundary 
radius of free ions with atomic number Z(n 
—1), and Z(0) means the atomic number Z 
of free neutral atoms. Our numerical values 
of several atoms are given in Table III, with 
the Fermi coefficient k for them. 


{ 
Ai | —k 
Z atom are ee TS SS ee al ; = 
exact FAL) | exact | FA!) 
10 Ne 10.972 10.8 0.0780 0.048300 
11 Na 11.604 584 
14 Si 13.303 13.0 283 3025 
18 A 15.237 135 
19 K 15.678 15.4 115 1210 
26 Fe 18.403 18.2 05 463 05 4722 
31 Ga 20.070 19.9 279 2786 
36 Kr 21.572 | | 182 
37 Rb 21.857 | 21.8 168 1639 
42 Mo 23. 208 23.2 0.05118 0.051120 
47 Ag 24.458 24.5 .0°.856 .0° 7994 
53 I 25.852 26.1 610 5575 
54 Xe 26.074 579 
58 | Ce 27 .936 tw 474 4254 
67 | Ho 28.744 29.2 317 2760 
74 WwW 30.045 30.6 240 2048 
80 | Hg 31.098 31.7 193 1621 
92 | 060 34.1 131 1066 
| 


§ 5. 


By the radius corresponding to the maxi- 
mum of radial electron density, we define 
ionic radius of the TF ions in the same man- 
ner as for neutral atoms!™. Since the radial 
density is given by 4zor?=(¢'x)/?Z/u, the 
ionic radius xm is the root of the equation 

v(x) +3x9’(x)=0 (15) 
which, as seen in Fig. 1, the geometrical 
meaning that 0(Xm)=OP= 3PQ =3%m! 9’ (Xm). 

The numerical values of the ionic radius of 
ions for various states of ionization follow 
from our tables of the TF functions, and are 
columned in Table II, which shows that the 
ionic radii xm in different states of ionization 
differ only slightly from the atomic radius 
Xmo of free neutral atoms.* 

Taking into consideration that this difference 
8=X%n—Xm and the Fermi coefficient k are 


Ionic Radius 


* The value of the atomic radius of free neu- 
tral TF atoms obtained by the present author is 
0.3857 6441, while it is 0.3857 653 by Matsuku- 
ma!8), 


both small quantities, we can also determine 
these values by the following approximate 
method. If we rewrite and expand Eq. (15) 
with the use of 6 and k and neglect the 
higher order terms of small quantities, we 
obtain 

Yo(Xmo) +3xXmo Po’ (Xmo)=0 
and 
Rijo(Xmo) + Go" (%mo)8+ 3G0' (X%mo)S 
+ 3Xmo[ R10’ (Xmo) oe Qo (X%mo) 0} =\()) 

The former is the equation that gives the 
atomic radius and from the latter 0 is deter- 
mined as 
AR 1o(Xmo) ie 3XmoNo’ (Xmo) 

AQ’ (%mo) + 3Xmo!?[ Go(%mo) ]2/ 

=142k=—0.0770 g?'*. (16) 

‘In Table II, there are columned the values 
of 6/k as well as %m/xo as functions of ioniza- 
tion degree g. We have also listed the values 
of the ionic radius which are obtained by 
the same method applied to the Sommerfeld 
asymptotic solution for ions 


o= 
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(1-2)? 1+2Z0 

The disagreement between these values and 
the exact ones results from the fact that the 
ionic radii are ordinarily small and the Som- 
merfeld solution does not give a good appro- 
ximation for these small x owing to its 
asymptotic character. 

The dependence of the ionic radius %m on 
ionization degree q is also shown in Fig. 5. 
It is natural that the ionic radius of the TF 
ions decreases monotonically with the increa- 
se of ionization degree. 


§6. Energy and Ionization Potential 
The energies of n-ply ionized positive ions 
with atomic number Z! 


1D // D SHE n?2 e 
; =—| — Zils is pecan 
oe ) i besa E (0) a ZX le 


~13.172 (e)"["o 4. a eV (18) 


have been evaluated with the use of Table I. 
The values of E(Z, nm) obtained for various 
order of ionization m are, in spite of their 
small differences, on one straight line drawn 
in Fig. 7 in logarithmic scale.* 


oe) ee Ve 
20 30 50 
2—> 


ON Due ae WO 100 

Fig. 7. Dependence on Z of F. 
The energies H(Z,n) for singly to quadruply 
ionized positive ions as well as atoms are shown 
by one straight line in spite of their small dif- 
ferences. 


* Our value of energy for free atoms 
E(Z, 0)=—0.76875 Z78= — 20.917 Z7/3 eV 


is_also represented with same line in Fig. 7. 
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The total or successive ionization potential 
(that is, the energy required to remove ” 
electrons in all, or the m-th electron alone, 
from the atoms or ions) is given respectively 
by tT 

OZ; n=EZ, n)-—EZ, 0) 


i 2 
=13.172( = ) [vo+ im kev 
q xy 


Or | 
KZ, n=Q(Z, n)-Q(Z, n—-1). (20) 


The results obtained for the former are shown | 
in Fig. 8 and those for the latter are tabulat- 

ed in Table IV. The excessive smallness of 

these values as compared with the experi- 

mental values! seems to be due to the omis- | 
sion of the exchange and correlation energies 

in the TF model. 


° 3 ie) 75 100 


z— 


Fig. 8. Dependence on Z of Q. 


§ 7. 

Using our tables of the TF functions for 
free positive ions, we have calculated the 
mean excitation potential and energy which 
are defined by Bethe and Sommerfeld™ as 
a logarithmic mean 


log Va=|"log V-or? ar /\" or?dr 
0 ao 


Mean Excitation Potential and Energy 


and 
log Ex=\” log |E|- 07? ar /\" ortar : 
0 0 


Here V and E are the electrostatic potential 
and mean total energy per electron at dis- 
tance y from the nucleus, 


Vos Vo a eee = 
Yr lu x Xo 


and 


E=F(V—Ve)-ev=— U2 ¢ sate : ae 


Lt x 2 Xo 
respectively. 
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Table IV. Ionization potential J(x). 
J (n=1) J (n=2) 
Z | atom = = J(3) J(4) 
| cal. exp cal. exp. 
10 Ne 2.36 21.56 12.04 41,07 Pi: aa fa) 
18 | A Parsi 15.76 10.09 27.62 22.8 40.5 
36 Kr 1.91 14.00 8.73 24.56 19.0 Siac 
54 Xe 1.82 12-13 8.19 2121 17.4 20et 


If we evaluate 


= \. p3/2xh/2 log bom las 
i) x X 


0 


“le p3/2x4ll/2d x 
0 
i and 
rAQ= is 3/2x1/2 log [28 2 las 
i) x D Xo 
-\* p3/2 41/24 x 
0 


both of which depend only on ionization de- 
gree g, we can express the mean excitation 
potential and energy as 


VilZ, ny=H2-10°7 
LB 
2 \i8 e 
= ——— ° YY 4/3 = 
( ss ) lor Ze € 
and ? (21) 
Ze Wy=2ZEa10%s 
ey) 
8 y 1/3 e? 
Si -107 2/3 
= Cs) b weanio 


Existence of the simple relations Vu(Z, 7) 
=ntVy(Z/n, 1) and Ex(Z, n)=n*?Eu(Z/n, 1), 
which are characteristic of the TF model 
and cannot be found in the TFD model*», 
makes it easy for us to calculate the values 
of Vu and Fw for larger x. The curves that 
indicate the dependence on Z of Ew for 
singly to quadruply ionized positive ions are 
shown in Fig. 9, in which we have drawn 
the line for free neutral atoms* for reference. 

The Vu and Ew curves for u-ply ionized 


* Our recalculated values using the exact table 
of the ordinary TF function for free neutral 
atoms 

Vu(Z, 0)=0.12222 Z4/3-e/ay 
and 
My(Z, 0)=0.48887 24/3 -62/ao 
=1.3302 74/5 eV 
have reproduced Gombdés’ values"), 


positive ions become infinite for Z=n, 7.e. 
bare ions with no electron, as well as Z=o, 
and have the minimum for a definite inter- 
mediate value of Z, say Zmin, while in the 
case of neutral atoms Vy and Ey vanish 
owing to the singularity of its bare states, 
1.e. Z=0.. Fig. 9 shows that the values of 
Zmin and Ex(Zmin) increase with the increase 
of n, respectively. 


og — 
eV 
A: Z(min Eu) 
fs0q 
Eu Pb 
00 
4 
200° Ag 
3 
2 
100) fe = 
Eyev| Fe Ag Pb 
BA Ex 
TF | 102 226 474 
exp, | 104 224 402 
& 
A 
aS 5 10 20 307 0, 100 
Fig. 9. Dependence on Z of Hy. 
§8. Diamagnetic Susceptibility 


The molar diamagnetic susceptibilities!» 
Le? |? 4e0r'ar 

6mc? Jo 

with L=Loschmidt number and c=light velo- 
city, have been computed for positive ions. 
As is well known, the original TF model is 
inadequate for this purpose because of the 
overspreading of the electron cloud within 
the model. So we have calculated them with 
the use of the FA-modified TF model for 
free neutral atoms and for singly to quadrup- 
ly ionized positive ions. Then, the formula 
to be used is given by 


oe 


Z—n_\i8 
——— fees 
y(Z, n)=—0.62105Z ( a 7) 


7. E 3 pxds—x'0(0)| «10° em®, §(22) 
0 
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and the term in the bracket depends on ioni- 

zation degree g only. We have added to 
ad 

Table I the values of \ ° ox dx, evaluated for 
0 

the different states of ionization by the ex- 
tended Simpson rule.*?” 

In comparison with the other theoreti- 

cal/).23) and experimental values*?, our nu- 


Table V. Comparison of the molar diamagnetic susceptibility — yx 10° cm*. | 


merical values are tabulated in Table V fort 
the inert gas atoms and ions homologous to 
the inert gas, for which only the spherically) 
symmetrical TF model is legitimately valid.. 
As seen from the table, our results are fairly) 
good. From the standpoint of the diamagne-, 
tic susceptibility, the FA-modified TF model) 
seems to have a little more overspreading of! 


| 


S, atom or ion Peat | TFD HF | exp.* 
10 Ne 12.62 14.33 8.06 6.8 
11 Na+ Ga? (eee 5.08 4.1 
12 Mg?2+ 4,83 5.24 3.74 5 a 
13 Als+ 3.50 3.81 2.88 
14 Sit+ 2.69 2.92 2.29 

| 
18 A 21.67 22.15 19.5 
19 K+ 14.05 14.04 14.1 
20 Ca2+ 10.24 10.26 | 110 
va Sc3+ 7.94 7.99 
22 Tit+ 6.40 6.45 | | 
36 Kr 37.34 35.51 31.10 | 28.0 
37 Rb+ 26.95 25.53 25.1 
38 Sr2+ | O127 20.27 21.0 
39 Y3+ 17.55 16.82 | 
40 Zrit+ 14.88 14.33 
54 Xe 49 53 45.96 42.4 
55 Cst 37.54 34.92 Sa.7 
56 Ba2+ 30.71 28.79 32.6 
57 La3+ 26.09 24 62 
58 Cet+ 22.68 21.52 | 


* The experimental values for ions are the estimated ones for compressed state in solid and liquid, 


while all theoretical values are for free ions. 


the electron cloud than the TFD model”. 


§9. Scattering Factor 


The X-ray scattering factors, coherent and 
incoherent, of the free positive TF ions at 
rest have been investigated. 

The coherent scattering factor of positive 
ions is given by 


0) 
f=\" eer7 —— Arpr*dr 
0 KY 


=2/1 ish sin (k 4X0) 
KLUX 
~en\ b SREB | (23) 
0 -~ 


with «=4zsin0/X and 6=half scattering 
angle. 


Se hiss rate may be used for numerical integra- 


tions with roughly divided intervals, and has also 
been applied to all other integrals in this paper. 


For very small scattering angles?»26, Eq... 
(23) can be approximated as 


fo~ Z| alex) 7 oxde 
0 


i xo 
the coefficient | gxdx appears also in the: 
0 


calculation of the diamagnetic susceptibility 
Eq. (22) and is given as function of g ini 
Table I. 

For the convenience of comparison with the : 
incoherent scattering factor, we do not use: 
the scattering factor per electron fu=fo/N de- | 
fined by Bethe?, but rather the scattering | 
factor per atomic number fo=fo/Z= N/Z jo. | 
This quantity f depends only on the ioniza-- 
tion degree gq and on xy Z-V8gin 6/2, and| 
has been calculated for twenty eight different : 
states of ionization degree g and for cu=0° | 
(5°) 40°, 50° (12.5°) 200°. The dependence | 
of fo on «ku (or Z-/%sin 6/4) and on q is | 


1959) 


As 
table, 


(1) 
(2) 


(3) 
(4) 
(5) 


1.0 


0.2 


shown in Figs. 10 and 11. 
. values are tabulated in Table VI for regular 
intervals of q. 
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The numerical 


is seen in these figures and in the 
the coherent scattering factor per 


#, atomic number fp has the following features: 


folq=0, cu=0°)=1 

f(g, ku=0°)=1—-¢, 

folq, eu=0°)=Z1—g)=N 

fi(q=1, cu)=0 

Aq, KU=c)=0 

fo(q, xu>50°) is nearly independent of 


Fig. 11. fo(qg, «=const)-curves. 
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small g or large xo. 

(6) fo(g=const, «) is a monotonically de- 

creasing function of Ky. 

The comparison of the calculated values of 
fo with those”® calculated using the Hartree- 
Fock field for several positive ions is shown 
in Fig 12. We find the agreement is qualita- 
tively sufficient. 


8 


40 


20 


Fig. 12. Comparison of fo curves based on the 
TF model and Hartree-Fock field for singly to 
quadruply ionized positive ions. 


The incoherent scattering factor per elec- 
tron?” can be calculated from the expression 


s0%(w)=1 ah (V ofe— uy] Vole [ae 
=1 —=(w6o)+ Wiewzees pls 4M | dx 
= 9(&o) —E0y’ (Eo) 
— i wese+5-00 |” gxds , (24)* 
6 2 Jo 
where & is the root of the equation 
V G&/E= w= ae : 


The obtained numericals are given in Table 
VII and their dependence on w (or Z~*/* sin 6/2) 
and on q is shown in Figs. 13 and 14. 

The incoherent scattering factor per electron 


* For very small scattering angles, 


3 % 
So?= qty (j gada . 
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So? has the following features: factor per atomic number fo and the in- |}. 
(1) so(qg=0, w=0)=0 coherent scattering factor per electron So? §. 
(2) sere) 0=0) = have quite antagonistic characters as seen in 
(3). “ser(qe=1; ew) =k the above tables and figures, 7.e. one increases | 
(4) srg, w=oo)=1 while the other decreases, or one is high | 
(5) so2(q, w>0.2) is nearly indpendent of while the other is low. | 
small g or large 0. The total X-ray intensities scattered by an | 
(6) so?(g=const, w) is a monotonically in- ion with atomic number Z and electron num- | 
creasing function of w. ber N are proportional of f?-+Nso? = Zf%0? | 
It is noticeable that the coherent scattering + Ns? and their values for Cs atom and ions, 


which is usually taken as the standard ele- | 
ment for the calculation of the scattering } 
factors, are shown in Fig. 15. We find that 
the scattered intensities are almost indepen- 
dent of the order of ionization m of ions ex- 
cept for the very small sin @/2x10-* (<0.1) 
Ciay 


PO as 15 


Fig. 13.  s92(w, g=bonst)-curves. 


a 0 ES eee eee eee { 


Fig. 15. Comparison of the factor Se+Ns2 pro- 
portional to the total X-ray intensity scattered 
by Cs ions, standard element, with order of 
ionization zero to four. 


§10. Electric Field at the Nucleus 


It was pointed out by Sternheimer3Y that 
the electric field at the nucleus of the Ane 


aa model polarized in the presence of the unit 
external electric field, is given by 


a he? — Le (20h ees 
1D —j <> 
te ‘ | a(0) 9 \ V gx dx (25) 


and that it does not allow us to calculate 
Fig. 14. 8 ?(g, w=const)-curves. Eina(O) for neutral TF atoms, because in this 


" 1959) 


» case the integral diverges logarithmically at 
the upper limit of the integral x»=0oo. For 
, Positive ions as well as the FA-modified 
model, however, this integral does not diver- 
' ge because of the finiteness of the upper 
| limit xo*. 

| We have investigated systematically the 
' dependence of Ejing(0) on ionization degree g 
' and atomic number Z using our tables of 
the TF functions for free positive ions. The 


variation of the obtained values of Fina(0) 
values Z is shown in Fig. 16. 


oars 5 10 20. 30, 50 100 
2 


Fig. 16. Dependence on Z of Fina(0). 


a | 
r | 4: Z (max E(0)/%0) 
Olé 


2 3 S 40 20 50 100 


ia 


Fig. 17. Variation of Eina(0)/ao versus Z. 


Sternheimer, and later Umeda and the pre- 
sent author”) more definitely, remarked that 


the value of Ejina(0)/%. for the TFD ions are 
nearly constant, independent of Z, m and 2. 
This seems to be also valid for the TF ions 
as indicated in Fig. 17, though the curves of 


Eina(0)/xo versus Z have a weak maximum at 
an intermediate value of Z, say Zmax, which 
increases with the increase of n. 
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Saito et al have observed anomalous behaviours in the double resonances 
in metal halides in the early stage of saturational narrowing. They have 
reported following observations, which remained unexplained. 

(1) The resonance line of the traced nucleus (B) becomes asymmetric 
and simultaneously shows shift, when the frequency of the nucleus (A) 
irradiated by the strong r.f. field is slightly off-resonant. 

(2) In the case of the exact resonance, the intensity of the B-resonance 
decreases and the line disappears from observation. They called this 
phenomenon ‘‘collapsing’’. 

(8) In some crystals (e.g. Li F) having short spin lattice relaxation time, 
anomalous effects (1) and (2) do not appear. Recently Bloembergen and 
Sorokin have observed a large dispersive polarization of the saturated 
Cs183 in Cs!83 Br8! double resonance by applying a r.f. field precessing 


near the Br®! resonance. At first sight, above mentioned two phenomena... 


appear to be very different, however, they are closely related to each 
other. It is the purpose of this paper to propose a general theory unifying 
the two different situations by taking into consideration the effect of the 
higher order transitions introduced by Bloembergen in discussing the 


“Overhauser Induction’’. 


By using a generalized Solomon equation derived from a density matrix, 
the behaviours of the coupled spin system is discussed. 


§1. Introduction 


In a double resonance experiment in the 
coupled spin system A B, a weak resonance 
of the B-system is traced under an irradiation 
of a strong r.f. field resonating to the A-spin. 
Recently the technique of the double reso- 
nance has been used to investigate various 
problems. In these experiments two different 
phenomena appear according to the relative 


magnitudes of the intensity of the fluctuation 
of the lattice system and the spin coupling. 
One of them is the so-called Overhauser 
effect? and is shown in lithium metal, re- 
markable enhancement of the nuclear polari- 
zation results from the increasing of the 
electron-spin resonance and the same effect 
is expected in nuclear double resonance al- 
though the magnitude of the induced polari- 
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¥ zation is much smaller». The other pheno- 
/ menon is the saturational narrowing». The 
1 application of a strong r.f. field resonating 
| to A nuclei induces rapid transitions between 
| the A spin Zeeman levels, and averages out 
} the local fields produced at the position of B 
| nuclei by the magnetic moments of A nuclei. 
| Then the narrowing of the B resonance line 
: is observed. 

| Recently Bloch? has proposed a theory of 
; saturational narrowing. A general treatment 
) unifying the two different situations has been 
4 proposed by Tomita®. 

__ Above mentioned phenomena are the prob- 
' lems which can be treated in the frame of 
» the second order perturbation of the mutual 
interaction. Recently, however, new effects, 
which can not be understood by these theories, 
have been observed experimentally. 

Saito, Masuda and Kanda®*) have found 
anomalous behaviours in the double resonances 
in metal halides in the early stage of satura- 
tion. They have reported following observa- 
tions : 

(1) The B resonance becomes asymmetric 
and simultaneously shows shift, when the 
r.f. frequency wo of the A-system is slightly 
off-resonant from the resonance frequency 4. 

(2) Inthe exact resonance case w=wy, the 
intensity of B resonance decreases and the 
line becomes broad. They called this pheno- 
menon as “collapsing”. 

(3) In some crystal (Li F) having short 
spin-lattice relaxation time, anomalous effects 
(1) and (2) do not appear. 

Bloembergen and Sorokin®? have observed 
a large transverse magnetization of the 
saturated nuclei Cs!** in Cs*Br® nuclear 
double resonance by applying slightly off 
resonant frequency from the Br precessional 
frequency. The sign of the transverse 
magnetization reverses according to the dif- 
ference of the r.f. frequency from the exact 
resonant one is positive or negative. 

Purcell proposed the name “Overhauser 
Induction” to this effect?. It will be shown 
that interesting phenomena discovered by 
B.S. and S.M.K. are both attributed to the 
higher order transitions in double resonances. 


. *) Hereafter this work will be referred to as 
S.M.K. : 

+) Hereafter this work will be referred to as 
Bese 
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Bloembergen® has proposed a simple theory 
to interpret the experiment of S.M.K. as 
follows : 

In the process of sweeping the r.f. frequen- 
cy w’, suppose that w’ is related to the 
resonance frequency ws, by the following 
relation, 


O =Op=O, ’ () 


Os=V AP +08 » 


where 44=w04—o and a4 is the amplitude 
in frequency scale of the r.f. field acting on 
A. 

Here ®, corresponds to the effective field in 
the rotating frame with angular velocity o 
around the static field. If the condition (1.1) 
is satisfied, it is permissible energetically to 
induce the double transition in which A and 
B flip simultaneously and the total energy 
changes by hw’. 

Regarding the r.f. field energy of the B 
nuclei and the mutual interaction as together 
constituting the perturbation, the double 
transition results from a fourth order pertur- 
bation calculation. In the case 44=0, triple 
and more higher order processes will also 
become important, so the collapsing can be 
expected as a result of the line broadening 
by double and higher order transitions. In 
the case 4430, there is a region in which 
@®4 Surpass the mutual interaction and the 
double transition is responsible for the skew- 
ness of the absorption line, though it is not 
so intense to induce the collapsing. The 
author does not agree with the Bloembergen’s 
simple discussion for the skewness of the ab- 
sorption line. By our theory it is explained 
as follows: The absorption mode (or dis- 
persion mode) of the B-system is proportional 
to its polarization which is composed of the 
three terms. The first is the proper con- 
tribution from the B-system and corresponds 
to the polarization to be realized when the 
A nuclei are in the thermal equilibrium state. 
The asymmetry does not result from this 
term. The other is the part produced by the 
double transition. Since this is preportional 
to the polarization of the A-system parallel 
to the effective field 4, x-component in the 
rotating frame has non-vanishing value in the 
case of a exact resonance while z-component 
appears only in the case of a off-resonance. 

In the case 4,2<0, the x-component is un- 
important except in the case in which the 
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dispersion mode is enhanced as a result of 
the Overhauser induction and the contribution 
of the z-component is rather important. 
Moreover this term reverses its sign accord- 
ing to whether w’ equals to w,+0,4 OF ©p—@a, 
so that it will be responsible for the asym- 
metry of the resonance line around the center 
frequency wz. 

When the spin-lattice relaxation process of 
the B-system is so rapid that the proper 
contribution from the B-system is predomi- 
nant, then the anomalies should disappear. 
If the intensity of the double transition is 
comparable to that of the center line, then 
the resonance line will shift toward the more 
intense side among the two double transitions. 
If the double transition is so frequent that 
it determines the balancing between A and 
B, and B is approximately in a_ thermal 
equilibrium, the magnetization of the A- 
system parallel to the effective field o, should 
be very large and comparable to the thermal 
equilibrium value of the B-system. 

This is the “Overhauser Induction”. The 
theory given by B.S. in the case spin 1/2 is 
insufficient since they neglect the spin-relax- 
ation process relevant to the A-system. In 
the following sections we will intend to 
construct a macroscopic Solomon equation 
which describes the coupled spin system A B. 
This is derived from a microscopic density 
matrix following the method developed by 
Wangsness-Bloch®, Bloch!» and Tomita» by 
taking into consideration the effect of the 
double transition. 

§2. Equation of Motion of the Density 
Matrix 


The Hamiltonian of the total system is 
given by 
SF =h(H,+Het+Gt+F), 
where 
f 4=EatDitGa, 
| Hg=Ez,+Ds+Ge. 
Here E stands for the Zeeman energy 


(2.1) 


(2,2) 


dt 
where 


Byles —(d4 Dy 14) +o4 > EF) ’ 
j g 


E;?e= —Ap Sy Tx? 7 
Kk 
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a ae 
= pf =a)os- Fa?e+ En?e+ Dp? +Ga? +Ge"+G7+F] 5 


(Vol. 14, 


Eu=—raMo> h?e= —WaA > T4;° ’ 
4 4 33) 


E3= —rsHo > Ipx.° = — Oz > Tax® ’ 


and D is the energy associated with the | 
radio-frequency field Hi, and Az, 


| Da=—(o14/2) py Lier Eyres ie 


Dzg=—(1z/2) > (Tpnte*'t + Inne "*) , 
(2.4) | 
where Ou=Trana and O;=T slip and 5 fet and 
rx gyromagnetic ratios of A and B spin re- 
spectively. 

G, and Gz, are the proper interactions of 
A and B responsible for the spin-spin and 
spin-lattice relaxations and here let us assume 
for simplicity the local field picture 


Ga=>) > Lefkas, 
JI Py 


Ga=> D> La"*#P Fe, (uj, Ue=0, 1) 

kK MK 
(2.5) 
where 7; and 7 denote —y; and —yx and J# 
stands for the spin operator corresponding to 
the quantum jump vw. G is the spin coupling 
between the two system and is written in 

the form, 
G=> > DD Lassa Ph pF se , 

j 


kK Bj Bk 


(2.6) 


which includes an indirect exchange and a 
pseudo-dipolar coupling. Finally F is the 
energy of the lattice system. Then the den- 
sity matrix oe describing the whole system 
obeys the equation of motion 


£ p=ilo, Hi+Hz+G+F]. (2.7) 


When a strong r.f. field is applied to the A- 
system, it is not permissible to regard Dy, as 
a small perturbation so that it is convenient 
to make the transformation to the coordinate 
system which makes D, as time-independent™. 
They by way of the transformation 
"=exp ((E’t)A exp (—iE’t) , (2.8) 
where 
Jos Se LaP+d Tnx°) ’ (2.8)’ 
the density matrix p7 in the new frame is 
found to obey the following equation 


(2:0) 


(44= Oa—) 


(2.9) 


| (43= Ozp—) 
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Dg" = — (12/2) x (Inx* exp t(o’ —o)t + Ine exp —i(w’—o)t) , (2.10) 
| "= ~ Taji F'4?5 exp (twy,t) , (Ou ;= — 43) (2.01) 
=> ‘ Taxp"*Fp& EXP (1ay,t) , (Ou, = — Ue) (2.12) 
: GTH=D DDD Lasts FF exp i(Ou + Out - (2.13) 


JK Mj BK 


i 
, 


In order to es Fa”, we will carry out a further transformation to a new coordinate 


} whose y-axis remains unchanged. This transformation corresponds to the rotation of angle 
| @=tan“(o,4/44) about y-axis. In this way we get 


Eale=—G4 = I43(0) (2.14) 


| In general the spin operators of the A-system are written in the form 


Laj4i= > Qy.jvjlaj3) 5 (2.15) 
vj=0,41 


where J4;(v;) is the spin operator associated with »; quantum jump in the new coordinate 
system and the explicit representation of (2.15) is 


A cos 9 —sin 9/2 —sin 9/2 7 J(0) 
Hi sn 2) (cos 9+1)/2 (cos ov] 1 : (2.16) 


| he sin @ (cos @—1)/2 (cos 9+1)/24LI(—) 


G.™ and G” in the new coordinate system are given by 


=D DS Qujyjlas(v) Fa" exp (ioy,t) , (2.17) 
Pe ee 
GP=D DD DD Ap yy jLaj 5) Lan P Pe exp U(Opj;toOut . (2.18) 


J kK Bj BK VG 
If Ais is large (but still much less than the static field Ho), Ds’, Ga?, Ga? and G” may be 
regarded as small perturbation as compared with the remaining parts in (2.7)’. Then we 
take the interaction representation using the operation 


A*=expi(Eal¢+Es?+F)tA exp —i(Eal?+ Es + Fit . (2.19) 
By way of (2.19), (2.7)’ is transformed into 
(d/dt)o?* =i[pT*, Ga? * +Ga'*+G7*+Dzs"*] , (2.20) 
where 
Dat*=—(or/2) 3 {an* exp i(o’ —wa)t-+ Inn” exp —t(o'—eon)t} , (2.21) 
att SDD Quy las(v)Faes* exp UOu;toy,)t, (v= —vj@a) . (2.22) 
j Bj Vj 
F4#5 is decomposed into the frequency spectrum as 
F4@s*=exp (tFt)F4"j exp (—7Ft)= x F4¥i(A) exp (toa) . (2:22)4 
Similarly, 
Gal*= >, DD Lat*Falt(A) exp oy, tort , oo) 
kK eK A 
where 
On = —LKOB. 


Since the lattice part of G is nearly rigid, F."i*« may be regarded as constant, so that we 


have 
GHD SDT DY dupa vs) Fn exp (Ons +O! bors « ae 


J K Bj BK VG 
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To take into consideration the effect of tne double transition, it is necessary to develop up 
to the fourth order perturbation containing G?* and D’* in (2.20), but we can obtain the 
same result in the approximation of the second order perturbation by introducing the ef-_ 
fective Hamiltonian like 


T = (w13/2) > > =, oy Fx? {Tax* exp 1(w’—w)t+ Inn” exp —1(w’ —@)t} Laj(v5) Tex? (@v;)* » (2.25) | 

Kk Vj 

KT*= (12/2) SD 2, ov 5F 5° {Taxe* exp 1(w’ —@p+@y,)tt Tax exp —i(w’ —Op+oy,)t} 
iF (6 Vi 


X [4j(¥3)1an(@r;)> . (2.25) 


Kt, which is derived from the second order perturbational calculation regarding Dz” and — 
GT as small perturbation, has matrix elements which induces the double transition. The | 
contributions from Gu, Gz and G up to the second order perturbation have been discussed 
in detail by Tomita» and here we shall not touch on these terms further in this section. 
Short time development of the density matrix regarding K’* as a small perturbation is 


oT*(£)=pt*(0)+4107* +4207* , (2.26) 
where 


Aip?*=—i|' db), o™*(0)] , 
i (2.26)’ 


sno™=— ("dr ("dts LAE), oO), 


The contribution from 4:07* may be neglected in (2.26), and inserting (2.25)’ into (2.26) 
the second order term is explicitly given by 


4,07*= —(o12/2)P'anaor 4 Dd \Fnon | ats |  dtsfexp to! —wstor,)(ti—tr) 
0 0 


jk v5x40 
X Uni Tox Laj(v3), Lox Lox L430), 07 *(0) |] +exp —i(0’—ont+oy;)(h—t) 
X nn Lan Lis), an* Lax°L45(07*(0)]}(@v 055) - (2.27) 


By using (2.19), we shall again come back to the rotating coordinate system. Let us 
suppose that the density matrix describing the whole system can be factorized into the spin 
part o—Bloch®: proposed the name “distribution matrix”—and the lattice part pr which 
is practically independent of the behavior of the spin system and may be assumed as the 
canonical distribution corresponding to the lattice energy F. 

Inserting the relation di=aj=—(sin @/2) obtained from (2.16) and averaging over the 
lattice part, it is easily shown that the time derivative of the second order term of o7 is 
given by 

RE: 
Ghat = (4) Stee EEE SK Fa" PeBo,0p-0 


WA 16 vjA0 AS=H1 
X [Lon Zonaj(Avs), LaeXToxLas(Avs), 67(0)] , (2.28) 


where < >, denotes the operation averaging over the lattice states. 


§3. Solomon Equation 


In this section, the Solomon equation describing a macroscopic motion of the coupled spin 
system A B is derived on the basis of (2.28). 

Taking an average the product of (2.28) and a spin function Q4(Qz) over the B(A) system, 
the macroscopic equation of Q4(Qz) due to the interaction K is easily obtained. At first we 
shall derive the equation of Qz. 

Coming back to the static coordinate system*, <Qz> obeys the following equation 


*) The term appearing due to coming back to the static system will be contained in considering the 
effects of G4, Gg and G. 
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ad ._4/ Ore \? sin? © ; 
a7) m= 2 ) 52 hep Map aad bru uo 


1A 16 Jj Kvj=+1laA=+1 
X{<[1Qe, LoeTon], Donon) ><Laj(Avj)Laj(Av5)> 
+Tax le (Qe, TaxTox ><a jars), Las(Av5)]>} . (3.1) 
_ We should be be remembered that the linear equation associated with the spin operator 
(holds in the case of J,=1/2 and in the approximation retaining the terms up to the first 


! order in howa/kT, hos/kT and hara/kT. 
| Putting Qe=In= Xd Ipx°, the equation (3.1) becomes 


ih 2 
a) (lay = ye = Lala +1)( 24) Dy <I Fj,°° }?>?< Ize» = Dwroptr%4 
at Jx \oua] GF A=41 
int @ 5 
my Sin ay 2 <1 Fin |rLaO)> Di Boros*rBa » Soe) 
32, Oia) F Newt 


| where j and k denote the suffixes of A and B respectively and [4(0)=¥ 1i;(0). 
; J 


_ In order to observe the qualitative behaviour, we may replace the Gaussian line constituted 
by the rigid lattices regularly distributed by the Lorentzian line which has an equal half 
value width. This simplification corresponds to the approximation using one operator T> 
in Bloch equation to represent the spin-spin relaxation process. Therefore, the following 
) replacement is introduced 


tS <| Fn 00/8) LaLa +) 175[ (don P? , (3.3) 
where <4wz?= >) ¢| Fix® |>e(1/3U4U4+1) is the second moment of the local field at the position 
J 


of a B spin produced by the A nuclei. 
A similar approximation as (3.3) is used like 


£E <| Fx [*e(1/8)(1/2)8/2)oL175[<deo4)"P , (3.3y 
where <4ws>?= >) <| Fix® |2>2(1/3)(1/2)(3/2) is the second moment of the local field at the posi- 


tion of an A spin produced by the B nuclei. 
(3.3) and (3.3)’, (3.2) is simplified in Bloch type like 


iz ) (Tney+ ds Our operdf5'On' In.) +AS*O4' (SKLaz> +X Laz) } =0, (3.2) 
k A=+1 
where 
s=sin@, c=cos@, 
a 1.175 O1B 2]1/2 @ FZ 1.175_ OM1B 7] 2]1/2 
01 = alee [<doa>?]}/? , Ler Sale, [<dwz>?] 


It should be remembered that the A-system is described with regard to the rotating 
system. Then the differential equation governing the motion of the B-system becomes 


(Ix) (1/2)s4O,’ 0 0 imlpe 0 
oI ale 0 (1/2)s*O 2’ 0 [o> +204 0 ==(() , (3.4) 
(Rae 0 0 sO ILCInz) 5° Lae) -+84C¢ Lie) 
where for simplicity 9./o,+.s, is omitted. It is worth noticing that the coupling terms 
with the A-system contain the sign 2. Similarly the equation governing the A-system 1s 
easily derived from (2.28) 
a (Q.=( 22) SES neler wy, 
k 


Oa 16 75 & vjet1 A=41 


x {Lod Ds Lolo (LQ 4, Las(Qvy)], LasQv)> 
4+ [Ton Zon®, LX Lox) Las(Av 1Q 4, Lav} - (3.5) 


a = aT Ti ri — ——s —— 
Pa i t | i ) 
(| | WW Wf 

| | | | | ; 


| in . . 
iH 
eee 
Hea | 
| | | i 
| 
i 
| |] (| | 
| 
| . 
| | i | 
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the steady-state solution of (3.9) 


D 42° 


i EW FAY YOUR Ee 
Oe cb a A »o 


GQher= 


aus 2 Oz2°(Ox’ aE bp’ ) 
(Da2t+On +63 {Ds2+O04 +64 +a(On + px’ } 


GL. syenpeeete Oss AO oc EA 
4° (Daz +2) Oa +64) {Ose +(1/2)Oa' +64 )} +014 


The Overhauser induction is the effect in 
which the second term in (4.4) is much larger 
than the first and <Juz> becomes to be nearly 
equal to <Jz:>0 in magnitude and the condi- 
tions to be satisfied in order to induce the 
effect is summarized as follows: 

(i) The spin-lattice relaxation constant 
®»:* is so large that the condition 0,.>0;"*” 
is satisfied and this condition means that 
<Ipz>e is nearly equal to <Jzz>o. 

(ii) The spin-spin relaxation of the A- 
system is supressed due to the strong re- 
sonant r.f. field and the condition O4’~@a.- 
is satisfied. 

Then 

(Lary —2Tp2>0 , (4.5) 
and <Jix> reverses its sign around the center 
frequency wz due to the existence of sign 2. 
(2) Experiment of S.M.K. 

In discussing the experiment of S.M.K., it 
is necessary to study the behaviour of <v>. 
As is shown in (4.3) and (4.2), <v> is propor- 
tional to <Jz-> which is composed of three 
parts. According to the relative magnitude 
between them, various situations are realized 
and the asymmetry of the line shape is 
ascribed to the term As‘ca<J4z> which appears 
only in the off-resonant case. In the ex- 
periment on 7/F, the asymmetry has been 
observed when 44=+2z7 x5 ke and the ampli- 
tude of the r.f. field of the A-system is 1~3 
gauss. Suppose that His equals to 3 gauss, 
since s=1 and c=44/o14=0.15 in this case?, 
it may be permissible to replace by the 
quantities in exact resonance in evaluating 
lige a, <i and ee 

Here we may classify three different cases: 

(1) The case in which the spin-lattice 
relaxation of the B-system is sufficiently 
rapid. 


*) On:=On.°; **) Usually Ou’, O2')>(a', o’)- 
tT) A-system is F! nucleus and the magnetic 
moment of F19 equals to 2.6273 nuclear magneton. 


Ko SUGIHARA 
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<Izz>0 , 


2 «Tazo : 


In this case the term <Jg.>¢ is superior to 
the other terms among <Jz.>, and so the ap-. 
pearance of the normal line shape is expected. . 
In lithium fluoride crystals it has been ob-- 
served that the sample which has short: 
relaxation time does not show any anomalous if 
behaviour and the situation corresponds pre ° 
cisely to the case above mentioned. 

Gi) The case in which the Overhauser ° 
induction occurs and the condition 


(Tan — 2 Tp2>0><L42> > (4.6) 
holds. 
Then, <Jz-> is given by 
(Tp2)=(Tpe>e—S'a¢ I nz>e , (4.6)” 


and any skewness in the resonance line will 
not appear. | 

(iii) The case in which in (4.2) the term 
proportional to </i> surpasses the term pro- | 
portional to <J4z> and contributes to <Js.> in | 
the same order magnitude as <Jz,e._ In this — 
case <v> depends upon the sign 2 appreciably 
and the asymmetry will result from the dif- 
ferences of the absorption intensity around 
the center frequency ws, and simultaneously 
the position of intensity maximum may be 
pulled up nearer to the side at which the 
absorption is more intense. This is the: 
anomaly observed in the off-resonant case. 
In the exact resonance the asymmetry and 
the shift will disapper and, as has already 
been pointed out by Bloembergen in this 
region the relation ws<|F.°| is satisfied 
and the “collapse” results from a severe 
broadening of the line by second and higher 
order transitions. 


§5. Conclusion 


We have not made a quantitative analysis 
of the experiments, but it appears that they 
are in agreement qualitatively with the 
predictions of our theory. To represent the 


equation in Bloch type, we have been forced 


to use the approximations like (3.3) and (3.3/ 


959) 
| 


yut the treatment presented here should be 
mproved mathematically. The restriction 
ssuming Jz:=1/2 is inevitable to represent 
he equation in linear form of spin operators. 
yince the experiment of S.M.K. has been 
lone under the circumstance in which theo- 
etical background is obscure, it is desirable 
o research further in this stage. 
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Complex Young’s modulus, rigidity and bulk modulus are measured at 
33 kc/s, 66kc/s and 1Mc/s for polystyrene, polymethyl methacrylate, 
polyvinyl acetate and phenol resin. In each material, the storage 
modulus-temperature curve has a discontinuity in the slope, irrespective 
of frequency and type of modulus, at the glass transition temperature 
T, determined from thermal expansion. This discontinuity takes place 
through a strong dependence of the modulus on the specific volume. 

Besides, the first three materials exhibit secondary discontinuities at 
T,', about thirty degrees below 7,, both in thermal expansion and 
modulus-temperature curve. Some possible interpretations are given to 
this secondary discontinuity, resulting in the conclusion that the glass 
transition occurs over a rather wide range of temperature and is com- 
pleted at 7, with increasing temperature. 

The ratio of the temperature coefficients of the modulus, taken below 
and above 7,, agrees well with that of volume expansion curve. This 
is also the case about Jy’, being indicative of predominantly energetic 
nature of elasticity. 

The loss factor begins to rise slightly at Ty’, then rapidly at Ty as 
the temperature is elevated, suggesting that local motions of molecular 
chains are first encountered at 7,’. 

The real part of Poisson’s ratio seems nearly constant through the 
temperatures studied, including the glass transition temperature, whereas 
the imaginary part is found to vanish. 


§1. Introduction 


perature is usually called “glass transition | 


A very wide class of substances which fall 
in the supercooled state, such as silicate and 
selenium glasses, glucose, glycerine, and so 
on, exhibit glass transition phenomena. 
Among them, organic substances composed 
of long chain molecules have so far been 
most widely investigated. 

As a high polymeric substance is cooled 
down from its rubbery state, the activation 
energy for the rotation of polymer chains 
increases as a consequence of decrease in the 
intermolecular free volume. When the critical 
temperature is attained where the activation 
energy for the free rotation of backbone 
chains becomes so large that the rotation can 
no more take place within the time of obser- 
vation, the free volume is frozen in and kept 
unchanged below this temperature. This tem- 
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temperature ” and is the dividing line between} 
glass-like and rubber-like properties of a poly- | 
mer. Experimentally, the glass transition 
temperature is in most cases determined from 
the discontinuity in thermal expansion. 

The glass transition of a polymer is usually 
considered as a predominantly rate and not. 
equilibrium phenomenon. The transition tem- 
perature, however, only slightly depends on) 
the rate of cooling within the usual range of | 
rate at least, apparently because the activation 
energy for molecular rotation, in the neigh- | 
borhood of this temperature, very rapidly in- | 
creases with decrease in the free volume. | 
Probably, a change of 1°C corresponds to the : 
change of an order of the magnitude in the: 
relaxation time. From the same reason, this i 
temperature also remains almost constant for | 


| 1959) 


feither cooling or heating process. The de- 
scription in a subsequent paper is always 
| given for heating process, namely, for “loosen- 
! ing” of free volume, not for freezing-in. 

It has been well confirmed by numerous 
| investigators that a marked change is observed 
in many physical properties at the glass tem- 
| perature. Fig. 1 illustrates an over-all be- 
] havior of the real and imaginary part of 
? complex modulus, say complex rigidity, of a 
linear amorphous polymer at constant fre- 
| quency, together with the volume expansion 
| curve. 


VOLUME 


TEMPERATURE 


Fig. 1. Over-all behaviors of complex rigidity 
G’+7iG’’ and specific volume of a linear amor- 
phous polymer near glass transition tempera- 
ture. 


As has been in recent years firmly estab- 
lished!-”, the storage modulus-temperature 
curve exhibits a discontinuity in the slope at 
the glass transition temperature T,. One of 
the present authors?’») and Work» have pointed 
out that this break takes place through a 
strong dependence of the modulus on the 
specific volume and is simply a manifestation 
of the break in volume-temperature curve at 
T,. Consequently, as has been verified by 
many authors, the break temperature is inde- 
pendent of a wide range of time or frequency, 
from even the static measurement® up to the 
range of megacycles®. 

In many of the existing reports, the glass 
transition temperature has often been referred 
to the temperature where the loss modulus 
G” or loss factor G’’/G’ becomes maximum 
(Tm in Fig. 1). This temperature is charac- 
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teristic of the relaxational effect of segmental 
motions of polymer chains and essentially de- 
pends on frequency of observation. Some 
other authors® have given the name of glass 
transition temperature to the point where G’ 
becomes minimum, in other words, equilibrium 
rubber elasticity is first encountered (Tn in 
Fig. 1). These scattered definitions of the 
transition temperature seem to come from 
the confusion between the loosening of free 
volume at 7, and the relaxational phenomena 
of segmental motions above T,. In as much 
as the glass transition is a change of state of 
a substance, if not in the sense of thermo- 
dynamics, the transition temperature should 
be independent of the method or time scale 
of measurement, if it may depend on the rate 
of heating or cooling. 

The purpose of this paper is, first, to in- 
vestigate the temperature variation of various 
types of complex moduli, Young’s modulus, 
rigidity, bulk modulus etc., and to afford a 
quantitative basis to the above discussions. 
Second, some suggestions will be given to the 
anomalies observed in the modulus-tempera- 
ture curves below the glass transition tem- 
perature. 


Experimental 


S23: 

The real and imaginary parts of complex 
Young’s modulus and rigidity were measured 
by the composite oscillator method at a fre- 
quency of 33kc/s for all samples and at 66 
kc/s for polystyrene alone. Details of experi- 
mental techniques of the method have been 
described in the previous papers.» 921 

Fig. 2 shows a block diagram of the meas- 
uring apparatus at 33kc/s. Essentially, it 
consists of a device for applying voltage of 
variable frequency to a composite oscillator 
system and observing the frequency depend- 


Fig. 2. Block diagram of composite oscillator 
method at 33 kc/s. 
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ence of the resultant current. A composite 
oscillator system was made by cementing a 
piezoelectric oscillator to a specimen rod of a 
similar resonant frequency and was set into 
vibration, the nodal points of the oscillator 
being supported. The bridge circuit including 
C and R eliminated the clamped admittance 
of the oscillator and only the motional admit- 
tance vs. frequency was read on the vacuum 
tube voltmeter. The storage modulus and 
loss factor of the specimen were evaluated 
from the resonant frequency and half-width 
of the composite system respectively. The 
frequency of the oscillator circuit was com- 
pared with a standard quartz oscillator and 
was calibrated to a few cycles by the beat 
method. 

Measurements of Young’s modulus were 
made by use of an ammonium dihydrogen 
phosphate (ADP) 45° Z-cut longitudinal oscil- 
lator, whereas a quartz torsional oscillator 
was employed in measurements of rigidity. 
An ADP oscillator has lower density and lower 
elastic modulus than quartz and consequently 
has a better acoustic matching with a polymer 
specimen’. In the case of measurements of 
rigidity, an ADP torsional oscillator was not 
advantageous over quartz on account of the 
complicated construction of the former. 

The cross section of the specimen rod used 
in the composite oscillator method was identi- 
cal with the piezoelectric oscillator, 3x5 mm? 
for longitudinal oscillation and 6mm in di- 
ameter for torsion. The length of the speci- 
men was adjusted so as to make the resonant 
frequencies of the piezoelectric oscillator and 
composite oscillator system lie within a few 
percent. The specimen was cemented to the 
oscillator by means of styrenated alkyd resin. 

The real parts of bulk modulus and rigidity, 
Kk’ and G’, at 1Mc/s were computed from 
longitudinal and transversal wave velocities, 


DC CALIBRATED HF 
PULSE | DELAY PULSE 


WATER TANK 


Eigweos 


Block diagram of pulse transmission method. 
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Cc. and c; respectively, by the following equa- 
tions: 
K’=o( at 32) eG Bcre, (1) 

where o=density. 

Measurements of sound velocities were made . 
using pulse technique (see Fig. 3). A pulsed }} 
compressional wave was generated and re- | 
ceived in a water tank by a pair of trans- | 
ducers. The time shift of the received signal | 


when a sample was inserted in the path of } 


the beam was compensated by a calibrated . 
delay circuit. From the time shift when the 
sample plate was set perpendicular to the 
sound beam, c: was obtained by means of the 
relationship 
ee dco 
~ d—coAt ’ 
where d=sample thickness, co=velocity in 
water, and 4t=time shift. When the incident 
angle 0 of sound to the plate was larger than 
the total reflection angle 0;=sin~+(co/cz), trans- 
versal wave alone is transmitted into the plate 
and c; was calculated as 

dco 
~ dcos(@—¢)—codt cosy ’ 


(2) 


Ct 


(3) 


Ct 
where ¢ is refraction angle and given by 


sing=<“‘sin@ . (4) 
Co 

The value of c; was evaluated from Eqs. (3) 

and (4) by a successive approximation, first 

assuming an appropriate value for c:. 4¢ in 

eq. (3) is numerically negative for polystyrene 

in water. 

The longitudinal wave velocity was also ob- 
tained from the total reflection angle 6;,4»% 
being in good agreement with that from eq. 
(2). 

Cubical thermal expansion was determined 
by placing a specimen in the bulb of a Pyrex 
dilatometer, surrounding it with mercu- 
ry, and reading the level of mercury 
in the capillary of the dilatometer as 
the temperature was varied. The vol- 
ume of the dilatometer bulb was ca. 
15.6 cc and the diameter of the capil- 
lary was 2.52mm. The freezing point 
of mercury imposed limitations on low 
temperature measurements. 

Density at 15°C was measured by 
the floatation method in aqueous solu- 
tions of sugar. 


(959) 


| The rate of heating and cooling was kept 
|Imost constant, 10 deg/hr, both in the ultra- 
fonic measurements and in the dilatometry. 
yc his rate was sufficient to ensure the uni- 
- of temperature in the specimen. 

i 3. 
{ Experiments were made on_ polystyrene 
abridged by PS in the following), polymethyl 
|methacrylate (PMMA), polyvinyl acetate 
/PVAc) and phenol-formaldehyde resin (PhF). 
' PS sample was moulded from pellets, PMMA 
land PVAc were cast from monomer by block 
}oolymerization, PhF was prepared from phenol 
jand formaldehyde of equal mole with am- 


Sample 
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monium catalyst. Another polystyrene sample 
(PSa), prepared by block polymerization, was 
used only in thermal expansion. 

Original stocks of each sample except PV Ac 
were in a form of plate, specimens being cut 
out of the central part of the plate and an- 
nealed at 100°C for several hours in order to 
avoid possible residual stress and volatile im- 
purities. The stock of PVAc was of a form 
of a short circular rod, thus the measurement 
of Young’s modulus was impossible. 

Intrinsic viscosity [vy] of PS, PSa, PMMA 
and PVAc was measured at 30°C in benzene 
solutions. The results are tabulated in Table 
I, with the viscosity average molecular weight 


Table I. Viscosity average molecular weight and density of samples. 
Substance Symbol [7] M (10°) p G@iccs 15°C) 

) {= “BS 1.15 302 1.056 
| Polystyrene = a ee = 
| PSa 0.89 Zao 1.054 

Polymethyl methrcrylate PMMA 3.47 14 1.185 

Polyvinyl acetate PVAc 1295 aya 1.194 

Phenol formaldehyde resin PhF — — 1.273 


M computed by use of the conventional 


[y]—M relations.1)-1 

Rigidity G’ of the same lot of phenol- 
formaldehyde resin as used in the present 
experiment was obtained by Hideshima at 0.5 
c/s) and it was found that G’ becomes pro- 
portional to absolute temperature above 120°C. 
Since G’=2.8x10' dyn/cm? at 160°C, we can 
estimate the average molecular weight of a 
segment between neighboring crosslinks as 
M=1.3x10?, using the well known formula 
G’=oRT/M, where o=density, R=universal 
gas constant, T=absolute temperature. 


§4. Volume-Temperature Relation 

Fig. 4 shows the volume-temperature curves 
for five samples. Two samples of polystyrene 
(PS and PSa) caused no appreciable difference 
in thermal expansion. 

Remarkable discontinuities in the slope of 
the curves are observed at 81°C for PS, 28°C 
for PVAc and 53°C for PhF. These points 
are the glass transition temperature Ty, as 
listed in the literature. In the case of 
PMMA, the glass transition is said to be 


encountered at ca. 100°C, the high temper- 
ature end of this experiment. 
The volume-temperature curves in Fig. 4 


% 


VOLUME DILATATION 


20,40 60 80 100 
Fig. 4. Volume-temperature curves of five speci- 


mens. 
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are not entirely linear in the range below Ty, 
but less remarkable discontinuities in the 
slope can be found at 56°C for PS, 67°C for 
PMMA and 3°C for PVAc. Possible inter- 
pretations to these discontinuities, here named 
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Fig. 5. Complex Young’s modulus and rigidity 
of PS at 33 kc/s. 
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Fig. 6. Young’s modulus at 66 kc/s, rigidity and 


bulk modulus at 1Mc/s of PS. 
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“secondary discontinuity temperature (Ty’),” 
will be later referred to in detail. It might 
be noted, however, that 7,’ lies about thirty 
degrees lower than Ty, for the three polymers. 

The behavior of PhF is somewhat different 
from other three and will be discussed in the! 
last section. 


§5. Temperature Dependence of Storage 
Modulus 


Experimental results of the real part (sto-- 
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Fig. 7. Complex Young’s modulus and rigidity 
of PMMA at 33 kc/s. 
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Fig. 8. Complex rigidity of PVAc at 33 kc/s. 
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frage modulus) of Young’s modulus E£’, rigidity 


{G, and bulk modulus K’ are shown in Figs. 
19, 6, 7, 8 and 9. K’ and G’ at 1Mc/s were 
E 
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Fig. 9. Complex Young’s modulus and rigidity 
of PhF at 33 kc/s. 
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obtained only for PS, evaluated from the 
smoothed curves of c: and c. 

As is readily seen in Figs. 5, 6, 7 and 8, 
E’, G’ and K’ vs. temperature curves of PS, 
PMMA and PVAc all exhibit discontinuities 
at the temperatures which agree with T, and 
T,’ within the experimental accuracy. In the 
case of PhF alone, a rapid increase in loss 
made the measurement of modulus impossible 
above Ty, so the discontinuity was not verified. 

In Table II are listed these discontinuity 
temperatures, T, and 7,’, and the tempera- 
ture coefficients, a, 8 and 7, of the linear 
portions of the curve below T,’, between 7,’ 
and T,, and above 7,, respectively. 

Taking into account a rather large experi- 
mental error in the temperature coefficient, it 
may be permissible to deduce the following 
rules from the data in Table II. (1) The 
discontinuity occurs at the same temperature 
for thermal expansion and for ultrasonic meas- 
urement, irrespective of frequency and type 
of modulus. (2) The temperature coefficients 
a, B and 7 respectively are common among 
three moduli, E’, G’ and K’. (3) The ratios 
B/a and 7/8 are the same with volume as 
with modulus. 

According to the simple theory Work® has 
developed, these three rules point to the con- 
clusion that the three types of storage moduli 
are all of energetic nature and the tempera- 
ture dependence of moduli is simply a mani- 


Table II. Temperatures of discontinuity and temperature coefficients. 

ah i inui XOy| ae : fficients (10-3/deg) | Ratio 
Sample | Observed Saati Lemp: pe con ee) oe cee a nts at : 8) Blox 7/8 
volume 56 81 0.19 DD ors 1.48 Pye) Rg) 
E (33 kc) 50 81 YA Ori 13.4 Ie ARO) 
PS G (33 kc) 50 79 1.6 Sr WY Da) eee lee, 
EF’ (66 kc) 53 81 Dl) 3.9 0; OF sie3 
G (1 Mc) 48 79 2.0 Sil 14.3 W60 92456 
K (1 Mc) 54 80 2.4 33,7 13.85 erAeeera 2 

: volume 67 —_— 0.25 0.70 — 2.8 — 

PMMA EF (33 kc) 67 — 4.5 NZgBe — 2.77 — 
G (33 kc) 68 — ee, Tunis — 2.2 — 
PVAc volume 3 28 0.19 O%35 0.75 ILg3h 4572 
G (33 kc) 3 26 20 835 10.0 LS E258 
Fane — 53 — 0.13 0.39 _— 3.0 

PhF E’ (33 kc) -= — — 0) — _— = 
G (33 kc) — — — “a3 —. = — 
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festation of that of volume. Entropic elastici- 
ty and its relaxation effect might add an 
appreciable contribution to the modulus only 
well above the temperatures studied. 

Fig. 10 shows the real part of Poisson’s ratio 
o’ calculated from E’ and G’ and from K’ 
and G’ by the following equations which are 
valid for loss factor<1 as is our case, 


(5) 


and 
oe 3K’—2C’ 
3(3K’+G’) © 
The o’-temperature curves have no disconti- 
nuity at T, as well as Jy,’, being a natural 
consequence of the rule (2) above mentioned. 
As can be seen in the data for PS (Figs. 
5, 6 and 10), no frequency dependence of £’, 
G’ and o’ is appreciable, being also character- 
istic of energetic elasticity. 


(6) 


O.4+ 


20. 40 60 60 
°C 


Fig. 10. Real part of Poisson’s ratio calculated 
from #’ and G’ at 33kc/s (circle) and from K’ 
and G’ at 1 Mc/s (point). 
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§6. Molecular Interpretation of Secondary 
Discontinuity 

It has been suggested by many investigators 
that the glass transition arises from loosening 
of free volume accompanied by the free rota- 
tion of backbone chains of polymers. Besides 
this transition, as pointed out in the preceding 
sections, a secondary discontinuity temperature 
T,’ was observed below Ty, in the case of PS, 
PMMA and PVAc. This discontinuity prob- 
ably cannot be ascribed to any shortcomings 
of experimental procedures, because the dis- 
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continuity occurs in quite a similar way both 
in thermal expansion measurement as well asi} 
in measurement of various types of moduli. 

In fact, this secondary discontinuity has) 
been observed in most of the existing reports. 
In the case of polystyrene, for example, Hide-, 
shima and Okano have found it in their’ 
study of creep compliance. A similar phe- 
nomenon is seen in the data of thermal ex-'\} 
pansion measured by Jenckel and Uberreiter™®, 
Spencer and Boyer!, though they took no } 
special interest in it. 

It is of course difficult to decide experi. 
mentally whether a true discontinuity in the: 
slope occurs at Ty’, or only a rapid but con 
tinuous increase takes place. It may be sure. 
however, that the partial loosening of free 
volume begins near T,’. | 

There are two possible interpretations to. 
the molecular mechanism involved with this 
phenomenon, namely, the rotation of side 
groups of chain polymers and the rotation of 
the end parts of backbone chains. 

The concept of the rotation of side groups 
has frequently been employed in the inter- 
pretation of transitions below J,. In the 
present case, this concept encounters some 
difficulties, if not decisive ones, as follows. 
First, the C-C bond between benzene ring 
and another radical has been considered as 
rigid in a molecule of low molecular weight 
at least. In the case of polystyrene, this 
conclusion should be altered, if the side group, 
benzene ring, actually rotates before the rota- 
tion of backbone chains begins. Second, in 
the case of polymethyl methacrylate, the ex- 
isting interpretation!® that the so-called “ B- 
transition” comes from the rotation of side 
group as a whole should be revised, if 7,/= 
ca 70°C is due to this rotation. 

An alternative possibility to the secondary 
discontinuity is that a local loosening of free 
volume first appears at TJ,’ in regions sur- 
rounding chainends. This idea was suggested 
by Meares’? in a study of diffusion of gas in 
a polyvinyl acetate film. If so, the disconti- 
nuity at ZT,’ should be depressed for the 
fractionated sample including few number 
fraction of short chain molecules. In fact, 
the discontinuity does not take place so mark- 
edly in the thermal expansion measurement 
with well fractionated polystyrenes by Fox 
and Flory?. It may be reasonably assumed 


| 


1959) 


‘that the kinetic motions of segments first be- 
gins at 7,’ in the vicinity of “network de- 
fects,” chain ends for example, where the 
mobility of segments is larger than else, and 
then these rubber-like regions grow co-opera- 
‘tively as temperature is raised, until at Ty, 
(they constitute a continuous phase. This 
»point of view results in the conclusion that 
the glass transition do not necessarily occur 
-at a very narrow range of temperature, but 
‘in a rather wide range. 

Anyway, more definite conclusions will 
probably have to await an investigation with 
samples of a wider range of chemical consti- 
tutions and of known molecular weight distri- 
‘butions. Precise measurements of certain 
' other properties such as line-width of nuclear 
magnetic resonance will be also very desirable 
| to this purpose. 


§7. 
The data of loss factor are presented in 
Figs. 5, 6, 7, 8 and 9. For each polymer, 
_ two loss factors, E’’/E’ and G’’/G’, are almost 
equal to each other within the experimental 
error in the temperature studied. This results 
in the fact that the imaginary part of Pois- 
son’s ratio 0” is nearly zero, following the 
equation below, 
pee ee —G"/G) 
2G 1+(GCY 

Temperature dependence of loss factor ex- 
hibits features quite different from that of 
storage modulus, because the energetic elastic- 
ity greatly contributes to the modulus, but 
very little to the loss. Therefore, the entropic 
elasticity in turn, if slightly intermixed with 
the energetic one, may be revealed clearly in 
the latter, but not in the former. The rapid 
increase of loss factor from JZ, as found in 
the data may be safely regarded as a result 
of onset of segmental motions at 7,. A slow 
increase is also observed at 7,’, affording an 
additional basis to the conclusion in the pre- 
ceding section that the motions of chains 
locally starts at Ty’. 

As mentioned in the introduction of this 
paper, the glass transition temperature has 
often been referred to the temperature of loss 
maximum. However, in our standpoint of 
view, it may be rather reasonable to say that 
the transition temperature corresponds to the 
point where the loss factor begins to rise, 


Temperature Dependence of Loss Factor 


(7) 
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though this point is experimentally difficult 
to identify exactly. 

Finally, some supplementary remarks will 
be given about PMMA and PhF. In the case 
of PMMA (see Fig. 7), a slight increase in 
the slope of the loss factor-temperature curve 
is observed at —40°C, which may presumably 
be allied with the so-called 8-transition, though 
the corresponding maximum of the loss factor 
shifts to a much higher temperature at ultra- 
sonic frequencies and becomes undistinguish- 
able from the primary glass transition. 

For the PMMA specimen, which was cut 
out of the same stock as the present study, 
but had been left for two months in an atmos- 
phere of high humidity, a slight peak of the 
loss factor was observed as illustrated in Fig. 
11. As Yamamoto and Wada have said in 
the previous report®, this peak probably arises 
from water included in the specimen. 


°C 
G'’/G’ of PMMA including water at 


Dikeey Tal 
33 ke/s. 


The behaviors of PhF are somewhat dif- 
ferent from other three samples both in the 
storage modulus and loss factor. The mo- 
dulus-temperature curve of PhF (see Fig. 9) 
has no distinct discontinuity below Ty, but 
the slope continuously decreases with lower- 
ing temperature. The loss factor steadily 
decreases with decreasing temperature and 
shows no indication to level off, even at the 
lowest end of the temperature .studied, in 
contradistinction to other samples. These 
behaviors may presumably be caused from 
permanent crosslinks in this polymer. The 
permanent crosslinks hinder the molecular 
motions above 7,, resulting in a rather large 
number of “network defects” in the glassy 
state and, as a consequence, a perfect freez- 
ing-in of free volume is not reached until the 
temperature is lowered far below Ty. 
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Molecular rotation in cubic ammonium nitrate was studied by using 
a single crystal obtained by slow cooling from the melt. The observed 
X-ray scatterings of two different kinds were used: one is the Laue- 
Bragg scattering and another the diffuse scattering. The first and the 
second order diffuse scatterings of disk-like shape (sin (v/2)/A x 10-8 
=0.1945, 0.3089) perpendicular to the direction a* and its equivalents in 
the reciprocal lattice were observed in addition to the diffuse scattering 
due to ordinary thermal vibration. These diffuse scatterings were con- 
sidered to be due to the rotation of nitrate groups. 

By the study on the Laue-Bragg scattering two models of the hindered 
rotation were selected and it was found by the study on the diffuse 
scattering that one of these two models is most probable. Further, the 
correlation among the individual rotating nitrate groups was considered 
for interpreting the characteristic intensity distribution of the first 
order diffuse scattering as well as the existence of the second order 
diffuse scattering. One type of the correlations which is specified by a 
parameter P denoting the degree of the randomness in the distribution 
of the rotation-axes was taken into consideration for the analysis of the 
diffuse scattering. The model thus obtained is closely connected with 
the model of the rotation in the tetragonal ammonium nitrate and it 
seems that there still exists correlation not only between the neighbour- 
ing nitrate groups but also between remoter ones. 


Introduction 


§ 1. 

It is known that ammonium nitrate has 
five modifications and among them the cubic 
modification is stable in the temperature range 
of 125.2°C~169°C (melting point). With re- 
spect to the cubic modification the rotation 
of nitrate groups has been considered by S. 
B. Hendricks and his coworkers from the 
fact that X-ray powder photographs have re- 
quired the cubic unit cell containing a single 
molecule. But, on account of the unreliability 
of the intensity measurement due to the high 
rate of crystal growth, they could not obtain 
any appropriate model of the rotation. Also, 
with respect to the cubic modifications of 
other nitrates such as RbNO:;, CsNO;3 and 
TINO; the rotation of nitrate groups has 
been considered in the same manner by other 
workers?»®), On the other hand, by the use 
of X-ray powder method U. Korhonen” re- 
ported recently that the cubic nitrates RbNOs 
and CsNOs have the larger cubic unit cells 
containing eight molecules (space group Pa3) 
in which there does not exist the rotation of 


nitrate groups. 

In a previous paper® by the present author 
it was considered that the nitrate groups of 
ammonium nitrate are in hindered rotation 
in the tetragonal modification (84.2°C~ 
125.2°C). And so it seems that the rotation 
is violent in the cubic modification. It is 
therefore interesting to study more in detail 
the behaviour of nitrate groups in cubic am- 
monium nitrate. 

In order to avoid the difficulty of the inten- 
sity measurement in the powder method and 
further to get the pattern of X-ray diffuse 
scattering arising from the disorder of nitrate 
grougs, in case when the nitrate groups are 
in rotation, the present study was carried 
out by using a single crystal of the cubic 
modification. And the crystal structure of 
the cubic ammonium nitrate was studied by 
the Laue-Bragg scattering and the observed 
diffuse scattering. 

In this paper the results derived from the 
Laue-Bragg scattering and the diffuse scattering 
will be shown in Parts I and II respectively. 
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I. Study on Laue-Bragg Scattering 


§2. Preparation of Single Crystal 


Since single crystals of the cubic modifica- 
tion could not be obtained from other modi- 
fications owing to the destruction of crystal 
in phase transitions, they were prepared as 
follows. Dry sample placed in a sealed small 
glass tube was mounted on the sample holder 
of camera and was repeated to melt and 
solidify in order to exclude the bubble in the 
sample. And the sample was melted care- 
fully so as to remain a small crystal and 
then by slow cooling a crystal grew up along 
the direction of the axis of glass tube on ac- 
count of the temperature gradient existing in 
that direction in the furnace. This procedure 
was observed with a telescope. After having 
annealed the sample for about one day at 
about 150°C a good single crystal was ob- 
tained. By such a method crystals with the 
direction <001> or <011> near the axis of glass 
tube were often obtained and by the help of 
Laue photographs the axis of the crystal was 
corrected so as to have the direction <001> or 
<011> along the rotation-axis of the camera. 


Determination of the Structure 


§ 3. 

The rotation photographs were taken with 
the direction <001> or <011> vertical by using 
X-ray CuKa@ and MoKa (filtered). The data 
require a cubic unit cell of the structure with 
a=4.37A at 140°C containing a single mole- 
cule, and Bragg spots suggesting a larger 
unit cell could not be observed. The inten- 
sities measured by the microphotometer are 


shown in Table I under the heading |Flobs., 
the mean structure factor. 


Such unit cell suggests that the nitrate 
groups are in rotation, where the term “ rota- 
tion” means not only the dynamical rotation 
but also the statistical disorder. The struc- 
ture factors were calculated for the assumed 
several models of the rotation. In all models 
it was assumed that a nitrate group holds 
the form of planar equilateral triangle with 
N-O distance of 1.22A as found in other 
nitrates» and that the atomic scattering fac- 
tor fyn, for CuKa is approximately the same 
as determined for MoKa_ diffracted from 
NH.CI?, and fn and fo of the nitrate group 
are the same as those used for cubic RbNO;”. 

The centers of ammonium groups can be 


Yasuhiro SHINNAKA 


(Vol. 14, 


taken at 000 and those of the nitrate groups 
at 4344 statistically. If the correlation be- 
tween each rotating group is neglected, the 


several modes of the rotation will be specified © 


by the distribution of the rotation-axes. 
At first, the following two models were 
considered on the basis of the assumption 


that N atoms of the nitrate groups are at. 


pa ae 
222 


dicular to NO; planes through the N atoms; 


model (1): the rotation-axes are oriented 
at random, 
model (2): the rotation-axes are parallel 


to three orthogonal directions 
<100> and its equivalents, 


where the nitrate groups are rotating with — 


constant angular velocity about the rotation- 
axes. 


Table I. 


F(3) F(4) F%() 


(hil) (Flows. FF)  F(2) 


(100)9"* 857" =1370" 10-1 “sre 857 — 9 
COM M15, a 24 SiSh eae 16.0 1GnZ 
(111) Bee) 1.8 26 eo Si 4,2 
(200) 1020) * 1020" 1020) 2080" 1050) 1020 
(210 asf 4.1 2.6 5 Zao 2.4 
(211) Pal) og Bialh Dips 2A Bell 
(220 2.4 4.8 Za Eh 225 Pie \ 3.8 
(300) Za 2.4 —101 —1:9" 125 1.4 
(221) 3.4 2.4 Zao) BS 4.3 aut 
(310 3.5 4.5 4.7 4,2 4.6 233 
(311 0 1.4 0.6 0.7 0.8 3.0 
(222) 0 4.3 2m 0.7 0.3 Sas 
(320 0 0.8 1.0 0.4 0.9 3 
(21) v.20. Ara BSE 1.8 ZAM Dol 
(400) vw. 3.8 4.5 3.3 2.6 2.0 


F(z) represents the calculated mean structure 
factor for (¢) model and all values are arranged 


relatively by taking #(200)=10.0. 


The calculated structure factors for these 
models are shown in Table I. They are not 
in good agreement with the observed ones 
and it is noticed that among the structure 
factors of the main reflection planes the cal- 


culated F(111)ca) of both models are so weaker 
than the observed one. It is found from 
several further numerical trials that if the 
N atom is at 344 such tendency is hold for 
the other models. Therefore the position of 
N atoms must be slightly displaced from the 
body center of cubic unit cell. 

Then it was considered to be probable that 


| 


and that the rotation-axes are perpen- |f 


‘the nitrate groups take successively some 
yequivalent quasi-stable configurations with the 
{Same probability in each unit cell. As to the 
‘configurations of the nitrate group which 
gseem to be quasi-stable, the configurations 
/similar to those in the other modifications of 
j}ammonium nitrate were chosen as follows. 
From the tetragonal modification, the model 
| (3) with twelve equivalent configurations was 
‘considered and one of which is shown in 
Fig. 1. This model is similar to the model 
2). 

_ From the orthorhombic modification (32.3°C 
_~84.2°C) of the type NiAs, the model (4) 


having eight equivalent configurations was 


Fig. 1. One of the twelve equivalent configura- 
tions of the nitrate group for model (3). Posi- 
tions of atoms in the nitrate group: N:(0.5, 
0.5,0.5+v); O:(0.5,0.5,0.779+¥v), (0.5, 0.742, 


0.36-+v), (0.5, 0.258, 0.36+2). 


Fig. 2. One of the eight equivalent configurations 
of the nitrate group for model (4). Positions 
of atoms in the nitrate group: N:(x,7,~); 
O:(u, U, 2), (u, 2, U), (2, U, u). 


Molecular Rotation in Cubic Ammonium Nitrate 


1075 


considered and one of which is shown in 
Fig. 2. This model is similar to that of cubic 
RbNOs, that is, in cubic RbNO; these eight 
equivalent nitrate groups are arranged under 
the space group Pa3 in larger unit cell. Also 
it is considered that this model is similar to 
the model in which the rotation-axes are 
parallel to the direction <111> and its equi- 
valents. 

From the orthorhombic modification (32.3°C 
~—18°C) of the type CsCl, the model (5) 
having twelve equivalent configurations was 
considered and one of which is shown in Fig. 
3. This model is similar to the model in 
which the rotation-axes are parallel to the 
direction <110> and its equivalents. 


Fig. 3. One of the twelve equivalent configura- 


tions of the nitrate group for model (5). Posi- 
tions of atoms in the nitrate group: N:(0.5, 0.5, 
0.5+v); O:(0.5, 0.5, 0.779+4), (0.329, —0.329, 
0.36+0), (—0.329, 0.329, 0.36+ v). 

Table II. 
Model (3): v=0.05 
Model (4): w=0.554, u=0.44, 2—=Os(82 
Model (5): v=0.10 


In these models the atomic positions were 
determined so as to be in agreement with 
the experimental data as good as possible. 
The atomic positions of each one of equivalent 
configurations for these models are shown in 
Table II and the corresponding calculated 
structure factors are shown in Table I. 
Among them both the calculated structure 
factors for models (3) and (4) were in fairly 
good agreement with the observed ones. 

While, it may be still possible that as in 
the case of RbNOs the unit cell of ammonium 
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nitrate is larger and contains eight molecules. 
However, no Bragg spots suggesting a larger 
unit cell could be observed in the present ex- 
periment. 

Judging from the above results it can be 
considered that in the cubic modification the 
nitrate groups are in rotation and the mode 
of rotation is quite similar to either of the 
models (3) and (4). Of course the rotation 
will be more complex on account of several 
factors such as correlation, hindrance and 
thermal vibration. Therefore it is hard to 
say whether the structure of cubic modifica- 
tion is more closely connected with the struc- 
ture of tetragonal modification or with that 
of orthorhombic modification (NiAs type). In 
order to obtain the more informations on the 
rotation the observed diffuse scattering will 
be discussed in the following Part II. 

In closing this Part I, a few words should 
be added on an anistropic effect of extinction. 
In many rotation photographs taken with the 
good crystals annealed enough, it was found 
that the extinctions in the equatorial reflec- 
tions, particularly those of {100} and {110}, 
were often stronger than the extinctions of 
the other layer lines (see Photo. 1). The 
ratios of intensity (J) between the reflections 
of each equivalent plane {hk/} in zero layer 
line and first layer line were measured as 
follows: 


(zero layer) 


i i kl 

situation of sample {hkl} [Gust dave 
001) vertical {110} ie 
<O11> vertical {100} ~1/2 


These ratios have been corrected by rho fac- 
tor that depends upon the angle of inclination 
o of the reflecting planes to the vertical 
rotation-axis. Many factors may be supposed 
as the cause of this effect, for example, some 
imperfections in crystal growth, the strain 
which is likely caused easily by some weak 
forces on account of the softness of the cry- 
stal, andso on. The anisotropic effect of the 
extinction is now under investigation. 


II. Study on Diffuse Scattering 


According to the variety of crystal imper- 
fections there are many types of the diffuse 
scattering®»®, so that the interpretation of 
the observed diffuse scattering is difficult. 
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Among these types only a few experimental 
researches! and theoretical discussions!’ ! 
seem to have been carried out so far on the 


type corresponding to the molecular rotation © 


in crystal. 

The diffuse scatterings observed in the 
present experiment, in addition to the ordinary 
diffuse scattering due to thermal vibration, in 
cubic ammonium nitrate may be considered 


to be due to the rotation of the nitrate . 


groups. Therefore, the present study may 


be of interest in that it gives us additional » 


informations on the diffuse scatterings due to 
the molecular rotation in crystal. 


§ 4. 

Many Laue photographs were taken with 
cubic axis vertical at about 2° intervals over 
the whole rotational range by using filtered 
CuKa@ and MoKa on cylindrical films (camera 
radius=50.7 mm). The interval between each 
photograph was calibrated by measuring the 
positions of Laue spots, and the distribution 


Observation of the Diffuse Scattering 


Photo. 1. Rotation photograph taken with cubic 
axis vertical by using filtered MoKa, showing 


the anisotropic extinction and the diffuse scat- 
tering. 


1959) 


of diffuse scattering in a reciprocal-lattice 
was obtained by the usual geometrical method. 

Photographs 1 and 2 are typical examples 
of the photographs and Fig. 4 is the illustra- 
tion of Photo. 2. The obtained reciprocal- 
lattice representation of the diffuse scattering 
is shown in Figs. 5 and 6; but the ordinary 
thermal vibration diffuse scatterings observed 
in the neighbouring region of the reciprocal- 


(2) 


LITTLE 
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lattice points are omitted. The ordinary 
thermal diffuse scatterings in the neighbour- 
ing region of the reciprocal-lattice points 
{100}, {110}, {111} and {200} were remarkable, 
but they had no particular correlation with 
another disk-like diffuse scattering in question. 

In each direction of three primitive trans- 
lations of the reciprocal lattice (a*, b* and c*) 
two disk-like diffuse scatterings were observed 
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(3) 


Photo. 2. 
angle of incidence was changed. 


to be perpendicular to each direction and 
hereafter one of them will be called the first 
order diffuse scattering and the other the 
second order diffuse scattering. The values of 
sin (¢/2)/A x 10-8 at the centers of the two disk- 
like diffuse scatterings are 0.1945 and 0.3089 
respectively, where 24 is the wave length of 
incident beam and ¢ an angle of scattering. 
Though the intensity distribution of these 
diffuse scatterings could not be determined 
in detail owing to the weakness of their 
intensities, it was noticed that the intensity 


Fig. 4. 


The 
sponding to Photo. 2, 


reciprocal-lattice diagram corre- 
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Photographs showing the variety of the Laue spots and the diffuse maxima when the 
Filtered Cu radiation. 


Fig. 5. Schematical reciprocal-lattice representa- 
tion of the X-ray diffuse maxima. 


distribution of the first order diffuse scatter- 
ing was particularly characteristic: the inten- 
sity at its central part was weak. 

It seems that the first and the second order 
diffuse scattering are due to the rotation of 
the nitrate groups. 


§5. Interpretation of Diffuse Scattering 


As the first step to analyze the observed 
diffuse scattering, any correlation among the 
individual rotating nitrate groups was neg- 
lected. In this case the intensity J of the 
diffuse scattering is given by®)»» 


T= K[|F"?—|F\?](1+cos? ¢)/2 , 


(1) 


| 1959) 


i where K is a constant for a given crystal 
and the same value of K will be used 
| throughout this paper. 

The distribution of the diffuse scattering in 
| the reciprocal lattice were evaluated in several 
! models. It was temporarily assumed for the 
} convenience of the evaluation that the center 
| of each N atom of the nitrate group is at 
( body center in each cubic unit cell as as- 
| sumed in the first part of Part I. In practice 
| such simplification will be admitted, for it is 
clear from the several numerical trials that 
the distribution of the diffuse scattering 
derived from the above assumed models is 
not so different from the distribution of the 
similar models obtained in the latter part of 
Part I; the positions of diffuse maxima and 
the feature of the intensity distribution are 
not so different except for the absolute value 
of the intensity. General feature of the dif- 
fuse scattering is more sensitive to the kinds 
of models than to the approximation above 
mentioned. 


BB st 
em 
Eg] w 


(320) 


(220) 


Fig. 6. Reciprocal net showing positions of dif- 
fuse maxima in central layer lines of Laue 
photographs taken with cubic axis vertical. 


The models of the rotation evaluated are 


as follows. 

a) When the rotation-axes of the nitrate 
groups are oriented at random, formula (1) 
becomes 


[= K fol 3 4 eng cS ) [2 +cos? ¢)/2, 
(2) 
s=Ar sin (g/2)/2 , (35) 


where 7 is the N-O distance of 1.22A and 7’ 
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the O-O distance in a nitrate group. Equi- 
reflection contours in the reciprocal net /=0 
is shown in Fig. 7 a). 

b) When the rotation-axes are parallel to 
three directions <100> and its equivalents, 

c) when the rotation-axes are parallel to 
four directions <111)> and its equivalents, 

d) when the rotation-axes are parallel to 
six directions <110)> and its equivalents, 
formula (1) for each model is given in the 
form: 


rie K fo] 3+ ¥ 6 f(s’ sino") 
t=1 


x - = 3)a(sr sin WO} |a-teose y)l2, (4) 


where 2 is the number of rotation-axes of 
each model, jo the Bessel function of order 
zero and wy the angle between the rotation- 
axis and h=k—ko (ko: the wave vector of 
the incident beam, k: the wave vector of the 
scattered beam). Equi-reflection contours 
calculated for b), c) and d) models are shown 
in Pigs. 7*b); 7 -¢) and’7 d). 

Among these models, general feature of 
the diffuse scattering calculated for b) model 
is most similar to the observed one. Equi- 
reflection contours for the model (3), one of 
the two probable models obtained in Part I 
similar to b) model, are also calculated and 
shown in Fig. 7 e). However, the distribu- 
tions represented in Fig. 7 b) and Fig. 7 e) 
are different from the observed one in the 
following two points: the characteristic dis- 
tribution of the first order scattering is not 
represented and the second order diffuse 
scattering is absent. 

It will be found from the above calculation 
that the diffuse maxima in the reciprocal net 
for each model appear in the direction of the 
rotation-axes of each model. And for the 
purpose of explaining the characteristic distri- 
bution of the first order, the steady preces- 
sional motion about each of the directions 
<100> and its equivalents was considered in 
order to make the directions of the rotation- 
axes run parallel with the directions of the 
observed diffuse maxima in the first order 
diffuse scattering. Moreover, the motions 
consisting of the combination of the nutation 
with the precession were considered. But 
the correspondency of the directions of the 
diffuse maxima to the rotation-axes_ exists 
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only in b), c) and d) models, and the distri- 
bution obtained by the approximate calcula- 
tion for these models is similar to that of the 
weighted mean of the distribution for b), c) 


Fig. 7. A set of intensity contours of the models 
(a), (b), (e), (d) and (8). 


and d) models. And any noticeable distribu- 
tion comparable with that of b) model could 
not be obtained from these distributions. 

The failure may be due to the neglect of 
the correlation. But it is supposed that b) 
model is to some extent close to the actual 
rotation judging from the similarity of the 
general feature and the position of the first 
order diffuse scattering in both of the diffuse 
scatterings. The b) model might be taken 
as the first approximate model. 

As the second step to the analysis, the 
correlations among the individual nitrate 
groups were taken into consideration. When 
the observed diffuse scattering (Fig. 6) was 
compared with the calculated one for b) model 
(Fig. 7 b)), there seemed not to exist so 
strong correlation, but from the fact that the 
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| broadness of the observed diffuse maxima 
| seems to be very narrow in contrast with 
| that of the calculated one, it may be assumed 
that there still exists the correlation not only 
| in the neighbouring nitrate groups but also 
} in the remoter ones. 
_ relation are supposed to exist, and only a 
_ simple case will be taken up here as an ex- 
| ample to see how these correlations affect 
| the diffuse scattering. Suppose that, in b) 


Various types of cor- 


model, each adjacent nitrate group is more 
likely to have the rotation-axis of different 


' direction than that of the same direction, 


the phase in the rotation about each axis 
being however assumed to be independent of 
one another. The degree of the correlation 
will be specified by mentioning that the 
probability of finding out that both nitrate 
groups in any 7, n’th unit cells are rotating 
about the axes of the same direction, is 
P(|Rn—Rn|) as a function of the interdis- 
tance |Rxn—Rn’|, where Rn, Rn are the posi- 
tion vectors of , m’th unit cells. Now it 
will be assumed as a temporary measure that 
the values of P(|Rn—Rn’|) at |Rx—Rn|=a, 
V 2a, VY 3a are a, B, 7 respectively, where 
a is the axis length of cubic ammonium 
nitrate, and that the nitrate groups at larger 
distances have independent directions each 
other (P=1/3). The elementary model b). 
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which has three directions of the rotation- 
axes and has not any correlation, corresponds 
to the model for a=SB=7y=1/3. Next, the 
models for 1/3>a>0, 1/3<8<1 and 1/3>7>0 
will be considered. Of course the model 
having such rotation is not considered to be 
so reasonable; even if only the ionic radii of 
atoms were taken into consideration, im- 
probable arrangements occur in no _ small 
probability on account of disregarding the 
phase relation in rotation, although the 
chances of taking such improbable arrange- 
ments are much less than in b) model which 
has no correlation. 

Now, the intensity of the coherent X-ray 
scattering for the disorder crystal is in gen- 
eral given by 


I=I, > > exp (2zih- Rn— Rn’) F™(F")*> , (5) 


where 
I, : the Thomson factor, 
Ry: the position vector of the mth lattice 
point, 
F”: the structure factor of the mth unit 
cell, 
< >: the mean process under the condi- 


tion that |Rr—Rn’| is fixed, 


+ >: summation is taken over all the 


lattice points. 
In the present problem this formula gives 


I= LIE >: 2u &XP (27th: Rn— Rn) + FP) ds > exp (271h- Ru— Rn’) 


CIR,|>v 3 a) 


(R,|=V 3 a) 


+<F*(P™)*)S, & exp (2rih- Ru— Ru) +CF (FYE, D, exp 2rcih- Rn—Re’) 


CIR, |=V 2 a) 


ee Ee >» exp (27th: Rn—Rn’)| > 


(|B, |=0) 


(IR, |=0) 


(6) 


where ©}: denotes the summation taken over the lattice points which satisfy the relation 


CO UE 
(\R,|=a) 


|Rn—Rn’|=|Ri|=a and so on. 


These summations can be calculated for the given crystal. 


(6) is given as follows: 


CFF") rove =lFP 


Each value of <F”"(F”’)*> in 


CFP" an jv Fo = SEY | > (WFP Pa + FP) IF LIFE 


ye 


(P"E™) an iay Fa = OP ; (WAR + LAE +LP) FP LE 


(7) 


(FURY oR, <a) _@a—l) {mrt le)—IFF} HIF, 


Z 
CPP YR n= |P "1, 
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where F; (i=1, 2, 3) is the mean structure factor of the unit cell with only z rotation-axis. 


Thus the formula (6) becomes finally 


I=ht+h, (8) 


with 


L=1|F |)? & exp (22ih-Rn—Rn’) , 


b= LN| TPP—IFP +45 (WAP ++ BP) IF Hf (Beis 1 Sicos oho 


(|R,|=@) 
6 4 
+(38—1)> cos 2zh- Ri +(37—1)>: cos 2nh- Rt} | : (10) 
t=1 t=1 
CIR |= v2 a) (IR, |= 3 a) 


where represents the lattice spectra and 
have been discussed in Part I; 2 represents 
the diffuse scattering and N the total number 
of the lattice points. In the calculation of 
I, I.N was replaced by K(1+cos? ¢)/2 as done 
in formula (1). 

Three parameters a, 8 and 7 were chosen 
so as -to satisfy the experimental data as 
best as possible. The calculated intensity 
contours are shown in Fig. 8 a) (a=0.13, 
B=0.37, 7+=0.33). And also the intensity 
contours were derived in the same way from 
the model (8) obtained in Part I. The ob- 
tained contours are shown in Fig. 8 b) (a= 
0.13 56=20:585 70.83): 

These intensity contours as shown in Figs. 
8 a), 8 b) have the characteristic feature of 
the intensity distribution of the observed first 
order diffuse scattering and show the pos- 
sibility of the appearance of the second order 
diffuse maxima by taking such a correlation 
into consideration. From this point of view, 
the present model is considered to be more 
appropriate as the model of the rotation in 
cubic ammonium nitrate than the elementary 
b) model. However the positions of the first 
order and the second order maxima are 
slightly different from the observed ones. 
The cause of this discrepancy may be chiefly 
due to the approximation of the correlation. 
The correlation, especially, the phase differ- 
ences among the individual rotating nitrate 
groups and the correlation between remoter 
ones will have to be taken into consideration. 
Therefore a significant meaning will not be 
given to the values of these parameters a, 
B and +, but they will still be useful to see 
the degree of the correlation. 


(9) 


Fig. 8. A set of intensity contours of the models 
in which the correlation is taken into consider- 
ation by introducing three parameters a, B 
and 7. 

(a) a=0.13, 8=0.37, 7=0.33. 
(b) a=0.18, 80.35, y=0.33. 
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36. Discussion sidered from this study that the diffuse scat- 
| From the analysis of the diffuse scattering tering due to the molecular rotation in most 
jin Part II, it is considered that the assump- Crystals will be able to find in itself some 
ition that the diffuse scattering is due to the detectable amounts of the feature which will 
‘disorder of nitrate groups is correct. There- be expected to arise when correlation is 
fore, with respect to the structure of the neglected. Therefore, it is expected that the 
jcubic ammonium nitrate, the model (3) in diffuse scattering is useful for determining 
/Part I which has a sort of correlation as dis- the mode of the rotation and the correlation 
cussed in $5 of Part II is considered to be among the rotators. 
‘most probable between two models which had With respect to the rotation of the nitrate 
Hien left undetermined in-Part I. This model groups, the more complex mechanism are to 
be considered in cubic ammonium nitrate. In 
order to obtain more informations about the 
rotation it is hoped to have the more detailed 
intensity measurement and the informations 
of interatomic forces. And also the study 
on an anistropic diffuse scattering expected 
in the tetragonal modification will be useful 
to find how the phase differences between 
the rotating nitrate groups affect the diffuse 
scattering. This subject is now under inves- 
tigation. 
The author expresses his cordial thanks to 
Prof. K. Tanaka of Kyoto University for his 
kind guidance and discussion throughout the 
Fig. 9. Showing the arrangement of the nitrate course of this research. He also wishes to 
groups in the tetragonal modification projected thanks Mr. M. Minami and Mr. G. Nakagawa 
on (001). Full line represents the unimolecular for their assistance. A part of this work 
pseudocell and broken line the true unit. was supported by the Scientific Research Ex- 


When, in the tetragonal modification, the penditure of the Ministry of Education. 
unimolecular pseudocells are considered, the 


} 
} 
i 
} 
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On the Anomalous Dispersion of n-Primary Alcohols 


By Kenjiro ASAI 
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Mechanisms proposed for the dielectric anomaly observed in the low 
temperature form of m-primary alcohols are re-examined, considering 
especially the influence of thermal history of a sample. 
cooled sample gives the longer relaxation time + and wider distribution 
The activation energy for the dipole 
orientation depends upon the number of carbons in the alcohol molecule. 
Results obtained are different from those of previous investigators, but 
a reasonable model is obtained for this Debye-type abnormal dispersion. 


of t than the rapidly cooled one. 


Introduction 


§1. 
The dielectric properties of long-chain n- 
primary alcohols have been investigated by 
many researchers,'~*”) but they dealt only with 
the ‘‘waxy form’’ (i.e. a form). Systematic 
investigation on the low temperature form 
have done by Meakins and others*~® for a 
series of m-primary alcohols. These works 
are interesting on account of revealing the 
existence of the abnormal dispersion of Debye- 
type in the low temperature form, and offering 
a model of co-operative orientation of O-H---O 
chain formed by the hydroxyl groups of 
alcohol molecules. Dryden® obtained a value 
of about 15 Kcal/mol for the activation energy 
of dipolar orientation, irrespective of the 
number of carbon atoms in alcohol molecules. 
Independently, Takamatsu! observed an 
abnormal dispersion of Debye-type in the low 
temperature form of Cz, alcohol, and gave a 
value of 26.4 Kcal/mol for the activation 
energy. He explained this result by torsional 
motion of alcohol molecules. Two different 
experimental results and corresponding models 
were presented, namely the co-operative ori- 
entation model and single molecule model. 
In order to examine these apparently con- 
tradicting results, a study on the dielectric 
properties of n-primary alcohols has been 
carried out for a series of different carbon 
numbers which were obtained by synthesis. 


§2. Experimental Procedure 


The measurements were made on eleven 
n-primary alcohols (Cis, Co, Coz, Coz, Cos, Cas, 
Cs1, Cs2, Cas, Css, Cas). Methods of prepara- 
tion of samples will be explained in another 
paper.!) 


The slowly 


The temperature and frequency dependen- - 
cies of dielectric constant and loss were? 
measured by bridge method for the frequency 
range 50c/s~50 Kc/s, and for the frequency 
range above 100Kc/s Q meter was used. 
The phase transformation caused by tempera-— 
ture change was also examined by X-ray 
diffraction by other members in our laboratory. 
Dielectric measurements were done referring 
to the results of X-ray investigation. Data 
on the phase change of these alcohols are 


given in Table I, in which a@ form is a high | 


temperature form and 8, y and 6 forms are 
low temperature modifications. 
form has been considered to be vertical form 


with rotational molecular motion about the > 


long axis of the molecule, but by the present 
structure analysis of a single crystal it was 
found to be a tilted form. 8 is a vertical 
form and y isa tilted form, the latter having 
been often designated as $s by Smyth and 
others. Another tilted form 6 exists in the 
odd members above Cs. More detailed in- 
formations about the crystal structures and 
polymorphism of these alcohols have been 
given in other papers?~!,. The values in 
Table I were obtained by X-ray photographs 
recording continuously the phase changes of 
alcohols, so the accuracy of them is not so 
good, being about +1°C, as restricted by the 
construction of X-ray camera. The value in 
the brackets are those obtained in cooling 
stage and the bars in the columns show that 
such transformations do not occur in either 
case of heating or cooling. 

Sample was melted and solidified in a test 
condenser which was made from copper 
plated with nickel. Cooling speed from the 
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a Table I. 
es Sha aver : Transformation temperature (°C) 

id aes Gs oe) Gz) as BCS a ee ig) Te Lig.) 
18 49 (46) 52 (—) | 57 (55) fing ' 
21 60 (54) | | 68 (65) 
22 67 (61) | 72 (67) 
27 | 75 (70) 80 (78) 
28 | — (75) — (80 82 (—) 
29 | 79 (72) 82 (80 
oil 81 (76) 86 (85) 
32 — (83) — (86 88 (—) 
33 85 (80) 89 (87) 
34 — (86) — (88 0 () 
35 87 (82) 90 (89) 


molten state to solid phase was varied from 
. 0.5°C/min to about 100°C/min. 


§3. Results and Discussion 
Typical results on the frequency dependen- 


cies of dielectric constant and loss are given 


in Fig. 1. In this case, sample was cooled 
rather slowly. €’ and €’ decrease gradually 


ips) 


pony 
305% 


10° 


jeiee, ale 
melt is about 0.5°C/min. 


characteristic was commonly observed for 
every n-primary alcohol in its low tempera- 
ture form. 

The discrepancy between the experimental 
results obtained by Meakins and by the 
present author seems to depend on the dif- 
ference in the treatment of samples. Meakins 
and others pulverized the solidified alcohol 
and pressed it in the form of a circular disk, 
and measured with it between mercury elect- 
rodes. Such procedure does not seem to be 
adequate in considering a sample as uniform 
dielectric material. Moreover, the intimate 
contact at the interfaces between sample and 
electrodes will not always be secured. Hete- 


Frequency dependencies of €’’ and 


with increasing frequency in the frequency 
range of observation. This result is very 
different from the results reported by Meakins 
and others. Namely, the marked loss 
maximum reported by them was not observed 
in this frequency range. Such tendency did 
not change so remarkably by varying the 


temperature to transformation point. This 
é’ 
63C 
soc 
fe) = {ee Ea —— _irea 
Sm OA J0 8 ier Smog 3. 5&% 


€! of CuHyOH. The cooling rate from the 


rogeneity in dielectrics and loose contact at 
the electrode surface give sometimes confus- 
ing results. It is known that 2-alcohol gives 
occasionally several modifications of crystal 
structure with varieties in tilt angle of c-axis 
by rolling. In spite of these confusing factors 
in experimental procedure, the explanation 
given by Meakins and Sack'»'™ is very 
interesting and seems to be fruitful. They 
considered the co-operative rotation of dipoles, 
connected to each other by hydrogen bonds, 
as a cause of Debye-type abnormal dispersion 
observed in their measurements for the low 
temperature form of Cis, C22 and C26 alcohols. 

The curves given in Fig. 1 are very dif- 
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ferent from the usual €’’-frequency curves 
indicating Debye-type dispersion. But quite 
different result was obtained in the case of a 
rapidly cooled sample of the same material 
(Fig. 2). Typical Debye-type dispersion 


Freq 


irs 


5 ee 
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curves were observed as in the case of the || 


measurements by Meakins and others. 
Next, this sample was annealed at a tem- 


perature a few degrees below the melting iy 
The shift of maximum of €’’-fre- |— 


point. 


Freq 
Ba 


Cem eine: 3.5 104 3 


Fig. 2. Frequency dependencies of €’’ and €/’ of Cz4HsgOH. The cooling rate from the 


melt is about 50°C/min. 


quency curve to low frequency side was 
observed by annealing (Fig. 3). Such influence 
of the heat treatment of the sample upon 
the dielectric properties of m-alcohols suggests 
the correctness of co-operative orientation 
mechanism. According to this models, a 
chain of hydroxyl groups of alcohol molecules 


3I | 
(10 Vai 
34 2 1 
33 
32 
3.1 
3.0 
2.9 Freq. 
107 3 10° 3 10° SE 
Fig. 3. Temperature dependency of f,,, the fre- 
quency of loss maximum, for C2,HgsOH. (Vs 


Rapidly cooled sample. (2): Annealed sample. 


connected to each other by hydrogen bonds 
changes its direction by successive orientation 
of neighbouring molecules. Therefore, the 
relaxation time of dipole orientation of a 
chain depends upon the number 7 of hydro- 
gen bonds included in the chain. For 
example, Sack'® gave a result that the relaxa- 
tion time is proprotional to n? and polariza- 
tion is proportional to n°. He did not give 
any estimation on the size of the region in 
which co-operative orientation occurred. 


However, the length of the hydroxyl chain 


would not exceed at most the distance 


between the neighbouring defects in the 
chain. Hence the relaxation time seems to 


be controlled by the distribution of the lattice _ 


imperfections in a crystal. Moreover, the 
effect of the size of crystallites in a sample 
might be taken into account. These factors 
will be affected appreciably by the condition 
of crystal formation, e.g., the cooling speed 
from the melt. So the dependency of the 
dielectric behaviour on the thermal history 
of a sample will be explained by the change 
of the relaxation time. Namely, the curves 
illustrated in Fig. 1 seems to correspond to 
the high frequency parts of the Debye-type 
dispersion curve with long relaxation time, 
and they shift to high frequency side in Fig. 
2 corresponding to the shortening of relaxa- 
tion time, as a result of the increase of 
defects in a hydroxyl chain. 

In a word, the region of abnormal disper- 
sion would exist at far below 50 c/s for slowly 
cooled sample, but it seems to come into the 
present measuring frequency region by rapid 
cooling. Some defects will be excluded by 
annealing. This in turn extends the O-H---O 
chain. The variation of relaxation times 
illustrated in Fig. 3 will be explained by such 
mechanism. 

As a result of co-operative orientation, the 
distribution of the relaxation times will 
become broader than that in the case of 
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single molecule orientation. The variation of 
Cole diagram is illustrated in Fig. 4 for 


‘quenched and annealed samples. Two re- 
5 i 5 
A A B 
3 39c ° 
5 40°C 
1 
0 eel 0 
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reo Lae ee 

0 ce 10 
SS 

Fig. 4. Cole diagrams for C2,HggOH. 

cooled sample. 


(A): rapidly 
(B): annealed sample. 


markable effects brought by annealing are 
recognized in this figure. The first point is 
the increase of €;’ and the second is the 
increase of a which expresses the distribution 
of relaxation times. For the slowly cooled 
samples €;’ and @ increased in more degree 
and €’-e€” diagram varied sometimes from 


) 


L CLH:OH (Heating) 


2 Ke 


1 ieee See eee 
30 1 76 


Fig. 5. Temperature dependencies of €’ and €’. 
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Cole-Cole type to Davidson-Cole type. Namely, 
it is considered that the formation of a new 
group of relaxation times occurred. 

The temperature dependencies of €’ and 
€’’ are also interesting. As an example, the 
curves for Cs2HesOH are given in Fig. 5. 
The most remarkable feature is the rapid 
increase of dielectric constant with tempera- 
ture, especially in the range above 60°C. 
Such temperature dependency might exist in 
the lower members of the series. But it was 
covered by the occurrence of the phase trans- 
formation from 8 or 7 to a. As is seen in 
Table I, such phase transformation does not 
occur in heating stage for the higher members 
of even group than C2;H;;,OH. So the above 
mentioned behaviour was fully developed 
without disturbance by phase transformation 
for such longer alcohols and it is recognized 
that such tendency is the characteristic to 
the low temperature forms of longer alcohols. 
Surely, the values of dielectric constant 
depend upon the frequency of the measure- 
ment corresponding to the Debye type disper- 


n 
pene, os 


C.H,OH (cooling) 


2 Ke 


a 


Sy ee aaa] Gaga 


Electric conductivity of the sample is 


also plotted in the figures by the notation G, but the scales are altered case by case, 


depending on the existence or non-existence of a-phase. 


The value of 4/’ is A.C. 


value. (D.C. conductivity had been subtracted). (a): Heating stage, (b): Cooling stage. 


sion mechanism explained previously. As is 
expressed in Fig. 4, a sample obtained by 
rather slow cooling from the melt gives a 
very. wide distribution of relaxation times. 
Considering such fact, the temperature 
dependency of €’ may be expressed sche- 
matically as in Fig. 6. Namely the observed 
curve will be expressed by the superposition 
of different curves with different relaxation 
times. A comparison with two kinds of 
samples obtained by different cooling rates 
from the melt is also given in Fig. 7. This 
result supports the above explanation. 


YG, 
peda ee) A 


remp. 


Vy, 
/ 


—(t)) 


Fig. 6. Schematic diagram indicating the tem- 
perature dependency of dielectric constant of 
n-alcohols. 
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Namely, for rapidly cooled sample loss 
maximum shifts to low temperature side in 
temperature scale, corresponding to the 
shortening of rt, and therefore the rapid 
increase of €’ is not seen for this sample in 
contrast with the slowly cooled one. 

As additional factors contributing to the 
increase of €’ with temperature rise, the 
partial break in hydroxyl chain and the 
usual thermal activation process may be 
considered. The former brings the shorten- 
ing of relaxation time. In order to check 
the influence of such factors, the similar 
measurement was carried out at higher fre- 
quency of 1 Mc/s which is far away from the 
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Fig. 7. Comparison of the dielectric properties 


between two different samples of C;,H;,OH. 
The temperature regions of low temperature 
form are only indicated. (A): Rapidly cooled 
sample. (B): Slowly cooled sample. 7, and T, 
are the temperatures of loss maximum at this 
measuring frequency, 2Kc/s, for (A) and (B) 
respectively, obtained by interpolation of f,,—1/T 
curves for each sample. 


Fig. 8. Temperature dependency of €/ of C34H;,0H 
measured at 1 Mc/s. 
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dispersion region (Fig. 8). 
single crystal of CzsH;;OH also gives a 
similar curve (Fig. 9), though the accuracy 
of the measurement was not so good on 


account of the small size of the crystal 


(being about 302x0.5mmx5mm). Referring 


to these experimental results, the influence § 
of the variation in the molecular freedom | 
with the increase of temperature does not | 


seem to play an important role at least up 
to the temperature close to the melting point. 


The dielectric properties of m-primary alco- , 
hols have been noticed by previous investiga- 


tors on account of the anomaly of a phase. 


a 20° 30. 0, SO Gr 0 ea 


Fig. 9. Temperature dependency of a _ single 
crystal of Cs3H;,;OH measured at 2Kc/s. The 
direction of electric field is vertical to b-c 
plane of a crystal. 


Fig. 10. Temperature dependencies of €’’ and €’ 
of C3,H,OH in cooling stage. The frequency 
of measurement is 2 Kc/s. 


But the high value of dielectric constant of 
this phase seems to be only apparent due to 
the high electric conductivity, and some 
discussion on this problem was made pre- 
viously’. The high dielectric constant of the 
low temperature form is, however, the net 
value essential to m-higher alcohols. An 
interesting feature is shown in Fig. 10. The 


dielectric constant increases distinctly by. the. 


transformation to the low temperature form 
from the high temperature one, quite contrary 
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The result for a 


| 
| 


| 1959) 
H| 
pto the case of the lower members, for 
,example, CisH3;O0H (cetyl alcohol). O-H---O 
}.chain might be broken from place to place 
}in @ phase owing to the increased thermal 
} motion of the individual molecules in more 
| degree than in low temperature form. Hence 
the true dielectric constant must be smaller 
q in @ phase than in 8 or 7. 

Lastly the detailed discussion should be 
|} made on the feature of co-operatively rotating 
} dipoles. According to Sack’ '? two models 


minimum to another in a hydrogen bond 
|connecting the neighbouring molecules. In 
this case molecules take successively the 


| molecular state such as (2) and as a result 


of this process, a pair of positive and nega- 

tive ions appear at each end of O-H---O 
chain. Another scheme given by Sack is the 
co-operative rotation of hydroxyl groups of 
alcohol molecules about their C-O bonds. In 
this case, there exists one pair of antiparallel 
neighbours of the type: 


R R 


| | 
H-O- --H-O O-H- --O-H 


R R 
and such a disorder can wander along the 
chain by means of reversals of individual 
dipoles. Thus the reversal of the whole 
chain can also be possible. But he did not 
give decisive conclusion in favour of any one 
of these two models. 

In the high temperature form both me- 
chanisms will be present together, giving 
the high electrical conductivity due to proton 
transfer. But the results on electrical con- 
ductivity show that this is not the case in 
the low temperature form. It may be inferred 
from the results of structure analysis’? that 
the chain of hydroxyl groups will run in the 
direction of a-axis in 7 form, and b-axis in 
6B form, respectively. And it is also known 
that the thermal motion of oxygen atoms is 
more remarkable than carbon atoms in the 
molecule. Hence there is a good reason to 
accept the model of rotation of hydroxyl 
group about C-O bond as true. But it is 
doubtful whether the dipole rotation occurs 
independently of the molecular motion as a 
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whole, as explained by Meakins and 
others’*'™. As a foundation for it they 
stated that the relaxation time becomes short 
with increasing molecular weight. But the 
relaxation time is affected exceedingly by 
the number of hydroxyl groups in a chain as 
explained previously. So the relaxation time 
has not any important meanings in the discus- 
sion of molecular motion. It is not the 
relaxation time but the activation energy of 
dipole orientation that is important in the 
discussion of this problem. Dryden” gave a 
value of 15Kcal/mol commonly for three 
n-alcohols (Cis, Coo and Css). But the de- 
pendency on the molecular weight of alcohol 
was observed in the present research for five 
odd alcohols and three even alcohols (Fig. 


11). The activation energy increases with 
8 
H 
5) 10 50 Kea rol 
Fig. 11. The dependency of the activation energy 


of dipole orientation on the molecular size. 7 
is the number of carbon atoms in an alcohol 
molecule. 


the molecular weight and the representative 
points for each alcohol in Fig. 11 seem to be 
classified into three groups according to the 
crystal structure. But it must be confirmed 
by a further study on more other kinds of 
n-alcohols. 

The result is quite different from data by 
Dryden, but he also gave values dependent 
on the molecular weight for three symmetrical 
secondary alcohols in spite of considering the 
same orientation model. Moreover, the deci- 
sive information on the crystal structure was 
not obtained as a result of hard mechanical 
treatment of the sample material. 

Anyhow, the activation of the dipole orienta- 
tion of O-H---O chain must be considered 
at its ends. For example, the activation 
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energy H may be the energy necessary for 
certain disorder such as described above to 
introduce into the chain. Here the molecular 
motion as a whole will play an important 
role. It is known by X-ray investigation'? 
that the translational motion along the mole- 
cular long axis occurred in a phase so as to 
make impossible to decide the location of 
carbon atoms in the molecules. Indeed, the 
molecules are not so mobile in the low. tem- 
perature forms, but the occasional possibility 
of such a motion will not be denied. It is 
difficult to propose a decisive model for the 
co-operative dipole orientation, but presumab- 
ly it will be carried out by the successive 
elementary process which is a combination of 
small axial displacement of a molecule and 
the rotation of hydroxyl group about C-O 
bond. 

The samples which was investigated by 
Takamatsu’ seems to be a certain mixture 
of few neighbouring members, because even 
alcohols longer than C.;H;;,OH do not give a 
transformation point in heating process in 
spite of his result. Co-operative orientation 
would be disturbed in such a sample, so the 
results became different from others. In this 
case the hydroxyl chain would not be so 
developed as in the case of pure sample. 
But a value of 26.5 Kcal/mol is not so def- 
ferent from that of pure sample referring to 
Fig. 11, although 7c is short consistent with 
the decrease of the number of dipoles in a 
chain. 
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Measurement of Ion Sheath Thickness using the Double Probe 
with Fixed Potential 


By Minoru SuGAWARA and Yoshisuke HATTA 
Faculty of Engineering, Tohoku University, Sendai, Japan 
(Received February 10, 1959) 


When a negative potential is given to the double probe usually used 
as floating condition for gaseous discharge, two ion sheaths formed 
around the two single probes may overlap. Application is made of this 
phenomenon in measuring the thickness of ion sheath in a dark plasma. 


Introduction 


$1. 

The present paper is concerned with the 
probe method in the plasma of gaseous dis- 
charge. When a negative potential with re- 


: spect to the potential of surrounding plasma 


is applied to a double probe which consists of 
two single probes and which is usually used 
as floating condition», ion sheaths are 
formed around two probes. And when the 
absolute value of the negative potential is 
sufficiently large, these two ion sheaths over- 
lap each other, which can be seen by observ- 
ing the decrease in ion current which flows 
to one of these two single probes compared 
with that when the other probe is floating 
and no overlap occurs. These phenomena 


are useful in measuring the ion sheath thick- 


ness in a dark plasma. 


§2. Experiments and Consideration 


Fig. 1 illustrates the circuit diagram of the 
authors’ experiments. P: and P2 are two 
single probes fixed in parallel. They are 
made of W rods and are of the same size 
(radius; 7p=0.25mm, length; /=5mm). If: 
and Jp, are the ion currents flowing to Pi 
and P, respectively. In Fig. 2, Jf: and Ip. 
are plotted against Vpi by using Vz as para- 


Hot Cathode 


Fig: 1. The circuit diagram of the experiments. 
The test tube is filled with argon gas (2lmmHg). 


meter. Among those curves, the character 
of Jfi:, when Vpz is floating potential, is the 
normal ion current characteristic of a single 
probe. Compared with it, we can see that 
Vpe is capable of decreasing Jp: when it is 
high negative. We can also see that Vf 
affects I[p:. These phenomena are thought 
to be the effects of the overlapping of the 
two ion sheaths. 

Let Fig. 3 represent the perpendicular cross 
section of the ion sheaths when they overlap. 


Vp1 (Volt) 


-200__-i80 _-!60__-140 
fe) 


ae | 
| -o~ | -200v | 


Fig. 2. Jp; and Ip, plotted against Vp,;. Anode 
current (J,) is 2ma. 


plasma 


plasma 


Fig. 3. The cross section of the overlapped ion 
sheaths, 
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In the figure, 7 and 72 are the radii of two 
ion sheaths when they are independent of 
each other, and C & D are the intersection 
of the two circles. The cross section of the 
overlapped ion sheaths is thought to be guitar- 
shaped, as shown by a solid line. Ions reach- 
ing the sheath edge by random motion flow 
to Pi or P, according to boundary conditions. 
It is very difficult, however, to calculate the 
ratio Ip:/Ip: accurately. Here, the authors 
assume the following as the first order ap- 
proximation: 


Ip. _ length of arc CBD _ 7.(1—¢,/z) 
Ip. length of arc CAD 7(1—¢:/z) 
or) 
where 
gi=cos{(d?+-712— 12) /(2dn)} (2) 
g2=cos{(d?2+722—71")/(2dr2)} —! 
Now we shall check this assumption. The 


relation of ™ to (Vfi—Vs) where Vs is the 
space potential of the surrounding plasma in 
the case of a cylindrical probe and short 
mean free path was calculated by Kobayashi 
and Watanabe». Using their results, we can 
calculate 7 and 7, as the function of Vp; and 
Vp. after determining V; by the conventional 
single probe method. By putting these results 
in Eqs. (1) and (2), Ip2/If: can be obtained. 
The broken lines shown in Fig. 2 are plotted 
by using the results of these calculations 
when Vf. is —200 Volts, the absolute value 
being adjusted so that both experimental and 
theoretical curves might agree at Q (where 
Vpi=Vp2). It can be said that the agreement 
is good in spite of rough approximation. The 
discrepancy is probably due to the potential 
difference between P; and P.2 which affects 
the path of ions and causes the drift current 
between them. 


§3. Measurement of the Thickness of Ion 
Sheath 


These results can be applied in measuring 
the thickness of an ion sheath. Owing to the 
above-mentioned considerations, the error of 
the calculation is considered to be minimum 
when Vfi=Vp.. So the authors made use 
of this case. First, Pi: and P, were directly 
connected and Jpi+Jp: (=2Ip1) was measured 
as 2/p:i(D) at a certain negative value of Vpy. 
Next, P; was put in the floating conditions. 


and Y. HATTA (Vol, 14, 
The sheath radius of the floating probe P» 
was so small as not to overlap with Pi. So 
P, behaved as a single probe. Vp: was kept 


unchanged. Under these conditions, [p: was — 


read as If, (S). Then, by the authors’ as- 


sumption 
elDD) Cones 1 cos*( d ) (3) 
Ipi(S) U4 Te 2n 
or 


d 
~ 2cos{x(1—M)} ° 


By this method (=) can be measured as 
the function of Vp’ (=Vp—Vs) as plotted in 


(4) 


11 


(mm) 

| 
3 
2 
i] 
20 30405080 80|00 200 

> Vp (Volt) 

Kig24 9 Vip evSe on. 


Fig. 4 in which it is stated that the following 
relation holds: 
rx ( Vp"). , (5) 
According to Kobayashi and Watanabe’s calcu- 
lation®? 
r.0c( Vap)? = 2 
The agreement is almost satisfactory. 
Throughout these discussions, the authors 
assumed that the disturbance in the plasma 
condition by the ion sheath could be neglected. 


(6) 


§ 4. 

In the probe method, the measurement of 
the ion sheath thickness is an important mean 
to determine the ion density, because the 
sheath radius becomes an effective probe radius 
for ion collection. The shortcoming of this 
method is that it is practically useful only 
within the range of 0.5d<m<1.5d, though 
the upper limit is not critical. So, we have 
to make use of the double probe whose d is 
adjustable when a previous estimation of 
is impossible. This may be troublesome, but 
it is the only mean to measure the thickness 
of the ion sheath in a dark plasma. 

The authors wish to express their sincere 
thanks to Prof. Watanabe who directed the 
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Excitation of Oscillations in a Plasma Layer 


By Masao SumI 


Hlectrical Communication Laboratory 
Musashino-shi, Tokyo, Japan 


(Received April 30, 1959) 


Theory of excitation of standing waves in a uniform plasma layer by 
an injected electron beam is presented. Various characteristics of excited 


waves are investigated; in particular, discontinuous jumps of frequency 
and mode can be expected with the variation of electron density, layer 


thickness and beam voltage. 
pared with experimental results. 


The consequences of the theory are com- 
It is seen that observed phenomena 


concerning standing plasma waves are satisfactorily illustrated in a quite 


natural way. 


§1. Introduction 


During the last thirty years a number of 
experiments on electron plasma oscillations 
have been performed in gaseous discharges. 
In recent years, particularly, various aspects 
of oscillation phenomena have been made 
clear in several observations..~») These 
oscillations can be considered as arising from 
the interaction of an electron beam with a 
group of electrons ina medium plasma. The 
electron beam may be either emitted from a 
cathode in such a way as tocreate electrons 
in the medium by ionization or shot into the 
medium plasma from another source. Among 
observations quoted above, spatially growing 
plasma waves» belong to a sort of double- 
stream amplification and have already been 
discussed in some detail by the author in a 
preceding paper.’ In the other works 
Wehner” have successfully explained his 
results in terms of klystron-like mechanism. 
However, by means of this mechanism, it 
seems difficult to account for other experi- 
mental results as will be shown later. There- 
fore the range of validity of klystron-like 
mechanism remains still unestablished. In 


some observations there appeared standing 
plasma waves” and in others much more 
complicated phenomena were observed*”) 
probably in connection with the density 
gradient, for which reasonable explanations 
have not yet been given. 

Recently the author has developed the more 
detailed theory of excited plasma waves,” in 
which oscillations in a plasma layer bounded 
by thin sheaths have also been discussed. 

The purpose of this paper is first to describe 
theoretical behaviours of standing plasma 
waves by use of a simple model of beam- 
excitation of oscillations in a uniform plasma 
layer and second to show that the consequences 
thus obtained are able to  well-illustrate 
several phenomena characteristic of excited 
standing waves. Effects due to the non- 
uniformity of electron density will not be 
taken into account in this article. 


§2. Theoretical Basis 
As the details have been presented in the 
previous work,” we shall describe here only 


the outline and the consequences of our 
theory. Basic equations are the Boltzmann 
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equation for the distribution function of 
electron-velocity and the Poisson equation 
satisfied by an electric field in the plasma. 
The effect of short-range collisions for 
oscillating parts is neglected and that of 
long-range collisions is supposed to be included 
in the fluctuating electric field, as was earlier 
done by Vlasov.) These equations are line- 
arized and solved by means of Fourier- 
Laplace transform method. Taking a Max- 
wellian velocity distribution function for the 
medium electrons and a single velocity one 
for the electron beam, we get the following 
dispersion relation 

Ome 3 15 6 

(Ga) = oe tag eee 

where B=o/kur, E=u/kur, ©? p=Npe?/MEo and 
6=M,/Np. U and m, denote the velocity and 
the number density of the beam respectively, 
while ur=(2«T/m)'" and m» are the thermal 
velocity and the number density of electrons 
in the plasma respectively. The relation (1) 
is obtained without any ambiguity by use of 
an approximation for |@|S+1. Although similar 
dispersion relations have been derived and 
discussed to some extent by _ several 
authors,»-!) more exact and detailed charac- 
teristics are needed for our purpose. Then 
Eq. (1) is solved for an excited wave, where 
Im(w)=7>0, ‘a complex frequency being 
written as w=ao+i7. Each wave component 
builds up proportionally to exp(rt)exp 
[c(kx—aot)| from a ground level of initial 
disturbance, that is, a thermal fluctuating 
level. Except for very small values of o 
($10-*), Eq. (1) cannot be solved analytically; 
hence it must be solved numerically for 


O= NW Np=C.! B2= (UbAly? > co 
Wes 
\ 
Oy 


ee ee 0.5 1.0 
MOY Wp Kubjy, = NEUS/pwp 


Fig. 1. Typical characteristics of excited waves 
in a plasma layer with a thickness D. 
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almost all practical cases. The typical caseypy 
with the density ratio o=0.1 is shown ini} 
Fig. 1, where the frequency wo and the wave §} 
growth-rate 7, both normalized by plasma if} 
frequency w,, and the ratio of the plasma \f% 
wave velocity w»=«o/k to the beam velocity fj 
u, are plotted against the wave number &. 
These characteristics are found to be not | 
very sensitive to finite values of £=(u/ur)?, | 
which implies that the effect of change of | 
the beam velocity is not so great. There] 
fore, for simplicity, we shall consider only 
the case of £%-co in later discussions. As 
is shown in Fig. 1, the phase velocity for an 
excited wave is always smaller than the 
beam velocity. Then the coupling between 
the beam and the wave is so strong that the 
kinetic energy of beam is transfered to the 
energy of excited wave. Both too fast and 
too slow waves cannot deprive the beam 
of enough energy to grow up. As a result, 
the excited wave has an upper limit of the 
wave number k, and the rate of wave growth 
becomes maximum at a value of k almost 
midway between zero and its critical limit, 
where the oscillation frequency is slightly 
lower than the plasma frequency in the 
medium. 


§3. Excitation of Standing Waves in a 
Uniform Plasma Layer!2)* 


The theory described in the preceding 
section is applied to the excitation of a 
standing wave in a uniform plasma layer 
with a thickness D. Suppose that the layer 
is sharply bounded by extremely thin sheaths 
and that all the electrons in the medium 
plasma are reflected on both boundaries with 
negligible energy loss. There exist initially 
small density fluctuations due to thermal 
agitation in the layer. In such a disturbance 
there are wave-components which have wave- _ 
numbers and phase velocities appropriate for 
excitation as shown in the last section. They 
interact strongly with the beam which passes 
through the layer, and then receive energy 
from it. The waves thus excited are reflected 
on both boundaries, running back and forth. 
After a while only the waves which satisfy 
a condition for standing wave survive ; Their 
wavelength 4 must satisfy the relation 


* A short note on this subject is seen in re- 
ference 12, 


| 

c t . . 

fD=n(2/2), D being the layer thickness and 
jan integer. Then it is only to forward 
f waves that the beam transfers its kinetic 


| play a role in the feedback of oscillatory 
fenergy to forward waves. Thus excited 
waves should have discrete wave numbers, 
| kn=nz/D, which must be less than the upper 
| limit of k-value represented in Fig. 1. Cor- 
| responding to each value of k», it is possible 
| to excite the wave with the frequency won 
j and the growth rate yn as seen also in Fig. 
| 1. Since the oscillatory energy W increases 
1 in proportion to exp (2yt), the rate of energy 
| transfer from the beam to the plasma wave, 
| (1/W) (dW/dt), is proportional to y. There- 
fore it may be right to consider 7» as the 
relative intensity for each excited wave within 
the validity of linear approximation. If the 
transferred energy is not too large and 
the magnitude of parameter zu:/Doy is 
not too small, it would be reasonable to 
Suppose that the energy is concentrated 
exclusively in the mode corresponding to the 
maximum 7x among possible modes. For 
example ys; is the maximum in Fig. 1; and 
therefore the wave with the mode of n=3 
will be excited. 

Now we consider the case when the para- 
meter zz,/Dw, changes continuously. Letting 
it decrease, then in Fig. 1 ry; tends to be 
smaller, while y, becomes larger; the fre- 
quency wo; is gradually lowered, exhibiting a 
frequency-pulling phenomenon. As soon as 
ry, exceeds 7s, the mode number of the 
excited plasma wave changes abruptly from 
n=3 to 4. At the same time, its frequency 


O=M/ =O. , 57 > P 


Fig. 2. The pattern of modes and normalized 
frequencies represented against the parameter 
Do,/ruy. 
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jumps from @; to wo1. Further decrease of 
the parameter zu,/Dw,» causes repeated jumps 
of wave-mode and frequency as shown in 
Fig. 2. Corresponding to the variation of 
magnitude of yn, the intensity of excited 
waves will become comparatively weak near 
the region where the mode-jumps occur and 
will attain its maximum almost midway 
between jumps. Since every combination of 
changes of the quantities w,, D and w, brings 
about the variation of the parameter zw,/Day», 
yielding the frequency-pulling and the mode 
and frequency jumps, the pattern represented 
in Fig. 2 is of great importance for the 
prediction of various phenomena based on 
our theory. In the next section we will show 
how the observed phenomena can be explained 
on the basis of this pattern. 


$4. Comparison between Theory and Ex- 
periments 

In the theoretical pattern presented in Fig. 
2, there are three simple cases in which the 
parameter zw,/Dw» varies. 

First is the case where w, and wu hold 
constant and the thickness of the plasma 
layer D changes. It has been realized in 
experiments performed by Looney and Brown”? 
and by Bailey and Emeleus’) (abbreviated 
hereafter as L-B and B-E respectively). In 
the former, the existence and several features 
of a standing plasma wave were established; 
the successive jumps of frequency and mode 
were observed as the thickness of plasma 
sheath was varied. It corresponds to just 
what is shown in Fig. 2. In spite of the 
uncertain value of ,/mp, it 1s easy to see a 
good agreement in order of magnitude 
between theory and experiment. In the latter 
paper by B-E, similar phenomena of fre- 
quency jumps were displayed as a probe was 
moved away from the cathode. This can be 
well illustrated if we suppose that standing 
waves were excited in the region between 
the cathode and the probe. The intensity 
distribution in this case, too, is nicely checked 
by the theory. However we note that the 
"measured intensity would not be picked up 
directly from the standing waves, but from 
the beam modulated proportionally to the 
intensity of standing waves. 

A quantitative agreement will be found by 
comparing with their typical figure represent- 
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ing the frequency pulling. Denote observed 
distances from the cathode at which fre- 
quency jumps occur as Dn (m=1,2,.. 0) 
Assuming o=m/n»=0.1 and using the values 
of w» and uw» in their data, theoretical values 
of D, are obtained from the relation 
Drwy|nitrh=Xn where Xn is represented in 
Fig. 2. The calculated and observed values 
are listed in Table I, indicating a satisfactory 


Table I. The distances from the cathode where 
the successive mode-jump occurs. 
dD, | Des | iO | Ds | D; 

“ =a a a a a x | z. 
Cal 2.0 | 3.25) 4.5 Bey tha 
Si LUBA Es eam ca OO iB a pe Re 

agreement. The differences of them for 


greater than 4 would be probably due to 
either the scattering of beam or the decrease 
in electron density with the distance away 
from the cathode. 

Second case is that w, is varied, while mo, 
Dando are kept constant. It may be realized 
when the beam density is changed, the beam 
voltage being unchanged. Then D and o 
may be practically regarded as constant. To 
see the variation of the frequency w» with 
the plasma density, it is convenient to reform 
the pattern in Fig. 2 as that in Fig. 3. Like- 
wise we can get Fig. 4 for o=1.0. It is seen 
that discontinuous transitions of frequency 
and mode occur repeatedly as the plasma 
density increases. On each frequency plateau 
the intensity will become maximum nearly 
midway, since so behaves yn. Furthermore 
the inclination of frequency plateau is found 


<0) — — 
T= Nb/Mp= 01 , $2500 ees 
2 7 A 
(Yeu) 194 
xa 
ZS 
eo meee 
yy 
= 
‘ wie 
= 
pes 3 
n=2 
L 1 1 1 
i) 10 


40 (Depa ah O 

Fig. 3. The pattern of modes and frequencies for 
my/2,=0.1 when the electron density in the 
medium is varied. 
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to vary with the density ratio o. For o=1.0) 
it is entirely horizontal, but becomes inclined 
with the decrease of the value of o. 
These behaviours of standing wave expected] 
by the theory are qualitatively quite ini} 
accord with the results obtained by L-B. J 
From Figs. 3 and 4 we can get calculated |} 
values of the centre frequency of each mode, |} 
using the observed values of D and Uv. 


ers 


| 


r— 


T= e/n= 10, 32>0 


(OMY ue)? 


fOr 


n ———————— 
10 (0 wy ‘oe 1S 20 


Fig. 4. The pattern of modes and frequencies 
for 2)/2,;=1.0 when the electron density in the 
medium is varied. 
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They are compared with the observed centre 
frequencies in Table II. The calculated 
values are only slightly greater than the 
observed. It can be somewhat improved by 
taking into account of the velocity spread in 
the beam. Thus the quantitative agreement 
would also be almost satisfactory. 

Third is the case where mu, is altered, 
whereas w» and D are unaltered. This can 
be also expected to give rise to the same 
phenomena as the first case. However no 
corresponding experiment has yet been known. 

Looney and Brown applied the klystron-like 
mechanism in order to illustrate their ex- 
perimental results. In fact Wehner has given 
an almost satisfactory explanation of his data 


, 1959) 


1 by the use of this mechanism, in which the 
4, beam is velocity-modulated near the sheath- 
edge of injection side and the energy of this 
} modulation is extracted at the sheath of 
4 Opposite side, thus yielding the feedback 
| mechanism to the uniformly oscillating 
i medium plasma. Accordingly, the analogy 
| to the klystron is very direct. Here it is to 
| be noted that, for the medium plasma, oscilla- 
tions do not exist in the intermediate region 
| between sheaths, but only exist at both 
| Sheath-edges. In the case by L-B, on the 
| contrary, the situation is somewhat different 
from Wehner’s. It appears that the extrac- 
tion point by L-B is not always in the region 
where the energy is actually extracted from 
the beam. For, the extraction planes calculat- 
ed by them lie sometimes nearly midway 
between both sheaths, thus being unable to 
provide the oscillating energy to the medium 
plasma. 

It was moreover shown by L-B that there 
was a relation such as X;+X:=constant, 
where Xs; is the sheath thickness and X; is 
the transit distance from the modulation point 
at the sheath edge to the extraction point. 
However it is easy to see that this relation 
can be interpreted in terms of our theory as 
X;+(D/2)=constant, which has really a de- 
finite physical meaning of a half distance 
between two electrodes. 

As a consequence, it may be concluded 
that the mechanism proposed by the author 
would be more reasonable for the excitation 
of standing plasma waves. 


Oe 


§5. Discussions 


At first we assumed a model of a plasma 
layer with infinitely thin sheaths. Then it 
was verified that consequences derived from 
our theory based on this model could quite 
naturally explain observed phenomena con- 


cerning standing plasma waves. This in- 
dicates that the model adopted is very 
adequate for the present case. In actual 


cases, however, the sheath thickness is 
finite, so that electrons in the medium 
impinging on it are reflected after different 
penetrations into the sheath according to 
different electron energies. Hence reflected 
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waves will be more or less distorted. But 
the distortion would be small if the sheath 
thickness is much thinner than the wave- 
length of excited plasma wave. Therefore in 
most practical cases the sheath thickness 
may be neglected, enabling the above model 
to be valid. 

It will be interesting for some investigators 
to discuss a condition for the excitation of 
millimeter waves. For this, it is first neces- 
sary to realize a thin plasma layer with 
electron density higher than about 10" per 
cubic centimeter. For the layer thickness of 
about 1mm the theory predicts that an 
injected electron beam of nearly one thousand 
volts will excite a suitable mode of standing 
wave. For instance, the beam with 1600 volts 
will give the mode number of 4 or 5 for the 
layer of 1mm in thickness and of 10" in 
density. The intensity obtainable will in- 
crease with the current density of the beam, 
but is difficult to estimate by the present 
theory. 

It will be the next problems to evaluate 
the intensity of oscillations as well as the 
effects due to inhomogeneity in plasmas. 

The author is indebted to Professor 5S. 
Kojima and Dr. K. Takayama for illuminat- 
ing discussions, in particular, concerning the 
comparison with experiments. He is also 
grateful to Professor T. Kihara for helpful 
remarks on this manuscript. 
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The two-dimensional high subsonic flow at the choked state past a 
symmetrical double-wedge profile placed midway between two parallel 
walls is investigated. The subsonic flow field over the front half of the 
profile is given by the relaxation solution for a Tricomi’s boundary 
value problem in the hodograph plane. 
rear half is calculated by the method of characteristics. 
the pressure distribution and the choking Mach number are found to 
agree well with Marschner’s analytical results over fairly wide range of 


the transonic parameter. 


Introduction 


§1. 

The two-dimensional high subsonic flow at 
the choked state past a symmetrical double- 
wedge profile placed midway between two 
parallel walls has been studied analytically 
by B.W. Marschner? and Z. Hasimoto.” 
Though the problem is rather simple 
as a boundary value problem for Tricomi’s 
equation, the analyses developed by these 
writers are fairly complicated and seem 
to contain some questions. The problem 
may also be solved numerically by the 
relaxation method formulated by W.G. Vin- 
centi.» This method is free from any 
restriction except for the transonic approxima- 
tion and gives the data for the whole flow 
field. Therefore, it may be worth while to 
reconsider the problem by this method and 
to check the existing analytical results. The 
calculation is accomplished for three values 
of the transonic parameter; -0.703. -0.921, 
and -1.116. These correspond to the values 
of the choking Mach number: 0.869, 0.829, 
and 0.795, respectively, for a special wedge 
of thickness ratio 0.1. Marschner’s parameter 
0o/0. takes the values 0.159, 0.353, and 0.608 
for respective cases. This parameter measures 
the wall effect and is assumed to be small in 
Marschner’s analysis. In the Appendix, the 
case of sonic unbounded flow is also treated 
by the numerical method. 


§2. Boundary Value Problem and its Reduc- 
tion to Finite Difference Equation 


The flow in the physical plane and its image 


The supersonic flow over the 
The results for 


in the hodograph plane are shown in Figs. 2,, 
3 and Fig. 1, respectively. (In the following 
description only the flow in the upper hali-- 
plane will be described, since the flow is; 
symmetrical about the chord line.) In this s§ 
paper are used the same notations as in Ref... 
3 except for the definition of the pressure: 
coefficient. As for detailed formulation of 
the boundary value problem in the hodograph . 
plane, its reduction to finite difference equa- 
tions, and the transformation to the physical 
plane, reference may be made also to the 
cited paper. Here are listed only the rela- 
tions necessary in the following discussion. 


Notations 

a* critical velocity 

c airfoil chord 

A width of the tunnel 

M) choking Mach number 

b local pressure 

p* pressure at the critical speed 

t airfoil thickness 

V_ local speed of the flow 
Cartesian coordinates in the physical 
plane 
y ratio of the specific heats (1.4 for air) 
6 local inclination of the flow relative to 

the «z-axis 

6» half vortex-angle of the wedge, =P 
o* fluid density at critical speed 
stream function 
d» value of ¢ on the tunnel wall 


Boundary value problem 
Fundamental equation : 


1098 


7 2099 =0 (1) 
ivhere 7=7/n, 0=220/y0!, and 
a= (1 +) V—a*)/a* 
Boundary conditions : 
On basic streamline : 

¢=0 for y<-1, 6=0 

b=0 for 7<0, 0=6w (2) 

b=0 for 7o—0, 0<0<0. 


On sonic line: 


$50,8) 
deie ae =0 
aes oak comin 


for %=0, 0<6<6, (3) 
On solid wall: 
b=$w(=1) for —1<7<0, 0=0 (A) 


Transformation to the physical plane 


x 1 ~ a ~ 
y od 
ae) an Pele ty( sp (5) 
where 


0 ~ ~ 
Iu=| eG Ne 


— oo 


‘Pressure coefficient and its relation to Mar- 


schner’s and Vincenti’s 
4 Hike t -3 * 1 * 42 
ev=(r-+))i( =) GaP") a 


_ 2&0 
= (7 oa 1)3[00-2¢p|Marschner 


Ones : 


(6) 


= [er] Vincenti 


Singular point 

In the vicinity of the singular point y=—1, 
6=0 (source type for the present problem) 
corresponding to the uniform flow, Tricomi’s 
equation can be approximated by Laplace’s 
equation. This gives an approximate solution 


$= heof 1-4 tan (7) 


Aon 


Then, 2) =~ #*— dlp—logG+0)} (8) 
c Wego bs, 
But, in the present method, the singularity 


may be represented simply by taking p= oe 


at the lattice point 7=—l, 6=0. 
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$3. Hodograph Solution and Flow in the 
Physical Plane 


Fig. 1 shows the hodograph pattern for 
&)=—0.921. Figs. 2 and 3 show the flow in 
the physical plane for &:=—0.921 and —1.116. 
It may be seen that the patterns of the equi- 
speed line for both cases are very similar. 


j os 
| ce a 
a em 12 
t + 
aa ~~ 

im dA i : a 10 
a Bcc pe 
06 
a NJ 
\ ps TA he 
\ joel SN 
i aan PSio2 

—s 19.0} Tey 

(@=l10l 


| TSS 6 
-24 -22 20 -\8 -I6 “14 -12 16 “08 -06 -04 -0210 


Fig. 1. 
lines pattern in 7-0 plane ()= —0.921) 


Distribution of lattice points and stream- 


25) 


Fig. 2. Equi-speed line and sonic line relative to 
wedge profile and tunnel wall (>= —0.921) 


The change of 7 along the sonic line and 
the streamline pattern near the origin of the 
hodograph plane suggest that the shape of 
the sonic line near the wall is similar to that 
near the axis of a Laval nozzle, where» 
heb, prob-3 along 7=0, and hence xeocy?, 
i.e. it is parabolic. 
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Fig. 3. Equi-speed line and sonic line relative to 
wedge profile and tunnel wall (€)=—1.116) 
5,0 7 = 
Cp 
4.0 
Relaxation 

ae B= INIG if 

0.921 - ---4- Marschner 
20 O}7O3, 
1,0) + 


ool a2 O8 ala a6 o% al7 ae as ilo 


-40+ 


Fig. 4. Chordwise distribution of pressure co- 
efficient. 


§ 4. Pressure Coefficient 


Fig. 4 shows the distribution of the pres- 
sure coefficient on the profile. The dotted 
line in the figure represents for comparison 
the result calculated by Marschner’s formula. 
It will be seen that the agreement of the 
present and analytical results is fairly good 
even for &=—1.116. In this connection it 
should be mentioned that Marschner’s formula 
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predicts only the difference from the resuhi} 
for the unbounded sonic flow. As to th 
latter there exists well known study due t 
Guderley and Yoshihara.» The  prese 
writer has, however, recalculated the saici 
case also by the relaxation technique. Th 
details are given in the Appendix of the 
present paper. The curve for &=0 in Fig 
4 shows the result of calculation. As is see 
in the Appendix, the curve has small bu 
systematic deviation from Guderley an 
Yoshihara’s one. The cause of discrepancy§ 
is not clear to the present writer. In the 
present paper, however, the numerical one is 
used as the basis of Marschner’s correctio 
formula, since it gives better agreement. 
Also it seems preferable in view of the so§ 
called sonic freeze. 


$5. Choking Mach Number 


The values of choking Mach number ar 
plotted in Fig. 5 against the ratio ¢/H of the 
airfoil thickness to the width of the tunnel, 
for the said three values of & assuming 
t/c=0.1. The results due to Marschner and 
to the one-dimensional theory are also plotted 
for the sake of comparison. | 
Now, the transonic parameter is usually de- 
fined as 


fo=(7 +1) ee -1) ey 


(9) 


, 
where 2. =(7 +13 Mo/{2+(7—1) M033 


Since (My—1) is small, this can be approximat- » 
ed by. 
=(M.2—1)| 1 
Eo=(Mo fa+pet (10) 


1,00 


—~--— One dimension 
—— Marschner 


\ f Relaxation 
0,90 


085 
Qso 


0,75 


c@) O01 O02 003 004 00 006 | 


Fig. 5. t¢/H vs. choking Mach number for t/c=0.1 
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_Eqs. (9) and (10) are equivalent within the 
' transonic approximation. There occur, how- 
ever, numerical difference when we calculate 
» Mo from these formulas with given 7, £ and 
 t/e. Small circles in Fig. 5 represent the 
_yalues as computed by Eq. (9). These are 
» seen to lie near to Marschner’s curve. While, 
_ Eq. (10) gives the values indicated by crosses 
'in the figure, which suggest fairly lower 
choking Mach numbers than Marschner’s 
values. On the other hand, the present flow 
may also be regarded as produced by a 
normal shock at infinity upstream from a 
supersonic uniform flow with the transonic 
parameter —&. Then, evaluating the Mach 
number of the supersonic flow by Eq. (10), 
and applying the transonic normal shock 
condition (Symmetric jump in Mach number), 
we get the values denoted by small deltas in 
Fig. 5. These values indicate higher values 
of the choking Mach number. From these 
results it seems that the determination of the 
choking Mach number fora given configura- 
tion is a delicate problem to the transonic 
approximation theory. 

The writer wishes to express his hearty 
thanks to Prof. K. Tamada and to Prof. Z. 
Hasimoto for their encouragement and valu- 
able discussion. 


Appendix. Sonic flow past a wedge profile at 
zero angle of attack. 

The equations (1) to (6) have been derived 
by the transformation %=7/y, 9=230/x0°. 
For the sonic flow, the transformation cannot 
be used because the upper boundary in the 
hodograph plane runs away to infinity. In 
this case, we take the transformation 

7 =0w39/230w3 

6=8w6 Ow 
By this transformation, the equations (1) to (6) 
are invariant in their forms. But, the singular 
point corresponding to the uniform flow is 
shifted on the sonic line, i.e. 7=0, 6=0, and 
the upper boundary in the hodograph plane 
remains at 0=0w. 

As the values of ¢ at the lattice points 
facing the singular point, we take the following 


$=3) be 
fut ifn oa G—2mbu)=0 


where 
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10 -O8 O6 -04 -0O2nN0 
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Fig. 6. Distribution of lattice points and stream- 


lines pattern in 7-6 plane (sonic unbounded 
flow). 


—— Relaxatidn 


el 
---7- Guderley|& al 


-2.0 mT aa 
wi 
Fig. 7. Distribution of pressure coefficient on 


wedge profile at sonic unbounded flow. 


It can easily be shown that m(%, 6) is a 
fundamental solution of Eq. (1) representing 
the sonic uniform flow at infinity in the 
physical plane. Further, it is obvious that 
DH, Ow) =0. 

Fig. 6 shows the calculated hodograph 
pattern. In Fig. 7 is given a comparison of 
the present result and Guderley’s one for the 
distribution of pressure coefficient on the 
profile. 
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In this paper, the well-known classical one-dimentional rheological equa- 
tion of Voigtian material having a single retardation time is extended 
so as to be applicable to three-dimentional and large deformation, and 
Lagrange’s and Euler’s representations are explicitly used. 

Our rheological equation in Euler’s representation is reduced to the 
most general stress-strain relation which was described by Rivlin and is 
derived by general procedure using the elastic theory of finite deforma- 
tion, when its terms relating to viscosity are eliminated, and is reduced 
to the most general stress-strain rate relation which was derived by 
Reiner and Rivlin, when its terms relating to elasticity are omitted. 

Then, the above equation is applied to simple elongation and simple 


shear, with satisfactory results. 


$1. Introduction 


It is well known that the theory of hydro- 
dynamics is well expressed by two represent- 
ations, Lagrange’s and Euler’s, which are, 
whether explicitly or not, used also in the 
theory of finite elastic deformation». But, 
we can seldom find the theory of viscoelastic- 
ity or elastico-viscosity, where the above two 
representations are explicitly used. In this 
paper, we will use the two representations 
explicitly and effectively to derive three- 
dimentional rheological equation of a Voigtian 
material. 

The most general stress-strain relation in 
finite elastic deformation can be derived by 
a general procedure in the elastic theory of 
finite deformation, and its Euler’s represent- 
ation was described by Rivlin®, and the most 
general stress-strain rate relation of isotropic 
viscous liquid was derived by Reiner® and 
Rivlin®. As it is well known, the classical 
Voigt model» having a single retardation 
time is a parallel combination of a Hookian 
spring and a Newtonian dashpot. Thus, if 
we want to seek the three-dimentional ex- 
tention of the one-dimentional model, we 
should replace the Hookian spring and the 
Newtonian dashpot by the spring whose _ be- 
havior is ruled by the most general stress- 
strain law and the dashpot whose behavior 
is ruled by the most general stress-strain 
rate law, respectively. In other words, the 
general equation of Voigtian material in 
Euler’s representation should be reduced to 
Rivlin’s equation of the finite elastic deform- 


ation if its viscous terms are omitted, and to 
Reiner-Rivlin’s equation if its elastic terms 
are eliminated. In this article, we will derive 
such general equations of Voigtian material. 

For the simplicity of mathematical descrip- 
tion, we will use Einstein’s convention 
throughout this article. We will denote the 
quantities relating to Lagrange’s and Euler’s 
representations by the suffixes of Latin letters 
(t,7,k etc.) and of Greek letters (A, 4, v etc.) 
respectively. 


$2. Strain, Strain Rate and Stress 


Let us regard a Voigtian material as a 
system of particles. Let the position of a 
material point be P for t=0 (undeformed 
state) and P* for time ¢ (deformed state), 
and let the coordinates of P and P* be x‘ and 
x** (¢=1, 2, 3), respectively, on a rectangular 
coordinate system X? (¢=1, 2, 3) fixed in space. 
Then, we have 


KEE I(x 92 3 f) 


ows Coe ick eC Nmss 
(2.1) 
or 


Paka a) uth ee 5 a t) ; KEL bd D cae O=x*s 


2a 
where we assume that the function an i: 
x’ are one valued and continuous functions 
and are differentiable by the respective in- 
dependent variables as many times as necess- 
ary. The Lagrange’s representation of the 
strain in P* is given’ by 

£1j= 2(Jis—O1)) 


a (2.2) 
where 


gia Ae (= Ox**/Ox!) (2.9) 
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-and 0,; is Kronecker’s 6. Then, we have 


1j=e1j(x1, x7, x,t), €43(x}, 22, x?, 0)=0 (2.3) 
The displacement w* (R=1, 2,3) is defined by 
(2.4) 
If we substitute Eq. (2.4) into Eq. (2.2) and 
Eq. (2.2’), we have 

e=3{ (xe +4"), , (x +u*), ;—Oi5} 
= 44 (Onur Oust us a ij} 
cect cine stan, —Oi3} 
=F(u)j+ui,+uiu') 


xR xk — yk 


(2.5) 
From Eq. (2.5), we can see that the values 
of the shearing components of the strain in 


_ this paper are one half of the values of the 


rate 


as ordinarily done. 


corresponding shearing components of the 
strain ordinarily used.P 
From Eq. (2.3), we can define the strain 
in Lagrange’s representation deée;,/dt. 
Denoting the strain rate in Euler’s represent- 
ation by fax, we have the following relation 
between é;; and fy, : 
Pipe ea oy, Ven Ox) (2.6) 
or 
ey = x4" aaa ae (ZiGs) 
Let the X*-component of the velocity v of a 
material particle in time ¢ be w, then fy, is 
also defined by 
Pru = FO utr) (2.7) 
We can prove that the 
right hand side of Eq. (2.6) is equivalent to 
that of Eq. (2.7), as follows: 
Con xf ndldta(gu—9s) 
=H 2 id ER nf 
=F a a a 8") 
=F(K Ora tay Oxy) 
=F ip tin = su t0,r) (2.8) 


where we have used following relations: 


ie OFF Ox Ox** Ox? 
KE yt = —— 
OL OKA te OX OX" * 
OM i Balt 
xt OxFA DN, EWC. 
riko 
at = prs Vette: 


Let the Lagrange’s and Euler’s represent- 
ation of stress be o’/ and 7 respectively, 
then we have 

DT tot 


oi =D xt, x1, TD 


(2.9) 
(2199) 


where D is the volume magnification ratio, 


or 
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In the sequel, we assume that the above 
relations can be hold relating to elastic stress 
and viscous stress, separately. T is the 
stress relating to the unit area in deformed 
state and often called actual stress. So-called 
conventional stress, that is, the stress relat- 
ing to the unit area in undeformed state is 
not o', but oi multiplied by extention ratio 
in x'-direction or x/-direction”, 

We can define many sets of invariant 
quantities of strain, strain rate and stress in 
Lagrange’s and Euler’s representation, but 
the followings will be used in this article: 


Li=sn, b* =e cy, 13*= Fer cm cxi (2.10) 

h=9u, b=D%9"=Di9nx , 
I,= D?=det |gi;|=det|g| (2.11) 

where 

gt) =x°y xy (a2) 
ean a (als) 
gf = x Pa (2.14) 
Ki*=fya , FG 3 Pius Pau ’ Kes fie aon 
(2.15) 


$3. Derivation of Rheological Equation 


Let the free energy of Helmholtz and the 
dissipation function per unit volume in un- 
deformed state be A and W’, respectively, 
then we have, from the first law of thermo- 
dynamics, for isothermal rheological process, 

Seep iden 

pr ee 
Denote the quantities relating to elasticity 
(spring) and viscosity (dashpot) by the suffixes 
e and v respectively. Extending the assump- 
tions which hold in one-dimentional Voigt 
model, we assume that next relations can 
hold in three-dimentional Voigt model : 


(3.1) 


(3:2) 
(3.3) 


Substituting Eo. (3.2) into Eq. (3.1) and taking 
Eq. (3.3) into account, we obtain 


oj= Aas ies 


i 


AA/dt= 6's é Cij (3.4) 
Wis 65? 84; (3.5) 
i) elastic stress 
From (3.4), we have 
oI=O0A/0ei; (3.6) 


If the body is isotropic in undeformed state 
(t=0), we have 


A=A(h"*, h*,.13*) (3.0) 
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then, we obtain 


OA OA 


0A 
= OL* ——Oij+ AAG Oa OL;* Cik Eni (3.8) 


Further, if the body is incompressible, we 
have 
D=1 
then, we have 
OD/Oeij= D?gi= 94 (3.9) 
where g’/ is defined by (2.12). Let the un- 
determined multiplier be ¢’, then we have, 
using Eq. (3.8) and Eq. (3.9), and taking 
0A/Ol;*=1 into account, 
iP eaten TON OA 
oci=@ fit aL, e Ore ott one (3.10) 
Then, if we put as follows: 
; i 0A 
Q =9t-(2h*—4h¥ +4 h* +3) a1 
0A 
oe: nee an* 


where i, is defined by (2.11), Eq. (3.10) can 
be rewritten as follows: 


L 0A 
ie — 
ati=( 0+ D 16 OL* 


el 0A 
Joti abut Bree 
(3.11) 
If we apply Eq. (2.9) to elastic stress, we 
have 


DI ARS On Soe” Ge 4) 
Substituting Eq. (3.8) and Eq. (3.11) into Eq. 
(3.12), we have following equations.” 


Tin at sag OG alata) 


0A 


0A 
Ow T, Ol 


OR wre 


OA) 


+O er f 


(3.13) 
and 
te Any t } 
Tae 2hg MG” Os Hg Gi Le Oe) 
OL, 
0A 


"Ole 


respectively, where i, , and J; are defined 
by (2.11) and 9’ is defined by Eq. (2.14). 
li) viscous stress 
If we apply Eq. (2.9’) for viscous stress, 
we have 


Rete Oe} (3.14) 


OoI=D xt y 19 


Tighe (3:15) 
substituting Eq. (2.6’) and Eq. (3.15) into Eq. 
(3.5), we have 


W=D IP we (3.16) 
Let the dissipation function relating to de- 


Wataru SEGAWA 


formed state be W, then we have 


DW=W’ 
From Eg. (3.16) and Eq. (3.17), we have 1 
WV Epi EN, (3.18) 


If we assume that the process of viscous 


flow does not yield anisotropy, then we have } 
(3.19) | 


W=W(K*, K2*, K3*) 


moreover, if we assume that W can be ex- 


panded as the power series of Ki*, K:* and | 


K3*, we have (using Einstein’s notation) 


W=ai Kit +bi; Ki* K3*+ ign Ki® KG* K* ++ 
=a, Ky*+),;Ka* Ky*+¢1j, Ka* Ky* K* +: 

+ dz Ky* +b2; Ko* K3* +02 jn Ko* Ki*Kx* +++ 

+az3 K3* +b3; K3* K3* +033, K3* Ky*Ka*+--- 


=(a +hi; Ky* +e 5x IG Ky*++-- -)Ky* 
+(a2+b25 Ki*+C2jn Ki* Ki* +--+ -)Ko* 
+(a3+b3; K5*+c3j, Ky* Ky*+----)K3* 


Putting as follows: 
m=aithi; Ky*+c1 jn Ky* Ke*+---- 
272= A2+be;3 Kj* +02 jx K5* Ky* +--+ 
393=d3+bs3; K3*+C3jx Kj* Ku*+++-- 
we have 
W=m Ki* +22 K2* +373 K3* 
(As W=0 always, 
Qi, bis, Gein, "ee, Gs ie Re, Zr 3) will become 
zero.) From Eq. (3.18) and Eq. (3.20), taking 
Eq. (2.15) into account, we have 
To" = 91 Ox te fay ts fav fou (GHAL) 
where 71, 72, and y3 are functions of Ai*, Ko*, 
and K;*. If incompressible, Ai*=div v=0, 
then 7 and 73 will become the function of 
K.* and K3*, and 7 will become arbitrary 
hydrostatic pressure. Then, if we rewrite K.* 
and K3;* by Kz and K3 which are strain rate 
invariants ordinarily used, we can obtain the 
equation of Reiner and Rivlin. 
The Euler’s representation of Eq. (3.2) is 
expressed by 


P= TAY + Ty 
From Eq. (3:13), Eq.-(6.14), Eq. (3.21) and 
Eq. (3.22), we can obtain the rheological 
equations of Voigtian material which is 
isotropic in undeformed state as follows 
(filing 41 Ox + Ox, in Eq. (3.24)): 


(3.20) 


(3.22) 


ee 2 | gwd 


Che gf MH — 9% gf 9— Ty Bx) 


abe 
ae eagle 


3, 0A OA) 
"Oh Ol; J 


a fp Oru tye trutys fav Sou (3.23) 
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some of the coefficients } 
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for a compressible material, and 


Te= af gros +(g/ Go M— 9A g/ 


OA 
—I, oa +9 Oyu tye fautysfavFou (3.24) 


» for an incompressible material. 


~§$4. Simple Elongation 


Let us consider uniform elongation of in- 
compressible rod-like material which is homo- 
geneous and initially isotropic, in the direc- 
tion of its length, which we select as the 
‘direction of X?-axis. This deformation is 
‘specified by 


x*l= gy : rere : x3 = —— 3 ’ 
a=a(t) (4.1) 
or 
i = — *1 ; 2 a a x x3 = ax* : 
a=a(t) (4.2) 


where a@ is an extention ratio, and 
T2=T8 , TR=TB=T#=0 
Substituting (4.1) into (2.14), we have 
all others=0 (4.4) 


(4.3) 
Gg — a. gVv=972=1/a, 


From the second equation of (2.11), (2.12) and 
(4.2), we have 


hag tg tgh=a+20 (4.5) 
From (4.1) and (4.2), we have 
(4.6) 


Then, if we substitute (4.6) into (2.7), we 
have 


‘ one 
fue, fu=fa=—> all others=0 
(4.7) 


If we substitute (4.3), (4.4), (4.5) and (4.7) 
into (3.24), we have 


Rheological Equation of Voigtian Material 


1105 


0A (1\0A) 
mas CA, Joc 
. ane ant laa 


a) Os, lea | 
0 ae Tatas rye 
ley I rae? 
+9+n(—> =)+n(—4 =) j 
(4.8) 
From (4.8), we have 
1 OA IRCA 
ies opemeeasce dN | unset ne a ees ee 
fe 2a alae | 
3 wane sea D a 
se 5 emer A (4.9) 


According to Neo-Hookian theory of rubber 
elasticity, 


il 
A = Mh —3) 


then, we have 


Corresponding to the above relations, if we 


assume as follows: 
$y2=y=const , 73=0 


then (4.9) becomes 


1 a 
5 peat Sate 
8 (a -~) +305 (4.10) 
If we put as follows: 
a=l1-+e 
then (4.10) becomes 
é 
Alea oe -1) == 
T= p{(1+e?—(1+e) }+3075, 
2 4 a 
a ge -) etic 
Bue 3 qo0 errs 


If «<1 and terms of higher orders of ¢ can 
be neglected, the above equation becomes 
TY=3ue4+37 é (4.11) 


which is equivalent to the classical equation 
of Voigt model. 


§5. Simple Shear 
Let us consider incompressible simple 
shearing flow parallel to the X1X*-plane. This 
motion is specified by 
k=k(t) 
(5.1) 


Cathe, ePHx?, BH? , 


or 


1106 


Rx® , k=R(t) 


(5.2) 


gia tt 


where 4k is the shear velocity. 
Substituting (5.1) into (2.14), we have 


(Alites 2 (22 (iS 
ae a pe | ea 
and from the second equation of (2.11), (2.12) 
and (5.2) we have 
h=9+924+93=k?+3 (5.4) 
Differentiating (5.1) with respect to time ¢ 
and taking (5.2) into account, we obtain 


vi=kx?, p=v3=0 (Ges) 
Substituting (5.5) into (2.7), we have 
fo=tk, all others=0 (5.6) 


And substituting (5.3), (5.4) and (5.6) into 
(3.24), we can obtain 


0A A) ae 
si + e-+m( > >) 


Tena| oo wes Al tetn( Se) 


THs 2th) se 


2 


“a OA 
33 pee eee 
t 12 oa) 
OA OA ee 
12 esses ae xem 
rs (aoe +h a) tn =) 
p23 = fistan() 
(5.7) 
Then, if we assume that 7**=0, we obtain 
OA i 
he eens weld 
it 2k art) 
P22 = = 2025 tol ; i 
% (5.8) 
0A OA Le 
Wiss se SS cal 
Te=2k (Siar) in( a4) 


all others=0 


We can see, from (5.8) that there appears 
so-called second-order effects (Poynting effect 
and cross viscosity,) and the third equation 
of (5.8) will be reduced to the corresponding 
classical equation if appropriate approxi- 
mations similar as in §4 are done. 


§6. Discussions 


We have assumed isotropy of the material 
in undeformed state, when we derive elastic 
stress-strain relation in §3. This assumption 
does not mean that the material must be 
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isotropic always, in other words, the material : 
may become anisotropic in the process of|f 
elastic large deformation even if it is isotropic| ‘ 
in its initial state. (Such material may be# 
called quasi-isotropic material.) At the samet 
time, we have assumed that the process ofii 
viscous flow will not yield any anisotropy. | 
Moreover, we assume that the above-mention- \ ' 
ed two assumptions are not inconsistent with ; 
each other. In the actual process of deforma-| 
tion of our Voigtian material, both elastic 
and viscous process take place at the same: 
time, and the material which is isotropic in} 
initial state will become anisotropic as the 
deformation proceeds. 

As far as we stay in the Voigt mode! | 
having single retardation time, our rheological 
equations, Eq. (3.23) and Eq. (3.24), seem tay 
be the most general possible equations under * 
the assumptions of isotropy as above and the ‘}} 
others mentioned in §3. As we have already ° 
mentioned, their elastic terms are equivalent ° 
to the corresponding terms in Rivlin’s equa- - 
tion of large elastic deformation, and their — 
viscous terms to those in Reiner-Rivlin’s 
equation. The results of application of Eq. 
(3.24) to simple deformations are reasonable | 
and satisfactory, as we have seen in §4and_ 
§5. Eq. (3.23) and Eq. (8.24) are given in| 
Euler’s representation but, if necessary, we | 
can derive their Lagrange’s representation | 
by virtue of Eq. (2.9’). 
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the etching action of sodium vapor. 


Surface Cracks of Sheet Glass Produced 
by Sodium Vapor Treatment 
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Observation was made on the surface cracks of soda-lime-silica sheet 
glass produced by sodium vapor treatment in vacuum at 350°C. It was 
suggested first by Andrade and Tsien and recently concluded by Gordon 
et al that these surface cracks are developed from latent Griffith cracks 
through some etching action (the so-called decoration by Gordon et al) of 
sodium vapor. According to the present experiment, there are several 
phenomena on the surface cracks which are difficult to explain by the 
latent crack theory. The correlations of surface cracks to the drawing 
mark or to the direction of the periphery of the specimen, for instance, 
can be more reasonably explained by the cracking mechanism due to the 
shrinkage of transmuted surface layers after the sodium vapor attack. 
In this connection, it should rather be prefered that the surface cracks 
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are newly originated by the treatment. 


§1. Introduction 


It has been known that the treatment of a 
piece of glass by sodium vapor in vacuum at 
high temperatures produces visible cracks on 
the surface. This was first reported by 
Andrade and Tsien”, who considered that 
the cracks were developed from the latent 
cracks, the so-called Griffith cracks”, through 
Leven- 
good and Butler® also seem to insist the 
presence of the latent cracks in their experi- 
ment on the adhesive strength of glue to 
glass surface and show the surface cracks 
produced by the sodium treatment. Recently 
Gordon et al® have published a work with 
conclusion similar to that made by Andrade 
and Tsien. 

We have reached, however, to the conclu- 
sion different with the previous workers’. 
According to the present experiment, it is 


Open end Specimen Neck 


YS 


Specimen container 


iBigeele 


Metalic film of distilled sodium 


Metallic sodium 


believed that the cracks are mostly not 
developed from latent cracks but newly 
created by the sodium treatment. The 
mechanism of the formation of these cracks 
might be attributed to the contraction of 
sodium treated surface layer against mother 
glass in the process of cooling after heating 
ats300°C. 


§2. Experimental Procedures 


The method for making the surface cracks 
is similar to that of Levengood and Butler, 
with some small modifications. Specimen 
container in which the reaction takes place 
is an ordinary glass tube, 2 to 3cm in dia- 
meter and about 20cm in length, with a 
“neck’’ as shown in Fig. 1. The specimens 
are cut from soda-lime-silica sheet glass of 
2, 3 and 5mm thicknesses, and a rod of 5mm 
diameter of fused quartz is added for com- 


Seal off Joint Vi 


To 
vacuum 
system 


+ Air 


Schematic diagram of the apparatus. 
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parison. Details of the procedure are as arbitrary directions relative to the draw) 
follows : ing direction of the sheet glass. 


1) The specimen (ca. 1x 2cm?) is cleaned by (6) Cracks appear not only on the origina: 


[| 


soaking with soap and distilled water. glass surface but also on the surface e 
2) The container is attached to the vacuum newly produced by cutting or breaking4 

system with the valve Vi closed and V2 (See Figs. 3 and 4.) 

opened. (c) A contaminated spot due to incomplete) 
3) The dried air is kept to pass through the cleaning often becomes a starting pointy 

container from V2 to the ‘‘open end’’ of surface cracks. (See Fig. 5.) 

while the whole container is heated by a (d) Cracks can appear even when the) 

hand burner for about one minute to specimen is fire-polished just before they” 


remove the adsorbed water from the 
inner surface. 

4) After the container has been cooled 
down to the room temperature, a metallic 
sodium cube with edges of 5 to 10mm 
length is inserted into the hollow of the 
tube from the ‘‘open end’’ without wiping 
off the kerosene which has protected the 
metallic sodium during storation. 

5) The “open end’’ is sealed after the 
specimen is set in the container. 

6) The valve V2 is closed and Vi is opened ; saert 
to evacuate the container to 1x10-3mm Fig. 2. Typical surface cracks developed per- 
Hg. In this process the kerosene vapo- pendicularly to the edge of the specimen. (40x). 
rizes and is removed from the surface of 
sodium. 

7) By heating the hollow in which the 


sodium block is located whole sodium 
melts and gradually evaporates to make 
a mirror of metallic sodium on the inner 
surface of the container. The neck in 
the tube protects the specimen from a 
direct deposition of metallic sodium on 
re 

8) When the vacuum reaches to 1x10-‘mm 
Hg, the container is sealed off from the 
the vacuum system. 

9) The container is heated in an electric 
furnace and kept at 350°C for one hour 
or more. In this process, the specimen 
and the container wall get colored yellow 
or brown. 

10) After the container has been cooled to 
the room temperature, it is broken and 
the surface of the specimen is observed. 


Fig. 3. Surface cracks on the cut side. (40x). 


§3. Experimental Results 
1) Surface cracks 


(a) Fig. 2 shows typical cracks produced. Fig. 4. Surface cracks on the original surface 
Cracks have a tendency to run perpendi- and the newly fractured shell-shaped surface of 
cularly to the edges of the specimen, in the specimen, showing the continuity of cracks 
spite of the fact that the edges can have at the boundary, (40x). 


| 
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sodium treatment. 

(e) By the sodium treatment, the surface 
crack which had disappeared with the 
lapse of time after its appearance by 
chilling could not be reproduced. 

(f) The number of cracks increases with 
the treating time approaching to some 
ultimate value which probably depends 
on the quantity of sodium used. 


Fig. 5. 
incomplete. 
tion spots. 


Surface cracks observed when cleaning is 
Cracks start from the contamina- 
(40x). 


Fig. 6. Surface cracks produced by prolonged 
Each domain surrounded by the 
(30 x ) 


treatment. 
cracks shows Newton’s rings. 


The surface of specimen after the original 
(30 x ) 


Fig..7. 
surface layer has been flaked off. 


Surface Cracks of Glass 
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(g) Treating with 0.3¢ of sodium for 14 
hours produces many cracks which are 
visible with the naked eyes. In Fig. 6, 
each domain surrounded by the cracks 
shows Newton’s rings indicating that 
the surface is going to flake off. In this 
photograph, some cracks look like white 
lines showing that the light from the 
source comes directly through the cracks 
which are to some extent widely opened. 
The surface layer which is going to flake 
off can easily be removed by rubbing 
mechanically, and the new surface shows 
a roughened structure as is illustrated in 
Bigs af. 

(h) In a rod of fused quartz, cracks are 
more easily produced with less sodium 
and less treating time than in the or- 
dinary soda-lime-silica glass. When 


pieces of soda-lime-silica glass and. of 
fused quartz are treated at the same 
time in one container, the latter shows 
definitely darker color and more numerous 
cracks than the former. 


Fig. 8. Drawing marks (parallel straight lines) 


produced by sodium treatment. (30x) 


Fig. 9. Drawing marks after the water soaking 


of the specimen in Fig. 8. (30x) 
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2) Drawing marks 

If a large quantity of sodium, say 1g, is 
used, there frequently appears a group of 
lines with low contrast resembling to the so- 
called ‘‘drawing marks’’ which usually are 
observed by etching with hydrofluoric acid. 
(See Fig. 8.) 

These lines, however, are made very clear 
by soaking the treated specimen in water 
above ca. 70°C (Fig. 9). In this photograph, 
a drawing mark forms a hair-curled shape. 
This indicates that these lines are not the 
“etched’’ parts but rather the “‘unetched’’ 
parts. The cross sectional view of the 
surface layer before and after the soaking 
would be as illustrated in Fig. 10. 


Drawing marks 


}Tranemuted 
layer 


Drawing marks 


}Transmuted 
layer 


(b) 
Fig. 10. Cross-sectional view of sodium treated 
surface layer with drawing marks. (a) Before, 
and (b) after soaking in water. 


The difference in composition between 
mother glass and the drawing marks may 
result in the difference in reaction with 
sodium vapor and causes a difference in 
refractivity between the drawing marks and 
the rest of the surface film which makes 
these lines visible. Before soaking in water, 


(a) 


Fig. 11. Surface cracks and drawing marks produced by prolonged treatment with a large 


amount of sodium. (4x) 
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these lines are fairly faint, as was the case) 
in hydrofluoric acid etching, probably due td} 
the small difference in refractivity. By soak _ 
ing in water, however, surface layer except) 
the portion of drawing marks seems to be 
carried away. The thread-like drawing marks] 
are left on the new surface, which of course) 
are more easily observed. l] 


drawing marks 
The surface of the specimen treated withil 


15 hours looks dark brown or almost black} 
and the observation by transmitted light is# 
impossible. By reflected light, however, ones 
can easily find out many drawing marks andy 
very rough cracks as shown in Fig. 11. Theg 
parallel straight lines running obliquely i 
the left-half of the photograph are the draw- | 
ing marks, and the other irregular lines are 
the surface cracks. The circular cracks 
which are seen left below are due to the? 
contamination in the cleaning process. By 
soaking in water of ca. 70°C, both the sur + 
face layer and the drawing marks which 
have been especially developed by the “‘black”’ '} 
treatment can be thoroughly removed as 3) 
flaked small pieces, but the surface cracks 3) 
remain unchanged as seen in the right half | 
of Fig. 11. 

The flakes of the surface layer precipitated | 
in this case were examined by X-ray and 
spectral analysis. The X-ray diffraction | 
pattern was very complicated, and it was || 
difficult to determine the structure. The 
result of the spectral analysis is given in 
Table I. It is interesting that the quantity 
of sodium is unexpectedly small. From this 
it is considered that the sodium atoms enter 


(b) 


(a) Before, and (b) after soaking in water. 
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into the network of glass, and destroy the 
glass structure. The sodium ions are then 
easy to move and dissolve into water exh- 
austedly. 

The observation of the intersecting point 
of a drawing mark and a surface crack 
(circle mark in the left half of Fig. 11) 


Table I. Spectral analysis of precipitated flakes 
from the treated layer into water. 


Fig. 12. Intersecting point of a surface crack and 
a drawing mark. The drawing mark (white line 
running obliquely) is shifted aside by the surface 
crack. (30x) 


Drawing marks Surface cracks 


Transmuted 
layer 


(Q) 


Surface cracks 


Transmuted 
layer 


Fig. 13. Cross-sectional view of sodium treated 
surface layer with surface cracks and drawing 
marks. (a) Before, and (b) after soaking in 


water. 


reveals that the drawing mark is shifted 
aside when it crosses the surface crack as in 
Fig. 12. The width of the crack is measured, 
in this case, directly on the photograph to 
be about 30%. From these results a geo- 
metric model is proposed as illustrated in 


Surfuce Cracks of Glass 
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Fig. 138. The drawing marks lie exclusively 
in the surface layer, whereas the cracks 
reach a further depth. 


4) Other natures of surface layer 

The color of the surface of the specimen 
changes from yellow through brown to black 
depending on the degree of treatment, es- 
pecially on the quantity of the sodium used. 
Being soaked in water of about 50°C, or 
warmer, the color faids out producing bub- 
bles, and the wet surface at this state shows 
alkalinity and the color of interference 
probably due to the flowing out of sodium 
ions from the surface layer. 

The volume of the surface layer treated by 
sodium increases in contrast to the hydro- 
fluoric acid etching. According to the 
measurement by the interference microscope, 
the treated layer is higher than the original 
surface by 5000A in the extreme case, but it 
gets lower than the latter by 1000A after 
soaking in water. The increment of height 
might be due to the sodium atoms entering 
into the network of glass structure and 
destroying the Si-O structure as was men- 
tioned before. As the result of the destruc- 
tion of the glass structure, the surface layer 
becomes very fragile, and is easily flaked off 
by rubbing. When soaked in water, the 
sodium flows out from the destroyed network 
into the water, resulting in the decrement of 
volume or level. 


Discussion 


§ 4. 

It would not be useless to elucidate the 
conclusions and discussions of the previous 
workers before discussing the present experi- 
ment. Andrade and Tsien, who first reported 
the detailed behaviour of the surface cracks 
produced by sodium treatment, tried the ex- 
periments on several sorts of glasses with 
different compositions. They concluded that 
the surface cracks produced by the sodium 
treatment are the latent Griffith cracks from 
the following experimental results. 

1) The cracks are well developed in the 
situations where systematic scratching is 
improbable. 

2) The cracks (latent cracks) develop with 
age which are almost completely absent 
on fresh glass immediately after drawing, 
and get frequent on the same glass some 
hours after drawing. 
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3) They are well developed in hard glasses, 
and hardly found in soft soda glasses. 
4) A piece of plate glass exposed to sodium 
vapor showed no typical Griffith cracks. 
A fine diamond scratch was then made 
on another specimen from the same 
piece. Etching (sodium treatment) re- 
vealed typical cracks running out on 
both sides from the scratch in directions 

approximately normal to its length. 

5) Other surface markings, such as scrat- 
ches and drawing marks, can be developed 
by the attack of hydrofluoric acid; the 
Griffith cracks cannot be so brought to 
light. 

6) The nature of the attack by the sodium 
vapor is not studied. 

Gordon et a! are led to the same conclusion 
as to the intrinsic nature of the surface 
cracks in the meaning that the cracks which 
are made visible by the sodium treatment 
are the pre-existent cracks. They derived 
the conclusion from the following results. 

1) There is a relationship between the 
frequency of surface cracks and the 
mechanical weakness of the glasses from 
the same test rods; and it may be sup- 
posed that the more numerous the cracks, 
the greater the chance of a lethal defect. 

2) Two Pyrex rods were twisted in opposite 
senses and were then clamped together at 
the ends so that they maintained mutually 
opposing torsional strains when decorated 
(¢.e. sodium treated). For both rods the 
primary cracks run nearly normal to the 
tensional component of the shear, and 
many of the secondary cracks have been 
opened against the compressive stress. 
The same result was obtained with a 
silica rod subjected to bending, with the 
normal and parallel cracks to the axis of 
the piece on the tensile and compressive 
side, respectively. 

3) In the accidental scrape, the pattern of 
cracks produced by the scrape is entirely 
contained by the pre-existent crack pat- 
tern. In the artificial scrape, there appear 
the primary cracks intersecting the 
scrape line, and the secondary cracks 
which run from the scrape normal to it 
are stopped by the pre-existent primary 
cracks. 

4) In many cases cracks start from the 
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surface devitrifications. If such a process } 
were to take place on a smaller scale in| 
the surface of glass, it might account | 
for some of the observed behavior of 
glass surfaces. That is to say, it would) 
explain both the origin of the cracks and | 
perhaps the existence of surface tension. 

Apart from the discussion about the’ 
existence of Griffith cracks, there no doubt | 
are weak points on the glass surface. The 
weak points might be of various kinds, such 
as mechanical scratches, devitrifications . 
around which the stress concentration is 
inevitable, and corrosion of glass surface by 
the so-called weathering in which the glass 
structure at the surface layer gets changed 
mainly due to dissolution of metallic ions 
into the adsorbed moisture. We consider. 
however, that the cracks produced by sodium 
treatment are mostly not the latent cracks 
but are newly originated or grown from the 
weak points mentioned above. 

It is clear, first, from Fig. 12 that the 
nature of the attack by sodium vapor of 
which previous workers have not given any 
explanation, is not a simple etching. If it 
were the etching, the drawing mark which | 
intersects the surface crack would have to. 
lie on a straight line however wide the gap | 
of the crack may be after the crack is made. 
Actually, however, as shown in Fig. 12, the ] 
drawing mark is shifted aside to each other | 
by the surface crack. This shows that the 
mechanism might be attributed to the shrin- | 
kage of surface layer against mother glass. 
In the case of hydrofluoric acid etching the 
surface crack except the scratches cannot be 
developed, as was also already pointed out by 
the previous workers. 

Observations on the surface cracks in the 
present experiment show the validity of the 
assumption that the cracking takes place 
after the treatment. If the surface cracks 
did pre-exist, the crack pattern would be 
independent of the direction of the periphery 
of the specimen, and to the contaminated 
spot which could be cleaned up by soaking 
process. Moreover, if the surface cracks 
appeared on the new surface of shell-shaped 
fracture, the cracks would have to be in- 
dependent to the cracks on the original 
surface. However, these demands which arise 
from the assumption of the pre-existent 
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jracks are not realized as have been stated 
fn the previous section. These results show 
‘hat the surface cracks are mostly produced 
by the sodium treatment. The mechanism 
hf cracking after the treatment has not yet 
heen made clear strictly, but a possibility is 
proposed that the difference in shrinkage 
petween the surface layer and the mother 
jzlass is responsible for this. 

» Almost all the experimental results of the 
drevious workers can well be understood by 
she “‘subsequent cracking’? mechanism. With 
she hard glasses the cracks are easy to appear 
ecause of a large difference in shrinkage. 
The statement made by Andrade and Tsien 
that the cracks are hardly found in soft soda 
glass would probably be due to the short 
duration of treating time: they treated the 
specimen for half an hour at most. The 
results that the cracks develop with age and 
that a diamond scratch makes many cracks 
may be attributed to the increase of weak 
points with age and to the presence of fine 
cracks which are usually observed in the 
friction of glass on hard substance, respective- 
ly. The selective appearance of primary 
cracks on the specimens subjected to the 
torsional or bending stress, as was found by 
Gordon et al, is naturally understood by the 
present mechanism. In this case, the surface 
layer which is made fragile by the attack of 
sodium vapor may easily be broken by the 
applied stress in a direction normal to the 
maximum tension. They showed a_ photo- 
graph of intersection of a surface crack 
(primary crack) and a scratch made by steel 
needle in which the primary crack preceded 
the surface cracks grown from the scratch, 
and this fact seems to be a key-point of the 
“nre-existent’’ crack theory of Gordon et al. 
In this case, it is supposed by the subsequent 
cracking theory that the originating point of 
the primary crack was weaker than the fine 
cracks which existed at the scratch. It is 
often experienced that an artificially made 
scratch does not become the starting point of 
fracture in the breaking tests of glass, and 
it is possible for the primary crack to precede 
the cracks which grow from the fine cracks 
at the scratches. 


§5. Conclusions 
It is concluded that the surface cracks 


Surface Cracks of Glass 


1113 


produced by the sodium treatment are mostly 
not the latent cracks but the newly originated 
or grown ones by the treatment from the 
flaws of various kinds. The difference in 
shrinkage between the surface layer and the 
mother glass is proposed to be a possible 
assumption as to the cracking mechanism. 

The nature of the attack by the sodium 
vapor is not yet clear, but it has been proved 
that the structure of glass in the surface 
layer is destroyed and is made very fragile 
by the sodium treatment. 
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Note added 30 June 1959. An interesting 
paper was reported by A.S. Argon (Proc. 
Roy. Soc. A, 250 (1959) 472), which dealt with 
the surface cracks developed by sodium 
treatment on flat chemical Pyrex glass. He 
used the ball indentation method to distin- 
guish the ‘“‘real’’ (pre-existent) cracks from 
the artificial ones. That is, he made the 
Hertz fracture on the specimen before the 
sodium treatment. After the treatment, if a 
crack intersects the Hertz fracture at two 
points, it can be considered to have existed 
originally as a real crack; but, if not, it is 
artificial. He found a few ‘‘real’’ long cracks 
in this way on one single specimen, but vast 
majority of cracks were found to be artificial. 


Short Notes 


This section is intended to secure prompt publication of important discoveries 
in physics. The reports should not exceed 800 words in length. A figure of size 


7cmx7cm will be counted as 150 words. 


J. PHys. Soc. JAPAN 14 (1959) 1114 


Thermal Stability of the R, N and M 
Centres and the Oscillator Strength of 
the M Band of KCl Crystal 


By Tetsuhiko TOMIKI 


Department of Physics, The Faculty of Science, 
Tohoku University, Sendai, Japan 


(Received June 4, 1959) 


Okura) measured the oscillator strength of the 
M band fx of KCl crystal and obtained the relation 
fu=0.42fr , where fr=0.83 is the oscillator strength 
of the F band of KCl. In this experiment, the as- 
sumption was made that only the transformation 
in the form of F—-WM occurred by irradiation with 
F light at beginning. Unfortunately, this basic 
assumption is not valid strictly: Firstly, the A 
band comes out at first on the red tail of the F 
band during the course of illumination with F 
light, as pointed out by Petroff2); secondly, the R 
and N centres are also created simultaneously as 
the M band is developed; furthermore, in general, 
the half-width of the F band varies as the illumi- 
nation with F light proceeds, and the K band is 
enhanced. Therefore, it is conceivable that fyy= 
0.42 f was underestimated. 

In order to determine the oscillator strength of 
the M band experimentally, it is necessary to ex- 
clude these complexities. It is confirmed that this 
necessary condition is satisfactorily fulfilled when 
the additively coloured KCl crystal, which was ex- 
posed to F light so as to produce the M centre 
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Fig. 1(a): The increment of the absorption in the 
spectral region except the M band. 

Fig. 1(b): Curve (1) is the initial state, curve 
(2) shows the absorption spectra when the speci- 
men was cooled to room temperature after the 
M band was developed at room temperature 
following by the temperature elevation to 115°C. 


(together with the undesired A and # centres) ad 
room temperature, is heated slowly up to 115° 
followed by a slow cooling to room temperatur 
(see the curve (2) in Fig. 1(b)), because the photo 
chemical products except for the M centre are 
thermally unstable and decompose according t¢ 
the next forms: R-»N and F (above 50°C), and 
N-F and M (above 100°C). The M centre ig 
the most stable and decomposes thermally into the 
F centre above 130°C according to the equatiem 
1/7=2-1012 exp (— 1.31 (ev)/KT) (sec-1). Thus, it is 
possible to realize the necessary condition that thew 
crystal contains only F and MM centres (see, Fig. 
1(a) and (b)). This fact enables us to determin 
the oscillator strength of the M band with hight} 
precision. 

When the density of the F centres are determined 
with Kleinschrod-Smakula equation?) 1.31-1016 KpH» 
and that of the M centres with Smakula equation” 
1.06-1015 KyHy,, it is found that 2F centres are 
required to creat one M centre. This indicates 
that the oscillator strength of the M band is for- 
mally equal to 0.5. In this case, it is asswmed that 
the second absorption of the M centre does not? 
in the region of the F band, because the > 
bleaching curve of the F band caused by illumi. 
nation with F light does not exhibit any anoma. | 
ly even when the band decreases at later stage. | 
Furthermore, that the M7 centre carries only one} 
electron is also assumed. To test this assumption, 
the quantum yield 7, defined by (Number of created 
F centres)/(Quanta absorbed by M band) was studi- 
ed as a function of temperature. The result shows 
that 7» reaches a maximum value 0.56 above 130°C 
where the photochemical reaction occurred in the 
pure form M+(photon)y>F, é.e., yr=2y7_. On 
the other hand, 7 was an order of 10-2 at room 
temperature. 

The detailed description of this experiment will 
be reported in this journal. To Prof. M. Ueta, the 
author is very grateful for his kind interest and 
stimulating discussions. 
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Antiferromagnetism in KMnF3 


By Shinji OGAWA 
Research Institute of Applied Electricity, 
Hokkaido University 
(Received May 28, 1959) 


‘The magnetic susceptibility of KMnF; has been 
/easured from room temperature down to 77°K 
‘id an antiferromagnetic behavior has been found. 
fartin et al.D have reported on the antiferromagnet- 
m in compounds of the type KMF; (where M=Mn, 
fe, Co, Ni and Cu), in which the investigations of 
-MnF; and KCuF3 were not complete, however. 

_ Specimens were prepared in two different ways; 
ne from the aqueous solutions of KF and MnCl, 
dllowing Nuka’s method2), and the other by pre- 
ipitating KMnF; in KCl from the melts of MnCl, 


: 
nd 3KF at about 900°C in a platiumm crucible. 


“he former specimen (A) was a fine powder of 
mhite color with a dash of pink, and the latter 
pecimen (B) was transparent pale brown cubic 


rystals. An X-ray analysis revealed that both 
pecimens crystalize in the cubic perovskite struc- 
ures with lattice parameters aj=4.190A and 4.186A 
or A and B respectively. 
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Fig. 1. Molar susceptibilities of specimens A and 
B of KMnF3 versus temperature. (Inverse sus- 
ceptibilities were also plotted.) These curves 
were corrected for the diamagnetism of ~—0.03 
x 10-3 e.m.u./mole. 


The temperature dependence of the susceptibility 
s shown in Fig. 1, and the magnetic data are sum- 
narized in Table I together with the X-ray data. 

The measured susceptibilities obey fairly well to 
he Curie-Weiss law above about 100°K, and become 
onstant below 95° and 89°K for specimens A and 
3 respectively, showing the presence of an anti- 
erromagnetic order in these temperature ranges. 
The antiferromagnetism should be mainly caused. 
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by an superexchange interaction through an inter- 
mediate fluorine ion, and this will be suggested by 
the fluorine hyperfine structure in the paramagnetic 
resonance of Mn?+ in a KMgF;3 single crystal®). 

In the NMR of F!9 in KMnF3, Shulman ef al.” 
have recently observed a shift of resonance line by 
which the presence of a fairly large superexchange 
interaction is suggested, and have found a trans- 
ition temperature 88.3°K which is in good agree- 
ment with Ty of our specimen B within the experi- 
mental error. 


Table I. Lattice parameter ap, Néel temperature 
Ty, atymptotic Curie temperature ©, Curie 
constant Cy,, effective number of Bohr magnetons 
p and molar susceptibility at Néel temperature 
yu(T'w) of KMnF3. 


Specimen A Specimen B 


ao 4,190+0.001A 4.186+0.001A 

ave 95+3°K 89+1°K 

ro) 202+2° 204+2° 

ore 4.52+0.04 4.38+0.04 

p 6.04+0.03 5.94+0.03 

yau(T wv) 15.2« 10-3 14.9x 10-3 
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Paramagnetic Resonance of Manganese 
in KMegF3 


By Shinji OGAWA and Yasaburo YOKOZAWA 
Research Institute of Applied Electricity, 
Hokkaido University 
(Received May 28, 1959) 


In connection with the antiferromagnetism in 
KMnF3;”, a paramagnetic resonance of Mn?* ions 
has been observed in a single crystal of KMgF3 
containing about a few hundred parts per million 
manganese ions, at room temperature and 3.2cm 
wave length. 

As to the crystal structure of KMgF;, there have 
been reported two types; a cubic perovskite)»*) 
and a monoclinic»), The sample used in the 
resonance experiment had a cubic perovskite struc- 
ture with a lattice parameter a= 3.987 +0.002A. 

The observed paramagnetic resonance spectrum 
consisted of many extra lines in addition to the 
usual fs and hfs lines of a Mn?* ion. These extra 
lines may be due to the hyperfine interaction be- 
tween manganese electrons and surrounding fluorine 
nuclei as in the case of Mn?2*+ in ZnF,® and CaF,”. 
Thus the observed spectra at various crystal orien- 
tations are all described by the spin Hamiltonian; 


I =gbH-S+(1/6)a[S.4+ Syt+Se 
—(1/5)S(S+ )8S2+3S- )]+AS-I+ YH! 


and 
SF'=TnS-AN-IX , 

where WN runs over the six nearest neighbor fluorine 
ions, IY is the nuclear spin of the Nth nearest 
neighbor fluorine ion and AY the hyperfine inter- 
action tensor between the manganese electronic 
spin and the fluorine nuclear spin. In our case of 
cubic symmetry, S$’ produces a shift 6H of the 
resonance field; 

OH=As > wI +Ap iw I*(3 cos? e¥ —1), 
where As is the isotropic part of A”, A, the an- 
isotropic part and @¥ is the angle between the ex- 
ternal magnetic field and the o-bonding axis to the 
Nth fluorine ion. If use is made of Tinkham’s 
notation®, our A» is equal to his (Apg—Apz). That 


Table I. g-factor, cubic crystal field splitting 
parameter a and hfs parameter A of Mn?* ion, 
and hf interaction parameters between manga- 
nese electrons and surrounding fluorine nuclei, 
As and Ay, in KMgF;. 


g 1.999 + 0.002 

a (++) 8.5+1.0 x 10-4 cm=1 
A (Oa O10 e tonite 
|As| 18.2+0.9 x 10-4 cm-1 
|Ap| 4.7+0.9 x 10-4 cm-1 
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butions from o- and x-bondings of p electron. 

Parameters determined from the observed spectt| 
are summarized in Table I. | 

From the above value of As, one can estimati 
in the same way as Tinkham® and Baker eé aljj 
have done, the amount of time the magnetic ele 
trons spend in s orbitals on the fluorine ion, a 
suming that they are all in 2s orbitals. We cai 
clude that the magnetic electrons have 0.58+0.034 
2s character at each fluorine nucleus and 1.74 
0.09% in each of two d; orbitals. To estimate 
amount of time in p orbitals, the contribution fron 
direct dipole-dipole interaction, 3.6x10-4cm~! 
must be subtructed from the observed Ay. Afte 
this has been done, we conclude that the 2p; 
character is more than 1.2+1.0% at each fluorimi 
nucleus and more than 3.7+3.0% in each dy orbita¢ 

Recently, Shulman ef al.8) have observed a nuclea 
magnetic resonance of F!9 in KMnF3. From thi 
shifts of resonance lines, they estimated As am 
Ay (Aco in their notation) to be 15.5+0.5 and 1.23 
+0.13x10-4cm-! respectively. If the differenced 
of Mn?+-F- distances in KMgF3 and KMnFs3 it 
taken into account, the results of electron paras 
magnetic and nuclear magnetic resonances are rai 
ther in good agreement. This point will be disi 
cussed in a future paper. 

Similar resonances of Mn?2* ions have been obt 
served in KCdF3 and K,MgF,. Details will bal 
published in this journal. 
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Fine Structure in the Giant Resonance 
for Cu® and Ag'"(y, n) Reactions 


By Teruo NAKAMURA, Kiyoji FUKUNAGA, 
Kunio TAKAMATSU, Minoru YATA 
and Shinjiro YASUMI 
Department of Physics, Faculty of Science, 
. Kyoto University 
(Received June 6, 1959) 
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‘Hitherto the investigations on the fine structure 
1 the giant resonance for the nuclear photoreaction 
ave been carried out by many authors. For medi- 
m weight nuclei, any fine levels were not detected 
y Saskatchewan group” although they found many 
wels for several light nuclei, but Phillips» de- 
xcted more than ten breaks in the Cu®%(;, 2) acti- 
ation curve in the energy range from 13.5 Mev 
» 17.5 Mev with a 20 Mev betatron. 
By the experiments with capture 7 rays also, the 
xistence of fine structures in the Cu and Zn(7, 7) 
xcitation curves has been reported by Bunbury® 
nd Campbell. We have investigated for medium 
freight nuclei such as Cu and Ag whether there 
xist fine structures or not, utilizing the energy 
ariation of Li-p 7 rays by the Doppler effect. 
The Li-p 7 rays emitted from a thick lithium 
1ethal bombarded with 500 kev protons consist of 
17.6 Mev line with 10.7 kev half-width (in C.M. 
ystem) and a broad spectrum of 14.8 Mev com- 
onent. In the laboratory system, the energy of 7 
ays varies depending on the “ Doppler angle ” that 
s defined as the angle between proton beams and 
rays, since the excited nuclei of Be® have some 
elocities ranging from 1.23 to 1.28 x 108 cm/sec 
yithin the resonance width and can be considered 
0 maintain those velocity vectors until they emit 
rays. (For the life-time of Be®* to ground state 
ransition is estimated as 4x10-1!%sec from [y= 
6.7 ev, and so the running distance of Be’* nuclei 
yvithin this life-time is about 5x10-9cm). The 
ange of energy variation due to the Doppler effect 
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Fig. 1. Irradiation system of 7 rays. 
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is +65 kev for 17.6 Mev line, while the photons of 
14.8 Mev component could not contribute to produce 
fine structures because those energy spread is very 
broad (~2 Mev) compared to the width of fine 
structures as far reported. 

The target assembly is shown schematically in 
Fig. 1. The distance between a sample and ;-ray 
source was 10cm. The form of a sample was a 
hollow cylinder with 5cm length, 1.64cm inner 
diameter and 1mm thick. Eighteen cylinders made 
of copper and two cylinders made of silver were 
used, and the dimension of each sample was equal 
within 0.3% error. 

The energy distribution of y-rays irradiated on 
a sample is determined by the resonance formula 
with 10.7 kev half-width (in C.M. system) and the 
Doppler spread of photon energy due to the finite 
angle subtended by the sample cylinder at the ;y- 
source. In our experimental arrangement it can 
be shown by calculations that a half of the total 
activities produced in a sample was produced by 
the 7-rays with about +7 kev energy spread. 

The samples were irradiated for about 20 minutes 
for copper and for about 25 minutes for silver at 
nine Doppler angles in front of a lithium target. 
B activities of irradiated samples were measured 
with two cylindrical G.M. counters of thin brass 
wall (0.125 mm thick). The counting efficiencies of 
both counters were mutually checked by Ra 7-source 
placed at the fixed position. In addition, in order 
to avoid the systematic errors due to the lack of 
uniformity of sample dimensions and slight ine- 
quality on the counting efficiencies of two counters, 
the combination of sample and counter at a given 
angle was interchanged. j-ray intensities were 
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Fig. 2. Excitation curves of Cu®(7, 2)Cu® and 
Ag7(7, )Ag!6 reactions. 


1118 


monitored with the B® activities of a copper or 
silver disk irradiated simultaneously with sample 
cylinders. 

The relative cross sections for Cu® and Ag1(7, 2) 
reactions are plotted as a function of Doppler 
angles in Fig. 2. (The contributions from activities 
of Ag8 were eliminated by using the decay curve.) 
For copper the data of target angle 60° and 25° 
are shown with open and closed circles respectively, 
and for silver only the data of target angle 25° are 
plotted. The errors indicated in the figures are 
only statistical, and other errors are negligibly 
small. 

In the present experiment, the lower limits of 
detectable magnitude of a fine level were considered 
as roughly three times of statistical errors, and 
they were evaluated as about 0.2 Mev-mb for cop- 
per and 0.7 Mev-mb for silver using the cross sec- 
tion values recently determined by us» and so it 
was concluded from Fig. 2 that in Cu®%(y7, 2) reac- 
tion there was no fine level larger than 0.2 Mev- 
mb, while in Ag17(7, 2) reaction there was no fine 
level larger than 0.7 Mev-mb but some fine levels 
less than 0.7 Mev-mb seem to exist in the energy 
region of 17.6 Mev+65 kev. These conclusions do 
not agree with Bunbury’s results), but for the 
case of copper they agree with the result reported 
by Foster® that there was no fine level for Cu by 
the method of Li-p 7-rays and neutron detection. 
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Hot Holes in Tellurium 


By Yasuo KANAI 


Electrical Communication Laboratory, 
Musashinoshi, Tokyo 


(Received June 16, 1959) 


Current-voltage character and Hall coefficient of 
Te single crystals were measured in the pulsive 
high electric field at 77°K. Typical result of our 
samples is shown in Fig. 1. The direction of 
current flow was parallel to the c-axis, and the 
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Fig. 1. Current-voltage character with and witil 
out transverse magnetic field and Hall coefficiea: 
at 4.2kG of Te crystal at 77°K. 


sample had the following character at 77°K; resis 
tivity o=1.04x10-1 ohm-cm and Hall coefficier 
R= 4-412 cm3/coul., hence the hole density p= 
3n/8Re=1.78 x 10'6/cc and the hole mobility po= 
8R/3x0=3.37 x 10? cm2/V sec. As shown in Fig. 7 
in the high electric field the current density wai 
not proportional to the electric field but proper 
tional approximately to the square root of it. f] 
the same region of electric field, there was ne 
change in the value of Hall coefficient. Hence wy 
might believe that the decrease of current densittt 
of Te in high electric field was caused by th 
reduction of hole mobility. 4 

Following the Shockley’s calculation, E¢, the 
critical value of the electric field, where the Ohm’s) 
law ceases to be valid, is given approximately by) 
the formula 


polp=Vac=1.51 vs 
where 
zo: low field mobility 


Vac: critical value of drift velocity 
Ys: sound velocity in crystal. 


If we assume” 0.510” c.g.s. for the value of Cit | 
the elastic constant, in Te, we get 2.83 x 105 cm/se 
for the value of vs in Te. So we can estimate 
1.27102 V/cm as the theoretical value of H,. “THE 
value is in good agreement with the experimenta/ 
value, i.e. 1.2x102 V/cm. Hence, if it is allowee 
to neglect the anisotropy of Te crystal, we may 
conclude that the main part of the energy loss of 
holes in Te is acoustic-phonon scattering, and the 


contribution from optical-phonon scattering seems) 
to be negligible. 
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Anomalous Transmission of Electrons 
in a Film of Molybdenite 


By Kazutake Kohra 
Institute of Physics, College of General Educa- 
tion, University of Tokyo, Komaba, 
Meguro, Tokyo 
and 
Hiroshi Watanabe 
Hitachi Central Research Laboratory, 
Kokubunjt, Tokyo 
(Received June 13, 1959) 


| It is known from pretty long ago that the trans- 
mission of X-rays abnormally increases when the 
diffraction takes place in a nearly perfect crystal 
with sufficient thicknessY. This phenomenon was 
explained with the dynamical theory taking account 
of absorption”). 

The present note reports that the similar effect 
has been observed also in case of electrons. The 
Hillier patterns from a film of molybdenite crystal 
were taken at several regions with various thick- 

ness, the accelerating voltage being 75 kv. 

From relatively thin parts of the film, usual net 
patterns were obtained, where many diffraction 
streaks form diffraction images (Fig. 1). Corre- 
sponding to most of the diffraction streaks the 
extinction (dark) streaks were ascertained in the 
incident image, as usually expected. (In practice, 
such correspondence could not be ascertained for 
all diffraction streaks probably because of the 
complicated nature of the pattern. However, any 
bright, not dark, streaks in the incident image were 
not found corresponding to the diffraction streaks). 

When the irradiated part is appropriately thick, 


c 
Fig. 2. Hillier patterns from thickparts of moly- 
ee bdenite film. 


the patterns as shown in Fig. 2 were obtained. 
Besides the incident image, only one diffraction 


image is remarkable, the index of which is (1120) 
or equivalent to it for all cases*. Although the 
pattern is not sharply defined and of weak contrast 
because of the strong backgrornd, it can be clearly 
seen that the bright, not dark, streak in the in- 
cident image corresponds to some bright streak 


Fig. 1. Hiller pattern from a thin part of moly- * In the original photographic plate, another 
bdenite film. diffraction (1010) and the Kikuchi band, although 


(The incident pattern is indicated by the arrows.) faint, were sometimes observed. 
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in the diffraction image. They are almost same 
to each other in shape and intensity. This phe- 
nomenon means that the transmitted intensity does 
not decrease, but increases when the diffraction 
takes place, being no more than that of anoma- 
lous transmission which is known for X-rays. 

The phenomenon of anomalous transmission for 
electrons can be explained analogously to for X-rays. 
According to the theory, this phenomenon is ob- 
served only when the crystal is sufficiently thick. 
This is consistent with our observation that the 
anomalous transmission appears only when the film 
is so thick that the net pattern disappears and the 
Kikuchi band appears. 

It is also to be noted that the streaks are not 
straight, but curved. This is probably caused by 
that the film is curved. Then it might be said 
that the anomalous transmission is observed even 
if the crystal is not so perfect. 
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On the Magnetic Property of Iron Telluride 
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Magnetic properties and the phase diagram of the 
system of iron and tellurium in the range of the 
vicinity of stoichiometric composition (fifty atomic 
percent) were investigated by one of the present 
authors) as well as by Kondoh and Uchida). The 
former author showed that there exists a single phase 
domain of iron telluride (a-phase) extending from 
46 to 49 atomic percent of tellurium (FeTep.3;~ 
FeTeo.95) in this binary system. Grgnvold, Harald- 
sen and Vihovde*) reported also that this phase has 
a cyrstal structure intermediate between PbO and 
Fe,As structures. Recently, Westrum, Chou and 
Crénvold® reported a lumda-shaped anomalous heat 
absorption at 63°K for the compound with the 
composition FeTep.9. From the specific heat vs. 
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temperature curve obtained by them, the excess) 
heat absorption and the total entropy change were) 
estimated to be afout 60 cal per mol of iron ato 
and 0.57 cal/mol°K respectively. 

In order to clarify the origin of the heat absorp- 
tion above mentioned, the magnetic susceptibility 
for an a-phase compound, FeTeo.9, was measured 
by the present authors from the boiling point of 
of helium to room temperature. The measurement) 
was made by means of a magnetic balance in the 
magnetic field of 3.0kOe. The result obtained is} 
shown in Fig. 1. As seen from the figure, the 
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Fig. 1. The susceptibility or the inverse suscep- 


tibility versus temperature curves for FeTeo.95. 


susceptibility reaches its maximum at about 63°K, © 
which coincides with the lumda point in the specific 
heat vs. temperature curve. On the higher tempera- 
ture side of this maximum point (200°~750°K), the 
susceptibility is represented quite well by an equa- 
tion y=(0.0042)/(7+ 130)*. From this Curie constant, 
the corresponding effective Bohr magneto nnumber 
is found to be 2.44. Assuming perr=W g2S(S+ 1) 
and g=2, S=1.64/2 is obtained. (S is the average 
spin quantum number and g the Landé factor). If 
the change at 63°K is antiferro > paramagnetic 
transition, the total entropy change and excess heat 
absorption are estimated to be 4s=R log (2S+1) 
=1.94 cal/mol°K and 4Q=103 cal/mol. Although 
these figures are slightly greater than the results 
from the measurement of the specific heat mentioned 
above, the lumda point of susceptibility may be 
considered to be the antiferromagnetic Néel point. 

The authors wish to express their hearty thanks 
to Profs. T. Hirone, S. Maeda and N. Tsuya for 
their encouragement and valuable discussion. 


* The Curie constant differs from the value in 
the previous paper). It has been found for the 
chech by Chiba that the absolute values of the 
susceptibility in the preveous measurements were 
not correct and they were smaller than the correct 
value by about 20%. 
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For the following three cases 1 to 3, the TF 
nethod was established previously by the corre- 
sponding investigators. 


neutral atom positive ion 


Short Notes 


Thomas- Guth- 
free state b seatennnil * Peierls? 
Slater- 


compressed state | 3. 3: 


Krutter®) 


Ne have made a calculation of the remaining (most 
feneral) case 4, namely the TF method for positive 
ons in compressed state. We wish to report about 
ts method briefly in the following short note. 

The TF equation of a compressed positive ion 
akes also the ordinary form 

$= G22, (1) 

ts solution, so-called the TF function denoted by 
bg,x(~) for the case of ionization degree g= 
Z—N)/Z (Z=atomic number, N=electron number) 
nd boundary radius X (in TF unit »), is subject 
o the conditions at the nucleus (7=0) 


ga,x(0)=1 nucleus predominates (2) 
nd at the boundary («=X ) 
$a,x(X)*0 finite pressure (3) 
nd 
$a,x(X)~X$" (X)=¢ 
net charge=(Z—N)e. (3a) 


n the case of free state (boundary radius x >X), 
he last conditions are replaced by the following 
onditions 


$a, 29(%0)=0 ( 4) 


zero pressure 


nd 
net charge=(Z—N)e. 

(4a) 
These circumstances can be seen from Fig. 1, 


— 20g" (#0) =F 
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where four tangent lines [1] to [4] correspond to 
the boundary conditions of the above four cases 1 
to 4, respectively. 

Then, it has been established that for a definite 
value of g the decreasing boundary radius (the in- 
creasing compression) takes the TF curve with the 
decreasing initial slope (shifted more upwards), 
the relations of which are shown in Fig. 2. 

In our case characterized by (gq, X), also, the 
electron density and the potential distribution are 


given by 
=e Z ga, x(x) 7/2 
p Arp [- wa | oe 
and 
Zi 
VeVi teem (6) 
ye x 
respectively, as functions of x. Here, Vo is the 


maximum potential for the electrons in the ion and 
can be determined, following Slater and Krutter, 
in such a way that the potential V in the immediate 
neighborhood of the nucleus has a value independent 


= =e 


Fig. 1. The boundary conditions of the TF func- 
tion ¢(@). 

do,co: free 

neutral atom 
go,X9: Compressed 
a,x: free aa: 

positive ion 

¢a,x: compressed 


© 4, ,(0)-1.587] x10% 


ool 


Fig. 2. The initial slope of the associated TF 
curve ¢/q,x(0) and maximum potential Vo as 
functions of the boundary radius X for Cs ion. 


22 


of the boundary radius as 
Vo=| 2 +4, 0 (0-8, x) | 
dependent on gq and X. (Cf. Fig. 2) 
As our case is most general, this expression (7) 
is reduced for the three cases naturally to the 
familiar ones); 


Vo=0 
=(Z—N )e/pato 


Ze 
LL 


oi) 


for free neutral atoms 
for free ions 


=[¢)5 0) - $5 y OR for compressed atoms. 
he ai) p 


These expressions (5) to (7) have enabled us to 
calculate various physical quantities for positive 
ions in compressed state, for example, equation of 
state, compressibility and so on. 

The details of the calculation and the evaluated 
values of these quantities for Cs ion will be soon 
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published in a separate paper». 

The author wishes to express his sincere than 
to professor K. Umeda of Okayama University f 
his continued guidance and kind encourageme 
throughout this work. 
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Electroluminescence of ZnS Phosphors Excited 
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By Shoji TANAKA 


Department of Applied Physics, University of Tokyo, 
Tokyo, Japan 
(Received February 7, 1959) 


The electroluminescence in ZnS:Cu,Pb phosphors excited by short 
field pulses are investigated and excitation and recombination mechanisms 
of luminescent centers are discussed. The exciting pulse fields used in 
these experiments are rectangular pulses having durations of 1 to 40 
microseconds. From the experimental results about emission spectra, 
brightness waveforms, dependences of light outputs on the applied vol- 
tages and pulse durations, decay times, build-up characteristics and 
their temperature dependences, the following considerations are made: 
the local intense field generated at the cathode region of phosphor parti- 
cle accerelates the primary electrons and the luminescent centers are 
impact-ionized by these electrons. The field strength may be smaller 
than in the case of sinusoidal field excitation and then the excitation 
efficiency of primary electron greatly decreases compared with the latter 
case. The primary electrons are partly generated thermally and partly 
by the direct field-ionization. The decay of electroluminescence obeys 
the bimolecular law and is affected by the electron traps in the region 


of long pulse durations. The build-up characteristics are also affected 


by the deeply lying electron traps. 


§1. Introduction 


The electroluminescence phenomena in ZnS 
phosphors have been greatly investigated re- 
cently. Voltage dependences, brightness 
waveforms, frequency and temperature depen- 
dences and other associated characteristics 
have been reported. Above all, the intrinsic 
electroluminescence, which is obtained with 
the powder phosphor dispersed in dielectric 
medium, has been exclusively studied. 

The mechanism of  electroluminescence, 
however, is not clear enough even now, since 
the phenomena generated in phosphors are 
very complicated and can hardly be separated 
into elementary processes experimentally. 
Curie», Piper and Williams”, Zalm® and 
others proposed the fundamental considera- 
tions based on the impact ionization mecha- 
nism. The impact ionization of luminescent 
centers by primary electrons which are ac- 
cerelated in the intense field is the most 
reasonable excitation mechanism, but the 
source of the primary electrons, effects of 
electron traps and donors, and the reason of 
formation of local intense field have been dis- 
cussed from the several points of view. 

The aim of this paper reported here is the 


study of the excitation and recombination 
mechanisms of the luminescent centers in ZnS 
powder phosphors by means of high speed 
pulse fields. As explained in a previous 
report, the excitation by the short field pulse 
is more useful than usual sinusoidai field ex- 
citation for the study of the electrolumines- 
cence phenomena, since the waveforms are 
very simple, and the processes of the excita- 
tion and recombination can be separated and 
moreover the troublesome trapping of elect- 
rons may greatly decrease compared with 
the sinusoidal field excitations. Matossi and 
Nudelman®, Zalm®, and Hahn and Seemann” 
investigated the electroluminescence by using 
the pulse fields. Matossi and Nudelman used 
relatively slow pulses and other nonsinusoidal 
fields, and discussed the effects of the inner 
polarization fields from the electroluminescen- 
ce waveforms. Zalm studied the brightness 
waveforms and analysed them under the as- 
sumption of the recombination process of the 
excited luminescent centers and free electrons. 
These studies, however, seem to have payed 
little care on the waveform of exciting pulse. 
On the other hand, Hahn and Seemann used 
high speed pulses and discussed the effects 
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of boundary layers between phosphors and 
electrodes, and polarization charges qualita- 
tively. 

According to our studies, it is evident that 
the brightness waveforms of electrolumines- 
cence are greatly affected by the waveforms 
of exciting fields, and so the rise and fall 
times of the exciting pulse fields must have 
as small values as possible. In the following 
sections, the emission spectra, brightness 
waveforms, voltage dependences and other 
associated characteristics of the electrolumi- 
nescence of ZnS:Cu, Pb phosphors excited by 
short field pulses will be mentioned, and dis- 
cussed with the excitation and recombination 
mechanisms. 


§2. Experimental Procedure 


The samples used in this experiment are 
ZnS:Cu, Pb powder phosphors being especial- 
ly made for the electroluminescence, and are 
prepared as follows: ZnS powder is mixed 
with Cu and Pb of about 0.1% and baked at 
900°C (with NaCl as flux material), 1 hour 
in air, and after baking washed in NaCN 
solution. 

These samples are dispersed in silicone oil 
and pressed between metal plate and conduct- 
ing glass. They are, however, separated 
from the both electrodes by Mylar sheets of 
12 thick. These Mylar sheets are used to 
avoid the contact effects between the samples 
and the electrodes, because the contact 
phenomena influence the electroluminescence 
brightness waveforms as indicated by Hahn 
and Seemann. Therefore, the cell is com- 
pletely symmetric in its construction. The 
dimension of the cells are 5x5x0.025 mm* 
and their electric capacities are about 30 PF 
(for the pulse method, the smaller the cell 
capacity is the better). 

The exciting electric pulse fields obtained 
from the pulse generator are always negative 
DC pulses and their rise and fall times are 
0.2 and 0.3 microseconds respectively. The 
heights of the electric pulses are 1500 volts 
at maximum and repeating frequencies are 
25 c/s to 1kc/s, and pulse durations are 1 to 
40. microseconds. 

The luminescence generated by the exciting 
pulse field in the sample is detected by RCA 
931-A multiplier phototube which is shielded 
by metal case from the disturbance of outer 
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electric fields. The output signal from the 
multiplier phototube is observed by a synchro- 
scope which can resolve the transient pheno- 
mena shorter than 0.1 microsecond. On the 
other hand, in the case of measuring the | 
integrated light output the direct current am- 
plifier is used to measure the integrated out- 
put current of multiplier phototube. 


§3. Experimental Results 
(a) Emission spectra 
ZnS:Cu, Pb phosphors used in this experi- 

ment have two emission bands in green and 
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Fig. 1. Emission spectra of electroluminescence 


excited by sinusoidal fields. 
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Temp, Pulse Duration Repeating Freq, 
A 15°C 2 psec 1OKe/s 
B s°C 2 psec 2Kcys 
Cc 130°C 2 psec 1OKe/s 
DB 130°C 2 psec 2 Keys 
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Fig. 2(a). Emission spectra of electrolumines- 
cence excited by short field pulses. 
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Fig. 2(b). Emission spectra of electrolumines- 
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blue regions. The green band is observed 
by excitation with ultraviolet irradiation or 
low frequency sinusoidal field at room tem- 
perature and seem to have a peak output at 
520my in wavelength. The blue band, on 
the other hand, is observed by excitation with 
high frequency sinusoidal field and seems to 
have a peak at 460 mz. (Fig. 1) 

When these samples are excited by short 
field pulses used in this experiment, the blue 
band emissions are predominantly observed 
even at low repeating frequencies, though 
the emission peaks tend to shift to longer 
wavelength slightly at high temperatures or 
long pulse durations, as indicated in Fig. 2. 
Considering that the decay time of lumines- 
cence is short enough—a few microseconds—in 
the case of short field pulse excitation as in- 
dicated in the following section, it may be 
expected that the hole migrations from blue 
to green centers hardly affect the emission 
spectra contrary to the case of sinusoidal 
field excitation. 


(b) 


Fig. 3. Brightness waveform of electrolumines- 


cence. 
(a) Waveform of exciting pulse field. 
(b) Brightness waveform. 


(b) Brightness waveforms 

The brightness waveforms of electrolumi- 
nescence excited by short field pulses have 
two peaks, and the first and the second peaks 
are in phase with the rise and fall of the 
rectangular exciting pulse. The typical one 
is shown in Fig. 3, but the ratio of heights 
of two peaks and luminescent decay following 
these peaks depend on the kinds of phosphors 
considerably (three kinds of phosphors other 
than that reported here are observed by the 
same experimental apparatus). 

In our samples, the first peaks are much 
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smaller than the second peaks (Fig. 4), though 
the former tend to increase compared with 
the latter at high repeating frequencies or 
long pulse durations. 

Furthermore, the polarity of the emission 
of electroluminescent cell is observed, because 
the DC pulses are used for the excitation. 
The multiplier phototube faces to the trans- 
parent conducting glass of the cell, and when 


Brightness waveform of electrolumines- 


Fig. 4. 
cence. 
(a) Waveform of applied field pulse, duration 
10 microseconds. 

(b) Waveform of electroluminescence excited 
by the pulse field indicated by (a). Time 
mark is 1 microsecond. 


the conducting glass electrode is negative to 
the metal electrode, the obtained brightness 
is 1.25 times larger than the reverse case 
(Table I). Since the construction of the cell 
is symmetric as above mentioned, this polari- 
ty of the emission is caused from the absorp- 
tion or scattering of the emitted light by the 
sample material itself. 

These results indicate that the excitation of 
electroluminescence in the phosphor by electric 
field is generated in the cathode region of 
phosphor particles, in accordance with results 
obtained by several other workers. 
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Table I. Polarity of light output with direction 
of field. 
Exciting condition 
= ave oA mI Pe etar te Po) Pott 
Voltage | Rep. freq. | y lee 
? See gal 2.3 
900V 2 Kc/s | Qu Sec rors 
/ ; 
pitay he 9 PRB | 2.6 
1500V 2 Ke/s 5ysec rT 
| a ree 
a2 
1200V | 50c/s | 30, Sec eR 
eae, 
: i" he 6 
900V | 50c/s | 30usec ee. 
| Pell 
P,': Second peak height when conducting glass 
is negative. 
P,!': Second peak height when conducting glass 
is positive. 
(c) Decay of electroluminescence 


It is very interesting to analyse the decay 
character of electroluminescence, for the 
initial decay which is difficult to be observed 
in usual photoluminescence, can be observed. 
In this experiment the decay of the electro- 
luminescence is measured only in the one 
which follow the second peak, because the 
first peak is very small and hence it is dif- 
ficult to analyse it accurately. 

The luminescent decay of ZnS type phos- 
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Voltage pulse duration repeating freq. temp. 


No. 10 900 V 2 psec. 50 c/s LAS 
No. 11 900 V 5 psec, 50 c/s 17°C 
Fig. 5. Decay of electroluminescence. 
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phors should obey the bimolecular law in 
principle: that is 


Qe iim Ch | 
1 Annet)?’ | 
or 
V Ib 9 
ee ( ) 


where J is the brightness of phosphorescence 


| 
| 


during the decay, fy is the initial value of J | 


at t=0, A is a recombination constant of the 


excited centers and free electrons, mo is the > 


initial value of the density of the excited 
centers, and 
A=ov, ¢33) 
where o is the recombination cross section of 
luminescent centers and v is the thermal 
velocity of free electrons. 
One of our results is illustrated in Fig. 5 and 
6 according to the equations (1) and (2) re- 
spectively. From these figures it is evident 
that the bimolecular law is valid in the 
beginning of decay up to 20% of the initial 
value, that is, the slope of log-log plot in 
Fig. 5 is equal to 2, and in Fig. 6 the curve 
of inverse square root values of J is nearly 
straight line at the beginning of decay. 
Furthermore semi-log plot of decay is shown 
Voltage Pulse Duration Repeating Freq. Temp. 
ec. 50 cvs 17°C 


—*—*— No. 10 900Volts 2usec 


—4—~4— No.1 1. 9OO0VOltS Susec- 50 c/s 17°C 


a 


(Arb. unit) 


Inverse Square Root Value ot Light Output-———> 
S) 


=10 OmusIOm 


20 40 
t (usec) 


50 


Fig. 6. Decay of electroluminescence. 
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in Fig. 7 to compare the experimental result 
with the monomolecular law, and this plot does 
not coincide with the straight line. The 
value of Am is obtained from the intersec- 
tion of extrapolated straight line of VY f)/W/ 7 
on the horizontal time scale line in Fig. 6 or 
the time necessary to decay to 0.25 Jy in Fig. 
7. The obtained values of Amo and the cor- 
responding excitation conditions are shown in 


10 
No.6 
No.1 
5 ite) 
t (Arb. unit) 

Voltage Pulse duration Repeating freq. Temperature 
No.| 600Wlts  ISysec. 50¢/s 17°C 
No 6 900Volts | psec. I Ke/s 17°C 


Fig. 7. Decay of electroluminescence. 
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Table II. From Table II we can find that 
the decay times (in this paper it is defined 
as the time which is necessary for decay to 
one quater of initial value i.e. 1/Amo) of these 
electroluminescence are in the region of 4 to 
10 microseconds. The nature of the decay is 
very interesting especially at high tempera- 


Voltage Pulse Duration Repeating Freq, Temp. 
No.17 600Vblts 15 usec 
No.18 900 Volts \5 usec 
No.20 600 Volts 15 usec 
No.2! 900 Volts 15 usec 


140°C 
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Fig. 8. Decay of electroluminescence. 


Table II. Decay times of electroluminescence in various exciting conditions. 
Exciting conditions Decay time 
No ae - = 
Temp. Voltage | Rep. freq. Pulse duration A 7 Decay time 
1 WAG 600 V 50 c/s 15yu sec 1.05x105sec-1) 9.55x 10-8 sec 
2 900 50 ee 5.64 
3 600 1000 1.16 8.61 
4 900 1000 1.16 8.62 
11 900 50 Su 1.62 7.93 
2 900 1000 2.08 | 4.80 
etl 900 | 1000 Ou 1.01 9.89 
10 | 900 | 50 DIRS} 4.41 
5 | 900 50 li 2.41 4.15 
6 900 1000 LAD 8.02 
17 140°C 600 1000 15 1.42 7.06 
18 900 1000 1.44 6.96 
20 600 50 1.41 7.09 
21 900 50 1.41 7.09 
14 900 50 5p 1.85 5.40 
15 | 900 1000 1.85 5.40 
1G 600 1000 1.85 | 5.40 
22 900 50 Qu 2.61 | 3.84 
23 | 900 1000 2.48 | 4.03 
24 900 1000 lu Qe 3.98 
25 | 900 50 2.49 4,02 
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ture, that is, the values of Amo in these data 
are almost equal even in various exciting 
voltages. The two curves illustrated in Fig. 
8 indicate this feature: that is, although the 
peak values of the brightness of case (B) is 
about six times larger than the case (A) as 
explained in a later section, the values of Ao 
are nearly equal in two cases. Moreover, at 
high temperature the decay times tend to in- 
crease with the pulse durations as shown in 
Fig. 9. On the contrary, the decay times at 
room temperature fluctuate considerably even 
for same exciting conditions: this might be 
due to the effects of electron traps as dis- 
cussed later. 
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Fig. 9. Dependence of electroluminescent decay 
on pulse duration at 140°C. 


These decay characters seem to be impor- 
tant to understand not only the electrolumines- 
cent mechanism, but also the nature of the 


luminescent centers, as will be discussed 
later. 
(d) Voltage dependences of brightness 


The voltage dependences of the electrolumi- 
nescent brightness can be measured by the 
peak value of the brightness waveforms be- 
cause of the invariance of the wave forms 
with the applied voltages. The integrated 
light outputs are also measured by DC am- 
plifier, when it is necessary to compare two 
cases, i.e. pulse and sinusoidal field excita- 
tions. The typical results are illustrated in 
Fig. 10, and these voltage dependences seem 
to obey the law which is proposed by Taylor 
and Alfrey”, and Zalm®, at least under 1000 
volts, that is 


B= By exp{ — T¥) 

p( wer (4) 
where B is the brightness, V is the applied 
voltage to the cell, Bo and ¢ are constants. 
The values of c are obtained from the slope 
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of Fig. 10, and the results obtained in the 
same cell under various exciting conditions 
are listed in Table III. These results illust- 
rate that the c-values are nearly independent | 
of exciting conditions except for the case of © 
high repeating frequency and are about 2.6x 
100 (volts). In the region of voltages higher _ 
than 1000 volts, however, the dependences | 
become slightly steeper than in the low vol- | 
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» shown in Fig. 11. 
| voltage V of sinusoidal field means the peak 


‘ tage region. 


The comparison of exciting efficiencies in 


_ two cases of sinusoidal and pulse field excita- 
tions (in the same cell) are made by measur- 
ing the integrated light outputs by DC amplifier 


in low voltage region and the results are 
In this figure the applied 


voltage of the field. The interesting features 
in this results are as follows: first, the in- 
tegrated light output is much smalier in the 
pulse field excitation than in the case of 
sinusoidal field excitation, and second, the 


voltage dependence is steeper in the case of 


; 


pulse field excitation and the c-value is near- 
ly twice as much as in the case of sinusoidal 
field excitation. (The slight difference of c- 
value between in Fig. 10 and 11 might be 
due to the using of different cells in each 
“icase.) 
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Fig. 11. Voltage dependences of electrolumines- 


cence. 


Electroluminescence of ZnS Phosphors 


1129 


The constant factor Boy in Eq. 4, which is 
determined from the intersection point of the 
extrapolated straight line with the light out- 
put scale in Fig. 11, is about three times 
larger in the case of pulse field excitation 
than in the sinusoidal case. (The light outputs 
indicated in this figure must be divided by two 
in the case of sinusoidal excitations to com- 
pare with the ones in the case of pulse ex- 
citation, because in the former case the ex- 
citation raises up twice in each cycle.) The 
emission bands of luminescence in each case, 
however, are considerably different, 7.e., the 
blue band in pulse case and the green band 
in sinusoidal case are predominant respective- 
ly as indicated in Sect. 3 (a). Therefore, 
speaking of the number of photons emitted 
from the phosphors, the difference of the 
constant factor Bo between two cases may 
become smaller, because the photosensitivity 
of multiplier phototube is smaller in the 
green band than in the blue band. These 
facts indicate that the excitation efficiency is 
almost completely determined in both cases 
by the exponential factor in Eq. 4, which in- 
volves the inner field generation, and not the 
constant factor By, which may involve the 
primary electron generation, at least over the 
room temperature. 
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Fig. 12. Dependence of electroluminescence on 
pulse duration. 


(e) Dependences on the pulse durations 

The light output of electroluminescence 
tends to increase with the pulse duration of 
exciting field, and this feature is larger at 
room temperature than at higher or lower 
temperatures. Fig. 12 shows this character, 
where the light outputs are measured with 
DC amplifier as mentioned in the previous 
section. In the region up to 20 microseconds, 
the approximately exponential increases are 
observed, and in the region longer than 20 
microseconds the slower increases are observ- 
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Fig. 13. Dependences of electroluminescence on pulse duration at different temperatures. 


Voltage 
900 Volts 


ed at room temperature. At liquid air tem- 
perature, on the other hand, the sharp rise 
of light output with the pulse duration is 
hardly observed and the output increases 
slowly up to over 40 microseconds. The 
sharp rise at temperature higher than room 
temperature is measured up to 170°C in the 
region of 1 to 15 microseconds (to keep the 
constancy of temperature, longer pulse dura- 
tions are not used). The results are shown 
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Fig. 14. Semi-log plot of curves in Fig. 13 for 
each temperature. 
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in Fig. 13 and if we assume the suitable 

saturation values of light outputs with the | 
pulse durations (this assumption means that — 
the sharp and slow rises may be due to dif- 
ferent mechanisms), these curves are all ex- | 
pressed by exponential form as shown in Fig. | 
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14. The logarithmic values of slopes of these 
curves in Fig. 14 are plotted in Fig. 15 against 
temperature and we obtain the activation 
energy of about 0.12eV except only one point 
corresponding to room temperature. The 
variation of this activation energy with the 
applied voltage can not be observed between 
600 to 900 volts. 

Comparing with the results of the voltage 
dependences of the intensity mentioned above, 
these results are very interesting and will be 
discussed later. 


(f{) Dependences on the repeating frequencies 
of exciting pulse 

The luminescent brightness are nearly in- 
dependent of the repeating frequencies of ex- 
citing pulse up to 1kc/s, therefore the repeat- 
ing frequencies under 1 kc/s are used through- 
out in this experiment except that of the 
build-up characteristics mentioned in the next 


section. 


(g) Build-up characteristics 

The build-up phenomena is important to 
understand the mechanism of electrolumines- 
cence. That is, the processes of the forma- 
tion of local intense field in the phosphor 
powder, and the trapping of excited electrons 
in the anode region, take parts in this pheno- 
menon as mentioned by Zalm. The electrons 
trapped elesewhere may not be able to escape 
for considerably long time after electric ex- 
citations at room temperature, and so the 
preheating of the sample up to high tem- 
‘perature is necessary to obtain the precise 
results of the build-up characteristics. In our 
experiment, these phenomena are observed 
by the single sweep method using a synchro- 
scope and the considerably high repeating 
frequencies of the exciting pulse are used, 
since the precise observations are obtained 
only at high frequencies by this method. 

The samples are heated at about 120°C for 
half an hour and cooled to room temperature 
in the dark, and then the measurements are 
made at room temperature. The first and 
the second runs of the measurements after 
preheating give clearly different results as 
shown in Fig. 16. The measurements are 
made at 116°C and 25°C, and when the ex- 
citing pulse of duration of 2 microseconds 
and of 50kc/s frequency is used, the obtain- 
ed results are as follows: 

(1) In all cases the first peaks are smaller 
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than the second ones, and at first application 
of the exciting pulse the first peaks are too 
small to be measured accurately. 

(2) At 116°C the second peaks saturate at 
fifth pulse, and the first peaks grow more 
slowly and saturate at eighth pulse. The 
saturated values of the first peaks are about 
80% of those of the second peaks. On the 
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Fig. 16. Build-up of electroluminescence excited 
by pulse field. 


other hand, the first peaks are only few per- 
cent of the second ones in the case of low 
repeating frequencies as explained in the pre- 
ceding sections. These differences of the 
brightness waveforms with the repeating fre- 
quencies may be interesting problem, though 
the detailed discussions are not made in this 
paper. . 

(3) At room temperature the results from 
the preheated samples are similar with the 
former case, at least in the first run, except 
the slower build-up than at 116°C, but in the 
second run of the measurement the results 
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are considerably different. In the second run, 
the first peaks are smaller by a factor of 
two than the first run, and the second peaks 
grow faster, although the values of the satu- 
rated peaks are almost equal to the ones in 
the first runs. Thus the saturated first peaks 
are becoming smaller with the measurement 
runs, while the saturated secondary peaks 
are almost constant. 

In the case of another exciting condition, 
(duration of 10 microseconds and repeating 
frequency of 5kc/s), the general features are 
similar to the former case, but the ratio of 
the saturated values of the first and the 
second peaks is smaller than the former case 
even in the first run, and this might be due 
to the exciting conditions which are similar 
to the continuous excitations mentioned in 
the preceding sections. 

From the above results, we can conclude 
that the build-up characteristics of electro- 
luminescence are greatly affected by the trapp- 
ing of excited electrons, and the brightness 
waveforms are also considerably sensible to 
this electron trapping (or the space charges 
formed by the positively charged excited 
centers). 


§4. Discussions 


The experimental results described in the 
previous sections are closely connected one 
another and therefore the unified discussions 
about these results are necessary to clarify 
the mechanism of electroluminescence. The 
mechanism of the electroluminescence has 
been discussed by many workers from dif- 
ferent points of view, and the favourable 
theories are proposed at least in the basic 
points. Piper and Williams?? compared 
theoretically the possible cases of the excita- 
tion mechanism and concluded that the impact 
ionization of luminescent centers by fast 
electrons is the most acceptable. 

We are going to settle the mechanism of 
the excitation and recombination processes in 
electroluminescence as follows and will dis- 
cuss the experimental results in later sections. 

To obtain the electroluminescence, the 
primary electrons have to be accerelated 
by the externally applied electric field until 
they get enough optical energy i.e. the 
energy corresponding to the forbidden gap 
or the one from the ground state to the 
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conduction band. We assume that the loca 
intense field is generated just near the sur-} 
face of phosphor particle dispersed in “il 
electric medium as proposed by Piper, Wil-! 
liams?), Curie and Zalm*), and the excitation| 
processes are raised up only in this -ogicl 
Moreover an extensive low field region in| 
series with this high field region permits| 
operation over a broader range of applied 
voltages without creation of unstable break- 
down condition. Schematic diagram of this 
situation is shown in Fig. 17. In the firse! 
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Fig. 17. Band model of electroluminescence in 
ZnS:Cu, Pb phosphor. 


region (cathode side of the particle) the pri- 
mary electrons are generated from the donors | 
or traps by the field- or thermal-ionization- 
processes, and these electrons risen in the | 
condition band are accerelated in the second 
region, in which the local intense field stron-_ 
ger than mean field about by a factor of ten | 
is generated. The electrons in the ground | 
states of the centers or in the filled band are 
excited up to the conduction band by inelastic 
collisions with the fast primary electrons. It 
may be possible that the Ist and 2nd regions 
overlap each other in some phosphors. The 
secondary electrons ejected up to the conduc- 
tion band flow with the primary electrons by 
the external field to the third, low field re- | 
gion, and stay there during the application of 
the external field. When the applied field is 
off, the electrons in the 3rd region begin to 
come back to the 2nd region, and recombine 
with the ionized centers to emit the light. 
As the ionized centers left in the 2nd region 
are positively charged, the positive space 
charge layer grows in the second region and 
therefore the inner field is strengthened, until 
the steady state is established. 

The excitation probability (multipication 
factor) in the 2nd region is roughly estimat- 
ed as follows: the probability that an electron 
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in electric field is accerelated to ionization 
energy without a collision with the crystal 
lattice is given by Seitz®) as 


p=exp(—<), 


Where c’ is a constant, and this factor is 
estimated by Callen” as about 2.3 x10 volts/ 
cm at room temperature. Therefore the 
number of secondary electrons produced whiie 
Mm primary electrons move dx, is given by 


dn=—"— exp ( Be ) 
UeE F 
where y is the electron mobility andr is the 
collision time of electron with the lattice and 
F is the field strength. 
_ Therefore the total number of centers ex- 
‘cited during the excitation process is 


N—No =no| exp (| ax cP aF ) 1 


0 
(7) 
where a is dx/dF, m is the number of pri- 
mary electrons, and Fmax is the maximum 
field strength in the barrier. 

Zalm indicated that the multiplication fac- 
tor is smaller than 1 and then the Eq. 7 is 
approximately expressed by 

Baaipl. 
N—No~exp ( ) 


max 


(5) 


(6) 


(8) 


in the case of ZnS single crystai, in which 
the primary electrons penetrate through the 
potential barrier between crystal and metal 
electrode and the inner field is calculated 
simply under assumption of Mott-Schottky 
type exhaustion layer as discussed by Piper 
and Williams. 

In the case of intrinsic electroluminescence, 
on the other hand, the source of primary 
electrons and the situation of the inner field 
are not clear enough. But according to Zalm 
the strength of the inner field in the 2nd 
region is nearly expressed as follows: 


F=Ay/V, (9) 
where A is a constant, and this expression is 
the same as in the case of single crystal 


above mentioned. Therefore the voltage de- 
pendence of electroluminescent brightness is 


B= Bo exp \s VF) (10) 


from Eqs. 8 and 9 where po and c are con- 
stants. This equation is the same as Eq. 4 
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and is the suitable expression for experi- 
mental results in the wide range of applied 
voltages as reported by many investigators. 

The problem of the primary electron sour- 
ce seems to be fairly critical, as the electro- 
luminescence is the field-dominated pheno- 
menon. Piper and Williams?» proposed a 
model in which the deep lying donors are the 
source of them, and calculated the voltage 
dependences under the assumption of the field 
ionization of these donors. On the other 
hand, Taylor and Alfrey? assumed that the 
primary electrons are generated thermally 
from the electron traps and analysed their 
experimental data of frequency dependences 
of electroluminescence. Moreover Zalm as- 
sumed that the donors in the interface layer 
between ZnS and CueS which exists on the 
surface of the phosphor particle, are the 
primary electron sources, and the variation 
of the distribution of these donors hardly af- 
fects the voltage dependences of electro- 
luminescence mentioned in Eq. 10. It seems, 
however, that the effects of electron traps 
and donors on the excitation of electro- 
luminescence are considerably complex. Ac- 
tually Johnson, Piper and Williams! explain- 
ed the temperature dependences of electro- 
luminescence under the assumption that the 
traps may supply the primary electrons by 
field ionization at low temperature and on the 
other hand they are thermally emptied, en- 
hancing the field strength in the 2nd region 
at high temperature. 

In this paper we compare these mechanisms 
of the primary electron generation in detail 
in Sect. 4 (d). 

The processes of the excitation and recom- 
bination above mentioned are only outlines of 
the electroluminescent phenomena, which are 
very complex and give diverse results in 
various samples. In the following sections, 
the detailed considerations about the experi- 
mental results in our samples will be made 
and some mechanisms will be proposed. 


(a) Emission spectra and luminescent cen- 
ters 
In our experimental results described in 
Sect. 3 (a) the spectral distributions of ele- 
ctroluminescence excited by short field pulses 
shift considerably to the shorter wavelength 
compared with the case of sinusoidal field ex- 
citations even at very low repeating frequen- 
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cies. As the emission peak of the electro- 
luminescence excited by sinusoidal field shifts 
to the shorter wavelength with frequency as 
shown in Fig. 1, the pulse excitation might 
be considered corresponding to the sinusoidal 
excitation of considerably high frequency. 
Phenomenologically speaking, the pulse excit- 
ation used in this experiment might corres- 
pond to the sinusoidal excitation of the fre- 
quencies of 100 to 50kc/s, since the lumines- 
cent decay times are 5 to 10 microsecond in 
the case of pulse excitation (Sect. 3 (b)). 
Now we must consider the luminescent cen- 
ters in ZnS:Cu, Pb phosphors. From the 
photoluminescent data the emission peaks of 
ZnS:Cu phosphors lie at the wavelengths of 
about 460, 520 and 670my!. On the other 
hand, another peak might exist due to lead 
activators as indicated by Fonda”. In the 
case of electroluminescence of our samples, 
however, it is considered that the lumines- 
cent centers corresponding to the first two 
emission bands emit the light prepominantly 
(blue and green centers), and these features 
coincide with the results obtained by Way- 
mouth! and other workers. Green peaks are 
predominantly observed at the low frequency 
sinusoidal excitations and at high tempera- 
tures, and blue peaks at high frequencies and 
low temperatures. Besides, these tempera- 
ture dependences of the spectral distribution 
are similar to the case of photoluminescence 
of ZnS:Cu phosphors (e.g. Tomlinson). 
Though the several mechanisms about the 
problem of colour shift in electroluminescence 
above mentioned are proposed by Zalm, Curie, 
Tomlinson, and Goffaux) based on some 
assumptions about luminescent centers, it 
seems that the critical evidence does not ex- 
ist yet. Moreover, Burns!®, and Nudelman 
and Matossi®) indicated that the color shift 
of electroluminescence in ZnS phosphor can 
be explained with the assumption of the dif- 
ferent excitation mechanisms in the blue 
and green centers. They assumed that the 
blue luminescence is due to the excitation 
of electron from the ground level to some 
excited level within this center, followed by 
an almost immediate direct transition to 
ground level, and the green luminescence, on 
the contrary, is due to some phosphorescence 
processes with a delaying mechanism such as 
traps or metastable states and with transi- 
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tions involving the conduction band. In our 
experiments, however, these excitation pro-}| 
cesses are not the case, since the most excit-\) 
ed electrons may be risen to the conduction} 
band as indicated in the following section. 
Therefore the color shift in our samples is} 
probably due to the difference of the recom-| 
bination process in two types of centers, ort 
the hole migration mechanism. If we assume} 
the hole migration mechanism from blue to) 
green centers as Zalm and others (Klasens 
and Schoén’s theory), the followings are} 
necessary to explain the experimental results. 
(1) the cross section of blue centers for im-. 
pact ionization is much larger than that of 
green centers, or (2) the cross section of the # 
filled blue centers for the hole trapping is, 
much larger than that of green centers, it 
the ionizing process is attained only by the. 
collisions of lattice atoms and fast electrons. 


(b) Brightness waveforms 

As described in Sec. 3 (b) the brightness 
waveforms of the electroluminescence excited 
by the short pulse fields are considerably dif- 
ferent from the ones excited by the sinusoi- 
dal fields. In the brightness waveforms ex- | 
cited by pulse fields the first peaks are much 
smaller than the second ones, and this result | 
indicates that the recombination process is 
raised up mainly after the excitation is cut 
off but not during the excitation. Because 
the short pulses used in this experiment are 
the DC pulses, it may be impossible that the 
reverse field generated by the polarization 
charges overcomes the externally applied 
fields. 

We can expect also from the smallness of 
the first peaks that the probability of the ex- 
citation, in which electrons transit from the 
ground state to the excited state and drop 
immediately to the ground state, is very 
small. The recombination probability where 
the accerelated electrons in the 2nd region 
recombine with the excited centers in this 
region, may also be small. The transit time 
of fast electrons necessary to pass the 2nd 
region might be estimated as: 


ee 
es 
where d is the depth of the 2nd_ region 


which is about 10-°cm, x is the electron 
mobility which is about 100 cm?/volt. sec., and 


aE. (11) 
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F is the field strength of about 10° volt/cm, 
and so T is about 10-"sec.. As the decay 
‘time of the electroluminescence is over 5 
‘Microseconds as described in Sec. 3 (d), it 
may be considered that the greater part of 
the free electrons are moved to the 3rd re- 
‘gion without recombinations. 

The asymmetry of the brightness due to 
the polarity of field applied to the cell may 
be considered as follows: the luminescence 
occurs always in the 2nd region which is in 
the cathode side of the particle, and the 
emitted light is absorbed or scattered by 
“phosphor powder going through the cell. 
Therefore if the emission is observed from 
‘the cathode side, the brightness may be 
larger than the reverse case. 

From these points of view, this experiment 
is the direct evidence for the excitation and 
recombination mechanisms settled in the pre- 
vious section. 


(c) Voltage dependences of brightness 

The voltage dependences of electrolumines- 
cent brightness are closely connected to the 
voltage dependences of excitation probability 
of the luminescent centers, which involve 
the relation between the inner and externally 
applied fields. 

If we assume that the exponential factor 
in Eq. 10 is independent of the the mechanism 
of the generation of the primary electrons, 
the constant factor c is 
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introducting Eq. 9 to Eq. 10. Therefore the 
larger the c-value is, the weaker the inner 
field is. 

In our experiments, the c-value in the case 
of sinusoidal excitation is about 130 (volts)! 
at room temperature, and this value is of 
the same order as that of Zalm’s data. On 
the other hand, the c-value in the case of 
pulse excitation is about 250 (volts), and 
this value is nearly twice as much as in the 
sinusoidal case. These results seem to be 
due to the difference of the emitting particles, 
or the difference of the inner field strength 
of the same particle in each cases. The c- 
values of the individual particle of phosphor 
may be distributed in certain wide range and 
the particles which have small c-values con- 
tribute mainly to the luminescence. There 
are, however, no reasons why particles hav- 
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ing large c-values can emit the light predo- 
minantly even in the case of pulse excitations. 
In any case, it might be considered that the 
c-values in all particles become larger in the 
case of pulse excitation than in the sinusoidal 
case. If the inner field in the 2nd region is 
weaker in the pulse excitation than in the 
sinusoidal case even at the same peak volta- 
ge, the c-value becomes larger and the lumi- 
nescent brightness becomes lower in the forme 
case. This is just the case of our experi- 
mental results. That is to say, the strength 
of the inner field as smaller by about a fac- 
tor of two in the pulse excitations. 

The strength of the inner field might vary 
with the frequency of applied field, if the di- 
electric relaxation of dielectric medium of the 
electroluminescent cell occurs in the frequen- 
cy range of applied field. In our case, how- 
ever, this is not true, for in the silicone oil 
the relaxation may occur only above 10 Mc/s 
and furthermore the preliminary experiments 
using binderless cell gave the same results as 
reported here. 

In any case, it might be sure that the 
reason for the weakness of inner field in the 
case of pulse excitation is the electronic 
phenomena in the phosphor particle, that is, 
the positive space charges in the 2nd region 
or the polarization field consisting of the 
trapped electrons in the deep traps in the 


3rd region. Assuming the Mott-Schottky type 
exhaustion barrier in the 2nd region, the 
maximum field strength is 

Pmax=—A VV? (13) 
and 

A=(8xNe/E)¥? , (14) 


where V is the applied voltage, N is the 
space charge density in the barrier and € is 
the dielectric constant of the crystal. The 
field strength is proportional to the square 
root of the space charge density in this region. 
Therefore the space charge density in the 
case of pulse excitation might be one-forth 
of the density in the case of sinusoidal ex- 
citation. 

Maeda!® calculated the strength of the in- 
ner field under special assumptions, and in- 
dicated that a field strong enough for electro- 
luminescent phenomenon can be obtained, 
even if there are no space charges in the 2nd 
region. From our discussions, however, the 


1136 


positive space charges in the 2nd region seem 
to play an important role in the generation 
of local intense field, because it seems that 
there might be no difference of the field 
strength in two cases according to the Maeda’s 
considerations. 

(d) Dependences of brightness on the pulse 
duration 

The dependences of the electroluminescent 
brightness on the pulse duration mentioned in 
Sect. 3 (e) may involve essentially the tran- 
sient phenomena in electroluminescent mecha- 
nism. It may be considered that the increase 
of the brightness with the pulse duration is 
due to the increase of the number of primary 
electrons. The reason for the increase of 
primary electrons with the pulse duration 
may be considered in two cases as follows. 
First, if we assume that the primary electrons 
are generated thermally from the donors or 
traps in the Ist region which may be in the 
interface layer between the surface conductive 
layer and ZnS, the number of paimary elect- 
rons generated per unit time at the time ?¢ 
after the application of field is expressed by 


n=mnop exp (—Pt) , (15) 
where 


(16) 


where m is the number of electrons in the 
donors or traps before the application of the 
field and s is the frequency factor and EF is 
the depth of the donors or traps. Therefore, 
the electroluminescent brightness increase 
with the pulse duration t as 


nat =no(1—exp (—pr)). 


0 


(17) 


This equation seems to coincide with our ex- 
perimental results illustrated in Figs. 13 and 
15. The depth of donor or trapping level 
obtained from the experimental results, how- 
ever, seem to be too small compared with 
the trap depth usualy obtained from the 
glow curve data. Therefore, it might be 
considered that the shallow donors in the in- 
terface, in which the band gap might be 
considerably smaller than the one of ZnS, 
are the sources of primary electrons. 

Second, if we assume that the primary 
electrons are generated from the donors or 
traps by the field-ionization directly, it must 
be concluded that the field strength in the 
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lst region increases with the time while the 
pulse field is applied, and so the longer the 
time is, the deeper the emptied level is. The 
analysis of this process is so complex that 
we consider some simple case. For simplici- } 
ty we assume that if the field strength over-| 
comes F, the levels lying at depth £ are: 
ionized immediately, and the relation between | 
E and F is!®? 1 | 
F=const) i? (18)) | 
Moreover, assuming that the distribution of | | 
levels in the lst region is | 
nE\dE=g(F)dF , (19% 
and F increases with time as 
FO=ht+f , (20) 
where Fy is the field strength generated in- | 
stantaneously and /f(f) is the one increasing 
after the application of external field. The 
electroluminescent brightness may increase 
as 


iG. Bi "aF) ‘Sp eerar. tem 
0 


Putting //(t), the above equation becomes 
Ey 

Bit) = Ba| 2(Fo+f) exp (cf)df+ Be’. (22) 
0 


Now we assume that the function g(Fo+/) is 
the slowly-varying one, and so Eq. 22 may — 
become 


Bi) = Bl) exp (cf(t)) A -dt-+By. (23) 


dt 
The function F(t), which indicates the process 
of space charge formation, might be estimat- 
ed as follows. If we assume that the space 
charges in the 2md region increase by the 
thermal releasing of the trapped electrons, 
the space charge density increases as 
N=No+Nr(1—exp (—pt)) , (24) 
where No is the space charge density being 
generated instantaneously and N7 is the den- 
sity of trapped electrons at t=0. As the 
field strength is expressed in Eq. (13) and 
(14), the field strength in this case is 


F=Fy+apt , (25) 
where a is a constant. 
Therefore, the brightness is 
t 
B)= By exp (capt)dt+ Bo’’ 
0 
= Bo exp (capt) + Bo’’ . (26) 


This equation is clearly inconsistent with our 


, €xperimental results, and so the mechanism 
assumed in the former case may contribute 
; to this phenomenon at least in this phosphors. 
: Moreover the experimental results which in- 
, dicate the invariance of the curve shape with 
» the applied voltages as indicated in Sec. 3 
» (e), may confirm this conclusion. 

} The latter case, however, seems to play a 
certain role in electroluminescent phenomena. 
_ For the light output excited by the 0.5 micro- 
seconds puise in duration at room tempera- 
ture is almost the same as that excited at 
liquid air temperature; and in the further 
investigations now in progress, in which 
very short pulses (almost 30 millimicroseconds 
-in duration) are used, considerable light out- 
_ Puts are still observed. These facts indicate 
that the primary electrons generated by the 
direct field-ionization may be effective in some 
parts of excitation of electroluminescence as 
discussed by Piper and Williams. 


.—=—=—_- "4 


(e) Decay of electroluminescence 
The study of the luminescent decay in this 
paper gives us the interesting results in con- 
sidering not only the recombination process 
but also the excitation process. As explained 
in Sec. 3 (c) the luminescent decay obeys the 
bimolecular law at least in the beginning, 
and furthermore the constant factors Am are 
almost the same in spite of the different ex- 
citing voltages. From the formal interpreta- 
tion it means that the initial density of the 
ionized centers at ¢=0 in the 2nd region is 
nearely independent of the exciting conditions. 
The alternative interpretation, in which it 
is assumed that these decay times are com- 
posed of the time necessary to come back to 
the 2nd region from the 3rd region and the 
time staying at the excited states of the blue 
centers, will lead to the inconsistent results 
with experiments. First, the time necessary 
to come back to the 2nd region is estimated 
from the equation similar to Eq. 11, though 
the field strength by the polarization charges 
can not be determined precisely. If we as- 
sume that the polarization field is as low as 
10 volts/em and the particle size is about 10, 
the transit time is about 1 microsecond. 
Furthermore, if we assume that the process 
in which the electrons flow back to the 2nd 
region is the rate-determining process, the 
monomolecular law may predominate in the 
recombination processes as indicated by Zalm. 
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This problem will be discussed later again. 
Second, if the optical transition of electron 
from the excited state to the ground state of 
the luminescent center is the rate-determin- 
ing process, the luminescent decay must obey 
the monomolecular law, and moreover the 
life time of the excited state may be consi- 
derably shorter than 1 microsecond as indicat- 
ed by Mott and Gurney™. 

In any case we shall have to consider more 
precisely the reason why the bimolecular 
mechanism predominates the recombination 
process. Zalm indicated that the phase shift 
of the peak in the brightness waveform ex- 
cited by sinusoidal field can be explained 
under the assumption of monomolecular law. 
This means that the free electron density 
flowing back from the 3rd region is consider- 
ably smaller than the density of ionized 
positive centers in the 2nd region and so the 
electron flow to the 2nd region is the rate- 
determining process. His assumption, how- 
ever, loses its validity in the case of small 
excitation intensity. As indicated in Sec. 4 
(d), the excitation probability in the case of 
pulse field is much smaller than in the case 
of sinusoidal excitation, although the number 
of primary electrons seems to be the same 
order in both cases as shown in Fig. 11. 
Furthermore, the trapping effect in the 3rd 
region during the application of the external 
field may decrease, if the pulse duration is 
considerably short as discussed later, and so 
the electrons staying in the 3rd region may 
come back to the 2nd region instantaneousely 
as soon as the external field is removed even 
in the low polarization field. 

From these points of view, it may not be 
impossible that the bimolecular recombination 
process between the free electrons and ioniz- 
ed centers is the rate-determining one in the 
case of short pulse field excitations. 

Surely it is an interesting fact that the 
decay time is nearly independent of the vol- 
tages of applied field. This fact, however, 
is explained under the assumptions as fol- 
lows: (1) the number of primary electrons is 
greatly larger than the secondary ones gene- 
rated by impact ionization of luminescent 
centers, and (2) the recombination cross sec- 
tion of the ionized center is the same as that 
of primary electron sources which are ionized 
thermally or directly by the externally ap- 
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plied field. The assumption (1) is justified 
from Eq. 7 in Sec. 4 even in the case of pulse 
excitations. On the contrary, there are no 
foundations to insist on the assumption (2), 
because the structure of primary electron 
source is not clarified up to date. 

If we assume that there are two kinds of 
ionized centers and the number of the one is 
considerably greater than the other, the re- 
combination process is expressed by the fol- 
lowing equations, 


Gas oe =Ani(m +2) ’ 
= en nictis (27) 
at 


where 1, m2 and A, B are the densities and 
the recombination factors of two kinds of 
centers respectively, and from the above as- 
sumption m:>”2. Therefore we can write 


approximately, 
al ots — Brn; (28) 


The solutions of these differential equations 
are 


Gece iy 
N;At+1’ 
ee NANA 
Mami Ear ’ (29) 


where Ni, Nz are the initial values of : and 
m, at t=0 respectively. Therefore, the light 
output from the second centers may decay 
as: 
BNiN; 
(Ni, At+ 1)G@/4)+1 P 


This Eq. 30 indicates that the decay of light 
output from the second centers may obey the 
bimolecular law if the recombination factors 
A and B are equal under the assumption (2). 
Furthermore, the decay time becomes inde- 
pendent of the initial density of the second 
ionized centers, Nz. This means that the 
decay time does not vary with the applied 
voltages, if the number of primary electrons 
N, are independent of the applied voltages. 
As stated in Sec. 4 (c) and (d), it seems 
that the number of available primary elect- 
rons in the excitation is the same, if the 
temperature and the pulse duration have the 
definite values. 


(30) 
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Of course, the luminescence decay might) 
obey also the bimolecular law, if the recom-} 
bination factor A is considerably greater than} 
B and the decay of m is very rapid compar- | 
ing with that of m2. Furthermore, as the) 
width of exhaustion barrier which coincides } 
with the 2nd region spreads with the applied | 
voltage proportional to its square root, the ; 
density of ionized centers may not increas€ | 
as expected from the light outputs. If we) 
assume that the density of ionized centers is 
uniform in the 2nd region, the decay time . 
may be expressed as 


cco y/ VV 
Io 
(for [pcom?/ Y ), 


where V is the applied voltage and J is the 
initial value of light output at f=0. As the 
light output excited by the pulse of 900 
volts in height is 6.5 times larger than J; ex- 
cited by the 600 volts pulse from Fig. 10, so 
(32) 
where t; and tz are the decay times corres- 
ponding to h and 2 respectively. The Table 
II indicates that the decay time does not vary 
as expected from the above equation especial- 
ly at high temperature. 

In any case, we can estimate the density of | 
centers which plays a role mainly in deter- | 
mining the decay time from Eq. 3. If we | 
assume that the thermal velocity of free 
electron is 10’cm/sec, and the recombination 
cross section of centers is 10-!8cm2, the 
density of ionized centers is of the order of 
10%cm-*. This value is rather too small and 
it seems that the recombination cross section 
is slightly smaller than the value given here. 

The trapping effect in the 3rd region may 
appear in some cases. The free electrons in 
the 3rd region may decrease with time dur- 
ing the application of field by trapping pheno- 
mena as the following equation, 


(31) 


T2 = 2.3t% r 


d: 
os orem : 


where or is the trapping cross section of 
electron traps, v is the thermal velocity of 
free electrons and Ny is the trap density. 
Assuming that n<N7r, 


(33) 


n=no exp (—ovN7rt) . (34) 
When the externally applied field is removed, 
the remaining electrons in the conduction 


| 


t 


number of the repeating pulses, 


longer pulse duration, as the 
decay obeys the bimolecular law. The results 
illustrated in Fig. 9 may be the case. 
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band begin to come back to the 2nd region, 


and the number of free electrons coming 
back to the 2nd region may decrease with 


the pulse duration as expected from Eq. 34. 
Therefore the decay time may be longer for 
luminescent 


The analysis of electroluminescent decay 
seems to be interesting but considerably dif- 


ficult problem, as the ionized centers and the 


electrons are not always distributed uniform- 


ly in the material, and the space charge 
' layers and polarization fields might affect the 


decay time as discussed by Matossi® and 
Frankl?». 


(f) Build-up characteristics 

As explained in Sec. 3 (g), the build-up 
of electroluminescence might be due to the 
trapping phenomena of excited electrons. 
That is, some part of secondary electrons ex- 
cited by electron impacts may be trapped in 
the deep traps in the 3rd region and then 
they can not come back to the 2nd region 
for certainly long time comparing with the 
time from pulse to pulse. Therefore the 
ionized centers may be left without the radia- 
tive recombinations in the 2nd region, and 
the field strength in this region and so the 
light output may grow gradually with the 
until the 
stationary state is established. 

From the glow experiment of photolumines- 
cence reported before’, it is clarified that 
there are two types of electron traps, the 
depths of which are about 0.35eV and 0.47 
eV respectively (the frequency factor is esti- 
mated as 10sec.-! in both traps). The 
other types deeper than these traps might 
exist in this phosphor, i.e. surface traps and 
etc., as the build-up character as illustrated in 
Fig. 17 (a) could not be observed for a long 
time after several runs of measurements at 
room temperature unless the preheating is 
made. 

It is likely, however, the two types of 
traps above mentioned are effective enough 
to build-up the electroluminescence at the 
repeating frequency of 50kc/s. The results 
shown in Fig. 17 (b) indicate that the build- 
up character can be observed still after seve- 
ral runs of measurements at 125°C. This 
means that the traps, from which the elect- 
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rons can scape thermally within a compara- 
tively short time at this temperature, may 
be effective to this character. The probabili- 
ty that an electron escapes to the conduction 
band from the trap of 0.47 eV depth at 120°C, 
is estimated as 


Hee #cee-1 
RT ) 53x10 SCCaln 


Then these traps seem to be effective in this 
repeating frequency of exciting pulse of 50 
kc/s, though the probability of electron trapp- 
ing is not determined precisely. 


p=s-exp (— (35) 


§5. Summary 


The electroluminescence phenomena in ZnS: 
Cu, Pb phosphors excited by the short field 
pulses are investigated and the excitation and 
the recombination mechanisms are discussed. 
From the experimental results of emission 
spectra, brightness waveforms, dependences 
of light outputs on the applied voltages and 
pulse durations, decay times, build-up charac- 
teristics and their temperature dependences, 
the following considerations are made: the 
local intense field generated at the cathode 
region of particle accerelates the primary 
electrons and the luminescent centers are 
impact-ionized by these primary electrons. 
The field strength may be smaller than in 
the case of sinusoidal fied excitation and then 
the excitation efficiency of primary electrons 
greatly decreases compared with the latter 
case. The primary electrons are partly gene- 
rated thermally and partly by the direct field- 
ionization. The blue luminescent centers are 
mainly excited and they emit the light pre- 
dominantly without the hole’ migration 
mechanism. Besides, the decay times and 
the build-up characteristics are affected by 
the trapping effects in the anode region of 
phosphor particle. 

The author considers that the electrolumi- 
nescence excited by short field pulse has the 
complementary nature to the one excited by 
the sinusoidal field, and further experiments 
are now in progress. 
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Dielectric Susceptibility Tensor of Cadmium Sulfide 


By Taizo Masumi* 
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The components of static dielectric tensor ||«s,,|| of wurtzite cadmium 
sulfide have been examined. An anisotropy of xs was found between 


the two crystal orientations [2110] and [0001], that provides some sug- 
gestive knowledges on the lattice vibration spectra of cadmium sulfide 
and on the scattering mechanisms of electrons in several semiconductors. 


A systematic examination on the dielectric 
susceptibilities over several semiconductors 
gives us various knowledges about the nature 
of the binding between constituent atoms of 
the crystals. Homopolar binding is more 
important in usual semiconductors than in 
inoic crystals. In such cases, the dielectric 
constant measurement provides a_ sensitive 
test of the natures of the binding»»» as well 


* Present Address: Institute of Physical and 
Chemical Research, 31, Kamifujimae-Cho, Bunkyo- 
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as the elastic constants measurement»), 
Cadmium sulfide single crystals have been 
studied up to now about flaky crystals with 
prefered crystal orientations prepared by va- 
pour phase or sublimation processes at near 
atmospheric pressures. Kroeger et al. had 
performed the capacitance measurements for 
ribbon-shaped cadmium sulfide crystals at 1 
and 100 kc/sec and obtained the low frequency 
dielectric constant «s=11.6+1.5 for insulating 
specimens. However, it is supposed that the 
applied field # in their measurements may 


K[2770] 
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‘i Table I. 
} [ i : Frequency 
Dielectric constant Direction of field APES) . 
300 cps lke 10ke 50ke 10Mc 
| ks(2110) [2110] 14°C 10.1 10.1 10.1 9.86* 9.78 
s[o1z0] [0110] 14°C 9.77* 
[0001] {0001} 14°C 7.87 7.87 ig 1S, SaGral 2a ee 
Anisotropy *s(0001] = ies ul Te BES | mith 
: Barnes EK = 14°C 0.78 O57 Bice On Tl, Os6ze 


0.74 


have a direction parallel to the crystal orienta- 


tion [2110] for flaky crystals. Medcalf ana 
Fahrig®) have recently developed a method 
of growing cadmium sulfide single crystals of 
uniform size, shape and homogeneity from 
the melt at high pressures and temperatures 
By using such specimens, the author has been 
able to find the anisotropy in static dielectric 
constant of cadmium sulfide single crystals. 
The present re-examination on the dielectric 
susceptibility tensor supported by the progres- 
ses in crystal growing technique? has an aim 
to study the lattice vibration spectra and 
scattering mechanism of electrons in cadmium 
sulfide. 

Samples used for our experiment are not 
ribbon-shaped crystals, but specimens cleaved, 
‘machined and polished from cadmium sulfide 
ingots produced by the Eagle-Picher Company. 
Sizes of specimens are of about 0.5~0.8 cm? 
in area and 0.07~0.5cm in thickness (parallel 
to the [2110] or [0001] direction). Static 
dielectric constant «s is determined by the 
lumped circuits, that is, by the null method 
involving some types of capacitance bridge 
in the medium frequency range or by a 
resonant circuit for the dielectric measure- 
ment in higher region. The whole frequency 
‘range extends from 10? cps to 50 Mc/sec in 
our experiments. Particular attentions should 
be paid on photoconductivity phenomena in 
the crystal as remarked by Kroeger et al.”. 
We also used the crystals kept in dark for 
at least a day before observations. 

An example of experimental results on a 
specimen is shown in Table I for xs, where 
the loss factor tané has not been studied. 
These values may involve some degrees of 
errors because no correction were made for 
edge effects. Slight increases in observed 


* By resonant circuit and at 20°C. 
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dielectric constants at lower frequency region 
may be due to the inhomogeneity in resis- 
tivity. 

The amounts of impurity atom in the spe- 
cimens are of the orders of 10-4 for zinc and 
indium and 10~° for silicon. We neglected also 
the temperature effect that is unlikely to be 
large. 

As shown in Table I, the observed dielectric 
constants of cadmium sulfide single crystals 
show a remarkable difference between the 


[2110] and [0001] directions, while we have 
not observed any appreciable anisotropy in 
the (0001) plane. Frequency dependence of 
ks scarecely has been recognized for each 
direction. The probable values of «xs over 
several specimens are found to be as follows; 


Ksifii0) =10.841.6 at 15°C 
Ksfooo1jJ= 7.82£1.4 at 15°C 


Kyg= ee! =0.73 at 15°C. 


Ks [2110] 

These results on the dielectric susceptibility 
tensor of wurtzite type cadmium sulfide sug- 
gest us that there exist some anisotropies in 
the effective charge of constituent ions and/or 
in the restoring force against their displace- 
ments, from which we can easily derive the 
dispersion relation for the longitudinal optical 
branch depending on (e/c) and also imagine 
an anisotropic energy surface /w(a)=const. 
in o-space, where @ denotes the phonon wave 
vector. It may be possible that these situa- 
tion play some roles in the scattering mecha- 
nism anisotropy of electrons in some types of 
semiconductors?}0*, 


*) Some situations parallel with those for cad- 
mium sulfide had been recognized also for semicon- 
ducting rutile TiO, although they have been rather 
neglected up to now. 
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A detailed investigation is made on self-consistent impurity potential 


in a charge cloud of conduction electrons. 


It is shown first that the 


Thomas-Fermi method can be used so as to include a certain correlation 
effect between the conduction electrons which is ignored in customary 
theories. The same problem is then treated by the method of Nakajima 
and Bardeen and Pines and it is shown that it leads to essentially the 
same result as that obtained by the Thomas-Fermi method. The obtain- 
ed potential differs from the usual one in the fact that the screening pa- 
rameter now depends on the way of the scattering. Some discussion is 
given about the equivalence of the two methods and further possible 


improvement. 


The potential thus derived is then used for the calcula- 


tion of the electric resistance governed by the impurity scattering. 


$1. Introduction 

The method of Thomas-Fermi (T.F.) has 
often been used in deriving self-consistent 
potential due to a lattice imperfection embedd- 


* Present Address: Research Institute for Iron, 
Steel and Other Metals, Tohoku University, Sen- 
dai, Japan. 


ed in a sea of conduction electrons. This 
method is of statistical nature and is based 
on the assumption that when one is interested 
in the interaction between one particular 
electron and a certain lattice imperfection, all 
the other conduction electrons are in local 
thermal equilibrium in the field of the im- 
perfection as well as of the particular 


electrons”, i.e., 


electrons (or holes) is partly due to the ther- 
mal contact of these electrons (or holes) with 


1959) 


the heaping up of screening 


the other degrees of freedom localized around 
the imperfection. It can also be shown that 


if the conduction electrons and the imper- 
fection are treated as isolated from any 
other systems, 
for the screening. 


the same result is obtained 
In this case the screen- 


ing arises entirely from the adiabatic de- 


‘conduction electrons. 


formation of the charge distribution of the 
However, when the as- 


“sumption of the local equilibrium or of the 
adiabatic motion of the screening electrons 
ceases to be valid**, the T.F. method allows 


| no further refinement. 


Brom a dynamical point. of view. 


Thus one needs some 
other method which treats the same problem 


A great 


deal of work has been done from such a 


point of view for the problem of the electron- 
phonon interaction, but nothing so far for the 
problem of the impurity scattering***. In 
early investigation of the electron-phonon in- 
teraction, two alternative assumptions were 
adopted with regard to the charge distribution 
of the conduction electrons in the field of 
thermally distored lattice: Nordheim” as- 
sumed it rigid, while Bloch and Bethe” as- 
sumed it deformable. However, the difference 


- between the potentials they adopted was only 


formal. 

Later, this problem was treated in more 
detail by Bardeen®, who noticed the adiaba- 
tic deformation of the charge distribution in 
the distorted lattice and thus confirmed 
Bloch-Bethe’s assumption. At the same time 
he derived the self-consistent scattering po- 
tential with use of the T.F. method. 

More recently, Frohlich® used a field 
theoretical technique to treat the adiabatic 
part of the electron-phonon interaction system- 
atically, and showed that the adiabatic mo- 
tion of the conduction electrons reduces the 


* In this statement, the T. F. method is meant 
not to be the customary one, but one which will 
be developed in § 2 of this paper. In the customary 
T. F. method, the effect of the particular electron 
is ignored. 

** At absolute zero of temperature, 
sumptions may be equivalent and valid. 

*&&k Unfortunately, the established method at 
present is not yet so successful as to include the 
non-adiabatic motion of the screening electrons in 
an unambiguous mamner. 


both as- 
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phonon velocity to what is actually observed. 
Froéhlich’s work was then extended by Naka- 
jima®?, who showed that Bardeen’s potential 
can be derived in a more straightforward 
manner from the original Hamiltonian 
through a certain transformation. He show- 
ed also that Fréhlich’s renormalization pro- 
cedure of the phonon velocity can be extend- 
ed to include the interaction between the 
electrons. 

Finally, Bardeen and Pines® superposed on 
the Nakajima’s method the collective treat- 
ment of Bohm and Pines”, and eliminated a 
great part of the e-e interaction which makes 
the collective modes. The previous results, 
however, remained essentially unaltered. 

It is clear that the same arguments can be 
applied to the problem of the impurity scat- 
tering, which will be treated in the follow- 
ing. The adiabatic motion of the conduction 
electrons which reduces the phonon velocity 
in the electron-phonon case now results in 
the deformation of their charge distribution 
in the field of impurity atoms, and this gives 
rise to the screening effect. The mathemati- 
cal parallelism between these two cases is 
almost perfect, and the formulae derived 
later in this paper can be derived from those 
for the electron-phonon case by putting o, 
the phonon frequency, equal to zero. 

This method of obtaining the self-consistent 
potential resembles the Hartree-Fock’s 
method, but differs from it in that here the 
method takes account of a certain correlation 
between electrons automatically. It is shown 
that the new potential, obtained after some 
simplifying assumptions, contains the simplest 
result of the T. F. Method in a certain limit, 
and that the method can be applied to more 
general problems to which the T.F. method 
is hardly applicable. 

In §2, the T.F. method will be recapitulat- 
ed in such a way available for the later dis- 
cussions, and all the essential result will be 
obtained there. In §3, Nakajima’s method 
will be used to renormalize the impurity po- 
tential, and one will see the coincidence of 
the result with that of §2. In §4, the col- 
lective treatment will be given along the line 
similar to that of Bardeen and Pines. The 
properties of the effective impurity potential 
thus derived will be discussed fully in two 
cases where the screening electrons are de- 
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generate (in §5), and where these are non- 
degenerate (in §6). These will be used then 
for the calculation of the relaxation time of 
the electric current for both cases (in §7), 
and it will be shown that the residual resis- 
tance changes only slightly: In metals it is 
raised a little from the value given by older 
theories in which the impurity potential is 
simply screened coulombic. In semi-conduc- 
tors it will be concluded that the truth lies 
between two assumptions adopted by Con- 
well-Weisskopf and Brooks-Herring. 

In appendix it will be shown that by the 
Nakajima’s method one can get the screening 
of the coulomb interaction between conduc- 
tion electrons without introducing the plasma 
explicity. 


§2. The Thomas-Fermi Method 


Suppose that an impurity atom is introduc- 
ed substitutionally into a certain metal and 
that some of the valence electrons of the 
atom are released from the atom and itiner- 
ate over the crystal as members of the con- 
duction electrons, leaving thus Ze excess ionic 
charges at the atom. The conduction electrons 
of the metal are perturbed by this impurity 
atom. 

The perturbations which destroy the perio- 
dicity of the crystal are primarily due to the 
coulomb interaction between the electron in 
consideration (the Aufelektron) and the excess 
ionic charges, the excess coulomb interaction 
between the Aufelektron and those electrons 
or holes which heap up around the impurity 
atom. Here the ‘‘ excess interaction’’ means 
the difference in the interaction of the Auf- 
elektron with other electrons when there is 
the impurity atom and when there is none. 
Other minor effects are: the difference of 
Hartree-Fock field of the ionic charges of the 
impurity atom from that of the mother cry- 
stal atom, local strain around the impurity 
atom and so on. 

The first of these is the coulomb interaction 
U(r) 

ye 

Yo 

with the origin at the impurity atom. The 
charge distribution of the conduction electrons 
is affected by the ionic charges Ze and the 
modified charge distribution which is deter- 
mined by the potential itself. Thus self- 


(2.1) 
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consistency is required between the potential| 
and the charge distribution. 

Let f(H) be the distribution function of a 
conduction electron with one particle Hamil- | 
tonian H. The Poisson equation requires 


AU) = —42€Tr{{ f(t UV) | 
—f(Ho)}6(r—ro)] +42Ze?0(r0), (2.2)| 


where Hy is the kinetic energy of a conduc. 
tion electron, and Tr means the operation 


| 


Tr{ A]= = [yur Agar dr 


where ¢,(r) is the eigen function of Ho spe- - 
cified by the wave vector k and o is the spin | 
coordinate. The first term on the right hane | 
side of (2.2) except the factor —4ze represents } 
the difference of the charge density in the: 
presence of the impurity atom from that in 
its absence. If U in the curely bracket is 
taken for c-number and only the first term in— 
the expansion of f(Ho+U)with the respect te 
U is retained, Eq. (2.2) gives the well-known 
formula 

U(r) = Ze, 


(2.3) 
with | 
g=4nen() , (2.4) 


where n(€) is the state density at the Fermi 
level €. 

In obtaining (2.3), the Fermi distribution is 
assumed to be perfectly degenerate. It is re- 
ported that the inclusion of the exchange in- 
teraction in Eq. (2.2) raises the screening 
factor g about one half®, This seems not to 
be acceptable, for it is hardly understandable 
why the exchange term should have any con- 
nection with the Poisson equation (2.2). 
Furthermore, it is probable that the exchange 
interaction will greatly be reduced if the cor- 
relation is included from the start. This will 
be demonstrated in § 4. 

Reflecting the procedure by which it is 
derived, U given by Eq. (2.3) is to be used 
only as a c-number, or, what amounts to be 
the same, as diagonal elements. In other 
words, it is a potential, as it were, for a test 
charge, that is, no deformation on the side 
of the screening electrons in the field of the 
Aufelektron is considered. Actually, any 
electron may be picked up from whole con- 
duction electrons as Aufelektron in question, 
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! so that this particular electron will be screen- zation arises from the off-diagonal elements 
ed by the remaining charges with a hole of U which are ignored in deriving (2.3). 
scooped out by itself, that is, the screening This can be taken care of if U in the func- 
: charges are polarized by the Aufelektron, tion J(Ho+U) is treated as a g-number. In 
the effect of the screening thus being some- order to expand f(H)+U) into a power series 
| what diminished. Mathematically, this polari- of U, one writes f(H)+U) as 


fle+ U)= sr, emrnatoids (2.5) 
Qn i 


C—tLoo 


where ¢(s) is the Laplace transformation of the distribution function: 
$(s)= \: ef ENdE . (2.6) 
0 


_ The integral of (2.5) is performed along the so-called Bromwich path. Now, one can expand 
exp (1)+U) into the ordered exponential series: 


| 


e(AotT)s — ene’ ds’ e# 0-8’) [JeHos’4.--, (2.7) 
Q 


Then one obtains in the linear approximation, 
Tr{{ (Ho + U)—f(Ao)}4(r—1»)] 
=5 5 ao [as Cle? Ue" fhe) K [Bere 
where 


<k/A/k>= [oder dr, 


Let Ex be an eigen value of Hy with an eigen function ¢,, then the above expression can 
be manipulated as follows: 


yey Sail, 2800 |, deer <I UIR De. XH |Br—P) I> 
me Oke aya) Sees 0 


= BS [" aseis) Ge HUI XE 10(r —P k 
ok \e-to 
= 5 AER EEO RIUIW XK [B(r— rR . 2.8) 


In the free electron approximation, 
Ck| U|k’ >= U(k—k’) 


and 
<k’ |6(r—ro)|k>=et-*) "70 , (2.9) 


where U(k—k’) is defined by the Fourier transformation of U: 


Cae eapee roU(n)de . (2.10) 


@r a 


From Eqs. (2.8), (2.9) and (2.10), the Poisson equation is transformed to 


—U(K)= — Are? > fie) IED U(«)+4nZe? , 
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whence 
__ AnZe 
UgG= P4H®’ 
where 
es 2 S(Er—«)—f( Ex) 211 | 
H(«x)= —4ze = any, J (2.11) | 


A detailed investigation of the potential (2.11) will be postponed to §§5 and 6. It is easi- 
ly shown that in the limit of «0, where the polarization effect mentioned above becomes 
negligible, (2.11) reduces to the screened coulombic form with a screening ‘‘ constant’”’ (2.4), 
but for larger « or for the smaller impact parameter, H(«), the screening parameter, depends 
on the way of the scattering. 

It is reported that the method of Gell-mann and Brueckner leads the same result (2.11) for 
the impurity potential*. It is interesting to see that a phenomenological theory is equivalent 
in essence to the orthodox formalism of the many-body problem. This implies that the 
method of the next section has a very intimate connection with the Gell-mann and Brueck- 
ner’s method. 


§3. The Nakajima’s Method 


This section will be devoted to a formulation of the dynamical method of obtaining the 
effective impurity potential. Although the method yields after all the same result as obtain- 
ed by the T.F. method, the procedure is not so straight-forward as the statistical method 
and there remains a problem unsolved in connection with the invalidity of the adiabatic as- 
sumption described in the introduction. 
In the following, the problem is treated in the number representation. The Hamiltonian 
of the electronic system with a proper choice of the base is 
HO=y} nwo SUV Bx PaKer ny Unie 5 (3.1) 

ko 2 «0 KO 
where Ex is the unperturbed energy of a conduction electron with the wave vector k and 
Nko 1S the occupation operator of the state specified by k, o. The effective mass expression 
1 2 


h?k? (3.2) 


has 
2m* ‘ 


is used throughout this paper. x is the Fourier component of the density fluctuation 
Px= > CRonGo Che: ; (3.3) 


where cxo* and c « are respectively the creation and annihilation operator of the electron k, 
o, satisfying the anticommutation relations: 


[Cho*, Chole =OnnOcer, [Cho®, Crro?*]4=[Cro, Chro]4=0 , (3.4) 
and the relation 


Nia Cus (Choe 


M-? is the matrix element of the e-e interaction e?/r.** and U_, is that of the bare impurity 


*) T. Izuyama, Dissertation. The author is indebted to Dr. T. Izuyama for very valuable dis- 
cussions about this problem. 

**) Actually, the whole e-e interaction should not be included, since a certain part of it is included 
already for the modification of the electron mass in the crystal. In relation to this, there seems to 
exist an ambiguity in the choice of the mass of the screening electrons, for, though the effective 
mass expression (3.2) is adopted here, it can also be considered that the periodic potential of the 
crystal has little effect on the screening electrons when they are in the limited range around the im- 
purity atom. A detailed investigation of it, however, is beyond the scope of this paper. It is ex- 
pected that the qualitative conclusions obtained in this paper is not far from the truth. 
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potential —Ze?/r: 


Me buacne (rs) <gulrdibu-drddnadrs, 


Ze? 
U-n=|roet(r bila dr (3.5) 
where ¢3(r) is the Bloch function. These matrix elements will be assumed in the following 
to depends only on the difference « of wave vectors of initial and final states. In the free 
electron approximation, they are: 


2 2 
Mee Nid OA BOE (3.6) 
Kk fg 
which are normalized over the unit volume. 
H® is divided into three parts: 
H©=HH)+H.+H, , 
where 
Hy= SE mir, Ho= 3) Meoxb-, and Hr= 3 U1. (3.7) 
o Ke Kae 
Now, it is required to obtain the eigenvalue in a form 
HV™eISMNP) = Kets, , (3.8) 


where “> is the eigenfunction of the unperturbed system Ho, and exp (iS/h) is a transforma- 
tion operator. Two transformations can be considered, one associated with H- and the other 
with H;. In this section it is assumed that the former transformation has little effect in 
determining the effective impurity potential. This is the assumption which Nakajima made 


- tacitly in his derivation of the effective electron-phonon interaction. In the next section 


both transformations will be carried out in parallel. 
The transformed Hamiltonian is expanded in a series of the undetermined operator S: 


5h HOesh= HOLS, H®| SiS asl Micoenae (3.9) 


Je 
2h? 

Now, the first term of the right hand side is written as 
H®©=H)+H-.+H,+(Hr—H7’) , (3.10) 


where H7° is the effective impurity potential to be determined. 
S is required to satisfy the equation 


Laticer|S H]=0 (3.11) 
and H,® is to be obtained by another equation 
51s: H.|+Hi— H=0. (3.12) 


This can be solved only after making an approximation which will be described later. Two 
equations (3.11) and (3.12) are combined into a single one: 


= sls. Ho+H-e]+Hr=0 
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=< 


This equation implies that one is proceeding with a perturbation calculation with system 
Hy-+He as the unperturbed. The effect of the impurity atom is displayed by the operator} 
S which, as Eq. (3.11) indicates, is determined by the renormalized interaction H,°, and thet 
term —i/h[S, He] is interpreted as the change of e-e interaction energy in the presence of] 
the impurity atom. The screening effect of the conduction electrons arises from this change. 
The self-consistency of the treatment is implied by Eq. (3.12), which can be read as follows: : 
The effective potential H,° is determined by the bare potential H; together with the correc. 
tion term —i/h[S, H-] which arises as a result of the deformation of the charge distribu- 
tion determined by the effective potential itself. 
Let the effective potential be expressed as 


| 


His > U (k—k, Te) Chenoa Gh: . (3. 13)) 
ko K i 


It turns out that the single parameter « does not suffice this time to specify the effective! 
potential. 
It can easily be shown that the operator 


satisfies Eq. (3.11). Substitution of this into the commutator of (3.12) gives 


i U%k—«, k) 1 
21S 
h Sood ms = En-u—Ex 2 


x 4 (Chiko Cha nla = Ch nope) a Clo" Ck’—«’o" 
to’ 


x M. 


= p> Ch tet Ciel Cyto “Cho Chie —aeC ney : (3.15) 
tol if 


According to Bardeen and Pines, the approximation to retain only the diagonal terms in the 
round bracket in (3.15) gives the Hartree’s approximation*). In addition to this, there are 
two other diagonal combinations which represent the exchange effect. These three terms 
give the final equation which must be solved to give the self-consistent potential U(k—r, k). 
This is 


Me > U(k’—k, k’) 


(n Dae, oad 5 4 t + MM, ee 
ko’ Eye n— Ey a? ase a’) > = E 


Uk — k’) 
Si perl ieee 
(Nk, Ny-«'o) + a M;, a < (Nk —Nk’ Ko) 


+U_.«.—U(k—k, k)=0. (3.16) | 
This is a set of algebraic equation with infinite variables, actually the integral equation, so 


that it is hopeless to obtain its general solution. If two exchange terms are omitted, it is 
simplified to 


Ok’ —«, Kk) 
M2 pa AE: 
ce, Eyn— Ex 


(Ny! Ko —NK’o) + U_.—U"(k—r, by—0 . 
In this approximation, indices other than « can be suppressed from U?: 
2 Ny! —Ka’ — Nk!’ 0 jou Be 4 
Mx >» EO Re WE +U_« ee () ’ CE) 


whence one obtains finally 


*) Bohm and Pines?) remarked also that this is nothing but the random phase approximation adopt- 
ed by themselves in deriving the equation of motion for the density fluctuation Ox: 
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ir on 
ieee: > (Ny—-no—No) | Ey. -«— Ex) 


UL), (3.18) 


mK 


When the distribution function is substituted into operator mx (3.18) reduces to (ZalnlD) 
As for the convergence of the series expansion (3.9), the same argument as given in the 


t electron-phonon case holds here, too, that is, one can choose an energy interval 4E in such 
B a way that the energy denominator in (3.14) is restricted to be larger than this, but the 


omission of terms with denominators smaller than this has little influence on the result, 
while the series (3.9) converges rapidly. 4E can properly be ‘chosen if the alloy is dilute 
enough. 

The above argument has, however, no physical base and 4E has been chosen only for the 
mathematical convenience. According to the method developed in this section, one cannot 
treat the screening of that part of interaction which, in the form of the matrix elements, 
connects any two states whose wave vectors differ very little from each other, or, in other 
words, which associates with nearly forward scattering. For such a mode of scattering, the 
assumption of the adiabatic motion of the screening electrons will be invalid, and it is re- 
quired to investigate in detail the mechanisms which cause the non-adiabatic motion. Un- 
fortunately, no theory is established at present which allows to treat such a ploblem. Up 
to the second order perturbation which is a main object of this paper, the ambiguity in the 
choice of 4E has no direct concern with the results. 

After all, the transformed Hamiltonian is written as: 


ein Oe sine SS Eni + ps DS iE Cinco Che 
ko <ko,x> 
=F += Me0x0-«—=S, H,|+higher order terms, (3.19) 


where <ko, «> means to take summation over those k and o for which 
|Ex—-n.—Ex|<4E , (3.20) 


or, in other words, only those processes which corresponds to the real scattering are retain- 
ed in the summation. This term cannot be eliminated by transformation without causing 
divergence of the seried (3.9)*?. 

Thus for not too small «’s, one has seen the coincidence of the results of the two methods. 
This is reasonable, because for such «’s, the screening is mainly determined by the dynami- 
cal properties of the system consisting of the conduction electrons and the impurity atom. 
It is for smaller «’s that each method, the satistical one of §2 and the dynamical one of 
§ 3, has its own feature and will yield different result from each other. 

Similar procedures employed in this section can be applied to eliminate or to renormalize 
the higher order term —i/f [S, Hz] and so on, but this will not be done here. 


§4. The Collective Treatment 

The effective potential (3.18) is derived as a solution of Eq. (3.12) after making the random 
phase approximation and on the supposition that exchange terms would have no essential 
effects. The latter supposition is highly probable, because the coulomb interaction will re- 
duce to a great extent the chance for any two electrons to get near each other. In case of 
the electron-phonon interaction, Bardeen and Pines® showed this by introducing the collective 
coordinates. This method will be use here for the problem in hand in a somewhat different 
manner, but of course the principle is the same. The starting Hamiltonian is 


*) Strictly speaking, the summation in the denominator of Eq. (3.18) must be carried out under 


the restriction: 


which is, however, omitted there for brevity. 
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H=H®+— 3S PAPe— SX MéPrbe , (4.1) 

2 IkI<n, Iki<k, 

with the subsidiary condition 1 
Pub=0, (Pr*¥= Pe) (4.2). 


H® js defined by (3.1) and ke is the critical wave vector as usual. | 
If the function # satisfies tee subsidiary conduction (4.2) strictly, the eigen values of the 
new Hamiltonian are the same as those of H™. Now, consider a canonical transformation 

exp (iS’/h) by which H is transformed to 


e7S’/h FT etS'/h . (4.3) 
Let S’ be given as 
os = (Mi0-« FEU) Qx , (4.4) 


where Q, is a quantity conjugate to Px, ie., there exists a relation [Qx, Px]=h0x«’, and — 
Q.*=Q-«. &« is a constant chosen so that the following two equations hold: 


eh P e812 = Py Mp «+0 ’ Cae Ped! — rae On Oe 5 (4.5) 


With use of the random phase approximation, the transformed Hamiltonian is 


18M eS'h= 3: Eyttas +5 3 (PtP tor?QutQn) 


2 \ki<n, 


- S Oe ey (Un Ex) Ox = ~ EO. SS (axis Cyne 


lel <x ih ko 
1 / 
+ > Uae 2) VMicbe «5 (4.6) 
Kl >K, 2 ikl>n, 


where w, is the well-known plasma frequency, w»,?=4zne?/m*. The third term represents — 
the shift of the zero point energy of the system and need not be considered any more™. — 
The fifth term represents the plasma-electron interaction which can be eliminated by an- 
other transformation, which however, has no concern with the impurity scattering problem. 
All the other therms have obvious meanings. 

Let U.2 be defined by 


UO .8= Un= Exe Mx . (4.7) 


then U,® represents the effective impurity potential to be determined. 
The subsidiary condition (4.2) is also transformed to 


(Px a MiP-n +E P= 0 


From now on, the procedures are similar to those of the previous section. A transforma- 
tion exp (iS/h) is required to eliminate the virtual part of the impurity potential. This time, 
however, the problem must be divided into tow parts. For |«|>«c, the required transforma- 
tion is the same as that generated by (3.14) and the same equation (3.16) follows**?. Now, 
two exchange terms cannot be omitted without appropriate reasoning, so that the equation 
is very hard to solve. In the lack of the exact treatment, it is assumed that the omission 
is allowed and one can use (3.18) in this case. For |x|<«c, the transformation is just what 


is defined by (3.14) with U%k—«, k) there replaced by U,° defined by (4.7). Then the 
transformed Hamiltonian is 


*) In the electron-phonon case, the corresponding term reduces the phonon frequency. 


“2 It must be kept in mind that now in (3.16) all the exchange terms with long wave length M, 
with |«|<n¢ are eliminated as a result of the canonical transformation (4.4). 
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e7tS/he-iS'/h FT ois’ /ngiS/h— SE 1 * ’ 
kN Sis! 2 * 
> ko + D) eee C2. Prtoy Or O«) 


i 


= MQ Di En-n— Ex) Cho*Ch-xo 
Iki<x, th ko 


Se Ge K he La a 1 
ZI ss 0 mi ene Ow+ 5 eh order terms. (4.9) 

Again, <|«|<«e> and <|«|>«e> mean to retain in the summation those terms which cor- 
responds to the real processes. U,° for |«|>«e has, as assumed above, the expression (3.18) 
while U,° for |x|<«e is still undetermined. The subsidiary condition is transformed further 
to 


(Pet Mo a 7 [S, o-«] +€.v« + higher order terms ))=0 ; 


» where 


After calculating the commutator and making the random phase approximation, one 


’ obtains 


| Pet Mepo+ EV + SS MU. 


2S t= (Nk-xo—Nko) thigher order terms} y.=0 


Vx is chosen in such a way that there exists no coupling between the impurity atom and the 
plasma through the subsidiary condition. This is achieved if the following equation holds. 


omega 


a (Wk—-xo—Nke) « (4.10) 


Then the subsidiary condition in the lowest order approximation is 
(P.+M,0-«)/=0 ’ (4.11) 


which is the same as that when there is no impurity atom. (4.7) and (4.10) give 


Ud— Uk 9 MU. 
SS See ae —Ko o 
Mz a E,—E;-« (1% ck ) 
and from &,2=1 one obtains finally 
U.e 


(4.12) 


Ue= 
1—-M2 py (Nk-no —Nko) | (En-n— Ey) ‘ 


which is the same as (3.18). Thus the e-e interaction is for the most part eliminated to 
make the plasma. Non the less its screening effect is essentially the same as in the Naka- 
jima’s method. As is desired, there exists on coupling between the impurity atom and the 
plasma through the subsidiary condition, so it seems that the effective impurity potential 
derived will not depend so much on the extent to which the wave function satisfies this 


condition. 
§5. The Effective Potential in Metals Let J. be defined as 
In this section, a detailed investigation of DS (5.1) 
ko Fyn — Ej 


the effective impurity potential (3.18) is made 
for the case where the conduction electrons In the limit of small «, or for nearly forward 


are degenerate. scattering, J. can easily be calculated: 


1125 
ee Se-«—Ire 
ts e Ex-«—Ex 
oo Sere 
rae ko OE; 
=n) ; (5.2) 


where fx is the Fermi distribution which is 
substituted into mzc in (5.1), and n(€) is the 
state density including the spin state at the 
Fermi level*. 

Then from Eqs. (3.18), (5.2) and (3.6), one 
obtains the self-consistent impurity potential 
a (6.3) 

kK? gq" 
where qg is the screening constant given by 
(2.4). Thus in the limit of the forward scat- 
tering, or, as will be pointed out later, if 
the polarization of the screening electrons is 
ignored, one is led to exactly the same result 
as that of the simplest T.F. method. It is 
obvious that the effect of this polarization is 
larger for the larger « or for the smaller 
impact parameter. This comes out from the 
exact calculation of Jk, which can be carried 
out in the free electron approximation and in 
perfectly degenerate case. The final result is 


U.° 


Tie n(er( 55) (5.4) 
where 
a2) Bee ji+% 
Gin)= ae (1a) log 577 iE 
peal yal G35) 


and ky) is the absolute value of the Fermi 
wave vector. The effective potential is then 
—4rz Ze? 

Ke? +@2G(«/2ko) ” 

The expression of the potential in ordinary 
space, or the Fourier transformation of (5.6) 
cannot be obtained analytically, but it ap- 
proaches, for small 7, to the bare coulomb 
type more rapidly than (2.3) does. 

The function G(x) has the following expan- 
sion formulae: 


0 


(5.6) 


x3 xt 


1 , ; 

G(x) 1335 tor <r (5.7a) 
BS eine eS, 

Gan = 13°35 She for x#>1, (5.7b) 


In Fig. 1, G() is plotted as a function of x. 


* For such «’s, (5.1) is not strictly valid (cf. 
SiS) 
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As one may have anticipated, the screening | 
parameter G(x) is a monotonically decreasing | 


function of the argument x. Namely, the 


effect of the screening diminishes as the im- | 
For the straight | 


pact parameter decreases. 


backward scattering (x=1), the screening 


parameter is exactly one half of the semi- | 


classical value (2.4)**. 


G(x) 


O Ro) 20 


x 


Fig. 1. G(x) as a function of z. 


All the quantitative result obtained so far 
have been based on the free electron appro- 
ximation and effects of the band structure 
has been ignored, so one is not in a position 
to derive any conclusion about the interband 
effect. It is likely, however, that when the 
impurity potential induces the interband 
transition or similar effects, the matrix ele- 
ments to be used, for example, for the calcu- 
lation of the transition probability will not be 
those originated from the classical potential 
(2.3), but will be rather those obtained from 
the bare coulomb potential. 

It is easily shown that the effect of tem- 
perature is to modify the screening parame- 
ter by a factor of order of kT/€, where k is 
the Boltzmann constant and T is the absolute 
temperature, and hence is quite negligible in 
ordinary metals at ordinary temperature. 


§6. The Effective Potential in Semi-Con- 
ductors 


In this section, a detailed investigation of 
the effective potential (3.18) is made in the 
case where the screening electrons obey the 
Boltzmann statistics. Ux and M2 in (3.18) is 
redefined by 


** Strictly speaking, the value of « for which w 
=1 holds lies in the region where (4.12) cannot 
be used off-hand, because in this region exchange 
effect cannot be omitted without further justifica- 
tion. 


: 


he = —ArZe?/KE > 
M?2=4re?/#é , 


‘where € is the static dielectric constant of 
_the material. 
‘Now, the Boltzmann distribution 


(6.1) 


e7 PAK 
Sime 
with 
B=1/kT (6.2) 
is substituted into #0 in (5.1). Z is a func- 
tion of T though the equation 
2 fe=n (6.3) 


where m is the number of the conduction 
electrons in the crystal. 

In the following two limiting cases, J can 
be expanded into power series: 


Case A; kTSfi?x?/2m*= Ex, 


Any Wf IB: E« a 
t= pp| 1 Ayes eek ik 
(6.5a) 
@ase Bs ki <E,, 


n kT kT\ 
1e= Fr ( Ee. )+2( So 
2) ae 
+12(5-) tails (6.4) 
In deriving Eqs. (6.4a) jand (6.4b), the rela- 
tion (6.3) was used. (6.4a) is valid for nearly 
forward scattering, and (6.4b) for large angle 
scattering of those electrons whose energy is 
much larger than the thermal average value. 
If only the first term of the series (6.4a) is 
retained, the effective potential has the sim- 
plest form 


—ArZe? 
IU = ee +gp? , (6.5) 
where 
ae (6.6) 


is the screening constant. (6.5) is nothing 
but the Debye-Hiickel potential and go is 
the Debye length. Thus again in the limit 
of the forward scattering in which the polari- 


*) It will be very hard to comprehend what sort 
of approximation it is to take the ensemble aver- 
age over the electron distribution in the denomina- 
tor of (3.18). The same question is applicable to 
the case of metals except when the conduction 
electrons are perfectly degenerate. 
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zation effect is negligible, the result agrees 
with that of the simplest T.F. method. 
The exact calculation of J leads 


L=— MNr-K«o—Nko 
kr Fy ~—Ey 
il 1 
ar n “(- — ) 
Nien ke, Rye ies 
ey Slat —AK2 a 
When \ dt-xe log —E)? (6.0) 
where 
5 WE E 
2 pci ee enue es 
E yi ART (6.8) 
and 
paca dea 
2m*kT ~ 
With use of the relation 
ene 1 
one obtains 
n 
L=——F le 
aT (€) (6.10) 
where 
7 oath! pial a —K2 E+E 
FO= 5 an dx-re- log |EFE|. (6.11) 
The effective impurity potential is 
—ArnZe? 
Ve SS 6.12 
2 +qp? FE) ( ) 


The function F(€), or the screening para- 
meter, is evaluated numerically and is plott- 
ed against & in Fig. 2. 

The variation of F(E) with respect to « is 
understandable by the argument given in § 5. 
Its variation with respect to the temperature 
is in the reverse. This will be due to the 
fact that at high temperatures, the electrons 
(or holes) are hard to heap up around the 


2.0 


Fig. 2. &(é) asa function of &. In calculating the 
electric resistance in §7, #(&) is replaced by 
the dashed line. 
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impurity atom owing to the temperature 
agitation. 

It is expected that the temperature and the 
carrier concentration dependence of the elect- 
ric resistance will differ from those in which 
the Debye-Hickel potential (6.5) is used. 
This difference, however, may hardly be 
checked by experiment, because other factors 
may have much stronger temperature and 
concentration dependence. A detailed exami- 
nation will be made in the next section. 


§7. The Effect of the New Potential on 


the Electric Conductivity 


The relaxation time tx Of the electric cur- 
rent j, is” 

+= mt nNe 3 |k| UI’) —cos 0)6(Ex— Ew), 

k 

(7a) 

where c is the atomic concentration of the 
impurity atom, N is the number of the lat- 
tice points in the crystal, @ is the scattering 
angle and U is the impurity potential which 
is given by (5.6) for metals and (6.12) for 
semi-conductors. In the following, t,x is cal- 
culated for each case separately. 


Case I: Degenerate Case. 
Substitution of (5.6) into (7.1) gives after 
the integration of angular variables 


1 x(Ze?)?m* Ne 


hy rye Ia) , (722) 
where 
1 
Ag ai \ ace ies soe 
and 
a=q/2k , 
k=|k] . (7.3b) 
The electric conductivity o is 
3,3 
es Ka)’ ae) 


where » is the number of the free electron 
per atom, k is the Fermi wave-length and 
a@=q/2ko. The integration (7.3a) cannot be 
carried out analytically, but if only first two 
terms in the expansion (5.7a) are retained it 
can be done to give 
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Re) ih 
Dieser RTy 
1—(av*/3) 1 | 
x [log Gia )+ 1+ (xo?) —an?/3) J 


(7.5) | 
If only the first term of (5.5a) is retained, | 
one obtains the well-known formula of the 
residual resistance in which (7.5) is replaced 


by 
1 ) 1 
Ay? 1+a? 


For a numerical example, let us consider 
metallic copper for which ap~0.8 and [(a@) 
/l'(ao)~1.2*?, so that the residual resistance 
is raised by about this factor, as can be ex- 
pected qualitatively. 

Case Il. Non-Degenerate Case 

Substitution of (6.2) into (7.4) and the in- 
tegration over the angular variables give 
1 _ x(Ze”)?m* Ne 


(a) =log (1+ (7.6) 


eS AX, (ee 
Th Eh? k ine (e+7FO ae ‘y ae 
where 
ee ds x2 YX 
Foaye-o\ dy-ye~ fog [PE ry 
mne*h? | 
2 = 7.8 
TORT Yate (= 
Like 
kay 
The electric conductivity is given by 
o=8 3 fx (7.9) 
Jux® vA Tk > . 


where jxx is the x-component of the electric 
current. Substituting (7.7) into (7.9) and car- 
rying out the integration over k, one obtains 


28/262y(RT 3/2 if AACE 
OO) UC aaa ene 
~~ 3m*¥3/2778/2 (Ze)? RW) 
(7.10) 
where 
vio \C eee ee 
Av aeeRepet TAD 


The integrand of (7.13) with Jy(Wy7) re- 
moved has a sharp maximum at 7=3, while 
JV 7) is a slowly varying function, so the 
integration can be performed approximately 
by putting Jy(V¥ 7) constant J,/ 3). This 
means that the electrons which have the 
largest contrubution to the conductivity are 


*) Taken from ref. 8). 


- 1959) 


those whose energy is twice the average 
kinetic energy. 

After this one obtains 

od WACK Eye? 
m*U273/2(Ze)? fy(V 3) 

Now, three cases are considered: These 
are Conwell-Weisskopf’s, Brooks-Herring’s 
and the present case which are treated se- 
parately. 

[I] Conwell-Weisskopf’s Formula. 

Conwell and Weisskopf used the bare cou- 
lomb potential as the scattering potential. 
This corresponds to the case y=0 in (7.11). 
In this case, the integration (7.10) diverges. 
They avoided this by introducing a lower 
limit in the integration over x, which, from 
the classical dynamics, is written 


(7.12) 


=2h 2 “ 
> V reerhaa% 
where d is the average distance between the 
impurity atoms. This yields 
2 
HB )=log (14 (SEE). (7.13) 
Ze? 

(7.13) and (7.12) give the Conwell-Weisskpf’s 
formula’. 
{II] Brooks-Herring’s formula. 

Brooks and Herring! used for U in (7.1) 
the Debye-Hiickel potential (6.5). This cor- 
responds to the case F(&)=1 in (7.7). In this 
case J,(7/ 3) is easily calculated and is given 
by 


WY B)=log (14+ =>) Fy a 
(7.14) and (7.12) give the Brooks-Herring’s 
formula. 

{III] The Present Case. 

The analytical integration of (7.10) is hope- 
less, so the potential is simplified by putting 
JPG OI atore ORR ok 

=) tor Sil, 

This corresponds to replacing the screening 
parameter F(x) plotted in Fig. 2 by a simple 
step function plotted there also by a dashed 
line. Then the integration is elementarily 
carried out and the result is 


sor. 1 


For the typical values of parameters such 
as m*, & and for the simple case n=N, the 


function /(V 3) is numerically calculated for 


(7.14) 


(7.15) 
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each case and plotted against 2 for constant 
T (Fig. 3) and against YT for constant n 
(Fig. 4). 

According to Fig. 3, the present potential 
yields the electron mobility in the lower con- 
centration region nearly equal to what B-H’s 
case yields. In the lowest concentration re- 
gion, both results nearly coincide with C-W’s 
case. As the carrier concentration increases, 


8 


7 
e 1 
S60 if 
if 
40 
2 
ie) 13 14 15 
10 Te) 10 OS CL aoe 
N (1/en?) 
Fig. 3. [Jy(y 3 )]-! as a function of N. Values; 


é=16.1, T=80, Z=1 and m*=m/4 are chosen. 
Without common factors, the electron mobility 
is proportional to [Jy(y 3 )|-!. 


~ 


eee 


a 
20) c-W. 


a 8 = Present Result} vio! 


Sc-w 


7 B-H 


Fig. 4. [Jy(¥/3)|-! as a function of 7. Values; 
é=16.1, Z=1 and m*=m/4 are chosen. 


however, these three begin to deviate from 
one another and the new result lies between 
the older two. The interpretation is as fol- 
lows: At the lower concentration there are 
few screening electrons, so that the impurity 
potential is nearly coulombic and its effect is 
rather over the long range. Consequently, 
the fraction which nearly forward scattering 
processes possess in the total cross section is 
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overwhelmingly large and hence the polariza- 
tion effect is negligible. As the concentration 
increases, the screening becomes much more 
effective and the effect of the impurity atom 
is limited in the short range. The large an- 
gle scattering then tends to possess a larger 
fraction in the total cross section and at the 
same time the reduction of the screening pa- 
rameter tends to be effective on the pheno- 
menon. The last is the reason why the pre- 
sent potential yields the result which lies 
between the older two. The screening effect 
was under-estimated by Conwell and Weis- 
skopf, while over-estimated by Brooks and 
Herring. 

Fig. 4 indicates similar features. These 
features may be suggested as a possible ef- 
fect which is conspicuous for large +. 


§8. Summary and Discussions 


The method of Thomas-Fermi was used to 
show that the requirement of the self-con- 
sistency was extended to include a certain 
correlation effect between the conduction 
electrons. The effective potential derived 
was shown to contain the result of the sim- 
plest T.F. method in the limit of the forward 
scattering. Actually, the screening parame- 
ter depends on the way of the scattering in 
such a way that it decreases as a impact 
parameter decreases. This is due to the 
polarization of the screening electrons by the 
colliding electron. 

The method of Bardeen and Pines, applied 
to the problem of the impurity potential, 
was shown to yield entirely the same results 
as the T.F. method within the scope of this 
paper. 

The effect of the new potential on the elec- 
tric resistance was shown to be rather little 
in the lowest order of approximation. In 
case of metals, it is raised slightly from the 
value known so far. In case of semi-conduc- 
tors, it was concluded that the truth lies be- 
tween the two assumptions adopted hitherto. 

All the problem was treated in the free 
electron approximation except that the effec- 
tive mass was used. It seems at first sight 
that the procedures can directly be extended 
to the cases in which the band structure of 
the material is included. However, it is not 
obvious whether such an extension is realis- 
tic or not, and this question cannot be an- 
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swered unless the problem is reconstructed 
in a more fundamental formalism in which 
the ion core field, the impurity potential and 
the field due to the conduction electrons are 
treated all in equal importance. 

In calculating the electric resistance in §7, 
the assumption was tacitly made that the 
transformation which led to the effective po- 
tential had no influence on the electric cur- 
rent operators. This assumption has an in- 
timate relation with the discussion given in 
§3 on the convergence of the expansion (3.9), 
and cannot be examined before the method 
of treating the non-adiabatic motion of the 
screening electrons is established. 

Apart from that, two approximations were 
made. One is the random phase approxima- 
tion made in solving Eq. (3.12). This appro- 
ximation may at first sight have been justifi- 
ed, for the results agreed with those of the 
T.F. method. One may also think that the 
random phase approximation is quivalent to 
the procedure of taking the ensemble aver- 
age in the statistical treatment as the T.F. 
method. However, a little reflexion shows 
that this is not the case, because what were 
omitted as a result of this approximation are 
very complicated interaction terms which 
cannot be treated by the T.F. method. It 
will be very cumbersome to justify this ap- 
proximation more clearly, but such an at- 
tempt is desirable. 

Another approximation, or rather the as- 
sumption is that the exchange terms play no 
essential role in determining the self-consis- 
tent potential. This assumption was made 
in §3 without any reasoning. In § 4, the in- 
troduction of the collective coordinates elimi- 
nates the long range part of the exchange 
interaction, but there still remains the short 
range part which cannot be ignored without 
further justification. It is required to treat 
the exchange terms more properly. 


Thus to the extent of this paper, the 
dynamical method is equivalent to the T.F. 
method, and cannot be claimed to have made 
much progress in determining the effective 
interaction. Still it is more general than the 
T.F. method in exhibiting the assumptions 
and approximations on which the T.F. method 
is established, and in finding out the problems 
which future theory must solve and the T.F. 
method could never do. 
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Appendix 
The screening of the Coulomb interaction in metals by the Nakajima’s method 
In this appendix, it is shown that in metals the screening of the coulomb interaction be- 
tween the conduction electrons is derived by the method of §3. The procedure is similar 
to that used by Bohm and Pines in their earlier investigations on this subject, but the result 
differs in the fact that the correlation is more properly treated and the effective potential, 


if derived correctly, depends on the way of the interaction. 
The Hamiltonian of the system is 


1 


Hy= 3 Eno + 9 py MP? 0x0-« (A.1) 
Let the first term be Hy and the second H,. 
Again a transformation is made 
“18 He's HS, HJ. ISIS, Hilla wae (A.2) 
It is required that S satisfies the equation 
H—+{S, Hol=0. (A.3) 


H,® is the undetermined interaction which is expressed in a form 


peels eS ps py Mk, k’, Ts Chee Oke Cl cae Chen . 


2 ko k’o’ 
Mk, k’, «) is to be determined by another equation 
= Is, Hy \+H:—HY=0. (A.4) 


The solution of (A.3) is 


spe Ae Chono*ChoCklo! Ch! —Ke * (A.5) 
age sie Sop pier men, eee 


With use of this, (A.4) is explicity written down and after the random phase approxima- 
tion is made and exchange terms are dropped out, one obtains the equation 


Besse Rein in ep SE Mane” 
Mx. = ieee (k ’ ke, Kk) Ex,-«— Ex, + Ev — Ew 


Nk'g! —Nk! Ko" “a - 
0 7 2 es +M2—M%k, kz, 0) : (A.6) 
nei DSS eee oer 

Even this equation is difficult to solve. So the problem is simplified by taking only those 
scattering processes in which two electrons collide with each other, each electron conserving 
its energy throughout the process. In this case, single parameter « suffices to specify the 
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effective potential 7°. (A.6) is then much simplified to 


Nia! — Nk! —Ko 3 
2M2 he te MO+M2Z2—MS=0, 
Pe Ey— Ex-_« 


whence 


Mo= ad Me z f (A.7) 
1—2M2 oy (tka —Nk-xo) | Ex— Ex-«) 


For small «x, 


A PL (A.8) 

K+ 2q? 
where q is the screening constant defined by (2.5). The simplifying assumptions used for 
the derivation of (A.7) seems to hold actually to some extent on account of the high de- 
generacy of the conduction electrons as well as of the Pauli principle. The trouble with 
the exchange terms may arise from the treatment in which the coulomb and the exchange 


effects are equally important. The introduction of the correlation hole prior to the treat-_ 


ment of the exchange may reduce the latter effect. This will be the central principle of 
Bohm and Pine’s theory. As for the mathematical regior of the method, anything convinc- 
ing cannot be said without studying the effects of higher order terms and of the subsidiary 
condition. 


References 6) J. Bardeen and D. Pines: Phys. Rev. 99 
1) L. Nordheim: Ann. Physik 9 (1931) 607. gee 


2) A. Sommerfeld and H. Bethe: MHandbuch der Saye ae re ee ae 32 

Phys. XXIV, 2. 8) J. Friedel: Advances in Phys. 3 (1954) 446. 
3) J. Bardeen: Phys. Rev. 52 (1937) 688. 9) For instance, A.H. Wilson: The Theory of 
4) H. Frohlich: Proc. Roy. Soc. A, 215 (1952) Metals (Camb. Univ. Press, 1953) 266. 

291. 10) E.M. Conwell and V. F. Weisskopf: Phys. 
5) S. Nakajima: Proc. of the International Con- Rev. 77 (1950) 388. 

ference of Theoretical Phys. Kyoto and Tokyo 11) See §3 in the paper of P. P. Debye and E. M. 


(1954). Conwell: Phys. Rev. 93 (1954) 693. 


! 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 14, No. 9, SEPTEMBER, 1959 


Properties of Semiconductive Barium Titanates 


By Osamu SABURI 
Technical Laboratory, Murata Manufacturing Co. 
(Received April 23, 1959) 


The resistivity of barium titanate which is usually of the order of 
10°~10" ohm-cm, may be remarkably reduced with suitable control in 


valency. 


The valency-controlled barium titanate, whose resistivity is of 


the order of 10~104ohm-cm at room temperature, shows anomalous posi- 
tive character in the temperature dependency of the resistivity. For 
example, the resistivity of barium titanate containing 0.1 mol. percent 
of cerium abruptly changes by 10! between 120°C and 150°C. 

Some semiconductive properties and their relations to the crystal 
transition and the composition of the materials are reviewed, for the 
valency-controlled barium titanates, and assumptions are proposed for 
the role of additives on the reduction of the resistivity of the barium 


titanates. 
$1. Introduction 
The anomaly in _ resistivity-temperature 


character of barium titanate was first reported 
by H. A. Sauer and S. S. Flaschen as positive 
temperature coefficient of resistance thermistor 
materials». They described positive resis- 
tivity-temperature characters and their voltage 
dependencies for some valency-controlled bari- 
um titanates. Similar study was done by G. 
G. Harman for barium titanate containing 
samarium”). 

This paper first attempts to show what 
kind of additives may be effective upon the 
reduction of the resistivity of barium tita- 
nates. 

Sauer et al. already reported that those 
cations whose valencies are higher than the 
host ions are only effective substituents for 
producing semiconductive barium titanates. 
However, should any substitution occur in 
ionic crystal, we might generally expect that 
an impurity level in the energy band would 
be produced and hence bring any influence 
on conduction properties. From this point of 
view, several cations were picked up as sub- 
stituents in our experiment, which were sup- 
posed to be close to Bat? or Ti** in their 
sizes and have higher or lower valency than 
pa’? or. Ti*. 

Assumptions for the mechanism of the 
conductivity in the barium titanates may be 
available from those experimental results. 

The effects of quantities on the resistivity 
and.crystal structure for those additives which 
is effective upon reducing the resistivity, the 


effects of the deviation from the stoichiometry 
for some valency-controlled barium titanates 
will be also explained. 

Our another attempt is to show the relation 
between crystal transition and positive tem- 
perature character of resistivity of the valen- 
cy-controlled barium titanates, with the data 
obtained for the barium titanates and barium- 
strontium titanates containing proper additives. 

Furthermore, some dielectric properties and 
semiconductive properties of titled materials, 
such as frequency spectra of resistivity and 
dielectric constant, rectification phenomena, 
thermo-e.m.f., Hall e.m.f. will be shown with 
the effects of different electrode materials. 

The barium titanates of low resistivity will 
be referred as semiconductive barium titanates 
in the following descriptions. 


§2. Preparation of Samples and Methods 
of Measurements 


The methods of preparing samples were 
mainly the same as those for ceramics, except 
that specially purified raw materials were 
used. 

As the base material, we used barium-tita- 
nyl-oxalate which had been precipitated from 
barium chloride and titanium tetra-chloride 
dropped into oxalic acid*?, where the purity 
of each raw material was of the order of 
99.99%. 

The additive cations were basically intro- 
duced in the forms of oxalates, so far as they 
were available. In case the oxalate of the 
cation to be introduced was water soluble or 
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not available, oxide or chloride of the cation 
was used. 

The base materials and the additives were 
throughly mixed with a pot-mill of polyethy- 
lene, with adequate amount of barium carbo- 
nate or titanium dioxide to compensate the 
deviation from the stoichiometry caused by 
the additives. 

The mixed materials were fired in alumina 
crucibles at about 1000°C. for lhr.. After 
firing, the materials usually turned white 
(occasionally very slightly colored) and, form- 
ed very brittle lumps. 

The lumps were crushed and pressed into 
discs of 20mm in diameter and about 2mm 
in thickness, under the hydraulic pressure of 
600 kg/cm?, unless otherwise mentioned. 
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Fig. 1.  Resistivity-temperature characters of 
semiconductive barium titanates containing vari- 
ous additives. 
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Those discs were fired at 1350°C~1400°C 
for 2hrs. in an electric furnace with carbo- 
rundum heating elements, where high alumina 
saggers and zirconia sand were used, and the | 
atmosphere was not specially controlled. 

Resistivity was determined by a direct 
measurement of the current flowing through © 
the sample under impressed voltage of 0.01~ | 
0.1V/mm. Provided that indium amalgam | 
electrodes were used, the resistivity measured 
by the above mentioned method coincided | 
with the value measured by 4-probe method. | 

For the measurements of dielectric pro- 
perties, an impedance bridge and a Q-meter 
were used. 

Hall voltages were measured with the ap- 
paratus of the sensitivity of 1u#V, which had 
been reported by J. J. Donoghue et al.”. 

Lattice constants were estimated with a 
recording X-ray diffractometer with Ka, of 
copper target. 


§3. Experimental Results 


1. The effects of the kinds of the additives 
Each additives of 0.3 molecular percent of 
the mother material was introduced for study- 
ing the effects of the kinds of the additives. 
Among various kinds of additives that were 
surveyed, Bi, Ce, La, Nb, Nd, Pr, Sb, Sm 
and Ta were effective upon the reduction of 
the resistivity of the barium titanate and 
those samples containing one of the above 
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Fig. 2. Correspondence of the anomaly in the 
resistivity-temperature character to the crystal 
transition. 
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| mentioned additives showed anomalous _posi- 
| tive temperature character of resistivity as 
One example of the 
correspondencies of the anomalies in the re- 


illustrated in Fig. 1. 


Table I. 


1161 


sistivity-temperature characters with the trans- 
itions in crystal structures is shown in Fig. 2 
for the barium titanate containing 0.3 mol. % 


of Ce. 


Properties of introduced element 


Properties of the specimen including the element 


Ceramic and electric properties of barium titanates containing various additives. 


| ; Neste ] 
Lattice const. at 25°C pany he 
Element Valencies | [onic radii Color | Shrinkage | —— es segs ats 
a-axis | c-axis 
a i A a Yo A A ohm-cm 
Av — ie net t Ca OS eee 
Ag Ap 1.26 light gray 84.0 3.9944 | 4.0204 | 3.1x109 
ed tl Roce A } Sy ee 
| | = 
; “a 0.74 : 
Bi ing ead blue 85.5 3.9952 4.0374 5.8102 
= _ L * thee ‘ x37 = = = Rs 
Ce ey e000 1: iSlue 80.0 3.9936 4.0272 4.2%10 
SSA aie ne violet 85.5 3.9812 4.0120 5.5108 
Ga ae 0.62 ivory 82.6 3.9936 4.0280 7.0108 
La Le 1.16 blue | 82.0 3.9936 4.0815 4.5 x10 
a 0.46 
+6 a 
Mn +4 = brown 86.2 3.9920 4.0280 1.1108 
a3 8 
“59 0.83 
+6 0.62 
Mo +4 os grayish violet 82.6 3.9944 4.0096 5.0108 
223 a 
Nb re a blue 84.7 3.9936 4.0280 8.010 
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Pr & me blue 80.6 3.9944 4.0220 | 3.5x104 
45 0.62 Fi 
Sb ‘3 ae blue 82.0 3.9944 4.0106 2.2x1 
Sm 3 Hed grayish blue 80.0 3.9952 4.0196 2.1«102 
Ta “hs 0.68 blue 83.4 3.9968 4.0220 8.010 
Th 44 0.95 yellow 87.7 3.9952 4.0112 3.0109 
7 45 0.59 
Vv aS ~ light yellow 85.5 3.9944 4.0122 4.0109 
+2 0.72 
a coe = 
Ww +4 — | light yellow 80.6 3.9952 4.0162 4.1x 109 
63 A aa | 
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On the other hand, for the barium titanates 
containing one of Ag, Co, Ga, Mo, Mn, V, 
W and Zn, resistivity was not appreciably 
reduced and the anomaly in the resistivity- 
temperature character as caused by Bi, Ce or 
others could never be observed. 

Those specimens whose resistivities were 
remarkably reduced were characterized with 
bluish color. Color, lattice constant and re- 
sistivity at room temperature are shown in 
Table I, for every specimen mentioned here. 


2. The effects of the quantity of the additives 
The effects of the quantity of the additives 
were studied for the barium titanates contain- 
ing La or Ce, which had turned out to be 
effective for reducing the resistivity. 

The result shown in Fig. 3 tells us that 
the barium titanates containing La or Ce of 
less than 0.0) mol. %, and those containing 
La or Ce of more than 0.5 mol. % show com- 
paratively higher resistivity. The anomalous 
positive temperature character of resistivity 
as shown in Fig. 1, was not apparent for 
those specimens of high resistivity. 

Fig. 3 also tells us that the tetragonal lat- 
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tice of barium titanate tends to cubic at room | 
temperature with increasing quantity of La 
one: 

The variation of the positive temperature | 
character of resistivity with the variation of — 
the content of La or Ce is shown in Fig. 4. | 
From this result, we 'may suppose that the | 
optimum quantity of the additives would be | 
about 0.3mol.% for obtaining lowest resis- _ 
tivity, and that the optimum one would be | 
about 0.1 mol. % for obtaining highest posi- 
tive temperature coefficient of resistivity. 


3. The effects of the deviation from the stot- 
chiometry for the barium titanates 

It has been known that the properties of 
barium titanate are greatly affected by the 
deviation from the stoichiometry, that is the 
deviation from the unity of the molecular 
ratio of Ba:Ti. The effects of the deviation 
were checked for the semiconductive barium 
titanates. 

Experimental results are shown in Fig. 5, 
for the barium titanates containing 0.3 mol. % 
of La or 0.1 mol. % of Ce with excess Ba or 
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With the results shown in Fig. 5, we 


stoichiometry has not much influence upon 
the resistivity-temperature character. 


4, Properties of the barium-strontium titanate 


with Ce 

As is well known, increasing quantity of 
strontium causes decreasing Curie tempera- 
in barium-strontium titanate system. 


conductive barium titanate happen with the 
the transition in crystal structure, one might 
expect that the temperature where the re- 
sistivity anomaly happens will shift with the 
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variation of the content of strontium in semi- 
conductive barium-strontium titanate system. 

Fig. 6 illustrates a series of resistivity- 
temperature characters for the specimens with 
different content of strontium, and shifting 
of crystal transition point with the content of 
strontium. 

The expected correspondence of the anomaly 
in resistivity with the crystal transition is 
observed in Fig. 6. 


5. Properties of reduced barium titanates 

Even no additions are introduced, the re- 
sistivity of barium titanate can be remarkably 
reduced with suitable reduction (making defi- 
cits of oxygen atoms), that is, with heating 
in vacuum or hydrogen atmosphere. 

Pure barium titanate fired in air is usually 
yellow and has considerably high resistivity, 
however, its color turns bluish and its resis- 
tivity is lowered after the reduction treatment. 

If the reduction is not so heavy, the treated 
barium titanate shows an anomalous positive 
temperature character of resistivity. But, if 
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the reduction becomes much heavier, the posi- 
tive character becomes poor, or can even no 
more be observed. 

Such behavior of barium titanate is illus- 
trated in Fig. 7. The specimens were reduced 
in hydrogen atmosphere at the conditions 
written in the figure. 


6. Properties 
crystals. 

The properties of barium titanates mention- 
ed above are all concerned with the ceramics, 
that is the barium titanates in polycrystal 
states. 

One might wonder what behavior could be 
observed for single crystals. To answer this 
question, some measurements were done with 
valency-controlled barium titanates in singles 
crystal states. 

Specimens were single crystals of butterfly 
type (about 15mm at longest sides) which 
had been grown from barium titanate melted 
in potassium fluoride. Method of producing 


of valency-controlled single 
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single crystals was the one reported by Re- 
meika®, except that iron was not introduced 
but barium titanate powder containing 0.3 mol. 
% of La, Sb, Nd or Ce was used as raw) 
material. Though we can not expect that | 
the same amounts of additives as in the raw 
materials would be introduced into single | 
crystals, we can expect that a certain amount 
of each additive was introduced into the crys- | 
tals, inferring from their color (dark greyish | 
green for the ones containing La, Sb or Nd, — 
dark yellow for the ones containing Ce). 

The resistivity of these single crystals is 
considerably high; typical temperature char- 
acters for them are shown in Fig. 8, where no 
similar anomaly in resistivity as reported for 
polycrystals is observed. 
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and shift of Curie point with content of Sr in 
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| 7. The resistivity-temperature characters in 
the extended temperature region 

. Typical resistivity-temperature characters 
| of semiconductive barium titanates in the ex- 
§: tended temperature region are shown in Fig. 
) 9, where the measurements were done be- 
¥ tween —70°C and +400°C. 

Until the temperature gets /,, the resis- 
tivity decreases with increasing temperature 
as usually shown in common semiconductors. 
The resistivity abruptly increases at the tem- 
perature just above #1, and its rate of change 
amounts as much as 10‘. However, when the 
) temperature exceeds f,, the resistivity begins 
) again to fall with increasing temperature, 
where logarithm of resistivity is proportional 
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to the inverse absolute temperature. 

The temperature ¢; depends upon the com- 
position of the barium titanates, as it corre- 
sponds to the crystal anomaly as shown in 
Fig. 2 and Fig. 6. Whereas, the temperature 
tz is not so. much affected by the composition 
but is equally about 200°C for every specimen. 
The activation energies gotten from the incli- 
nations of log. resistivity vs. 1/absolute tem- 
perature curve are about 0.03 to 0.15eV for 
temperature region below t,, and are about 
0.8 to 1.46eV for temperature region above 
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to. The temperature coefficients of the resis- 
tivity in the temperature region between f1 
and fs are about 8 to 60%/°C, as calculated 
with the equation: 
Temperature coefficient: 
a=(1/0.43442) log Ri/R2 . 

8. The voltage dependency of the resistivity 
and the effects of the electrode materials 
on the contact resistance 

In this study, the measurements of resis- 
tance, unless otherwise mentioned, consisted 
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of the direct mzasurements of current through 
the specimens under a certain impressed volt- 
age (2 probe method). 

The comparison of the results of 2 probe 
method with those of 4 probe method and 
the voltage dependency of the resistivity are 
illustrated in Fig. 10, when ohmic electrodes 
of indium-amalgam were used, and the ar- 
rangement for 4-probe method was as shown 
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Fig. 11. Arrangement for the 4-pobe method of 
measurement of resistivity. 
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m. Fig. 11, 
Fig. 10 tells us that for certain voltages 
(0.01~0.1 volt/mm) the value measured with 
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2-probe method coincide with those measured 
with 4-probe method fairly well, and that the 
resistivity is more voltage sensitive in para- 
electric region than in ferroelectric region. 

All measurements with resistivity reported 
in this paper were done at the impressed 
voltage of 0.01~0.1 volt/mm, and with indium- 
amalgam electrodes. 

Some materials show higher contact resis- 
tance than indium-amalgam, as shown in Fig. 
12, which result was obtained for fired-silver 
electrodes. 


9. Frequency spectra of resistivity and dielec- 
tric constant for the semiconductive barium 
titanates 

In this section, the resistivity (0) and dielec- 
tric constant (€) and their frequency depend- 
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encies will be explained for typical semicon- 
ductive barium titanates with ohmic electrodes, 
o and € are calculated from the measured 
parallel resistance and parallel capacitance. 

Fig. 13 shows the frequency spectra of o 
and € for barium titanate containing 0.1 mol. 
% of Ce, and Fig. 14 shows those for weakly 
reduced barium titanate. 

Fig. 13 and Fig. 14 are rearranged in Fig. 
15 and Fig. 16 respectively, with the frequen- 
cies as the parameter. The temperature de- 
pendencies of p and € with the frequencies 
as the parameter for Ba,999 Ce.oo. TiOs and 
Ba.s97 Sr.i00 La.oos TiOs are respectively shown 
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in Fig. 17 and Fig. 18. A dispersion is ob- 
served at lower frequency region for every 
sample, and the positive temperature character 
decreases with increasing frequency. 


10. Thermo-e.m.f. for the 
barium titanates 
The thermo-e.m.f.s for some representative 
semiconductive barium titanates were meas- 
ured as total thermo-e.m.f.s against copper, 
with cold junction maintained at 15°C and 
hot junction elevated up to 415°C. Experi- 


semiconductive 


mental results are as shown in Fig. 19, the . 


e.m.f. per degree (d0/dT) appears constant in 
each specimen for the referred whole tem- 
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| perature region including Curie point. 
) value of d@/dT is about 690 to 860uV/°C which 
/ depends upon the material. 
generated e.m.f. indicates that those materials 
' are N-type semiconductors. 


The 


The sign of the 


ll. Rectifying phenomena in the semiconduc- 
tive barium titanates 

With the semiconductive barium titanate 
with ohmic electrode on one surface and non- 
ohmic electrode on the other, a certain recti- 
fying phenomenon may be observed. Fig. 20 
shows an example of this phenomenon when 
fired silver and indium-amalgam électrodes 
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were used, where the maximum ratio of for- 


ward to backward current is about 600. Semi- 
conductive barium titanates are proved to be 
N-type also from the direction of easy flow 
at the rectifying contact. 


12. Hall effects in the semiconductive barium 
titanates 

In spite of the endeavor to detect a small 

e.m.f. using sensitive apparatus, no accurate 

value of Hall constant has been obtained for 

the semiconductive barium titanates, as the 
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generated e.m.f. is very small and interfered 
with considerably strong noise. However, the 
order of magnitude of the Hall constant value 
is estimated at about 10-%cm#/coulomb, at 
room temperature, and the sign of Hall e.m.f. 
indicates that those materials are N-type. 


13. Behaviors of the semiconductive barium 
titanates with silver electrodes 

As mentioned in section 7, some electrode 
materials put on barium titanates show high 
contact resistance. Here, some characters of 
barium titanates with silver electrodes fired 
on both surfaces of them will be briefly sur- 
veyed, though these characters should not be 
considered to be proper to the barium tita- 
nates. 

The resistance shown with silver electrodes 
greatly depends upon the applied voltage as 
illustrated in Fig. 21. 

The apparent capacity shown with this 
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for semiconductive barium titanate with silver 
electrodes. 
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specimen considerably depends upon frequen- + 
cy, as illustrated in Fig. 22. Fig. 23 andi 
Fig. 24 respectively illustrate examples of the? 
effects of d.c. biasing voltage and those of 
impressed a.c. voltage upon the apparent! 
capacity and dissipation factor for the speci--/ 
men with silver electrodes. 


§ 4. Discussions 


1. Mechanism of generation of the conduc- 
tivity in the barium titanates 

Fig. 25 shows the proposed substitutions of | 
various cations for Bat? or Ti*4. For example, | 
we choose Ag*', Sb*, La**, Ce*?, Pr*?, iam 
and Th*t* as the substituents for Ba*?. Ca> 
tions written above Bat? or Tit** are those: 
which have smaller valencies than the hos? ; 
ions, and cations written below Bat? or Ti**: 
are those which have larger valencies than i) 
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Fig. 23. D.C. bias voltage effects on capacitance 
and tan@ for the semiconductive barium tita- 
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the host ions. The cations surrounded by 
the bold squares are the ones that have ap- 
peared to be effective for reducing the resis- 
tivity of barium titanates in our experiment. 

Referring to Fig. 25, we may conclude that 
the effective cations for reducing the resis- 
tivity should have larger valencies than the 
host ions. Th*t+, V+®, Mot®, Wt® and Mn*é 
seem to oppose this conclusion. However, 
Mn, V, Mo and W have more than two 
valency states, and we might assume that 
they were introduced into Ti site with the 
valencies of not more than four. Further- 
more, Th** ion which was expected to occupy 
the Ba site might actually entered into Ti site. 
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Of course, these mechanisms are only of as- 
sumption, and should be validated with the 
determination of the valency states of the 
introduced cations. 


The bluish colors of semiconductive barium 
titanates suggest the existences of Ti** ions, 
as they are popular in reduced TiO: crystals. 

Should these assumptions be true, we may 
suppose the following process of substitution, 


Bat?Tit!O;?+-4La=Ba#?,LasTit!, Tit8Oy? 
Bat? Tit'O7?-+xTa=BavTits,, Tit’Tar Or? , 


1-20 
and in case of reduction without any additives, 
Bat? TivOve sOm Bari TiO ae 
And we may suppose that the conductivity 
is caused by the electron exchange between 
Tit* and Ti**. The fact that the semiconduc- 
tive barium titanates are N-type seems to 
support the above mechanism of producing 

available electrons. 

Experimental results shown in Fig. 2 and 
Fig. 6 tell us that the anomalous positive 
temperature character of resistivity corre- 
sponds to the crystal transition, as the resis- 
tivity-temperature characters are always rais- 
ed just below the Curie points. 
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Though we may predict the anomalous 
temperature character of resistivity produced 
with a certain cooperation of the conduction 
and the crystal transition, detailed mechanism 
of the cooperation has not been clarified. 


2. Semiconductive properties of the barium 
titanates 

The semiconductive barium titanates are 
identified as N-type from the experimental 
results for thermo-e.m.f., rectification, and 
also from those for Hall voltage. 

The activation energy below the tempera- 
ture ft; as low as 0.03eV to 0.15eV denotes 
the existance of high donor level. 

It seems somewhat queer that the thermo- 
e.m.f.: d0/dT is independent of temperature 
in the temperature region including the Curie 
point; the depth of the Fermi level: 4; is 
about 0.24eV to 0.28eV as calculated from 
the value of d@/dT with the relation: 

| 
dT elmer lé 
where T is assumed to be 273°K. 


3. Frequency spectra of 0 and & for the semi- 
conductive barium titanates 

Here we discuss the frequency spectra of 
o and € shown by the barium titanates with 
indium-amalgam electrodes, that is, the charac- 
ter regarded as proper to the semiconductive 
materials. As shown in Fig. 15, Fig. 16, Fig. 
17 and Fig. 18, the resistivity-temperature 
character in the neighbor of the Curie point 
is steepest at d.c., and is apt to become less 
steep with increasing frequency. However, 
this phenomenon should be considered as 


Cp Ro 


Fig. 26. Equivalent circuit for semiconductive 
barium titanates with ohmic contacts. 
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caused by our method of measuring parallel |) 


resistance and parallel capacitance. Generally, 


we may denote the equivalent circuit of these || 
conductive specimen with the network shown | 
by Fig. 26, where R) denotes the leakage |)> 
resistance that corresponds to the actual con- }- 
ductance as shown atd.c., Cp denotes the ap- | 
parent capacity, Rp» denotes purely alternative 
losses in concerning with Cy». These Ro, 
Cy and R, are of course functions of temper- 
ature and frequency. 


Now, roughly assuming that the dielectric |) 


tangent, tand=1/wC,Rp, is constant and in- © 


Fig. 27. Double layers. 


Ba.e97 Ce.co3 TiOs 


measured 
calculated 


IN 10° 


DIELECT. CONST. 


Sis io 
FREQUENCY: IN C/S . 
Fig. 28. Comparison of measured value and calcu- 


lated value for the dispersions in resistivity and 
dielectric constant. 
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|| dependent of the frequency, we may calculate 


F a.c. 
| Fig. 17 and Fig. 18 as dotted lines, and fairly 


| good coincidence of them with the measured 
| values suggest us that the resistivity-temper- 


and the resistivity-temperature character at 
The calculated results are shown in 


ature character observed at d.c. would be 


maintained still at 5 Mc. 


Some ot the dielectric dispersions shown in 
Fig. 13 and Fig. 14 may be explained as that 
caused with interfacial polarization, though 
not all of them can be done. Here we ima- 
gine double layers as shown in Fig. 27, for 
the measured character of Fig. 28 which is 
abstracted from Fig. 13. Assuming d,/d: is 
equal to unity, we may -have the calculated 
values shown in Fig. 28 by dots, with values: 
€:=2.5X104, 01=2.75x10'ohm-cm, €&:=4.3x 
10° and o2=2.5x10?ohm-cm. The coincidence 
of calculated and measured value suggests 
the validity of this explanation for this case. 


Ca Rs 


Cp Rp Ro 


Fig. 29. Equivalent circuit for semiconductive 
barium titanates with non-ohmic contacts. 


4. Barrier layers 

From various results as shown in Fig. 21, 
Fig. 22, Fig. 23 and Fig. 24, we may reason- 
ably suppose the existence of barrier layer 
at the contacts of silver and semiconductor 
for the specimen with silver electrodes, in 
which case the equivalent circuit should 
be written as Fig. 29. Barrier capacitance 
amounts about 4.4x10-vF/cm? and barrier 
conductance is about 1x 10-? mho/cm’. 
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5. Various effects on producing semiconduc- 
tive barium titanates 

Each additive has its own optimum quantity 
for producing semiconductive barium titanate 
of minimum resistivity, as shown in Fig. 3. 
Close care should be paid for weighing the 
raw materials, as the optimum quantities are 
critical. The reason why the excess amounts 
of additives tend to make the barium titanate 
an insulator is a problem still to be studied. 

On the other hand, the deviation from the 
stoichiometry is not critical as known from 
Fig. 5. Additional experiment informed us 
that the forming pressure of green body is 
also not critical as shown in Fig. 30, which 
was obtained for Ba,9osCe.o01 TiO3. 


Ba.see Ce.oo1 iO3 


on 


IN OHM-CM 


w 


co) 


RESISTIVITY 


O 20 40 60 80 !00 120 I40 I60 
TEMP, IN DEG. C, 
Fig. 30. Effect of forming pressure on resistivity- 
temperature character. 


§5. Conclusion 


The conductivity of semiconductive barium 
titanates is supposed to be produced by the 
control of valency of Tit‘ ions, generating 
Ti*? ions which present available electrons. 

The mechanism for the generation of the 
anomalous positive temperature character is 
still not clear, however, it is obvious that the 
anomaly in resistivity is just caused with the 
transition in the crystal. 

The similar anomaly in resistivity would be 
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predicted in other crystals which have any 
crystal transition and of which constituent 
ions possess more than two valency states. 

Lead titanate, lead zirconate, barium zirco- 
nate titanate are the examples of these ex- 
pected crystals, though we have not yet ob- 
tained successful results for them. 

Those barium titanates with positive tem- 
perature character of resistivity are not only 
of interest from the stand point of solid state 
physics but also important for practical appli- 
cations. 

Thermally sensitive resistor which was 
hitherto characterized with negative tempera- 
ture coefficient is now available with great 
positive temperature coefficient. Thermally 
non-sensitive resistor may also be available, 
utilizing suitable compositions and temperature 
region. Besides, applications for arrester, 
regulator, barrier capacitor, non-destructive 
rectifier are also predicted. 
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On the Theory of Thermoelectricity 


By Jan Tauc 


Institute of Technical Physics, Czechoslovak 
Academy of Sciences, Praha, Czechoslovakia 


(Received April 24, 1959) 


The meaning of; the inner {electrical field inside a two band semi- 
conductor the gap of which depends on temperature is discussed in con- 
nection with the theory of the thermoelectromotive force in such semi- 


conductors. 


In a recent paper Haga discusses the 
theory of the thermoelectromotive force in 
a two band semiconductor. In this note, I 
wish to communicate a few remarks on some 
questions mentioned in his paper. 

The definition of an electric field in a two 
band semiconductor the gap of which is not 
constant is ambiguous in a similar sense as 


e. g. the electrochemical potential —eg+y 
cannot be in all cases decomposed into an 
electrical part —eg and chemical part x; this 
problem is discussed in textbooks on thermo- 
dynamics (cf. e.g.»). In a semiconductor, 
the decomposition is possible as we can 
calculate the chemical potential ~ from the 
concentrations of electrons using the Fermi- 


) 


1959) 


Dirac statistics. If the gap e, is not constant, 
one has to consider three parts of the poten- 
tial acting on the electron which one cannot, 
without an appropriate theory, determine 
separately. 
However, it is always possible to write the 
current density equations in the form: 
(k) 
w= (ek, + TRAD) 4 ox hat 
e\ dx +e TOs M1) 
This form can be justified by general 
considerations of the thermodynamics of 
irreversibe processes (see 3)). Here E, denotes 
the electric field, “a is the chemical potential 
measured as illustrated in Fig. 1, Q.*® are 


CONDUCTION BAND 


VITAL LS, 


| VALENCE BAND 
| 


Gi hb 
bey 


Fig. 1. 


Energy levels. 


heats of transfer of electrons (k=1) or holes 
(k=2); the index a means that the quantities 
are measured from an arbitrary zero energy 
level. The second term in Eq. (1) may be 
considered in a certain sense as an “‘inner’’ 
force which together with the third term 
gives rise to the electric field, the integral 
of which can be measured as the thermo- 
electromotive force. 

The chemical potential can be written as 
the sum fo=eotu=eytegtyu (4 has the same 
meaning as inref.1)). The heat of transfer 
can be written Qat*Y = e+ Q*Y, Q,*@= 
ey—Q*@), where Q*@, Q*@ are the kinetic 
energies of transfer of electrons and holes 
which are given by the equations: 


(k) 

Ky 
Cé) 

KY 


Q*@) — 2) 
(for Ki, Ke see ref. 1)). 

We put these expressions into Eq. (1), set 
i~)+i,2=0 and calculate Ez. Integrating Ez 
along « quite similarly as was done in Ref. 
[1] we obtain the same formula for @ as Eqs. 
(22) and (24) in this reference or in a paper 
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by the author?. This is of course obvious 
as the use of the electrochemical potential is 
equivalent to the use of the electrical poten- 
tial; both differ by the chemical potential 
which is the same in the points x, x3 (see 
Fig. 1 of ref. 1)). The first term in Eq. (4) 
of ref. 1) is certainly equal to zero; y is 
only the function of the composition and 
temperature of the semiconductor which must 
be the same in both points; there may be 
some doubt about the justification of the 
integration per partes but it is evident that 
we can suppose e.g. the contacts to be 
constructed so that “ is a continuous and 
differentiable function of x across them. 

The final formula for the thermoelectric 
power is the same whether e, depends on T 
or not. The reason for this is that the genera- 
tion of the thermoelectric power is connected 
with the flow of entropy as was first pointed 
out by Ehrenfest®. In fact, we can write 
Eq. (1) in the form 

of) dT 


; dL, 
ee lig i 4 Oe Cee es 
: e (« ax aa © 


where S*=(Q,*)— 44)/T are the entropies 
of transfer. It is seen from this definition, 
that S* are independent of the zero energy 
level and of ec, ey. Using S* we can write 
the expression for the absolute thermoelec- 
tromotive power Q of a two band semiconduc- 
tor in the form: 
ale o® 
= = oD+g@) 
The use of the internal electric field inside 
a two band semiconductor proved valuable 
also in the theory of photovoltaic effects” 
even if eg was not constant (cf. e. g. the case 
of e, varied by external pressure, the so 
called photopiezoelectric effect described in 
ref. 7)). 


Ste RO aes S¥@) |(4) 
gD + g® 
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When temperature gradient is given in a specimen of AgCl doped with 
CuCl, its thermoelectric power changes with time owing to the thermal 


diffusion of copper ions, and then reaches its steady value. 


If the tem- 


perature gradient is removed after such a steady state is attained, the 
electronmotive force continues to exist for a while, but it decreases with 
time according as the copper ions diffuse again to the previous homo- 


geneous distribution. 
under proper assumptions. 


The expressions for such processes are derived 
The time constant for them is estimated 


with use of the conductivity data of Ebert and Teltow. The informa- 
tion on the heat of transport of Cu+ will be obtained if experiments on 


such processes are carried out. 


Introduction 


§1. 


On the mechanism of thermal diffusion of 
ions or atoms in solids the theoretical study 
has not been well developed. Here we want 
to point out that we obtain an information 
about the heat of transport characterizing the 
behaviour of ions in thermal diffusion from 
the knowledge of the thermoelectromotive 
force. Recently, the theories of the thermo- 
electromotive force of AgCl(Br)+CdCl.(Br2)?® 
and NaCl+CdCl* have been proposed and 
the former has been compared with the ex- 
periments.®© When temperature gradient is 
set up in those crystals, the complexes (Cdtt- 
vacancy pairs) will diffuse in the crystal, and 
accordingly the free vacancies will be denot- 
ed from the complexes or conversely they 
will combine with the cadmium ions to form 
complexes. As a result of these processes, 
the concentration gradient of free vacancies 
and so the electric field, EH, changes with 
time. The thermoelectric power is, how- 
ever, independent of time as mentioned in 
(I), since it does not depend on the concen- 
tration gradient of charge carriers. This 
time independence is due to the fact that the 
complexes are neutral and so do not contri- 
bute to the electric conduction. 

In the case of (AgCl+CuCl) specimens 
which will be considered in the present paper, 
the interstitial copper ions are supposed to 
diffuse instead of neutral complexes in the 
cases mentioned previously. Therefore, when 
temperature gradient is set up in the speci- 
men, the thermoelectromotive force changes 


with time and reaches the steady value. In 
such a steady state, the concentration of cop- 
per ions varies along the specimen and its 
distribution can be expressed in terms of the 
value of the heat of transport of copper ions 
and other parameters. When the tempera- 
ture gradient is removed after such the 
steady state is attained, the interstitial copper 
ions diffuse again and accordingly the residual 
electromotive force decays with time. From 
the analysis of such processes, the informa- 
tion on the heat of transport of the intersti- 
tial copper ions can be obtained. Besides, we 
shall analyse the conductivity data of Ebert 
and Teltow”, and estimate, from such an 
analysis, the value of the time constant, tT, 
for the above processes. 


§2. Thermoelectric Power 

The electrical current densities of Ag* 
interstitials, vacancies and Cu? interstitials, 
ji, Jv and jeu, are given, respectively, by 


re kT 0c) = Qi* OT 
i= E — ~~ - —— 
wihe (< cat O44 Degen ) : eS. 
* Ov el Oc» On Jae 
pS eet a 
ini getereiee ie esi 
: Tou RI OCse Oona 
0 Rie ae E—- —_ 
J é (c Cou Ox Wk Ox ) : 33 


where o:, c: and Q;* are the partial conduc- 
tivity, the mol fraction and the heat of trans- 
port of the Ag* interstitial, respectively, and 
68) Cos 1Qe*, Cou and Qeu* are defined 
similarly. We shall assume that the charge 


neutrality and the local equilibrium expressed 
by 


Ocuy 
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Cit Ceu=Co , (4) 
CiCvo= No’ /No- exp (— “r/RT) (5) 


are valid approximately, where Ny) and NM)’ are the concentrations of the normal and inter- . 
Stitial sites of Ag*, respectively, and yur is the Gibbs free energy of forming a pair of 
Frenkel defects. Then the concentration gradients of the Ag* interstitials and vacancies can 
be expressed in terms of that of the Cu* interstitials. 

The thermoelectric power, Q, with the silver electrodes is obtained from the gradient of 
electrochemical potential of a silver ion as done in (I). Making use of Eqs. (1)~(5) we 
obtain 


en Deitence (Cou)2=n— (Cou) 2-0 


a CoulCe + Cy) We —kincyta 
— | the + Qe +Qo*) +heou(Qv* +Qeu™) = eee ? ( 6 ) 
CitCy 


where 4T is the temperature difference between the ends of the specimen of the length L, 
and 7; and fen are the transport numbers of the Ag*t—and Cu*—interstitials, respectively, 
and @ is the notation used in (I). 

Now, we calculate (Ccu)z-1—(Ceu)z-0 in Eq. (6) as a function of time ¢. Let us consider 
only the case that L is so long that the time constant, t, is much longer than the time re- 
quired to set up 47 in the specimen. When 4T is set up in the specimen at t=0, the local 
equilibrium will be established at the same time, and accordingly there will be more Cu* 
interstitials in the higher temperature side than in the lower one. Then, copper ions diffuse 
in the electric field which is determined by the condition that the total electric current 
vanishes. Hence, in the side where cew is increasing owing to the diffusion, the Cu* inter- 
stitials drop into the Ag+ vacancies and, in the other side, they are donated from copper 
ions on the lattice sites so that the local equilibrium is approached. In response to such 
the current of copper ions, the Ag* interstitial concentration decreases or increases owing to 
the combination with vacancies or the inverse process. Such a combination or a generation 
contributes to the change of the concentrations of Cu’ interstitials, Ag* interstitials and 
vacancies with time. On the other hand, the variation of the total concentration of copper 
ions, y, is only due to the x dependence of the current of Cu* interstitials: 


oy ae es. O( jeu/eNo) 
ot Ox j oy 


Substituting the electric field E obtained from the condition jitjo+jew=0 to Eq. (3), we 
have 


$ 0c. on 
Seay, (Bee Re CE 8 
where 
Dou eT eeotoull—tou) ’ (9) 
CCou(Ci + Cv) 
cou(Ce+0s)[_cche__ tt (ap 4 Qi8 + Q.4) + (Qo? +Qnt) |. (10) 
Sy 2RT 2Cv [Boats ei po : 


Here o is the total conductivity of the specimen. The mass action law between copper 
ions and silver vacancies 


y¥=Ceull+e.K) ’ (11) 


where K is the equilibrium constant, is assumed to be valid approximately. Then the left- 
hand side of Eq. (7) is expressed in terms of 0¢eu/Ot from Eqs. (4), (5) and (11): 
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By _ 2ceyleu—Cou Bon all 

ot Ci+Cy Ot 
In differentiating Eq. (8) with respect to x, the terms coming from the differentiation of 
Deu and S are of the order of (OT/@x)?, since the derivatives of ci, cv and cox with respect fF 
to x are obviously of the order of 07/0x. Hence, considering the terms in Eq. (7) up to the § 
order of 0T/Ox, we have ) 


} 
0Ce O2Cou c | 
ie (13 
ot : Ome 


where 


Cotcy Deu 
is 14) | 
Qcvy/ou — Cou @No (14) — 


The boundary condition of the diffusion equation (13) is given by® 


(Jou)e-0=(Jeu)e-r=0 , (15) 
which is rewritten as 
OGen OCew ) Oe 4 
series = ine Be ee S as 16) 
( Ox iy ( Ox a= Ox ( 4 
from Eq. (8). The initial condition is given by 
ENO Gen oT 
os Bike ’ 
(Cou)t=0 C +(# 2 lien Hap BY (17) 


where Ccu® is independent of x. Eq. (13) has been solved under the similar boundary and 
initial conditions to Eqs. (16) and (17) by Yokota.® We find easily the following solution: 


coum Cour—( x bes a) 5 OF 


2 Ox 
_ 4b Cow = cos [(2m-+1)xx/L] exp [— (2m +1)?t/t] OT 
; Is Caiee a (2m-+1)? ax’ (18) 
where 
pall ae ID (19) 


From Eq. (18) the difference of ccu between 
the ends of the specimen is given by 


(Cow)e=r "2 (Cou)r=0 
AT 


=-S+|5 ero ec , (20) 


where 
Mee e S exp {=—(2m+1)?x} 
7? m=0 (2m-+1) 
The value of F(x) is shown in Fig. 1, where 
the value of exp(—#) is\also shown, fom Com rt iu Thevinll me uehon mit eee ee 


sa dashed line shows e ~ 
f xp(—a) drawn f - 
From Eqs. (6) and (20) we obtain the ex- parison. a pase 


pression for the thermoelectric power: 


(2) 


—> X 


beets ti ox * Or 
eQ ee (hr +Qi* +Qo*) + r —kincyta 
= Cilr 2kT co el ti 
“ie CitCy Cou(Ci + Cv) Od t=0 l=t 


gir FOP+O")+Q*4+00) |P(L). 22) 
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The value of hv+Q.:*+Q>* is found by measuring the steady value of Q. Furthermore, we 
| find the value of Q.*+Qce.* by measuring the variation of Q with time. If the quantity of 
CuCl mixed is small, the difference between the initial and steady values of Q is small, 
since the terms of Q depending on time include the factor ft... Therefore, we have to mix 
_ a proper amount of CuCl in order to find the value of Q.*-+Qvu* from the easy measurements. 


$3. Residual Electromotive Force 


In the steady state in the presence of temperature difference between the ends of the 
specimen, 47, the concentration distribution of Cut depends on Qeu.* as mentioned above. 
Hence, when the temperature difference is removed, the information on Qe.* is obtained 
from the residual electromotive force, 4V. Let us consider it in the present section. When 
AT is removed at time t=0, the system will immediately attain the local equilibrium corres- 
ponding to the Cu* amount at each place. The potential difference between the ends of the 
specimen, 4V, is given by the difference of the electrochemical potential of a silver ion: 


aa kT Oe; 2RT teuc 
2A Ve 2 Fy - je SOT | a ct DCCoR Lollle Of 
\ ( oe ci Ox ) i CoulCi + Cv) [Kee Pe Seloe (23) 


The partial differential equation (13) and the boundary condition (16) with 07/0x=0 are 
valid at the present case also, while the initial condition is different. The latter is easily 
obtained as follows. Differentiating Eq. (11) with respect to x and making use of Eqs. (4), 
(5) and (18), we have, in the steady state, 


Oy 2Cv¥/Cou— Cou Ci( V—Ceu) hr dK | 0T 
— = —- = = SP Pe Sn aes ECL) Gara | |Seaae 86 24 
ax J SEWN SD ie, Pees PT aToRt al Ox oe 
In the moment when 4T is removed, we have 
Oy be. 2Cvy/Cou— Cow OCeu (25) 


Ox Ci tC Ox : 


We can equate Eq. (25) to Eq. (24), since the value of » does not change at the instant of 
elimination of 47. Thus we obtain the initial condition: 


i) =| Seal Ci Y—Cou) hr \ CuCou(Ci + Cv) a ee (26) 
t=0 


BU veoh a) Morne | Deo Cut Ox” 


Now Eq. (13) is solved as 


ae Cre ole Pr ie) (27) 


with (0ceun/Ox)t-0 given by Eq. (26). From Eqs. (23), (26) and (27), we obtain the expression 
LOGI: 


CAV _ teul cchy— 2kT2cr?dK/dT ti * fy | ( t ) 
a = S : h 4 +Q ae » +Qeu F em | ho 28 
AT TE. | 2CvV/Cou— Cou il ae aa oe) @ < ) C Ce 


Here it should be remarked that the right-hand side is equal to the factor in Eq. (22) de- 
pending on time, as easily seen from Eq. (24) with Occu/Ox in place of —SOT/Ox, since y is 
independent of x in the moment when 47 is set up. Thus we find the value of Qv*+Qeu* 
by measuring 4V. 


§4. Estimation of Time Constant 

Ebert and Teltow has measured the electrical conductivity of AgCl doped with CuCl of 
several concentrations.» The ratio of the electrical conductivity of an impure specimen to 
that of the pure specimen, z, is written as, from Eqs. (4) and (5). 
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_ £046) +1/E-@-4) bt "I 
nag 1+¢ See, 29) 


where ¢ and ¢ are the ratios of the mobilities of the Ag*—and the Cu*— interstitial to 7 
that of the Ag* vacancy, respectively, and xo is the concentration of the Frenkel defect in - 
the pure AgCl. From the minimum value of z drawn against y, the value of ¢’ is found | 
by making use of the values of ¢ found from the conductivity data of AgCl doped with | 
CdCle. Such values of ¢ are shown in Fig. 2. 
Eq. (11) is rewritten, in terms of &, as 


men teks (30) ssfc___ 300 __2s0°C 
Therefore, when the left-hand side of Eq. 2 
(30) is plotted against & at a fixed tempera- 
ture, the plots are expected to be on a straight io 


line passing (0, 1). From the gradient of this 
line the equilibrium constant K is to be ob- 
tained. Fig. 3 shows such a plot at 275°C, 
where the value of x) found for AgCl doped t 
with CdCl, is used. Fig. 2 shows also the 
value of K obtained in such a way, which is 


represented as 10 
8 
0.94 | 
K=exp | 8.4 : (31) 008 16 7 18 19  Q002 

kT(ev) ——sS VT (°k7') 
The values of ci, cv and ceu are obtained by fig. 2. The equilibrium constant, K, and the 
making use of the value of € obtained from mobility ratio of the Cu+ interstitial to the Ag+ 
the measured value of z and Eqs. (4) and (5). vacancy, ¢’, drawn against 1/T (°K-}). 


— y fxol § - 5) 


| al 
0.01 Ol les 
y (in Mol-%) 
Fig. 3. y/ao(E—1/é) vsé at 275°C. The values in Fig. 4. The time constant, +c, in hour vs y in 
the figure show those of y in Mol-%. Mol-% for Z=1cm. 
Also, the values of f; and tew are obtained from 
= i de oes rae ae 
ze +9)’ z+a\* =)” a 


Thus, the time constant, t, is estimated as shown in Bice 442— heme 
The author wishes to express his sincere thanks to Mr. Yokota, Mr. Miyatani and Mr. 
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The crystal growth of CdS has been investigated in detail mainly by 
the method of sublimation and recrystallization in the flow of nitrogen 
gas, with special reference to the process of growth and the forms of 
grown crystals, and the conditions have been searched for under which 
various kinds of crystal forms such as needle, lamina, plate, rod, block, 


twin and whisker forms are grown. 


To this end, the degree of vaporiza- 


tion in sublimating region, the temperature and saturated vapor pressure 
in growing region, the thermal decomposition, the origination of growth 
as well as the effect of dislocation upon crystal growth have been investi- 
gated. Further, the degree of perfection and luminescence of grown 


crystals have also been observed. 


§1. Introduction 


In the course of investigating physical 
properties of cadmium sulphide (CdS) and its 
industrial applications, it is essential to estab- 
lish the growing formula of CdS single 
crystals. Thus, in the present study, the 
author has observed in detail the crystal 
growth of CdS, paying special attention to 
the process of growth and the forms of grown 
crystals, and has searched for the conditions 
under which various kinds of crystal forms 
are grown. 

For preparing CdS single crystals, three 
different methods have been used. Thus, the 
author at first adopted the so-called Frerichs’s 
method, and next used the method of sub- 
limation of CdS powder in the flow of inert 
gas?) and finally studied the method of 
recrystallization of crystalline powder in a 
sealed quartz vessel». The first method is 
rather complicated on account of too many 


variables, and the second is, on the contrary, 
comparatively favorable for controlling the 
growth of single crystals, while the last one 
is fitted to obtaining relatively thick and big 
crystals. 

In the present paper are presented some 
results obtained mainly by the second method, 
together with discussions on some interesting 
facts observed. 


§2. Method of Sublimation in the Flow 
of Nitrogen Gas 

Molten CdS is obtainable only at high tem- 
perature and at high pressures‘, and the solid 
CdS generally begins to sublime as the tem- 
perature rises. To prepare single crystals 
starting from CdS powder, therefore, we 
must at first vaporize CdS powder by sub- 
limation and then crystallize by condensing 
the vapor. The author has performed this 
process by sublimating polycrystalline powder 
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of CdS in the flow of nitrogen gas and then 
leading the vapor into lower temperature 
zone where CdS deposits and crystallizes”. 
The experimental apparatus used is shown 
schematically in Fig. 1. The crystal growth 
was performed in a combustion tube made 
of quartz. To begin with, the electric furnace 
was heated up and, at the same time, the 
flow of nitrogen gas was led through the 
tube. After the temperature at the center 
of the tube has been raised up to about 
1,050°C~1,150°C, a quartz boat containing 
CdS powder was inserted into the center of 
the combustion tube, and then a quartz pipe 
(i.e. cooler), which was cooled by the flow of 
nitrogen gas, was inserted from the exit side. 


electri furnace 
cooling pipe 


sss SSS 
SSS SSS SS 


CdS powder Ne 
se 


——> Nz 


CdS crystals 
quartz pipe 


Fig. 1. Crystal growing apparatus. 


Fig. 2. Grown crystals on the cooler. 


With the rise of the temperature of the 
boat, CdS began gradually to sublime. The 
vapor was carried by the flow of nitrogen 
gas towards the exit and the crystal growth 
of CdS started on the surface of the cooler 
whose temperature was between 800°C and 
1,000°C. After a few hours single crystals 
grew up to dimensions as large as 10~20 mm 
in length and 2~10mm in width. It was 
observed that crystals were grown also on 
the surface of the tube wall at about the 
same time. The heating of the furnace was 
stopped when CdS powder in the boat was 
sublimed thoroughly, but the flow of nitrogen 
gas was continued until the temperature of 
the furnace became as low as 400°C. Fig. 2 
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shows single crystals grown on the surface 


of the cooler which was drawn out from the 


combustion tube when its temperature was |~ 
is to be |e 


lowered to room temperature. It 
noted that in performing these processes the 


purification of CdS powder and the cleaning — 


of nitrogen gas as well as of the combustion 
tube have been made thoroughly. 


Factors affecting the Crystal Growth 
by the Method of Sublimation 


We shall next discuss several factors affect- 
ing the crystal growth by the method of 
sublimation. Most important ones are the 
sublimation temperature of CdS powder, the 
velocity of flow of nitrogen gas, the tem- 
perature of region where crystals are grown 
and the vapor pressure of CdS, etc. 


(1) Sublimation temperature of CdS powder 

The pressure of nitrogen gas surrounding 
the subliming CdS is nearly equal to atmo- 
spheric pressure. In order to supply the 
vapor necessary for sustaining the crystal 
growth, therefore, the minimum temperature 
of the region of sublimation should be as high 
as 1,050°C. The forms of crystals grown at 
this temperature are usually needles or 
laminas. By raising the temperature, the 
vapor pressure of CdS increases and crystals 
of plate- and rod-shapes are liable to growup. 
But, in these circumstances, both the vaporiza- 
tion of impurities and the degree of thermal 
decomposition increase. 


(2) Sublimation speed and saturated vapor 
pressure of CdS 

As mentioned already, CdS powder was 
sublimed in a quartz boat whose area is about 
7cm*. The sublimation speed in case when 
the velocity of flow of nitrogen gas is very 
small is as shown in Table I, but in practice 
the sublimation speed depends upon the grain 
size, weight and surface area of the powder 
as well as upon the rate of flow of nitrogen 
gas. Moreover, the vapor pressure in sublim- 
ing region and the rate of supply of vapor 
are determined by the sublimation speed and 
the rate of flow of nitrogen gas. For 
instance, needle-shape crystals are likely to 
grow up in case when the rate of flow of 
nitrogen gas is increased, and by increasing 
the weight of powder, rod-shape crystals are 
more likely to grow up. If, we use helium 
in place of nitrogen gas, there is a tendency 
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y that needle-shape crystals grow up more 
easily. 

The second factors affecting growing cry- 
stals are the temperature of growing region, 
the saturated vapor pressure corresponding 
to the said temperature and the degree of 
supersaturation of CdS. The author has 
therefore attempted to calculate the saturated 
vapor pressure of CdS. In Table I and Fig. 
3 are shown those values for higher tem- 
peratures which were calculated from the 
weight of sublimed CdS, the volume of flow 
of nitrogen gas and the maximum tem- 
perature of growing region. On the other 


hand, the so-called method of molecular 
Table I. Sublimation speed in flowing nitrogen 
gas and saturated vapor pressure. 
Temperature Sublimation speed| Saturated vapor 
pressure 
16 g/hr mmHg 
900 4 
950 : 9 
1,000 20 
1,050 0.4-0.6 40 
1,075 0.8-1:1 
1,100 1,3=1°56° 78 
ih ea) 1.8-2.2 
1,150 2Mz3,3 
ar 


calculated value Bs 
from gas transportation method 


curve V 
-~B.K,Veselovskil 


calculated value from molecular 
effusion method 
curve H \ 
AS 
—-C.M.Hsiao & \ 
A.W, Schiechten ‘s 


Ol 


0.0! 


0.6 0.8 1,0 


2 +x 103 


Fig. 3. Saturated vapor pressure of Cd S, 
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effusion was adopted to compute the values 
for lower temperatures. Thus, as shown in 
Fig. 4, CdS held in a quartz container whose 
upper cover has a small hole of diameter of 
0.06mm was kept in the quartz tube and 
then the tube was evacuated. The tube was 
then inserted into an electric furnace kept at 
a definite temperature so as to sublimate CdS, 
and after having kept the tube at a constant 
temperature for a long time, CdS was rapidly 
cooled and the loss of weight of CdS was 
measured. 


electric furnace 


small hole O.06mm¢4 
Cds 


Vacuum 


Fig. 4. Apparatus for measuring of vapor pres- 


sure. 
Table II. Sublimation speed in vacuum and 
saturated vapor pressure. 
Tem- Subli- Measur- | Subli- Saturated 
perature mated | ed time mation | vapor 
Weight speed pressure 
TCC) | G(mg) z(hr) (g/hr) | p(mmHg) 
650, TZ, 48 2.50x10-5, 0.0122 
700 09 8 ISSO) OCs ral 
750 PAs) 8 2.88 x 10-4} 0.150 
800 320 3 (00 =10 se 0826 
900 10.4 2 5.20x10-3} 2.90 


In performing the present experiment, 
special attention was paid to the following 
points: (1) as specimens sufficiently pure CdS 
crystals were used which had been prepared 
by sublimation and recrystallization in a 
quartz tube; (2) the degree of vacuum of the 
tube was kept superior to 10°°>mmHg; and 
(3) the time duration of keeping the electric 
furnance at a definite temperature was made 
sufficiently long, so that the periods necessary 
for heating and cooling of CdS could be 
neglected. 

The results obtained are shown in Table 
II, and by using the data the saturated vapor 
pressure of CdS can be calculated as follows. 

Now, according to Knudsen, the saturated 
vapor pressure P is given by 
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WG 
vine 
where p is the density of CdS vapor, G is 
the weight of CdS spouted from the small 
outlet (being of 0.06 mm in diameter) during 
the period t, and W is the flowing resistivity 
of the outlet which is connected with the 
area A of the outlet by the relation: 


P= (1) 


Ven (2) 


If we regard CdS vapor as an ideal gas, 
its density e is given by 
eis 
ie RT’ 
where M is the molecular weight of CdS, T 
is its temperature and PF is the gas constant. 
Thus, combining (1), (2) and (3), we have 
RT VaaG 
e V Maa A. 
The values of P as calculated by this 
equation are given in the fifth column of 
Table II and are shown graphically in Fig. 
3. In Fig. 3 are also shown for comparison 
the data obtained by A. D. Pogorelyi® (curve 
P), C. M. Hsiao and A. W. Schlechten® 
(curve H), and B. K. Veselovskii? (curve V). 
It will be seen that the present author’s data 
are somewhat larger than the others’. 
An empirical formula for P fitting our data 
is found to be 


(3) 


oe) 


10.39 x 10° 
mesa. te 


(3) Thermal decomposition of CdS 

The thermal decomposition of sublimed 
vapor surrounding heated CdS must not be 
looked over in the discussion of the sublima- 
tion of CdS. Since, in our measurement, the 
stoichiometric ratio of Cd:S remained un- 
changed before and after the sublimation, it 
may be supposed that CdS sublimed as 
molecules. However, we are obliged to con- 
sider that there are some possibilities of 
causing the thermal decomposition of CdS 
vapor in accordance with Pogorelyi’s report™ 
and with the fact that a little deposits of Cd 
metals are sometimes observed on lower tem- 
perature parts of the cooler during the 
process of crystal growth. 

Thus, we shall now calculate the degree 
of thermal decomposition of CdS, which is 
expressed by 


logio P=9.36— 5 ) 
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CdS (solid)->Cd (gas)+2S: (gas). (6) | 

If, in this case, K, denotes the equilibrium || 
constant of reaction, the equilibrium pressures |} 
for gaseous Cd and S:, denoted by Poa (gas) and | 
Ps, cgas) respectively, are given by the equa- li 
tion: 1 
Kr= Poa eae) (pcan) : ( 7) | 


The constant K, can also be expressed in 


terms of the difference of free energy 4Fy |) 


before and after the occurrence of the 
chemical transformation as follows: | 
4F>=—RT log Kp, (8) 
while, 4F, itself can be calculated by the | 
equation: 
? AHe 
ay ea 
where 7 is a constant relating to the difference 
of entropy and 4H7 is the difference of heats 
of formation and is expressed in terms of the 
difference of specific heats at constant 
pressure 4C>» as: 


JFy=—7\ aDpTir-, (9) 


TE 
4H=4Hh+| AC aim ; (10) 
0 


where 4H is the difference of heats of forma- 
tion at absolute zero temperature. 

Thus, by (8), (9) and (10), the constant K, 
can be obtained as a function of temperature 
by substituting following numerical values®: 


Cy(CdS)=12.9+0.90 x 10-°T (cal/mol), 


(EXCH) = 5.0 (cal/g-atom), 
Cr(S2) = 6.5+0.001T cal/mol); 
A He9s(CdS)= —34,500 (cal/mol), 
AHo9s(Cd) = 26,970 cal/g-atom), 
AHo98(S2) = 29,690 (cal/mol); 

AF y9s(CdS) = — 33,600 cal/mol), 
AF29s(Cd) = 18,690 (cal/g-atom), 

( AFo98(S2) = 18,280 (cal/mol). 

If, then, we take into account that the 


value of Poa (gas) is twice as large as that of 
Ps, (gas), these equilibrium vapor pressures 
can be calculated as function of temperature. 
The results are shown in Table III. 
Comparing the author’s numerical values 
given in the table with calculated data by S. 
Shionoya® on the equilibrium vapor pressures 
of gaseous Zn and S, from thermally decom- 
posed ZnS, it is found that they are con- 
sivered to be appropriate, because the vapor 
pressure of S, from CdS at 1,000°C is about 
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twenty times as large as that from ZnS and 
is nearly one-third of saturated vapor pressure 
of CdS. 

Since, however, it is desirable that the 
vapor pressures of gaseous Cd and S, are as 
small as possible, it is necessary to prevent 
further progress of thermal decomposition by 
the use of pure nitrogen free from water- 
vapor or oxygen. 


Table II]. Equilibrium vapor pressure of gaseous 
Cd and S, from thermally decomposed CdS 


Temperature Ps, (¢) Pea 
A mmHg mmHg 
600 8.49 x 10-4 Ie 7OS 10S? 
700, L538 10r2 3.06 x 10-2 
800 sc orlivealOme 
900, it (08) DD AN) 
1,000 5.47 10.9 
1,100 21.4 41.8 
1,200 69.3 139 
1,300 191 382 


(4) Discussion on saturated vapor pressure 

Calculating the vapor pressure by the use 
of Eq. (4), it was found that the saturated 
vapor pressure of CdS in the temperature 
range as measured by the author varies from 
0.01 mmHg up to 4mmHg. In comparison 
with the data for the effusion of mercury 
the flow of vapor through the small hole of 
the vessel may be regarded as molecular so 
far as the vapor pressure is less than 0.5 
mmHg, because the dimension of the hole is 
as small as 0.06mm in diameter. Further, 
since there exists no transition point in the 
above-mentioned temperature range, the vapor 
pressure higher than 0.5mmHg may still be 
estimated by Eq. (4), notwithstanding that 
the flow is no more molecular. 

The values of vapor pressure as calculated 
by the gas transportation method are also 
plotted against the temperature in Fig. 3. 
It will readily be seen that they are slightly 
larger than those calculated by Eq. (4), but 
inclinations of these two curves, as well as 
those of curves P, V and H, are all the same, 
indicating that the value obtained by the 
author for the energy necessary for sublima- 
tion is nearly equal to those obtained by 
Hsiao® and Veselovskii?. Also, the author’s 
values are several times as large as the 
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equilibrium vapor pressures of thermally de- 
composed CdS. 

From these considerations it can be said 
that the author’s values for saturated vapor 
pressure are appropriate, though, as mention- 
ed already, they are somewhat larger than 
Pogorelyi’s® and Veselovskii’s values”, but 
it seems that Hsiao’s values® are too small. 


$4. Aspects of Crystal Growth 


In this section, aspects of crystal growth 
by sublimation method will be described in 
some detail. 


(1) General view 

As soon as the boat containing CdS powder 
was inserted into the center of the combus- 
tion tube and the cooler was set from the 
exit side, the sublimation of CdS immediately 
began to occur, and its vapor was carried 
downstream by the flow of nitrogen gas and 
was condensed on the cooler. At the beginn- 
ing, grains of relatively large size were 
deposited at the place of higher temperature, 
while at the place of lower temperature 
smaller grains were deposited. With the 
progress of sublimation and the increase of 
vapor pressure, however, these grains grew 


‘ 

\ 7 
| li 
‘ 


Higa. or 


Needle-shape crystals. 


Fig. 6. Laminar crystals. 
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up and needle-shape crystals as shown in 
Fig. 5 broke out from nuclei sprouted on the 
grains. In the case of higher vapor pressure, 
laminar crystals as shown in Fig. 6 were apt 
to grow up. Since, in the present experi- 
ments, the vapor pressure became still higher, 
fine needle-shaped and laminar crystals did 
not grow up. In regions of higher tem- 
peratures plate-shape crystals as shown in 
Fig. 7 were grown up in conformity with the 
degree of supersaturation, and the dimensions 
of plates increased to as large as 25 x 25 x 1 mm 
when kept under appropriate conditions. In 
regions of still higher temperatures, rod-shape 
crystals as shown in Fig. 8 were grown up 
slowly. 


Fig. 7. Plate-shape crystal. 


Fig. 8. 


Rod-shape crystal. 


Fig. 2 shows the appearance of the cooler 
drawn out of the tube when the present ex- 
periments were finished. It is found that 
rodshape crystals, and plate- and clear needle- 
shape ones are likely to grow up in the 
regions of 950°C ~1,050°C and 880°C ~960°C 
respectively, while grown crystals have a 
tendency to take the forms of complicated 
needles, laminae and dendrites in the region 
of 800°C~850°C and sometimes fine whiskers 
jn the lower region of 650°C ~780°C. Further, 
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orange grains of crystals and yellow powder 
are found in the regions of 880°C ~750°C and 
750°C ~500°C respectively and sometimes a 
small amount of metallic Cd is obtained in 
the lower temperature region. 


(2) Growth of needle-shape crystals 

It has been reported by Sears! that the 
screw dislocations may be nuclei of needle- 
shape crystalls, and in reality these disloca- 
tions were observed to lie scattered on the 
crystalline grains. It was observed, however, 
that these crystals began to grow abruptly 
from granular crystals with growing direc- 
tions parallel to the gradient of vapor density, 
just at the moment when the sectional areas 
at the tips of granular crystals became as to 
fit the degree of supersaturation of the vapor. 
Under adequate conditions the growing speed 
of needles was very large, taking sometimes 
the value of 1cm/min in case when the dia- 
meter of needles were several tens microns. 


(3) Growth of laminar crystals 

It was observed that girdle-shaped or 
laminar crystals were originated at the side 
faces of needles, as shown in Fig. 9. Clear 
crystals free from striations were grown up 
at the start, but, with the increase of vapor 
pressure, striations and protuberances appear- 
ed on the flat surfaces of the crystals and 


Fig. 9. 


Growth of laminar crystal, 
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then changed to be twinlike, because the 
temperature of growing region was as low 
as 800°C ~850°C. In conformity with the 
increase of supersaturation, crystals became 
of stalactic or granular forms. Under some 
conditions crystals of the form of thin plate 
adhered to them. 

In short, clear laminar crystals cannot be 
obtained in the region of 800°C ~850°C as 
long as the vapor pressure fluctuates or in- 
creases. But, if we keep the vapor pressure 
at a constant value, we can obtain large 
laminar crystals. In fact, the author was 
able to produce by Frerichs’s method a 
laminar crystal of as large as about 1005 
x0.2 mm. 

The flat plane of the laminar crystal corres- 
ponds to the (1120) plane of the hexagonal 
type and its growing direction is in most 
cases perpendicular to the c-axis. In some 
crystals, however, their growing directions 
are oblique to the c-axis, and moreover, in 
some of them the spiral growth is observed. 
(4) Growth of plate-shape crystals 

Plate-shape crystals originated in the region 
of 880°C ~980°C were grown up continually 
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as long as suitable conditions were kept 
throughout the process. At first, crystals 
grew along the direction perpendicular to the 
c-axis in the (1120) plane, but, as the vapor 
pressure was increased, the growth in that 
direction was stopped and the widths of the 
crystals were increased due to the growth 
parallel to the c-axis. 


If, during the process, there occurred 


fluctuations in the vapor pressure or mixing 
of impurities, crystals of various forms were 
grown up as shown in Figs. 10, 11, 12 and 
‘islands’ 


13. Fig. 10 shows due to the 


Fig. 10. Growth of ‘Island’. 


Fig. 11. 


Growth end. 


Fig. 12. Variation of growth speed by dislocation. 


Growth of needle-shape crystals. 
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occurrence of dislocations and Fig. 11 shows 
crystals having remarkable irregularities at 
their growing edges, while Fig. 12 gives a 
crystal whose growing speed was altered by 
dislocation lines. Further, Fig. 14 shows 
needles grown up from the edge of a plate- 
shape crystal as well as two-dimensional 
crystals grown up again from these needles. 

Striations on the surfaces of crystals as 
shown in Fig. 7 are also due to such fluctua- 
tions in the vapor pressure. 

In case when there was any difference in 
the vapor pressure along the direction of 
[1100] axis, there was grown up a crystal as 
shown in Fig. 14 whose edge makes a certain 
angle with the c-axis. 

Thus, it may be concluded that in order to 
obtain the normal crystal growth it is 
essential to keep the vapor pressure constant. 
In fact, by keeping the vapor pressure con- 
stant for several hours we were able to obtain 
sometimes large single crystals of plateshape 
as large as 20x20x1 mm. 


Growth end and c-axis. 


Fig. 14. 


(5) Growth of rod-shape crystals 

As mentioned already, rod-shape crystals 
were grown up in the temperature region of 
950°C ~1,050°C. 

In general, needle-shape crystals grown up 
in the lower temperature region have uniform 
sectional areas and extend in the direction 
of the c-axis, having in most cases hexagonal 
pyramids as their tips. In the case of rod- 
shape crystals grown up in the higher tem- 
perature region, on the contrary, their 
sectional areas increase along the direction 
of crystal growth as shown in Fig. 8, sug- 
gesting that rod-shape crystals are composed 
of needle-shape crystals whose growing direc- 
tions are somewhat inclined to the c-axis. In 
some cases, tips of the crystals are flat, con- 
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cave or hollow-ringed (cf. Fig. 15). 

The growing process of rod-shape crystals 
is not quite clear, however. Judging from 
the fact that the sectional areas increase 
rather rapidly along the direction of crystal 
growth, it is not likely to consider above 
mentioned shape to be due to mosaic struc- 
ture. It is also impossible to consider these 
rods to be twins or random assemblies of 
many crystals. 


Fig. 15. Top of rod-shape crystal. 


Fig. 16. 


Block crystals. 


(6) Growth of block crystals 

In the region whose temperature was higher 
than 1,100°C, block crystals as shown in Fig. 
16 were grown up frequently*. These cry- 
stals were formed massively, because the 
growing speed along the c-axis was slow and 
was nearly equal to those in other directions. 
The directions of the c-axes of various block 
crystals are disordered. 


* Similar block crystals are frequently observed 


in the case of crystal growth at high temperature 
in a sealed quartz vessel. 
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It is to be added here that the growth of 
block crystals by the method in the flow of 
nitrogen gas is seriously affected by im- 
purities. 

(7) Growth of network crystals 

In case when the flow velocity of nitrogen 
gas was very large, it was frequently observ- 
ed that network or slender fibre crystals 
were grown up at low temperature region 
Onmo50ee~7/307 Cae woinces in this) cases the 
vapor was cooled down rapidly, crystals of 
small size and complex form were grown up. 
Curious forms as shown in Fig. 17 were 


Fig. 19. 58° twin. 


Crystals grown at low temperature region. 


observed rarely, and sometimes slender and 
long whiskers as shown in Fig. 30 with 
diameters of several microns were observed. 


(8) Growth of twin crystals 

Twin crystals were frequently grown up 
when the flow velocity of nitrogen gas was 
fairly large and the pipe was cooled down 
sufficiently. It was frequently observed that 
in some of these twins the twin plane is 
perpendicular to the surface in which the two 
wings are lying, and in this case there are 
two kinds of twins: in one kind the angle 
between the c-axis and the twin plane is 28.5° 


73° twin. 


Fig. 21. Repeated twin. 
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as shown in Fig. 18, while in the other the 
said angle is 58° as shown in Fig. 19. More- 
over, we observed some twins in which the 
two crystals make an angle of 120° with 
each other and the angle between the line of 
intersection of these two crystals and the 
c-axis is 73° or 69.5° as shown in Fig. 20. 
Also, the repeated twins having three wings 
separated mutually by an angle of 120° as 
shown in Fig. 21 were rarely observed. 

The growth of these twin crystals may 
perhaps be due to several kinds of causes, 
namely (1) the branching of needle-shape 
crystals under favorable vapor pressure, (2) 
the branching of plate-shape crystals in the 


Fig. 22. 
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and (3) the irregularities broken out on the 
surfaces of plate-shape crystals. 


§ 5. 
(1) Inspections by X-rays 

It was found out by X-ray observations 
that a typical plate-shape crystal as shown in 
Fig. 7 is a single crystal of hexagonal type 
with lattice constants a=4.136A and c= 
6.714 A and its surface corresponds with the 
(1120)-surface. Striations on the surface of 
this crystal are parallel to the c-axis. 

Fig. 23 shows the Laue photograph of a 
plate-shape crystal and Fig. 24 gives the 
rotational diffraction photograph of a needle- 
shape crystal as obtained by rotating it 


Observations on the Grown Crystals 


Growth of twin. 


X-ray Laue photograph. 
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Fig. 24. X-ray rotation photograph. 


around its c-axis. No strain nor any disorder shape and block crystals shows that they are 
is found in these photographs except diffused also of hexagonal type. 
dispersions which are supposed to be due to (2) Inspections by electron-rays 
lattice vibrations. A transmission photograph of electron-rays 
Observation of Debye photographs of rod- through a very thin plate-shape crystal with 
thickness of about 300A is given in Fig. 25. 


40 pf 


Fig. 25. Transmission photograph by electron- Fig. 26. Electron diffraction photograph (Rings 
are referred to ZnO). 


rays. 
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In this figure are observed interference stripes 
of equal thickness, which indicate that the 
crystal structure is clear even in extremely 
thin parts. 

Fig. 26 gives the electron diffraction photo- 
graph of the crystal where microscopic 
picture is shown in Fig. 25. From Fig. 26 
it is found that the surface of the thin plate 
corresponds to the (1120)-surface and that 
this diffraction pattern can be interpreted by 
taking a=4.136 A and c=6.714 4A. 

(3) Results of spectroscopic analysis of the 
specimens 

In Table IV are shown the results of 
spectroscopic analysis on the degree of im- 
purities contained both in the crystalline 
powder as used in the present experiment 
and in the grown crystals. It can be gener- 


Table IV. Spectrochemical analysis results of 
impurity contained in CdS. 
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ally said that detected quantities of impurities || 
of impurities are somewhat more in such | 
crystals that were grown up in lower and 
higher temperature regions. 


(4) Visual and optical observations } 
By visual inspections of single crystals it | 
is noticed, first of all, that there are stria- | 
tions on their surfaces which, as mentioned | 


before, were caused by the variation of grown | 


velocitiy. Some of the striations start on the | 
way of crystal growth or form the “‘islands” | 
as shown in Fig. 10. The starting-points of | 
these striations and islands can be connected | 
by a straight line which seems to be con- 
cerned with the line of dislocation. In Fig. 
12 it is observed that the growing speed is 
changed due to the dislocation appeared in 
the central part of the picture. Further, it 
is supposed that in case when needle-shape 
crystals were grown up from plate-shape 
ones, as shown in Fig. 13, the dislocations 


Dee Crystal exposed on the side faces of the latter play 
% % an important role. 
ee eral Mui ae SOK it was found that due to the difference 
Fe (.001—0.0001 (.001—0.0001 of growing speeds along the [1100] axis and 
Ni 0.0001 0.0001 the c-axis, the edge of grown crystal makes 
Me aint Rete a certain angle with the c-axis as shown in 
ne Aiea DCO Ononc! at 14. Values iy ne said angle eee 
(eo) 
Ag 0.001—0.0001 0.001—0.0001 ee oy s 2S a oe ats ge 
Cu 0.001—0.0001 0.001—0.0001 pee ieee ek 
and 90°, and among them most frequently 
Table V. Angle between c-axis and growth ends. 
ee 10°5/ | 19°35) | 28°5) 35°25) | 41°39! | 46°51 calculated 
10° — 28-29° SD | 41-4] .5° | 47° measured 
« 12°3' | 23°7) | 39°38) 40°29" | 46°51! | 52°1/ calculated 
0) 
= 23.5° a 41-41.5° | 47° | 52.5° measured 
2 14°56’ 28°5! 38°40! 46°51! 53°8! | 58°0 calculated 
Zz 28-29° | 38 .5-39° | 47° 52.5° | 58° | measured 
iS 19°35/ | 35°25" 46°51! 54°54! 60°39! | 64°53’ | calculated 
= | 35° 47° | 54-55° oe | 65-66° | measured 
a 28°5/ | 46°51) | 58°0! | 64°53’ 69°27" | 72°39" | calculated 
28-29° | 47° | 58° | 65-66° | 69-70° | 72-73° | measured 
46°5 / fe} {é °o ’ fo) fo) 
ig 1 | 64°53 | 72°39 | 76°49) | 79°23! | 81°7! | calculated 
47° | 65-66° | 72-73° | 76-77° | 79-80° | 81.5° | measured 
Tt PS SSSZS SRT af gb ee SR a fe 
| V 3a | 2yY 3a | 33a | 4/ 3a | 3 
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: 
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observed values were 47°, 58°, 69.5°, (3, 
79.5° and 90°. By taking into account that 
crystal grows by steps of unit cell, these 
angles can be calculated by the use of lattice 
constants a and c. Both the measured and 
calculated values are given in Table V. 
The atomic arrangements of twins whose 
two wings lie in a plane as shown in Fig. 18 
and 19 are represented in Figs. 27 and 28. 
In case of twins in which the angle between 
the line of intersection of two crystals and 


c-axis twin _plane 
7, (I1TO1) 
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Fig. 27. Atomic arrangement of 28° twin, pro- 
jected to (1120) plane. 


2g°/ 


/ 


twin plane 
(1TO3) 


Fig. 28. Atomic arrangement of 58° twin, pro- 
jected to (1120) plane. 
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the c-axis is 73° or 69.5°, considerable amounts 
of atomic displacements from normal site 
should be necessary for stable atomic arrange- 
ments even if we restrict our considerations 
to the line of intersection of two crystals, so 
that the two planes should intersect with 
each other by an appropriate and definite 
angle, giving rise to produce vacancies on 
the line of intersection which have possibilities 
of trapping impurities. 

Crystals as shown in Fig. 7 are quite uni- 
form even when they are inspected by 
polarized light. However, any irregularities 
of crystals and variations in their thickness 
as well as twin boundaries can be detected 
by polarized light. The maximum transmis- 
sion of polarized light through a crystal is 
obtained when the plane of polarized light is 
parallel to the c-axis. 

As an addendum, a visible transmission 
curve through a plate-shape crystal with size 
of 10x10x0.33 mm is shown in Fig. 29. 

(5) Perfect crystals 

Many ‘whiskers’ were observed among 
needle-shape crystals grown up in low tem- 
perature region, and some of them were of 
nearly perfect crystal structure and were 


transmission 


0.33 mm_ thickness 


7 mp 
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Fig. 29. Spectral transmission curve. 


Fig. 30. Elastically bended needle crystal. 
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easily bent elastically in the form of a 
circular arc. A typical one is shown in Fig. 
30. If, in this case, we denote the radius of 
cross-section of a whisker and its radius of 
curvature by v7 and R respectively, the 
magnitude of extension e of the whisker is 
given by the formula: 


CT) k= (11) 


If we take v=15.54 and R=1.4mm this 
formula gives e=1.1x10-?. This value seems 
to be adequate as compared with the corre- 
sponding values 1.5x10 and 1.110 for 
Cu! and Zn™ respectively. 


(6) Luminescence 

Red luminescence was emitted when CdS 
crystals containing very small amount of 
silver or copper were irradiated by 3650A 
ultraviolet rays. In this case, however, 


i Semoce 


be possible that luminescence is unusually 
strong at the edge of a crystal because of its 
high refractive index, even though the whole 
part of the crystal radiates uniform lumi- 
nescence. In reality, crystals containing more 
amount of silver or copper radiate from their 
whole parts, but even in those cases lumi- 
nescence is rather strong at irregularities of 
crystals. In another case, luminescence is 
not always strong in all irregular parts of 
crystals as shown in Fig. 32, and in some 
cases there can be seen fairly different 
intensities along the boundaries. 

In short, it may be concluded that lumi- 
nescence is strong at specific irregularities or 
boundaries, and this phenomenon can _ be 
utilized as one useful means to search for 
irregularities of crystals. Moreover, the 
aspects of luminescence change according to 
the heattreatment of crystals and this pheno- 
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luminescence was not always emitted uniform- 


ly from the whole parts of crystals but ir 
strongly emitted locally from the boundaries || 


or irregularities of crystals as shown in 
Figs. 31 and 32. On the other hand, it might 


Higenole lines are red 


Luminescence (White 
luminescent by 3650A UV light.). 


Transmission (left) and luminescence (right). 


menon is also a notable fact, because it seems 
to be related with the movement of impurities, 
irregularities or dislocations. 

There was no luminescence from the axis 
of intersection of 28.5° or 58° twins, but 
strong radiation was observed from the axis 
of intersection of 69.5° or 73° twins. The 
latter phenomenon seems to be related with 
the fact that impurities are likely to be 
captured by vacancies which are produced in 
the process of crystal growth. 


§6. Summary and Conclusion 


In the present paper, the author has dis- 
cussed the process of growth of CdS single 
crystals by the method of sublimation and 
recrystallization in the flow of nitrogen gas 
and inspected grown crystals in detail. The 


results obtained may be summarized in the 
following lines. 
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In order to obtain any required crystal 
shape it is quite essential to keep the vapor 
pressure continuously at a definite value. 
Values of the vapor pressure suitable for the 
growth of specific kinds of crystal seapes are 
as follows: 8~35mmHg for the growth of 
rod-shape crystals; 2~13mmHg for plate- 
shape crystals; 0.4~3 mmHg for thick needles 
of about one-tenth mm in diameter and 0.005 
~0.05mmHeg for fine needles of scores of 
microns in diameter. 

In the course of observations on growing 
crystals, the author has paid special attention 
to the following two points: one point is to 
ascertain the origins of crystal growth and 
the other is to search for dislocations which 
were easily found out, since the CdS crystals 
were thin and transparent, and, at the same 
time, to study the effect of those dislocations 
upon the crystal growth. 

For instance, it has been recognized that 
needle-shape crystals were grown up from 
screw dislocations, while whiskers were 
grown up from irregularities of the cooler in 
the highest temperature region where the CdS 
vapor was condensed. As to the growth of 
laminar crystals from the side-faces of needle- 
shape ones as shown in Fig. 9, it has been 
supposed that at first a needle-shape crystal 
grows up in the form of spiral and then a 
laminar crystal begins to grow up form the 
growing tip of the spiral just at the moment 
when the tip has become in such a direction 
along which the vapor-density gradient is 
appropriate. It has also been observed that 
dislocations have serious influences upon the 
growth of needle-shape crystals from grains 
or from plate-shape crystals, the occurrence 
of striations on plate-shape crystals, the 
variation of growing velocities, the origina- 
tion of twins, luminescence and so on. 

In general, CdS single crystals are yellow 
in color, transparent and thin, and are also 
chemically stable in air, so that they are 
quite suitable for investigating optically the 
process of crystal growth and _ internal 
irregularities. They are also very suitable 
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for studying the profound characteristics of 
CdS peculiar to semiconductors, such as 
visualization of dislocations, the relation to 
luminescence, the appearance of penetrated 
impurities as well as properties of perfect 
crystals. In a future paper, the author in- 
tends to carry out investigations on these 
matters by making use of various forms of 
clear and large single crystals obtained in the 
present experiment. 
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Properties of CdS crystals were investigated under irradiation by f8-rays 
from 10 me of Sr or from the accelerator of Van de Graaff type and 
y-rays from le of Cs7 or from 200¢ of Co%. The ohmic contact of 
electrodes and the crystal uniformity were first inspected, and some 
properties concerning the induced conductivity of CdS crystals by @- and 
y-rays were discussed in comparison with those observed when the crys- 
tals were irradiated by visible light. It has been concluded that the 
sample crystals grown by the author’s method are uniform and that 
they have low trap density and high sensitivity for @- or y-rays. It was 
also shown that the elementary phenomena of the induced conductivity, 
in the case of @- or y-ray irradiation were quite similar to those in the 
case of visible-light irradiation, and that the number of electrons excited 
into the conduction band by a #-particle was about one hundred times 


larger than that by a 7-particle of 1.3~1.5 Mev. 


$1. Introduction 


It has been well known that the CdS 
single crystal is a high sensitive photocon- 
ductor and its electric resistivity is decreased 
by irradiation of X-, 7-, B- and a-rays)-”. 
By making use of the above property of the 
crystal, some trials have been made» to use 
the crystal as the detector of y-rays. 

The author successfully obtained large sin- 
gle crystals of CdS as reported in the previous 
papers». In the present paper will be 
reported several properties of these crystals 


io? rele current 


Applied voltage 


0.01 Oul \ 1ov 


Fig. 1. Voltage dependence of dark current. 


induced by irradiation of B- and y-rays as 
well as visible light and some interesting 
results particularly about the elementary 
process of photoconductivity and the efficiency 
of irradiation for B- or 7-rays. 


§2. Samples and Electric Contacts 


Samples used in the present experiment 
were plate-shape crystals which were cloven 
parallel to the c-axis of the CdS single 
crystal. In order to examine the electrode 
contacts, voltage versus current (V-J) charac- 
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Voltage dependence of dark current. 
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. teristics at low applied voltage were measured 


for the electrodes of several kinds of mate- 
rials, namely, In, Ag-paste, evaporated Ag 
and Acquadag. The results are shown in 
Figs. 1~4. Among these materials evapo- 
rated In was most favorable to the electrode 
as already reported”; the so-called barrier 
effect at the contact parts was not observed 
and the V-I curve was a straight line down 
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Fig. 3. Voltage dependence of photocurrent. 
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Fig. 4. Voltage dependence of photocurrent. 
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to low voltage region as shown in Figs. 1 and 
3. Moreover, 1/f noise caused by electrode 
contact was very little in the case of In 
electrode in comparison with the cases of 
other materials. 

The uniformity of sample crystals was ex- 
amined by the following experiments. First, 
a sample crystal was uniformly illuminated 
on its whole surface area by light flux and 
a shutter was inserted so as to cut the light 
flux as shown in the inset in Fig. 5. Then 
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Fig. 5. Uniform characteristics of crystals. 
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the relation between the irradiated area and 
the photocurrent induced in the crystal was 
measured by moving the shutter from the 
one electrode side towards the other side. 
The curve showing this relationship is shown 
in Fig. 5. It has been reported®” that uni- 
form ZnS and CdS crystals are hardly ob- 
tainable and curves similar to that in Fig. 5 
fluctuate. But CdS crystals produced by the 
author are exceedingly uniform and hence 
the potential gradient is equal everywhere in 
the whole crystal, as can be seen from Fig. 


os 


§3. Some Properties of Photoconductivity 


Some properties of the CdS crystal ir- 
radiated by visible light was previously in- 
vestigated in order to compare them with 
the effects induced by irradiation of ~- and 
y-rays. 

V-I curves of the dark current and the 
photocurrent excited by the light from illumi- 
nant A are shown in Fig. 6. The photocur- 
rent increases linearly with applied voltage 
up to high voltage region, but the dark 
current seems to be influenced by space 
charge in high voltage region. 

Photocurrent characteristic versus light in- 
tensity is given in Fig. 7. The photocurrent 
increases almost linearly with light intensity 
in lower intensity region, but its increasing 
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Fig. 7. Photocurrent-irradiation characteristics. 
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rate approaches a half power of light intensity 
in higher intensity region. As will be| 
discussed in §5, a knick point appears on the || 
curve in Fig. 7 for the light intensity, at || 
which the density of excited free photoelec- | 
trons becomes equal to that of traps. | 
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Fig. 8. Spectral sensitivity. 
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Fig. 9. Time constant-photocurrent character- 
istics (50 V). 
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The spectral sensitivity of photoconductivity 


' in the visible region is given in Fig. 8. In 


this figure there are found one strong peak 
at absorption edge and several small humps 
at longer wavelength side, whose positions 
agree well with those of the optical absorption 
peaks. 

The time constant was measured when the 
crystal put in dark was exposed to the 
visible light or when the irradiating light 
was shut off. The results are shown in Fig. 
9, by taking photocurrent as the abscissa in 
order to compare below them with those for 
B- and y-rays. It will be seen from this 
figure that the time constant decreases with 
increasing photocurrent and its magnitude at 
the instant of irradiation is larger than that 
at the instant of shut-off. Besides these 
facts, we have also observed that the time 
constant seems to decrease to some extent 
when the applied voltage is raised, and that 
high sensitive crystals show larger time con- 
stant, while low sensitive crystals smaller 
one. 


§ 4. 


Some properties of CdS crystals were in- 
vestigated for 6- and y-rays irradiation. The 
voltage dependence of the current excited by 
B-rays from 10 mc of Sr®® is shown in Fig. 10. 
It will be seen that the conductivity of the 
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Fig. 10. Voltage dependence of excited current 
by radio isotope. 
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crystal changes from 1x10-8Q-1cm-! to 1x 
10-“*O-'cm=! by the irradiation at a distance 
of 5cm from the @-ray source. The crystals 
prepared by the author have far higher 
sensitivity than those used by Hollander®, 
their conductivity being 5x10-°Q:-1cm™ by 
the irradiation of §8-rays at a distance of 
5mm apart from 5 mc source. In the author’s 
experiments the number of electrons, which 
knocked the area of 5x3mm of the crystal, 
is calculated to be 1.8x10° per second and 
then the current induced in the crystal is 60 
vA, namely 3.8x10" electrons per second 
under the applied electric field of 500 V/cm. 
It is estimated, therefore, that the amplifica- 
tion of 2.1x10® is performed in the CdS 
crystal. 


Excited current 
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Fig. 11. Distance dependence of excited current 
(50 V, No. 6). 


The excited current characteristic plotted 
against the distance from the #-ray source 
to the CdS crystal is given in Fig. 11. The 
current range in this figure covers just the 
range in which the linear relationship holds 
between the photocurrent and the light in- 
tensity. Near the @-ray source the induced 
current does not increase inversely propor- 
tional to the square of the distance, because 
the source has a disk shape of 30mm in 
diameter and 5mm in thickness. On the con- 
trary, the current shows a tendency to fall 
off rather rapidly at large distances from the 
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source because of the effect of the absorption 
of 8-rays by air. In the intermediate range, 
however, the current increases just inversely 
proportional to the square of the distance. 
The absorption of #-rays from Sr” by 
various aluminium plates was measured. The 
geometry of experimental arrangements and 
the results obtained are given in Fig. 12. It 
will be seen that remarkable absorption occurs 
in the case of aluminium plates of thickness 
of 0.1~0.3mm, and this fact can be explained 
by the absorption of low energy §-rays 
generated by the back scattering due to the 
source and its holder. Taking the point A 
on the absorption curve as the base-point, 


Al plate thickness 


(ole) 
6) | 2 3 4 5 6mm 
Fig. 12. Absorption of f-rays from Sr” by Al 
plate. 


the half-thickness for 2.2 Mev #-rays from 
Sr*° becomes 0.6mm for aluminium, namely 
162 mg/cm?. This value is nearly equal to 
150 mg/cm? which is calculated from the well- 
known formula: 
a=0.046E%/? (gr/cm?) , Cr) 
where a is the half-thickness and E the 
maximum energy. The intensity of B-rays 
transmitted through the substance of dcm in 
thickness is given by 
[=lb exp (—Kad) , G2) 
where K is the absorption constant in cm7! 
and J the intensity of the incident rays. The 
absorption curve approximately fits the above 
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equation between the points B and C in Fig. | 
12, but it deviates from this equation in the} 
part between the points D and E correspond- 
ing to large thickness of aluminium plate. | 
This deviation can be explained by the effects — 
of Bremsstrahlung X-rays. Considering the 
point F in this figure as the practical range | 
Rmg/cm of §-rays from Sr”, R becomes 
1080 mg/cm”, which corresponds to about 4 
mm in thickness. This value agrees fairly 
well with the value of 1060 mg/cm? calculated 
from the equation”: 
R=0.542E—0.133 (mg/cm?) . (8) 
Even when the geometry of experimental 
arrangements was changed, the shape of 
absorption curve was changed only slightly 
and the half-thickness and the practical range 
remained nearly constant. Thus the absorp- 
tion of B-rays by aluminium plate can be 
measured with satisfactory precision and 
reproducibility by the use of CdS crystals. 
Time constant was measured when the CdS 
crystal was irradiated by 8-rays from Sr or 
when it was screened off from them, and 
it was found, as expected from the results 
in the case of visible light, that the time 
constant at the instant of irradiation-on was 
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Fig. 13. B-rays irradiation characteristics from 
Van de Graaff generator (No. 1). 
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somewhat longer than that at the instant of 
screening-off, and that the magnitudes of 
both these time constants were nearly equal 
to those for visible light respectively in case 
when the conductivity of the crystal for p- 
ray irradiation was the same as that for 
visible light irradiation. 
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In Figs. 13 and 14 are shown the results 
of measurements on the resistance and the 
energy characteristics for exciting particle of 
the CdS crystal when it is irradiated by {- 
rays from the accelerator of Van de Graaff 
type manufactured in our laboratory. In Fig. 
13 the conductivity of the crystal seems to 
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Fig. 14. 8-rays irradiation characteristics from Van de Graaff generator (No. 1). 


increase slightly with the increase of the 
energy of exciting f-rays, but taking the 
focusing effects of 8-rays into account, it may 
be considered that the conductivity is almost 
flat in the range from 1 to 2 Mev. In Fig. 
14, which shows the conductivity versus ex- 
citing B-ray intensity, the conductivity be- 
comes to be proportional to a half power of 
exciting intensity at the exciting current of 
2.4x10-!! A, namely the number of irradiat- 
ing electrons of 1.1x10° electrons/cm? sec, 
and then it tends to saturate at 7.5x10-° A, 
namely 3.110%! electrons/cm? sec. For ir- 
radiation of 6-rays from Van de Graaff the 
V-I characteristic of the CdS crystal was also 
linear in low voltage range, but the resistivity 
of the crystal was decreased by the high 
density irradiation of f-rays because the 
temperature of the crystal was raised. The 
time constant was less than one second in 
the whole intensity range of exciting current 
in Fig. 14. 

Some experimental results’ in the case of 
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Fig. 15. Co? irradiation characteristics (No. 10, 


90 V). 


y-ray irradiation are given below. Fig. 15 
shows the intensity dependence of excited 
current for irradiation of y-rays from 200 c of 
Co®. The current increases proportionally to 
the irradiating intensity from 10 to 2800 7/hr, 
but a knick appears at 2,850 v/hr, where the 
electric resistance of the CdS crystal is 750 
kQ. This value agrees well with that of the 
resistance at the knick of the photocurrent 
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curve in Fig. 4. 

The experiments were also carried out for 
the irradiation of y-rays from lc of Cs1*". 
The V-I characteristic of the CdS crystal 
was linear as in the case of #-ray irradiation. 
The relation between the excited current and 
the irradiated intensity was linear in the 
range from 0.4 to 40 7/hr, when the crystal 
was exposed at various distances from the 
y-ray source. In the experiments of the 
sample No. 6 the number of y-particles, which 
knocked the area of 5x3mm of the crystal 
at 25cm apart from lc of Cs’, were calcu- 
lated to be 7.1x10° particles/sec, and then 
the electron current excited by these ;7- 
particles was 54A, namely 3x10 electrons/ 
sec under the electric field of 500 V/cm. It 
is concluded, therefore, that the amplification 
of 4.4x10’ is performed in the CdS crystal 
and the degree of amplification is about fiftieth 
of that for B-ray irradiation. From the above 
facts it may be concluded that the electron 
current excited by y-rays is generally less 
and hence the time constant is larger than 
those for 6-rays when the number of irradiat- 
ing particles is the same for both ;- and £- 
rays excitations. The time constants in the 
case of irradiating-on and -off of y-rays were 
approximately the same as those in the case 
of #-ray irradiation so long as the conductivity 
of the crystal had the same value on irradia- 
tion. It is interesting, however, that under 
the irradiation of 7-rays of 0.4~40 7/hr from 
Cs? the induced current turned to zero as 
soon as the applied voltage was cut off and 
it did not returned to the former value 
without the time lag of a few second after 
the voltage was re-applied. 


§5. Discussions 


Let us consider first the elementary process 
of the photo-conductivity of CdS crystals. 
Writing @cm- sec-! for the number of elec- 
trons excited by light into conduction band 
and Mcm~ for the density of traps, then 
the time rate of change in the density x of 
photoelectrons in conduction band is given by 

dn/dt=Q—Bn(n+M) , (4) 
provided that photoelectrons have the same 
recombination coefficient B for both hole and 
trap, and that the number of thermally ex- 


cited electrons is very small. At the station- 
ary state dn/dt=0 and then 
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Q=Bn(n+M) . (5) 
For low light intensity »<M and Eq. (5) 


becomes 
n=Q/BM . (G3) 


In this case photoelectrons mainly recombine 
with traps and the photocurrent, which is 
proportional to 2, will increase linearly with 
the increase of exciting light intensity. On 
the other hand, for intense light »>M and 
Eq. (5) leads to 


w=Q/B . (7) 


Then the recombination of photoelectrons 
occurs only with holes because the traps are 
filled and the photocurrent will be propor- 
tional to a half power of light intensity. 
Thus the curve of photocurrent versus light 
intensity will show a knick point at the 
light intensity satisfying the condition »=M. 
These behaviors of photocurrent are seen in 
both curves in Fig. 7 and the knick appears 
at the point corresponding to the photocurrent 
of 40A and the illumination of 50 lux under 
the applied voltage of 1V for the sample No. 
6 or to 4uA and 14lux under 3V for the 
sample No. 10. 

In general the photocurrent in a sample is 
expressed by 


[=e Vn fie (8) 


where V is the applied voltage, L the dis- 
tance between electrodes, and e, t and yw are 
the charge, the life time and the mobility of 
photoelectron respectively. Here vn’, the 
number of photoelectrons, is related to the 
density by m=n’/(sample volume). By using 
the values of quantities in Eq. (8) measured 
at the knick point in Fig. 7, the density of 
traps M can be calculated because n=M at 
this point: that is, we have M=2.6 x 10 cm-3 
for the sample No. 6, whose dimension is 
5X3x0.2mm, by using 7=40”“A, L=0.5cm, 
V=1V and t=80 m sec and M=1.4x 10"* cm-3 
for the sample No. 10, whose dimension is 
10x8x0.2mm, since J=4nA, L=lcm, V=3 
V and t=50m sec, where the value of » is 
taken as 100 cm2/volt. sec. 

Furthermore, by making use of the above 
values of m(=M) and 7c at the knick point, 
the magnitude of the capture cross section 
s of a hole for a photoelectron can be obtained 
from the equation: 


T= ios ; 


(9) 
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where v is the thermal velocity of photoelec- 
tron; that is, taking v=10’cm/sec at room 
temperature, s=5x10-% for the sample No. 
6 and s=2x10-?° for the sample No. 10. 
Next the sensitivity of CdS crystals for - 
and y-rays will be discussed. Writing F for 
the number of exciting particles and 7 for 
the efficiency by these particles to produce 
the conducting electrons, then from Eq. (8) 


(10) 


because ”’=Fy. From this equation it is 
possible to compare the efficiency for B-rays 
from Sr®° with that for y-rays from Cs!’ or 
from Co®. From Figs. 10 and 11 the sample 
No. 6 has the exciting current of 24A under 
the applied voltage of 100 V for #-ray irradia- 
tion at a distance of 20cm from 10 mc of Sr 
and for y-ray irradiation at a distance of 25 
cm from lc of Cs!’ respectively. Therefore, 
taking the number of particles which knocked 
the sample in each case, the following ratio 
can be calculated from Eq. (10), namely: 


Nsr°°/nes8?=65, for No. 6, (11) 


because the valves of time constant are the 
same under the same excited current for f- 
or y-rays irradiation. For the sample No. 10 
the following valves can be obtained in the 
same way: 


nsr°/nos'8'=42, for No. 10, } (12) 
nsr®/Yco °=30, for No. 10. J 


From the above values in Eqs. (11) and (12) 
it may be concluded that the efficiency of 
exciting the electrons by f-rays of Sr® is 
about fifty times larger than that by 7-rays 
of Cs7, Here it should be noted that the 
ratio of efficiency is calculated in the linear 
range of excited current versus irradiation 
intensity. 

Further, by making use of Eq. (10), it will 
be tried to obtain the absolute values of » 
for both 8- and 7-particles having the same 
energy. The electric resistance of the sample 
No. 1 has the value of 15K for the irradia- 
tion of 2.2x10- A of 1.5 Mev §-rays from 
the accelerator of Van de Graaff type, as 
shown in Fig. 14. Substituting V=15V, J= 
1mA, L=0.5cm, t=50m sec and “=100 cm?/ 
volt. sec into Eq. (10), the value of 7 becomes 


9=1.5x10° for a B-particle of 1.5 Mev. (13) 


In the experiments of the ;-irradiation from 
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200c of Co® the sample No. 10 shows the 
excited electron current of 120A and the life 
time of 50m sec under the applied voltage 
of 90V for the exciting intensity of 47.5 
r/min, as shown in Fig. 15. Substituting 


these values and 4=100cm?/volt. sec into 
Eq. (10), the value of 7 is given by 
4=3.2x10% for a y-particle of 1.3 Mev. (14) 


These results show that about 10? times of 
conducting electrons are more produced in the 
above grade crystals by a single #-particle 
than a single y-particle, both being nearly of 
the same energy of 1.3~1.5 Mev. Here it 
should be noted that the calculation has been 
carried out by using the experimental values 
near the knick points in Figs. 14 and 15. 

The lower limit for detecting f-and y-rays 
depends on the dark resistance of CdS crys- 
tals; for example, it is possible for the sample 
No. 6 to detect such a small number of £- 
particles as 5x10? particles/em? sec at the 
position apart 2m from 10 mc of Sr”. But 
in this case the sample crystal shows a large 
time constant of about 3 minutes. 

Lastly let us discuss how the energy of 
exciting B- or y-rays is consumd in CdS crys- 
tals. It may be considered that some parts 
of the energy are used for the excitation of 
electrons and some parts for the generation 
of lattice imperfections. For the heavy ir- 
radiation of #-rays from Van de Graaff 
generator the following phenomena were 
observed: the increase of dark current, the 
decrease of photocurrent and the change in 
the characteristic of photocurrent versus ir- 
radiating intensity after irradiation. These 
facts clearly indicate the production of lattice 
imperfections, but it cannot be decided how 
much of incident energy is dissipated to the 
generation of imperfections or to the excita- 
tion of electrons, because the ratio of the 
number of produced lattice imperfections to 
that of excited electrons has not been defined 
in this report. However, the following con- 
sideration may be allowed for rough estima- 
tion of energy dissipation; the energy for one 
electron excitation is estimated to be about 
2 ev from the measurements of the spectral 
sensitivity of photoconduction, and the energy 
for the generation of one lattice imperfection 
seems to be 6~10 ev because the energy of 
sublimation is about 2.1 ev for CdS crystals. 
On the other hand, for the irradiation of 1.5 
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Mev f-rays from Van de Graaff generator the 
absorbed energy is roughly estimated as 900 
Kev per single @-particle, because the specific 
gravity of CdS is 4.82 and hence the CdS 
crystal of 0.2mm in thickness absorbs 60% 
of incident energy. Of this absorbed energy, 
the energy of about 300 Kev may be dissipated 
to electron excitation because 7=1.5x10° and 
the energy for exciting one electron is 2 ev, 
and the great part of remaining energy of 
about 600 Kev to the generation of lattice 
imperfections. Thus the lattice imperfections 
of about 10* may be produced by a single 
B-particle because of their generation energy 
of 6~10 ev. 


§6. Summary 


The ohmic contact of evaporated In and 
the uniformity of CdS crystals produced by 
the author have been verified in §2. The 
behaviors of photoconductivity described in 
§3 have been explained by the elementary 
process as discussed in §5 and it has been 
shown that the CdS crystals have low trap 
density and high sensitivity. The properties 
of CdS crystals induced by B- and y-rays _ir- 
radiation, which are given in §4, are similar 
to those induced by visible light and the 
behaviors of exciting current can also be 
comprehended by the same process of con- 
ductivity as for the photoconduction. But it 
has been confirmed in §5 that the exciting 
efficiencies for 8- and y-rays are very much 
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larger than that for visible light; the effi- J 


ciencies for B-and y-rays of 1.3~1.5 Mev have 
been calculated to be about 10° and 10% re- | 
spectively. 
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The hydrogen position in NH,Cl was determined by the difference 
Fourier syntheses from the electron diffraction Debye-Scherrer ring 
intensity data at a room temperature and a low temperature (— 40°C). The 
primary extinction effect for strong reflections such as (110) plane was 
corrected from the variation of their intensities by changing the accelerat- 
ing voltages between 20 and 60kv. By the use of the least square 
method, the temperature factors were determined from higher order 
reflections whose atomic scattering factors are not affected by ionization. 

The difference Fourier syntheses showed the coordinate (axm) of the 
hydrogen atoms to be x=0.153 for both the room temperature and the 
low temperature phases, when the atomic scattering factors for ionized 


atoms N~-°.45, C]-9.81 and H+9-315 were taken. 
phase showed the rotatory vibration of the hydrogen atoms. 


Only the room temperature 
The result 


of our experiment was compared with those of X-ray, neutron and other 


electron diffraction data. 


Introdution 


Sil 

The crystal structure determination by 
electron diffraction was performed at first by 
Laschkarew and Usyskin? on ammonium 
chloride in 1933 and, since then, this method 
has been extensively developed mainly by 
Pinsker et al. and Cowley®. Though the 
electron diffraction method in crystal struc- 
ture determination has not so well established 
yet as the X-ray diffraction and neutron dif- 
fraction methods, it possesses some merits 
compared with the latter two. While the X- 
ray diffraction method gives the electron dis- 
tribution and the neutron diffraction gives the 
position of neuclei, the electron diffraction 
method can bring us a direct information of 
the potential distribution in crystals and is 
more sensitive to the existence of light neuclei, 
especially of hydrogen, than the X-ray method 
as is clear from Fig. 1%, in which the atomic 
scattering factors for X-rays f (Fig. la) and 
for electrons E (Fig. 1b) of N, Cl and H atoms 
are shown; £ is given by 


E=(me?/2h*)(Z—f)/sin? 0/2?) , (1) 


where Z is the atomic number and m, e, h, 4 
and @ have their usual meaning. Further, 
the electron diffraction method is sensitive to 
the displacement of electron cloud in atoms. 
For instance, if an atom is ionized positively 


the scattering factor E increases in the region 
of small sin@/A values. In general, the 
atomic scattering factors for electrons become 
respectively larger or smaller for lower scat- 
tering angles when the atoms are ionized 
positively or negatively. In the latter case, 
in particular, the atomic scattering factors 
may become zero or even negative. The 
comparison of the distribution maps obtained 
by X-ray diffraction, neutron diffraction and 
electron diffraction methods will be, therefore, 
fruitful for detecting the distortion of electron 
cloud from a spherical electron distribution 
of atoms in crystals caused by, say, the atomic 
bonding. 

The serious defect of the electron diffraction 
method is due to the complicated dynamical 
diffraction effect, in particular the effect of 
primary extinction®®. However, this effect 
can be corrected or at least partly removed 
by changing the wave length of electrons”, 
or the grain size of samples”, or by the use 
of intensity statistics®. 

The crystal structure of ammonium chloride 
is well known, and the position of hydrogen 
atoms in it was determined for both the room 
temperature and the low temperature phases 
by X-ray® and neutron diffraction?” methods 
and for the room temperature phase by the 
electron diffraction method!™. However, the 
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results concerning the hydrogen position in 
these works are not in agreement with each 
other. In the present study, the structure 
analysis of ammonium chloride was performed 
by the electron diffraction method with an 
accurate intensity measurement, and the result 
was compared with those of other workers. 
The structure of the low temperature phase 
of ammonium chloride was also studied for 
comparison with that of the room temperature 
phase. 


$2. Experimental Procedures 
To avoid the effect of the moisture of the 


atmosphere, specimens were prepared by 
f 
18 
16 Ci 
14 (ello 
12 
10 
8 
° 
6 N 
4 
2 He 
O sin@ /A (A) 
0,0 O02 0.4 06 0.8 KO) 
Fig. 1(a). Atomic scattering factors for X-rays. 


The values of Cl-1, and N® were given by 
Berguhuis et al., and Cl®, N+3 and H® by James 
and Brindley”. 


E(A) 


a sin@/A(A" 
COMMO:2 04 O6 08 iK@) im 
(b) 
Fig. 1(b). Atomic scattering factors for electrons. 


The value of Cl-! was calculated by (1) from 
the data of Berguhuis et al., N° and H® were 
given by Ibers, and Cl? and H+! by Vainstein?). 
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evaporating ammonium chloride in the elec- 
tron diffraction camera onto thin collodion 
films which were put on the surface of fine 
meshes used for electronmicroscopy. After 
evaporation, twelve photographs with different 
exposure times were taken for each specimen. 
The diffraction patterns were examined care- 
fully by tilting the specimen films about 50- 
70° so as to detect a preferred orientation if 
any: a slight texture with the (111) plane 
parallel to the specimen films was observed 
when the thickness of the evaporated films 
was thin (cf. Fig. 2), while no preferred 
orientation was observed for the thick films. 


221 

ay 
10 

20 


iI 
10 
00 


Inclination 


(GQ) 


(b) 


Fig. 2. Schematical diagram (a) and the real pat- 
tern (b) of NH,Cl when the specimen film which 
has the texture with (111) plane parallel to it 
is inclined to the electron beam with 70° (the 
angle between the film normal and the beam). 


Films of the thicknesses about 300-400°A gave 
the best diffraction patterns free from texture 
and strong background. The accelerating 
voltage was changed from 20 to 60kv. 

A special low temperature specimen holder 
was used to study the low temperature phase 
ammonium chloride, the construction of which 
was the same as that described by Honjo et 
al.) Dry ice or liquid air was used as the 
cooling reagent. Most of the experiment at 
low temperature were performed at —40°C, 


The Karle and Karle method™ was used to 
measure the integrated intensities of stronger 
reflections. The microphotometer used was 
Rigakudenki MP-1 type. Special precautions 
were taken to avoid the so-called Schwarz- 
schield-Villiger effect, and the battery of 200 
AH was used as a light source to minimize 
the fluctuation of the galvanometer deviation. 
The Fuji Process Hard photographic plates 
were used and they were developed by diluted 
solutions (1:1) of D-72 developer at 20-+1°C 
for2min. The photographic density-intensity 
curves were linear up to D=0.7 for the higher 
accelerating voltages (60 kv), and 0.5 for lower 
voltages (20kv). Usually D values less than 
0.8~1.0 were used for the intensity measure- 
ment. 

After subtracting the smooth backgrounds 
from the total intensity curves, the integrated 
intensities of the Debye-Scherrer rings were 
measured from the microphotometer traces. 
In this case, however, the effect of the collo- 
dion films could be neglected because of the 
large thickness of the specimen films. As is 
shown in Fig. 5, the peaks of stronger reflec- 
tions are seen clearly though those of weaker 
reflections are obscure for the lower exposure 
time microphotometer traces. However, for 
the higher exposure time relatively weaker 
reflections such as (222) and (420) could be 
seen clearly in the traces (each top corner of 
Fig. 5). Six microphotometer traces were 
measured for each photographic plate, and 
each of the traces with different exposure 
times was patched together to give the total 
integrated intensities. For very weak reflec- 
tions such as (400) and (421), however, visual 
method was applied because the peaks of 
reflected intensities are obscured by the emul- 
sion grain of the photographic plates. 


§3. Experimental Results 


The room temperature phase of ammonium 
chloride exists in the temperature range bet- 
ween —30.5°C and 180.3°C. The lattice con- 
stant is a@=3.866°A. According to the neutron 
diffraction data! the space group is given by 
0,:—Pm3m and the hydrogen atoms occupy 
with the same probability each of the sets of 
tetrahedra around the nitrogen atom, which 
are shown by the dark small circles and the 
opened small circles, respectively, in Fig. 3, 
and the hydrogen atoms show the rotatory 
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vibrations. Below the temperature —30.5°C 
appears the low temperature phase, of which 
the lattice constant is almost the same as that 
of the room temperature phase, however, the 
space group is given by 7d'!—P43m and the 
hydrogen atoms can occupy only one of the sets 
of the tetrahera with no rotatory vibration’. 


H ee 
N @ 
DO) 


Fig. 3. Structure of NH,Cl. Dark small circles 
show one configuration and opened small circles 
another configuration. 


(a) (b) 
Debye-Scherrer rings of room tempera- 
ture phase (a) and low temperature phase (— 40°) 
(b) of NH,Cl. 


Fig. 4. 
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Fig. 5. Microphotometer traces. (a) Room tem- 


perature phase. (b) Low temperature phase, 
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Table I. Intensity ratios of room temperature phase NHsCl. The values of Stasova and 
Vainstein!2) and Laschkarew and Usyskin!) (25-30 kv) are listed for comparison.** 
ee) ereeer eat fant || WananUee ener creme’ | Veins 
100 139+4 489 336 422 (5) Ope) 
110 3820+ 70* 3065 1793 430, 500 (0.5) == 
111 125+3 159 125 431, 510 15-1 16 
200 236+4 286 250 Bil. sii) (0.5) 2; 
210 149+4 130 136 520, 432 (2) 2.4 
ZAI 470+8 469 417 521 (7) AD 
220 7441 54 97 440 (1.0) = 
221, 300 23+1 32 28 522, 441 (0.5) a= 
310 100 82 114 530, 433 (4) 2.4 
311 14+1 14 — 600, 442 Glos 2, 
222 23+1 30 — Gill. BEY (4) Zao 
320 4+0.3 4.6 — 620 (0.7) == 
321 101+2 99 108 443, 621, 540 (0.5) — 
400 (4) 2 — 541 (1.3) ca 
410, 322 640.3 5.4 — 622 (0.5) a 
411, 330 21+1 20 _ 631 (1.2) = 
331 (0.5) eo — GEO. 70, aes: (ez3) — 
420 11+1 12 _ C33mmOD2 media (1.0) — 
421 (3) a = 642 (0.5) — 
332 8.8+0.8 8.4 — 


** The mean errors of the measurement are given in this table for all the microphotometered in- 


tensities. 
to estimate. 


Those for the visual estimation are about fifteen percent. 
However, if these errors are taken into account, the total errors of the intensity measure- 


The systematic errors are difficult 


ment will become larger than those given in this table. 


a) Room temperature phase. An example 
of the Debye-Scherrer rings for the room tem- 
perature phase of NH,Cl without preferred 
orientation is shown in Fig. 4a. Examples 
of the microphotometer traces are shown in 
Fig. 5a. In Table I the measured intensities 
are tabulated, where the values except the 
one marked by asterisk are the averages 
obtained from all the experiments. The 
values with brackets show the results obtained 
visually. The value with asterisk was ob- 
tained by correcting the primary extinction 
effect which will be described later. The 
values obtained by Stasova and Vainstein!” 
and Laschkarew and Usyskin” are listed 
together for comparison. Their values were 
normalized so as to result in general fits with 
our values, where the (100) and (110) reflections 
were omitted because of the larger discrep- 
ancies from our results. The discrepancy for 
the (100) reflection seems to be due to the 
difference in the estimation of the background 


which is considerably steep in the region of 
small sin 6/A values*. Excepting these two 
reflection, their results coincide generally well 
with that of the present experiment. 

(i) Correction of primary extinction effect. 
The large discrepancy in the intensity of the 
(110) reflection between the results of Stasova 
and Vainstein and Laschkarew and Usyskin 
in Table I suggests that the intensity of this 
strong reflection is considerably affected by 
the primary extinction effect. This effect 
was corrected in the present experiment by 
the extrapolation method”. Fig. 6a shows an 
example of the results of this procedure for 
the room temperature phase. It is evident 
that the (110) reflection is accompanied by a 
large primary extinction effect, while this 


* A sector camera of Tokyo Institute of Tech- 
nology was used to examine the (100) intensity ob- 
tained from the present experiment. However, 
the results was the same within the experimental 
error, 
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effect is negligible for the other reflections. 
The value corrected by this method is given 
in Table I with asterisk. 

(ii) Direct Fourier synthesis. As the first 
step of the analysis, the potential distribution 
along a body diagonal was obtained by the 
three dimensional Fourier synthesis from the 
observed intensity values. The signs of the 
structure factors were determined by assum- 
ing the centrosymmetrical structure of the 
room temperature phase as quoted before. 
For the evaluation of the structure factors of 
component reflections in the multiple rings as 
in the case of (221) and (300), etc. the coordi- 
nate of hydrogen atoms x=0.154 obtained 
from the neutron diffraction data’! was 
used, the effect of the temperature factors 
being neglected. The result of this Fourier 
synthesis is shown in Fig. 7, giving the 
coordinate x=0.15—0.17. However, since the 
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Fig. 6. Calibration of the primary extinction ef- 
fect. (a) Room temperature phase. (b) Low 
temperature phase (—40°C). 
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Fig. 7. Potential distribution along a body dia- 
gonal direction. 
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peak of the hydrogen atom in the figure 
is quite broad, and moreover, the effect 
of the temperature factor was not taken into 
account, the reliable value of the hydrogen 
coordinate may not be obtained by the direct 
Fourier synthesis as above. 
(iii) Evaluation of the temperature factors. 
The knowledge of the temperature factors is 
very important for determining the exact 
position of the hydrogen atoms. In order to 
know the general behavior of the thermal 
vibration of the component atoms in the 
crystal, the difference Fourier synthesis was 
performed by assuming the neutron diffraction 
data! B= By=Bo=By=2.0A2 for the tem- 
perature factors and x=0.154 for the hydrogen 
coordinate. The latter is needed for the sake 
of the intensity evaluation of multiple rings. 
The normalization of the observed structure 
factors was performed by the condition! 

SS | Shrxt,ovs | aa = | Snrxt,cat | ) 
where Shxz,ors aNd Snrxz,car are the observed and 
calculated structure factors. The summations 
were carried out for all the reflections ob- 
served. The three dimensional difference 
Fourier synthesis along a body diagonal is 
shown in Fig. 8a, where the peak of the 
hydrogen atom is seen clearly at the coordina- 
tion x=0.155. However, infavorable peaks 
and valleys are found at and near the positions 
of N and Cl atoms. When the temperature 
factor B is taken 1.1A?™, the difference 
synthesis gives x=0.148, and valleys are found 
at the positions of N and Cl atoms, as is 
shown in Fig. 8b. 


\/ (xxx) Volts 
30 


0,0 0.10 


V (xxx) Volts 
20 X=0148 
$ 


0,50 


0.40 


0.0 0,10 


Fig. 8. Three dimensional difference Fourier syn- 
theses of room temperature NH,Cl along a body 
diagonal with B=2.0 (a) and B=1.1 A’ (b). 
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The above two examples show that the 
position of the hydrogen atom is affected 
strongly by the temperature factors. Fig. 9 
shows this effect schematically. 

The calculated structure factors showed the 
best agreement with the observed values for 
B=1.3A2. The two dimensional difference 
Fourier synthesis was performed by the use 
of this B value in order to confirm the exist- 
ence of an anisotropic thermal vibration of 
the hydrogen atom as was revealed by the 


Fig. 9. Schematical representation of the effect 
of temperature factor to the hydrogen position 
in the difference Fourier syntheses. 

a) The case when B factor is too large. 
b) The case when B factor is too small. 


x 
025 


O 0,05 0.10 OJ5 0.20 


Fig. 10. Two dimensional difference Fourier syn- 
thesis of room temperature phase NH,Cl along 
(001) axis with B=1.3 A” and the parameter 
x=0.154, the anomalous thermal vibration due 
to the hydrogen atoms being neglected in get- 
ting each structure factor from the observed 
multiple reflections. The contour lines are 
shown in Volts-A unit. 
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neutron diffraction study™. The result is } 
shown in Fig. 10, where the rotatory vibration | 


of the hydrogen atom is recognized clearly. |f 
The half angle of the rotatory vibration was |— 


estimated to be a=12°, which coincides with | 
the value obtained by neutron diffraction. 
The temperature factor for each atom can | 
be determined more accurately by the follow- 
ing procedures. | 
true temperature factors, and By, Bo. and Bu | 
the calculated temperature factors. Then the | 
calculated and the observed structure factors | 
can be given by 
Shrxt,eai= Ey exp (— By sin? 6/2?) 
= b)te 2o, CXIK — Dg Sill Oa) 
4+$Eyexp(—Bzsin? 6/22) [ ], (3) 
and 
KSnxt,oose= Ew exp (— By’ sin?6/A?) 
+(—1)"***"Eo1 exp (Bor’ sin? 6/22) 
+4 Ea exp(—Byr sin? 6/27)>, | ea 
where K is the scaling factor, and the nota- 
tion >}[ ] in the last terms in (3) and (4) 
represents the contribution of the hydrogen 
atoms accompanied with rotatory oscillation! 
and is given by 
SL J=SLh(22V W sin a) 
x cos {2z cos a(hx+ky+/z)}], 
and 
w= (hy—kx)?+(lx—hz)?+(kz—ly) . 
Jo is the zeroth order Bessel function, and x, 
y, z are the coordinate of the eight statistical 
position of the hydrogen atoms in the assumed 
structure. From (3) and (4) we obtain ap- 
proximately 
Srxt,cat—K Sart, ovs 
= Ey4By sin? 0/2?+-(—1)"***"Eo,4 Boi sin? 0/22 
+2En4Bysin? 6/2 S[ 1, (5) 
where 
4By=By —By, ABa=Bor —Ba 
and 
4By=Br’—By : 
These unknown values of K,4By, 4Bo, and 
4By can be determined by the least square 
method. The calculation was carried out for 
all the observed reflections except those of 
lower orders, (100)-(300), for which the effect 
of ionization of atoms may be appreciable. 
The temperature factors thus obtained 
deviated considerably from the initial value 


Let By’, Bov and By’ be the § 


iG: B= 1.322. 


1959) 


The final results are 
By=1.33, Bor=1.22 and Br=2.38K2 (6) 


for x=0.154 and aw=12°. It is not essentially 
important to assume these x and a values at 
least for the determination of the temperature 
factors of N and Cl. 

Fig. 11 shows the two dimensional difference 
Fourier synthesis using the above factors. 
Three dimensional synthesis is shown in Fig. 
12 by the full line. The coordinate of the 
hydrogen atom revealed by this figure is 
A= O.152. 


N 


a —s . a 

O 0.05 O10 OS O20 025 

Fig. 11. Two dimensional difference Fourier syn- 
thesis of room temperature phase NH,Cl along 
(001) axis with Bu=2.38, By=1.33, Boi=1.22A” 
a=12° and #=0.154. The contour lines are 


shown in Volts-A unit. 


V (xxx) Volts 
3 


aie in 


O2MOS) OF O5) (06) (O08: 0; 


Fig. 12. Three dimensional difference Fourier 
syntheses of room temperature phase NH,Cl 
along the body diagonal with By=1.33, Ba= 
1.22, Bu=2.38 A? and a=12°. Full line shows 
the case calculated from the neutral atoms with 
~—0.154, and the chain line the case of N-°-4, 
Cl-9.81 and H+t9-315 with a#=0.153, for both of 
which the unobserved structure factors were 
not included in the syntheses. If they are taken 
into account, the result is given by the dotted 
‘line for the latter case. 
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(iv) Jlonization effect. As is shown in Fig. 
12, there is a deep valley at the position of 
Cl atom, and moreover, the discrepancy 
between the observed and calculated structure 
factors for lower order reflections is consider- 
able (cf. Table III). These facts seems to 
show that the atomic scattering factors for 
the neutral atoms used in the present calcula- 
tion are not adequate as the result of the 
ionization of atoms in the crystal. This effect 
may change the position of hydrogen atoms 
considerably. 

As is shown in Fig. la, the change of the 
atomic scattering factors for X-rays by ioniza- 
tion effect takes place only in the region of 
small value of sin @/A, and the deviation of 
the values for ionized atoms from those for 
neutral atoms may be approximated to be 
linear to the sin 6/4 in the range of sin 0/A= 
0—0.4A-!. By multiplying sin? 6/22 to (1), we 
get the following expressions : 

E’=E sin? 0/22=(me?/2h?)(Z—f) Gas) 
or 

AE’ = —(me?/2h2)4f . (8) 
Since 4E’ is proportional to the change of 
atomic scattering factor for X-rays 4f, JE’ 
may be also linear to sin 0/2 in the range of 
sin 0/A=0—0.4A-!. Then we can put 

AEW =CyA(sin 0/2) 

4Eo =CA(sin 6/2) 

Ay’ =CyA(sin 8/2) , 
where A(sin 6/2)=0.4—sin 6/4, and Cy, Co. and 
Cy are the parameters to be determined. 
From (3) and the above expressions, we get 
sin? O/2*(Snrxt,ovs—Snxt,c 1) 

=CyA(sin 0/2) exp (— Bw sin? 0/2?) 

+(—1)"t**!Co,A(sin 6/2) exp (— Bar sin? 0/4”) 

+4C,A(sin 0/A) exp (—Ba sin? 6/22) [ ].- 

(10) 

Cy, Cor. and Cq can be determined for a given 

value of x« by the least square method with 

the condition of the neutrality of total charges 
in the crystal 

Cy+Cort4Cu=0 : (11) 
When the values of Cy, Ce: and Cy are known, 
the extrapolated values of 4f to the zero scat- 
tering angle give the charge of each atom. 

In Table II the calculated values of the 
formal charges of the atoms for the several 
x values are tabulated. Because of the rela- 


(9) 


PAE 
Table II. Variation of formal charges with 
the coordinate x. 

x N Cl H 
0.146 —0.55 —0.85 0.35 
0.152 —0.46 —0.82 ORSZ 
0.153 —0.45 —0.81 0.315 
0.154 —0.44 —0.80 0.31 
0.155 —0.40 —0.80 0.30 
0.156 —0.39 —0.79 0.295 
0.157 —0.37 —0.79 0.29 
0.158 —0.34 —0.78 0.28 
0.159 —0.30 —0.78 0.27 
0.160 —0.27 —0.77 0.26 
0.161 —0.24 —0.76 0.25 
0.162 —0.20 —0.76 0.24 
0.163 —0.17 —0.75 OS 
0.164 —0.14 —0.74 0.22 
0.170 +0.11 —0.63 0.13 


tively small contribution of the hydrogen 
atoms for the large sin @/A region, the tem- 
perature factors (6) may remain unchanged 
by ionization of the atoms. Then, the x value 
may be determined by the condition of the 
minimum reliability factor of the structure 
factors. The best agreement between the 
observed and the calculated structure factors 
was found for x=0.153 and charges of the 
atoms N-®-45, Cl-°-8! and H*t°315. Table III 
shows the comparison of the observed and 
calculated values of the structure factors. The 
calculated structure factors for neutral atoms 
are also given in this table to show the large 
discrepancy in the region of small sin@/A 
values. The structure factors corresponding to 
the unobserved reflections, the intensities of 
which would be considerable if they could be 
observed, are given by bars, and the ones cor- 
responding to the reflections, the intensities 
of which would be very weak or practically 
zero even if they could be observed, are given 
by 0.00’s. When the reflections which were 
not observed in the experiment are excluded 
the reliability factors become 0.08 and 0.10 
for the ionized atoms N~®-45, C]-°-81 and H+0-315, 
and for the neutral atoms, respectively, how- 
ever, when the calculated structure factors 
of the unobserved reflections corresponding to 
the very weak intensities, even if they could 
be observed, are taken into account the re- 


liability factors become 0.10 and 0.12, respec- 
tively. 
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Table III. The observed and calculated structure 
factors for room temperature phase NH,Cl with 
u=0) 153: 


Seal 
hkl Sobs N-9.45 hkl Sobs Seal 
Neutral} Cl—9-8! 
H+0.315 

100} —1.05 | ~2.06 | —1.07 || 441) —0.13 | —0.14 
TG ees! 5.44 5.12 |) 530) 0.38 0.36 
111} —1.50 | —1.45 | —1.33 || 433) 0.36 0.34 
200; 2.74 Seto PRAT) || Sei — —0.14 
210) —1.22 | —1.15 | —1.14 ] 600) 0.31 0.33 
210) 2,30 2.30 2228 442i 0229 0.31 
220) 1.54 193 1.91 || 610 = —-0.11 
221) —0.50 | —0.54 | —0.54 || 611) 0.32 0.30 
300) ~—0.80 | —0.85 | —0.85 | 532) 0.31 0.29 
310} 1.41 1.43 620} 0.24 0.27 
311) —0.55 —0.54 443} —0.10 | —0.11 
222) 1.29 eso 621; —0.10 | —0.11 
320) —0.32 —0.33 540} —0.10 | —0.11 
yall sale as: algal) 541) 0.23 0.24 
400} 0.71 0.85 533} 0.00 | —0.09 
410) —0.34 —0.35 622). 0.21 0.23 
322) —0.29 —0.30 542 —* 0809 
411) 0.68 0.81 630 — —0.11 
Se) | Dari 0.92 631] - 0.21 0.21 
331; —0.14 —0.21 444 _- 0.19 
420} 0.66 0.76 632) ~ —0.08 
421) —0.25 —0.23 700} 0.00 | —0.07 
332} 0.62 0.64 590} (0.19 0.18 
422) 0.49 0.57 710} 0.19 0.18 
430} —0.13 —0.15 543) (0.19 0.18 
500} —0.17 —0.19 711) 0.00 | —0.07 
431) 0.51 0.54 551} 0.00 | —0.08 
510) 0.50 0.53 640 — 0.16 
511) —O.13 —0.17 641 — —0.08 
333) —0.18 —0.23 720) 0.00 | —0.08 
520} —0.18 —0.16 633} 0.17 0.16 
432} —0.20 —0.18 592; 0.17 0.16 
521; 0.46 0.43 (21) 016 Ooi 
440} 0.35 0.39 642) 0.12 0.14 
522} —0.13 —0.14 


The chain line of Fig. 12 shows the three 

dimensional difference Fourier synthesis for 
this ionized atoms, the unobserved structure 
factors being neglected in the calculation. 
The peak value of the hydrogen atom esti- 
mated in this figure gives x=0.152. 
(v) Final result. Through all the procedures 
of Fourier syntheses mentioned above the 
contribution of the unobserved reflections has 
not been taken into account. When all of 
these values are calculated and the difference 
Fourier synthesis is extended up to the range 
of sin 0/A=1.05A~1(hkl=554), we obtain the 
curve as dotted in Fig. 12. The coordinate 
x estimated from this figure gives 0.153. As 
there is no shift in the coordinate, this result 
is satisfactory. 


The standard deviations of the potential 


) 1959) 


and the coordinate of the hydrogen atom can 
-be estimated by the following expressions 
which are analogous to those of X-rays!®. 


mV )=(h?/22 mea®){ 3\(| Saxz,ons|—| Suz, oat |)2}7? , 


(12) 
a(x) = (h2/meat) 2” (] Snat, es reat |? 
(13) 


| The results thus obtained are o(V)=2 volts 
and o(x)=0.003 when the Shyez,oos and Snrzz,caz 
corresponding to the observed reflections are 
used in the calculation. Even when the Snx’s 
corresponding not only to the observed reflec- 
tions but also to the ones which would be 
very weak even if they could be observed are 
taken into account, these standard deviations 
were almost the same. 


b) Low temperature phase. Examples of 
Dabye-Scherrer rings and the microphotometer 
traces for the low temperature phase are shown 
in Figs. 4b and 5b, respectively. In Table IV 
the result of the intensity measurement is 
given, all the values of which were averaged 
from the experiment at —40°C. The value 


Table IV. Intensity ratios of low temperature 
phase (—40°C) NH,Cl.* 

hkl Intensity || hkl Intensity 
100 8641 431, 510 292-2 
110 2900+90* || 511, 333 (1) 
ilgtah 11+3 520, 432 (3) 
200 228+6 521 Zee 1 
210 124+6 440 (2) 
211 496+11 522, 441 (1) 
220 117+4 53058433 (8) 
ZOO) 25+2 531 (1) 
310 100 600, 442 (4) 
311 7S Z 610 (0.5) 
222 28+2 Ole Oo2 (8) 
320 (5) 620 (2) 
321 96+1 443, 621, 540 (1.5) 
400 (6) 541 (4) 
A105 322 (10) 622 (alesis) 
Ail oo) 42+2 631 (3 
331 (IES) 550, 710, 543 (4) 
420 22+1 640 el 
421 (4) CRA A (3) 
332 Iaysedl 642 (3 
422 eed 732, 651 (5) 
430, 500 (0.7) W4\, Sliieebod (4 


oe ee SS 
* See the foot-note of Table I. 
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with asterisk was given by correcting the 
primary extinction effect. Fig. 6b shows an 
example of the result of such a correction for 
low temperature phase. 

The temperature factors were calculated 
by almost the same method as is described 
in (777) of a). In the present case, however, 
the structure factors have imaginary parts”, 
so only the real parts of the structure factors 
were used to determine the temperature 
factors assuming the coordinate of the hydro- 
gen atoms x=0.154*. The results are given 
by 

By=0.48, Ba=0.41 and By=2.48A?. (14) 
In the calculation, the structure factors of 
lower order reflections were omitted by the 
same reason aS was mentioned in a). 


ed 


0,25 


e) 0,05 O10 ©(5a) 1 16:20 


Fig. 13. Two dimensional difference Fourier syn- 
thesis of low temperature phase NH,Cl (—40°C) 
along (001) axis with Bu=2.48, By=0.48, Ba= 
0.414” and w=0.154. The contour lines are 
shown in Voliés-A unit. 


Fig. 13 shows the result of the two dimens- 
ional difference Fourier synthesis calculated 
for the neutral atoms, where the shape of 
the potential near the center of the hydrogen 
atom is not distorted as in Fig. 11 for the 
room temperature phase. In Fig. 14, the 
three dimensional difference synthesis is given 
along the direction of the body diagonal of 


* The real parts of the observed structure 
factors are given by 
gee 
real ca. 
=Sobslinseo i 
S obs = obs li Se al| 
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the crystal for the neutral atoms. The co- 
ordinate thus determined was x=0.152, which 
is the same as the case of room temperature 
phase. It is shown that there is a deep val- 
ley at the position of Cl atom, too. 

Ionization effect was calculated in the same 
way as before, but in this case only the real 
parts of the structure factors were used. The 
changes of the formal charges of the atoms 
with the change of the coordinate x are the 
same as Table II. 


eo em) Volts 


40 


Se 
-05 -O4 -03 -02 -O1 O Ol Q2 03 O04 O5 


Fig. 14. Three dimensional difference Fourier 
syntheses of low temperature phase NH,Cl 
(—40°C) along the body diagonal with By=0.48, 
Bou=0.41, Bu=2.48A”. Full line shows the case 
calculated from neutral atoms with xv=0.154, 
and the chain line the case of N-9-45, C]-0.81 
and H+9.315 with #=0.153, for both of which. 
the unobserved structure factors were not in- 
cluded in the syntheses. If they are taken into 
account, the result is given by the dotted line 
for the latter case. 


The best agreement between the observed 
and the calculated structure factors was found 
when the coordinate was x=0.153, which is 
the same as in the case of the room tempera- 
ture phase. In Fig. 14, the chain line shows 
the difference synthesis, where only the 
observed reflections were used in the calcula- 
tion, and the dotted line the synthesis, where 
all of the structure factors which were not 
observed in the experiment were added in 
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Table V. The observed and calculated structure 
factors for low temperature phase NH,Cl with | 
AAV NEB, 


|Scai| 
hkl |Sovs| Neo hkl |Sovs| |Scai| | 
Neutral | C1—9-8 
Ht0.315 

TOO | ORO | eZ a7. tS 532 | 0.49 | 0.50 
TOR e26ul) Poaoo Dao 620 | 0.44 | 0.47 
HSL 7) Te fave PIE aks; Ln5S 443 | 0.20 | 0.19 
200 Bisel) || 3229 3.06 ay A Waals) |! Oe ike) 
PANO) | eZ 283 We2Z 540 9/10). 19 OS 
Pal || PO || Zot! aoe 541 | 0.45 | 0.44 
220) |PZm ST 2224 2.18 533 | 0.00 | 0.17 
22 NGA ORSON ORG, 0.64 622 | 0.39 | 0.42 
300 | 0.88} 1.01 0.98 542 — | 0.16 
BO |) lb) 1.64 630 — | 0.18 
SII ORor 0.62 631) OOF4 Ie OrSg 
2227 G\ eS 1.56 444 — | 0.37 
BA) || O38 0.37 632 — | 0.15 
ByAL || 2a 1.38 700 | 0.00 | 0.14 
400 | 0.96 1.06 550 | 0.37 | 0.36 
410 | 0.48 0.44 CLO OL S7 90236 
SU | WAY 0.39 543) SOLS 7a ORoo 
AT leOs 1208 GL “12000570 era 
330M eet 1.20 551 | 0.00 | 0.14 
231. 0P26 0.27 640 | 0.35 | 0.33 
APA || 1 OS 0.99 641 — | 0.14 
ADA Oeo2 0.30 G20) AOR00 5 Ota: 
332 | 0.89 0.84 633502311) Ors 
A422 WOR79 0.79 552 4 0231 | O86 
ASOT ORL 0.22 C2AE®)| OFSTMORSS 
500 | 0.21 0.26 642) 8] ORSZsIRORST 
431 | 0.78 ORM, 122 | OR00T Oars 
510 | 0.76 O15 544 | 0.00 |} 0.13 
Bt O22! 0.26 730 — | 0.30 
S88) || 5745) 0.32 731 — | 0.13 
520 | 0.26 0.24 553 (| 0.00 | 0.13 
AZ2, \\OE27 0.26 650; 7} 0700 || 0.12 
521) |S 0265 0.64 643 — | 0.12 
400 | 0.55 0.62 G32) 1 OF30) |FORZ8 
522020220 OnZ2, 651 | 0.30 | 0.28 
441 | 0.19 ORZi) 800 | 0.00 | 0.27 
530 | 0.58 0.55 810 | 0.00 | 0.12 
A433 180256 OR53 740 | 0.00 | 0.12 
531 | 0.20 OR2i 652 — | 0.12 
600 | 0.55 0.55 (41 O87 OE25 
Aa 2a RORo 0.51 post igs §| (M0) 8h || 2277 
610 | 0.21 0.18 554 (| 0.28 | 0.27 
611 | 0.49 0.50 


the calculation up to the region to sin 6/A= 
1.05A-1. These syntheses were carried out 
for the ionized atoms N~-°-4°, Cl-®-8!, and H+?-315 
corresponding to x=0.153. The estimated 
values of the coordinate were 0.152 and 0.153, 
respectively. The latter case is satisfactory 
because of no shift in the coordinate. 

Table V shows the observed and the 
calculated structure factors of these ionized 
atoms and of the neutral atoms. The relia- 
bility factors were 0.08 and 0.11 for the ionized 
and neutral atoms, respectively, when the 
contribution of the unobserved structure 


factors, which correspond to the very weak 
reflections even if they could be observed in 
the experiment, are taken into account, and 
0.05 and 0.08 when only the observed reflec- 
tions are used. The standard deviations of 
potential and coordinate were the same as in 
the case of room temperature phase for both 
the cases where the unobserved structure 
factors were neglected and taken into account. 


§5. Discussion 


a) Characters of the Fourier maps. As is 


} 1959) 


|: shown in Figs. 11 and 13, the difference of 
)' the potential shape of the hydrogen atom is 
} not spurious but gives the fundamental dif- 
| ference of the behavior of the hydrogen atoms 
} in the crystal: the distortion of the hydrogen 
potential for the room temperature phase 
| shows distinctly the existence of the rotatory 
| vibration of the hydrogen atoms and there 
| is no sucha distortion for the low temperature 
phase. The peak height of the hydrogen 
atom for the room temperature phase is about 
half of that of the low temperature phase 
(Figs. 12 and 14). This will confirm the 
consistency of the models assumed in the 
calculation of Fourier syntheses. 

b) Ionization effect. It is interesting that the 
value of the coordinate of the hydrogen atom 
and the ionization effect are the same for 
both room temperature and low temperature 
phases. It should be emphasized that the 
formal charges in the crystal are not integers 
but the fractional numbers: this crystal can 
be recognized as partly ionic and partly 
covalent. Such a conclusion was also obtained 
from the electron diffraction data of Li,O™. 
Thus the electron diffraction method is very 
useful to detect the ionization effect of the 


Hydrogen Positions in NH,Cl by Electron Diffraction 


1215 


crystals. 

As is shown from the dotted lines in Figs. 
12 and 14, the backgrounds are not perfectly 
flat nor zero. This may be due to the fact 
that we used the atomic scattering factors 
for the isolated atoms modified by the method 
mentioned in § 3a) (¢v). Such a method is an 
approximation and moreover the true atomic 
scattering factors in the crystal may be 
different from those of the isolated atoms. 
Then the more detailed discussion can not 
be given until we will get the accurate 
knowledge of the scattering factors in the 
crystals. 

c. Comparison with the other experiments. In 
Table VI the results of the other experiments 


are listed for comparison. Temperature 
factors obtained by neutron diffraction coin- 


cide with those of X-ray diffraction for the 
room temperature phase. However, they are 
larger than those of the present experiment, 
though the intensity ratios of our experiment 
coincide generally well with those of Stasova 
and Vainstein for the room temperature phase. 
Such a discrepancy could not be explained. 
Though the coordinate of the hydrogen 
atoms obtained by X-ray is very small, our 
results coincide with those of neutron diffrac- 


Table VI. 
Temperature factors 
Method Workers Temperature f 
(N-H distance) Be Ba Ba (A-2) 
Levy and ee Odes e0 008 D0) (9.094215 “Yesie® 
Peterson!) (1.03+0.02A) 
Neutrons 
Goldschmidt and liq. air 0.154+0.003 Oe 
Hurst (1.03+0.02A) 
ate 0.140+0.004 om AeOues 
Watanabe and (0.94+0.03A) 
X-rays i 
Yamada 60°C 0.140+0.004 (3 eae ee 
(0.94+0.03A) 
Laschkarew and ro 0.142+0.010 4 iy ie 
Usyskin) 0.95+0.07A) 
Stasova and eae 0.146+0.006 1<B<2 
Vainstein!) 0.98+0.04A) 
Electrons 
ee 01532-0008 135" 122 238s e 12") 
1.02+0.02A) 
Present author 
~40°C DE SUSU 0.48 0.41 2.48 
1.024+0.02A) 
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tion. Assuming the results of X-rays and 
neutron diffraction are both correct, the poten- 
tial distribution of the ls electron® and the 
nucleus! of the hydrogen atom can be given 
as in Fig. 15. As shown in (1), the contribu- 
tion of electron is quite opposite to that of 
nucleus, so the potential due to the 1s electron 
is negative. The quantity which is given by 
electron diffraction synthesis is the resultant 
potential. As is seen in this figure, the shift 
of the peak value is so small (4x=0.001) that 
the position of the peak of the resultant 
potential is almost the same as that of the 
nucleus. Thus the value x=0.153 of our 
experiment coincides with the resultant peak 
within the experimental error. 


0.154 


V( xxx) 


040 


Fig. 15. Potential of nucleus and 1s electron of 
hydrogen atom. 


The intensity ratios of the experiment of 

Stasova and Vainstein are almost the same 
as those in the present experiment except 
the (100) and (110) reflections. However, the 
coordinate of the hydrogen atom is much 
smaller than ours. If they determined the 
position of hydrogen atom by paying much 
attention for the factors which were mentioned 
in §3a), the same value would result as in 
the present experiment. 
d) The effect of complex scattering factors. 
So far we did not consider the effect of the 
phase shift due to the complex atomic scat- 
tering factors!8:1920, However, since in our 
experiment the accelerating voltage was high 
(60kv max.) and the atoms are light, the effect 
of the phase shift on the intensities, if any, 
is only ~5 percent for the reflections of 
higher scattering angles, being less than the 
error of the intensity measurement, ~15 
percent, in such a region. 
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The object of this paper is to investigate how the magnetic interaction 
and the crystalline field depend on the number of coordinations in the 
complex salts. As the results of our measurements, it is found that the 
magnetic susceptibilities of Mn(NH3)sCl,, Mn(NH3),Clz, Mn(NHs3)Cly, 
MnCl,, Co(NH3)eClz, Co(NH3)sClz, Co(NH3)Cl,, CoCl,; Ni(NH3)Cle, 
Ni(NH3)2Cly, Ni(NH3)Cly, NiCl.; Cu(NH3)sSO4-H:0, Cu(NH3)2SO., CuSO, 
follow well the Curie-Weiss law in the temperature range from 90°K to 
600°K. Any appreciable deviation from the Curie-Weiss law has not 
been observed, and it seems that the Curie constant C and the Weiss 
temperature @ in the equation x,—=C/T+o generally increase as the 
coordination number proceeds lower. 


§1. Introduction 

Mn(NHs)6Cl2, Co(NHs3)6Cle, Ni(NH3)eCl. and 
their diammine and monoammine salts are 
stable, and their physical and chemical pro- 
perties were investigated by Biltz. When 
heated in vacuum, the hexammine salts con- 
vert successively into di- and monoammine 
salts at fixed temperatures. The transforma- 
tion points are given in Table I and Fig. 3. 

The values of the susceptibility of anhy- 
drated chloride of iron group given by Starr, 
Bitter and Kaufmann”, and Bizett, Tisai and 
Terrier») are in very close agreement with 
our results above 90°K, while the values for 
Cu(NHs)4SOz-H20 by Volger*? are partially 
different from ours. For CuSO. anhydrate 
the measurement was carried out by de Haas 
and Gorter» and Borovik-Romanov, Karasik 
and Kleines». 

The crystal structures of Mn(NHs)cCl, 
Co(NH3)eCle, Ni(NHs)eCle, MnCl, CoCh, 
NiCl, ,8 Cu(NH3)sSO.-H,.0 and CuSQO.!” are 
readily known, yet the structures of the salts 
with intermediate coordinations are not cer- 
tain. 


§2. Apparatus used and Preparation of 
Samples 

The method used for measuring the sus- 

ceptibility at various temperatures is one of 

the Weiss-FOx principle that has been con- 

stantly used by one of the authors’. In the 

present measurement, the whole moving part 
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was enclosed by a glass tube and was kept 
in vacuum or in dry air as shown schema- 
tically in Fig. 1. 

For the measurement at high temperature 
a heating chamber made of quartz as shown 
in Fig. 2(a) was attached to the above-men- 
tioned glass tube and a platinum wire of 0.5 
mm in diameter was antimagnetically wound 
around the quartz tube for heating the cham- 
ber. For the measurement at low tempera- 
ture a chamber made of copper block was 
attached and the lower part of the chamber 
was dipped dry ice or liquid nitrogen as re- 
quired as shown in Fig. 2(b). The magnet 


Fig. 1. Schematic picture of the apparatus of 
susceptibility measurement. 
A sample holder, B_ thermocouple, 
C and D compensating coil, 

mirror, F oil damper, 

lead of compensating coil, 

lead of thermocouple, 

glass tube, 

pole center of electromagnet. 


eS te. Get 
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used is of the Weiss-II type and a magnetic 
field of about 6000 oersted is obtained in the 
air gap between pole pieces at a distance of 
3.2cm apart. 


Fig. 2(a). Schematic picture of heating oven. 
A sample and holder, B_ thermocouple, 
Cheater of Pé wire, D quartz tube, 
M pole center of electromagnet. 


Fig. 2 (b). 
C De’war vessel, 
E_ blass tube. 


Schematic picture of cryoelement. 


D copper block, 


As standards the following compounds were 
used: 


H.0 Xg=—0.720.x 10-8, 
Fe(NHa)alum 7%=30.4x 107 (at 290°K) and 
CuSO -5H.0 79.97 10 

%q being the gram susceptibility, and for the 


diamagnetic correction the following values 
of molecular susceptibility were used: 


H:O  %m=—13.0x 10-8, 
SOc Xm=—39.0x 10-8, 
NH;  %m=—14.5x 10°, 
Cl) %m=—22- 1x 10-4 


A copper-constantan thermoelement of 0.06 
mm in diameter calibrated by the melting 
points of Cd, Zn and Sn metals, sublimation 
point of dry ice and boiling point of liquid 
nitrogen was attached to the sample vessel 
as shown in Figs. 2(a) and (b). A correction 
for the temperature difference between the 
thermocouple and the sample was done by 
comparing the temperature of the thermo- 
couple with the temperature deduced from 
the xz, value of Fe(NH:)-alum in the range 
from 90°K to 300°K. This result was repro- 
duced within an accuracy of +1.5°K in the 
ranges 90°K~110°K and 200°K~300°K. The 
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error in observation of magnetic susceptibility || 


Xo lay within +0.5%. 
Preparation of samples. 


Mn(NHs)sClz, Co(NHs)eCla:—The recrystal- | 
lized salts of MnCl,-4H,O and CoCl:-6H20 | 


were dehydrate, being kept at 200°C for 4 
hours. The anhydrated salts thus obtained 
were shutt off from air, and were held in 


ammonia gas flowing slowly until these salts | 


converted into white powder of Mn(NHs)6Cle 
and pink powder of Co(NHs)ceCl.. To avoid 


decomposition, these salts were kept in am- | 


monia gas atmosphere. 

Ni(NHs3)eCle: —By dissolving 25 grams of re- 
crystallized NiCl.-6H2O in 200cc of water and 
adding conc. NH; aqueous solution to this 
solution until a green precipitation disappears, 
clear deep purple solution was obtained. Next 
100 cc of saturated NH«Cl aqueous solution 
being added, sparking blue micro crystals 
precipitated in the solution. In this condition 
it was left for 24 hours, and then filtered. 
The mico crystals were washed by a mixture 
of saturated NH.Cl solution and NH; aqueous 
solution, and they were held in a desicator 
containing water free CaO during a few days. 

Cu(NHs3)eSOx1- H20: —Conc. NH3 aqueous solu- 
tion of excess more than 4 equivalent being 
added in the saturated CuSO,-5H:2O solution, 
the solution changed to dark blue solution of 
copper tetrammine sulfate. Alcohol being ad- 
ded very slowly to the solution thus obtained, 
micro crystals of Cu(NHs)sSO.-H:O_ precipi- 
tated in the solution. In this condition it was 
left for 24 hours and then filtered. The 
precipitation was washed by alcohol and left 
in water free CaO desicator during a few 
days. 

Extra pure grade reagents of MnCl,-4H.O, 
CoCl,-6H20, NiCl.-6H.O and CuSQ;-5H.O pre- 
pared by Kanto Chemical Co. were recrystal- 
lized and used for the test. 

Mn(NHs3)2Clz, Mn(NHs)Cl., Co(NHs)eCh, 
Co(NHs3)Cl: 2 Ni(NHs)2Cle ’ Ni(NHs)Cly and 
Cu(NHs3)250«. were obtained by thermal de- 
composition of hexammine chlorides of Mn**, 
Cot*+, Nit* and copper tetrammine monohy- 
drate sulfate in vacuum. 

The decomposing temperature of hexam- 
mine, diammine and monoammine given by 
Biltz are shown in the following ‘Teable I. 
In Table I, the results obtained by the present 
authors are also included in the second column, 


SS 


NH; 


Latin wed : eg ae 
| Biltz | Present Biltz ‘Present Biltz Present 


authors /authors /authors 


: = | 
290°K |463°K 440°K | 546°K 
340 510 480 |574 | 
380 519 500 583 


500°K 
520 
540 


MnCl, 318°K 
CoCls | 362 
NiCl, 398 


4NH;H.O 2NH; 


/ Present authors Present authors 


260°K 


Ni(NHs)Cl2 


A.NiCle 
300 


T%, 
400 


(0) 100 


200 


Fig. 3. Diagram of equilibrium temperature range 
in various coordination Ni+* salts. 


and the decomposition temperatures of nickel 
ammine chloride complexes obtained by the 
authors are shown in in Fig. 3. 

The color of each intermediate coordination 
compound is as follows. 


Mn(NHs)2Cl: white - 
Mn(NH:3)Cl. whitely pink 
Co(NHs3)2Cle violet 
Co(NHs)Cle blue 
Ni(NHs3)2Cle green 
Ni(NH:3)Cl: yellow green 
Cu(NHs3)2SOx cobalt. 


Anhydrated manganous, cobaltous and nickel 
chloride were obtained by dehydration at 
200°C for 4 hours, and anhydrated copper 
sulfate at 260°C for 4 hours in vacuum. 


§3. Results of the Observation 


The magnetic susceptibilities of paramag- 


netic salts above mentioned obey the Curie- 


Weiss law, 
C 
=—— 1 
Xm T+6 ’ ( ) 
where ym is the molar susceptibility. Intro- 


ducing the observed value of ym in the above 
relation (1), we get the value of C and @. 
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Magnetic moment fp (Bohr magneton unit) is 
given as 


(2) 


where k, 8 and N are the Boltzmann factor, 
the Bohr magneton and the Avogadro num- 
ber respectively. 


(1) Mn(NHs)6Clz, Mn(NHs)sCle, Mn(NHs3)Clz, 
MnCl, (Table II and Fig. 4) 
(2) Co(NHs3)6Cl. , Co(NHs3)2Cle , Co(NHs)Cl. , 
CoCly (Table III and Fig. 5) 
(3) Ni(NHs)6Clz, Ni(NH3s)2Clz, Ni(NHs)Cl:, 
NiCl, (Table IV and Fig. 6) 
(4) Cu(NHs3)4SOu- H2O, Cu(NH3)2SO,z , CuSO, 
(Table V and Fig. 7) 
Table II. 
C ns 
Mn(NH3)¢Cly 4.35 5.92+0.03 0°C+2° 
Mn(NH3),Cly 4.21 5.84 7 °C Le 
Mn(NH3)Cl, 4.08 5. (4 Bec | i 
MnCl, 3.83 5.64 " AS Gane 
Table III. 
C p es C) ; 
Co(NHs3)¢Clz 2.95 4.88+0.03 17°C+2° 
Co(NH3)2.Cly 3.10 5.00 " -8 7 
Co(NHs3)Cl. 3.26 5.10 1 -14 7 
CoCl, SeoU bal6 ” —28 7 
Table IV. 
C p 6 
Ni(NH3).Ch, 25) 3.18+0.03 6°C+2° 
Ni(NH;).Cl, 1 27 eae 20e aa —~38 9 
Ni(NH3)Cl, 1.36 Be! y —46 1 
NiCl, 1.34 3.28 y, —67 4 
Table V. 
C F 0 
Cu(NH;),SOy-H,O 0.393 1.78+0.03 4°C42° 
Cu(NH3)2SOx4 ORAS (ieee 92, i 22 1” 


CuSO, 


Or514e 2210 y 67 a 
$4. Discussion of the Results 


In the hexammine complex salts Mn(NHs3)¢- 
Clz, Co(NHs)eCle, and Ni(NHs)s6Clz, the octa- 
hedral complex ions of M(NHs)¢”-type and the 
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Cl- ions form anti-calcium difluoride type 
structure (anti-CaF,) as shown in Fig. 8, and 
each divalent metal ion at the center is sur- 
rounded by the octahedron of six ammonia 
molecules. And this octahedral complex ion 
is surrounded by eight Cl- ions (cubic sym- 
metry) and the Cl- ion by four complex ions 
(tetragonal symmetry). Since each ion is 
completely equivalent in the coordination in 
space, if the symmetry character of these 
hexammine chloride salts keeps complete O; 
symmetry it is suggested that these salts are 
dominated by cubic field and anisotropy does 


ee 
\ ~~ 
ir “ag 
M nt : et 
100} j 
A. Mn(NHs)eCle Cc 
B. Mn(NHa)eCle 
C. Mn(NHa) Cle B 
D. MnClz 
al 


: TSK, 
fo) 100 200 300 400 500 
Fig. 4. Reciprocal molar susceptibility versus 


temperature (°K) for Mnt++-complex and chlo- 
ride anhydrate salts. 


ce 

15 A, Go(NHa)eCle * 
B. Co(NHs)2Clz 
C, Co(NH3) Cle 
D, CoCle 


Vice lus 
500 


ry) 100 200° 300 


Fig. 5. Reciprocal molar susceptibility versus 
temperature (°K) for Co+*+-complex and chloride 
anhydrate salts 


200; Nit 


A. Ni(NHs)6 Cle 
| — B, Ni(NHa)eCle 
SOL C. Ni(NHa)Cle 
BO BL NiGle 


Oman OOF 200 300. 400 500 
Fig. 6. Reciprocal molar susceptibility versus 


temperature (°K) for Nit+-complex and chloride 
anhydrate salts. 
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not appear. On this assumption, the distances 
between nearest CI-Cl and metal-metal ions 
can be calculated by use of the X-ray data” 
of the powdered salt, and the results are 
given in Table VI. The observed value of @, 
however, is not small except for Mn(NHs3)6Ch. 
It may be considered that the effect of lower 
part of crystalline field or spin orbital coupling 
without exchange interaction cannot be neg- | 
lected, and then small displacement of the | 
Cl- ion and NH; molecule may happen. 

The crystal structures of diammine and 
monoammine salts are not yet certain. Diam- 
mine complex salts may belong either to the 
planar four coordination of CuCl:-2H.O type, 
to the tetragonal coordination of Zn(NHs)2Cls 


Xm Cu 
000] A. Cu(NHs)aSOa-HeO 
B. Cu(NHs)2S04 
C. CuSO4 
500] 
t “Ss 1 i = 4 a TK, 
or Oe LOO 300 400 
Fig. 7. Reciprocal molar susceptibility versus 


temperature (°K) for Cu++-complex and sulfate 
anhydrate salts. 


Fig. 8. Crystal structure of M(NHs3)6Cly . 


Table VI. 


CLCl M-Cl M,-iM, M,-M; 


ay* 


Mn(NH3)eCl. 1.198A 5.099A 4.41A 7.204 10.1988 
Co(NH3)eCl, 10.10 5.05 4.37 7.12 10.10 
Ni(NHs3)eCle 10.064 5.032 4.35 7.11 10.064 


* do is the lattice constant of cubic unit cell. 
*  M,, Mz and Mz are shown in Fig. 8. 


— 1959) 


| type or to the chain like polynuclear complex 
salt of Cd(NHs)2Clz type. Anhydrated chlo- 
| ride salts MnCl., CoCl, and NiCl. form layer 
crystal structure Dsa of CdCl. type®. 
_ The symmetry of Cu(NH3).SO.-H:O  struc- 
| ture is orthorhombic bipyramidal and _ its 
crystal structure is shown in Fig. 9 as the 
cross-sectional view in the b-c plane which 
/was determined by Mazzi and Zemann”; 
| unit cell constants are a=7.07, b=12.12, c= 
10.66kx (2:1%). This salt contains four cop- 
per ions in unit cell, differing from CuSQ,: 
5H20. The structure of the copper sulfate 
pentahydrate is of monoclinic symmetry and 
has two copper ions in unit cell. And 
Cu(NH3)sSOz-H2O has a chain of —H.O-—Cu-— 
H,O-Cu- along the c-axis (Fig. 9). 


OCu 


O NH3 


@x20 


Fig. 9. Projection of the unit cell of Cu(NH3)«SO.- 


H,O on its (100) plane. After F. Mazzi. 

The crystal structure of Cu(NHs)2SO« is 
unknown. The structure of the copper sul- 
fate anhydrate CuSO. has been determined 
by Hammel! and has nearly rhombic sym- 
metry and contains four copper ions in unit 
cell. 

The origin of the Weiss temperature @ is 
due mainly to the influence of the anisotropic 
crystalline field and the exchange interaction. 
So if the splitting caused by crystalline field 
is small, the Weiss temperature @ can be ex- 
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pressed by the following relation after Van 
Vleck, 


RS ai RSndn|\(nn’ 2° 


Let us consider the spectroscopic energy 
W(n) of the energy level of one ion, where 
nm stands for a combination of quantum num- 
bers. M(n,n’) are the matrix elements of 
magnetic moment of the ion in the direction 
of magnetic field. The index in the summa- 
tion sign indicates that in the summation 
over the different levels 7’ the original level 
n is excluded. It may be shown, however, 
that this becomes zero in isotropic substances, 
as does also its average value in any powder. 
Therefore an anisotropic effect in powder, if 
any, may be faint from the above hypothesis. 

A relation between the Weiss temperature 
and the exchange interaction energy J is 
given by the expression; 

eS 2zJS(S+1) 
3K é 
where z is the number of ions at the nearest 
neighbour sites, / the energy of exchange 
interaction, and S the spin quantum number. 

In the case of powdered sample a part of 
the exchange interaction is isotropic. There- 
fore, neglecting the Weiss constant due to 
anisotropy we estimate isotropic exchange 
interaction alone. We also neglect the Weiss 
constant due to magnetic dipole interaction as 
it may be of order of magnitude smaller than 
Ooi, 

Diy Mn?*, 34° "Sse. 

In this case, since the orbital level is sin- 
glet, the level is not splitted by a crystalline 
field and hence an anisotropy caused by the 
crystalline field does not remain. Thus @ in 
(3) becomes zero, and therefore the Weiss 
temperature 9 is supposed to be equal to the 
isotropic exchange interaction. In the mangan- 
ous salts which were measured by the present 
authors, the Weiss temperature is very small 
in magnitude compared with other salts. They 
may probably be normal paramagnetic salts 
at very low temperature. Especially in the 
manganous hexammine chloride Mn(NHs)«Cl:, 
the value of @ is too small for estimating the 
Weiss temperature in the temperature range 
of the present experiment. In the case of 
MnCl, as shown in Table II, @ equals 4°C, 
so the exchange energy can be estimated as 


(3) 


(4) 
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J=0.15cm7!. Moreover, it seems reasonable 
that the g-value for the manganous hexam- 
mine chloride has been estimated to be 2.00 
from the experimental results of molar sus- 
ceptibility. The g-values for the diammine 
and the monoammine and the anhydrate salts 
are smaller than the g-value of the hexam- 


mine salt. These g-values are tabulated in 
Table VII. 
Table VII. 
g 
Mn(NH3)sCl> 2.00+0.03 
Mn(NH3)2Cls 1.98 Ua 
Mn(NH3)Cl, 1.97 
MuCl, 1.96 I 
Table VIII. 
g 
Co(NHa)sCle 2.46+0.03 
Co(NH3)2Cls 2a y 
Co(NHs3)Cly The 63 wt 
2). Giada 


CoCl, 


We Cor? od! “hers. 

In the cobaltous salts, the value of @ for 
Co(NHa)seCle is positive, differing from the 
others as seen in Table III, so this salt is 
expected to show an antiferromagnetic be- 
haviour at very low temperature. 

In Table VIII, the g-values of cobaltous 
salts are given which are all quite apart from 
2.00. It seems that the effect of spin-orbit 
coupling’) and anisotropic field cannot be 
neglected from these results. A more detailed 
discussion on the present problem may be 
reserved to the future because of lack of ex- 
perimental results on the susceptibility meas- 
urement of the single crystal and on the 
paramagnetic reasonance of these salts. The 
exchange energy can be evaluated by a 
relation (4), and we get, /=0.8cm™' for 
Co(NHs)eCle, and J=2.0cm-! for CoCle. 

Li, aNI**, od" Shas 

In nickel hexammine chloride, we get @= 
6.5°K. In Date’s experiment, the paramag- 
netic resonance line at liquid helium temper- 
ature could not be cbserved for the single 
crystal of this salt!®. 

The g-value for this salt is in fair agree- 
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ment with those of the other dilute nickel 
salts such as nickel ammonium Tutton. 

In the diammine and the monoammine salt, | 
the y—T relation deviates slightly from the} 
Curie-Weiss law at about 90°K and @ is nega- | 
tive and it may show a metamagnetic behavi- | 
our at low temperature. In Table IX, the; 
g-values evaluated from the observed molar r 
susceptibility of powdered nickel salts are 
shown. The exchange energies obtained from 
(4) are J=0.7cm-! for Ni(NHs)eCle and J=10} 
cm7! for NiCle. 
iv) Cut "8d" D5. 

The crystal structure of copper tetrammine | 
sulfate monohydrate Cu(NH3).SO.-H2O is dif-— 
ferent from that of the copper sulfate penta. 
hydrate as shown in Fig. 9. According te’ 
the experiments of paramagnetic resonance, | 
the g-value of Cu(NHs3)sSO1-H2O is rather 
smaller than that of the CuSO,-5H.O™»1), 16) 


Table IX. 
9g 
Ni(NH3)¢Cle 2.24+0.03 
Ni(NH3)oCle 2.26 Us 
Ni(NH3)Cl. 2.28 9 
NiCl, yi Seoye ” 
Table X. 
g 
Cu(NH3)sSO4- H.O 2.0+40.03 
Cu(NH3),SO, oe? al 
CuSO. 2.43 7 


As shown in Table X the g-value of cupric 
tetramine sulfate monohydrate is nearly equal 
to that obtained by paramagnetic resonance. 
Date has found in his experiment that the 
absorption line of the paramagnetic resonance 
shows an extremely large broadening at the 
temperature below 20.4°K. The exchange 
energy of this salt is estimated of J/=0.9 cm-!. 

Since the orbital ground level of Cut* ion 
is singlet in tetragonal crystalline field and 
there is no effect caused by a crystalline field, 
the exchange energy may be considered as 
purely isotropic. The Weiss temperature @ 
of the copper tetrammine sulfate monohydrate 
is obtained as 0=4°C which is fairly different 
from 15°C as given by Volger. 


| 
f 
i 
| 


| 2 was taken as 6 and 4 


Be 5. 


or exchange 


For the salts of copper diammine sulfate 


and copper sulfate anhydrate, the Weiss tem- 


peratures are all positive and larger than that 


of copper tetrammine sulfate monohydrate 
i and the g-values are larger also (Tables V and 
ix). 


In the above calculation of exchange 
energy, the number of nearest neighbour ions 
in the hexammine 
Salt and anhydrated salt respectively. 


Conclusion 
According to the fact mentioned above we 


may conclude as follows: 
1) For the salts with the same kind of posi- 


-tive ions, the value of @ decreases as the 


coordination number increases. 
The above results can be explained by the 


consideration that in the hexammine salts or 


other ammine salts the crystalline field be- 


comes more symmetrical than in the anhy- 
_drated salts, 


and since the distance between 
metal ions is longer than that of anhydrated 
salts for ammine ligands, the exchange inter- 
action decreases as the coordination number 
increases. In the case of hexammine complex 
their crystal structures are more symmetrical 


than the other salts, but 0 is not small ex- 


cept for Mn**. It may show that the split- 
ting of ground level due to lower symmetry 
interactions is so complicated 
that it cannot simply be explained. 
2) The Weiss temperature @ increases 
magnitude as 

Mnth<Cot*< Nitty: 


This behaviour can be found in all salts of 

any coordination in the present experiment 

except for Co(NHs)6Ch. 

3) As for the g-values, Co** has the largest 

value (2.46-2.67), while for Mn** and Cu** 

they are nearly 2.00 except anhydrated salts. 
In the Co*t, the lowest level is triplet, with 


in 


Cor 


4F 5/2 


ee sta 


Free Cubic Rhombic A(L:S) 


Fig. 10.. Schematic energy level of Cot+* ion in 
crystalline electric field, 
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fourfold spin degeneracy, which will split into 
a number of doublets by the combined effect 
of the spin-orbit coupling and a tetragonal 
or trigonal field as shown in Fig. 10. Regard- 
ing the large anisotropy on the g-value found 
in the experiment of paramagnetic resonance, 
the effect of spin-orbit coupling may be seen 
of more importance than that of tetragonal 
or trigonal field’. 

The present experiment was carried out in 
the temperature range from 90°K to 600°K. 
All salts show normal paramagnetic behaviour 
in the above temperature range. Further- 
more, in the experiment at lower tempera- 
tures, magnetic properties of these paramag- 
netic salts are expected to present more inter- 
esting phenomena and the problem is reserved 
for a future investigation. 
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A general standard of the classification is given for the acid-base 
character of some aromatic molecules with special reference to the change 
of the character after and before the first excitation. The criterion is 
4dq=0, 4q being the change in the rx-electron density of the special 
member of the attached group after and before the excitation. This cor- 
responds to pK.,=pK,, where pK,, and pK,, are the proton dissociation 
constants in the ground and the excited state respectively. Examples are 
the case of acridon cation which gives 4g=0.099 corresponding to pia 
pKa, =2.48 (observed value 2.6) and the case of 3-oxyacridine which gives 
4q=-0.18 corresponding to pKa,—pKo,=-4.52 (observed value, if any, 
-5.27). Though the cases of naphthylamine and naphthol were treated in 
the previous paper III, some corrections about the term values and the 


discussion of the paper III are given in the present paper. 


Introduction 


§ 1. 


Recently, several authors have treated the 
excited state of some aromatic molecules 
based on the spectroscopic experiments. 
Among those authors, Forster, Weller,” 
Koizumi and Mataga") have discussed about 
the derivatives of naphthalene; a@- and f- 
naphthol, and a- and #-naphthylamine etc. 
Afterwards, Perkampus,” Weller and Koku- 
bun® have discussed about the excited state 
of the nitrogen hetero cycles; acridine, 
phenazine and their oxyderivatives. Mole- 
cules in the former group have smaller pK 
values after the first excitation; while those 
in the latter group have larger pK value 
after the excitation except 3-oxyacridine. All 
these are the results deduced by analyzing 
spectroscopic data on the light absorption or 


fluorescent emission. However, no theoretical | 
explanation of these experiments on the 
basis of the molecular orbital treatment have 
appeared so far. The aim of the present 
paper is to give an explanation of the proton 
dissociation in the excited state of these 
molecules based on the semi-empirical mole- 
cular orbital method. 

In the previous papers I? and II, the in- 
duction effect on the light absorption spectra 


in the alkylamino group was discussed on the 
ground of 


aj—a=k( pKy,—pK,,), C1 >q 


where a is the coulomb integral of the ith 
group.* If we use the acidic strength of the 


* There are several alkylamino groups such as, 
in the order of decreasing |x| value, NH», NHCH,, 
NHC,H,, N(CH:)s, NCH C;Hs and N(CoH;)s etc: 


1959) 


group, the equation may be written in the 
form, 


aj—ai=k (pKajs—PKai), 
because the sum of pKa and pK, should be 
constant in the same molecule. The constant 
k was determined so that the equation (1) led 
to the observed light absorption spectra of 
triphenylmethane dyes and various aniline 
derivatives. : 

In the paper III”, the author offered the 
treatment of the dissociation of naphthalene 
derivatives, naphthylamine and naphthol in 
their excited state on the basis of the mole- 
cular orbital treatment, where he assumed 
the same relation in the whole molecule 
because of the occurrence of the proton dis- 
sociation in the attached group. There were 
used 2 and 1 to the case of the excited and 
the ground state of the molecule in place of 
j and i respectively, i.e. 

A,.—a,;=k (pKa,—pKa,). G2) 
As indicated in the papers I and III, the 
Pariser-Parr approach in the S.C.F. treatment 


gives the coulomb integral of the atom 7 of 
molecule in the form, 


a, =I1,+(q/2) (Er—In), (3) 


where J, and £, are the ionization potential 
and the electron affinity of the atom 7 in its 


valence state respectively and gq is the z- 


electron density of the atom. Then the equa- 
tion (2) is given by 

A2— A= (Ge—Qo) (Er—I)/2, (4) 
where g- and g, are the z-electron densities 
of the atom ¢ in the excited and the ground 
state respectively. Combining the equation 
(2) with (4), we obtain the equation. 

(de—o) (E,—1,)/2=kR (pKa,—pKa,). ( 5) 
Since the factor E,—J, of the left hand side 
of the equation is positive, the difference 4q 
of the z-electron density in the two states 
determines the sign of the right hand side of 
the equation. In other words, acids or bases 
can be classified into the following groups ; 


a) 4q>0, pKa >PKa, 
b) 4q=0, pKa,=pKa, 
c) Aq<0, pKa<pKa,. 


Since pKa, is the acidic strength in the excited 
state, a) is the case in which the base 
becomes more basic after the first excitation; 
acridine, acridon and phenazine are known as 
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examples of this case. In the case b), there 
occurs no change in the acid-base character 
by the first excitation; pyridine base is an 
example of this case. While c) is the case 
where the acid becomes more acidic after the 
excitation ; examples are naphthylamines and 
naphthols with a@a- and #-substitution and 
were treated in the previous paper III. 3- 
Oxyacridine also belongs to this group. 

In the present paper, it is intended to 
apply the equation (5) to the proton dissocia- 
tion of some aromatic molecules belonging to 
the group a) and c). 


§2. Proton Dissociation of Naphthyl Amine 
and Naphthol in Their Excited States 


Though the basic concept appeared in the 
previous paper III is correct, there need some 
corrections on the data and discussion of the 
paper. As illustrated briefly in the paper, 
the concept of the proton dissociation is based 
on the result of the induction effect between 
o- and z-electrons of the atom attaching the 
proton in the molecule. Therefore it will be 
convenient for us to discuss the effect rather 
in details about which the same situation 
has appeared in the hydrogen bond effect on 
the near ultraviolet absorption spectra of 
some aromatic molecules.! For example, let 
us consider a system composed from a mole- 
cule, a substituted group and a polar solvent. 
We know in some cases™ that substitution 
of the aromatic molecule B by an electron 
donating group AH causes the shift of the 
absorption spectra to the longer wave length, 
the origin of which is attributed to the 
stabilization of the energy levels of the 
electron partaking in the light absorption by 
B owing to the migration of the z-electron 
of AH. The formation of the hydrogen bond 
with the solvent molecule increases the di- 
stance between the atom A and the hydrogen 
atom H by about 0.03 A. Then the o-electron 
sharing in the AH bond is more strongly 
localized to the atom A than without the 
hydrogen bond, which causes interaction 
between o- and z-electron through the induc- 
tion and drives the z-electrons of AH (non- 
bonding electrons) to the parent molecule B 
much more than without it. The stabiliza- 
tion energy 4U due to the electron migration 
is given by the calculation based on the 
method of the electron migration theory’ used 
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in the previous papers II and III. It is na- 
turally expected that the interaction between 
AH and B depends upon the position of the 
substitution, e.g. a@- and §-position of the 
naphthalene molecule. We should therefore 
use different constants of the induction for 
different positions. Fortunately one can 
evaluate the constants from one another 
using the data observed in the hydrogen bond 
effect in the following manner. For the 
system under consideration, four kinds of 4U 
can be chosen; 4U., 4U,5, dUce and AU 9. 
The first two of these correspond to the case 
of hydrogen bond formation and the second 
two correspond to the case where no hydrogen 
bond is formed. The shift of the absorption 
spectra due to the hydrogen bond formation 
is given by 

A¥n=[(4U.-—AU,)—(A4U oe—AU og) |e, (6) 
where suffixes e and g indicate the excited 
and the ground state of B respectively. 
Integrals appeared in the terms 4U’s are 
indicated by the suffix o when there is no 
hydrogen bond formation. Among those, the 
resonance integrals and the coulomb integrals 
in the previous paper III are connected with 
each other by the relations 


USUI T= lg $1 Ce 
and the energy levels for the vacant orbitals 
of B are connected by 

On— Wonr=Br=B ) 
where a>0, B>0 and y>0 are assumed 
because of the increase of the electron donat- 
ing character of AH due to the above induc- 
tion. After the neglect of the terms higher 
a—p 


Xo— Wol 


than those of the second order, <1 


Ta 
and (ee 
i Tx 


yt 


Xo —Wo2 


<1, we obtain 


Loy mig 


2xe ve 


~ Bo Ao) , 
where use has been made of the relations* 
Yo <1 <Wo2<0, and 

he ¥o=02—On, he A¥o=AUV e—AUV oy , 


Lo, Mig — 2c A\eXe) Sees [on Yor ac. 


From these equations and (7), the relations 


Hes For the details of the deduction of the equation 
(7), see the previous paper!) by the author. T is 
the overlap integral between the z-orbitals of B and 
AH, Yo; and &, 
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Do>0, Avo<0 and 4¥y<0 are deduced, if the 
attached group has the electron donating 
character only. The quantity /omig expresses 
the contribution of the migrating electron to 
the dipole moment and is estimated by the 
relation, 


(8) 


if we assume the validity of the bond ad- 
ditivity of the dipole moment. x denotes the 
length from the center of the gravity of the 
z-electron system of B to AH. The equation 
(7) was examined for the cases of aniline, 
phenol and p-aminoazobenzen by the author 
who gave 


Loy mig = Lops— LAH + HCA ’ 


aniline phenol p-aminoazobenzene 
—646 277 1197 Chigt 
—610 —240 -1107 


respectively, assuming the value a—fS=1.01 
eV for the first two cases and 1.75 eV for the 
last. The data necessary for some cases 
were given in the previous paper.’ 

The deduction of the constant k, in the 
previous paper III by the first order perturba- 
tion is not correct. Among the quantities in 
the equation (7), vo, Moz, x, € and xy can be 
assumed to be common for aniline and phenol 
and for a- and 8-naphthol respectively.** Since 
the factor a-8 can be assumed not to differ 
in the former because of the iso-electronic 
character of the z-electrons in the attached 
groups, the origin of the difference in the 
shift 4», can be ascribed to the difference in 
/to,omig and in 4y, for the former substances. 
On the other hand, there is no remarkable 
difference in “o,mig and in 4%, for the latter 
(See Table I). The difference in the shift for 
these are, therefore, likely to come from the 
factor a-@. Since the values of pomig are 
nearly equal for the former, the comparison 
of the shifts 4d7’s in the paper III cannot 
give the difference in the constant of the in- 
duction for the latter, which may probably 
be given by the shifts in the latter. The 
value 8 in the equation (7) is considered to 
be much smaller in the latter than in the 
former because the z-electron system is much 
larger in naphthalene than in benzene. Then 
for the comparison of k values of two napht- 
hols we may consider only a value which is 
the difference in the coulomb integral of AH 


ae ‘Exactly speaking, e" s are different for ‘NH, 
and OH group. 


Avu 


Avu, obs 


| with the solvent. Now we can estimate the 
| constant k for 8-naphthol by the following 
/ assumption that the same magnitude m of the 
localization of the o-election in the attached 
group caused by the hydrogen bond forma- 
tion corresponds to the same difference of pK 
value for both naphthols in the proton dis- 


Table I. Data for two naphthols 


AY i,obs 
-140,-280 
-1660cm-! —410,-590!2cm~-1 


Po mig /4obs Av 
%—naphhtol 0.76D 1.43D'3)-1050 
6-naphthol 0.86 1.53 


As to the two values of 4¥,ons, proton acceptor of 
the former and the latter is ethylether and triethy- 
lamine respectively. 4o,mie’s were calculated by the 
equation (8) using “co=0.86D and por=1.53 DD. 


Table Il. Data for naphthalene 


®t 02 x Yo 


-8.10 eV) 4.10 eV 2x1.39 A 32200 cm-119 


Values of x are assumed to be the same for two 
naphthols and wo: was estimated from wo, and 9. 


sociation. Since the two quantities for a- 
and $-naphthol are represented by 


Aa=ke-m and ag=kp-m 


respectively, the ratio of 4)» for each napht- 
hol gives 
Ra 293/ke-403 = 140/410~ 280/590, 

where use has been made of the data shown 
in the Tables I and II. If we choose ka= 
0.4375 eV taking the mean value of those 
determined in the previous papers I and II, 
ke is determined as 0.670~0.932eV. Follow- 
ing the same procedure as in the paper III 
by taking the above values of ka and keg and 
the data of ionizations* into calculation, we 
obtain the resultant pK differences after and 
before the first excitation. These are listed 
in Table V. Ifthe situation of the hydrogen 
bond effect for the two naphthylamines is 
the same as: for the two naphthols, it would 


cr Tonization data used here, were taken from the 
works by Mulliken,!2 Dewar and Paoloni!®) which 


are 
ie INF Gye TA) to INS (Goes Wy) EEE 
1: N (spt, V3) to N+ (sp?, Vz) -12.24 eV 
for the ammonium like N atom and 

In: O* (s2p3, V3) to Ot+ (s2p?, Vo) -36.68 eV, 
lh: O- (e%p4, Vz) to O* (s%p*, Vz) -14.73eV 
for the O atom in the hydroxy group respectively, 
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be necessary to use two different constant ka 
and kg for these two naphthylamines. Since 
data of the hydrogen bond effect suitable for 
this purpose are not available, the same value 
k is used for both of the two naphthylamines 
in the present calculation. 


$3. Proton Dissociations of Acridon Cation 
and 3-Oxyacridine in Their Excited 


States 


In this section, we shall discuss the mole- 
cules or ions belonging to the group a) or c). 


i) Acridon cation. 

Recently Kokubun® has reported about the 
acid-base character of acridon base. Based 
on the absorption and the fluorescent spectra 
observed by him, he pointed out that the 
acridon becomes stronger base after the first 
excitation. Without refering to the activity 
coefficient of the ion, he estimated PK1,=1.26 
and 4pK.=2.6 from the frequency difference 
between the first absorption maxima by 
acridon and by its cation ; 4y=1200 cm}. 

Now let us examine the character of the 
excited acridon cation by the equation (5) on 
the basis of the molecular orbital treatment. 
The molecule of the acridon cation has the 
symmetry corresponding to the point group 
Cy». If we choose the 15 z-orbitals as the 
bases of the representation, the characters 


for the operations of this group are as 
follows ; 
Operation : R 13, Cy Ov Oy 
I'(Coo) 15 -3 -15 ar 


With the help of the character table of the 
irreducible representations, we get 


P'(Cay)=9B2+4A2+2As.** 


The orbitals belonging to each species are 
expressed as 


Pag=Cip9t+C2( biet $13) +¢3(¢11-+ 614) +€sG10 
+65(b1 + ds) +€6(b7 + G2) Fer bot $3) 
+05(¢5+64) +0915 , 

Pay = C1(b13— 12) + Cx b14-+1—b11— ps) 
+¢3(b4+h2—bs— 7) +€4(b3— de) 

and 


PL ay= C1(b1— bs + 11 — O14) + C2(ba— $s + O7— 2), 


** The Az molecular orbitals, ¢a,=¢i(b13 ~ $12) + 
Cog — $s) +3 (bia - Hs) £64 (Ga H5) +s ($2 — br) +66 (o3 
—g¢s), Can be approximated by two ¥,,’s, because 
we see C=+¢; and cy=+6; (the double signs are to 
be read in the same order). 
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where ¢; is the 2pz orbitals of the 7th atom 
(Fig. 1). The distribution of the z-electrons 
in the cation is determined by using the fol- 
lowing approximations ; 

a) All the coulomb integrals of the carbon 
atoms except those for 7=9, 15 12 and 13 are 
assumed to have the same value, i.e. ai=a, 
b) a@=a+3@ is assumed for the protonated 
hetero nitrogen atom 9. This is slightly 
larger than a+2.48 deduced by Mataga.’” 
C) ai;=a+1.48 is assumed for the oxygen 
atom 15 in OH. 


OF is 


10 


9 
N+ : 
H 


Fig. 1. Molecular figure of acridon cation. 
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d) a@y=a13=a+0.58 is assumed because of 
the z-electron attraction by the protonated 
hetero nitrogen atom. Mataga gavea slightly 
smaller value a+0.48. 

e) The resonance integrals between two ad- 
jacent atoms are assumed to have the same 
value f. 

Solving the secular equations by using 
these approximations, we obtain the energy 
levels and the normalized coefficients of the 
atomic z-orbitals in each molecular orbital, a 
part of which is given in Table III. The first 
excited state is predicted to be obtained by 
promoting an electron in the highest occupied 
orbital ¢», to the one with the same species. 
The transition from the ground state to it 
(do, > Yo) is Shown to be an allowed one by 
the group theory and corresponds to the 
energy difference between 2=-0.891527 and 
2=0.256320, where z=(a—€)/8 with B= 
~23000cm-!2 and the energy € of the 
molecular orbital. The dipole moment respon- 
sible for this transition has the direction 
pointing from the 9th to the 15th atom in 
Fig. 1, which coincides with that obtained by 
the spectral analysis. The first absorption 
spectrum of acridon cation is thus calculated 
as 26400cm. If we take account of the sol- 
vent effect which lowers the absorption 


energy by ca 1000~2000cm™? even in the 
case of the non-polar solvent, the agreement 
of the above value with the observed one 
23800 cm! is quite satisfactory. For the oxy- | 
gen atom of the OH group, the change 4q in 
the z-electron density due to the excitation 
is given by 


Agq=Ac,?=0.099. 
Then we obtain 


i phoned FF 
- Sher 4p 1, em 
ApK. 5 Aq k 


Table Ill. ec, values for the B, molecular 
orbitals o,- 


x=-0 .891527 x=0.256320 
t a 

1 0.091841 1 0.030955 
2 0.102073* 2 0.082059* 
3 0.007215* 3 0.009365 
4 0.003533* 4 0.310345 
5 OA LMs6F 5 0.003143* 
6 0.000274 6 0.090498 
7 0.126203 7 0.000443* 
8 0.091929 8 0.087280* 


9 0.013664 9 OL113125* 


The coefficients c¢,;’s corresponding to the ¢,2 
values with asterisks should be taken negative. 


which is in agreement with the value 2.6 
deduced from the spectroscopic data by 
Kokubun. 

il) 3-Oxyacridine. 

Perkampus and Réssel® have reported that 
3-oxyacridine shown in Fig. 2 increases its 
bK value after the first excitation and 4pK= 
3.0. We shall examine this by the equation 
(5). As denoted in the case of acridon cation, 
the oxygen atom should increase the z-elect- 
ron density when it has a larger pK value 
after the first excitation (see Eq. (5)). As 
easily seen in Fig. 2, 3-oxyacridine has no 
symmetry axis in the molecular plane and we 
have to solve the secular equations of degree 
15. The computing machine, E.T.L. Mark 
II, was used in the course of the calculations. 


8 10 | 
7 
14 2 
6 9 13 3 15 
N OH 
4 
Fig. 2. Molecular figure of 3-oxyacridine 
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The same approximations as used in the 
above was adopted except that a,=a+0.5 8 
for the coulomb integral of the ring nitrogen 
atom, and a@j:=a13;3=a for those of the carbon 
atoms neighboring nearest to the ring nitro- 
gen. A part of the energy levels and the 
normalized atomic orbital coefficients of each 
molecular orbital are given in Table IV. Those 
values are correct within the fourth decimal 
for the highest occupied level in the first 
excited state with «=0.35772. Those for the 
orbitalwith «=—0.75988, (the one in the ground 
state) are worse than those of the former in 
accuracy, though they give the z-electron 
density precisely enough in our approxima- 


tion. The first absorption is obtained at 
Table IV. c,2 values for the molecular orbitals 
of 3-oxyacridine. 
x=-0.75988 cr Sonne 
a 4 
1 0.00152 1 0.09558* 
2 0.18045 2540805735 
3 0.08055 3 0.04995 
4 0.05479 4 0.03697* 
5 0.04087* 5 0.06905* 
6 0.07872* 6 0.06875 
7 0.00012* 7 0.02855 
8 0.07408 8 0.10410* 
9 0.00652 9 0.14175 
10 0.05456* 10 0.26009 
11 0.04746 11 0.00287* 
12 0.01611 12 0.02829* 
13 0.01123* 13 0.02394* 
14 0.15644* 14 0.01661* 
15 0.19658* 15 0.01617* 


The coefficients c*’s corresponding to the ¢? 
values with asterisks should be taken negative. 


25300cm-! agreeing with the observation 
24000 cm-! within the limit of error caused by 
the solvent effect. The change in the z- 
electron density on the oxygen atom due to 
the first excitation is given by 


Aq=4c'1,=—0.18, 
and after using the equation (5), we have 
Ap Ka=-4.52, 
which indicates that 3-oxyacridine becomes 
more stronger acid after the first excitation 
contrary to the result by Perkampus and 
Rossel. Though we did not calculate about 
3-oxyacridinium cation, the change in the z- 
electron density on the ring nitrogen atom 
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due to the excitation, which is given from 
Table IV by 


Aq=4co?=0.14 5 


may be used to estimate the change in the 
basicity of the ring nitrogen due to the first 
excitation. From the comparison of two 
4q’s, it can be said that OH group becomes 
more acidic while the ring nitrogen becomes 
more basic in the first excited state respec- 
tively. 

Therefore the first step of the proton 
dissociation of 3-oxyacridinium cation treated 
by Perkampus and Rossel will occur at OH 
group rather than at ring nitrogen atom as 
indicated by Weller.» Thus it is likely that 
the red shift of the first absorption maxima 
of 3-oxyacridine occurred in acidic region of 
pH, from 4200 A to 4600 A, corresponds to 
the dissociation of the proton of OH group 
and the blue shift of the absorption maxima, 
from 4600 A to 4300 A, occurred in alkaline 
region of pH corresponds to that of the ring 
nitrogen atom. 

This conclusion can be in accordance with 
the result deduced from the consideration 
about the chemical kinetics by the author? 
who gave the equation, 


he@ acid Varkali) a 2303h 1, ( PKay —pKa,) ; 
(9) 


where Yacia ANd Darxai are the absorption wave 
numbers of the ion or molecule in acidic and 
basic form respectively. Then our predicted 
value 4pK,=-4.52 for 3-oxyacridine should 
be compared with that deducing from the 
first step of the dissociation of 3-oxyacridinium 
cation treated by Perkampus and Rossel, i.e., 
ApK=-5.27. The situation is different in the 
case of acridon cation where, from Table III, 
4q on the ring nitrogen atom is obtained as 
Ag=-9.06 denoting that though the first step 
of the proton dissociation occurs at OH group 
as indicated by Kokubun,® the basicity of 
the ring nitrogen atom is weakened slightly 
by the first excitation. In this connection, it 
is easily seen that the blue shift (from 
23200 cm! to 24500cm~) in the first step” 
corresponding to the dissociation of the 
proton of OH group and the red shift (from 
24500 cm-! to 23000cm-!) in the second step 
corresponding to that of the ring nitrogen 
are in agreement with the result of the equa- 
tion (9) respectively. 
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$4. Results and Discussions 

We set out the final results in Table V, 
where the first group is of the molecules 
belonging to c) group and the second one is 
of those belonging to a) group defined in §1. 
We see from Table V that the general agree- 
ment of the calculated values with those 
deduced from the spectroscopic data is good. 


Table V. Results and comparison with 
spectroscopic data. 


a-naph- P-naph- a-napht- f#-napht- 3-oxyacri- 
thylamine thylamine hol hol dine 
Aq -0.41 —-0.21 -0.19 -0.09 -0.18 
Ax SECC ee Le Some ROSA, 0.986 1.976 eV 
ApKeac-7.74 -3.89 -4.77 —-(1.11~1.54) -4.52 
ApKos —  -6%  -6.87  -6.67 5 nay 


—5 620 6 ® 
acridon cation 


Aq ().099 a) Th. Forster, reference 1). 
Ax -1.087 eV b) A. Weller, reference 2). 
PKeaic 2.48 c) R. Itoh, reference 22). 
pKons 2.602 d) H.H. Perkampus and Th. 


Rossel, reference 4). 
e) H. Kokubun, reference 6). 


4x is the change in the coulomb integral of the 
attached group due to the first excitation. 


In the first group we used two k values 
according to the different positions of the 
substitution in two naphthols, the ratio of 
these values were estimated by using the 
equation (7) which expresses the absorption 
shift due to the hydrogen bond formation.* 
The equation is correct under the assump- 
aT 
X0— MO1 

valid in the case where the parent molecule 


tion Though this assumption is 


* Observed pK, values 9.37 and 9.49 for «- and 
@8-naphthol indicate that a-naphthol is slightly more 
acidic than #-naphthol. This leads us to expect 
that the hydrogen bond is stronger for the former 
than the latter to the same polar solvent. But the 
observed values for 4¥z indicate that 4 jz is larger 
for f#-naphthol than for a-naphthol in Zp band, 
while this is reverse for I, band (in Platt’s nota- 
tion). Inspite of the pK, observation prefering to 
Avy of L4 band, we take that of Li, in the present 
case because of the first excited state. This may 
be a main reason of the disagreement in the case 
of B-naphthol. From the view point of the polariza- 
tion direction, it is better to use 49,, of L4 for the 
comparison of two naphthols because the theoretical 
first absorption in naphthalene corresponds to the 
4 band in polarization. 
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is benzene, it is not so good in the case 
where the parent molecule is naphthalene 
because of the smallness of the term yo—o1 
as easily seen from the data shown in Table 
II and y=-9.8 eV (for NH;) and -10.8 eV 
(for OH). Also it is noted that 4, involves 
the term /omig and 4% which are not equal 
for two naphthols, and the agreement is poor. 

Among the hetero nitrogen cycles, acridine 
and phenazine are the typical bases which 
increase their basicity after the first excita- 
tion. Since these molecules have no attached 
groups, our treatment based on the effect of 
basic strength of the attached groups on 
light absorption spectra can not be applied to 
these molecules. However, if we determine 
by some way the constant of the induction 
on the ring nitrogen atom, equation (5) may 
be applied to those molecules where the 
constant & will have considerably small value. 
From the comparison of the predicted value 
with spectroscopic analysis, we conclude that 
the change in the acid-base character of the 
whole molecule or ion after and before the 
excitation can be estimated by the difference 
in the z-electron density of the special atom 
in the attached group after the first excita- 
tion. 
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The spin-spin interaction via phonon exchange is proposed as a new 
mechanism of the so-called exchange interaction between the electron 
spins of the paramagnetic ions in crystal which has been overlooked 
hitherto. The interaction Hamiltonian derived by Van Vleck to account 
for the spin-lattice relaxation phenomenon is used for the numerical 
estimate. It is shown that the interaction through phonon exchange may 
have the same order of magnitude as the dipolar coupling in some of 
the paramagnetic salts. 

This interaction is temperature independent and at large distances falls 
off as inverse cube power of the inter-atomic distance. In nickel Tutton 
salts, the magnitude of the interaction is about 10-*cm~! at the distance 


12A which is comparable to that of the dipolar interaction. 


§1. Introduction 

Experimentally the exchange interaction 
in the paramagnetic salts can be estimated 
by the magnetic specific heat measurements.” 
The exchange contribution to the specific 
heat can be found by subtraction of the 
single ion contribution which is estimated by 
using the magnetically diluted samples and 
the dipolar contribution. 

However it is not conclusive that the ex- 
change contribution comes only from the 
isotropic exchange interaction since the 
interaction H appears in the form T7r(#*). 
Further, informations on the exchange inter- 
action are obtained from the line width of 
the magnetic resonance”) and the susceptibility 
measurement. 

As magnetic ions in the paramagnetic salts 
are separated fairly well from each other by 
a distance of the order 6 or 7A, direct ex- 


change may be negligibly small and the 
superexchange via the intervening non- 
magnetic ions) may be effective especially in 
the concentrated salts. But the origin of 
this indirect coupling still remains in an 
indistinct situation. 

The exchange interaction between a pair 
of neighboring magnetic ions varies con- 
siderable from one salt to another and the 
fact that there appears to be particulary 
strong interaction between paramagnetic 
neighbors in the cyanides of 3d group and 
the complexes of the 4d and 5d groups” 
suggests that the mechanism of exchange 
coupling between two magnetic ions involves 
the diamagnetic ions lying between them.” 
In this paper we shall propose an interaction 
resulting from a phonon exchange between 


*) For these salts strong crystal field or covalent 
bonding exists. 
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the magnetic ions. Important properties of 
the interaction are the long range character 
and the temperature-independence. In some 
salts, e.g. nickel Tutton salts the order of 
magnitude of the coupling is comparable to 
that of the dipolar coupling. 


§2. Level Splittings in Crystal Field 


Here we shall consider the nickel Tutton 
salts as an easily calculable example. Nickel 
Tutton salts are monoclinic crystals and 
there are two Ni?* in the unit cell. Each 
divalent cation is surrounded by a distorted 
octahedron (nearly regular octahedron) of six 


cubic rhombic Wi 


free 


Fig. 1. Level splitting of Ni2+ 


water molecules and each magnetic complex 
Ni2*(H.O), has differently oriented principal 
axis. Griffiths and Owen® has investigated 
a number of nickel Tutton salts in the 
paramagnetic resonance experiments. The 
orbital level *F in a cubic field splits as 
shown in Fig. 1. Triply degenerate levels 
I’; and J’; are lifted by a tetragonal and 
rhombic field and the spin triplet in the 
ground state J’, splits into three singlets Wi, 
W; and W:. 
It is easily shown that 

Asa: 4gs=5 24, (Zale) 
where 452 and 44; are the energy gaps between 
I’s—I’, and I's—I’; respectively. By combin- 
ing the resonance data with the susceptibility 
measurements they obtain the spin—orbit 
coupling constant 2 as about—250cm-! which 
is 25% smaller than the free ion value and 
g=2.25 for all salts. From these data 4so= 
8000cm-! and 44;=6400cm-! are obtained. 
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From the measurements of the optical absorp- 
tion and g—value Owen” concludes 4=— 
270cm-! and 4s.=8400cm-! which are con- 
sistent with the resonance data. 

Recently Low® investigated the paramagne- 
tic and optical spectra of Ni—doped MgO 
crystal and obtained similar results. 


§3. Spin—Spin Interaction through Phonon 
Exchange 


Our eventual purpose in this work is to 
calculate the spin—dependent self—energy 
resulting from emission and absorption of one 
phonon between two magnetic ions 7 and j. 
We shall first define the Hamiltonian of the 
total system in the form 


Hott +S Hs.09 tHe) ee 
“1 


where Ho is the Stark energy of the orbit 
which will be assumed to be due to the point 
dipoles of the surrounding six water mole- 
cules and H; is the energy of lattice vibra- 
tions. These two terms form the unperturbed 
Hamiltonian and the perturbation terms 
Hs.o and Ho.xc denote the spin-orbit 
coupling and the distorted part of the cry- 
stalline field due to the lattice vibration of 
the j-th magnetic ion respectively. Ho.,@ 
is the interaction introduced by Van Vleck” 
in his theory of the paramagnetic relaxation. 
Here, we shall consider the process in 
which z—spin emitts (or absorbs) one phonon 
and j—spin absorbs (or emitts) it. According 
to the various combinations of Hs.o and Ho., 
in the perturbational calculation, many pro- 
cesses will appear and the effective term 
among them has the following type 
GF ' y= 2 = <Nev|Hs.1|Nxy—d> 


ky p,q=t,j 0=+ 
<Nxrv—6|As.1?|Nxv> 
x (Ohoxy)} 7 (3.2) 
where Nx» is the phonon number with wave 
vector K and polarization v. Hs.; is the 
Hamiltonian of i-th ion inducing the spin-— 
lattice relaxation and can be written as 


Hs.29 = 24 <Ps|Hs.0|P sv > 


<Is'|Hs.0©|4> <I'y|Ho..|2> 
+ <P 2|Ao.© | ue> <P 4|Hs.0©|l sv > 
<P5e'|H 3.0 |P'2> (A524 ¢2)-4 
+ <P2|Hs.0© | xe> <P 5e|Ho.r©|P se > 
<V'5v7|Hs.0©|P2>(As2)~? , 


where J's and J's, are the states which belong 


(3.3) 
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_ to J’s and I’; respectively. Since Ni*+ and 
Cr*** belong to the same orbital configuration 
and the difference of 3d-electron numbers is 
five, SO we can use the same expression for 


Hs.1* as that for the chrome alum given by 
Van Vleck. Then 


Hs.1= €,[Q3(2S,2—S,2—S,?) 


+V 3Q:(Sy¥—S2)| 
cite &:[Q4(S2Sy + poe) + (Savs nai Sas\a) 


+Q6(SySz+S,Sz)] , (3.4) 
with 
G=17/5// 3 2202/(99A52”) F 
€2=4A?[01+502/33]/452? +82 (3.5) 
[01—502/44]/(Ase Ags) , 
(i=ldep<r>/Ta’ , 
02= —66en<rt>/Ta’ . (3.6) 


Now the vibrations of a complex M-(H.0), 
(M: magnetic ion) are specified by a set of 
normal coordinates Q: which has been dis- 
cussed in detail by Van Vleck.” 

<r> and <v*> denote the mean square 
and fourth power radius of the 3d-electron 
respectively, @ the distance between the 
magnetic ion and any one of the water 
molecules and y the dipole moment of a 
water molecule. Any other process than (3.2) 
are negligibly small since the ratio to (3.2) is 
the order hwx/4<1. Hereafter, we shall 
restrict our calculation only to the term in- 
volving &: which is the same order as &2. 
Displacement of a water molecules from the 
equilibrium position is expanded in Debye 
waves as follows 


f=) 54S ex.(Oxy)/(axy exp (Kr). 
+axy* exp (—iK?r)). (3.7) 
Since (3.7) is the expression commonly 
used, it may need no explanation. Using 
(3.7), we can express Q: and Q3 as 
oe are BS (01s)(axy exp (iKr) 
—dxy* exp (—7Kr;)) 
x ie sin (KX)—exy™ sin (KY)), 


Q:0=1 Ex) 2(agy exp (iKr5) 


nae: 
—aKy * exp(—7K7rj) ) 
x (exy™ sin (KX)+env™ sin (KY) 
—2ex,™ sin (KZ)), 
22) For brevity, we ‘shall omit the suffix specify- 
ing magnetic ion. 


(3.8) 
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where r; is the coordinate of j-th magnetic 
ion and X=(a,0,0), Y=(o, a,0), Z=(0, 0, a). 
By inserting (3.4) and (3.8) into (3.2), it is 
easily shown that phonon number Nx cancels 
out, so that interaction turns out to be tem- 


perature independent. The effective spin 
Hamiltonian (3.2) becomes 
- VA 1 
GFE G= SI Vy 1—T; 
Oss Ons 3NM— ae *(\[eosts, » r;) 


[Fxv(2S2?7— S21? —Sy:?) +3G xv(Syi— Szt?)] 
[Pr 2S25?*—S23?—Syj?) +3G ev(Sy?—Sz;?)] 
dKdQx , (3.9) 
where v, is the sound velocity for the 
polarization y and 
Fxy=exy™ sin (KX)+eny™ sin (KY) 
—éxy™ sin (KZ) , (3.10) 
Gry=exy sin (KX )—-ery™ sin (KY) ; 

For simplicity, we have picked up the 
interaction between the equivalent ions and 
omitted the term between the inequivalent 
ones which can be easily written down. 

It is very complicated to evaluate the 
integral (3.9) in general case, so we shall 
confine our consideration to the following 
special case : 

rj=R||Z -axis, Ra and KoR>1 (K.: 
cut off wave vector). Thus we obtain 


FE" 15 = A (Sy? Si?) (Su? S23?) + OAR"), 


(3.11) 
90 Ve 
A= (Jo) (3.12) 

The coefficient A is the lowest order term 
(~a?/R*) in the expansion of a/R. In writing 
down (3.12), we have used the relation 
As3= 25eu<r'>/3a* which is valid for the point 
dipole model. v is the effective common 
velocity for vy and W the density. 

Using our simplified assumption, it is easily 
shown that the cross term such as Fy Gry 
disappears rigorously and term containing 
Fy? is negligibly small since the ratio to the 
term containing Gx? is ~a?/R?. In general 
cases, these terms may appear in the same 


order of magnitudes as that of Gxe?. To 

evaluate (3.12) numerically, we use the 

following values of the constants 
A=—250cm, dse=8000cm!, W=2, 
v= 2.3 10°cm/sec, a) sok = 128 GB. 13) 


) ‘There are no available ‘specific heat data of 
Tutton salts, so we take the value of v used Van 
Vleck for alums. 
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R=12A? is the distance between a pair of 
equivalent magnetic ions satisfying the condi- 
tions Ra. and» KoR>100=1.9%10'em 
The value of A computed from (3.12) with 
the aid of (3.13) is 

As 195 x LO Rena; (3.14) 
and now it is remarkable that (3.14) is the 
same order as the dipolar coupling. It is 
easily shown that the oscillating terms pro- 
portional to cos (KoR)/KoR? or sin (KoR)/KoR* 
which are neglected in (3.11) are unimportant 
even if R is the distance between the nearest 
neighbor pair*. 

Our calculation is based on the two as- 
sumptions: i) the magnetic ion is purely 
ionic and ii) the water molecule can be 
regarded as point dipole. However the ex- 
perimental observations that 2 in salts is 
reduced considerably as compared with free 
ion value suggest our assumptions are over- 
simplified. 

Nevertheless the final conclusion will not 
be altered drastically even if we treat the 
problem in more detail taking account of the 
charge transfer between the magnetic ion 
and the ligand. 


§4. Conclusion 


The discussion of the preceding section 
may be summarized in the following conclu- 
sions. In some paramagnetic salts, the spin 
—spin interaction via phonon exchange has a 
comparable order of magnitude to that of the 
dipolar coupling. This interaction falls off 
as inverse cube power of distance at the 
large distances and temperature-independent. 
In the diluted salts this interaction will be 
more important than the indirect coupling 
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suggested by Kramers. Up to the present, 
informations on the mechanism of the spin 
coupling in the paramagnetic salts are quite 
incomplete, so it may be desirable to clarify’ 
the mechanisms from both experimental and! 
theoretical investigations. 
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This investigation aims at measuring the temperature of the plasma 
obtained by passing condensed discharge through a Geisler tube contain- 
ingneon. The wave-length of Ne I 45852 emitted from condensed discharge 
was compared with that of the same line emitted from arc discharge, the 
comparison being made with a Fabry-Perot etalon. Red shift of the line 
by spark discharge was detected. From the amount of the shift the half- 
value width contributed by the ionic field and electrons was calculated 
by Lindholm’s formula. Subtracting this (vectorially) from the observed 
half-value width, the width contributed by the Doppler effect alone was 
obtained, and then the plasma temperature was calculated. From the 
line profiles of Hy and Ne I 44715 Holtsmark’s so-called normal field 
strength F, was obtained, and therefore the electron density could be 


deduced. 


In our present example the mean plasma temperature was 


T=6 x 103 K, and the mean electron density N=1x10!" per cm.? 


Introduction 


$1. 


For some time we are interested in measur- 
ing the temperature and the electron density 
in a plasma obtained by passing discharge 
through neon. As a first step toward this 
object condensed discharge through a Geisler 
tube was studied, because this is the easiest 
arrangement for spectroscopic determination 
of the above-mentioned quantities. A pre- 
liminary description of the result obtained 
was published” in Japanese in 1958. Since 
then somewhat stronger spark discharge has 
been employed and somewhat higher tempera- 
ture has been obtained. 

Dynamic characteristics of the plasma in 
discharges through neon and argon was 
measured previously by Olsen and Huxford.” 
The plasma seems to have been generated in 
a bulb similar to that of the present work, 
so their results will be referred to frequently 
in the present paper. Temperature of dis- 
charge in hydrogen (constant current) was 
measured by several investigators.* In the 
case of hydrogen contribution of the ionic 
field and electrons to the width of spectral 
line is large compared with that of the 
Doppler effect, but in the case of neon, if 
adequate lines are selected, the latter effect 
is expected to be larger than the former, and 
can be used in calculating the plasma tem- 
perature. The primary purpose of the present 


investigation is to examine experimentally 
to what extent this expectation is satisfied. 


§ 2. 


The plasma source was a discharge through 
a Geisler tube which was made of pyrex 
glass and whose capillary portion was about 
3mm in inner diameter. Neon of about 5mm 
Hg pressure was filled in the tube. The 
electric circuit is shown schematically in Fig. 
1. In order to get condensed discharge, a 
condenser with a capacity of 0.024F was 


Experimental Arrangement 


Fig. 1. Schematic diagram of the circuit for the 
condensed discharge in Geisler tube containing 
neon. 


used and the current passed through a spark 
gap and the Geisler tube. This type of dis- 
charge will be denoted as spark discharge. 
In order to compare with this an ordinary 
a.c. discharge, discharge was passed by 
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| ‘displacing the condenser and the spark 


gap 
and lowering the output voltage of. the trans- 
former. This type of discharge will be called 
arc discharge. 

For the purpose of spectroscopic observa- 
tion, the light emitted from the capillary 
portion was viewed ‘‘side off’’. The spectrum 
was photographed by means of a two-prism 
spectrograph equipped with a camera-lens 
having 1.5 m focal length. When the displace- 
ment of a spectral line due to spark discharge 
had to be measured, a silvered or multi-layer 
coated etalon was employed. In order to get 
intensity marks, a step-filter having 30 steps 
with 4D=0.15 was used. Some of the 
spectrograms are reproduced in Fig. 2. 


$3. Plasma Temperature 


In order to determine the plasma tempera- 
ture by means of Doppler effect, the line Ne 
I 45852 was selected. First the interference 
pattern of 25852 emitting from arc discharge 
was photographed and then, without touching 
the Geisler tube and the Fabry-Pérot etalon, 
that of 45852 emitting from spark discharge 
was photographed. See Figs. 2 and 3. This 
method enables us to determine precisely the 
displacement of the line when the discharge 
condition is varied, and was adopted long 
ago by Ross and one of the authors.” From 
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Fig. 4. Intensity distribution (profile) of the line 
Ne I 45852 obtained with a 6 mm etalon. 


the microphotometer trace of the interference 
patterns, the intensity distribution (line pro- 
file) was obtained, as shown in Fig. 4. In 
the analysis, it was assumed that natural 
neon consists of 10 parts of Ne” 
and 1 part of Ne” and that in 
Ne I 45852 the Ne?-component 
lies to the violet side of the Ne??- 
component by the amount 
4y=0.072 cm-!_ (according to 
Nagaoka and Mishima”). In 
the following only the Ne??- 
component (after making the 
correction due to Ne?) is con- 
sidered. Assuming that in arc 
discharge the line Ne I 45852 
undergoes no influence of the 
ionic field nor of the electrens, 
he it was found that the spark dis- 
: charge displaces the line to the 
red by the amount 4yas= 
—0.027cm7!. It was also found 
that the half-value width of the 
line emitting from the spark 
discharge is 4y,=0.230 cm™, in 
which the width due to the Fabry- 
Perot etalon is eliminated, 
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Ne I 45852 was classified by Paschen as 
1.5s2—2p1. The initial level is [2p 3p)]o, and 
the final level [263sh, in which 2p° is ab- 
breviated as 2p. In the previous work” it 
was shown that in Ne I the mixing of 2p 3s 
and 263d is negligible, and that the Stark 
effect of 45852 (in uniform electric field) is 
given by 


4v=—y7F’, 
7=4.00 x10 


in which F (electric field strength) is mea- 
sured in volt/em and 4y in cm", and it is 
assumed that F is adequately small. The 
value of 7 was calculated by the method of 
Foster.” 

In the case of spark discharge the fluctua- 
tion of the ionic field and the collision damp- 
ing by electrons give rise to broadening and 
displacement of spectral line.» In the case 
of a spectral line which exhibits quadratic 
Stark effect, Lindholm” showed that 


Av, =0.045072 v3 Nic , 
Avas=0.038772 v2 N/c , 


in which y is the Stark effect constant 
N the electron density (per cm’), and c is the 
velocity of light. The mean velocity of elect- 
ron is denoted by v and is connected with 
the temperature by the relation 

1 3 
i 

2 2 
From the formulas given by Lindholm, we 
get 


Ava 54 0.0450 


Avais S00 


In our case we got 4vyis=—0.027 cm}. Using 
the above-mentioned relation, we get dy,z= 
0.031cm~!. This is the width contributed by 
the ion and electron alone and does not 
include the contribution of the Doppler effect. 

The line profile U(4y) contributed by the 
ionic field alone can be calculated, using the 
probability function W(F) introduced by 
Holtsmark. The numerical calculation of 
W(F) was published by Pannekoek and Ver- 
wey.) Using their numerical values, the 
form of U(4y) was calculated, as shown in 
Fig. 5. 

The line profile due to the electron alone 


K. MuURAKAWA and S. MIZUNO-HASHIMOTO 


(Vol. 14, 


can be assumed to be of dispersion type® 
and can be written as 


In= oe 
(Avy—k)? +A 72/4 
The line profile contributed by the ionic field — 
and the electron (neglecting the Doppler | 
effect) can be expressed (as a first approxima- 
tion) as 


co 


cUx) dx 
oad dv= dy | (Av—k—x) + Av2/4. 

On the other hand Doppler effect alone should 
give rise to a line profile of a gaussian type. 
The combination of the above-mentioned 
expression and gaussian distribution is much 
complicated and there is no simple way of 
deducing the Doppler width from the ob- 
served width. We have therefore assumed 
that the Doppler width is the mean of the 
linear difference width and the square dif- 
ference width, and obtained the Doppler half- 
value width 4yy=0.213cm7!. It is connected 
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Fig. 5. Line profile of Ne I 25852 calculated by 
means of Holtsmark’s method and neglecting 
the influence of the electron and the Doppler 
effect. 


with the absolute temperature 7, the mass 


number M, and the wave.number y (cm!) by 
the relation 


Avy =7.2X10-7 »,/ T/M. 


Putting »=17083 cm-!, 4y,,=0.213 cms? M=20 
in the formula, we get T=6.0X 103 K. 

We shall see later that the value of F, 
(Holtsmark’s so-called normal field strength) 
is 1.7x104 volt/cm. Putting this value in 
Fig. 5 we see that the ionic field alone con- 
tributes 0.009cm-! to the half-value width 
and—0.003cm7! to the shift. It can be seen 
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that in spark discharge the electron effect in 


Ne I 45852 is larger than the ionic field effect 


| in both half-value width and red shift. 


§ 4. 


The electron density N can be deduced 
from the normal field strength F, via the 
relation 


Electron Density in a Plasma 


Fn=2.61 Ne, 
where e is the electron charge. 

Fy, can be determined from the profile of a 
line showing a linear Stark effect. Ne I 44715 
was selected for this purpose (the assumption 
of a linear effect is sufficient for our purpose, 
although this line suffers a quadratic effect 
in a small electric field). The hydrogen line 
can also be utilized, as was done by Olsen 
and Huxford.2 The Geisler tube used con- 
tained a trace of hydrogen, but no strong 


L 4715.34 
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hydrogen line was obtained in the case of arc 
discharge. In the case of spark discharge, 
however, hydrogen lines (especially Ha, Hf 
and Hy) came out strongly. Microphotometer 
traces of the lines Ne I 244715—4704 and the 
line Hy are reproduced in Fig. 6. 

From the microphotometer trace the line 
profile of Hy was obtained, as shown in Fig. 
7. It must be remarked that on the central 
part of Hy two lines of Ne II are superposed. 
Using the theoretical profile curve for Hy 
published by Olsen and Huxford, the value 
of Fn, was determined so that the wing of the 
observed profile of Hy would coincide with 
the wing of the theoretical profile (Holts- 
mark’s classical theory applies only to the 
wing of the profile where the influence of the 
electron plays a minor role), and F,=1.8x 10 
volt/em was obtained. 


4795.25 


L 4704.39 
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: Nv darkness mark 
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Fig. 6. Microphotometer trace of the lines Ne I 44715-4704 and the line Hy 
(reduced about 1/3 from the original). 
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Fig. 8. Intensity distribution of the lines Ne I 
44715-4704 emitted from arc discharge. 
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The case of Ne I 24715 is much more com 7 
plicated, as shown in Figs. 8 and 9. The 
line 44715 (in zero electric field) consists of ab 
strong and a weak component, but Foster 
and Rowles!? showed that in a sufficiently) 
strong field they fuse together (Paschen- Back | 
effect analog). The Stark effect for the lined 
24715 is shown schematically in Fig. 10. The 
profile for 24715 was calculated using the; 


data published by Foster and Rowles and | 
| 


Ne I 24715 2p3p(g) - 2p6d(d,) 
F=0 
2p 3p(p,)- 2p 6d (d,) 
: 070.42 can’ 
(0,)~ Cdn, = 1 . 
ae PoC my =0 | 
J yim =0 | (p,)- 6h 
[,1@s)-6gn.-0, wii 
Sr Se 1 
=) ) =1380 ~49.0 420 133.0u 
10°vem } 
T (py (4!) Ool- Fy, (2, 69, - > 
ater Gas 
-1390 -108.0 -470-290 50.0 146.0u 


L 

Fig. 10. Stark effect of the lines Ne I 244715. 
The positions of the splitted components were 
taken from the article of Foster and Rowles. 
The relative intensities were calculated roughly 
by the authors. It was assumed that the lower 
level is not displaced by the electric field. 


the method of Holtsmark. In Fig. 10 (and 
in Fig. 11) m of the optical electron is 


37 < fant 


T 
Nel A475 —4704 
emitted from a condensed 
discharge 


denoted as m: for brevity. The 
experimental profile for 24715 is 
such that the wing on the red 
side alone can -be utilized, 
because the wing on the violet 


aS) 
| 


side is strongly disturbed by | 
the wings of other lines. The 
wing on the red side of 44715 
is contributed mainly by (p))— 
2p 6d (ds’). The relative inten- 


= 
| 
| 
| 
| 


Relative intensity in arbitrary unit—— 


sities of the components due to 
the transition) (f5)—2p6q were 
calculated by the method of 
Foster? in a rough way and the 
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Fig. 9. 
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ted from spark discharge. 
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Intensity distribution of the lines Ne I 24715-4704 emit- 


theoretical curve was calculated 
(Fig. 11), but the accuracy of 
calculation is such that it is suf- 
ficient for concluding that the 


} curve of Fig. 11 is negligible. 
that the wing of 24715 on the red side can be 


L 
| 
. 


. is taken to be F,=1.7x10‘ volt/cm. 


(1959 


effect of the transition (p))—2p 6f on the solid 
It was found 


accounted for by putting F,=1.5 x10‘ volt/cm. 


_ Since the conclusion from Hy seems to have 


a somewhat better accuracy, the mean of Fp 
Putting 
this value in the above-mentioned formula, 
we get the electron density N=1x10" (per 
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to be the case. The c.r.o. traces of the 
photomultiplier currents are reproduced in 
Fig. 13, but they are not new as compared 
with those published by Olsen and Huxford.” 

Olsen and Huxford showed that although 
the discharge current reaches its maximum 
in a few yu sec and vanishes within 10 y sec, 
the ion concentration keeps its approximately 
flat value for over 30 4 sec. We may there- 


cm’). fore expect that once a high temperature is 
1 iF aD t 
t FE: 
2 27 3p (P,)- 2 6f,, -0,1 s 
$ 2p 3p(p,) - 2p 64 (4, ny of NI), 8 
> Te # psec 
£05 ‘ ' J 
=) ~ 666 
as S 
P & £333 | 
:> $3 0 
2 3 0 5 10 m sec 
| = time— 
r Fig. 12. Cathode-ray oscilloscope traces of the 
25 potential and the discharge current. 
‘3 
A4715.3 2 5 ptr 
Fig. 11. Intensity distribution of the components ig , Me Ne I 1.5852 | 
(p9)—(d4') and (y9)—6f of £4715, calculated by So Dm | | Ba 
Holtsmark method, neglecting the electron effect. > 0 50 100 sec 
It is assumed that /,,=15kv/cm. The resultant = yen 
intensity d'‘stribution that is useful for compar- $s (PRA | Ne continuem 
ing with the experimental profile of the wing on ie / ~ A4000 | | | 
the red side is shown bya solid curve. Paschen’s $ oF sas 50 100 ps sec 
notation for spectral term is in parentheses. 5 
or) = = 
o*) | [| [nei 136942 
In the case of Ne I 45037.7 (2p 3p—2p 5d), Stn ip ip | iar 
the line profile for the spark discharge is 05 ee 50 100 fs see 


degraded to the red (see Fig. 2), owing to the 
lack of P—h component. The value of Fy 
deduced from this line is in agreement with 
the above-mentioned value of F,, but in this 
case the accuracy is not so good. 


time —> 
Fig. 13. Cathode-ray oscilloscope traces of the 
photo currents for individual spectral lines. 


attained in the spark discharge, this will not 
decrease so rapidly as the discharge current. 

The line profiles of Ne IJ 45852 and 24715 
and Hy that were deduced in the present 
investigation are mean profiles, in which the 
mean is taken over the time, the intensity of 
the respective line at each instant being the 
weight. If we keep in mind the above-men- 
tioned conclusion of Olsen and Huxford, we 
may assume that the mean plasma tempera- 
ture deduced from the profile of Ne 25852 (in 
the present work) would not be much lower 
than the maximum temperature. 


§5. Physical Meaning of the Results 
Obtained 

Since the current in the plasma varied with 
time, the physical meaning of the results 
obtained is somewhat more complicated than 
in the case of constant discharge current. 
The current and the potential were measured 
with a Tekronix c.r.o. and the wave forms 
are shown in Fig. 12. The main trend is 
similar to that of Olsen and Huxford,” so 
that it can be expected that also the time 
variation of the intensity of individual spect- 


ral line is similar. This was found indeed Measurement of plasma temperature and 
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electron density will be continued, and it is (1952) 559. is, 
hoped that by modifying the experimental 5) H. Nagaoka and T. ete a oe 
set-up it would be possible to get a higher Inst. Phys. Chem. Res. Tokyo 13 (1930) 293. 


= 6) F. Paschen: Ann. Physik [4] 60 (1919) 405. 
temperature than that reported here. 7). JS, Faster: Pétce Royesoe! aha Ligpde ame 
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Crystal Structure of 2-Amino Azulene 


By Yoshito TAKAKI, Yoshio SASADA and Isamu NITTA 
J. Phys. Soc. Japan 14 (1959) 771 


Page Column Line Should be read 
We left 5 (khO)’s (hk0)’s 
1 Biges near the middle iit 11 
of the lowest line 0) 0 
3) 1 


Rheological Equation of Voigtian Material 


By Wataru SEGAWA 
J. Phy. Soc. Japan 14 (1959) 1102 


Page Column Line Should be read 
1104 left 11 0A/0I3*=1 0A/0I3*=0 
0A 0A 
1104 left 24 Ne BN ieee 
vol, gery 
1104 right 6 anisotropy inherent anisotropy 


1106 right i anisotropy inherent anisotropy 
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This section is intended to secure prompt publication of important discoveries 


in physics. 
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A Quantitative Study of the M Centre in KCI 


By Tetsuhiko TOMIKI 


The Department of Physics, 
The Faculty of Science, 
Tohoku University, Sendai, Japan 


(Received July 13, 1959) 


As reported in the preceding short note, two 
experimental results are obtained: 


4Nr/4(fu-Nu)=2 , (Gil) 
24mM=7r=0.56, above 130°C (2) 
where Nr and Nw are the concentration of the F’ 


and M centres, respectively, and are defined as 
follows: 


Nr=1.31-10%Hy- Kp, max , (3) 

SuNu=1.06-10% Hy: Kar, max - (4) 

7 is the quantum yield in the photochemical reac- 

tion M-+(photon)y—F', and defined by the next 
equations: 

qu=O(fu-Nu)/O7m , 


4r=ONr/0qu , 


(5) 
(6) 
where, gm denotes the quanta absorbed in the M@ 
band. The result (2) shows that the M centre 
carries one electron at most. However, it is rather 
difficult to accept the relation 77=0.56 without 
restriction, because the M centre decomposes 
thermally into the F' centre above 130°C. Further- 
more, the relation (1) indicates that fa should be 
equal to 1.5, if the optical dipole-moment of the M@ 
centre is directed along the <110> of the host 
crystal, as is in the Seitz model.2) This is quite 
contradicted to the relation (2). 

However, it is shown that the paradox is removed 
when the hypothesis by van Doorn), the 2nd 
absorption band of the M centre hidden in the # 
band, is admitted. Then, the optically detected 
change 4N,r should be multiplied with overlapping 
factor p in order to obtain the net variation of the 
number of #' centre. p is obtainable under the 
requirement that the net quantum yield 77* should 
be unity: 


for ¢u=0 


Qr*=0(pNr)/dgu=1.0. (G75) 
By using Eqs. (2) and (6), we have: 
p=Ie8 - (8) 


If the oscillator strength of the lst and 2nd bands 
of the M centre is denoted as fai and fiz, respec- 
tively, then, the following equations are derived 
under the assumption that the dipole-moment of the 


The reports should not exceed 800 words in length. A figure of size 


M centre is directed to the <110>: 
A(pNr)/4( fur: 2No)=2p , 
4(pNr)=4(6No) , 

where No is the density of the M centre per cc 


whose dipole-moment is parallel to one of the <110>. 
Thus, 


fm=0.83 A Sme=1—fim=0.17 ° COR 
By using these constants we can estimate the net 


quantum yield y* of the M centre above 130°C. 
From Eqs. (2) and (5) we have: 


qu=0( fuNu)/Oqu=0(2fur-No)/O7m , 
hence, 
9u* =0(6No)/09u=37 ul fr 
=3x0.28/0.83=1.0. (10) 


Thus, the postulation (7) that requires 77*=1.0 
leads to the conclusion that the quantum yield of 
the M centre y;* should also be equal to unity 
and, furthermore, fai=0.83<1.. According to Eq. 
(10), it is possible to recalculate the quantum yield 
yu* using 7m. Then, 7* is expressed as follows: 
“u*=1/{1+1.40-10-7 exp (0.50/kT)} 
fOTac iT Ainwe vena (ly) 
The obtained values, A/Bo!=1.40-10-7 and H= 
0.50 ev, are also considered to be plausible. The 
simple calculation shows that the half width of the 
2nd band of the M centre is the order of 0.08 ev 
at room temperature, if we assume that the absorp- 
tion maximum is located at the peak of the # band. 
This result seems to be in concordance with the 
experimental fact that the half width of the #' band 
is unaltered even when the ‘‘pure’’ M band exists 
on the red side of the # band). The fact that 
the #’ band shows dichroism when it was illumina- 
ted with {110} polarized light in this band might 
reasonably be ascribed to the 2nd band of the M 
centre. 
The author is very grateful to Prof. M. Ueta for 


his kind interest, and to Mr. Osaka for his dis- 
cussions. 
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Antiferromagnetic Resonance in CoCl,:6H:O 


By Muneyuki DATE* 


The Research Institute for Iron, 
Steel and Other Metals, 
Tohoku University, Sendai 


(Received June 4, 1959) 


We observed the antiferromagnetic resonance of 
CoCl,-6H,O in the frequency range 9.5 to 38 GC/sec 
at liquid helium temperatures. The antiferro- 
magnetic properties of the hydrated cobaltous 
chloride have been reported first by Haseda and 
Kanda) from the measurements of the powder 
susceptibility. Recently, X-ray analysis of the 
crystal structure2), specific heat®), susceptibility of 
the single crystal,4? and proton magnetic resonance 
of this salt®) were investigated and it became clear 
that the easy direction is parallel to the c-axis. 

Up to present, paramagnetic resonance experi- 
ments of this compound were attempted by 
Gerritsen (80° and 20°K)® and by the present 
author (4.2°K at 9GC/sec),” but no resonance was 
observed and it has been considered that this may 
be due to the short spin lattice relaxation time of 
the Co++ ion. Recently we attempted to detect the 
paramagnetic resonance of this salt at 35 GC/sec 
region at 4.2°K and observed very broad absorp- 
tion lines. 7 is estimated to be about 4x 10-12 sec 
at T=4.2°K and the principal g-values to be gq/= 
2.9, go=5.0 and ge=4.0, where the a@’-axis inclines 
to the direction of the a-axis by about 32° because 
of the monoclinic structure (@=122°12’). It is 
interesting to note the results of the susceptibility 
measurements by Haseda.4? He obtained g '=2.7, 
9v=4.9 and ge=4.9. Appreciable difference is seen 

Freq © 
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Fig. 1. Frequency-field diagram of antiferro- 
magnetic resonance in CoCl,-6H,O at 1.5°K. 
Magnetic field is parallel to c-(easy) axis and 
b-axis. 
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in ge. The cause of discrepancy may be considered 
as follows. From the results of our experiments, 
considerable amount of the antiferromagnetic state 
(short range order) seems to survive even near 4°K 
and this produces the shift of paramagnetic reson- 
ance line because the antiferromagnetic and para- 
magnetic resonance lines are not much separated 
in this direction. Pure antiferromagnetic resonance 
was observed below 2.1°K. Between 2.1°K and 
4.2°K, very broad and unmeasurable lines exist. 
We observed the frequency, the angular and tem- 
perature dependences of the antiferromagnetic 
resonance lines. One of the experimental results 
is shown in Fig. 1. The critical frequency is 
measured as 34630+50MC/sec below which the 
resonance line describes a circle in the b-c plane 
just as in the a-b plane of CuCl,-2H,O at 9 GC/sec® 
and above which the resonance can be observed all 
directions in b-c plane. The critical field resonance 
is also seen. From this results, ¢2./¢;~2 can be 
obtained by Nagamiya-Yosida theory) 1) of anti- 
ferromagnetic resonance for the case of ortho- 
rhombic symmetry. The critical field is 7.2 kilo- 
oersted at 1.5°K. It must be noted, however, that 
the experimental results show slight but systematic 
deviations from Nagamiya-Yosida theory. The line 
width was also measured. Generaly speaking, the 
width is large compared with that of CuCl,-2H,O. 
At 1.5°K, the narrowest one is of 100 Oe and the 
broadest one is of 2000 Oe. Detailed results and 
discussions will be published later. 

Finally, the present author wishes to express his 
cordial thanks to Prof. Fukuroi for his continual 
encouragement during the course of present ex- 
periments. He is also indepted to Drs. Sugawara 
and Haseda for useful discussions on the present 
problem. 


References 


1) T. Haseda and E. Kanda: 
£2 (1957) 1051). 

2) J. Mizuno, K. Ukei and T. Sugawara: J. 

Phys. Soc. Japan 14 (1959) 383. 

3) S. A. Friedberg: unpublished. 

4) T. Haseda: to be published in this journal. 

5) T. Sugawara: short note in this issue. 

6) H. J. Gerritsen: Thesis (Leiden, 1955) 88. 

7) M. Date: presented at the Meeting of the 

Phys. Soc. Japan (1955). 

8) For example, J. Ubbink: Thesis (Leiden, 1953); 

9) T. Nagamiya: Progr. Theor. Phys. 6 (1951) 
342, 350; 11 (1954) 309. : 

10) K. Yosida: Progr. Theor. Phys. 6 (1951) 691; 
7 (1952) 25, 425.. See also T. Nagamiya, K. 
Yosida and R. Kubo: Advances in Physics 4 
(L955)p le 


J. Phys. Soc. Japan 


| 1959) 


J. PHys. Soc. JAPAN 14 (1959) 1245 


Crystalline Field Splitting in Ferrous 
Fluosilicate 


By Taiichiro OHTSUKA 


Research Institute for Iron, 
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(Received June 17, 1959) 


When a large initial splitting of the spin state 
makes paramagnetic resonance unobservable, the 
splitting may be determined to a limited extent by 
measuring the susceptibility of single crystals at 
low temperatures. A rather large splitting of the 
lowest spin levels of Fe2+(5D,) in ferrous Tutton 
salt has been determined by this method.» Similar 
measurements have now been made on _ ferrous 
fluosilicate. 

The isomorphous series of this crystal are known 
to have trigonal symmetry. The trigonal axis 
(c-axis) of the crystal coincides with the magnetic 
axis of the complex. Measurements were made 
parallel and perpendicular to the c-axis by the A. C. 
Hartsohn bridge method. The results are shown 
amis. 1. 


° 


30| X1,Xp *l0*e,mu, 


! 2 Sia" 10 20 30 4050 100 
nek 
Fig. 1. yy; (susceptibility parallel to c-axis) is 


plotted on an enlarged scale. x» is for a powder 
specimen. Solid lines are curves calculated 
using the values listed in Table I. 


Table I. 
| D 


| G// | G1 


Short Notes 


FeSiFy-6H,0 | -10.4cm-] 2.00 | 2.14 
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* The ground spin doublet is split by an amount 
Gr cncinla. 


The pertinent parameters have been derived using 
the spin Hamiltonian GA=-DS2+g8H-S with 
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S=2. An expression for the susceptibilities for 
the case of axial symmetry may be readily derived 
and these have been used to fit the experimental 
results. The results may be expressed fairly well 
with a level scheme in which a spin singlet (M=0) 
lies lowest. The parameters derived are listed in 
Table I where the corresponding values for the 
ferrous Tutton salt have been listed for comparison. 
It is interesting to note that the sign of D and the 
anisotropy of g are opposite for the two salts. A 
similar change of sign seems to exist in the 
corresponding manganous salts.2) 

There is doubt as to the validity of the spin 
Hamiltonian for the Fe?+ case because the cubic 
field gives an orbital triplet lowest.3) Our experi- 
ments are confined to low temperatures, however, 
and thus reflect only the splitting between the two 
lowest levels. The parameter D derived from our 
experiment corresponds to this splitting. It is 
probably incorrect to describe the scheme and the 
spacing of the excited levels with this D and the 
spin Hamiltonian. Measurements must be extended 
to higher temperatures in order to determine the 
details of the excited levels but the analysis will 
become progressively difficult because the splittings 
are then expected to become smaller than k&7' and 
one will get only an averaged out effect. There 
are reasons (the comparatively narrow line width 
of Mn?+ ions added as impurities) to suspect that 
the excited spin doublets are split by rhombic dis- 
tortion. Baker and Bleaney*) report resonance at 
20°K when the r.f. and external fields are directed 
along the c-axis. This could be due to transitions 
between the excited levels admixed by the rhombic 
field. If so the intensity should decrease when the 
temperature is lowered below about 14°K. 

Proton resonance of the ligand water molecules 
have also been observed. With the external field 
perpendicular to the c-axis, 8 lines are observed 
with an overall splitting of 1 Mc/sec at 4.2°K. The 
splitting decreases and becomes very small as the 
field is rotated towards the direction parallel to the 
c-axis. This fact and the temperature dependence 
of the splittings are in close correspondence with 
the susceptibility results. 

Acknowledgements are due to Prof. E. Kanda 
for his constant encouragement and to Assist. Profs. 
T. Haseda and T. Sugawara for various discussions. 
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Semiconducting Properties of Bi-Sb Alloys 
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(Received June 24, 1959) 


Bi and Sb crystallize with the same lattice struc- 
ture, and the alloys between them become also 
solid solutions with the similar lattice structure in 
all composition.» It has been found that- this alloy 
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Fig 1. The logarithm of the resistivities and the 
Hall coefficient versus the reciprocal tem- 
perature. 
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system, in spite of the crystallographic simpleness, | 
shows anomalous electrical properties which can be# 
explained by an assumption that the alloys of inter-} 
mediate composition become intrinsic semicon- H 
ductors. The resistivity, the Hall effect and the: 
magneto-resistance of polycrystalline specimens 3 
which were prepared from zone refined constituent : 
metals were measured in the temperature range » 
from 4.2°K to 300°K. The plots of logarithmic : 
resistivity versus reciprocal temperature are shown ) 
in Fig. 1. The similar plot for the Hall coefficient : 
is also exemplified with the specimen #6 in the same } 
figure. The sign of Hall coefficients was negative : 
in all the present specimens. The concentration- 
dependence of both the resistivities and the Hali 
coefficients at 4.2°K and 200°K are shown in Fig. 
2 (a) and (b). As shown in Fig. 1, the resistivity 
curves of the alloys containing Sb more than 4— 
atomic per cent seem to be non-metallic, or rather 
semiconductive. Fig. 2 proves that the alloys ot 
intermediate compositions have high resistivities 
with the peak at around 10~20 atomic per cent of 
Sb which is probably due to the depletion oi 
carriers in them. The author regards that the 
positive gradients of the curves in Fig. 1 are 
due to the intrinsic semiconductivity. Then the 
maximum gradient in each alloy multiplied by 
twice the Boltzmann constant, 2k, are plotted in 
Bigs 2a(@)s 
measure of the width of the forbidden energy band, 
even in the present case where the carriers are 
degenerate. Fig. 2 (c) suggests that the semi- 
conductive range of the alloys spreads from 4 to 
about 50 atomic per cent of Sb. The increase of 
resistivity with the temperature rise which appears 
at high temperatures and which does not arise in 
the typical semiconductor, may be explained by the 
following assumption; the temperature variation of 
the carrier mobilities varies with temperature as 
T-P with p>2.5 at higher temperatures instead of 
with p=1~1.5 which is in the case of the typical 
phonon scattering. This assumption is also supported 
by the temperature variation of the magneto-resis- 
tance observed. The occurrence of the semiconduc- 
tive properties in this alloy system can be explained 
by examining the electronic structure of the Bi type 
crystal calculated by Mase.2) The whole data and 
the detailed discussions will shortly be published. 
The author wishes to express his sincere thanks 
to Prof. T. Fukuroi for his encouragements and to 
Mr. S. Mase of University of Nagoya for his stimu- 
lating discussions. A part of this study owes to 
the Research Fund from the Ministry of Education. 
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Curie Point in Thin Ni Films Determined 
by Electrical Method 


By Kaizo KUWAHARA 


Department of Physics, Faculty of Science, 
Hiroshima University 
(Received July 13, 1959) 


It is well known) that the Curie point in thin 
films of ferromagnetics differs from that in bulk 
specimens. On the other hand, it is also well 
known*) that the electrical resistance of ferromagne- 
tics shows an anomaly at the Curie point. Therefore, 
the electrical method has a possibility to determine 
the Curie point, and a few experiments along this 
line have been reported.45) 

The present work is also based on the same idea 
as above. In this case, however, the reliability in 
the determination of Curie point would be much 
higher than the above experiments, because the 
decrease in resistance with applied magnetic field, 
which distinctly occurs near the Curie point, was 
utilized together with the resistance anomaly. 

The experiment has been carried out with Ni 
films evaporated on slide glasses for microscope. 
To avoid oxidation, mechanical scratches and other 
troubles*, SiO, was coated upon the film surface. 
After over 10 hours of annealing at 420°C in vacuum, 
when the resistance of specimens ceased to drop, 
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Fig. 1. Temperature dependence of F/R and 
AR/R, in the specimen of 576A. Jp is the 
resistance at 16°C. The minimum of 4R/k 
coincides with the kink of #& in temperature. 


* For instance, when the uncoated films of 100 
A or below are annealed, their resistance rises 
abnormally and irreversibly to a value 300 times or 
more as large as that before annealing and exhibits 
a semiconductor type yariation with temperature. 
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the resistance R and the longitudinal magnetoresis- 
tance 4R/R (at 500 oe) were measured at various 
temperatures by means of potentiometer. In Fig. 1 
an example is shown in the specimen of 576A. The 
kink in R and the minimum in 4R/R occur at the 
same temperature, which gives the Curie point. In 
the case of such extremely thin films as 50A or 
below, there is no such appreciable kink in R as 
in thicker ones. It is not troublesome, however, 
to determine the Curie point, by referring to the 
minimum in 4R/F in this case. 
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Fig. 2. Variation of Curie point with film thick- 


ness. The circles and the solid curve are ob- 
tained in this experiment. The dotted curve 
is derived by Klein and Smith theoretically. 


The Curie point determined is plotted against film 
thickness in Fig. 2. As seen in this figure, the 
Curie point seems to fall effectively with the decrease 
in film thickness below 100A. Although this result 
coincides in tendency with the theory of Klein- 
Smith) and the previous experiments,?))®) the details 
are considerably different from them, which might 
be a problem to be studied in the theory of 
spontaneous magnetization. 
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Proton Resonance in the Antiferromagnetic 
State of NiCl.-6H20 and CoCl,-6H,0 


By Tadashi SUGAWARA 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, Sendar 


(Received June 4, 1959) 


In the previous short note on the proton resonance 
of nickel salts the author and Kim” reported that 
the resonance line in the paramagnetic NiCl,6H.O 
disappeared suddenly at about 8°K. However, it 
was found later that below 6°K the resonance con- 
sisted of a number of weak lines situated nearly 
symmetrically about the central frequency. The 
same behavior was observed also in CoCl,-6H,O, 
which is isomorphous with NiCl,-6H,O, at temper- 
atures below 2.3°K. 

As an example, the angular dependence of the 
low field spectrum in the ac-plane of CoCl,-6H.O 
at 2.08°K is shown in Fig. 1. Fig. 2 is a plot of 
the shift of a line in the spectrum as a function of 
temperature. The experimental points can be re- 
presented by a Brillouin function as shown in the 
Figure. These results are characteristics of the 
proton resonance in the antiferromagnetic state of 
a hydrated salt.2> By extrapolating the curve in 
Fig. 2 to the ground line the Neél temperature was 
determined as 2.35+0.05°K. The spectrum shown 
in Fig. 1 suggests that there are four inequivalent 
protons in a unit cell, of which two are located 
near the Co?+ ion and the other two are far from 
the ion. This proton arrangement seems to be 
consistent with the crystal structure reported by 
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Fig. 1. Low frequency branch of the rotation 
spectrum in the ac-plane of CoCl.-6H,O at 
2.08°K. The whole spectrum is nearly sym- 
metrical about 8.6 MC. The resonance frequency 
for the undisplaced proton is 7.26MC. There 
are some weak lines, not shown in the figure, 
of unknown origin. 
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Mizuno ct al.3) From a preliminary analysis, based 
on the crystal structure, of the spectrum, it was 
found that the Co-spin is ordered parallel to the 
c-axis in agreement with the results of the suscepti- 
bility measurement and the electron spin reson- 
ance.5) 

The spectrum in NiCl,-6H,O was similar to that 
in CoCl,-6H.O except for the slightly different 
angular dependence and the smaller shift. In Fig. 
2 is shown the temperature dependence of the shift 
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Fig. 2. Temperature dependence of the shift of 


a proton line. The external field is in the ac- 
plane and is nearly perpendicular to the a-axis. ~ 


of a line in this salt corresponding to that in 
CoCl,-6H:O. By the same procedure described~ 
above the Neél temperature was determined as 
5.8+0.1°K. The observed spectrum can be ex- 
plained qualitatively by assuming that the Ni-spin 
is ordered in the direction perpendicular to the c- 
axis. This fact seems not to be inconsistent with 
the result of the susceptibility measurement.) 

The author wishes to thank Dr. Haseda for 
supplying good single crystals used in this work 
and also for communicating his unpublished 
magnetic data. 
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X-ray Observations of the Surfaces of 
Plastically Deformed LiF Crystals 
with the Berg-Barret Method 


By Mitsuru YOSHIMATSU 


Research Laboratory, Rigaku Denki Co., Ltd. 
2627, Kichijoji, Musashino, Tokyo 
and Kazutake KOHRA 
Institute of Physics, College of General Education, 
University of Tokyo, Komaba, Meguro, Tokyo 
(Received July 11, 1959) 


It has been recently shown that the Berg-Barret 
Method) of X-ray diffraction can reveal not only 
substructures of plastically deformed metals» but 
also individual dislocation lines.2) With this method 
we observed the surfaces of LiF single crystals* 
plastically deformed by cleaving, thermal quenching 
and mechanical bending, by utilizing the (200) or 
(400) reflexion with CuKa. 


oe SOY) 
Subgrain boundaries. 


oy 
a 
Ls 


«10.4 
«——>Direction of Cleaving 


pT) 
Arrays of spots. 


Iiien, 22. 


(i) The (200) reflexion photographs from cleaved 
surfaces vary highly sensitively with specimens, 
depending probably on the original properties of 
the crystal as well as the condition of cleaving. 
Few remarkable features are here described. 

The lines corresponding to subgrain boundaries 
show almost always asymmetrical behaviour in 


a The crystals were purchased from Harshaw Chem. 
Co.. 
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intensity, being sharply defined at one side, while 
diffuse at another side (Fig. 1). In the optical 
micrographs of etched surface, surface’), the grain 
boundary consists of the array of etch pits without 
any indication of asymmetry. 

Arrays of spots are sometimes observed in X-ray 
photographs (Fig. 2). By comparison with the 
optical etch pit photographs, it is confirmed that each 
of individual spots corresponds to a dislocation 
cluster, which was called ‘‘Rosett’’ by Gilman and 
Johnston.) 

Sometimes lines are observed running nearly 
parallel or perpendicular to the direction of cleaving 
(Fig. 3), which seem to correspond to the crack 
fronts and step lines, respectively. 
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Fig. 3. Crack Fronts and Step Lines. 
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Fig. 4. Photograph of a bent crystal. 
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Fig. 5. Photograph of a quenched crystal. 


(ii) Some crystals were bent with the radius of 
curvature 200mm at room temperature and then 
annealed at 500°C for three hours. The (400) refle- 
xion photograph from the side face is shown in 
Fig. 4. The slip lines appear densely in the vicinity 
of the point where the tools for bending contact 
the surface. Similar photographs were obtained 
also from the specimen not heat-treated, but the 
slip lines were not so distinct. 

(iii) The (200) reflexion photographs of the crystal 
which was quenched from 400°C into water were 


taken. The features of the photographs were very 
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different with specimens. One example is shown 
in Fig. 5. As a general tendency, the central part 
and the neighbourhood of the edge are intense, 
where slip lines run in the (110) direction. 

The authors should like to represent their sincere 
thanks to Prof. E. Fukushima and Prof. M. Saka- 
moto, Mr. K. Kobayashi and Mr. T. Arai for their 
valuable advices and discussions and to Mr. H. 
Nimura for his kind preparation of some etched 
surfaces. 
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X-ray Observation of the Strain Field in 
Germanium Single Crystals with the 
Use of the Anomalous Transmission 


By Zensho ISHII 
Hlectrotechnical Laboratory, Nagatacho, Tokyo 
and Kazutake KOHRA 
Institute of Physics, College of General Education, 
University of Tokyo, Komaba, Meguro, Tokyo 
(Received July 9, 1959) 


The transmitted intensity of X-rays increases 
anomalously when the incident X-rays satisfy the 
Bragg-Laue condition on a net plane in a nearly 
perfect crystal with sufficient thickness. This pheno- 
menon, being highly sensitive to the perfectness 
of the crystals, was applied for observing individual 
dislocation lines by Borrmann et al with the diver- 
gent beam method and, later, by Barth et al with 
the parallel beam method. With the latter method 
wider area of the crystal can be observed than with 
the former method. 

With the parallel beam we observed the change 
of the X-ray transmission caused by the strain 
field in germanium single crystals when the (220) 
reflexion takes place with CuK. The crystals were 
about 1mm thick and the surface was parallel to 
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Fig. 1. Schematic diagram of the method to press 
the crystal. 
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Fig. 3. Schematic 
diagram and trans- 
mission photographs 
(R) of the bent 
crystal. 


Crystal 


the (111) plane. 


(i) As shown in Fig. 1, the side face (110) of 


1959) 


the crystal was pressed with a wedge. The load 
was changed in the sequence of 0, 40, 200 and 320 g 
weight and then in the reversal sequence. A few 
examples of photographs are shown in Fig. 2. 

It is seen that the transmission intensity is nearly 
zero in the vicinity of the wedge. This region 
is caused by the decrease of anomalous transmission 
owing to the imperfectness induced in the crystal 
Structure, resulting from the strain field. The 
heavier is the load, the more extended is the region 
where the transmission is nearly zero. When the 
load was taken away, the pattern recovered the 
initial one. 

(ii) A similar effect was observed when a crystal 
was bent. The photographs are shown in Fig. 3, 
where the load of 200g weight was applied. The 
transmission decreases over the whole region and 
especially in the vicinity of the wedge. 

The present method would be useful for studying 
the strain field in a nearly perfect crystal. 

We should like to express our sincere thanks to 
Professor E. Fukushima and to Dr. M. Hatoyama 
for their kind interests and helpful discussions. 
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Alpha Excitation Functions of Iron-54 


By Shigeo TANAKA, Michiaki FURUKAWA, 
Masuo YAGI, Shiro IWATA and Hiroshi AMANO 
Institute for Nuclear Study, University of 
Tokyo, Tanashi, Tokyo 
(Received June 20, 1959) 


Excitation functions of the reactions, Fe! (a, 7) 
Nid7, Fe%4 (a, p) Co, Fee (a, 2n) Ni, and Fe®* 
(a, pn) Co were measured by the activation method. 
Bombardments were made with monoenergetic beams 
of 32 MeV alpha-particles from the 63-inch INS 
(Tokyo) cyclotron. Energy dependence of the cross 
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sections was measured by the stacked-foil technique 
in which thin iron foils (8 thick and of natural 
isotopic abundance) were interspaced with aluminum 
absorbers. After bombardments cobalt, nickel and 
iron were chemically separated. The Co® was 
counted with an Nal scintillation counter so biased 
as to cut gamma rays below 1 MeV. The absolute 
yield was calculated by comparing the samples with 
those of the calibrated Co standard. The absolute 
yield of Co5’ was obtained by counting the photo- 
peaks from 0.13 MeV gamma rays in a well type Nal 
scintillation counter, Compton tails from Co® and 
Co®8 being subtracted. The nickel fractions were 
allowed to decay to produce Co” and Co5®, and 
nearly the same counting procedures were applied. 
Necessary corrections were made to all the counting 
data. Nuclear data used in this calculations of the 
absolute cross sections were obtained from ‘‘Table 
of Isotopes’’ of Seaborg et al. 


Exlab. (MeV) 
Alpha excitation functions of Fe®¢, 


Fig. 1. 


These results are shown in Fig. 1. «(a, p) was 
generally a few times larger than o(a,7). o(a, pm) 
was larger than o(a, 2”) by a factor of 102. Owing 
to the poor knowledge of decay scheme on Ni°, the 
latter result is somewhat ambiguous. The results 
are at present analyzed on the basis of the statistical 
theory of nuclear reaction. The full reports on the 
alpha excitation functions including other types of 
reaction are to be published elsewhere in near future. 
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A Mechanism for Producing Extrusions 
and Intrusions during Fatigue 


By Ryutaro NAGAI 
Department of Physics, Tokyo Gakuget University 
(Received May 11, 1959) 


Forsyth’) and others?)3) have observed small ex- 
trusions and intrusions on the surface of fatigued 
metals and ionic crystals e.g. aluminium 4% copper 
and silver chloride. Cottrell and Hull» have 
suggested that they are the result of slip on two 
intersecting slip planes and Mott*) has suggested a 
mechanism in which a dislocation, which has a 
component of its Burgers vector normal to the 
surface, moves round a closed circuit by cross slip. 
The mechanism of Cottrell and Hull does not seem 
to explain the co-existence of the extrusion with 
the intrusion along a slip band, and the mechanism 
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of Mott is not so far, it seems, applicable to in- 
trusion. 

I would like to suggest another mechanism by 
which such extrusions and intrusions could occur, 
and by which the effect of a stress is not entirely 
cancelled by the reversed stress. Let a stress be 
applied to a crystal activating a Frank-Read source 
which with every rotation causes the new loop to 
expand on the adjacent parallel slip plane e.g. case 
(iii) of H. Suzuki»), which may be a rare case, in 
which, the source is composed of elements of a 
hexagonal network, and the two pole dislocations are 
of the screw components of the opposite sign. Now 
let each edge dislocation 1, 2, 3, 4 with no jogs cut 
through a screw dislocation MN, so producing a 
jog in itself at MN. When the dislocations 1, 2, 
3, 4 intersect the surface, they will produce the 
slip lines 1, 2, 3, 4 on the surface, each of which 
contains a step. If the stress is now reversed, the 
source will produce dislocations 5, 6, 7, 8 of the 
opposite sign which will also produce the slip lines 
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5, 6, 7, 8 each of which contains a step. The slip 
planes of 5 will coincide with the slip planes of 4. 
If, however, that jog is displaced along the dis- 
location line with respect to the first jog, Fig. l(a) 
an extrusion ABCD will be formed after many 
cycles in case of an excess of atoms, and an 
intrusion in case of an excess of vacancies. In 
Fig. 1, the solid (dashed) line indicates the positive 
(negative) edge dislocation in the crystal and the 
positive (negative) slip line on the surface, at the 
same time. A probable reason why the first jog at 
MN should be displaced to A, E, H, D and to 
C, G, F, B along the pure edge dislocation line 
while the latter glides through the crystal towards 
the surface, can be seen if we consider Fig. 1(b). 


Slip lines produced on the surface. 
—— Rising vertically to the surface, above this line. 
Cancels each other. (0), 
Displacement of the jogs along the edge dislocation lines, in case 
(Oblique lines indicate the extra plane of atoms.) 


(Exchange of —— for ---- leads to ex- 


ON Or , (~1), ... Height or depth 


The jog A’ is produced first and the jog B’ on the 
reversed stress along the line of intersection with 
the screw dislocation MN. If these jogs pass 
through a region with an excess of atoms, such as 
interstitial atoms in metals (which have been worked 
or are being worked) or atoms in supersaturated 
alloys, the jog A’ moves to A, and B’ to B®) (almost 
without the help of diffusion) and the result is an 
extrusion. If the region contained an excess of 
vacancies, they would move in the opposite direc- 
tion with the result of an intrusion. At higher 
temperatures, the extrusion and the intrusion will 
become more complicated and irregular, because, 
if an edge dislocation passes through a region 
having an excess of atoms or vacancies, a row (or 


rows) of them may be added to the extra plane and 
grows. The row is also equivalent to the edge 
dislocation line between two jogs,’ as shown in 
Fig. l(c) (d) in case of an excess of atoms. In this 
case, the primary extrusion can be left on the 
reversed stress, even if the segments of the positive 
loops have not entirely got out of the crystal. 

In order to explain the observed thickness of an 
extrusion of the alloy, ~0.ly, it would require 
4 x102 loops to be generated from the source per 
half cycle, and at least 3.5103 cycles would be 
necessary so that the length of the extrusion may 
be lz, in case of Fig. l(a). 

A mechanism for growing a void which involves 
the interaction of a Frank-Read source with two 
screw dislocations of opposite sign will be pub- 
lished elsewhere.” 

Another mechanism would be found if the straight 
slip lines without steps (jogs) e.g. 1, 2,3—5,6,7> 
1, 2,35, 6,7,--- appeared in turn, but it seems 
weak at present. 
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Time Decrease of Permeability 
in Silicon-lIron 


By Kuniré6 TSUSHIMA, Mitsuru ASANUMA 
and Sydhei MIYAHARA 
Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo, Japan 
(Received June 29, 1959) 


Snoek) showed that the existence of interstitial 
solutions of carbon and nitrogen is the cause of 
time decrease of initial permeability of iron and 
other body centered cubic ferromagnetic metals and 
alloys. 

He assumed the decrease with respect to time 
should be represented as 


r= 1ye0/ RT (1) 


rr=Totral—e-#*tc Ne 


Here 7%; reluctivity at time JU. 
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0, %a: constant with respect to time. 

Rathenau ef al.» found for iron that by modifying 
(1) only one activation mechanism of elementary 
jumps of nitrogen atoms is involved in a restricted 
region where 

Viagra (ay 
o( 2th) -on08, 

We performed similar experiment for 4% Si-Fe. 
Specimens were annealed in purified hydrogen at 
850°C for a week to remove carbon and nitrogen 
as possible as we could. 

Then the initial permeability » was measured on 
a toroid, composed of 10 rings (2.5cm external, 
1.5cm internal diameter, 0.02 cm thickness) of poly- 
crystalline 4% Si-Fe. By determining selfinductance 
using alternating current bridge (1 Kc/sec), » was 
measured with the measuring field of 1x10-4 oe. 

Time decrease at each temperature is shown in 
Fig. 1. Assuming the relation (1), we plott Int 
versus 1/T for some values of the parameter g, which 
is shown in Fig. 2. Up to g=0.3, straight line 
relationship is found and the slopes give the value 
of activation energy 


Q=0.80+0.04 ev. 


Above value is in agreement with other data») of 
activation energy of diffusion of carbon in a-iron. 
For g larger than 0.3, this analysis cannot be ap- 
plied. 
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Fig. 1. Time decrease of » in 4% Si-Fe after 
demagnetization at various temperatures. 


oO 


w 


Le) 


log.of time after demagnetization 
$ 


360 380 400 420 440 
— 1/ TX 107 ( °K") 


Fig. 2. Log. of time (sec.) versus inverse absolute 
temperature for g=0.1~0.3. 
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Changes of Coercivities by Heat Treatment 
and Cold-Rolling in Cu-Co Alloy 


By Masayoshi SATO and Tadayasu MITUI 


Department of Physics, Faculty of Science, 
Hokkaido University, Sapporo, Japan 
(Received June 25, 1959) 


Magnetic properties on the Cu-Co alloys contain- 
ing a few percent cobalt have been studied by many 
investigators!~9). Sucksmith et al!,») have measured 
changes of coercivities induced by heat treatment 
and cold-drawing. We also carried out the same 
study, but, as shown in followings, the results were 
remarkably different from his. 

We studied the alloy containing ca. 2 wt % Co 
to clarify how the size, shape and the orientation 
of the precipitates affect magnetic properties. For 
this purpose the coercive force H, and the reverse 
field H; which is the field required to reduce the 
remanence to zero against the aging time at various 
temperatures were measured; the results are shown 
in Fig. 1. Though it is difficult to explain the great 
peak appeared in the curves for 600°C aging earlier 
than other peak, it might be due to eventual im- 
perfections in the matrix. 


750°C, Hr. | 
x 
7 
7S 700°C, He 
se —_1—, 2 
ae a 
750°C, He 


600°C, Hr| 


4 6 8 10 
AGING TIME (hrs) 
Fig. 1. Changes of H, and H, as a function of 


aging time in 2% Co-Cu alloy. 


In order to modify the shape, size and the orien- 
tation_of the precipitate. particles the specimens were 
cold-rolled. after heat-treatment, then H, and lake 
were measured at room temperature parallel to the 
roll-direction. As shown in Fig, 2, cold-rolling up 
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to 70~80% reduction effects an increase of coercive 
force, further reduction causes coercive force to || 
decrease. The value of H shows a similar be- | 
havior except for the earlier stage of reduction as | 
shown in Fig. 3. 
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Fig. 2. Changes of H, as a function of the roll 
reduction in thickness in 2% Co-Cu alloy. 
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Fig. 3. Changes of AH, as a function of the roll 
reduction in thickness in 2% Co-Cu alloy. 


The changes of H, and H, are not so simple to 
be explained by homogeneous deformation of the 
particles. Those might be explained in terms of 
shape effect taking not only the elongation of the 
particles but also the superparamagnetism induced 
by cutting-off into account. Moreover, the cutting- 
off effect was also found in the measurement of the 
magnetic anisotropy by one of the authors”. 

The detailed report will be published in this 
Journal. 
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Scattering of Protons by Silicon and Sulphur 


By Yukiyasu Opa*, Minoru TAKEDA, Chuin Hu and Shohei KATO 
Department of Physics, Osaka University, Osaka 
(Received March 20, 1959) 


The angular distributions of protons in elastic and inelastic scattering 
by Si and S have been studied, changing the bombarding energy from 


The angular distri- 


The energy dependence of the angular distribution 


4.95 Mev to 5.45 Mev with the interval of 100 Kev. 

butions of proton groups from the reaction Si28(p, p’)Si28* (Q—=— 1.78 Mev) 
are nearly symmetric about 90° for any bombarding energy and the 
total cross-section changes appreciably with the incident energy. On the 
other hand, the results for the reaction S%(p, p’)S#2* (Q=—2.24 Mev) 
show large variation with the energy in both angular distribution and 
total cross-section. 

of elastically scattered protons by silicon is found to be more remarkable 
than that by sulphur in the energy region studied. 

§1. Introduction 


Many experiments have been carried out 
on the elastic and inelastic scattering of pro- 
tons on light even-even nuclei for various 
In our laboratory, the 
angular distribution of inelastically scattered 
protons for the first excited states of Ne??,?»” 
Mg” and Si?**) has been studied recently 
changing the energy of the proton beam from 
the 44-inches Osaka University Cyclotron. 
These results obtained in the energy region 
from 4.8 to 5.5 Mev show a remarkable energy 
dependences of differential cross section and 
angular distribution. In cases of these target 
nuclei, some resonance phenomena were found. 
Thus it is generally supposed that the inelas- 
tic scattering of protons proceeds mainly 
through the compound nucleus formation. On 
the other hand, in the elastic scatterings in 
neon, the angular distribution of protons 
changes rapidly with energies, supporting the 
existences of some resonance levels. 

In the present study, the measurements of 
the angular distribution of protons elastically 
scattered from silicon and sulphur, and that 
of inelastically scattered proton groups corre- 
sponding to the first excited levels of Si’® and 
S*2 have been performed in the energy region 
from 4.95 to 5.45 Mev. In order to facilitate 
the simultaneous measurement of angular 
distributions of the proton groups scattered 
elastically and inelastically by respective 
nucleus, we selected SiH: and SH2 gases as 
targets. 


* Now at Physics Department, Tokyo Institute 
of Technology, Oh-okayama, Tokyo. 


§2. Methods and Results 


The gas targets of SiH: and SH: were used 
for the purpose mentioned in §1. SH, was 
produced by the reaction» 


SiCl,+ AlLiHs=SiH.+ AlCls+ LiCl 


distillating by isopentan bath. SH: gas puri- 
fied by distillating the commercial gas of 99% 
purity through the liquid air, has been used. 
These gases were filled usually at a pressure 
of 180 mmHg in the target cell. 

We used Nal(TI) scintillation counter as a 
detector, and pulse heights were analysed by 
the 20 channel pulse height analyser. The 
counter, scattering chamber and associated 
equipments were similar to those described 
in detail in the previous report”. The defini- 
tions of scattering angles were made to the 
accuracy of about -+0.1° and the angular 
resolutions were 1° in the range of labora- 
tory scattering angles from 20° to 164°30’. 
The incident proton energies were reduced by 
aluminium absorbers in step of 100 kev. 

The typical pulse height spectra of scat- 


Ep=5.45 Mev 
Slab= 100° 


1500}. 
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Fig. 1. The pulse height spectrum for protons 
scattered from silicon at the Scattering angle 
of 100° with the incident energy of5.45 Mev. 
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tered protons by silicon at 100° and that by 
sulphur at 164°30’ in the laboratory system 
at the incident energy of 5.45 Mev are shown 
in Figs. 1 and 2, respectively. In the case 
of silicon, the inelastically scattered protons 
leaving Si?’ (natural isotope abundance 4.68%) 
in the first excited state, were observed with 
low intensities and separated well from those 
of Si#®. Thus the inelastically scattered pro- 
tons from Si’ would not disturb the measure- 
ment of the angular distributions of protons 
corresponding to the level of 1.78 Mev of 5i’°. 
In the case of sulphur, the number of protons 
elastically scattered from nitrogen and oxygen 
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Fig. 2. The pulse height spectrum for protons 
scattered from sulphur at the scattering angle 
of 164°30’ with the incident energy of 5.45 Mev. 
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(present as the contaminants) was small com4| 
pared with that from sulphur, and their in4| 
tensity was about 2% of that of oro 
elastically scattered from sulphur. The proof 
tons which excited the first level of S** (thes 
isotope abundance 4.22%) were not separate 
from these corresponding to the level of 2.244 
Mev of S%. The errors in the determinations; 
of the differential cross sections for the in- 
elastic scattering of protons by S* would,, 
however, be small since the isotope abundance: 
of S*4 is very low. t 

The angular distributions of elastically scat- 
tered protons by silicon and sulphur ‘at vari- 
ous bombarding energies are illustrated in 
Figs. 3 and 4. Although the atomic numbers 
of target nuclei are now somewhat greater’ 
than that of neon studied in previous work,, 
the curves in these figures show rather re-- 
markable variations with the incident energy’ 
as in the case of neon. The resonance like} 
anomaly found in the case of elastic scatter- - 
ing by silicon corresponds especially well te) 
that found for the inelastic scattering. The: 
discussions for these relations will be given || 
later. 


The observed angular distributions of the | 
scattered protons which leave the nuclei Si%8 i 
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Fig. 3. The angular distributions of protons elastically scattered from silicon 
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[ in their 1.78 Mev levels, and S® in the 2.24 
_ Mev level are shown in Figs. 5 and 6, respec- 
tively. 

[ The angular distributions of inelastically 
scattered protons by Si’® show nearly sym- 
“metric about 90° for any bombarding energy. 
A resonance like anomaly is found at the 
- energy of 5.45 Mev in the case of Si?®. These 


a) cm mb/Sterad 


S 


Seon ol alieeiiliemanalieal aL isin 


30 60 90 \20 50 80 
Ocm 


Fig. 4. The angular distributions of protons elas- 
tically scattered from sulphur. The curve indi- 
cations of corresponding energies are given in 
Migs 3: 
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Fig. 5. The angular distributions of protons in- 
elastically scattered from Si?®(Q=~1.78 Mey). 
The curve indications of corresponding energies 
are given in Fig. 3. 
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results agree with those obtained by Yamabe, 
et al.” in our laboratory in general features, 
except that our absolute values of cross sec- 
tions are usually smaller than their values by 
about 10%. Both results are compatible in 
the position of the anomaly, the shapes of 
the angular distributions at corresponding 
energies and the feature of variation of cross 
sections with energy. It is possible that the 
discrepancy between these results might have 
been risen from the difference in bombarding 
energies, because the only little variation of 
the incident energy produce generally appreci- 


able change in absolute cross section near 
the resonance. 


S*(p,p')S** 


Q=-224Mev 
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Fig. 6. The angular distributions of protons in- 
elastically scattered from S?2(Q=—2.24 Mev). 
The curve indications of corresponding energies 
are given in Fig. 3. 


The angular distributions of inelastically 
scattered protons from S*?, on the other hand, 
show relatively larger asymmetry about 90° 
than those of neon and silicon, and are sensi- 
tive to the incident energy in the region from 
4.95 to 5.45Mev. The lack of the data of 
differential cross sections for the inelastic 
scattering in each nucleus at 40° in the labo- 
ratory system arises from the fact that the 
both proton groups from the H(p, p)H scat- 
terring and the inelastic scattering overlap 
with each other. The differential proton- 
proton scattering cross sections were measured 
at 40°, 50° and 60° in the center of mass 
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system simultaneously with the inelastic scat- 
tering cross sections and are used to normal- 
ize the absolute values for elastic and inelastic 
scattering cross sections of these nuclei. In 
the case of inelastic scatterings, the main 
uncertainty in the final values of the cross 
sections is due to the subtraction of the back- 
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Fig. 7. The energy dependence of total cross 
sections and relative y-ray yield for the reaction 
Si8(p, p’) Si28*(Q= —1.78 Mev). 
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Fig. 8. The energy dependence of total cross 
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ground. The relative error of cross sections | 
is generally about 5% for elastic and inelastic | 
scattering and about 10% for forward angles } 
for inelastic scattering. For the absolute cross | 


sections, the over all errors do not exceed 
+104. 


The energy dependences of total cross sec- | 


tions for inelastic scatterings from Si’* and 


S22 are shown in Figs. 7 and 8. Okada et al. | 
in our laboratory have measured the excita- 


tion curves of gamma radiations resulting 


from the inelastic scatterings at 90° with re-_ 


spect to the proton beam”. Resonances 
were found at 2.9, 3.5, 4.4, 5.0 and 5.4 Mev 
for silicon and at 4.8, 5.1, 5.3 and 5.6 Mev 
for sulphur. Their result 
in, Figs 7. 


§3. Discussion 


As have been stated, the observed angular 
distributions of inelastically scattered protons 
show large variations for small changes in 
bombarding energy. It would therefore be 
difficult to consider that the excitations are 
induced only through one of the direct pro- 


cesses which would not be so sensitive to the | 


incident energy. 

As will be stated below, however, it is easy 
to consider that the observed reactions are 
performed mainly through the formation of 
compound nucleus and its subsequent decay. 
Let both the continuum and statistical as- 
sumptions about the compound nucleus be 
violated in the experimental condition, then 
only a small number of compound nucleus 
levels concern with the reactions and the 
angular distributions would be expected to 
show a marked energy dependence. In our 
case, both assumptions would not be valid, 
since the compound nucleus P2° and Cl? have 
relatively low excitation energies of ~8 and 
7 Mey respectively. On the basis of the ex- 
perimental results obtained at lower energies®, 
the mean level spacing which is expected to 
hold in these energy regions seems to be 
about 200 kev and is probably larger than the 
beem energy spread. Therefore the angular 
distributions of the scattered protons resulting 
from the excitation of the particular level in 
compound nucleus would be expected to 
change their shape with proton energies. 
Now, the results for inelastic scattering 
represented in Figs. 5 and 6 and also those 


is also illustrated | 
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for elastic scattering shown in Figs. 3 and 4 
show fairly marked variations with bombard- 
ing energy and suggest that the compound 
nucleus formations play predominant roles. 
For the case of silicon, C. Hu and others 
have observed further the angular distribu- 
tions of the inelastically scattered protons at 
higher incident energies of 8.0, 11.0 and 14.0 
Mev”. The inelastic angular distributions by 
silicon were also studied at 7.97, 8.55, 8.96, 
9.28 and 9.45 Mev by Greenless et al. and 
at 12.0 Mev by Conzett'. Fused quartz (SiO») 
was used as a target for these experiments. 
These distributions also change their shapes 
rapidly with proton energies. All these fea- 
tures seem thus to support that our reactions 
proceed mainly through the compound nucleus 
formations. The departures from 90° sym- 
metry in the angular distributions would be 
caused by the interferences of the outgoing 
waves with different parities, although some 
parts of the asymmetry might be caused by 
the direct interaction process. 

Here we discuss our present results in de- 
tails. From the observed angular distribution 
of 1.78Mev gamma rays from Si*® at the 
resonance energy of 5.4 Mev, Okada et al. 
assigned the spin and parity of the compound 
nucleus level of P?® at the excitation energy 
of 7.9Mev as 5/2(+). Our experimental re- 
sults seem also to support this assignment. 
First, the total cross section illustrated in 
Fig. 7 is about 400 mb at 5.4 Mev resonance. 
The magnitude is nearly in the limit of the 
maximum cross section 3z/k? which is allowed 
by the theory assuming the reaction through 
single level. Next, we can reproduce the 
shape of the angular distributions at 5.45 Mev 
well postulating that the reaction proceeds 
through the compound nuclear state which 
has the assignment as above and decays to 
the final system of the channel spins S’= 
3/2(/ =2) and 5/2(/’=0,2) being mixed ade- 
quately. Here / is the orbital angular mo- 
mentum of outgoing protons. 

The total cross sections for the inelastic 
scattering by S* illustrated in Fig. 8 show 
that there are at least two resonances, one 
near 5.15 Mev and the other near 5.35 Mev, 
both of which have the width of about 100 
kev. We suppose that the compound nucleus 
formation plays main role also in this case. 
We do not discuss here, however, the details 
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of the possibilities for the theoretical inter- 
pretation of our experimental results of in- 
elastic scattering, because other experimental 
knowledges about the nature of the compound 
states are not enough. 

In order to investigate the results for the 
elastic scattering, we rearranged the data 
shown in Figs. 3 and 4 into the form of ex- 
citation curves at various scattering angles. 
Although we cannot find out any peculiar 
feature in the curves for sulphur thus obtain- 
ed, we can find two anomalies in the case of 
silicon. Namely we find the one at 5.05 Mev, 
which is especially evident at angles 0 = 100°. 
It is worth while to note that in Fig. 7 one 
can observe an inelastic scattering anomaly 
at this point of energy. We can find another 
elastic scattering anomaly near 5.4 Mev only 
at the backward scattering angles @~160°. 
Although we observe an extremely sharp 
resonance behavior of inelastic scattering at 
this point of energy, we can find correspond- 
ing elastic scattering anomaly at only ex- 
tremely backward angles. 

These facts show somewhat complicated 
features of the conditions of the experiment 
studied with a beam of medium resolution as 
in our case. It seems that, beside the peculiar 
resonance levels recognized well in our ex- 
periments, there may be a certain number of 
levels which do not show marked resonance 
behaviors. Thus, except at the special reso- 
nance points of energy, our results would 
contain the contributions from those unresolved 
levels which are overlapping or neighboring 
to each other. These features will probably 
affect the variation of scattering phenomena 
with the change of incident energy, and fur- 
ther will stand for the relatively small asym- 
metries about 90° found in the results for the 
angular distribution of inelastically scattered 
protons. 
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Angular distributions of protons corresponding to the ground state 
transition from the reaction @C(a, p)©N have been measured at twelve 
energies of alpha particles between 25 and 39 MeV. Each angular distri- 
bution shows pronounced diffraction-like patterns, but there exists ap- 
parently a systematic shift in the shape and magnitude of angular 


distributions as the energy changes. 


At lower energies a sharp rise in 


the backward angles is observed, while at higher energies it is not 


observed. 


Angular distributions of protons corresponding to some excited state 
transitions have also been measured at 34.6 MeV. 


Introduction 


§1. 

Recently, angular distributions of the pro- 
ton group (Po) corresponding to the ground 
state transition of the reaction “C(a, p)*N 
have been measured by R. Sherr and M. 
Rickey? at alpha particle energies of 30.5 
MeV and 40.5 MeV, by C. E. Hunting and N. 
S. Wall” at 30.5 MeV, and by S. Yamabe, M. 
Kondo and T. Yamazaki® at 22.0MeV. S. T. 
Butler» explained the result of C. E. Hunting 
and N.S. Wall as a typical evidence of direct 
interaction mechanism. This model, essen- 
tially like that of N. Austern, S. T. Butler 
and H. McManus”, predicts that the differ- 
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ential cross section in the reaction X(a, p)Y 
is 


doldo o<(S, j(QRPFO) 


where /h is the orbital angular momentum 
transferred to the nucleus, Q the momentum 
transferred to the nucleus, R the nuclear 
radius, and j(QR) is the spherical Bessel 
function of order 7. Selection rules concern- 
ing the allowed /’s are 


[JJ rE el mine Jetje +i 


where Jx, Jr,i are, respectively, the spins of 
the target nucleus, of the residual nucleus 
and of the emitted proton. 

All these angular distributions show sharp 
diffraction-like patterns, but they are quite 
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different in shape at different energies. 

In order to study the reaction mechanism 
we have made the measurements of angular 
distributions of this reaction at alpha particle 
energies between 25.0 and 38.6 MeV. We 
have also made measurements of angular 
distributions of proton groups Piz, P3 and Piss 
corresponding to the transitions leaving the 
residual N nucleus at 5.28- and 5.31 MeV 
(Piz), 6.33 MeV (P3), and 7.16-, 7.31- and 7.58 
MeV (Pass) at Ea=34.6 MeV. 


§2. Experimental Procedure 


At the Institute for Nuclear Study, Univer- 
sity of Tokyo (I.N.S.J.), a 160cm cyclotron” 
is now available for research. This cyclotron 
can be used in two ways, either as a fixed 
frequency (F-F) cyclotron or as a frequency 
modulated (F—M) cyclotron, by changing the 
oscillator-dee system. Moreover, when used 
as a F-F cyclotron one of the main advan- 
tages of this cyclotron is that it is of variable 
energy type; one can obtain beams of protons 
between 8 and 14MeV, of deuterons between 
13 and 21 MeV, and of alpha particles between 
27 and 43MeV. This machine is thus par- 
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ticularly suited for the investigations of the 
change of angular distributions as functions 
of bombarding energies. 

Fig. 1 is a schematic diagram of the ex- 
perimental arrangement. The general experi- 
mental methods are already described by K. 
Kikuchi, S. Kobayashi and K. Matsuda”. 

The alpha particle beam produced by the 
cyclotron was brought into a scattering cham- 
ber of 100cm in diameter, after passing 
through a pair of quadrupole magnets and a 
sector-type focussing magnet, and through a 
concrete shield. The beam was collected in 
Faraday cup after passing through the target 
located at the centre of this chamber. 

A system of beam collimating slits 5mm in 
diameter, was inserted in front of the scat- 
tering chamber, and the intensity of the 
beam at the Faraday cup was about 0.1 uA. 
The beam energy spread was estimated to be 
within about 0.5% at the target. 

For the experiments at Ex1<27 MeV, alumi- 
nium absorbers were inserted before the beam 
collimator. At Ea=25 MeV the beam intensity 
was one order of magnitude less than that 
without absorbers. 


Measuring Room 


. 1. Cyclotron and scattering chamber system. 


Pe Bumps 

Q: Quadrupole magnets 
C: Concrete shield 
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(i) Experiments at Exz=34.6 MeV 

At first (in spring, 1958) we measured the 
spectra and angular distributions of protons 
from this reaction at Ee=34.6 MeV as a 
“Test Experiment ” of our cyclotron. At that 
time the protons emerging from the target 
were detected by a telescope of a proportional 
counter and a Nal(T1)-scintillation counter set 
on the turn table in the scattering chamber. 
By inserting aluminium absorbers of suitable 
thickness between the target and the pro- 
portional counter, we could make all the out- 
going alpha particles stop in the absorbers, 
while protons lost little energy. 

The proportional counter contained about 
30cmHg of Argon-CO, mixture (5% COs). 
This counter was used to suppress the gam- 
ma-ray background especially in the backward 
angles. In front of the proportional counter 
a brass circular aperture of 8mm in diameter 
was inserted to define the solid angle accepted 
by the counter system (order of 10-¢ ster- 
adians). 

After passing through the proportional 
counter, protons stopped in the NalI(TI) cry- 
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stal of 5mm thick followed by a RCA 6342 
photomultiplier. The energy resolution was 
about 3% (full width at half maximum). || 
Signal pulses were sent, through a cathode- | 
follower, to the counting room about 50 meters | 
apart from the measuring room where the } 
scattering chamber was set. And after being > 
amplified by a linear amplifier they were fed | 
into a 10-channel pulse height analyzer. This 
analyzer was gated by the pulses from the 
proportional counter, biased adequately in 
to separate protons from gamma-ray back- | 
ground. 

We took the data with and without the 
proportional counter and found that as long 
as the ground state group (Po) was concerned, © 
it was sufficient to make the measurements 
without the proportional counter even at the — 
largest angle (165°) by choosing the crystal 
as thin as possible. 

As the target, we used a polystyrene film 
of 10 microns in nominal thickness* (measured 
thickness 2.94-3.11 mg/cm?). But, because of 
the large cross sections of a—p scattering, a 
great number of recoil protons produced by 


Fig. 2. Cross sectional view of the scattering chamber. 


C: Collimation system 
T: Turn table 


H: Target holding system 
F: Faraday cup 
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the hydrogen atoms contained in the target 
masked the proton groups from the reaction 
2C(a, p)»N at forward angles. And there 
often happened pile-up of pulses in the am- 
plifier and we were unable to measure the 
complete angular distributions even for the 
ground state group (Py). 

For the above reason, we used a soot target 
at small angles. About 0.5 mg/cm? of soots 
of benzene on a gold foil of 1 micron thick 
was used. But because of the difficulties in 
preparing homogeneous soot target, it was 
used only for measurements of relative values 
on differential cross sections. 


(i) Experiments at other energies 

The main purpose of our present experi- 
ments was to investigate the change of angular 
distributions of the ground state proton group 
(Po) with the alpha particle energy. For this 
aim, it was of interest to make measurements 
at extremely small and large angles, so we 
made use of small photomultipliers Du Mont 
6467. Two Nal(TI) scintillation counters mak- 
ing an angle of 180° from each other were 
placed on the turn table in the scattering 
chamber. The dimensions of the “ forward ” 
crystal were 2cmx2cmx0.5cm, and those 
of the “ backward” crystal were 2cmx2cm 
x0.3cm. The energy resolution (full width 
at half maximum) was about 5%. We chose 
the above photomultipliers at the sacrifice of 
the resolution, because of their small dimen- 
sions. 

Thus we could take data at two angles at 
the same time ranging from 11° to 169°. 
Electronic circuits were essentially the same 
as in (i), except that 20-channel pulse height 
analysers were used in place of a 10-channel 
analyser. 

The angle between the beam and the target 
was 45°, and the “forward” counter observed 
the “transmitted” particles and the “ back- 
ward” counter the “reflected” ones. The 
schematic arrangement in the scattering 
chamber is shown in Fig. 2. The absolute 
values of the differential cross sections meas- 
ured at 90° by both counters agreed very 
well in almost all the cases. 

The beam current was measured by the 
Faraday cup and a beam current integrator, 
and furthermore monitored by a CslI(TI) 
scintillation counter located at one of the side 
windows of the scattering chamber making 
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an angle of 30° from the beam direction. 

For the reason described in (i), we were 
obliged to prepare self supporting carbon tar- 
gets by the following method®; we coated a 
glass plate by vinyl acetate dissolved in cyclo- 
hexanone*. After the evaporation of the sol- 
vent, we sprayed colloidal carbon onto this 
film. Carbon dispersion in water, “ Hitasol ” 
AF-1**, was particularly suitable for this 
purpose as it contained much less elements 
other than carbon (99.8% carbon) compared 
with ordinary carbon dispersion. We diluted 
this dispersion with water and sprayed it 
under a pressure of about 5 kg/cm?. 

After the sprayed carbon was dryed, the 
glass plate was immersed in a bath of cyclo- 
hexanone. As the vinyl acetate dissolved in 
cyclohexanone, a film of carbon peeled off 
from the glass plate and we scooped it on a 
target frame. After washing the carbon film 
in fresh cyclohexanone and drying it, we de- 
composed volatile substances, such as organic 
compounds and ammonia remained in colloidal 
carbon, by heating it over 500°C in vacuum. 

By this method we could obtain a very 
homogeneous carbon foil of 2.37 mg/cm? which 
was used in the present experiments. With 
this carbon target we yet observed recoil 
protons in the forward angles, but its number 
was far smaller than in the case of polystyrene 
target and there were no such troubles as 
described in (i). 

The errors indicated in the figures of angu- 
lar distributions (Figs. 7) include those from 
two sources, the one being the errors in the 
estimation of background subtraction and the 
other the statistical one. 

As the ground state proton group was far 
apart from the first and second excited state 
group, the background subtraction was gener- 
ally easy and clear-cut except for extreme 
forward and backward angles where it hap- 
pened more or less ambiguities in determing 
the background level under the peak. A 
smooth curve, generally a straight line, was 
drawn through the minima or through the 
extrapolated background level on both sides 
of the peak. But the errors from this source 


* Other organic solutions like polystyrene in 
benzene or collodion in amyl acetate were also 


suitable. 
** Purchased from Hitachi Chemical Industry Co. 


Ltd. 
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were estimated to be between 1 to 3% at 
most and were far smaller than those from 
the statistical source. 

As the cross sections of (a, p) reactions are 
generally small it was difficult to reduce the 
statistical errors, and they lay between 3 to 
10%. 

The estimated errors in the determination 
of mean target thickness were about 1%, 
arising chiefly from the measurements of 
target areas for both polystyrene and carbon 
foil targets. The errors estimated in the 
beam current integration were about 1%, and 
in the detector solid angles were 1%. Con- 
sidering the inhomogeneities which may exist 
in the target, the absolute values of the dif- 
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Fig. 3. Histogram of protons from a polystyre 
target. MWa=34.6 MeV Oian=50°. 
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ferential cross sections indicated in the coordi- 
nates may have errors of about 20%. 


§3. Results and Discussions 


(i) Experiments at Ea=34.6 MeV 

Figs. 3 and 4 show typical histograms taken 
at Qiap=50° and Gap=40° at Ha=34.6 MeV 
(Lab.) with a polystyrene target. At extreme 
forward angles (@jap< 40°) a very strong pro- 
ton group corresponding to recoil protons from 
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Fig. 5. Angular distribution of ground state pro- 
ton group (Po) at Ha=34.6 MeV. Calculated an- 
gular distributions are also shown for com- 
parison. 
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Fig. 6. Angular distribution of Pio, Rae Pace 
groups at Mg=—34.6 Mey. 
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the (CH), target masked the excited state 
groups Piz, Ps and Pase. 

The soot target with Au backing used for 
small angles might have poor homogeneity, 
so the data were taken only to obtain relative 
cross sections and weve normalized to the 
data taken at same angles with polystyrene 
target. At small angles, even with this soot 
target the recoil protons due to the water 
vapour adsorbed at the surface of target pre- 
vented the measurements of proton groups 
corresponding to higher excitations. More- 
over, the Ps group was so weak compared 
with either Piz or Passe groups, that it was 
quite difficult to obtain a complete angular 
distributions of this Ps; group. Fig. 5 shows 
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Fig. 7a. Change of angular distributions of 
‘ground state proton group Py between 25 and 
26 MeV. 
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the angular distribution of Pp group and Fig. 
6 shows those of Piz, Ps and Piss groups at 
Eu=34.6 MeV. 
(ii) Experiments at other energies 

As the groups corresponding to higher ex- 
citations were difficult to be investigated in 
the circumstances stated above, we decided 
to investigate the change of angular distri- 
butions of ground state group Po as functions 
of bombarding energies using the self sup- 
porting carbon target mentioned in § 2. (ii). 

We collected the angular distributions ob- 
tained at twelve bombarding energies in Fig. 
7. The three dimensional view of do/dw as 
functions of FE and @ is shown in Fig. 8. 
Figs. 7, 8 include the results at H2=34.6 MeV 
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Fig. 7b. Change of angular distribution of ground 
state proton group Pp between 27 and 31 MeV. 
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with polystyrene and soot targets. They are 
consistent with the results obtained with the 
carbon target, though the absolute values of 
the former are a little less. Present results 
are in reasonable agreement with those of R. 
Sherr and M. Rickey” and of C. E. Hunting 
and N. S. Wall® at neighbouring energies. 

There are several remarkable features is 
the shape and magnitude of angular distri- 
butions. 

(1) In the energy region between 25 and 
26 MeV (Fig. 7a), angular distributions have 
two peaks and three valleys and there appear 
remarkable rises in the backward angles. 
These data were obtained, as mentioned above, 
by reducing the energies of alpha particles by 
introducing absorbers, and unfortunately we 
were unable to obtain beams of enough in- 
tensity with energies below 25 MeV. The 
preliminary results obtained by Osaka Univer- 
sity group® at Ea=22 MeV hold qualitatively 
the features of those at 25MeV; at 22 MeV 
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Fig. 7c. Change of angular distribution of ground 
state proton group Pp between 33 and 39 MeV. 
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the second peak approaches to the first one 
and the former becomes smaller than the 
latter. 

(2) In the energy region between 27 and 31 
MeV (Fig. 7b), there appear three peaks and 
four valleys and their positions and magni- 
tudes change systematically with energies. 
Particularly, the greater the beam energy 
becomes, the less the rise in the backward 
angles and the greater the rise in the forward 
angles. 

(3) In the energy region between 33 and 39 
MeV (Fig. 7c), there appears little rise of 
cross sections in the backward angles. The 
shapes of all these angular distributions res- 
semble one another, the positions of peaks and 
valleys differ little, and the cross sactions 
become smaller as the beam energies become 
higher. 

(4) In Fig. 9, the differential cross sections 
at fixed laboratory angles are shown as func- 
tions of alpha particle energies. They show 
some resonance-like peaks and valleys, but 
this fact is considered to come from the 
changes of angular distributions with alpha 
particle energies and not necessarily from 
compound nucleus formation. In Fig. 10, the 
total cross section of Po group, o:, integrated 
from the angular distributions is shown as a 
function of alpha particle energies. The rela- 
tive errors are estimated to be not greater 
than 10%, and it is sure that o; shows only 
a monotonously decreasing function of ener- 
gies. 

Detailed analyses have not yet been done, 
but we might conclude at least that any 
simple model of nuclear reaction is not suf- 
ficient to explain all our results. Concerning 
only to the angular region 0@¢.m.<130°, one 
might say that the reaction proceeds by either 
knock-on or stripping mechanism, as was de- 
scribed by S. T. Butler. But calculations 
by this model cannot fit the data very well 
at Euw=34.6 MeV as is shown in Fig. 5, calcu- 
lated values of [71(QR)? for two nuclear radii 
R=5.58 x 10-18 cm and 3.67 x 10" em normaliz- 
ed to the experimental value at the first max- 
imum. Each first minimum calculated is too 
deep to fit the observed data. The second 
minimum and the second maximum are rather 
better fitted by R=3.67x10-%cm than by 
R=5.58x10-% cm, But the former value is 
too small as compared with the value gene- 


Angular Distributions of Protons 1267 


25 


2.0 


(mb /sterad) 


do 
dw 


38 


1g0° 


Fig. 8. (dc/dw)em. as functions of Hy and Oem. 
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data in the backward region neither at Eua= 25 and 31MeV might remind us some sort of 
34.6 MeV nor at Ea=30.5 MeV. heavy particle stripping suggested by G. E. 


Owen and L. Madansky®. But this model 


2.0 alone might not explain all the angular distri- 
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plained by mixing the knock-on, stripping, 
heavy particle stripping and perhaps compound 
nucleus formation. Tne method of analyses 
used by G. F. Pieper and N. P. Heydenburg’” 
for the reaction F(a, p)*Ne at Ha=6 MeV 
may be helpful, and also the idea of semi- 
classical treatment of direct reactions by S. 
T. Butler et al.‘ may be useful. 

At any rate, it is dangerous to ascribe the 
reaction mechanism to any model from an 
angular distribution obtained at a single ener- 
gy and with a particular target. The ac- 
cumulated data obtained here might be help- 
ful to deduce something about the mechanism 
of the reaction "C(a, p)N. 
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Excitation Functions for (p,n) Reactions with Titanium, Vanadium, 
Chromium, iron and Nickel up to Ep==14 MeV 


By Shigeo TANAKA and Michiaki FURUKAWA 
Institute for Nuclear Study, University of Tokyo, Tanashi, Tokyo 
(Received June 20, 1959) 


The absolute (p, 2) cross sections on Tit?, Tit8, V1, Cro2, Fes, Fes7, 
Ni®l and Ni®t were measured by the activation method at proton energies 
up to 14 MeV. The experimental results were compared with the predic- 
tions based on statistical model in terms of o(p, ”)/otota1, and it was 
shown that the predictions based on this simple model are not necessarily 
in disagreement with the experiments. 


Introduction 


§1. 


The (p,7) cross sections were extensively 
measured by the Zurich group for the ener- 
gies from the threshold of the (p,m) reaction 
to 6.7 MeV»? According to Shapiro’s cal- 
culation”, agreement of the experimental 
values with the statistical theory was good 
for most nuclei so far as energy dependence 
was concerned. But the agreement was not 
always close and the assumption of a large 
variety of nuclear radii was necessary even 
for the nuclei of the same atomic number. 
Recently, Howe® extended the results of the 
Zurich group with copper and zinc into the 
energy region above the Coulomb barrier and 
confirmed that this variation, as far as com- 
pound model was assumed, is identified with 
the variation of the relative probability that 
the compound nucleus decays by neutron emis- 
sion. He also suggested, as an alternative 
explanation, a picture of nuclear reactions in 
which a large fraction of events consist of 
direct proton-nucleon collisions at these low 
energies. 

During the last several years, a growing 
number of experiments have thrown doubt 
on the validity of some of the assumptions 
and models on which the statistical theory of 
nuclear reaction is based?*®. However, it is 
obvious that quantitatively in this energy 
region the direct interactions are always 
relatively less important in comparison with 
the more probable statistical reaction!? 14. 

Since few data!”18) are available on the 
(p, n) cross section above 6.7 MeV, the excita- 
tion function measurements at higher energy 
region would give light on a more conclusive 
test for the validity of the statistical model 
of nuclear reaction. 


§2. Experiments 


The measurements of excitation functions 
were made for the (pf, 2) reactions of nuclides 
TES, AMES We, (Cee ISLE Tee INGE a uayel INE: 
for the proton energies up to about 14.MeV, 
above the thresholds of the competing reac- 
tions, (p, pn), (p, 2), etc. The target foils 
of natural isotopic abundance were activated 
with monoenergetic proton beams from 63-inch 
INS (Tokyo) cyclotron. All the bombard- 
ments were performed with extremely mono- 
chromatized external beams which were 
focussed by the quadrapole magnet and 
collimated successively by the narrow carbon 
slits only enough to obtain currents not less 
than about 0.54A. The titanium, the iron 
and the nickel targets were rolled metal 
foils about 2 to 5mg/cm? thick. The chro- 
mium targets were prepared by electro- 
deposition from bichromate solution onto thin 
copper plate, followed by dissolution of copper 
backing with nitric acid. The vanadium 
targets were prepared by spattering slurries 
of vanadium pentoxide in clear lacquer onto 
thin aluminum foils of known thickness. The 
3cmx3cm foils were used for the cyclotron 
bombardment when the section of the beam 
was about 0.5cm?. The foils were large 
enough to intercept all the protons including 
the scattered protons. The beam was col- 
lected by a Faraday cup. The signal from 
the cup was led to a 100% feedback type 
beam current integrator. 

When it was difficult to distinguish the 
activity due to a (p,m) reaction from the 
interfering activities by means of a counting 
technique, chemical separation was performed. 

For each target nucleus two kinds of cross 
section were measured: absolute (p,m) cross 
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section measured with about 10 MeV protons 
which gave no second particle emission and 
relative cross section over the whole range of 
energies up to 14MeV. 

The absolute values of the cross sections were 


calculated from the formula o=——— 


where Ao/A is the number of reaction pro- 
duct in the foil with A; nuclei per area 
S by N protons. A/S was calculated from 
the measured weight and area of the foil, 
Ao/A from the decay constant 42 and the 
measured disintegration rate corrected for 
decay and N from the charge collected by 
the Faraday cup. 

Table I lists the half-life and the probability 
of 8+ and 8 emission for the (pf, ) reaction 
product used in the cross section calculation. 
These were obtained from the compilation of 
Seaborg et el’. and from the newer nuclear 
data in literature. 

Energy dependence of the cross sections 
was measured by using the stacked-foil 
technique in which several target foils were 
interspaced with aluminum absorbers. In the 
most case of the bombardments, initial proton 
energies of 10 and 14MeV were used. The 
energies of protons just entering and leaving 
each target foil were determined by calculat- 
ing the energy loss in each foil in the stack. 
The energy loss in the aluminum absorber 
was calculated from the range-energy curve 
of Aron et al., and the dE/dx value in the 
other target foils was calculated in each case 
from the stopping power formula of Bethe 
et al. ‘The calculation leads to error onlv 
through the use of estimated mean excitation 
potential, J, in the stopping power formula 
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and it can be shown that the error will be 
small over the range of proton energies used 
in this experiment for a variety of J. 

The counting procedures were as follows. 1 

Titanium targets: The disintegration rate || 
of 16d-V4® was determined by a gamma- | 
gamma coincidence counting after short-lived 
interfering activities had decayed. The re- 
lative yields of V‘® were obtained by counting 
with an Nal scintillation counter set to count 
gamma rays above 0.6MeV. Analysis of 
decay curves of 0.51MeV gamma rays from 
positron annihilation gave the V*7/V‘*8 ratios 
after subtraction of Compton tails from more 
energetic gamma rays. The yields of 31 m- 
V*" were given by applying these V‘47/V* 
ratios to the absolute yields of V*. 

Vanadium targets: Relative yields of 28d- 
Cr>} were given by counting with an Nal 
scintillation counter. To obtain the absolute 
yield of Cr°!, a source in a small volume was 
prepared from one of the targets and counted 
with an Nal scintillation counter in a defined 
geometry. The disintegration rate of Cr 
was thus determined by counting the photo- 
peak from 0.32 MeV gamma ray. 

Chromium targets: The Mn?™/Mn*? ratios 
were given by analyzing decay curves of 1.45 
MeV gamma ray from 21 m-Mn®” and _ 5.7d- 
Mn”. The disintegration rate of Mn*? was 
obtained by a gamma-gamma_ coincidence 
after short-lived activities had decayed. The 
relative yields of Mn were obtained by 
counting gamma rays above 0.6 MeV with an 
Nal scintillation counter. 

Iron targets: After chemical separation, 
the cobalt fraction was made to a constant 
volume and a small portion was taken onto 


Table I. 

Reaction Abundance in target Half-life of product aa iN ue 
Titt(p, n)V7 7.28% 31m 97% 
Ti8(p, n)V48 73.9 16.2d 57 
V51(p, n)Cr51 99.8 27.8d 9*(0.32 MeV 7) 
Cr2(p, n)Mns2m 83.8 21m 99 
Crp, n)Mn® 83.8 Ditech 33 
Fes(p, n)Co%6 91.7 77a 20 
Feo"(p, n)Co® 2.19 270d 100*(0.13 MeV 7) 
Ni®l(p, n)Cust 1.19 Snort 66 
Ni®4(p, n)Cue 1.08 12.8h 57 


* Relative intensity of gamma radiation. 
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a gold-spattered polyvinyl acetate film 507/cm? 
thick. After the source was dried in air, it 
was counted with a 4z methane proportional 


counter. The correction for the absorption 
1000 
900 
Ere Tiag (p,n) yi7 
800 
oe TI (py oN 
700 
600 
red 
&S 500 
E 400 
© 
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3 6 9 12 15 
Ep (MeV) 
Fig. 1. The excitation functions for the reactions 


Tit (p, n)V“ and Ti(p, n)V*. 
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Fig. 2. The excitation function for the reaction 
Vp, n)Cr®1, 
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loss in the foil was made. The relative yields 
of Co were obtained by counting with an 
Nal scintillation counter set to count gamma 
rays above 0.6MeV. The absolute yields of 
Co” were given by counting photo-peaks of 
the 0.13 MeV gamma rays in a well type Nal 
scintillation counter after subtraction of Com- 
pton tails from more energetic gamma rays. 

Nickel targets: All the targets were chemi- 
cally separated by means of anion exchange 
resin. Known portions of the copper fractions 
were evaporated to driness in counting dishes. 
These samples were counted with an end- 
window type Geiger Miller counter. The 
decay was followed for about 100 hours. 
Analysis of curves gave the Cu®/Cu® ratios 
after corrections for backscattering and ab- 
sorption by air and the counter window. The 
disintegration rate of 12.8h-Cu® was deter- 
mined in the 4z beta proportional counter. 
The absolute yields of Cu®! were obtained 
from these Cu®!/Cu% ratios and the disintegra- 
tion rate of Cu®. 


§3. Results and Discussion 


The absolute cross sections of the reactions 
studied are plotted as a function of the proton 
energy in Figures 1 to 5. 


1000, 


900 Cr? (p, n) Mno2(*9) 


800 


© (p,n) milli barns 
§ 
(e) 


Ep (MeV) 


Fig. 3. The excitation function for the reaction 
Cr52(p, n)Mnd2m+* 9), 
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The estimated standard error in the absolute 
cross sections, not including the uncertainty 
in the nuclear data, is shown in each figure. 
The curve in Figure 3 is the sum of om and 
Og. 

If the results of a measurement of the (p, 7) 
cross section were analyzed in the light of 
the statistical theory assuming that the (p, 7) 
cross section is the same as the total reaction 
cross section at this energy region, agreement 
with theory would be fairly good so far as 
energy dependence is concerned. Such an 
analysis, however, requires a large variation 
of assumed nuclear radii even from one 
isotope to another in a single element to fit 
the magnitude of cross section®®. It appears 
as if the same could be said for the present 
results. 


1000 


900 


800) 


© (p,n) milli barns 


200 


3 6 15 


9 \2 
Ep (Mev) 


Fig. 4. The excitation functions for the reactions 
Fe®(p, m)Co® and Fe’(p, 2)Co%”. 


As far as the statistical model is assumed 
to be applicable, this discrepancy may be 
mainly due to the assumption which neglects 
the proton emission. When the proton bind- 
ing energy of the compound nucleus is less 
than the neutron binding energy by a suf- 
ficient margin, it is obvious that the proton 
emission is not always negligible. This is 
especially the case when the fact is taken 
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into account that the level densities in the 
two different residual nuclei may not be the 
same for the same exitation energy. 

On this point of view, the full calculations | 
about the emission probabilities of all the H 
probable modes of decay of a compound 
nucleus were made as follows: 
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Fig. 5. The excitation functions for the reactions 
Ni®(p, 2)Cu®l and Ni®4(p, 2)Cu®. 


(a) The energy distribution of the emitted 
particle b is given by 


N,(€) d€=const. €o¢(€)w(E) dé . 


Here € is the channel energy and E the ex- 
citation energy of the residual nucleus cor- 
responding to the channel energy & Then 
E=Ev—Qe—&, where Eo is the excitation 
energy of the compound nucleus and Qe is 
the binding energy of the particle 6 to the 
compound nucleus. 

(b) oe is the capture cross section of evapo- 
rated particle on the residual nucleus and the 
values of o¢ were taken from Shapiro’s 
calculation® for charged particles and o-= 
7? for neutrons. (where the nuclear radii R 
is 7X A) Here, the nuclear potential was 
conventionally assumed to be a square well, 
and the barrier was assumed to be independ- 
ent of the excitation energy. 

(c) The level density » of the residual 
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nucleus is based on a Fermi degenerate gas 
model and is given by o(£)=c exp [2(aE)¥/*], 
in which a@ and c¢ are constants. It was as- 
sumed that @ is the same for all residual 
nuclei studied, and the value of a@ chosen was 
2, which is in agreement with many measure- 
ments of excitation functions with a-particles 
and with high-energy neutrons’. The de- 
pendence of the level density on the odd-even 
effect was taken into account on the basis of 


the work of Brown and Muirhead! 


ro=1.5x1O%cm 


6 8 10 \2 \4 
Ep (MeV) 


Fig. 6. The comparison of calculated and experi- 


mental values o(p, 2)/o- for Tit? and Tits. 


fo =1,5 x10%cm 


Fig. 7. The comparison of calculated and experi- 


mental values o(p, ”)/o¢ for V1, 


o-0/12~ a9 ~-0/5~oe-c/1 . 
(d) Above the separation energy ‘of a 


secondary proton emission y-ray de-excitation 
may be considered more intensive than the 
proton emission until the excitation energy is 
1~2 MeV above the separation energy owing 
to the Coulomb barrier. But unfortunately, 
the proper method for calculating y-ray de- 
excitation is uncertain. In this paper, y-ray 
de-excitation was allowed for by shifting the 


Cr°? (p, n) Mnd2(m+a) 


Foz 1.5 x10 3em 
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Fig. 8. The comparison of calculated and experi- 


mental values o(p, n)/o, for Cr. 
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Fig. 9. The comparison of calculated and experi- 


mental values o(p, ”)/o¢ for Fe® and Fe*. 
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threshold for the secondary proton emission 
2MeV upward. 

(e) The emission probability calculations are 
very sensitive to the values of the binding 
energies of various particles. These values 
were obtained from the compilation of Way 
et al’. and they agree with those from recent 
mass measurements. 

The experimental and theoretical values are 
compared through the values of o(p, ”)/cc. 
The solid curves in Figures 6 to 10 represent 
the calculated values of this quantity. The 
experimental points in Figures 6 to 10 are 
obtained from the observed (p,) cross sec- 
tions and the calculated total reaction cross 
section ¢¢. The total reaction cross secton dc 
depends sensitively on the parameter 70. 


fo=1.7 xIOcm 


 Ni®{p,n) Cue 


© Ni®'(p,n) Cue! 


6 8 10 \2 
Ep (MeV) 


Fig. 10. The comparison of calculated and ex- 
perimental values o(p, ”)/o¢ for Nis! and Ni®. 


Unfortunately, the same value of 7 could 
not be taken consistently for all comparisons. 
The value 7»=1.5x10-® cm was taken for all 
targets except for nickel, and 1.7x10-%cm 
had to be chosen for nickel to fit the large 
(p, m) cross section. 

It appears that the discrepancies between 
experimental and theoretical values do not 
exceed a factor of 1.5. This agreement, in 
view of the strong dependence of the calcula- 
tions on some of the assumptions enumerated 
above, can not be claimed to be very meaning- 
ful. But the prediction of the statistical 
theory is not necessarily in disagreement 
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with experiments. It may be profitable that, | 
to discuss the validity of statistical theory, a} 
review of some of the assumptions embodied | 
in the present calculation is taken into ac-} 
count. The assumption of a square well 
potential in (b) may not be proper. It has 
been pointed out by K. Kikuchi that the use # 
of an exponential diffuse potential is more 
preferable to calculate the evaporation process. | 
Besides, the assumption in (b) that the nuclear 
barrier is independent of excitation energy) 
may not be valid. An increase in penetration: 
with excitation would increase the emission 
of low-energy charged-particles. Indeed, it 
has been shown by Fulmer and Goodman?’ 
that the (pf, @) cross sections agree with the: 
assumption of a lowered Coulomb barrier for : 
the excited compound nucleus. 
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The mobility of electrons in »-Ge at an arbitrary field strength is cal- 
culated by assuming the distribution function f(p) in the form 


S(p)=A exp ( ie Ce) ; 


2nkT 


where JT is the electron temperature and po represents the uniform dis- 
placement of the electron distribution in the direction of the electric 
field. Two parameters 7’ and po are determined by the same way as 
Frohlich and Paranjape did. Interaction constants between electrons and 
acoustical- and optical-modes of vibration are determined from the tem- 
perature dependence of the zero-field mobility. At room temperatures 
it is found that the electron temperature is determined almost by optical- 
mode scattering at low fields, but that the energy loss of electrons due 
to acoustical-mode scattering cannot be neglected at very high fields. 
Consequently the current density versus electric field relation becomes 


much different from Shockley’s predictions. 


It seems that the agreement 


with the experimental results becomes more satisfactory. 


§1. Intreduction 

The temperature dependence of the lattice- 
scattering mobility in n-type germanium was 
found to be 7-1-8, This result is different 
from the theoretical prediction 7-1 which 
is derived by assuming that electrons are 
scattered by acoustical phonons”??. Harrison* 
attributed this discrepancy to the scattering 
of electrons by optical phonons. He estimat- 
ed the relative importance of acoustical-mode 
and optical-mode scattering by expanding the 
matrix elements for scattering in powers of 
the electron wave number and studying the 


first non-vanishing terms. He concluded that 
in n-type germanium the matrix elements for 
scattering by optical modes are large compar- 
ed to those for scattering by acoustical modes. 
Although the amplitude of optical modes are 
small, their contribution to the mobility must 
become comparable to that of acoustical modes 
at about 300°K (we assume a characteristic 
temperature of optical phonons is equal to 
it). 

It has been reported that at high electric 
field the current deviates from Ohm’s law 
and become proportional to the square root 
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of the field strength. Shockley» analyzed 
this current versus field relation theoretically, 
assuming that steady-state conditions are re- 
alized by the processes in which electrons lose 
their momentum and energy to acoustical 
vibrations. It has been remarked that his 
theory is not in agreement with experiments 
quantitatively. Yamashita and Watanabe” 
solved the Boltzmann equation by assuming 
the distribution function in the from 


f(p)=folb)+Pri(cos Afi(P) ; (1) 


where P,(cos @) is the Legendre polynomials 
of degree v, the polar axis being chosen in 
the direction of the electric field. But the 
quantitative discrepancy between theory and 
experiment was not explained. 

Sodha and Agrawal” calculated the low 
field mobility, taking optical modes into con- 
sideration. At low fields we can write the 
mobility w in the form 


w= po(l—vF?) ? (2) 


where yo is the zero-field mobility and F the 
field strength. If we consider the scattering 
by acoustical modes only, the theoretical 
magnitude of » becomes about a hundred 
times as large as the experimental value. 
Sodha and Agrawal concluded that their cal- 
culation could not remove this discrepancy. 
Yamashita® evaluated » also, taking account 
of the scattering by both acoustical and 
optical modes and solving the Boltzmann 
equation on the assumption (1). He showed 
that theoretical » was in agreement with the 
experimental one very nicely. 

At high fields the average energy of elec- 
trons increases and the mobility decreases 
since relaxation times are approximately in- 
versely proportional to the velocity of elec- 
trons. Under steady-state conditions, the dis- 
tribution function of electrons is so determin- 
ed that the rates of gain and loss of energy 
(or momentum) balance each other. If we 
consider the scattering by acoustical modes 
only, electrons become hot even in a weak 
field because the energy loss of electrons by 
the emission of acoustical phonons is small. 
On the contrary, the energy of optical phonons 
emitted by electrons is so large that the 
optical modes play an essential role in determ- 
ing the energy exchange between electrons 
and lattice vibrations except at very low tem- 
peratures, 
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The purpose of this paper is to remove 
the discrepancy between Shockley’s theory 
and experiments in the hot electron problem 
and to study the scattering mechanism of 
electrons by lattice vibrations in #-type germa- 
nium. To solve the Boltzmann equation we 
assume the distribution function in the form 


| p+Pol? 

Kp)=A exo( 2mkT ). ee 
supposing that the exchange of energy and 
momentum between electrons is so fast that 
they are in internal equilibrium. In (3) T is 
the temperature of electrons and po/m is their 
drift velocity. Estimating the contribution 
of optical modes to the mobility from the 
experimental zero-field mobility 0, we cal- 
culate the low field mobility, (2), and the 
mobility of hot electrons. In §3 it is shown 
that the rate of the energy loss of electrons 
is determined almost by the optical-mode 
scattering at room temperatures. But at very 
high fields (§5), where the average energy of 
electrons become high, it appears that one 
cannot neglect the acoustical-mode scattering 
since high energy electrons can emitt a high 
energy phonon. 


§2. The Boltzmann Equation 


When a static electric field F is in the z 

direction, the Boltzmann equation is 
OF cae f Oh, Je 

Ap yraniiersyiianie =U oe 
where (Of/Ot)z and (Of/Ot). are the rate of 
change of f due to collisions with phonons 
and between electrons, respectively. We as- 
sume that the energy of electrons E is a 
parabolic function of momentum p; E=p?/2m, 
m being the effective mass. 

Now we shall write the explicit from of 
(Of/ot)z. According to Harrison®, the matrix 
element of the perturbing potential H’ is of 
first order in powers of the phonon wave 
number (g/h) for scattering by acoustical 
modes, whereas for scattering by optical 
modes the zero order term remains non- 
vanishing. Thus we have 


LE ees er (5) 
2NoMhw, Ng+l1 
for acoustical-mode scattering, and 
aor eerie (6) 
2NMho \(no+1 


for optical-mode scattering, where gi/h is acoustical phonon 

equal to inverse atomic distance. C and C’ hig=Sq ; (7) 

are constants of the same order of magnitude. where s is the sound velocity. Then we have 
As usual, the energy of an optical phonon, for acoustical-mode and optical-mode scatter- 

hw, is assumed to be constant, while for an ing respectively 
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(2) = oe = gndl{f(p+qe*—f(p)}0(Epsqg—Ep—hw.) 
+{f(p—q)—f(p)e*}0(Ep-a—Ep+hor)] , (8) 

i ¥ = A ng = K f(p+q)e"—f(p)}0(Epsa— Ep—ho) 


+4(E){ f(p—q)—f(p)e"}6(Ep-a—Ep+ho)] , (9) 
where for simplicity we have used following notations: 


(B../qz)=(C?2/2NoMs), Bo=(Cqz?/2N.Mho), x=(sq/kTo), u=(hw/kT»), 
Ng=(e*—1)71, m=(eX—1), AE)=1 for E= ho 
0 for E<ho. 
To is the lattice temperature. 
In n-type germanium, similarly to other semiconductors, the energy of most electrons 
satisfies 
E < qv?/8m (10) 


even in hot electron states, where qn/h is the Debye cut off wave number. Accordingly the 
energy of acoustical phonons interacting with electrons is small enough to apply classical 
statistics; 
pes eat (11) 
Sq 


§3. The Low-Field Mobility 


We assume (3) and expand it in powers of po, which has only z-component in an isotropic 
case: 


f=hththth ; (12) 
where 
feaeo(—f). fbb. 


ie mete 1) fo, mee Ga 


A is determined by f= fo=N, where N is the number of conduction electrons. We 
need to consider terms f2 and fs to calculate » in (2), since fo is proportional to F in lowest 
order and po® to F% 

Following Frohlich and Paranjape” we shall determine T and fo by the conditions that in 
stationary states the rate of gain of energy and momentum furnished by the field is equal 
to the rate of dissipation to the lattice vibrations. Multiplying the Boltzmann equation (4) 
by p: or E and summing over the momentum space, we obtain 


NeF=> = p. (Fr i ; (13) 


joes 5 (ee ). (14) 
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since both energy and momentum are conserved in the case of the electron-electron collisions; 


of of 15 
=e ( \= PE 01; (15) 

In (14) 7 is the current density and from (3) 
© S: pef= Meee (16) 


i) the calculation of collision terms 
To calculate (13) and (14) we substitute (12) into (@f/dt)z. Then it may be written as the 
expansion in powers of po; 


of oN (f i ) (2 ) 
rab igen kl ti (==) (17) 
CG ), & ) + ag pel Gaebler 
Details of the calculation of these terms are given in Appendix. 


By expanding the right-hand side of (A10) and (A17), in powers of the temperature dif- 
ference and retaining first order terms, we obtain 


Of\? _/ 4ms? genre 
an BT yr eR) APO M8) 
ee =Tanru Ep ho—A {Ee E—haflT») » (19) 
where 
=(T—T)/To . (20) 
a=(Bo/Ba)(sqz/2ha) , CAD 


and I’ is a constant defined by (A7). /o(To) is the thermal equilibrium distribution; 
Fo(To)= Ao exp '= a ; (22) 
kT» 3 


where Ao is determined by the number N. am represents the ratio of the effects of optical- 
mode scattering to that of acoustical-mode scattering. 

(Of/Ot): is given by (A13) and (A17), which can be used for hot electrons. In this section 
f(T) may be expanded as follows; 


cask _ Dopz ae Popz eae 9 we -E = igs os 
OO mais SLID wwerisg (2 2 rt ga) Ave reo f(T) vanes (o 


Then we get 


‘em =—T'{Y E +anu/E+hot4(E eV E—ho)} fiTo) (1 -3; +r a if (24) 


In order to calculate the current correctly to terms of order F%, we may put T=T7» in 
J, and fs. Then, as shown in appendix B, we have except for terms proportional to 


P (cos 8) 
(ara Cant)” Co, Jor eV E (Aaa AT 28 


Of 2 0” Poss. 
ea . ( eR \ranc(2u’ cos? WY E+ho—AE eV E—ha)fTo) ; (26) 


op 
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of ne a Pas. 
fay =—IXY E +anuV E+hot AE je“ E—ho)} fT) - (27) 


ii) the calculation of po 
po is determined from (13), the right-hand side of which is a function of the electron tem- 


perature T or 7. We have to calculate it correctly to linear terms in 7, since 7 is of order 
F?, From (24) we obtain 


of (Po\( 8m NRT Kf. fH 5 
SoG) MMe We) Petr(G-a) 28) 
where 
G=1-+anou(u/2)e"/?K2(u/2) , (29) 
H=3+anou(u/2)2e"/2{3 Ko(u/2)+ukKi(u/2)} , (30) 


in which Kn is the modified Bessel function of the second kind.” 
The zero-field mobility “ is given by substituting y=0 and po=myoF in (28) which on the 


other hand, is equal to NeF: 
A 4 
some| =o (*Pe re | S (31) 
8) 7 


This is different from the ordinary definition of the mobility obtained by neglecting electron- 
electron collisions.!? 
From (27), puting po=mypoF in fs(To), we have 


=p. (2F) =Ner( “0 ian iy (32) 
L Ur 5G 

where vr=(2kT0/m)/?2 means the thermal velocity of electrons. Substituting (28) and (32) 
into (13), we obtain finally 


S/S 1 ca 9) Tee Btn ) { is | 
ili) the calculation of 7 


It follows from (18) and (19) that 


= E( or i EEA ING Bs!) (34) 
and from (25) and (26) 
SEE) =—Nel2s*l/esGh oak ivr}, (35) 
where 
I=14 ane y( 3 ) eve K(u/2) : (36) 
Ss 
Then we get from (14), using the approximate relation Fj=NewolF?, 
_(uoF PG 2 ea ; (37) 
SS 3\ v7 


iv) numerical results 
The current density j can now be calculated from (16), (33) and (37) as follows: 


peratfi-(E- DIAC] 
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Provided that the scattering by optical modes 
is negligible or a=0, vy in (2) becomes from 
(38) 


(39) 


In order to estimate the magnitude of a, 
we make use of the experimental results of 
the zero-field mobility. By fitting the theore- 
tical 4) to the data, it is found that a@ be- 
comes 0.22. This value seems reasonable from 
the theoretical point of view. 

Choosing (Aw/k)=300°K, s=5.4x105 cm/sec, 
and m=m)/4™, mo being the free electron 
mass, we find that the value of I is deter- 
mined almost by optical modes at ordinary 
temperatures; IS>1. This is easily seen from 
the definition of G and J. In G the term due 
to optical modes will be of order unity. On 
the other hand, in I the term caused by the 
optical-mode scattering has a factor (v7r/s)?, 
which is of order 10%. Further due to the 
small value of a@ it appears that s?(I/G) be- 
comes far smaller than vr? and therefore fo 


§ 4. 
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and fs have negligible effects on v. Thus in 
our case y can be written as 


; (fae ; 
“Gon oy oa 


From the fact that I is determined by optical 
modes, 
their energy mainly with optical modes. This 
is in agreement with Yamashita’s result.® 


Table I. The variation of v/vo with temperature 
and a. 
v/vo 
JUNK. a=0.2 a—=0n5 
100 0.060 0.049 
200 0.055 0.035 
300 0.059 0.047 


Table I gives the variation of v/v) with 
temperature and a, where we take m=m,/4, 
ignoring the anisotropy of the energy band 
and the intervalley effects. Since I is nearly 
proportional to m=}, v/v> is nearly proportional 
to m. 


Field Independent Drift Velocity due to Optical-mode Scattering 


The drift velocity becomes constant and independent of the electric field under the condi- 
tions that the average energy of electrons is much larger than the energy of optical phonons, 
but still so small that the acoustical-mode scattering can be ignored as regards the energy 
exchange between electrons and lattice vibrations. 

We assume the electron distribution centered about p=p») in momentum space: 


f=fil D+ Dol) =fotf=SlE)+ PoPs fo 


OE’ a 


neglecting higher order terms since the average energy of electrons becomes large at high 


fields. 
Substituting fp into (8) we obtain 


(ar). Cer, )Y ® 


which was given by Yamashita and Watanabe®. 


ae =Pauhol 


fo (Exho), we have 


E\(forhTs 2% eltaeae a 


We need not assume a paticular functional from of fg in this section. 


(42) 


OE OE 


Substituting fo) into (9) and expanding 


VETYE op) 


oF te 


For E> ho, it follows from (A13) and (A19) that 


Gee =—P{1+au(1+2m)}VE A, 


from which the condition (13) becomes 


Be(er),- 


& pol {1+ au(1 +2m)} NEV) = NeF , 


(44) 


it follows that electrons exchange | 


(40) | 


| 


| 
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where 
INGE 12 = 5} E322 f, 2 


Next, from (42) and (43), we compute the rate of the energy loss as follows: 
= E(Z) =NP | auhoE¥) +(2MS\ cE sy — 2bT) EV} 46 
oo ory? RT» : 5; (46) 


(46) suggests that the rate of the energy loss is determined only by optical modes, provided 
that the average energy satisfies 


kT, hw 
: Eto \ne ; 
{EY < auho( > a ahol 5 = : (47) 
Using the values of constants obtained in § 3, (47) becomes 

«E> < 70h (47’) 


which is compatible with the assumption E > ho. 
Neglecting the terms corresponding to the acoustical-mode scattering in (46), we have 


—> E(=r) =NTauho E¥?)= NFe(po/m) . seu 
L 

Eliminating <E) from (45) and (48), we Table IJ. Field independent drift velocity for 

Bf el ince seine Gas de (hw/k)=300°K, m=m/4, a=0.22. 
1/ ‘| 
Da. (*2) te {(au)-2-+14+2no} Lise . (49) TK po/m (cm/sec) 

2 : | 300 4.5x 106 
The calculated drift velocity, shown in Table 200 5.6 x 108 
100 7.3 x 108 


II, is somiewhat smaller than Ryder’s data. 


§5. The Mobility of Hot Electrons 


(47’) shows that electrons lose their energy mainly through the interactions with optical 
modes, unless the electron temperature becomes about 2-10*°K. If it is accepted as true, 
the current is not proportional to F/? at any field strength in n-type germanium, since 
this dependence is a consequence of taking account of the acoustical-mode scattering only. 

As it has been seen in §3 that the contributions of f2 and fs are quite small to the deter- 
mination of the field dependent mobility even in a weak field, here 


ee. eye A eT). fr=— Pf. (50) 


Then the following equations are easily obtained; from (A10) and (A17) 


of Gm N/ RDNGA ie 
pag E(ar ) = INI cant pes ) (3s?)(a)= F-j , OL) 
where 
| I ee end A ak ee *U® (gu(i-@)—])etul2K (au/2) (52) 
(a)= ans( ) 16 1 , 


and from (A14) and (A16) 


Spe bik = (Pwr (EE Ga) =NeF (53) 


where 


Gla)=1-+ane( 2 )( GY (0-9-4 DKala2) +(e" 1) Klann?) . (54) 
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and a=(T,/T). From (51), (53) and (31) we 
get the drift velocity as a function of the 
electron temperature, 


Po =F a (GAGA) (55) 


and the electron temperature as a function 
of the electric field, 


(1p F)2= 35 G@) 


a[G(1)) 
We have calculated the drift velocity nume- 
rically in Fig. 1 from (55) and (56), taking 
the values of constants; “49=3800 cm?/volt sec 
at T)>=300°K, a=0.22, and m=m,/4, neglect- 
ing the anisotropy of the band and the in- 
tervalley effects as in §3. The theoretical 
curve in Fig. 1 is in fairly agreement with 
Ryder’s data at 298°K (circles). Concerning 
this calculations, we should remark that the 


(56) 


Drift Velocity in cm 
<3 


= J Ee \ “i 
10 10° 10% 10% 
Electric Field in  volts/cm 


Fig. 1. Drift velocity as a function of electric 
field at 300°K in n-Ge. Circles are taken from 
Ryder’s paper. 


contributions of the acoustical mode to I(@) are 
not negligiblly small for a<0.1, or T=3000°K. 
Consequently the drift velocity does not be- 
come flat, but increases gradually. For in- 
stance, po/m=5.4x108cm at F=4.7 x 108volts/ 
cm and 5.6 x10® cm at 7.8 x 108 volts/em, which 
are considerably larger than that obtained in 
§ 4, 


§6. Concluding Remarks 


We have calculated the mobility of elect- 
rons by the method of Frohlich and Paran- 
jape. If we suppose that the electron-elect- 
ron collisions are effective enough, it seems 
resonable to determine T and fy in (3) from 
the conditions (13) and (14) that the rates of 
change of momentum and energy summed 
over all electrons balance. The reason why 
the results of Sodha and Agrawal are so dif- 
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ferent from ours is not clear. But it is 
certain that the rate of the energy loss of 
electrons is determined by the collisions with | 
optical modes at low fields. The conclusion 
is derived from the value of I in §3, and | 
since IS}1, v/v becomes very small compar- | 
ed to unity. 

In cases where the electron density is so 
low that the interactions between them may 
be neglected, the assumption (3) is in general 
not good. Although the zero-field mobility — 
given by (31) is not correct in that case, it © 
can be interpreted as the first approximation 
of the variation method, if we write as usual 


ffi bE oe, 


and 
c(E)= 3 ¢rE* 
r=0 


where fp is the thermal equilibrium distribu- 
tion’. We shall discuss the application of 
the variation principle to the mobility at an 
arbitrary field strength in the following paper 
where the relations between the method of 
this paper and Yamashita’s one will become 
clear. 

Lastly, we note the effect of f: and fs in 
(12) on the low field mobility. In n-type 
germanium we concluded that they play no 
role because of the smallness of a. From (38) 
vy can be written as 

- ee > eet —€) 

where &=(41/5G)(s/vr)? indicates the term due 
to fz and fs. At the temperatures for which 
u<l, € is very small compared to unity for 
all values of the parameter a. However, it 
may not always be negligibly small at low 
temperatures; for example, —€<0.14 for g=1 
andmwi—on 

The author would like to express his thanks 
to Prof. K. Ariyama and Dr. S. Nakajima 
for reading and commenting on this paper. 


Appendix A 


We expand /(p-+-q) in powers of fy similar 
to (12). Then by energy conservation the 
zeroth order term can be written as 

So(pq)=fol pier” 


for™acoustical-mode scattering, and 


Fo pq)=Sfol poet 


(Al) 


(A2) 
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for optical-mode scattering, where a=7,/T. For fi, fx, and fs we must put p.-tg, in place 
OL pes 


fipiq)=— PP) fy pg), (A3) 
Ap=a=(5P5 | ope 1) foo), (A4) 
ead eee ce ae eD (A5) 
Substituting (11) and (A1), or (A3), into (8), we get 
Ca ae es) E [(O-M—1)8, +(e" 60-1 ACP) (A6) 


(Br) eee (aE) (E22) & poten? — per (bane —paryB], (AD 


where sufficis + and — mean the terms corresponding to the emission and to the absorp- 


tion of phonons, respectively. The integrals in the qg space are carried out by introducing 
polar coordinates g, 8, ~, the polar axis being in the direction of p: 


= — aan \\\ read cos Bdb . 


Integration over £ can be used to eliminate the 0-functions. 
From (10) and the energy conservation, we have 


cos Bs = 55 Fq+t2ms) , (A8) 


0<q<2p+2ms . (A9) 


Since x <1 and a <1, we can expand e*-™, e%*, and e”, and then (A6) becomes 


aa = ( an \( es ) Bae ja a) dq - hes = xq dq} ~ aa)” ada | 


polled A10 
SiGe) ee Lael acre, ep) 2) (A10) 
where 
r=( 2n Bu \( kT) ee > (All) 
h SQL (272)*h? 
Making use of the relation 
(ad sdte=|“ateos 6 cos Bz+sin 6 sin Bs cos P}db=27q cos 8 cos Bx ; (A12) 
0 0 
we obtain from (A7) 
TF Nop fel) (ary =yf De) 3. fgede—4.8-]= TV E File) (A13) 
Ot Jac mkT h sqz J a 
For optical-scattering, the energy conservation leads to 
cos Ge=— (qa?) - (Al4) 


2pq 
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FPtV Pqy <9 <Pt+V Pq » (A15) 
where 
Qo?/2m=ho . (A16) |] 
From (9) 
(Br), = (ye Aen) BB. +AU Nome") & 8. 
=D angul(e"O- —1)/ E+ hat ME le" —e")V E—hol SoD) 5 (A17) 
where 


a=(B,/B.)(sqz/2ho) . 
We can easily verify the following relation from (A12), (Al4) and (A15) 
= (petkgz)04=0. (A18) 
Then it follows that 


(AE) = (— Pid (Palin) SU bet adeno — put AEM be —ae—pe}o-] 


=—Tan(V E+hot ME )e"”Y E—ho) SP) - (Al9) 


Appendix B 


To calculate the current to terms of order F?, we can put T=T7>) in fo and fs. Substitut- 
ing f2(To) into (8) and (9), we have 


(Fr. eet A) og) Sera PAD ar pejed], (BI) 


Sq qa 


et 2 bofo(To) ae 


Bon Rene T SH YOR M(debae) peo + AEM. —a)?— per]. (B2) 


The integration over ~ gives 
= Weer = + 2pq cos? 6 cos Bs + @? (cos? 6 cos? Bat sin? 0 sin? Bs) 

a ara , 4p 

aod | cos 0 (3 cos? Bs -+ Ba — 1) +(—cos* 2.) , 
which becomes for acoustical-mode Scanian from (A8) 

= q’(1—cos? Bs)(1—3 cos? 6) 2msq cos? 6 , (B3) 

and for optical-mode scattering from (A14) 

5 @(1—cos* Bs)(1—3 cos? 0) qo? cos? 6 . (B4) 
Terms proportional to (1—3cos?@) play no role in our calculations since their contributions 


to (13) and (14) are vanishing. Therefore we take only the last terms of (B3) and (B4), 
which come from the change of the energy of electrons by collisions. Then 


a F cae ae ee \( at ) > [2ms cos? 6q{0.—d_}—2ms cos? 6gx6_] 


SQL a 


- ( ake)! ee ) ah: E(1- Tere, fo(T») . (B5) 
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(%Y _ bo*fo(To) (Om * oa’ cos? 9 3 [3.—AE)e"3_] 


Ot Jon 2mkTo)?\ h 
= (sper: aneeut) cos? OW E+ ha—A(E ce" Efron) fa To) . (B6) 


To compute (0//0t);3 we put T=T> in fs(p) and fs(p-+tq). Now we can show 


2. (prtGgz)b4=0, (B7) 


which is exact for optical-mode scattering, and for acoustical-mode scattering it holds appro- 
ximately by the neglect of 2ms in (A8) and (A9). Accordingly we obtain in the same way 
as (0f/0t)73 


ee) =—I{V E +anwV E+hot ME )e"VY E—ho)} fT») (B8) 
L 
where 
A(T) = —Dobe_ pares : 
f3(To)= 50m Tot 7a Bae a fo(To) « (B9) 
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A Few Quarternary Systems of Perovskite Type 
A2+B4+O3 Solid Solutions 


By Takuro IKEDA 
Kobayasi Institute of Physical Research, Kokubunji, Tokyo 
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The properties of the quarternary systems (Sr-Pb)(Ti-Zr)O; and 
(Ba-Pb)(Ti-Sn)O; are studied. The shift of transition points with com- 
position is measured by the temperature variation of the dielectric 
constant of the ceramic sample, and the phase diagrams at room tem- 
perature are determined with help of X-ray measurement. 

The phase diagram of (Sr-Pb)(Ti-Zr)O; includes two ferroelectric 
phases Fz (rhombohedral) and Fg (tetragonal), two antiferroelectric ones 
Aq (pseudotetragonal) and Ag (tetragonal) and a paraelectric one P. Ag 
occupies larger area than expected. The diagram of (Ba-Pb)(Ti-Sn)O3 
resembles that of (Ba-Pb)(Ti-Zr)O, previously reported by the author 
and consists of F, Ff, (the same as the low temperature phases in BaTiO3), 
Fu, Fg and P, although the immiscible region is found in the composi- 
tion containing smaller amounts of Ba and Ti. 

Roth early classified graphically the perovskite ABO; compounds on the 
basis of electronic polarizability of A ion and ionic radius of B ion. The 
present author advances this line experimentally by taking up a factor 
of A ion and one of B ion, using many data already published as well 
as the present results. The arrangement of A ions nearly agrees with 
that in terms of the electronic polarizability. Concerning the disposi- 
tion of B ions, however, the ordering of Ti-Zr-Hf-Sn is adopted, and in 
addition, Sn and Hf ions are arranged near Zr ion. This diagram may 
be rather successfully applied to the classification of perovskite A2+B'*O3 
solid solutions. 

Furthermore, the possibilities for dielectric and piezoelectric use of 
the ceramic materials belonging to these systems are examined. Larger 
dielectric constants are found with certain compositions in (Ba-Pb) 
(Ti-Sn)O3, but a striking improvement for PZT ceramics may be rather 
questionable in both systems. 


Introduction 


§1. 

In order to find the origin of ferroelectricity 
and antiferroelectricity of the perovskite 
type A?*BttO; compounds, many _ reports 
have already been published concerning the 
families with various A?* ions and B** ions. 
Of all, several earlier studies performed by 
the workers in our country have brought 
many informations on their properties; for 
instance, (Pb-Ba)TiO; by Shirane et al’), Pb 
(Ti-Zr)O; by Sawaguchi”, (Pb-Ba)ZrO; and 
(Pb-Sr)ZrOs; by Shirane et al, and 
(Pb-Sr)TiO; by Nomura and Sawada”, etc. 
As shown by the effect of addition of Pb?+ 


to classify these A?*B'tO; compounds by 
certain appropriate factors. Wood® classified 
various perovskite type crystals graphically 
in terms of ionic radii of A and B ions, and 
found the unsatisfactory positions of some 
ions, e.g. Sn‘* aud Ce*t. Roth? extended 
more elaborate studies, and the electronic 
polarizability of A ion was taken up as a 
factor in addition to the ionic radii of A and 
B ions. One of his results is shown in Fig. 
1, where the ordinate indicates the electronic 
polarizability of A?* ion and the abscissa the 
ionic radius of B‘+ ion. In that case, the 
position of Sn** ion is not still adequate, 


ion, the ionic radius was not found to be 
only a factor, but the polarizability had to 
be considered. Taking account of such cir- 
cumstances, some studies have been attempted 


mainly because of the immiscibility of PbO 
and SnO:. In order to advance these attempts, 
rather more studies on the systems (A-A’) 
(B-B’)Os will be desired. The previous work 
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by Nomura and Sawada. 


of the author on the system (Ba—Pb) (Ti-Zr)O; 


gave a datum along these lines. In the 
present paper, some effects of Sr?+ and Sn‘+ 
ions are examined. Such classification in 
terms of a factor of A?*+ ion and one of B‘t 
ion will be experimentally devised here, and 
may be expected to give further informations 
on the roles of A2* and B*+ ions. 


a Sae Hf” Zr" 
OO 7 > 
/ 
L Hea ce ad Pp 
3 OOF ETRAGONAL \PHOWeds «_/ PSELOO- 7 
eal g5) \HEDRAL\,/ TETRAGONAL 
z | \ gf £¢, 
ie) \oee a 
% .70f oe e Ba’ 
- figs 
(eo) 
ae di CUBIC OR PSEUDOCUBIC Tae 
= 5 
Zz 2, Cd 
3 a9 +2 
s ! 210 ° +Sr 
4.407 ! | 
2 | + Ca’ 
REI) — > 
70) 60 -69 ./0 75 .80 (85 .90) :95 LOO 
RADIUS OF B°IONS,A 
Fig. 1. Classification of A?+B‘+O3; compounds 
(Roth) 
Concerning the effects of Sr?* and Sn‘t 
ions, several binary systems have been 
studied. Substituting Pb of PbTiO; by Sr, 


the Curie point falls monotonously with con- 
centration and the tetragonal Fs phase 
changes to the paraelectric phase, as shown 
The antiferro- 
electricity of (Pb-Sr)ZrO; system was ex- 
amined in detail by Shirane et al; two 
antiferroelectric phases, Az and Ag, are seen, 


where A, belongs to the orthorhombic crystal 


class, the same as that of PbZrO; (pseudote- 
tragonal with the axial ratio smaller than 
one) and Ag the tetragonalone. In the system 


—Pb(Ti-Zr)O;, a ferroelectric Fa phase (rhom- 


bohedral) appears together with Fs and Aa, 
and the boundary between Fx and F¢ is 
hardly removed with varying temperature, 
as shown by the elegant studies of Sawa- 
guchi.» The properties of Pb(Ti-Sn)O; ard 
Ba(Ti-Sn)O; systems have been studied by 
several authors. Jaffe et al® reported the 
phase diagram of Pb(Ti-Sn)Os3 including Fs 
and other ferroelectric phase, and the dis- 
sociation region of the specimens containing 
more than 75 mole percent of Sn. The 
crystal form of the latter phase was not 
exactly known and was only described as 
pseudocubic. The effect of substituting Ti 
of BaTiO; partly by Sn has been known; 


Perovskite Type A2* B4+O; Solid Solutions 


1287 


namely, it is similar to that of Zr ion, but 
the shift of the transition points is faster 
than in the case of Zr. The dielectric 
properties of (Pb-Ba)SnO; were reported,! 
but the phase relations were not clearly 
studied, except the ferroelectricity of (Pb70- 
Ba3O0)SnO; at -120°C. 

Some ceramics of BaTiO; and its families 
are important for industrial purposes. The 
ceramics of BaTiO; containing more or less 
amounts of PbTiO; or CaTiO; have been 
fairly used for the electromechanical trans- 
ducers. Many improvements of their quali- 
ties have been attempted. Jaffe et ai» 
reported the excellent properties of Pb(Ti- 
Zr)O3 ceramics of compositions near the 
boundary between F. and Fs (PZT). It was 
shown by the present author? that some 
ceramics belonging to the system (Ba~Pb) 
(Ti-Zr)O; offer better materials in a few 
points. For obtaining better dielectric ma- 
terials, on the other hand, much efforts has 
always been made. For instance, Coffeen™ 
studied some influences of adding PbSnOs, 
Bi»(SnOs)3 (less than 50%) and others to 
BaTiO;. A few studies on the quarternary 
systems by the author may be believed to 
provide several improvements along these 
lines. 


§2. (Sr-Pb)(Ti-Zr)O; 
(a) Preparation of samples 

SrCO3, PbO, TiOz and ZrO. were mixed in 
proper mole ratio, calcined and sintered. 
TiO. used here is especially produced from 
TiCl, and has purity of 99.57%. SrCQOs; and 
ZrO, are of reagent grade, and PbO of c.p. 
grade. The volatilization of PbO was pre- 
vented as well as possible by firing in PbO 
atmosphere, and the inner parts of the 
specimen were used for electric and x-ray 
measurements. They were not chemically 
analyzed after firing, but their positions in 
the phase diagram are indicated by the 
mixing composition. The Curie point of each 
sample prepared twice or more agrees within 
a few degrees at worst. 


(b) Dielectric constant versus temperature 
The dielectric constant of small square 
plates with various compositions was measured 
at 550Kc by the tuning method, with in- 
creasing temperature above room tempera- 
ture. Most of the curves show peaks, which 
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correspond to Curie points. Some of them 
containing jless amount of Ti have humps 
below Curie points. These occur at other 
transition points. With varying composition, 
any shifts of these points are examined and 
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shown as various sections in Fig. 2. | 

In comparison with other data on the || 
binary systems, A. phase is determined, | 
which is believed to have the same structure | 
as that of PbZrOs. | 


Fig. 2. Transition point in (Sr-Pb) (Ti-Zr)O3 


(c) Dielectric hysteresis and thermal expan- 
sion 

F. and Fg phases appearing in Pb(Ti-Zr)O; 
system could not be located in above ex- 
periment. In order to know how Ag phase 
spreads over and where the boundary between 
Ag and F, is situated, dielectric hysterese 
are at first observed at 50c/s by the Sawyer- 
Tower method. 

Some specimens show clear ferroelectric 
hysteres2, and others only straight lines. In 
those with intermediate composition, however, 
are observed narrow ferroelectric-like hyste- 
rese or double-hysteresis-like (stranguiated) 


patterns, and it is not possible to decide to 
which phase they belong. 

In the case of the thermal expansion ex- 
periment in Pb(Ti-Zr)O;!) and (Pb-Sr)ZrO;® 
systems, it has been shown that an abnormal 
contraction occurs at transition point froma 
ferroelectric to a paraelectric phase and a 
rapid expansion from an antiferroelectric to 
another phase. Providing that these facts 
hold also in the present case, the thermal 
expansion measurements are to give further 
means of the determination. 

Some results on the observations of di- 
electric hysterese and the thermal expansion 
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measurements are listed in Table I; where 
_E: expansion, €: contraction (at the transi- 
tion point with increasing temperature), F: 
ferroelectric hysteresis, D: double hysteresis, 
N: narrow hysteresis and L: straight line. 
In addition, the crystal structures are ex- 
amined by the X-ray powder method, as 
described in the next section, and are indicat- 
ed as well; R shows the rhombohedral class, 
and T the pseudotetragonal with the axial 
ratio c/a smaller than one. 


Table I. 


Composition Crystal Thermal Dielectric Phase 
lia Sr From Expansion Hysteresis Change 
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With varying temperature, the boundary 
between Ag and Fa phases may probably be 
rather vertical to the composition axis, for 
any hump corresponding to the transition 
between these phases is not found so far as 
the present specimens are concerned. Thus 
determined are the phase changes of the 
samples and the boundaries between F. and 
Ag phases, as indicated in Table I. and by 
dotted lines in Fig. 2. 

The determination of the phases by the 


results of the thermal expansion agrees with 
those of the x-ray measurement. The 
samples, being considered to belong to Ag 
and lie near the border to Fz, show apparent 
ferroelectric-like hysterese. As for the 
reason, the following possibilities may be 
considered ; one is that the samples become 
ferroelectric under the high electric field and 
remain in the same state in more or less 
time after removal of the field, and another 
that they are mostly antiferroelectric in one 
direction and slightly ferroelectric in other 
directions. But further examinations wili be 
desired, especially by using single crystals. 
(d) X-ray measurement 

The lattice parameters of the powdered 
specimens are measured by the diffractometer, 
using CuKa@ radiation. The samples on the 
Ti rich side near PbTiO; must belong to. Fg 
after Nomura et al.) With increasing Zr 
concentration, the tetragonality decreases 
and fF phase appears at the composition 
containing about 45% of Ti. Fig. 3 shows 
the results in (Sr20-Pb80) (Ti-Zr)O3 composi- 
tion. The tetragonality disappears between 
42.5 and 40% of Ti, and the rhombohedrality 
in Fy phase occurs discontinuously. These 
circumstances are similar to those in the 
case of Pb(Ti-Zr)O3 system. The boundaries 
between Fy and Fg are thus determined in 
each section of various Sr concentration, and 
indicated in Fig. 2, where these boundaries 
are considered to be nearly parallel to the 
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Fig. 3. Lattice parameter of (Sr20-Pb80) (Ti-Zr)O3 
(@ after Nomura et al) 
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temperature axis for the same reason as in 
the earlier works. 

In Ag phase, the structure is tetragonal 
and the axial ratio of the pseudo cell is smaller 
than one. This fact is also used for the deter- 
mination of the border of Ag phase, asdescribed 
above. The phase denoted by Aza is believed 
to belong to the same crystal class as that 
of PbZrOzs—orthorhombic—and most of the 
lines can be given indices, by assuming a 
pseudotetragonal cell. In Fig. 3, the para- 
meters in Aw are thus indicated. 


(e) Phase diagram at room temperature 
Using above results, the phase diagram of 

this system is easily determined at room 

temperature and shown in Fig. 4. The loca- 


PbTiO3 PbZrO3 


SrTiOz SrZrO3 
Fig. 4. Phase diagram of (Sr-Pb) (Ti-Zr)O3 


tion of the boundary between Fa and Fs 
resembles to the case of (Ba-Pb)(Ti-Zr)O; 
system, except that it is somewhat inflated 
towards Fa side here. Ag phase, which 
appears as intermediate phase in (Pb-Sr)ZrO; 
and in Pb(Ti-Zr)O; containing less than 3% 
of Ti, occupies a considerably large region 
in the present diagram. 


(f) Dielectric and piezoelectric ceramics 

An outline of the distribution of the di- 
electric constant at room temperature of the 
ceramics can be seen even by poorly sintered 
specimens (porosity : 25-32%), and is shown 
in Fig. 5(a). Generally speaking, Curie 
point falls and the dielectric constant in- 
creases with increasing Sr concentration, and 
moreover, itS variation with temperature 
becomes smaller. The ceramics near the 
boundary between Fa and Fs phases have 
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larger dielectric constants. 


The radial electromechanical coupling co- | 
efficient k, of the disc-shape ceramics, pre- | 
poled under the field of 30K V/cm and aged | 
at 95°C in two days (someone at room tem- |ff 
perature), is measured and the distribution is 1 
shown by a few contour lines in Fig. 5(b). | 


These data are taken with the relatively 
porous ceramics, and therefore larger value 
will be expected with carefully sintered ones. 
The staffs of the Clevite Research Center 


14, || 


have made continuous efforts for obtaining > 


piezoelectric ceramics, and recently reported 
the effects of adding Sr or Ca to PZT 
ceramics.'*) They fired the dense specimens 


and reported the value of k, reaching 50% © 


at a certain composition of the same system. 


2000; 


1000 


O 
60 


(b) 


Fig. 5. (a) Dielectric constant e and (b) radial 
electromechanical coupling coefficient k, at room 
temperature in (Sr-Pb)(Ti-Zr)O3 


§3. (Ba-Pb)(Ti-Sn)O; 


(a) Preparation of samples 

The technique for preparing the samples 
was the same as that in the former system. 
BaCO; and SnO, of reagent grade were used. 
The firing temperature had to be usually 
lower, and it was difficult to obtain dense 
ceramics. Hence the dielectric and piezo- 
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. electric measurements were performed by 
_rather poorly sintered specimens. 


'(b) Dielectric constant versus temperature 

_ The curves of the dielectric constant vs. 
_ temperature of the specimens containing less 
than 90% of Ba show only peaks above room 
_temperature, which correspond to Curie 
points. In those with smaller concentration 
' of Pb and Sn in the vicinity of BaTiO:, a 
' few humps are shown in the curves, which 
- are known to correspond to the other transi- 
tion points by observing the shifts of these 
- points with varying composition. In Fig. 6, 
the transition points as well as Curie points 
are plotted against compositions. The sam- 
ples containing smaller amount of Ti are 
insoluble in the present preparation. Fi and 
F, in the figure are believed to be the same 
phases in the case of BaTiO; at lower tem- 
perature, which are both ferroelectric and 
belong to the rhombohedral and orthorhombic 
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Fig. 6. Transition point in (Ba-Pb) (Ti-Sn)O3 


Perovskite Type A2+B*+O; Solid Solutions 


Lattice Constant (A) 


1291 


crystal classes respectively. The boundary 
between Fu and Fs is determined by the X- 
ray measurement described in the following: 


(c) X-ray measurement of the sample contain- 
ing less than 50% of Ba 

The x-ray measurement by the diffracto- 
meter, using CuKa radiation, reveals the 
boundary between Fx and Fs. Some of the 
results are shown in Fig. 7. The tetragonality 
in Fs phase on the Ti rich side decreases 
towards the Sn side and Fz phase appears. 

The phase denoted here by Fy was not 
determined in the system Pb(Ti-Sn)O; (0% of 
Br in the present case) by Jaffe et al,® who 
reported only the pseudocubic structure. 
The back side reflections (h?+k?+/?=16, 20, 
22, 24 and 26) are examined and the patterns 
are explained by the rhombohedral class 
(a<90°), as described in the _ previous 
paper.) The deviation from 90° decreases 
with increasing Sn and Ba contents, as seen 
in the figure. 

The boundaries between F. and Fs in Fig. 
7 is thus determined on each Ba content 
section. Although any shifts of them with 
temperature are not examined, they may be 
considered to be nearly parallel to the tem- 
perature axis for the same reason as before. 


(d) Phase diagram at room temperature 

The phase diagram of this system is thus 
obtained at room temperature, and shown in 
Fig. 8. This resembles that of (Ba-—Pb) 
(Ti-Zr)O3; system, except the immiscibility 
near PbO:SnO, and the slight shifts of the 
phase boundaries towards the Ti side. Al- 
though the samples con- 
taining smaller amounts 
of Ti and Ba are insolu- 
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Fig. 7. Lattice parameter in (Ba-Pb) (Ti-Sn)Os3 
(® after Shirane et al) 


ble, the role of Sn‘* ion 
is infered; that is, Sn 
ion may be considered 
to have a little stronger 
effect than Zr ion for 
advancing an antiferro- 
electric tendency. 


(e) Dielectric and piezo- 
electric ceramtcs 

In this experiment, 

the dense ceramics were 

not fired and the data 

for the dielectric and 

piezoelectric materials 
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are obtained by the poorly sintered specimens 
(porosity: 21-29%). Fig. 9 shows the outline 
of them. The higher dielectric constant is 
found in the samples. with composition of 
Ba~30% and Ti~25-40%. 

The electromechanical coupling coefficients 
shows maximum near the boundary between 
Fu and Fg, but the value may not be so 


PbTiOz PbO: SnOz2 


BaTiO; BaSnOz 
Fig. 8. Phase diagram of (Ba-Pb) (Ti-Sn)O; 


(2) 


60 50 


40 30 


Ti <—— 


Fig. 9. (a) Dielectric constant e and (b) electro- 
mechanical coupling coefficient k, in (Ba-Pb) 
(Ti-Sn)O3; 
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large as expected, even taking account of 
their porosity. 


Classification of Perovskite A°*B‘+Q; 
Solid Solutions | 

Roth” early reported the classification of | 
ABO; type compounds, and one of his results . 
is shown in Fig. 1. In order to advance > 
along his line, let us remember many earlier © 
reports on the phase relations of perovskite — 
A2*B‘+O; solid solutions, including the data — 
by the present author. Fig. 10 shows most 
of the phase diagrams already published; 
they are after the following authors: 


(Pb-Ba)TiOs Shirane and Suzuki), 
Nomura and Sawada» 


§ 4. 


Pb-Sr)TiO3 

(Pb-Ca)TiO3 Ikedal*), 

Ba-Sr)TiO3 Granicher und Jakits!), 

Ba-Ca)TiO3 Ikeda’; Berlincourt and 
Kulcsar!), 

Sr-Ca)TiO3 McQuarrie;*»), 

(Pb-Ba)ZrO; Shirane?), 

Pb-Sr)ZrO3 Shirane», 

Pb(Ti-Zr)O3 Sawaguchi”), 

Pb(Ti-Sn)O3 Jaffe, Roth and Marzullo”, 

Pb(Ti-Hf)O3 Jaffe et al, 

PbHfO; Shirane and Pepinsky%), 


Takeda), 
Kell and Hellicar?)), 
Novosil’tsev and Khodakov™, 


Pb(Zr-Sn)O3 
Ba(Ti-Zr)O3 
Ba(Ti-Sn)O3 


Pb(Ti-Zr-Sn)O Jaffe et al”) 
(Pb-Ba-Ca)TiO3 McQuarrie™; Ikeda), 
(Ba-Sr—Ca)TiO3 McQuarrie!®), 

(Ba-Ca) (Ti-Zr)O3; McQuarrie and Behnke”), 
(Pb-Ba) (Ti-Zr)O3 Ikeda’), 


(Pb-Sr) (Ti-Zr)Os 
(Pb-Ba) (Ti-Sn)O3 
In order to derive them from one diagram, 
the one giving by Roth in Fig. 1 is not always 
sufficient ; especially, some positions of B‘*t 
ions must be shifted. 

The present author will propose to classify 
these solid solutions experimentally by one 
factor of A?* ion and that of B‘t ion. Fig. 
11 shows his attempt at room temperature, 
where the coordinates are arbitrary. The 
temperature axis is taken vertically to the 
paper. 

The arrangement of A2* ions agrees well 
with that in Fig. 1, and the electronic polariza- 
bility of A ion may play an important role. 

As shown by the data on the system 
Pb(Zr-Sn)O; after Takeda? and on PbHfOs 
after Shirane et al,' the ordering of B ions 
is considered as Zr-Hf-Sn. So far as the 


present paper, 
present paper. 


Perovskite Type A?*+B*+O; Solid Solutions 


1293 


PbTiO3 


PbTiOs 
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Fig. 10. Phase diagrams of A?+B*+QOs solid solutions 


neighbourhood of PbZrO; is concerned, Sn 
and Hf ions had to be arranged to the left 
side of Zr ion. The positions along the ab- 
scissa in the present figure are determined 
by taking account of the shift of Curie point 
by adding Sn and Zr to BaTiO; and the 
position of the boundary between Fa and Fe, 


ZrHfSn 


Classification of perovskite A?*B*+O3 
(J antiferroelectric, 


ate 
compounds (© ferroelectric, 
A. paraelectric, x insoluble) 


Fig. 


shown in several diagrams in Fig. 10. 

The phase Ff; and fF» in the vicinity of 
BaTiO; are seen only in the (Ba—A’)(Ti-B’)O3 
type diagram, and they are not pictured in 
the figure. 

The factor important for producing ferro- 
electricity has been believed to be the ionic 
polarizability of B* ion. In the perovskite 
type compounds, a correction for the Lorentz 
field is significant at the atomic position of 
B ion in the unit cell and the polarizability 
of B ion necessary for occurrance of ferro- 
electricity is smaller than above; which was 
shown by Slater™ in the case of BaTiCs, 
although he treated a second order transition. 
It was concluded by his computation that 
the polarization assigned to Ti ion is 37% of 
the total polarization in BaTiOs, of which 
31% is the ionic contribution. Although the 
values of electronic polarizabilities of Sn and 
Hf ions are unknown to the author and so it 
cannot be discussed by which the arrange- 
ment of B ions is determined, the role of the 
electronic polarizability may not be ignored. 

The present attempt of classifying the 
compounds by a factor of A ion and that of 
B ion is impossible, of course, to explain the 
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detailed circumstances. None the less, it may 
be said that this agrees rather well with the 
various facts. 


§5. Conclusion 


The following results are obtained from 
above experiments : 

(1) The phase changes in the quarternary 
system  (Sr—Pb)(Ti-Zr)O; and (Ba-Pb) 
(Ti-Sn)Oz; are examined and the phase dia- 
grams at room temperature are determined. 
The effects of Sr and Sn ions are discussed. 
An enlarged area of Ag phase in the former 
system may be of interest. 

(2) By using the data early published as well 
as the present results, an experimental 
classification or perovskite A?*B‘tO; com- 
pounds is attempted. This may be applied 
to classify ABO; type solid solutions rather 
with success, including the distribution of 
their transition points. The arrangement of 
A ions agrees well with the ordering by the 
factor of electronic polarizability. That of 
B ions is not so simple, but the positions of 
Sn and Hf ions differ remarkably from 
Roth’s intention, where the ionic radius of B 
ion was taken into account. 

(3) The possibilities for industrial use of the 
ceramics in these systems are considered, 
but the more excellent piezoelectric materials 
may not be felt to meet our expectation. 
The dielectric ceramics possessing considerab- 
ly larger dielectric constant are found some- 
where in (Ba—Pb) (Ti-Sn)O; system. 
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Doping Influences on Activator Diffusion in 
Oxide-coated Cathode Nickel 


By Hiroyuki Mizuno 
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The influences of doping on the minute activator diffusion in oxide- 
coated cathode nickel were measured by a method similar to Swalin and 
Martin’s” and the following conclusions were derived; (1) the influences 
of doping on the activator diffusion in oxide-coated cathode nickel are 
significant, (2) as the Mn, Fe, or Si content in oxide-coated cathode 
nickel increases, the diffusion coefficient of Mg in base nickel decreases 
monotonously, and (3) as the Mg content in oxide-coated cathode nickel 
increases, the diffusion coefficient of Mn increases monotonously. 


Introduction 


§ 1. 

In recent years a number of investigations 
have been reported which have extended the 
understanding of the behaviours of oxide- 
coated cathode. Although there are still a 
few different opinions, it is now generally ac- 
cepted that the impurity semiconductor picture 
seems to interpret the behaviours of oxide- 
coated cathode fairly well; that is, the im- 
purities responsible for thermionic emission 
of oxide-coated cathode are free Ba atoms 
developed in oxide-coating by chemical reduc- 
tion, thermal decomposition, and electrolysis 
during the so-called activation process. The 
chemical reduction by reducing agents (acti- 
vators) contained in base nickel is, therefore, 
an important mechanism for the development 
of such impurities. It is, in general, supposed 
that the activators in base nickel diffuse out 
to the boundary between oxide-coating and 
base nickel, and there react with the BaO 
coating to yield Ba atoms. On the basis of 
thermochemistry, one of the most prominent 
studies on this topic is the theory by Rittner??. 
He proposed the following conclusions from 
the analysis of the factors limiting the yield 
of impurity centers (free Ba atoms) of oxide- 
coated cathode: the reaction mechanism most 
favourable for generating free Ba in oxide- 
coated cathode may be the one in which the 
rate of reducing reaction is limited by the 
rate of activator diffusion in base nickel. Ac- 
cordingly, the rate of activator diffusion is 
one of the most important subjects in the 
investigations of oxide-coated cathode. At 
present, dilute nickel alloys containing reduc- 


ing agents are used as base metal of oxide. A 


coated cathode. However, examining carefully 
a number of studies on the influences of base 
nickel on cathode emission and comparing 
them with each other, one is struck by the 
mutual contradictions among them. It may 
be attributed to the fact that even minute 
quantities of reducing agents in base nickel 
play a profound roéle. It does not suffice to 
make studies on the effects of a relatively 
large, controlled quantity of a main activator 
added to base nickel; even when we use 
nickel alloy containing the same amount of a 
main activator, qualitatively different results 
may often be obtained. In other words, the 
effects of doping on the agency of the other 
activators contained simultaneously in the 
base nickel should be taken into consideration. 

From the facts described above, it is reason- 
able to suppose in the first place that one has 
to do essentially with the interaction effects 
of activators on the diffusion rates of the 
other activators simultaneously present in base 
nickel. Swalin and Martin have measured 
the diffusion rates of Mn, Al, Ti, and W in 
nickel at temperature range between 1100°C 
and 1300°C. They carried out, however, the 
experiments without being aware of the 
mutual interactions of activators in base nickel 
and therefore it seems to us that their results 
do not immediately determine the diffusion 
rates of activators in base nickel. 

Grube and Jedele?) were the first to find 
out that the diffusion rate of Cu in pure 
nickel is about three times larger than that 
in nickel containing 0.5% Mn at 1000°C. 
This fact suggests that the diffusion rate of 
activator in base nickel of oxide-coated cathode 
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should also be influenced by the other doping 
elements. Thus, a question arises as to the 
interaction influences of diffusions of activators 
in base nickel. It is very important to know 
what kind of influences the doping impurities 
on the activator diffusion in base nickel have. 
If the influences can be determined, it will 
become possible to explain some of the ob- 
scure behaviours of oxide-coated cathode. The 
author has previously reported the outline of 
these influences observed by a rather simple 
experimental method”. In this paper a method 
similar to Swalin and Martin’sY has been 
introduced to observe exactly the interactions 
of doping, the results of which we have al- 
ready reported partly? and the experimental 
proofs illustrating the interaction influence 
have been presented. 


Hiroyuki MIZUNO 
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In section 2 the experimental method is 
described and in section 3 the results obtained 
from the experiments are given, while in sec- 
tion 4 these results are discussed. The results 
of the experiments indicate that the effect of 
doping influences on activator diffusion in base 
nickel is very significant to interpret the 
complex behaviours of oxide-coated cathode. 


§2. Experimental Method 


2.1 Materials 

The alloys used in the experiments were 
prepared by vacuum melting to provide strict 
control on the quality of each alloy specimen. 
The results of the spectral analysis of these 
specimens are shown in Tables I and II. 
These tables also indicate that the influence 
of one activator (marked as “controlled”) on 


Table I. Components in Ni alloy. (weight. p.c.t.) 


PAG cS | | | | 
pe eeenienes) Fo Whca aire Mn é Me <illi Sininide SonhtibAd 
Classification | 
| ~ 
A | 0.01 Te | aE controlled iP 0.10* Shee i Ib. 
B | 0.01 T, controlled Wie P. 0.10%* Date fhe. Ti 
G | 0.01 Db 4be SB Te. 0.10* | controlled Ih hie 
D | 0.01 Se De: 0.10* Tes controlled Tp Ty Di. 
T,: Less than 0.002. 
Table II. Components in electrolytic Ni. (weight. p.c.t.) 
(Only containing controlled one impurity) 
ae orl neost hd Gugwia debe ime c Mg Si S Al 
Classification | | 
A | 0.01 T,, T, controlled T, T. aaa eb barns 
B | 0.01 T, controlled —_T, T,. Cl ae T,. | T, 
2 | 0.01 Taree i T.. J. Tp \controlled| T. .|. ae 
D | 0.01 DE. | Deh | ih. | T;  |controlled Di b Bde Ty 
T,: Less than 0.002. “4 . i : 


the diffusion of another activator (marked activator on the diffusion of Mg activator in 
with star «) is observed on each classified base nickel is measured on the specimens 


specimen; for example, the influence of Mn 


Table Ill. Content of gas included in Ni. 
(weight. p.c.t.) 


Gas | 


} | 
ole Oz 10-8 | H,x 10-8 Nyx 10-4 
Classification _ | | | 
A | 0.84 8.0. |. OLgs 
B |. 0.79 9.0 | 0.56 
( | 0.83 8.5. 1 30.62 
D 0.80 9.0 0.61 


shown as “A” in Tables I and II. In Table 
III there are shown the total contents of 
oxygen, hydrogen and nitrogen gases contained 
in one specimen sampled out at random from 
each classification, which were determined by 
N.R.C. vacuum melting gas analyser. 
2.2 Experimental technique 

The strips of nickel alloy were made from 
the specimens in Tables I and II through 
successive processes of roll and annealing 
until about 3mm thickness was obtained and 
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then the strips were cut into the form of a 
disk of 2cm diameter. These disks were 
polished carefully to remove contaminations 
from their surfaces with several kind of 
grinders and at last completely finished with 
emery papers. Thereafter the surfaces were 
cleaned with nitric acid and rinsed with ace- 
tone. When finished, grains of 0.3~1.0 mm 
diameter were observed on the disk surface. 
The disk with the components as shown in 
Table I was inserted between the two disks be- 
longing to the corresponding row of Table II. 
These two side disks contain the same amount 
of controlled solute as the center disk except 
the element with star mark. After inserting 
10 micron tungsten wires as marker at the 
diffusion interfaces, the three disks were 
pressed by the oil press machine of 3000 kg/ 
cm? and then welded together closely in the 
form of the diffusion couple. Details of the 
couple are shown in Fig. 1. The two inter- 
faces of the couple were hardly discerned 
without the tungsten markers. 


20mm 


Ni alloy shown tn Tobie I 
Fig. 1. Design of test coupie. 

The diffusion couple was put into a silica 
tube in close contact with a thermo-couple, 
which was placed in a furnace having an 
entirely constant temperature distribution. 
The silica tube was evacuated to 5x10-7?mm 
Hg throughout the experiments. The tem- 
perature of the furnace was regulated by an 
automatic regulator and monitored by a re- 
corder within a tolerance of 0.5% throughout 
the works. After annealing for long enough 
to attain a considerable penetration depth of 
activator, the surfaces of the couple were 
polished and etched with concentrated nitric 
acid so that the tungsten markers embedded 
at the interfaces were readily observed. The 
couple was cut carefully about 20~50 micron 
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thickness by the lathe with its axis perpen- 
dicular to the interface, the distance from 
the interface being measured by both micro- 
meter with direct reading to 1 micron and 
cathetometer. Each cut on both sides weighed 
from 50 to 80mg and was parallel within the 
accuracy of 5 micron. The concentration of 
the activators in these cuts were measured 
by spectral analysis within a probable error 
of 7%. 


§3. Results 


3.1 Calculation of diffusion coefficient 

Fick’s equation of diffusion can be applied 
to our case, assuming that diffusion coefficient 
D is constant because of the low solute dif- 
fusion in base nickel. Taking x axis perpen- 
dicular to the interface and x=0 at the inter- 
face, the following solution can be easily de- 
rived for concentration C at distance x from 
the interface and annealing time t>0; 


2(C —Co) 

Cn—Co ie 
where x/2/ Di, Cn, and Co are the uniform 
concentrations of the activator in the middle 
and end disks at t=0 respectively. As was 
already shown in Table II, Cy is always equal 
to zero in our experiments and so Eq. (1) be- 
comes; 


=1l-erf (y) , 


c=" (ert (y)} - 


In order to calculate the diffusion coefficient 
from Eq. (1’), first of all, the impurity con- 
tent in each cut is plotted as the function of 
the penetration depth x. The penetration 
curves of the star marked activator in base 
nickels containing various contents of the 
other element were plotted after annealing of 
100 hours at 1000°C; for example, the curves 
for Mg in the base nickels doped with various 
concentrations of Mn are shown in Fig. 2. 
On the other hand, in Eq. (1’) it is possible 
to determine y for the various values of C 
referring to the table of the integrated error 
function». Since the relation of C to x Is 
given in the penetration curve, y can be easily 
determined as a function of penetration depth 
x. Fig. 3 shows the y as a function of x for 
Mg in the base nickels doped with various 
concentrations of Mn. Thus, it is possible to 
determine exactly the diffusion coefficient D 
of the activator from the probable line of y 


(1’) 
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Fig. 2. Mg distribution for various concentra- 
tions of Mn. (1000°C, 100 hours) 
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Fig. 3. yversus a plot of activator Mg for vari- 
ous concentrations of Mn. (1000°C, 100 hours) 


versus x. The slope of the line of Fig. 3 
gives 1/2)//D?i, since y=x/2/Dt. Thus the 
diffusion coefficient of one activator in base 
nickel of oxide cathode can be obtained in the 
presence of another element of various con- 
centrations. In Figs. 2 and 3 the curves I, 
II, and III correspond to the cases for Mn 
contents of 0, 0.02, and 0.07 weight % respec- 
tively. Finally the diffusion coefficient of one 
activator can be obtained as a function of 
concentration of another activator. 


3.2 Results of experiments 

The influence of concentration of one acti- 
vator on the diffusion of another for annealing 
of 100 hours at 1000°C are shown in Figs. 4, 
5, 6, and 7 for various doping cases. Fig. 4 
shows the influence of Mn concentration on 
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Fig. 4. Diffusion coefficient of Mg for various 
Mn concentrations. (1000°C, 100 hours) 
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Fig. 5. Diffusion coefficient of Mg for various 
Fe concentrations. (1000°C, 100 hours) 


Mg diffusion in base nickel, Fig. 5 that of Fe 
concentration on Mg diffusion, and similarly 
Figs. 6 and 7 that of Si on Mg diffusion and 
that of Mg on Mn diffusion respectively. The 
plots on these curves for a given concentra- 
tion exhibit a considerably good agreement 
to each other within an experimental error. 
From these results one can readily understand 
that the diffusion rate of low solute activator 
in base nickel is significantly influenced by 
the simultaneous presence of other activator. 
Generally speaking, it may be concluded that 
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the diffusion rate of solute Mg of low con- 
centration in base nickel decreases by the 
addition of another element such as Mn, Fe, 
or Si into it, whereas that of Mn increases 
by the addition of Mg. 

A large percentage of the errors in our 
experiments may come from spectral analysis 
of elements in a minute sample of cut. Par- 
ticularly for the analysis of Mg the error was 
most serious because of the difficulties of 
analysis. Therefore, corrections were carried 
out by repeating the analysis for the whole 
amount of each sample. Probable error of 
analysis was estimated as about 7% even 
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Fig. 6. Diffusion coefficient of Mg for various 
Si concentrations. (1000°C, 100 hours) 
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in this case. In order to eliminate the errors 
as possible as we can, we have carried out 
these spectral analysis carefully on every pair 
of cuts which are equidistant from the inter- 
faces and the results have agreed with each 
other. 

There are some other factors by which ex- 
perimental errors may be introduced. They 
are cutting operation, temperature variation 
during annealing, and difference of structure 
defects in samples, etc. The error in thick- 
ness of cuts was within the accuracy of 5 
micron for each sample. The annealing tem- 
perature was automatically controlled and re- 
corded within the fluctuation of +0.5%, the 
fluctuation of the temperature being -+5° 
from the center value of 1000°C. It may be 
supposed that the defects of the structure of 
testing nickel give considerable influences on 
the activator diffusion and therefore much 
attention was paid to the process of manu- 
facturing of nickel ingot by using a vacuum 
melting method. The entire surface of each 
ingot was scraped off in order to take off the 
shrinkage cavity. Even if a single pore was 
detected in the disks by microscope, the entire 
ingot was rejected. By such a careful selec- 
tion of the ingots the author could get such 
a consistency as shown in Figs. 4, 5, 6 and 7. 


§4. Discussions 


So far it has been supposed that the diffu- 
sion of the reducing agent in base nickel of 
oxide-coated cathode depends only upon the 
concentration gradient of itself, and therefore 
that the rate of activation should be deter- 
mined only by the amount (density) of reduc- 
ing agent in base nickel. The mechanism of 
activation of oxide-coated cathode by reducing 
agents of low concentration in base nickel is, 
however, by no means such a simple one. 
Indeed, there are some experiments to suggest 
the supposition that the rate of activation due 
to the reducing agents is not only determined 
by the relatively large amount of the main 
reducing agent but also by the minute quanti- 
ties of solute elements of low concentration. 
The influences of the latter have been so far 
neglected. Poehler’? has found that base 
nickel containing 0.38% Mg or 4.0% Al makes 
cathode less active than pure nickel. This is 
contradictory to the results by Benjamin® 
with base nickel containing 0.07% Mg and to 
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those by Bound and Briggs with 0.05-0.10% 
Al-Ni alloy. Rittner?? has suggested a pos- 
sibility to explain such contradictions on the 
basis of the formation of interface layer, that 
is, the interface layer produced by main acti- 
vator has a significant influence on the emis- 
sion afforded by the small quantity of “real 
activators,” which are probably contained in 
base nickel in addition to the former. He 
has further proposed a simple explanation of 
the harmfulness of Mn element in base nickel 
for emission:®), provided that the interface 
layer formed by Mn contains no barium. 
After his opinion, the presence of the reduc- 
ing element in base nickel, which yields an 
interface compound containing no barium, 
may be harmful to emission because the 
interface layer is not only a barrier separating 
the real activators from BaO coating but also 
makes a sink for the activators and free Ba 
atoms. 

According to cur opinion, however, the 
contradictory results of the experiments above 
mentioned should be explained on the basis 
of doping influences on activator diffusion in 
base nickel. Comparing Fig. 4 with Figs. 5 
and 6, one can readily see that the deleterious 
influences of Mn on Meg diffusion are most 
significant. Therefore, Mn may be most 
harmful for emission of cathode even at very 
initial stage of cathode life where the inter- 
face may not be grown up so much as it 
could influence the behaviours of oxide-coated 
cathode. As shown in Fig. 5, the influence 
of Fe element on Mg diffusion is also dele- 
terious though not so significant as that of 
Mn. Thus, it may be safely concluded that 
the lowering of cathode emission by the poor 
reducing metals, Mn and Fe, is caused by 
their suppressive actions for Mg diffusion. 
Moreover, the above experimental results 
seem to suggest that Fe is not so harmful 
as Mn for the emission of oxide cathode. On 
the other hand, the cathode having consider- 
able amount of Si element in base nickel shows 
a relatively high emission in spite of its dele- 
terious influence on Mg diffusion (see Fig. 6). 
This is probably due to the high reducing 
agency of Si. In this case the degree of 
activation at the initial stage of life may be 
considered to depend mainly on the following 
three conditions; (1) total amount of Si and 
Mg simultaneously present in base nickel. 
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(2) diffusion rate of Mg decreased by Si con- 
centration. (3) diffusion rate of Si presumably 
increased by Mg concentration. 

As was shown by Fisher™, the diffusion 
along grain boundaries can mask the volume 
diffusion at low temperature. Hoffman and 
Turnbull’? have pointed out that the self- 
diffusion in polycrystalline silver takes place 
more rapidly than that in single crystal silver 
at low temperature region. At a higher tem- 
perature region, however, the rates of both 
diffusions approach to each other and become 
nearly equal. The difference at low tempera- 
ture is essentially associated with the grain 
boundary diffusion along the internal inter- 
faces of polycrystal. According to Fisher’s 
calculations, the logarithm of the specific 
density should vary linearly with penetration 
depth x in the case of grain boundary diffu- 
sion at low temperature, whereas that does 
linearly with x? in the homogeneous volume 
diffusion at higher temperature. The loga- 
rithm of the specific density of activator Mg 
was plotted against the square of penetration 
depth x? in Fig. 8 as a typical example. 
From this figure it seems reasonable to con- 
clude that in our experimental temperature 
range the diffusion coefficient is not signifi- 
cantly different from that of volume diffusion. 

Recently, very interesting explanations on 
our experimental results? have been presented 
by van Zanten™. He suggested that the de- 
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Fig. 8. Penetration curves of Mg for vartowd 
Mn concentrations. (1000°C, 100 hours) 
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creases of diffusion coefficient of Mg, when 
nickel contains Mn, might be due to the re- 
duction of MnO by Mg and that the discre- 
pancy between the diffusion coefficients of Mg 
obtained by Swalin and those obtained by us 
or by the group in Philips laboratory might 
be explained by the concept of “Freies und 
Gebundenes Magnesium”. This may be one 
possible interpretation for the mechanism of 
doping interactions, but the exact explanation 
is still left for future works. 


§5. Conclusion 


We have carried out some experiments con- 
cerning the doping influences on activator dif- 
fusion in base nickel of oxide-coated cateode 
and it has become clear that Mn, Fe, and Si 
decrease the diffusion. rate of Mg in base 
nickel whereas Mg increases that of Mn. 
From. these results it is concluded that the 
rate of diffusion of activator is determined 
mainly by the influences of doping elements 
rather than by its density in base nickel. We 
have proposed some explanations on the con- 
tradictory results of cathode emission so far 
published by means of doping influences on 
activator diffusion. 
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Electrical Properties of N-Type InSb in High Electric 
Field at 77°K. 
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Electrical Communication Laboratory, Musashinoshi, Tokyo 
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The current-voltage character and Hall coefficient of n-type InSb with 
different electron density were measured in a pulsive high electric field, 
at 77°K. In a high electric field, impact ionization from full band to 
conduction band occurred and the resistivity and Hal! coefficient of n-type 
InSb decreased rapidly with increasing electric field. In the same region 
of electric field, Hall mobility decreased and drift velocity reached a 
maximum value and then decreased. In the curve of the electron density 
versus pli?, the rate of energy gain from electric field, there existed a 
critical value of »H? where the electron density increased infinitely. This 
critical value of »H/’ increased with decreasing electron mobility at low 
field, and, in one sample, also increased with decreasing strength of the 


transverse magnetic field. 


§1. Introduction 

In a high electric field free carriers in solid 
obtain sufficient energy from electric field 
and their distribution function deviates 
significantly from the form in thermal equili- 
brium state. In this situation, free carriers 
are called to be hot and the Ohm’s law 
ceases to be valid. Recently the hot carrier 
phenomena in semiconductors have been in- 
vestigated experimentally and theoretically.” 

As is well known, for a conducting carrier 
with mobility w4, the rate of energy gain 
from electric field E is wk. Hence one 
may expect that the hot carrier phenomena 
in a semiconductor in which the conducting 
carrier has large mobility will occur at 
rather low electric field. As such semicon- 
ductor with large mobility we chose n-type 
InSb, because the electron in InSb has the 
largest mobility in all of semiconductors. In 
this report our experimental results on the 
electrical properties of n-type InSb in a pul- 
sive high electric field at 77°K are described. 


§2. Experimental Procedures 


2-1 Preparation of the samples 

First of all, ingots of InSb were purified 
by zone refining method. After purification, 
single crystals of InSb were grown by the 
zone leveling method. In some cases large 
single crystals grew naturally in the course 
of zone refining. In these cases we cut sin- 
gle crystals directly from the ingots. 


Next, specimens of n-type InSb were cut 
from these single crystals in the form ap- 
proximately 0.2x0.2*1.0 cm’ and the resisti- 
vity and Hall coefficient of these specimens 
were measured at 77°K. Furthermore, to 
check the uniformity of the specimen, Hall 
coefficients R(A) and R(B) at two positions A 
and B near the ends of the specimen were 
also measured at the same temperature, and 
the quantity 4dR/R=R(A)~R(B)/R(A)+R(B) 
was used as a measure of the uniformity of 
the specimen. (See Fig. 1). 


Fig. 1. To check the uniformity of the InSb 
specimen, Hall coefficients at two positions A 
and B were measured at 77°K. 


All values of electrical properties, i.e., re- 
sistivity, Hall coefficient, Hall mobility, 
electron density, uniformity and degenerate 
temperature of our specimens are listed in 
Table I. In calculating the degenerate 
temperature, we used m*=0.013m as the 
value for effective mass, and assumed a 
standard parabolic form for the conduction 
band in InSb. The non-parabolic character 
of the conduction band in this material? will 
reduce the degenerate temperature to lower 
values for the specimens with high electron 
density. 

After the_measurements of the specimens, 
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Table I. Electrical properties of our samples 
aes. Pin ant aS ae He las ale) Degenerat 
Sample Resistivity [Hall coefficient* Electron ese Hall mobility* Uniformity* t we ee 
* No. F 0 / R n=1/R-e p=R/o 4R/R Tp 
in ohm-cm in cm*/Coul. in no./cm* in cm2/V. sec | in per cent in eK 

1 (OO LOs 2 1.58 x 10# 3 95 x 1014 2.09 x 105 12 Ligo 

a 4.80 x 10-2 1.06 x 104 5.88 x 104 2.21 x 105 eal 22.6 

3 Pane yAsea Oe! 4.26 x 10° 1.46 x 104 1.84 x 10° 8.3 41.5 

4 1.46 x 10-2 1.20 x 10° 5.20x105 | 0.82 x 105 — 96.9 

5 9.16 x 10-3 1.16 x 10° 5.38x105 | 1.27105 5.2 99.0 

6 Se 70 solOms 4.97 x 102 | 1.26 x 1016 0.87 x 10° — 179 


* samples of approximately 0.05x0.05 0.5 cm? 


were prepared for the measurements in high 
electric field. Current leads and the probes 
for measurements of resistivity and Hall 
coefficient were attached to the samples by 
soldered contacts. It is said usually that 
there exist some barrier layer between semi- 
conductor and metal electrode, but fortunately 
it was found that this undesirable effect was 
negligiblly small in the case of n-type InSb. 
Hence in some cases the resistivity was 
measured not by the probes but by the cur- 
rent leads of the samples (See Fig. 2). These 
two methods of measurement gave the same 
values always. 

2-2 Apparatus for measurements 

To avoide the heating effect, pulsive elect- 
ric field was applied to the samples. The 
pulse-generator consisted of hydrogen-filled. 
thyratron and delayed circuit. The output 
impedance was about 2 ohm and the maximum 
output voltage was approximately +300 V. 
The pulse width was about 2 micro sec., and 
the repetation rate was 1-700c/s. 

The schematic representation of the mea- 


Pulse 
generator 


Fig. 2. Schematic representation of the measuring 
circuit. 


* All of these values were measured at 77°K in a low electric field. 


suring circuit is shown in Fig. 2. When the 
sample impedance was smaller than 2 ohm, 
matching resistance was omitted. As shown 
in Fig. 2, the voltage, current and Hall vol- 
tage of the samples were measured by the 
syncroscope at the positions of switch, A or 
A’, B and C respectively. In the course of 
measurements, the sample was immersed 
directly in liquid nitrogen. 


§3. Results and Discussion 


3-1 Current-voltage character and Hall 
coefficient of n-type InSb crystals with 
different electron density 
Fig. 3 shows the current-voltage characters 
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Fig. 3. Current-voltage character of n-type InSb 
at 77°K. The symbols © A show the values 
obtained by changing the polarity of electric 
field. 
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of various samples with different electron 
density in the absence of magnetic field. 


The current-voltage character. in a magnetic. 


field and Hall coefficient of these ‘samples are 
also shown in Figs. 4 and 5.. In these 
figures, it is cleary shown that, in a low 
electric field the current density was propor- 
tional to the electric field and the Ohm’s law 
was valid, but in a high electric field, except 
the case for sample No. 6, the current density 
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Fig. 4. Current-voltage character of n-type InSb 
in a transverse magnetic field at 77°K. The 
symbols © A @ « shows the values obtained 
by changing the polarity of electric and magne- 
tic field. 
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increased more rapidly with increasing elect- 
ric field, and in the same region Hall coef- 


ficient decreased. Namely, ina high electric | 
field the number of conduction electron |, 
increased very rapidly with increasing electric © 


field. 
As is well known, the donor impurities in 
n-type InSb are completely ionized at 77°K, 


hence the increase of the electron density in > 
a high electric field may be caused by the | 
ionization process from full band to conduc- — 
Two different mechanism of . 


tion band. 
ionization processes, i.e. the field ionization 
process and impact ionization process, may 
be considered in our case. But the fact that 
the critical value of electric field where the 
current density begins to increase rapidly 
with increasing electric field varies from 
sample to sample will reject the possibility of 
the field ionization process as the cause of the 
rapid increase of electron density in n-type 
InSb in a high electric field. Hence we may 
believe that the increase of the electron 
density in high electric field is due to the 
impact ionization from full band to conduc- 
tion band by the energetic electrons.’ # 


To analyse our experimental data presented © 


above, there are some difficulties. One of 
these difficulties is the fact that the current- 
voltage character depends on the magnetic 
field strength (See 3-2), and another difficulty 
is the lack of the expression for the Hall 
coefficient in a high electric field. As men- 
tioned in §1, in a high electric field, the dis- 
tribution function deviates significantly from 
the form of thermal equilibrium state, then 
the expression for the Hall coefficient will 
become very complicated. For simplicity, 
however, we assume that the usual expres- 
sion R=1/ne is also valid in a high electric 
field. Then we may obtain, as usual, the 
Hall mobility by the formula “=R/o and 
drift velocity by va=E. 

Resistivity, Hall mobility and drift velocity 
versus electric field strength curves for our 
samples are shown in Figs. 6-8. Some 
interesting features are found in Figs. 5-8. 
Namely, except the cases for samples Nos. 
4 and 5, the Hall mobility begins to decrease 
with the onset of decrease of Hall coefficient, 
and, with increasing electric field, the drift 
velocity reaches the maximum value and 
then decreased. 
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Fig. 9..shows. the electron density versus electron density increases infinitely, i.e. 
i i of energy gain curves for various sam- electrical breakdown occurs. Furthermore, 
ples of n-type InSb with different electron this critical values of sE? increase with 
‘concentrations. In this figure we may find decreasing electron mobility at low electric 
‘that at certain critical values of »E?, the field. 
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curves for n-type InSb at 77°K. The symbols 
O A @ 4 show the values obtained by chang. 3-2 Effect of the strength or direction of 
ing the polarity of electric and magnetic field. transverse magnetic field. 

Figs. 10-15 show the effects of the strength 


8 gx; of transverse magnetic field upon the current- 
S voltage character etc. of a n-type InSb 
3 sample No. 1. As one can see in these 
iS figures the increase of magnetic field strength 
2 results in the decrease of conductivity, Hall 
a mobility, drift velocity and critical values of 
E pl, In Fig. 16 the dependence of critical 
3 IxiGE values of #E? upon the magnetic field strength 
] E is shown. 
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Fig. 7. Hall mobility versus electric field strength 
curves for n-type InSb at 77°K. 
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curves of n-type InSb sample” No. 1 with and 
without transverse magnetic field at 77°K. 
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Fig. 13. Hall mobility versus electric field 
strength curves for n-type InSb sample No. 1 
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Fig. 14. Drift velocity versus electric  fiele 
strength curves for n-type InSb sample No. i 
at 77°K. 


2xid® 
> 
te 
: 
8 g 1x10 
cg 
£ = 
2s 
rr 

2xid1 


108 1x109 5x10? 
— > Rate of energy gain in V/sec 
Fig. 15. Electron density versus rate of energy 
gain curves for n-type InSb sample No. 1 at 
TK. 


x 
SS 


rate of energy gain 
in V/sec 


— Criticd| values ot 


x 
[e) 
oe 


oy 2 3 4 5 6 
— > Magnetic field strenath in kG 
Fig. 16. Critical values of rate of energy gain 
versus magnetic field strength curves for n-type ° 
InSb sample No. 1 at 77°K. 


Fig. 17 shows the current-voltage character 
of a sample No. 4 when the current flo 
was in the [110] direction of crystal axis and 
the transverse magnetic field was applied in 
the direction of [001] or [110] or [111]. This. 
result shows that the current-voltage charac- 
ter of n-type InSb is isotropic in the trans-: 
verse magnetic field which was applied to: 
the various directions of crystal axis. 
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Fig. 17. Current-voltage character of n-type InSb 


sample No. 4 at 77°K. Current flow was in 
[110] direction and transverse magnetic field 
was applied in the direction [001] or [110] or 
(171). 2 


§4. Conclusion and Acknowledgement 


Several years ago Shockley™ calculated the 
current-voltage character of semiconductor 
with spherical energy surface in a high 
electric field, assuming that the acoustic 
phonon scattering was the main process of 
energy loss in the material. His results 
showed that the critical field strength E., 
where the deviation from Ohm’s law caused 
by the reduction of mobility of conduction 
carrier set in, was given approximately by 
the formula, 


Mo Lc=Vac =i] bets) WF 


where so: low field mobility 
vs: sound velocity in the crystal 


His calculation was used to analyse the ex- 
perimental data of germanium and silicon 
obtained by Ryder.” 

If one applys Shockley’s calculation to n- 
type InSb, one may expect that the deviation 
from Ohm’s law begins at rather low electric 
‘field (~10 V/cm), because of the large elect- 
ron mobility in InSb. Our experimental 
results mentioned above didn’t show any 
deviation from Ohm’s law near the expected 
region of electric field. Hence we can 
believe that the main process of energy loss 
of electron in InSb in a low electric field is 
not the acoustic phonon scattering but pro- 
bably the optical phonon scattering. 

In a higher electric field the resistivity and 
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Hall coefficient of n-type InSb rapidly de- 
creased with increasing electric field, and 
this behaviour was believed to be caused by 
the onset of impact ionization from full band 
to conduction band. In these region the 
mobility also decreased and drift velocity 
reached a maximum value and then decreased 
with increasing electric field. As one can 
see in Fig. 9, we can define the critical 
values of wE* for electrical breakdown 
where the number of conduction electron 
increased infinitely. This critical value of 
»E? increased with decreasing electron mobi- 
lity at low field, and in one sample, also 
increased with decreasing the strength of the 
transverse magnetic field. 

A few years ago Frohlich and Paranjape” 
proposed the mechanism of collective break- 
down, and recently Stratton® discussed the 
pre-breakdown behaviour of polar semicon- 
ductor upon the same mechanism. Their 
results showed that there existed a critical 
value of the rate of energy gain. Following 
the Stratton’s calculation we can obtain 
8.9x10° V/sec as the critical value of EK? for 
InSb at 77°K and this value is in good agree- 
ment with the experimental value; 6x10’ 
V/sec (See Fig. 9). But there are some dis- 
crepancies between the Stratton’s calculation 
and our experimental results. For instance 
his calculation showed the gradual increase 
of drift velocity with increasing electric 
field, but in our experiment the drift velocity 
reached a maximum value and then decreased. 
Taking into account the fact that there is a 
critical value of s#E?(=Eva), however, the 
decrease of drift velocity with increasing 
electric field is quite natural. 

In a sample with lower mobility at weak 
electric field, there exist more imperfections 
than in a sample with higher mobility. So 
the excess energy gain corresponding to the 
energy loss due to the imperfections will be 
necessary to cause the breakdown. This is 
the reason why the critical value of the rate 
of energy gain is higher in a sample with 
lower mobility than ina sample with higher 
mobility. But the reason why the critical 
value of wE?. decreases with increasing 
strength of transverse. magnetic field is not 
yet understood. 

The:author wants to express his thanks to 
Dr. T. Niimi for his kind guidances and to 
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Messrs. R. Nii and N. Watanabe.for their 
valuable helps. 
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Study on Vacuum Deposition of Metals, II. 
On the Change with Aging Time in Thickness and Resets 
of Vacuum Deposited Gold Film 


By Yoshibumi FUJIKI 
Institute of Physics, Kyoto Prefectural Medical College. 
(Received June 6, 1959) 


Changes with aging time in electrical resistivity and thickness of vacuum 


deposited gold film were measured on the same specimen. 


Kiessig’s X-ray 


interference method was employed for the measurement of film thickness. 
It was observed that film thickness decreased in exactly the same manner 
as the resistivity. The proportionality constant between resistivity change 
and fractional-volume change was about 2.5x10-4 ohm-cm which agreed © 
well with the quenching experiment of gold in bulk by Bauerle and 
Koehler, and this suggests that the resistivity change in vacuum deposited 
gold film at room temperature is predominantly due to a vacancy me- 
chanism just as the case of quenched material in bulk. 


Introduction 


§1. 

In a previous work” the writer observed 
that Au-Pb alloys were formed when Au 
and Pb vapours were deposited successively 
in vacuum, But no alloy formation was ob- 
served when Pb vapour was deposited on Au 
deposit which was annealed at room tempera- 
ture for about a week in vacuum. The 
writer supposed that this would be due to 
the annealing of defects, especially vacancies, 
which were stored in Au film by the deposi- 
tion. 

The electrical resistivity of vacuum de- 
posited film is usually higher than that of 
bulk material and a part of this excess 
resistivity can undergo irreversible change 
upon annealing. Story and Hoffman” investi- 
gated the stress annealing in vacuum de- 


posited copper film and found the. parallelism 
between stress relaxation and_ resistivity 
decrease by annealing near room tempera- 
tures, and they attributed these phenomena 
to the disappearance of vacancies with aging. 

On the other hand, it is established®)? 
that the quenching of bulk material from 
high temperature gives rise to the freezing- 
in of vacancies, and by the annealing after 
quenching the decrease in resistivity and 
the volume contraction occur as the result of 
disappearance of vacancies. Bauerle and 
Kohler* found that there exists a proportiona- 
lity between the resistivity change and the 
fractional-volume change for gold. The an- 
nealing temperature was near room tempera- 
ture. 


If the writer’s supposition and Story and 
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Hoffman’s suggestion about vacuum deposited 
film described above were correct, the volume 
contraction of film and the resistivity decrease 
with annealing would be observed correspond- 
ing to the quenching experiment of bulk 
specimens. The writer intended to verify 
this and carried out the simultaneous mea- 
surements of thickness and electrical resisti- 
vity on a same specimen of vacuum deposited 
gold film. 

§2. Experimental Procedure 

The evaporation apparatus and procedures 
were similar to those described in the pre- 
vious work.” Specimen used was 99.99% 
Au. The pressure at deposition was near 
2x10-°’mmHg. Substrate distances were in 
the range of 6~10cm. Substrates were 
standard soft glass microscope slides cut to 
the size 5}0mmx3.5mm. These were cleansed 
with usual procedures. Platinum electrodes, 
to which the gold film was made electrically 
contact, were fixed by baking on both ends 
of each substrate and copper ribbon leads 
were soldered to electrodes. Electrical re- 
sistance was measured by a Wheatstone 
bridge. 

The measurement of film thickness was 
performed by the X-ray interference method 
due to Kiessig.» The apparatus used is 
shown schematically in Fig. 1. The specimen 


) Je Fim 


Fig. 1. Schematic diagram of the apparatus for 
X-ray interference with thin film. 


holder, to which a long lever was attached, 
was supported by a knife edge and the end 
of the lever was hung from the arm of 
balance. The other end of the arm was 
connected to the oscillating lever which was 
driven with constant angular velocity by the 
rotation of a heart cum, thus resulting in the 
oscillation of specimen for a range of small 
angle around the critical angle of total reflec- 
tion. The distance between the specimen 
and the photographic film was 33.3cm. X- 
rays used was Cu Kz radiation with nickel 
filter. To save the exposure time, crystal 
monochrometer was not used. Voltage ap- 
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plied to X-ray tube was 40kV and tube 
current was about 40 mA and the exposure 
time required for each photograph was 30~ 
40 minutes. To make the measurement 
accurate, two films were loaded in a cassette 
simultaneously. All measurements were 
carried out in air and at room temperature, 
and the film thickness was measured in every 
one to three hours just after the deposition. 


| | 


Primary Edge of total 
beam reflection 
Fig. 2. An example of interference fringes. 


One of the photographs of interference 
fringes obtained is shown in Fig. 2. The 
condition of interference is given by the 
following equations : 

(2m+1)a/2=2d,/ a?—2” for maxima, 
=2d// a’—2yn for minima, 

(n=0) 1,2, -=--) (ay 
where 4 is the wavelength of X-rays, a the 
glancing angle, v the difference between 
unity and refractive index, and d the film 
thickness. Then, using any two interference 
maxima, d and 7 are given by the following 
equations : 

eA A jm +Ney ED 


a; 


mi 


(2) 


1 seit eels (mi +1/2)? 

= 9° (ms-+1/2—(me + 1/2? 
There still remains some uncertainty for 
the determination of the order of interference. 
Riedmiller® and others used the trial and 
error method. To eliminate the ambiguity 
the writer employed the following method. 
First, an arbitrary order (0,1, 2,----) is 
given to the observed interference maxima. 
Then the true order of interference m: cor- 
responding to the mth maximum would be 


m=m +n , 


(3) 
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where m’ is a constant which must be deter- 
mined. Putting this relation in Eq. (2), we 
obtain 
7-2 aev—a; 
2m’ +1 ;+nj) ——-=- J, 
( Coa ade » 4d Ni —Nj 


a?—a; 


(4) 


Plotting values of against mi+7), 


we shall obtain a straight line. The abscissa 
of the point where this straight line cuts the 
x-axis will give the value of —(2m’+1), and 
m’ is thus determined. One of the examples 
is shown in Fig. 3. (This procedure was also 
useful for the check of the accuracy of mea- 
surements.) 


-2 2 4 6 8 10 


_—_ 


ae 
-(2m +1) ni + nj 


Fig. 3. Graphical determination of the order of 
the interference maxima. 


The accuracy of the thickness measurement 
seemed to be affected more or less by the 
quality of photograph. Though the mean 
error of determined value of film thickness 
with each photograph was less than 0.5%, 
the resultant d values plotted against aging 
time showed somewhat larger fluctuations 
(cf. Fig. 4). This tendency was larger for 
thicker films because of the greater absorp- 
tion of X-rays by the specimen (cf. Fig. 5). 
The mean error of 7 became somewhat larger 
than that of d as can be seen from Eggs. (2) 
and (3). The range of error for each photo- 
graph was 0.3~2%, but the results plotted 
against aging time showed comparatively 
large fluctuations (cf. Fig. 6). 
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§3. Results and Discussions 


Results obtained are shown in Figs. 4 and } 
5. Specimen thickness decreased in exactly |} 


the same manner as the electrical resistivity 
at all stages of the annealing process. Pro- 


portionality factor between the resistivity — 


change and the fractional-thickness change 
was about’ 2.5x<10— ohm) cm 
circles superimposed in Figs. 4 and 5 show 


d values calculated from resistivity change 


using the proportionality factor of 2.5x10~* 
ohm cm. 
migrate to the surface of the specimen, thus 
resulting in the decrease in thickness and 
the resistivity. 

The theoretical estimation?) shows that the 
resistivity increase per atom per cent of 
vacancies is about 1.5 micro-ohm cm for gold. 
It is also estimated that the increase in 
volume per vacancy is 0.4~0.6 times the 
atomic volume. In the present case it may 
be justifiable to suppose that vacancies mig- 
rate predominantly to the surface of specimen 
and consequently the change of thickness is 
equivalent to the volume change. Taking 


the resistivity increase as 1.5 micro-ohm cm | 


per atom per cent (Jongenburger’s value’) 
and the increase in volume per vacancy as 
0.6 times the atomic volume, we obtain 
the proportionality constant between 
resistivity and fractional-volume change as 
2.5 10-* ohm cm which is the value obtained 
from the present work. By the quenching 
experiment of gold wire by Bauerle and 
Koehler,” the proportionality constant 
between resistivity and fractional-volume 
change was about 3x 10-* ohm cm. Compared 
this with the present result the agreement 
of the order of the proportionality factor is 
fairly well. It is concluded from these results 
that the resistivity change observed in the 
vacuum deposited film at room temperature 
is due to the vacancy mechanism just like 
the case of quenched material in bulk. 

The vacancy concentration obtained by the 
present work is 5~6x10-2. This value is 
extraordinarily high compared with the quen- 
ching experiment of bulk specimen. (Equi- 
librium concentration of vacancies” at 1000°C 
is of the order of 5x10-4.) But Story and 
Hoffman” also found the high concentration 
of vacancies of the same order as that in the 
present work in their experiment on vacuum 


The black |) 


It seems to suggest that vacancies | 
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deposited copper film.’ The: mechanism of: of’ quenching of buik specimen. 
freezing-in of the vacancies'*by deposition ‘Phe decay curves in Figs. 4 and 5 show 
would presumably be different from the case some sudden breaks. The cause of these 
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Fig. 4. Resistivity and film thickness change with aging time. 


Resistivity (yQcm) 


50 100 150 200 250 (hrs.) 


= 
2 
Bast, xs 
Cc ox 
x x 
© e x 
a A x 
£ oe - ° a Fa ky x x A a - 
ic 34 94 * eee 2% 4 e x? " E ° 
50 100 15O 200 250 (nrs.) 
°C 


50 7 100 150 200 250(hrs.) , 


Fig’ 5. Resistivity and film thickness change with aging time. 


1312 


breaks is not clear, but it is not adequate to 
discuss here the matter, because the anneal- 
ing temperature was not constant throughout 
the present experiment. 

There are some anxieties for the contamina- 
tion of film by foreign gas atoms which 
would strike the film and stick to it by the 
deposition.» This would be checked by the 
comparison of 7 values of films with that of 
bulk specimen, because 7 of an element is 
proportional to its density. Unfortunately 
the writer could not know the correct value 
of 7 for gold in bulk. These impurity atoms 
would affect upon the slope of decay curve, 
but this is not discussed here. But so long 
as the amounts of resistivity change and the 
fractional-volume change are concerned, the 
effect of the impurity atoms may be neglected 


100 


50 


Fig. 6. Change of 7 


§4. 

The resistivity change and the decrease in 
thickness of vacuum deposited gold film with 
aging were measured simultaneously on the 
same specimen. It was observed that the 
specimen thickness decreased in exactly the 
same manner as the specimen resistance. 
The proportionality constant between re- 
sistivity change and fractional-volume change 
was 2.5x10-* ohm cm which agreed well with 
that obtained by the quenching experiment 
of gold wire by Bauerle and Koehler. It is 
concluded from the result that the resistivity 
annealing in vacuum deposited gold film is 
mainly due to vacancy mechanism just as in 
the case of quenched material in bulk. 


Summary 
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in the present work, because the contribution 
of interstitial atoms to the resistivity change 
is large compared with that of vacancies, 
and the proportionality constant between 
resistivity and fractional-volume change 
should be much larger than the value ob- 
tained in the present work if the resistivity 
and volume change were attributed to these 
impurity atoms. 

The change of 7 with aging time is shown 
in Fig. 6. (Figs. 4 and 6 were obtained by 
the same specimen). Fluctuations of the 
observed values of 7 are comparatively large 
and the detail of change is not clear. But 
the tendency of the increase of 7, and con- 
sequently the increase of density with aging 
time corresponding to the volume contraction 
of film may be seen from the figure. 
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Elastic Stiffness Constants of Cadmium Sulfide 
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Department of Applied Physics, University of Tokyo, 
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(Received June 20, 1959) 


The elastic stiffness constants |le¢,;|] of wurtzite type cadmium: sulfide 
single crystals have been determined on several specimens in the form 
of cube. at room temperature by the ultrasonic pulse echo method at 5.0 


and 10 Mc/sec. 


The results are as follows: 


€y=0.778; ¢y2=0.447; ¢33= 


0.881; ¢44=0.147; ess=9.159: in units of 10! dynes per cm? by using the 


value of density o=4.83 g/cm?. 


§1. Introduction 


Elastic stiffness constants of a crystal 
usually inform us of the nature of the bind- 
ing between constituent atoms in the crystal. 
We have attempted to examine the elastic 
properties of large cadmium sulfide single 
crystals in cube-form as a fundamental study 
of physical quantities of the crystal. 


§ 2. 

Gobrecht and Bartschat»») have examined 
the elastic and piezoelectric properties of 
wurtzite type cadmium sulfide crystals. But, 
in their experiments, some of the constants 
have been left undetermined, since they have 
used flaky crystals with preferred crystal 
orientations. The samples used in our ex- 
periment are the specimens cleaved and 
machined out of wurtzite type cadmium 
sulfide ingots produced by the Eagle-Picher 
Company, whose resistivity ranges from 10° 
to 10° ohm-cm in dark at room temperature. 
The crystal directions are determined with 
the help of X-rays and the sizes of the 


Experimental Procedures 


specimens are, for example, of the order of 
7.54 mm x 7.56mmx10.16mm for the direc- 


tions of [0110], [2110], and [0001], respectively. 
Flatness of surfaces prepared with No. 800 
carborundum is satisfactory and the crystals 
are etched in dilute hydrochloric acid. 

For the measurement of elastic constants 
of the crystal, the usual ultrasonic pulse 
echo method” was adopted, because of its 
convenience and adaptability toa wide range 
of experimental conditions. In our experi- 
ment, an ultrasonic wave in pulse generated 
by a quartz transducer, whose frequency is 
5.0 or 10.0 Mc/sec and pulse width 0.5 yz sec, 
has been chosen. Neither the corresponding 
wavelength is longer than the sample dimen- 
sions, nor the transmitted and _ reflected 
waves would interfere with each other in the 
crystal. Both the longitudinal and transverse 
shear waves have been used. The elapsed 
time between initiation and receipt of the 
pulse is measured in the pattern displayed 
ona Tektronix 535 type oscilloscope as shown 
in Photo. 1. Sound velocity v is obtained by 
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Photo. 1. A displayed pattern of pulse echoes 
reflected from the rear surface back’ to’ the 
tranceducer. 


dividing the round trip distance d by the 
elapsed time 7 averaged over several echoes. 


§3. Results 
Sound velocities v’s determine the elastic 
stiffness tensor ||c::|| of hexagonal crystal?) 
Ci C12 C13 0 0 0 
Cis C11 C13 0 Or 0 
l cas |= C343 C13 C33 0 0 0 
0 0 | 
0 0 0 0 Cuaty MOP i 
0 0 0 0 0 Coo _|| 
Con (Cui C12)/2 
through the following relations, 
V1=/Cui/0 


(longitudinal wave) 


Table I. Experimental values of elastic stiffness constants of wurtzite type cadmium sulfide 


Elastic 
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} for ¢=(61, 62, 0) 
f (transverse »waves) 


Va= Coe] 
Vs=y/ Caal 0 
Vi=Va= Cus] 0 ‘g 


i} 


(transverse waves) 
for ¢=(01 01 3) | 


Vs=7/ C33] 0 (longitudinal wave) 


V1,3°= 5 {ee +45) sin 20 + (C44 +033) cos 70 
0 


by (C11 —Cag)*,81N 40+ (C44— C33)” COS 46 


+2 sin 20 CoS ?0(C11C4s + €33C44-2C33C11 


+2¢13” +4¢13C44) 


for o=(o sin 9, 0, o cos #) 
v2 = S (Cog Sin? 0-+C44 COS? 8) , 
0 


where the suffixes z, j7 are specified from 
the selected combinations of the stress and 
strain directions and o denotes the phonon 
wave vector with respect to the [0001] direc- 
tion. 

The experimental results of ||ci;\| for wurt- 
zite type cadmium sulfide are shown in 
Table I except cis, where we have used the 
value of p=4.83g/cm® as the density and Cie 
was determined from the subsidiary relation 
for the expression ||cij||. 

Probable errors are less than 1% for cu 
and cs;. In the measurements for transverse 
waves, the accuracy is rather worse, though 
plausible agreements are found between the 
different directions of propagation. Here;: we 


Pp i : Sound Values 
stiffness Lceae direction _ trip Elapsed velocity of ci; 
constants : U distance (ieee) v x10 

onl Type of wave ~~ d(mm) Lape (m/sec). (dyne/cm?) 
[0110] [0110] 7.56 3.766 4,013 0.778 
Cu Longitudinal | 
[2110] [2110] 7.54 3.756 4,013 0.778 
long. 
C1 Cp=Cy1 — 255 0.447 - 
C33 [0001] {0001} 10.16 4.76 4,270 0.881 
long. se : 
[0110] [0001] 7.54 8.63 1,750 0.147 
C44 Transverse 
[0001] [0110] 10.16 11.6 1,750 0.147 
trans. , 
Coe Cop = (C11 — €19)/2 ‘ 
[0110] [2110] 7.54 8.31: t;810 0.159 - 
trans ‘ ts Ne! 
[2110] {01 10] 7,56; 8.36 1,810 
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shall not enter into discussions in ‘detail on 
these values, because the. value of. cis has 
been left undetermined yet. 
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Deformation Twinning of Tin Single Crystals 
under Impact Loading 


By Ken-ichiro ISHII 
Chikusa Branch, Nagoya Institute of Technology, Nagoya 
(Received January 30, 1959) 


The impact test has been carried out on the mechanical twinning of 
99.98% pure tin crystals, the time of stressing being 10-%sec. The 
twinning occurred with a sharp yield process, when the [001] axis was 
nearly perpendicular (+£15°) to the specimen axis. The upper yield stress 
scattered from 0.7 to 2.5kg/mm?, while the lower yield stress and also 
the stress for the further thickening of the generated twin lamella were 
from 0.1 to 0.2 kg/mmz2. 

Twinning occurred where large local stress was expected. The critical 
shear stress law approximately holds for the upper yield stress after 
indentation, the stress being 0.8+0.1kg/mm?. 

Two explanations for the upper yield stress for twinning appear possible. 
In the first place, it may be the stress required to initiate the twin with 
the aid of the local stresses, and in the second place, it may be the stress 
required for the growth of the nucleated twin lamella across the crystal. 
It is likely that the growth of the twin nuclei is controlled by the critical 
shear stress law, and that the growth is suppressed by the appearence 


of slip. “ 


§ 1. Introduction 


In some metals such as tin and iron, it is 
known that twins are readily formed under 
impact loading. Chalmers” found that the 
twin in tin crystals will be formed under 
impact loading, if the stress: is applied per- 
pendicular to the [001] axis. It, is generally 
known that the yielding of mild steel occurs 
at stresses higher than the static yield point 


if the time of loading is small. For example, 
Clark and his co-workers” studied extensively 
the delayed yield phenomenon of low carbon 
steel. The delay time was also found in 6- 
brass?” and in zinc’ single crystals. It may 
be expected that the delay time phenomenon 
would also exist in tin crystals, which might 
favour..twinning under impact. loading... A 
number of reviews?®?® have, been published 
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on the general aspects of twinning, to which 
the readers are referred. In this paper, many 
literatures, especially those of Russian wor- 
kers, are quoted from these reviews. The 
following sections describe the results of the 
impact test with special reference to the 
orientation dependence, the location of twins, 
and the effect of indentation. With these 
results, the origin of the yield process of 
twinning is discussed 


§ 2. Experimental Procedure 


The tin crystals were grown from commer- 
cial pure tin in the shape of a cylinder 4mm 
in diameter and about 20mm in length cut 
undistorted. The specimens were of 99.98 
wt per cent purity. The orientation was so 
arranged that the [103] twinning direction and 
the [001] direction or the slip direction, will 
lie in a plane with the cylinder axis. As shown 
in Fig. 1, the angle 2 between the [103] di- 
rection and the cylinder axis, were changed 
from 0° to 60°, and so. the angle between the 
[001] axis and the specimen axis, from 30° 
to 90°, to observe the orientation dependence 
of twir.ning. 


Specimen 


(> 


Fig. 1. Orientation of the specimens used. 
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A small impact tester, which is illustrated 
in Fig. 2 was used. The specimen was fixed 
to a massive iron block, about 50kg, and was 
struck with a striker pendulum, 28cm long 
and about 100gm. After a high temperature 
anneal (at 200°C), the specimen was soldered 
on an end to a brass protecter against the 
striker and on the other end to a brass base 
attatched to the holder on the iron block, so 
that the impact load may be applied uni- 
formly. 


strain 
gauges 


\ Striker 


Bigs 2: 


Apparatus. 


The impact load was measured with strain 
gauges pasted on the holder, or alternatively, 
the amplitude ot repulsion of the striker after 
impact was used after calibration with these 
gauges. The period of an impact, from the 
begining to the end, was about 10-3sec. The 
contraction of the specimen after impact was 
measured witha set of mechanical and opti- 
cal levers, to the accuracy of 10-*cm. 

As was done in the earlier experiments?”, 
the specimen was subjected to increasing 
amount of impact loads. When the specimen 
was struck at a small velocity, the collision 
between the striker and the specimen was 
elastic, and by increasing the velocity step 
by step, a velocity was reached where the 
plastic deformation either with slip or twinn- 
ing began. In this way, the critical stress 
was taken as the highest stress obtained be- 
fore the onset of plastic deformation. 


§ 3. Results 


(I) The yield process of twinning 

When the impact test was made sith a 
number of specimens in which the angle & 
was about 50°, i.e., the [001] axis was nearly 
perpendicular to the cylinder axis, no appre- 
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ciable slip was observed, but a sharp yield 
process of twinning occurred. An example 
is shown in Fig. 3. The upper yield stress, 
as shown in Fig. 6, scattered from sample to 
sample ranging from 0.7 to 2.5kg/mmz2, while 
the lower yield stress ranged from 0.1 to 
0.2kg/mm?. The parallel sided twin lamella 
appeared with the yielding. The stress for 
further thickening was measured by further 
applying a number of impacts. As is shown 
in Fig. 3, and 4, the stress for thickening is 
of the same order of magnitude as the lower 


49 
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Fig. 3. Load vs. contraction by repeated impact 
for a specimen in which 4=43°. The velocity 
of impact was increased successively until the 
yield of twinning occurred at Point A. After 
the yield the velocity was kept constant, to 
observe the stress for the thickening. 


A0r 


(6) (exe)} 002 003 004 O05 006 
Contraction (mm) 

Fig. 4. Load vs. contraction by repeated impact, 
for a specimen in which 4=38°. The yield of 
slip first occurred at Point A, followed by 
several slips. Twinning occurred at Point B. 
The velocity of impact was increased successive- 
ly until it caused the yield by slip, kept con- 
stant during the process of slip, and then at a 
smaller velocity during the process of thicken- 
ing of the twin. 


yield stress, usually accompanied with a small 
variation. 


(II) Orientation dependence 

With the specimens in which the angle 2 
is less than about 40°, and thus the resolved 
shear stress_on the slip plane is large for 
a given load, the slip first occurred some- 
times. The critical shear stress for slip was 
about 0.9 kg/mm?, of the same order of magni- 
tude as |the minimum of the observed upper 
yield stress for twinning. When the slip first 
occurred, it continued to take place if a num- 
ber of impact was further applied, and as 
shown in Fig. 4, twinning eventually occur- 
red. The amount of the preceding slip scat- 
tered considerably, and in some specimens 
the yield process of twinning did not occur 
until a severe distortion took place. An ex- 
ample is shown in Fig. 5. The condition for 
the occurrence of twinning after slip is left 
unknown. The specimens used for the 
measurements shown in Fig. 4 and 5 were 
cut from one and the same long single crystal, 
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Fig. 5. Load vs. contraction by repeated impact 
for a specimen in which A4=38°. Here the 
velocity of impact was increased successively 
until the yield of slip occurred at Point A, and 
then kept constant. The yield process of twin 
ning did not occur, but the slip continued ex 
tensively. 


and were subjected to the impact tests in the 
same way, but the result was different in 
that twinning occurred in the one and slip 
alone in the other. 

In Fig. 6, the critical loads observed are 
shown. As will be seen, the critical shear 
stress law does not hold for the twinning, 
while it roughly does for slip. 

The result that slip alone occurred when 
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Fig. 6. Critical load vs. orientation, either for slip or twinning. 
: twinning without prior slip. 

syslips 

: slip, for which twinning occurred later. 

twinning without prior slip at the indentation. 

--: the average of the upper yield stresses after indentation. 
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the angle 2 was less than 30° may* be attri- 
buted only to the fact that the minimum 
stress for twinning was not attained with the 
applied load. 


(III) Location of twins 
(a) Ordinary cases 

It has been observed with about sixty 
specimens that the twin lamellae ran through 
an end of the specimen in the ordinary cases 
irrespective of whether the yielding occurred eases. 
without slip or after slip under impact load- (b) The twin lamellae running through the 
ing. An example is shown in Fig. 7a. Some grain boundaries. The sample was pre- 
strained with steady loading about 1% in 
contraction. 


(c) The twin lamellae generated at the indent- 
ations. 


Cc 


Fig. 7. Location of twins. 
(a) The twin lamella running through an end 
of the specimen as observed in the ordinary 


exceptional cases are described below. 

(b) Effect of grain boundary 

a Sometimes, a small grain of different orien- 
tation happend to remain in the finished 
specimen. Twinning seldom occurred through 
the grain boundary when the impact test was 
made with such specimens. However, often 
they were formed through the boundary, if the 
prior slip was made with steady loading be- 
b fore the impact test. An example is shown 
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in Fig. 7b. (Twinning did not occur with 
steady loading alone.) 


(UV) Effect of indentation 

Bell and Cahn” observed that if a small 
indentation was made in the zinc crystal while 
it was under a sufficiently high stress (about 
2kg/mm?, resolved), a burst of twinning re- 
sulted. However, if the indentation was made 
first and load applied after, the small twins 
so produced would not grow but generally 
remained unchanged when the _ specimen 
broke. 

After these experiments mentioned above, 
the impact test was made on tin crystals 
after giving an indentation with a knife 
edge. The results did not necessarily coin- 
cide with those obtained in zinc crystals, but, 
as shown in Fig. 7(c), the twin appeared 
through the indentation. The yielding in 
this case also occurred as in the ordinary 
impact test. The upper yield stresses are 
shown in Fig. 6. As is shown in the figure, 
the upper yield stress after indentation seems 
to be relatively lower and has less scatter 
than in the ordinary cases. It may be said 
that the critical shear stress law approximate- 
ly holds for the upper yield stress after inden- 
' tation, the stress being 0.8+0.1 km/mm?. 


§ 4. Discussions 


Garber! studied the process of twinning 
in calcite and sodium nitrate crystals. He 
found that, a small wedge or lens shaped 
twin lamella suddenly appeared at a certain 
load, grew longer and thicker as the load 
was increased, shortened and finally disap- 
peared when the load was relaxed. He found 
further that when the load was large enough, 
the small twin suddenly spreaded across the 
whole section of the crystal, becoming paral- 
lel sided, and a smaller stress then caused 
the twin to thicken. As quoted in the pre- 
ceding section, Bell and Cahn® obtained a good 
evidence that a high local stress is required 
to initiate a mechanical twinning in zinc 
crystals. It is now generally believed that 
a high local stress is required for the nuclea- 
tion of twinning, in most substances if not 
universal. 

(a) Nucleation caused by local stresses 

In tin crystals also this seems to be the 
case: The twins will have nucleated in or- 
dinary cases with the aid of the local stres- 
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ses at an end of the specimen, where the 
twins are observed to run (§3. III (a)). The 
twin observed at grain boundary as described 
in §3 III (b) will suggest that they bave been 
formed with the aid of the local stresses by 
slip. 

(b) Origin of the upper yield stresses 

Two origins of the upper yield stress ap- 
pear possible. In the first place, it may be 
the stress for the nucleation of twins with 
the aid of the local stresses in the crystal, 
i.e., at an end, at the concentrated stress by 
slip, or at the indentation. The wide scatter 
in the observed upper yield stresses would 
be attributed to the possible wide scatter in 
the local stresses. 

The second possible interpretation is that 
it is not the stress for the nucleation, but is 
the stress for the nucleated twins to grow. 
When the local stress is large enough, nucle- 
ation will occur at a low external stress, and 
so the stress for the further growth will appear 
as the upper yield stress. A possible example 
for this would be the yielding at the inden- 
tation. It is not clear whether the twins 
were always nucleated during the indentation 
itself or during the impact given after the 
indentation, but they might be readily nu- 
cleated there during the impact, even if they 
had not been nucleated directly by the inden- 
tation. In either case, the observed upper 
yield stress after indentation will be the 
stress required for the growth of these twin 
nuclei. 

The critical shear stress law for twinning has 
been proposed by several workers!)12)18)14)15)_ 
Hall» suggested that the law might hold 
for the growth of the twin nuclei. The re- 
sult of the present experiment that the law 
approximately holds for the upper yield stress 
after indentation, may be explained that the 
growth of the nuclei is controlled by the law. 


(c) Resistance to the growth 

The variation of the upper yield stress 
may be associated with the resistive stresses 
against the growth of twins, when the ob- 
served yield stress is the stress required for 
the growth. Garber! found that an elastic 
twin sometimes remained stable. He attri- 
buted this to distortion of the lattice by slip. 
Williams! confirmed that a small cleavage 
crack immobilized a twin which had behaved 
elastically until it reached there. This idea 
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is supported” by the obsevation that ‘stop- 
ped’ elastic twins are common in calsite 
crystals at high temperatures and in metals 
in which slip occurs readily. 

J. J. Cox and his co-workers!” found in 
iron crystals that the prior slip prevented or 
inhibited the twinning at low temperatures. 
One way to explain this is that the growth 
of the wedge shaped twin is prevented by 
the imperfections produced by slip. 

In the case of twinning in tin crystals un- 
der impact load, the restraint by the solder 
at an end of the crystal or the distortions 
produced by the indentation may have sup- 
pressed the growth. As was described in 
§3 (ID, the slip sometimes occurred extensive- 
ly, even when the applied load seemed suf- 
ficient for the twinning. An explanation 
would be that the twins would have been 
nucleated immediately after the slip occurred 
even if the yield process did not occur, and 
then the growth was prevented by slip. 
Further examinations are required to establish 
the experiment. 


$5. Conclusion 


The impact test has been carried out on 
99.98% pure tin crystals, the time of stress- 
ing being 10-*sec. The orientation was so 
arranged that the [001] and the [103] direction 
lie in a plane with the specimen axis. The 
angle 24 between the [103] direction and the 
specimen axis was varied from 0° to 60°, to 
observe the orientation dependence. 

1. Twinning occurred with a sharp yield 
process when the [001] axis was nearly per- 
pendicular to the specimen axis, i.e., the 
angle 2 being between 45° and 60°. The 
upper yield stress scattered from sample to 
sample ranging from 0.7 to 2.5kg/mm2, while 
the lower yield stress and also the stress for 
further thickening of the generated twin 
lamella ranged from 0.1 to 0.2 kg/mm?. 

2. Slip occurred exclusively, when the an- 
gle 2 was less than 30°. The critical shear 
stress for slip was about 0.9kg/mm? under 
the impact loading, and so the minimum 
stress for twinning was not attained in these 
orientations. With the intermediate orienta- 
tions, the result scattered among slip, twin- 
ning, or twinning after slip. 

3. The twin lamellae usually ran Paice 
an end of the specimen. It sometimes ran 
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through the grain boundary, if there were 
any, when the specimen was prestrained with 
steady loading. 

4. If an indentation was made before im-- 
pact, twinning occurred there accompanied | 
again with the yield process. The upper, 
yield stress after indentation is controlled | 
approximately by the critical shear stress 
law, the stress being 0.8+0.1kg/mm?. 

5. The observations on the location of | 
twins will suggested that they have been} 
nucleated with the aid of the local stresses. , 
as was observed earlier in zinc crystals. 

6. Two origins for the upper yield stress . 
appear possible. In the first place, it may 
be the stress for the nucleation of twin 
lamella with the aid of the local stresses in. 
the crystal, and in the second place, it may | 
be the stress for the growth of the generat 
ed twin lamella across the crystal, when the : 
local stress is large enough. The result that 
the critical shear stress law holds for the: 
upper yield stress after indentation may be: 
interpreted that it holds for growth of twin | 
nuclei. It is likely that the growth of twin. 
lamellae is often suppressed by slip. 


——> 
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Monitoring X-ray Tube Output with Ionization Chamber 


By Kenzo TANAKA, Jun-ichi CHIKAWA and Tadashi YAMANAKA 
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(Received May 26, 1959) 


The intensity of X-ray beam can be stabilized by using an ionization 
chamber as a monitor which is placed between an X-ray tube and a 
specimen. Namely, the filament current of the X-ray tube is controlled 
so as to keep the output potential of the ionization chamber constant. 
The ionization chamber was designed in consideration of the response 
for wavelengths and the statistical fluctuation of the output voltage. Thus, 
high stability of a demountable X-ray tube as well as of a sealed-off one 
was obtained without rigorous regulation of tube voltage. If an X-ray 
tube is operated at 40kVp and tnbe voltage is stabilized within +1%, the 
fluctuation of intensity can be limited to +0.1%. Then, the fluctuation 
of intensity in a broad diffraction line of a polycrystalline specimen 
which was measured for five hours could not be distinguished from the 
statistical fluctuation. But the fluctuation of intensity in a diffraction line 
of asingle crystal was +0.2% for the sealed-off tube and +0.5% for the 


demountable one. 


Introduction 


§1. 

Stability is one of the most important 
factors that must be considered in intensity 
measurements with X-ray diffractometer. If 
the accuracy of the measurements is to be 
raised, high stability of the X-ray tube is 
required. Many methods of stabilization and 
monitoring have already been reported. In 
monitoring of the X-ray tube output, a second 
counter” or an ionization chamber» was used 
in order to register a constant fraction of 
the tube output. The comparison of different 
ways of the monitoring with a second counter 


was discussed by Gillam and Cole”, but the 
accuracy and limitation in monitoring with 
an ionization chamber have not yet been 
tested quantitatively. From the point of 
view to secure the most accurate intensity 
measurements in the least time, we have 
adopted monitoring with the ionization cham- 
ber*?. 

In this method*, the current for heating 
X-ray tube filament is controlled so as to 


* Strictly speaking, this method should be called 
a stabilizer using an ionization chamber as a 
monitor. 
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keep constant the output potential of the 
ionization chamber which is placed between 
the X-ray tube and a specimen. Consequent- 
ly, the intensity of incident beam irradiating 
the specimen can be kept constant. And the 
increase of statistical fluctuation caused by 
monitoring with the ionization chamber is 
negligible, because the number of quanta 
detected per second is very large. Hence the 
measurements can be performed rapidly. 
This is an advantage of the method. On the 
other hand, it is thought to be a disadvantage 
that the ionization chamber detects not only 
the characteristic radiation, but also a part 
of the continuous radiation. However, it was 
found that this disadvantage was not too im- 
portant in practical aspect, provided that the 
ionization chamber was designed so as to 
possess higher response for the wavelength 
of the characteristic radiation. In the present 
paper are described how to design an ioniza- 
tion chamber and the accuracy achieved in 
this way. 


§2. Apparatus 
An outline and the principle of the ap- 
paratus are shown in Fig. 1. The X-ray 


beam passes through the ionization chamber 


Fig. 2. Circuit diagram of the ionization chamber amplifier. Rj: 1000 M; Re: 39K; R3: 10K; Raz 
50K; Rs, Rs: 2K; R7: 600K; Rg: 110K; Ro, Rio: 30K; Ris: 500K; Ci: plates of the ionization 
chamber; Cy: 100 puF; Cy, C5: 0.25uF; Riu, C3: selected to be suitable for X-ray tube: in our 
case 2M and 0.1 »F respectively; Vi, V2: 6AK5; V3, Va: 12AX7; Vs: 6AS7; Ty: filament trans- 
former; T,: 4:1 transformer; Mi,M): mA. meters for X-ray tube current and load tube 


current; M3: voltmeter. 
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which is placed between the X-ray tube and 
the specimen. The output potential of the 
ionization chamber is amplified by a D.C.) 
amplifier, and then applied to the grids of? 
tubes Vs, which control the impedance of/ 
transformer T. connected in series withi} 
heating transformer T3. Thus, the power of | 
heating the filament of the X-ray tube is} 
controlled by the output potential of the} 
ionization chamber. 


A.C. EINE 


Fig. 1. Principle of the method. T,: high tension 


transformer, T,: filament transformer for keno- 
tron, T3: filament transformer for X-ray tube, 
T 4: transformer, K: kenotron, S: ferro resonance 
type automatic voltage regulator whose stability 
iS =. 
chamber. 


X: X-ray tube, C: plates of ionization 


X-RAY 
-H.T.. TUBE ™m, 


WC) = : 
IONIZATION 
CHAMBER 


i 


| ionization chamber. 


1959) 


The D.C. amplifier is shown in legen, (CH 
is the capacitance between the plates of the 
The ionization current 
produces a potential difference across a re- 
sistance Ri. It is amplified by the pre- 
amplifier which is composed of tubes V; and 
V2. These tubes cancel the effect by the 
variation of their filament voltage so that the 
change in intensity of X-ray beam is hardly 
observed, even if the filament voltage varies 
between 4 and 4.5 volts. The main amplifier 


Fig. 3. Position of the ionization chamber. A: 
X-ray tube; B,F: soller slits; C: divergence 
slit; D: ionization chamber; E: specimen; G: 
receiving slit; H: scintillation counter. 


% 
Z 
Z 
A 
ZY 
%, 


Fig. 4. The ionization chamber. A: Mylar 
window; B: plates; C: polystyrene rod; IDs 
100.uF condenser; E: pre-amplifier; F: 1000 M 
resistor; G: drier; H: air-tight brass box. 
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is composed of tubes V3 and V, in an ordinary 
way. In order to prevent the over-all circuit 
from breaking into the oscillation, the feed- 
back loop between V3; and Vy is used. Cz 
and Riu in the loop are suitably chosen for 
the X-ray tube used. 

The position of the ionization chamber is 
shown in Fig. 3. The chamber is placed 
between the divergence slit and the specimen, 
in order to keep the intensity of incident 
beam irradiating the specimen constant. 

Fig. 4 shows the inside of the ionization 
chamber. The plates are made of copper and 
are of 25mmx45mm in dimension. The 
plates are supported by polystyrene rods 
parallel to each other with a separation of 
14mm. The size of plates and the distance 
between the plates were not critical in opera- 
tion by the use of the amplifier in Fig. 2. 
Tube Vi, resistor Ri, capacitor C. shown in 
Fig. 2 and plates are mounted in a brass box 
which is air-tight and serves as an electrical 
shield. The entrance and exit windows were 
covered with thin Mylar. The chamber was 
filled with air of one atmospheric pressure. 


§3. Fluctuation of Output Voltage of Ioni- 
zation Chamber 

The charges produced by the X-ray quanta 
in the ionization chamber are collected on its 
plates whose capacitance is Ci. Then the 
time constant of this circuit is CR;, where 
C=C,+C,. When CR: is too large, the over- 
all circuit may break into oscillation. In 
order to prevent this oscillation, the gain of 
the amplifier for high frequencies must be 
reduced by choosing suitable Cs and Ru in 
the feedback-loop between tubes V3 and V4 
in Fig. 2. Therefore, it is desirable that the 
value of CR: is small. On the other hand, 
a large value of CR; is required to make the 
statistical fluctuation of the output voltage 
small. Then, the value of C was so deter- 
mined that the statistical fluctuation for the 
minimum intensity of the range used usually 
was adequately small. 

The number of quanta absorbed per second 
in the ionization chamber can be estimated 
from the potential developed across the re- 
sistance Ri. When the chamber is filled with 
air, a quantum detected by the chamber will 
produce a pulse of about 250 unit electronic 
charges”, because a very large portion of the 
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radiation detected with the chamber is CuKa@ 
and CuK, as will be shown later. If m 
quanta be abscrbed in the chamber per second, 
the potential of V volts developed across the 
resistance Ri is approximately given be 


V=250neR, . 


Since the fluctuation of the charge of a pulse 
produced by a quantum of CuKa radiation 
is small, the fractional fluctuation of output 
voltage V is approximately 

Ve 1 200e \"?_ 4.5x10~° 

V Se ~ (CVy¥2 ? 
where C and V are expressed in fared and 
volt respectively, and OV is the standard 
deviation of V, provided that the X-ray source 
is kept constant. When one wishes to main- 
tain the fluctuation of intensity of the X-ray 
source below the order of 0.1%, it is desirable 
that the statistical fluctuation of output 
voltage of the ionization chamber is of the 
order of 0.01%, namely: 


OV 45x10-9 

Viet GVele 
When the horizontal divergence of the inci- 
dent beam was limited to 0.5° by the slit and 
the X-ray tube was operated at 4mA, 40kVp 
full-wave rectification in our apparatus, the 
output voltage of the ionization chamber was 
about 1 volt. Therefore, we chose 100 vwuF 


~10%. 


for C.. When the output voltage of the 
chamber is larger than 1 volt, we have 

OV 

—<4.5x10- . 

V << 


Thus the above requirement is satisfied. Of 
course, the increase of the standard deviation 
by monitoring would be negligible, when the 
number of photons detected by the counter 
is taken for a fixed time-interval. 


§4. Response of Ionization Chamber for 
Wavelength 


We shall here discuss the response of the 
ionization chamber in case when a Cu-target 
X-ray tube is used. As the total number of 
X-ray photons detected with the ionization 
chamber is kept constant in the present 
method, the intensity of CuKa varies with 
the spectrum of the beam from the X-ray 
tube. Since the spectrum of the beam depends 
upon the X-ray tube voltage, it is necessary 
to regulate it. However, the fluctuation of 
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the X-ray tube voltage is allowed to a certain 
extent, if the ionization chamber has such a 
response for wavelengths that the intensity 
of continuous radiation detected by the ioni- 
zation chamber is small in comparison with 
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Fig. 5. (A): The response of the ionization 


chamber calculated from the absorption of air 
and transmission of the windows of the tube 
and the chamber, provided that the chamber 
was filled with air of one atmospheric pressure 
and that the absorption of Mylar window of the 
chamber was neglected. The response were 
normalized for CuKa (1.54 A). 

(B): X-ray tube voltage versus intensity of the 
diffracted beam with X-ray tube stabilized by 
using the ionization chamber asa monitor. The 
scintillation counter with a pulse height analyzer 
was used in intensity measurements. The curves 
in (A) and (B) were obtained in the cases shown 
in Table I. 
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[that of characteristic radiation. 

In practice, the response of the ionization 
chamber filled with air for shorter wave- 
lengths than that of CuKa is low, since the 
length of the plates in the direction of inci- 
dent beam, which is limited by the space on 
a goniometer, is about 3cm. The response 
for longer wavelengths is reduced by making 
the window of the X-ray tube thicker or by 
inserting an Al foil between the chamber 
and the X-ray tube. Fig. 5 (A) shows the 
response calculated from the absorption by 
air and the transmissions of the window of 
the tube and of the foil inserted, when the 
length of the plates is 2.5cm. The curves 
in this figure were obtained in the.cases as 
shown in Table I. Fig. 5 (B) shows the 
curves of X-ray tube voltage versus intensity 


Table I. Description of the curves in Fig. 5. 
: : Inserted foil 
Pune eo se age be f between tube 
as eee and chamber 
I Be (0.125 mm) None 
Be (0.125 mm) 
au 4+Mica (0.013 mm). | ~, None 
Ill Be (0.125 mm) Al (18) 
IV Be (0.125 mm) Ni (10z) 


of (110) peak of polyethylene specimen in the 
cases listed in Table I with the X-ray tube 
stabilized by using the ionization chamber as 
a monitor. The intensities were measured 
by a scintillation counter with a pulse height 
analyzer and a 20 Ni filter, excepting curve 
IV for which a 10 Ni filter was used. The 
same results were also obtained when the 
intensities were measured with the balanced 
filters. It is seen from Fig. 5 that the slope 
of the curves of X-ray tube voltage versus 
intensity of diffracted beam becomes smaller, 
as the ratio of the intensity of CuKa to that 
of the continuous radiation detected by the 
ionization chamber is increased by inserting 
a suitable foil or by using an appropriate foil 
as the window of X-ray tube. 

In a usual apparatus, the tube current and 
the tube voltage are regulated, and if high 
stability of them is obtained by the use of a 
sealed-off tube, good stability of the X-ray 
beam will be achieved, as will be seen later. 
But it is difficult to regulate the tube voltage 
strictly. In the stabilizer described here, the 
strict regulation will not necessarily be re- 
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quired. If the X-ray tube is operated at 40 
kVp and the tube voltage is stabilized within 
+1%, the fluctuation of intensity can be 
limited to +0.1%, as can be seen from Fig. 
5 (B). The use of line voltage regulator may 
be sufficient to obtain the stability stated 
above, though it cannot keep the peak voltage 
constant. 


§5. Results 


In order to check the ability of the chamber 
for stabilizing the intensity of diffracted 
beam, the counter arm of the diffractometer 
was set at the angle of the (110) peak of a 
polyethylene specimen and the number of 
counts detected in a fixed time interval of 
163 sec was recorded 20 times in every half 
an hour. The mean, 7, of 20 readings and 
the variance S? about the mean were calcu- 
lated. These results for the demountable 
X-ray tube and for the sealed-off X-ray tube 
are respectively shown on the left-hand sides 
of Table Il. In using the demountable tube 


Table II. 


Experimental data 


foc demountable Experimental data 


for sealed-off tube 


tube 
With With With With 
ionization] current | ionization] current 
chamber | stabilizer | chamber | stabilizer 


m | S2 | S? | S27 | 3S2 


20112)23471|20732| 15906|20147/16508)|21266|23947 
20079|16991/20298/360446|20160)22066|21319}14788 
20135)11484|20350/237645)20089/13079)21389/31719 
20077|21944/20760|174808)20152'27768|21449) 9741 
20112/13800/21028) 13707|20146| 8049/21401)24727 


20073}14661/21130} 32952/20189'20233/21363)10351 
20066]11945|21099| 15603/20197/17053/21307/23308 
20152/16854/21128} 19364/20120|33439/21338)10734 
20127|14421/21283) 30655)20134|13080 
20126]14798)20982) 37828|20162)14272 


mean |20106|16037|20930} 96610|20166)18555|21353)18664 


m=mean of 20 readings, 
S’=observed variance about 7. 


where 


with the window of 0.125mm Be foil, an 
18 Al foil was placed between the X-ray 
tube and the ionization chamber, as described 
in §4. Since the window of the sealed-off 
X-ray tube was Be 0.12mm-+Mica 0.013 mm, 
no material was placed between the tube and 
the chamber. In both cases, the primary 
voltage of a high tension transformer was 
stabilized by a ferro resonance type voltage 
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regulator, whose stability was +1%, as shown 
in Fig. 1. Both these X-ray tubes were 
operated at 40kVp full-wave rectification. 
On the right-hand sides of Table II are shown 
the results obtained by using a tube current 
stabilizer in place of the stabilizer using the 
ionization chamber as a monitor. 

The stability of the demountable tube is 
proved by the stabilizer using an ionization 
chamber as a monitor, so that the fluctuation 
of intensity cannot be distinguished from 
statistical fluctuation, because its standard 
deviation is expected to be (7), when the 
increase of variance by monitoring can be 
neglected. When the demountable tube was 
used with the current stabilizer, the variance 
S? about the mean was very large, and high 
stability could not be obtained. 

For the sealed-off X-ray tube, the difference 
between the current stabilizer and the stabi- 
lizer using the ionization chamber as a 
monitor cannot be clearly recognized because 
of the disturbance caused by the statistical 
fluctuation. Although the larger fluctuation 
of m in the use of the former stabilizer was 
found, it might be due to the fact that the 
tube current was regulated only within +0.3% 
by this stabilizer. 


Pecan sar 4 
time 


Fig. 6. (1). (A): The intensity of diffracted beam 
recorded by counting-rate meter; (B): The tube 
current of demountable X-ray tube recorded 
continuously at the same time, when the X-ray 
tube was stabilized by using the ionization 
chamber as a monitor. Both (A) and (B) were 
recorded with the time constant of 4 sec. 

(Il). The results obtained for the sealed-off X-ray 
tube under the same condition as (I). 
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When the X-ray tube output was stabilized 
by monitoring the ionization chamber, the 
diffracted X-ray intensity was also recorded 
by the counting-rate meter and the fluctuation 
of X-ray tube current was recorded at the 
same time. The results for the demountable 
tube are shown in Fig. 6 (1) and for the sealed- 
off tube in Fig. 6 (II). The tube current in 
the demountable tube was reduced from 
10.5mA to 9.8mA during the first two hours, 
and then became roughly stationary for the 
rest, but its fluctuation was still larger than 
that of the sealed-off tube. This seems to 
come from the vacuum condition of the tube. 
On the other hand, the tube current in the 
sealed-off tube was nearly constant. This 
fact means that considerably good stability 
can be obtained by a current stabilizer fora 
sealed-off X-ray tube. 


As described in §2, the increase of vari- 
ances due to using the ionization chamber as 
a monitor could not be found in these ex- 
perimental results, as shown in Table II, be- 
cause the variances S? are nearly equal to 
the theoretical values, namely to ” for un- 
monitoring system. (The variances calculated 
from 20 readings were a little smaller than 
those expected theoretically. This tendency 
was also seen in the measurement of a single 
crystal used as a specimen and cannot be 
understood theoretically.) These results were 
obtained under the condition that the output 
voltage of the ionization chamber was about 
1.5 volts. It is an advantage of this method 
that measurements can be carried out for a 
shorter time, since the increase of variances 
by monitoring is negligible. 

When an NaCl single crystal was used 
instead of polyethylene as a specimen, the 
slow variation in the intensity of the (200) 
reflection was observed. (In this case, a 
receiving slit of 1’ was used, and the inten- 
sity was attenuated by an Al foil placed in 
front of the detector, so that the output 
voltage of the ionization chamber was 1.5 
volts.) The result is shown in Table III. It 
took ten minutes to obtain 20 readings. The 
variances S* calculated from the 20 readings 
were the same as those in the case of poly- 
ethylene specimen, so that these variances S2 
are not given in Table III. This fact shows 
that the fluctuation in a short time does not 
occur. However, the variances were calcu- 
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Table III. 
For demountable tube For sealed-off tube 


7 n 
20277 19821 
20342 19872 
20261 19818 
20147 19888 
20161 19940 
20132 19924 
20162 19908 
20308 19888 
20125 19944 
20062 19865 

mean 20198 mean 19885 


where m is the mean of the 20 readings. 


lated from ten values of 7 which were ob- 
tained in every 30 minutes. They were 7672 
for the demountable tube and 1771 for the 
sealed-off tube respectively. The variance in 
the same condition as before is theoretically 
expected to be 7/20. The fluctuation except 
for the statistical seems to be equal to tke 
root of difference between the observed and 
the theoretical values, so that, the fractional 
fluctuation would be 0.41% for the demount- 
able tube and 0.14% for the sealed-off tube, 
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respectively. These fluctuations seem to be 
caused by some disturbance such as the 
wandering of focal spot on the target. 
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A fine focus X-ray tube of the new type was constructed. The electron 


gun has double wehnelt cylinders. 
measured by means of an X-ray pinhole camera. 


The size of the X-ray source was 
The size of the source 


becomes very small for the positive value of the bias voltage on the 
inner cylinder with which the image of the filament is formed on the 
anode. The finest X-ray source obtained is 40 in half width and 400, 
in length. The peak specific loading is about 8 x 10°W/cm? at the filament 
temperature 1,700°K which assures long life of the filament. 


Introduction 


Bak 

The recent development of crystal physics 
demands intense X-ray sources. For this 
purpose the rotating anode tubes were 
introduced making the specific loading 5-10 
times that of the stationary anode”. The 


high specific loading is also accomplished by 
reducing the size of the X-ray source to about 
50 #2. Such a small source can be obtained 
by the magnetic focus or by the electron- 
static focus. Many investigators used the 
former». However, the latter is more con- 


1328 


venient for its simple construction and easy 
operation. 

Ehrenberg and Spear‘? studied the electro- 
static system and obtained the fine circular 
focus about 35 ~@ in half width with the total 
current 0.5mA and the specific loading 1.1 x 
10° W/cm?. They used the electron gun of 
telefocal type provided with a guard cylin- 
der which is at the potential of the filament. 
Gay et al.» used the rotating anode and ob- 
tained the rectangular focus, the width of 
which can be varied from 2mm to 50y. 
Tomita” studied fine rectangular focus and 
attained the half width 40. Hosemann® 
developed the positive bias method, while 
all of the above authors applied negative bias 
to Wehnelt cylinder. He obtained relatively 
large focus about 130 in half width having 
clean cut edge. 

Fine focus X-ray tubes with high loading 
are also required in the field of medical 
radiography, particularly in enlargement 
radiography as developed by Takahashi et al.’, 
and others®. The fine focus is required for 
high resolution of radiograph and the high 
specific loading for short exposure time, w hich 
indespensable for living objects because of 
the inevitable movements. 

In order to construct X-ray tub2s ad2quate 
for medical radiography and also for crystal 
physics, we investigated the electron gun 
with double Wehnelt cylinders. We studied 
in detail the focusing characteristics of the 
gun and obtained rectangular focus of half 
width 40 wand length 400%. The specific 
loading was about 5.0 x 10° W/cm? at relatively- 
low temperature of the filament. 


§ 2. 


A demountable X-ray tube with rotating 
copper anode was used in the present experi- 
ment. Although the effect of rotation is small 
for fine focus, we adopted the rotating anode 
for safety at large focus. The electron gun 
consists of a spiral filament, an inner Wehnelt 
cylinder and an outer Wehnelt cylinder (Fig. 
1). The former cylinder has a rectangular 
aperture 8mmx3mm and the latter has a 
circular hole 10mm¢. The spiral filament 
is thoriated tungsten wire of 0.l1mm¢. The 
outer diameter of the spiralis 1mm and the 
length 3mm. The filament was set parallel 
to the aperture of the inner cylinder. To 
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avoid the misalignment caused by thermal 
deformation, the filament was heated in air 
before setting it in the cylinder. Parameter 
h, which indicates the position of 


filament (Fig. 1), was measured by means of 
a micrometer screw of pitch 0.67mm. Dis- | 
tance J and L (Fig. 1), the length of the gun | 


and the gun-anode distance, can be varied 
without breaking the vacuum and are measur- 


Fed by the indicator outside the vacuum. The 
axis of the gun was set vertically and the | 
whole gun assembly can be rotated about the | 


axis. 
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Fig. 1. Schematic drawing of the electron gun. 


Bias voltages Vi and Vy, are applied to the 
inner and the outer Wehnelt cylinder, 
respectively. They were varied between 
+800 V and were supplied from dry cells. 
Full wave rectified high tension of 30kV was 
used without a filtering condensor. Most 
experiments were carried out at the heating 
current of the filament 4 A which corresponds 
to the filament temperature about 1,700°K, 
as measured by an optical pyrometer. The 
central ray of the X-ray beam leaves the 
target at an angle 6° (0.1 rad) and emerges 
horizontally from window W of the tube. 
Thus the apparent length of the X-ray source 
is demagnified by one tenth. 

Pinhole cameras were used to study the 
shape of X-ray source. The magnifications 
of cameras were 5 and 10, and the diameter 
of the pinhole was 8u¢. A pinhole of 15 n¢ 
was first bored on a lead plate by a steel 
pin which was pointed carefully by an oil 
stone and examined by a microscope. Then, 
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(a) (b) 
Fig. 2. Sets of pinhole images. Mag. x 10 


Geometrical parameters 


a) i=Oootten, USS lat, MNO mr, Wey — 1S) W 


b) Ah=0.54 mm, 


the plate was hammered on a glass plate 
until the hole became 8 4d which was adequate 
for our purpose. 

Many sets of pinhole images were photo- 
graphed to study the effect of various para- 
meters on the shape of the X-ray source. In 
every set, Vi was varied keeping all other 
parameters constant. The image recording 
was made on Fuji X-ray film with the ex- 
posure about 150mA. Sec. Two examples of 
the set are reproduced in Fig. 2. In this 
figure the horizontal and the vertical direc- 
tion correspond respectively to the width and 
the length of the rectangular X-ray source, 
the length being demagnified one tenth due 
to the geometrical condition mentioned before. 

For the detailed study of the intensity dis- 
tribution along the width of the source, we 
adopted a steel slit instead of the pinhole, 
the gap of the slit being about 104. We 
used Fuji Process Plate in this case because it 
has low fog-density and small grain size. By 
microphotometory we obtained the intensity 
distribution and then determined width w (1/2) 
at I/Io=0.5 and that w(1/10) at I/Ib=0.1, where 
Ip is the intensity at the center. In the 
microphotometory we used short exposure 
so that the intensity is proportional to the 
darkness. 

In the enlargement radiography, we used 
the resolution of test-charts as a conventional 
specification of X-ray source. A test-chart 
consists of three tungsten fibers of equal 
diameter, set parallel to each other with gaps 


=i Oise, pp ==4" Oaaoron, 


Vo= —680 V 


nearly equal to the diameter. The diameter 
used was 13, 17, 20, 25etc. ~. We took 
projection micrographs of test-charts at 
direct magnification about 4, setting the fiber 
horizontally and vertically. The resolution 
was indicated by the minimum resolvable 
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Fig. 3. Width w and current J as the function 


of Vi- 
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diameter of the fiber. 


§ 3. Results 


Effect of bias voltages. Pinhole image in 
Fig. 2 means that the width of the source 
varies with Vi, while the length remains 
almost constant. This variation is caused by 
change of strength of the cylindrical lens 
which is formed by the rectangular aperture 
of the inner Wehnelt cylinder. We estimated 
the width w from the size of the image. 
Fig. 3a gives a typical example of the varia- 
tion of w with V;, taking Vo as a parameter. 
Width w decreases with decreasing V; and 
reaches a minimum (Curves 1 and 2 in Fig. 
3a, see also Figs. 4 and 5). The minimum 
is interpreted as the image of the filament 
(Sec. 4). Width w and voltage V; at the mini- 
mum are denoted by Wm and Vim, respectively. 


W(H) 
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Fig. 4. Effect of A on gun characteristics, 
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The increase of the width with the 
further decrease of the bias voltage is due 
to defocusing of the image. Near the cut-off 
the width decreases again due to the action 
of emission area limiting (Sec. 4). A plateau 
appears instead of the minimum, when the 
image is formed near the cut-off (Curves 3,4 
and 5 in Fig. 3a). 

As voltage Vo is lowered, voltage Vim 
becomes higher and width w,, becomes smaller. 
This tendency was observed independent of 
the geometrical parameters (Figs. 4 and 5) 
and is interpreted in Sec. 4. Variation of 
beam current I with voltage V; is given in 
Fig. 3b. On each curve in Fig. 3b, voltage 
Vim is marked by a circle. The current at 
Vim, Which is denoted by In, is almost 
independent of Vo. This tendency was also 
observed for other geometrical parameters. 

Effect of geometrical parameters. For usual 
triode X-ray tubes, the adjustment of h, the 
parameter indicating the position of the 
filament, is critical in obtaining fine focus. If 
parameter / is not adequate, a required fine 
focus cannot be obtained at any value of 
bias voltages. In our tube, however, it is 
not critical because at fa fixed valued of h 
we can make width wm small enough by 
applying adequate Vo (Fig. 4). The effect of 
bias voltage V; becomes more remarkable 


h=0.67mm 
1=1LOmm 
It=4,0A 


@ Lw=l2,0mm Vo = OV 
® lLy=l0.0omm vy =O0V 
© lw= 80mm Vo =OV 


-100 VI (V) 


=100 Vj (V) 


© Lw 2.0mm Ve = OV 
® We &Omm \% =-250V 
@ W= 4.0mm \=-s10V 


=100 Vy(V) 


(b) 
Fig. 5, Effect of Z on gun characteristics, 
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for larger h. Therefore, the scale of the 
abscissa in Fig. 4a is taken twice that of 
Fig. 4b. 

The diagram showing the relation between 
w and V; depends on the value of L 
(Fig. 5a). We found that the dependency 
can be almost completely canceled by the 
proper change of Vo (Fig. 5b). However, this 
cancellation is only on the w-V; diagram and 
the total beam current available at the mini- 
mum spot In varies with L (Fig. 5b). Thus 
by increasing L, it is possible to increase the 
total beam current without accompanying 
any remarkable change in w-V; diagram. This 
relation is important in the practical design 
of the tubes. 

The length of rectangular focus varies with 
!, the parameter indicating the length of for 
the gun, while it remains almost constant 
the variation of the other parameters. Utilis 
ing this effect, we obtained proper ratio 10:1 
of the length to the width of the rectangular 
focus. 

Finest focus obtained in the present experi- 
ment. Rectangular focus of order 400 4x40 yu 
was obtained at various combinations of the 
parameters (Figs. 3, 4 and 5). Typical ex- 
amples are L=10mm, /=13mm, h=0.34mm, 
Vo=—68 V, Vi=120V and L=12mm, /= 
Jimm, #=0.54mm, Vo=0V, V:=80V. At 
these combinations, total current of about 
10 mA is available at the filament tempera- 
ture 1,700°K. So far as we tried, the width 
less than 40 was not obtained. 

According to Oosterkamp’s formula,” the 
surface temperature of the stationary anode 
turns out to be 800°C for specific loading 
7x10°W/cm?. In the present experiment, the 
specific loading less than 3 x 10°W/cm? caused 


T' (normalized) 
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Fig. 6, Intensity distributions on an anode. 
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no damage on the anode, while that more 
than 6 x10°W/cm? produced faint trace on the 
rotating anode surface after several hours. 
Total current of 10 mA corresponds approxi- 
mately to specific loading 8 x 10°W/cm? which 
causes damage on the anode. 

Intensity distribution along the width and 
resolution of the test-chart. The analysis of 
slit photographs reveals the exact intensity 
distribution along the width (Fig. 6). For 
the finest focus, the half width is 35, and 
width at one tenth intensity is 140. The 
width of the finest focus measured by the 
pinhole image is 404. Thus the half width 
is nearly equal to the width obtained from 
pinhole image. 

Test-chart of 13 4 was resolved by the finest 
focus in the present experiment (Fig. 7). The 
chart of 13, would not be resolved if the 
source were homogenous and 304 wide™ or 
it had Gaussian distribution of the intensity 
with the half width 304. The resolution of 
13 w in the present experiment may imply that 
the intensity distribution in our source has 
a very sharp peak. 


(a) (b) 
Fig. 7. Projection X-ray micrographs of test- 

chart 13,. 

(a) and (b) represent respectively the resolutions 
corresponding to the width and the length of X-ray 
source. 


Grid current. Since a positive voltage is 
usually applied to the inner Wehnelt cylinder 
in the present tube, a part of the electrons 
from the filament flows to the inner cylinder, 
causing a considerable grid current. The grid 
current varies with the cylinder voltage as 
shown in Fig. 8. For the normal operation 
the grid current is about 20mA and its 
power is about 2W. This caused no trouble 
in the present experiment. 
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§ 4. Mechanism of focusing 

So far the fine focus was usually obtained 
by negative biased triode systems. The triode 
system is equivalent to an immersion lens'. 
For the fine focus X-ray tubes, it is advan- 
tageous to make the demagnified image of the 
filament on the anode.* Besides the focusing 
action, this type of the immersion lens 
has the action of limiting the emission area 
of a filament and, at the extreme case, the 
electron beam is “cut-off’’. Thus the 
proper combination of focusing action and the 
action of the emission area limiting may 
produce a very fine spot on the anode. When, 
however, this type of the gun is used near 
the cut-off to make the emission area very 
small, the focusing action of the lens is too 
strong to form the image on the anode. 
Therefore, the spot on the anode cannot be 
very small. Moreover, the space charge 
formation which limits the emission area 


Ic(mA) 

40 
h=0.42mm 
{=13.0mm 
Lw= 10.0 mm 
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reduces the current density at the surface | 
of the filament. Thus a high filament 
temperature is required to obtain a sufficient 
beam current. This makes the life of the | 
filament short. 

When a positive potential is applied to ! 


Wehnelt cylinder, a part of the electrons - 


flows to the cylinder (Fig. 9). As a result 
the area of the filament which can emit | 
electrons outsides the cylinder is limited. 1! 
The control of the emission area by the bias | 


voltage is not so easy as that for the negative ~ f 


bias. The field before the filament is 
stronger than that of the negative bias. Thus 
a large current density is available on the 
filament surface at low temperature. The 
positive bias is adequate also to produce a 
fine focus because it gives high demagnifica- 
tion factor. 

The magnification factor M for a _ uni- 
potential lens is given by M=f/a—f, where f 
is the focal length and a the distance 
between lens and object. In order to decrease 
the magnification factor, large @ and small f 
are desireable. The same argument is valid 
for the immersion systems. In the system 
of Ehrenberg and Spear, the magnification 
factor is 1/3. For the negative bias system 
a short focal length is obtained by heavy 
bias. When, however, the heavy bias is 
applied, the principal plane of the lens comes 
near the filament making a small. The short 
focal length does not always improve the 
magnification factor. It is difficult to obtain 
a magnification factor better than that of 
Ehrenberg and Spear. For the positive bias, 


Table I. 

w(1/2) w(1/10) w(1/100) I (mA) W (Watt) W/cm? T;CK) 
0.13 mm 0.3mm 0.60 mm 13 650 6.9 x 104 ? Hosemann 
0.15 0.33 0.61 ils} 650 6.6 x 104 ? 
0.05 ? ? ? ? 2 ? Gay et al. 
0.05 0.08 ? (0) 55) 25 ? ? Ehreberg et al. 
0.03 0) 12) ? One 25 1.1106 ? 
0.035 0.14 ? 2 60 1.6 x 105 1,300°K Present tube 
0.063 0.22 ? 2 53 75 1) 5 
0.080 0.27 2 3.0 90 eA 

w(1/2) width at I/Ip=1/2 I : total beam current 

w(1/10) : width at I/Iy=1/10 W : total power 

w(1/100): width at I/Ip=1/100 W/cm?: specific loading 


temp. of filament 
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on the other hand, the principal plane lies 
far from the filament making a large. By 
combining the focusing action of the outer 
cylinder and the action of positive bias of 
the inner cylinder, it is possible to obtain 
a higher demagnification factor than that of 
the usual negative biased gun. 


§ 5. Discussions 


Comparison with other fine focus tubes. Fine 
focus tubes given in references are listed in 
Table I. The tube of Ehrenberg and Spear 
gives small half width and low background. 
However, it is used only at fine focus. In 
the tube of Gay etal. the width of the rect- 
angular focus can be varied. Since, how- 
ever, they obtained the fine focus near the 
cut-off, the total current may be small even 
at high temperatures of the filament. On 
the other hand, we obtained the fine focus 
at the image of the filament. Thus the 
available total current is much larger than 
that near the cut-off. This means long life 
of the filament which is _ particularly 
important for sealed-off tubes for medical 
radiography. To make the focus very small, 
we applied the positive bias to the inner 
cylinder. In this respect our tube is similar 
to that of Hosemann. 


Filament 


Wehnelt cylinder 


(a) (b) 


Fig. 9. Illustration of effect of emission area 
limiting. 
a) positive bias 
b) negative bias 


One of the advantage of the negative bias 
is the stable performance with the auto-bias 
method. An auto-bias method is also possible 
for the positive bias. Our cathode system is 
a little complicated because it has two Wehnelt 
cylinders. However, it does not necessarily 
required two bias voltages. By adopting a 
proper geometry, we can short-circuit one of 
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the cylinders to the filament or two cylinders 
to each other. 


Further possibility of the fine focus tubes. 
For the fine focus tube with high loading, 
the combined action of focusing and emission 
area limiting is used. It is noteworthy that 
Ando et al. reported the oxide-cored cathode 
which emits the electrons from area of the 
order 30u4¢. If such a cathode is used for 
obtaining a fine focus, the action of the emis- 
sion area limiting is not required. They 
showed that the immersion lens can produce 
sharp image of the cathode. This indicates 
that the aberrations of the immersion lens is 
not very large. Thus it may be possible to 
obtain the focus much finer than 40 by the 
electro-static systems. 
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The superlattice of spacing about 90 A in Yu Yen Stone, a variety of 
serpentine, was studied by electron microscopy (Brindley et al: Acta 
Cryst. 11 (1958) 99). About 500 electron micrographs showing fringes 
corresponding to the superlattice were taken, many of which were through- 
focus series. The intensity profile of fringes varies with the amount of 
defocus and it also varies from specimen to specimen even at the exact 
focus. These phenomena are explained qualitatively by theories of image 
formation. ‘‘Extra’’ terminating half-lines and stepped structures of 
fringes were studied and it was concluded that the former represent real 
dislocations in the crystal but the latter are ghosts. The spacing of the 
superlattice was found not to be constant and this material is not therefore 
adequate for magnification calibration of electron microscopes (Uyeda et 


al: J. Phys. Soc. Japan 13 (1958) 461). 


Introduction 


§1. 


After Menter’s” epoch-making experiment 
with phthalocyanines, several kinds of crystal 
lattices were observed directly by electron 
microscopy». Among them, Brindley et 
al. found the fringe system corresponding 
to the supperlattice in a variety of serpentine 
mineral, called Yu Yen Stone. Since the 
spacing of the superlattice is appropriate, ca. 
90A, one of the present authors” used it for 
the magnification calibration of electron 
microscopes. In the course of the work, 
various interesting phenomena were observed 
concerning the intensity profile of the fringe 
system and imperfections of the superlattice. 
The present work was carried out to study 
these phenomena in more detail. 

We took about 500 electron micrographs of 
the superlattice, many of which were through- 
focus series. We found that the intensity 
profile of a fringe system changes with the 
amount of defocus. A more important result 
is that the intensity profile is not the same 
for all specimens, even when the micrographs 
are taken at the exact focus. We interpret 
these results by theories of image formation. 
Dislocations and stepped structures of fringes 
were also studied by through-focus series. 
We conclude that the former represent real 


* A preliminary report of this paper was read 
before the Fourth International Conference on 
Electron Microscopy, Berlin, September, 1958. 


dislocations but the latter, ghosts. The 
magnification calibration of electron micro- 
scopes by the superlattice in Yu Yen Stone 
is not reliable because the superlattice spacing 
is not constant. 


$2. Experimental 


Two kinds of samples were used in the 
present experiment. The first is a variety 
of antigorite called ‘Yu Yen Stone’ from 
Manchuria (U.S. National Museum, No. 94356) 
and the second, picrolite from Quebec.** Both 
belong to the serpentine class of minerals. 
According to Zussman and Brindley®, the 
former has a superlattice of spacing about 
90A and the latter about 40A. Most of the 
experiment was carried out with Yu Yen 
Stone and picrolite was studied only to 
confirm that it produces fringe systems with 
spacing about 40A. 

To prepare specimens for electron micro- 
scopy, tiny pieces of sample were first ground 
in an agate mortar, then water was poured 
into the mortar. Thus finely ground crystal-. 
lites floated on the surface of the water. A 
specimen grid with thin carbon film was put 
on the surface, then removed and dried. In 
this way the crystallites were attached to 
the carbon film. 

The specimens thus prepared were examined 
in the electron microscope (JEM5-G, Japan 


i ** Specimen furnished by Prof. G. W. Brindley. 
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Fig. 1. Regular fringes. x 80,000 
In Part B moiré patterns of superlattice is appearing. 
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x 80,000 Fig. 3. Irregular spacing. 80,000 


Fig. 2. Irregular spacing. 


at did not show fringes. Only those which 
appeared relatively bright showed fringes. 
Micrographs were usually taken at x 30,000 
with an exposure time of about 10 seconds, 


Electron Optics Lab. Co.) operated 
accelerating voltages 80 or 100kv and at a 
magnification of about «30,000. Most of the 
crystallites appeared dark on the screen and 
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Crystals were not always flat and they did graphs. Therefore 


x 220,000 


Dislocations. 


Fig. 4, 
In Part A fringes are distorted and diffuse. 
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defocus are not accurate. responding to the superlattice were observed 


on most of the micrographs. However, sys- 
tems containing more than 20 regular fringes 
(a) Regular fringes. Fringe systems cor- were rare. Fig. 1 was taken at considerable 


§3. Explanation of Electron Micrographs 
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Fig. 5. Through-focus series of regular fringes. x 140,000 
(b)-(g): through-focus series of Part A of (a) 
(h)-(j): through-focus series of Part C of (a) 
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defocus. In Part A of the figure, the black 
and white parts of the fringes appear to have 
the same width. In the present paper such 
fringes are referred to as normal. Fig. 5 
and 6 give examples of through-focus series 
of regular fringes. 

In Fig. 5 the fringes look almost normal 
except near the exact focus. However, de- 
tailed observation reveals that the intensity 
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profile of the fringe system is not always 
the same: At Part A of Fig. 5a the fringes 
are normal (N), at Part B the white lines are 
sharp (SW), at Part C the white lines are 
sharp and the black lines split into two 
(SWp), in Figs. 5d and f the black lines are 
sharp (SB) and in Figs. 5h and j the black 
lines are sharp and a weak line appears 
between two successive lines (SBi). It is most 


Fig. 6. 
(a)-(f): 
(g) + schematic illustration of intensity profile, 


Through-focus series of regular fringes. 
through-focus series. 


(g) 


x 140,000 
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striking that in Fig. 5e which was taken near 
the exact focus, the spacing of fringes is 
one-half that of the normal fringes (H). 

In Fig. 6 no normal fringes appear and the 
variation of the intensity profile is more 
remarkable than in Fig. 5. Typical intensity 
profiles are illustrated in the figure. It is 


Brisa, fc 
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noteworthy that the profiles of Figs. 6a and 
b are similar respectively to those of e and 
f. The difference of defocus between a and 
e is about 10% and that between b and f, lly. 

The variation of intensity profiles was 
studied for 14 through-focus series and the 
results are summarized in Fig. 14. In Fig. 


741 
Through-focus series of fringes disturbed by dark bands. 


x 80,000 
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14 we find that: 

(1) Intensity profiles vary with the amount 
of defocus. Normal fringes appear usually 
in out-of-focus images. Near the exact focus, 
the contrast of fringes is usually low and 
the spacing of fringes is often halved. The 
amount of defocus where normal fringes 
appear is usually about 5-10y. 

(2) Result (1) gives only the general trend 
and there are deviations from (1). The man- 
ner of variation of the intensity profile is 
different from specimen to specimen (Fig. 5 
and Fig. 6) and at exact focus is not always 
the same. In an extreme case, normal fringes 
of good contrast appear at the exact focus 
(Fig. 7). 


Fig. 8. Extinction contours split up by moiré 
effect. 64,000. 


Fig. 9. Moiré pattern. 


x 60,000 


(a) Irregularities. Irregularities of fringes 
may be divided into (a) irregular spacings, 
(b) dislocations and (c) dark bands sometimes 
with stepped structures. Figs. 2 and 3 give 
remarkable examples of irregular spacings. 
The spacing of the fringes is different from 
specimen to specimen. We measured the 
spacing on more that 20 plates, the measured 
values lying between 80 and 120A. This in 
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itself does not necessarily imply a variation 
in spacing, since the magnification of the 
electron microscope is not very reliable. 
However, we often found that the spacing is 
different in different regions of the same 
plate, for example 92, 97 and 103A. This 
proves that the variation of spacing is real. 
Fig. 12 shows the fringes with the smallest 
spacing ever observed for Yu Yen Stone 
(38A.). This value seems to be true because 
fringes with spacing 107A were simultaneously 
observed on the same plate. Picrolite also 
produces good fringes (Fig. 13) although as 
with Yu Yen Stone the spacing may not be 
constant. In Fig. 13 the smallest spacing is 
44A and the largest 55A. 

In Fig. 4 a number of dislocations are 
seen. Fig. 11 shows a set of through-focus 
micrographs of a dislocation. 

Dark bands were observed on almost every 
micrograph. Even in Fig. 5a, showing one 
of the most regular arrays of fringes, a dark 
band appears. Fringes in Fig. 6 are also 
disturbed by dark bands, particularly Figs. 
6d, e and f. In these figures the dark bands 
moved during observation as_ already 
described by Uyeda et al®. Most of the dark 
bands move to some extent during observa- 
tion. On dark bands the intensity profile of 
fringes is different from that of the other 
part (Figs. 5a, h, j,; Fig. 10a). The through- 
focus study in Fig. 10 shows that a stepped 
structure observed at a certain focus (Fig. 
10b) changes gradually to straight fringes 
(Fig. 10}). Fig. 8 gives another example of 
dark bands. This suggests that the dark 
bands are a type of extinction contour. 


$4. Interpretation and Discussion 
(a) Intensity profile 

Cowley & Moodie” developed the theory of 
Fourier images of periodic structures and 
confirmed their results by light optical ex- 
periments. According to them, the image of 
a two-dimensional grating varies with the 
defocus and when the light source is very 
far from the grating, as in electron micro- 
scopes, the same image is repeated for a 
defocus 


Afvo=a?/2 , Cas) 

where d is the spacing of the grating and 2, 
the wavelength. 

The spacing of fringes of phthalocyanine 
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and other crystals as observed by Menter and 
others) are too small to study the variation 
of images with defocus. Komoda’ 
reproduced in his paper a series of three 
through-focus micrographs of Cu-phthalo- 
cyanine. The fringes of about 12A spacing 
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were observed at 4f=—0.2 and —1.0 while 
no fringes were seen at 4f=—0.54. He 
interpreted this result in terms of the 
theory of Fourier images. However, further 
experiments may be desirable to confirm the 
result because the experiment is very difficult. 
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Labaw & Wyckoff» studied the fringes 
from indanthrene scarlet which have spacings 
of about 20A. They found that the intensity 
profile of the fringes appeared sometimes 
normal, sometimes sharp black etc. similar 
to those denoted by N, SBi, SW and SWp in 
the present paper. Labaw & Wyckoff 
considered that the profile is determined not 
only by the amount of defocus but also by 
the crystal thickness and orientation. How- 


Ai —7 Au 
Beer, il 


Af=—5.5p 


Through-focus series of edge dislocation. 


Fig. 12. Fringes of Yu Yen 
Stone with smallest Spacing, 
x 210,000 
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ever, they did not carry out systematic 
experiments, probably because the spacing 
was still to small. 

Lenz & Scheffels'!» discussed through-focus 
micrographs of a periodic structure of spacing 
about 100A in biological sections. They found 
that the contrast is low at the exact focus and 
becomes high out-of-focus. They also found 
that at a certain defocus a weak intermediate 
line appears between two successive strong 


4f=-3.7 Af=+3.4y 
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+ One plate contains three pictures 


Fig. 14. Variation of intensity profile with defocus 4/. 


N: Normal; 


mediate weak lines; 


H: Half spacing; SB: Sharp black; SW: Sharp while; 


SBi: Sharp black with inter- 


SWp: Sharp while with paired black lines; 


X: Fringes seem diffused. 


lines. They studied theoretically the defocused 
image of a phase grating and concluded that 
the highest contrast is obtained at defocus of 
d?/22, This means that the highest contrast 
appears midway between two invisible images, 
because a phase grating is invisible at the 
exact focus and it is again invisible at defocus 
d?/24, according to Eq. (1). 

Result (1) of Sec. 3 (a) may be essentially 
the same phenomenon as that studied by 
Cowley & Moodie® and others’®. The phe- 
nomenon may be outlined as follows. When a 
plane wave falls on a thin crystal, many 
orders of diffracted waves are simultaneously 
reflected by the superlattice net-planes. The 
interference of the Oth order wave and the 
1st order wave produces a set of interference 
fringes below the crystal (Fig. 15a). The 
interference between the Oth and lst order 
and that between the Oth and the -lst order 
produce two sets of interference fringes (Fig. 
15b). What we observe under an electron 
microscope is a section of the interference 
fringes on the object plane which is conjugate 
to the image plane. Since the angle between 
two sets of interference fringes is 20=4A/d, it 
is easily understood in Fig. 15b that the same 
image is repeated with a defocus of 2d?/4. 


When, however, the shift of the image by 
d/2 is overlooked, the repeat period is d?/A 
which is 4fo as already given in Eq. (1). 
The contrast of the image is the highest 
when plane XX is focused and it vanishes 
when X’X’ is focused (Fig. 15b). Since the 
crystal is not very absorbing, it is nearly a 
phase grating and thus the plane equivalent 
to X’X’ lies near the crystal, resulting in 
low contrast at the exact focus. The distance 
between XX and X’X’ is d?/22. In the present 
experiment d=90A, A4=0.04A and thus d?/2,= 
10u. This is in agreement with the experi- 
mental value 5-10 given in result (1). 

In the present experiment, several orders 
of reflections are simultaneously excited, as 
is confirmed by selected area diffraction. 
Therefore, not only the lst and the —lst 
order waves, higher order waves also take 
part in the formation of interference fringes. 
The observed variation of intensity profile 
with defocus may be qualitatively interpreted 
as arising from the multiple interference of 
several diffracted waves. We do not here go 
into the detailed analysis of the observed 
intensity profiles. The theory of multiple 
interference, which corresponds to the auto- 
matic Fourier synthesis”, will be published 
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elsewhere. 

It is usually believed that an in-focus 
image is the most exact image. If this is 
correct, result (2) means that the superlattice 
structure of Yu Yen Stone is not always the 
same. This may partly be correct. How- 
ever, it is hardly believable that fringes of 
so high a contrast as those in Fig. 7 are the 
most exact image, because, as was already 
pointed out by Brindley et al., the atoms of 
Yu Yen Sione are Si, Mg- and O and they 
are distributed more or less uniformly across 
the large unit cell of the structure. 


(bd) 


Fig. 15. Schematic illustration of interference 
fringes. 


High contrast fringes can appear, according 
to the dynamical theory of diffraction™, even 
when a crystal is composed only of light 
atoms. However, for the appearance of high 
contrast fringes, the crystal must be as thick 
as 


where E is the accelerating voltage of 


electrons and Vn, Fourier coefficient of peri- 
odic potential in the crystal. In the present 
experiments, accurate values of V, are not 
known. However, the values given in Table © 
I may be a reasonable estimate for low orders | 
of h. For the superlattice, the estimated | 
value of Do is surely much larger than the 
thickness of the crystal which may be 
between 500 and 1,500A. This proves that the | 
observed high contrast is not caused by the | 
simple dynamical effect which is related only © 
to the superlattice. It may be exolained - 
when the dynamical effect related to the | 
fundamental lattice is taken into account 


(Sec. 4c). 


Table I. 
Vn AH /2V), 
Fundamental lattice 1-10volt  200-2,000A 
Superlattice 0.01-0.1 volt 2-20 


It is noteworthy that for phthalocyanine 
the thickness of specimens is comparable to 
Do in Eq. (2), and thus a high contrast may 
appear even at exact focus. It is also note- 
worthy that, in biological specimens, there 
is no complicated problem of superlattice 
and fundamental lattice. However, atomic 
arrangement in short range is irregular even 
when the specimen has a periodic structure. 
The irregularity produces the incoherent 
scattering’, most of which is stopped by the 
objective aperture, resulting in a contrast 
even at the exact focus. (In both crystalline 
and biological specimens, the effect of in- 
elastic scattering must be taken into account 
in the detailed theory of image formation.) 
(b) Dislocations 

Hashimoto™ pointed out that a dislocation 
appearing on an electron micrograph does 
not necessarily indicate a real dislocation in 
the crystal lattice. When a crystal is covered 
by an uneven layer of contamination, the 
fringes corresponding to the crystal lattice 
periodicity are severely distorted in 
out-of-focus images, sometimes including 
ghost dislocations. According to our result, a 
dislocation which appeared distinctly on one 
micrograph appeared on all micrographs 
independent of the degree of defocus. This 
proves that the observed dislocations are not 
ghosts. Sometimes, however, the fringes are 
not distinct around dislocations. For 
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example, in Part A of Fig. 4, it is not clear 
whether the observed distortion represents a 
real distortion of the lattice or is an artefact 
caused by contamination. 
(c) Irregular spacings 

Uyeda et al” pointed out that the fringes 
of Yu Yen Stone usually appeared undistorted 
and were adequate for the magnification 
calibration of electron microscopes. On the 
other hand, Zussman and Brindley® reported 
that the superlattice spacing of Yu Yen Stone 
is distributed between ca. 85-110A. Prof. 
Brindley’ pointed out to one of the present 
authors (R.U.) that Yu Yen Stone is not an 
adequate material for the calibration and if 
it is used for this purpose, a supplementary 
calibration TICl test as described by Uyeda 
et al. is indispensable. In the present 
experiment Prof. Brindley’s opinion is proved 
to be correct. 


Crystal 


/ 


| Reflection by 


fundamental lattice 
Reflection by superlattice 


and incident ray 
Fig. 16. Illustration of the extinction of the pri- 
mary wave. 


Hashimoto?” pointed out that when a crystal 
is curved the spacing in the image appears 
different from that in the crystal. However, 
it is not reasonable to attribute the variation 
of spacing observed in the present experiment 
to this effect. Hashimoto’s theory is es- 
sentially based upon Niehrs’ theory which is 
valid only for thick crystal. In the present 
experiment crystals are thin, satisfying 
condition (3) and (4) so far as the superlattice 
is concerned. 

(d) Dark bands 

Uyeda et al” already described dark bands 

observed on electron micrographs of Yu Yen 
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Stone and interpreted them as moiré patterns. 
On the other hand, Cowley assumed that 
dark bands were extinction contours and gave 
an explanation for stepped structures. 
According to him, the incident wave on a dark 
band is reflected by a net plane of the 
fundamental lattice. The reflected wave is 
stopped by the objective aperture of the 
electron microscope and does not take part 
in the formation of image. The amplitude 
of the primary wave, however, is modified 
according to Pendellésung, because the thick- 
ness of the specimens is comparable to Do 
for the fundamental lattice. Since the super- 
lattice reflections are weak, we can assume 
that they are produced from the modified 
incident beam. Therefore, at a certain thick- 
ness of the crystal, the amplitude of the 
primary wave can become comparable with 
those of weak superlattice reflection (Fig: 16). 
The phase relation between the incident and 
reflected waves are also modified and high 
contrast is possible even at the exact focus. 

This effect can appear ina variety of ways 
according to crystal thickness and orientation. 
Thus, it can explain qualitatively the anoma- 
lously high contrast of fringes and the local 
variation of the intensity profile, including 
stepped structures. Sometimes, this effect 
takes place not only on limited bands but 
also over a wide area; for example, the dark 
areas with high contrast in Figs. 2 and 3 are 
probably due to this effect. As is shown by 
selected area diffraction, a few of the funda- 
mental lattice reflections are usually strong 
almost everywhere. Therefore, it may be 
reasonable to consider that the contrast is 
enhanced more or less everywhere by this 
effect. 

Cowley’s theory seems to be essentially 
correct. However, dark bands observed for 
Yu Yen Stone are always short while ex- 
tinction contours should be endless. Therefore 
this difficulty must be elucidated before 
Cowley’s theory is fully substantiated. 

Yu Yen Stone often shows moiré patterns 
(Fig. 9), indicating that two crystal sheets 
are overlapping with a small relative rotation. 
The moiré patterns are produced by low 
order net planes of the fundamental lattice. 
When crystals are thick, moiré patterns 
appear only on extinction contours’. In Fig. 
8 extinction contours split up into short bands 
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as a result of the moiré effect. It is reasonable 
to interpret the short dark banbs observed 
for Yu Yen Stone as arising from the moiré 
effect. 

If this interpretation is correct, a sheet of 
Yu Yen Stone is almost always overlapping 
another and thus moiré patterns of the 
superlattice should also appear. In Fig. 8 
the angle of rotation is estimated to be of 
the order of 1/100 rad or more and the spacing 
of the superlattice moiré is expected to be 
0.9% or less. However, such moirés were 
very seldom observed (but see Part B of Fig. 
1). If we assume that one of the overlapping 
sheets has the superlattice and the other has 
no superlattice, we can explain the fact that 
the moiré patterns of the fundamental lattice 
always appear but those of the superlattice 
do not appear. Another possibility is that 
one of the two sheets is so thin that it does 
not show fringes of the superlattice. It is 
not yet confirmed that either of the assump- 
tion is really the case. 
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of Electron Diffraction by Crystals 
By Shizuo MIYAKE 


Institute for Solid State Physics, University of Tokyo, Komaba, Tokyo 
(Received June 25, 1959) 


The transition from dynamical to kinematical intensities of electron 
diffraction from crystals with the change of wave-length of electrons 
| and crystal thickness is theoretically discussed. It is pointed out that 
the usual treatment of the dynamical theory by the two-wave ap- 
' proximation fails to apply in the range of very short wave-length and 
small crystal thickness, even with the correction of the dynamical 
Fourier potential, so that the advent of some convenient treatments 
taking account of many reflected waves is of essential necessity for con- 
sideration of the transition of refiected intensities. It is pointed out, at 
the same time, that the application of the pseudo-kinematical theory using 
the complex atomic scattering amplitude calculated on isolated atoms is 
not permissible in the case of electron diffraction by crystals even for 
their thinnest limit. 


§1. Introduction text-books,»» because the previous treat- 
ments contain unsatisfactory points to be 
criticized as is pointed out later. 

For understanding of the considerations in 
what follows, some of well known relations 
in the dynamical theory of electron diffraction 
are briefly quoted below.) 


The crystal structure determination by 
electron diffraction method has recently been 
remarkably developed mainly by the efforts 
of Soviet school» and considerable successes 
have been reported by them and other re- 


on many examples of crystals. ; ae 
Pe. 7 h ; a 7 i diffi- The solution of Schrdédinger equation for 
diy noweven, @ a . blectrons vincthe: periodic. potential field; Va) 


culties to overcome to meet the increasing Gini terete civentby ahedRioaiar ase 

demand for higher accuracy and wider appli- ae ee 

cations of this method. Some of them are Eh 

technical difficulties such as those lying in Ya= DPo exp 2n1(kot+g):r (1) 

the choice and the preparation of suitable 

samples and in the measurement of diffracted ry 

intensities. vector, and & the wave vector of the primary 
The other difficulties, being of more theo- wave in the crystal. The amplitudes 9%, of 

retical nature, arises from the circumstance component plane waves in (1) satisfy the 

that the relation between the structure ampli- relations 

tude and the observed value of reflected in- Erne 2me So meee 

tensity is generally not simple due to the geo 

strong interactions of electrons with crystals. where Vale the Houriciacompanento aia 


where g denotes the reciprocal lattice point 


In this respect, the consideration on the en 
transition from dynamical to kinematical in- sorte 
tensities of electron diffraction by crystals, r2=(Vot lise = (3) 


with the change of wave-length of electrons 
and crystal thickness, is fundamentally E being the total energy of electron, and « 


important for the theoretical basis of the and 4, the mean wave number and wave- 
electron diffraction method in crystal structure length of electron within the crystral, respec- 
determination. The present paper is devoted tively. The simultaneous equations (2) are 
to the study of this kind of problem in called the fundamental equations in the 


spite of the same problem having been dynamical theory. 


disscussed already in a number of papers and The number of the component waves ¢y, 
134 
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and accordingly that of the simultaneous 
equations (2) is infinite in general. This 
number is usually reduced to a few by retain- 
ing only the strong component waves related 
to the reciprocal lattice points lying most 
closely to the Ewald sphere. The lattice 
planes corresponding to these points are 
regarded as satisfying more or less nearly 
the Bragg conditions concerned. When Bragg 
condition is nearly satisfied only by a lattice 
plane h(/ihshs), (2) is reduced to the funda- 
mental equations of the two-wave approxima- 
tion, 

2 


we Vndn= 0 


(1? —Ro®)Po+ i 


2me (4) 
ae Vahot (me? —Rr?)fr=0 
By applying these equations to a crystal 
plate of the thickness H, the integrated in- 
tensity of transmitted reflexion J is calculated 
as 


HSE Les) egg MARL oe (5a) 
J<|Vi\?  AzH-0 (5b) 


The relation (5b) indicates that the intensity 
of reflexion tends to the kinematical value in 
the limit of small crystal thickness and short 
wave-length of electrons. This behaviour 
has usually been received as providing the 
theoretical basis of the electron diffraction 
method in crystal structure determination. 


Invariant Property of the Fundamental 
Equations 


§ 2. 


In the treatment of the avove two-wave 
approximation, the primary extinction effect 
caused by the dynamical interaction between 
the primary wave and the h-reflexion is taken 
into account. However, the influence of other 
reflexions is generally not negligible in the 
case of electron diffractio.n In particular, it 
is important to allow for the interactions 
among reflexions corresponding to the recipro- 
cal lattice points lying on the lattice point 
row passing through both the reciprocal space 


origin and the lattice point A(Nshzhs), since 
the points on this row are necessarily located 
closely to the Ewald sphere. Hoerni® called 
the interactions due to this circumstance the 
systematic interactions, as it may be apprecia- 
ble in any reflecting condition. When another 
lattice plane h’(hi’h./h3’) nearly satisfies the 
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Bragg condition additionally, the reciprocal 
lattice points on the net plane containing the 


points h and h’ and the reciprocal space | 
origin are crowded near the Ewald sphere. © 
Hoerni called the dynamical interactions 
which take place under such a condition the 
accidental interactions, as it arises under 
special conditions in which the incident elect- 
ron beam is nearly parallel to some of zone 
axes of the crystal. 

For further considerations, it is to be noted 
of an invariant property, possessed by the 
fundamental equations (2) with respect to 
the change of wave-length, under the condi- 
tions that: 

(a) « is quite large compared with the 

reciprocal lattice periods, 

(b) interactions among reflexions other than 

the systematic and accidental intrac- 
tions are negligible. 


g(ab,2,0) fh ) 


Boo, 


For simplicity, we concern with the case in 
which only the systematic interactions are 
important. Fig. 1 shows schematically a 
section of reciprocal space by a plane contain- 
ing the reciprocal lattice point row concerned. 
We take the coordinate origin o at the dis- 
tance « from the reciprocal space origin O 
on the line which passes through O perpen- 
dicularly to the lattice point row. When 
this line is chosen as the y-axis and the x- 
and z-axes are chosen parallel to the lattice 
point row and perpendicular to the plane of 
the figure, respectively, the coordinates of 
an arbitrary lattice point g(g, 0, 0) on the row 
is given by (ghi*,«,0), and those of a wave 
point A on the dispersion surface by (E, 7, 0), 
where b;* is the reciprocal lattice period along 
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the point row. Since by the conditions (a) 
and (b) we have «>d,* and «S£, we obtain 
by neglecting higher order quantities the 
relation 


k?—Rg?=2nn—C,(E) , (6) 
where 
Ci(E)=(ghi*—E) . (6a) 
Thus, the equations (2) are written as 
(BCE) ip PAE S Vi othay =0, (7) 
ne g'4g 
where 
Oi) (8) 


Since the eigenvalues of x are independent 
of «, the ratios of the eigenvectors 0: 1: 
2: +++ are also independent of «. In other 
words, the solution of (2) does not depend on 
the wave-length of electrons under the as- 
sumed conditions. The same is valid for the 
case when the accidental interactions are 
predominant. 

In relation with the above conclusion, it 
may be worthy to add here a remark to the 
experimental method developed by Honjo and 
Kitamura,”® who showed that the intensity 
measurement of reflexions with varying wave- 
lengths of electrons, and its extrapolation to 
the short wave-length limit, give an effective 
method for obtaining the kinematical values 
of the intensities of reflexion from a crystal 
of finite thickness, in accordance with the 
relation (5b). There might, however, arise 
the following objection concerning their 
method: since the curvature of the Ewald 
sphere becomes reduced with the decreasing 
wave-length, the number of reciprocal lattice 
points locating simultaneously in the neigh- 
bourhood of the Ewald sphere increases under 
the conditions of systematic as well as of 
accidental interactions, so that the dynamical 
interactions among reflexions might not be 
reduced by decreasing the wave-length. 
However, from the invariant property of the 
fundamental equation as shown above, it is 
clear that the complexity due to the dynamical 
interactions among reflexions is never aggra- 
vated by the reason of decreasing the wave- 
length of electrons. 


§3. Conflicting Results of Different Theories 


As mentioned before, the relation (5b) is 
derived by the two-wave approximation not 
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taking account of the dynamical interactions 
among reflexions except the primary extinc- 
tion effect. It appears to be probable that 
the influence of neglected weak reflexions 
may be approximately corrected by taking 
account of the so-called dynamical Fourier 
potential introduced by Bethe”. By the use 
of the dynamical potential, however, we are 
confronted with a confusing result for the 
reflected intensity in the limit AH—0, as 
revealed in what follows. 

The reduced fundamental equations of the 
two-wave approximation corrected for the 
dynamical Fourier potential are obtained by 
replacing Vo in (3) by Vot4Vo, or by Vot+4V0’, 
and Vx and V_, in (2) by Vat4V, and V_, 
+4V_,n, respectively, where the dynamical 
potential terms 4V» etc. are given by 


Titer 2me VoV_-a 
eS an 5 9 
h? ¢4 e—ky ’ 
GFR 
HV 2me Wan VEG 
h? o40 K?—k,? 
gF#h 
2me VeVi 
AV, =4Vy*¥=—— YE (9) 
h? G40 w°—k?2 
g#h > 


When this kind of theory is applied to the 
crystal plate with the thickness H, the in- 
tegrated intensity / of a transmitted reflexion 
turns out to be 
Jo| Vat4Vn |, AH- 00 (10a) 
Jce| VetdVnl?, 2AH->0 (10b) 


Since «?—k,? in (9) is the quantity which is 
not depending on « as has been proved for 
the systematic and accidental interactions, 
AV, is independent of the wave-length of 
electrons. Furthermore, 4V, is independent 
of the thickness of the crystal. Therefore, 
the integrated intensity of reflexion in the 
limit 2AH-0 as expressed by (10b) never 
coincides with the result (5b). As the magni- 
tude of 4V;, can be appreciable for low order re- 
flexions from most of crystals, the discrepancy | 
is not trivial so that it amounts to necessitat- 
ing us a serious reconsideration as to how 
we should derive the kinematical values of 
reflected intensities from the observation. 
On the other hand, Schoemaker and Glau- 
ber,” Cowley,’ and Hoerni® anticipated that 
the reflected intensity from a crystal will 
tend, in the limit of sufficiently smali thick- 
ness of the crystal (H-0), to the pseudo- 
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kinematical value calculated from the crystal 
structure factor using the complex atomic 
scattering amplitude, which was introduced 
by Schoemaker and Glauber®™™ in order to 
explain the anomalous values of the atomic 
distances in molecules containing heavey 
elements derived from electron diffraction by 
gases. However, the intensity thus calculated 
agrees in general with neither (5b) nor (10b). 


§4. Failure of the Two-wave Approximation 
in the Limit 2H->0 


We have now the three kinds of conflicting 
results for the reflected intensity in the limit 
4H-0 by different approaches, of which the 
former two are based on the two-wave approxi- 
mation, one being taking account of the pri- 
mary extinction effect only, and the other the 
influence of weak reflexions also. In order to 
reach a unified result, we point out, first of 
all, the fact that the treatments of two-wave 
approximation of either forms are not permis- 
sible in the consideration of the reflected 
intensity in the limit 2H-0, when the 
dynamical effects other than that due to the 
primary extinction are remarkable as is 
usually the case in electron diffraction. 

The wave field of electron in the crystal, 
being subjected to the boundary condition 
with respect to the given incident beam, is 
expressed by a superposition of the Bloch 
functions 


P= adv O (11) 
4 


where 7 is the index of the wave points and 
a™ the weighting amplitude. The wave 
points are determined as the intersecting 
points of the dispersion surface in reciprocal 
space with the straight line » running in the 
direction perpendicular to the crystal surface 


through the end point of the vector —Ko 
drawn from the reciprocal space origin, where 


Ko is the wave vector of the incident electron 
wave. We designate the wave points deter- 
mined in this way by ---A:, As, A»---, accord- 
ing to the increasing value of the y-coordinate 
of them (Fig. 1). The intensity of the reflex- 
ion g(£1g2g3) transmitting the crystal plate 
is given by 


Iy= 21> Ug ug * exp mi(x9—x©)AH, (12) 


yM=2ey (13) 
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where 

Ug@O=AOP , (14) 
ug 8 satisfy the relations due to the boundary 
condition 
(1, g=0 
(0, g#0 
where the amplitude of the incident wave is 


assumed to be unity. 
For thick crystals, the reflected intensity 


averaged over H is given, from (12) and (15), 
by 


VUgO= (15) 


L=> | tg face Ug ug D* (16) 
When the Bragg condition is nearly satisfied 
with respect to the lattice plane h(/ih2hs), the 
straight line vy intersects with the part of-the 
dispersion surface near the intersection of the 
spheres of radius « drawn around the recipro- 
cal space origin O and the lattice point h; 
the position of the wave points A: and A: 
are located there. Under the assumed condi- 
tion, only the amplitudes uw, and mu,‘ may 
be predominant in (16) for the h-reflexion. 
Disregarding the second order of other small 
amplitudes, we obtain the averaged intensity 


T=) Un® 2A ta® [2 — (ta @Puy,@* + u,.O* 1,6) 

(17) 
This procedure corresponds to the two-wave 
approximation, by which the results (5a, b) 
and (10a, b) have been obtained. 

When the value of AH is small, on the 
other hand, the intensity for the h-reflexion 
is written by using (12) and (15) in the follow- 
ing expansion form 

ate. 
TAH | oi 


h=—- > tn Oug D4 (xO XD) 
iA) ( 2 


(18) 
where, for simplicity, the crystal is assumed 
to be centrosymmetrical so that u,“ are real 
quantities.’ In (18) the contributions of the 
amplitudes u,“(¢#1, 2) are not necessarily 
negligible as in (16) even when they are small 
compared with wu,“ and up, since the 
magnitudes of the terms in (18) depend not 
only on those of 2,“ but also on the positions 
of the wave points concerned. The conflict- 
ing results of the two-wave approximations 
is a natural consequence of the inappropriate 
application of them to the range of small 24H, 
disregarding the wave points other then A; 
and As. 


| 
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1 §5. Discussions 


| It may be clear from the above considera- 
| tion that, for the argument of the reflected 
intensity in the limit 2H-0, it is of essential 
necessity to develop a more elaborated theory 
| taking account of many weak reflexions. 
| Very recently, Fujimoto has succeeded in 
‘formulating the dynamical theory by the 
/method of scattering matrix,* extending 
the theory of Niehrs and Wagner™, and 
studied the dependence of the intensities of 
_ transmitted reflexions on the change of wave- 
length of electrons and crystal thickness in 
detail. By his theory, which takes account 
of the interactions among reflexions other 
than the primary extinction effect also, it 
“was shown that the integrated intensity of 
reflexion tends to the kinematical value in 
the limit 2H-0. The similar conclusion was 
independently obtained by Fujiwara, who 
developed a theory which is a more complete 
formulation of the theory of a new approach 
to the dynamical theory given by Cowley 
and Moodie’. He has taken account of the 
interactions of different reflexions by the 
iteration of the Born approximation for the 
wave field within the crystal, starting from 
the field due to the first order Born approxi- 
mation formerly derived by Artmann!™. 

By the theories of Fujimoto and Fujiwara, 
we can conclusively believe that the relation 
(5b) holds even under complicated interactions 
among reflexions, although the validity of 
(5b) is fortunate so long as it is derived from 
(4) neglecting the interactions to be taken 
into account. 

It can be at the same time concluded from 
their theories that the intensity of reflexion 
in the limit H--0 does not tend to the pseudo- 
kinematical value. The reason for the failure 
of the pseudo-kinematical theory even for the 
thinnest crystals may be physically under- 
stood as follows. The complex atom scatter- 
ing factor used in the pseudo-kinematical 
theory is calculated by the knowledge of the 
distorted wave field in an isolated atom, 
whereas the wave field in atoms composing 
the crystal is entirely different from that in 
the isolated atom as the result of the super- 
position of scattered waves from a large 


| 


* The similar formulation has been very recent- 
ly given by Dr. H. Niehrs independently. (Private 
communication from Dr. Niehrs) 
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number of atoms. In order to reproduce the 
distorted wave field in an isolated atom, 
infinite number of plane waves of continuously 
varying directions of propagation are needed, 
while the wave field in the crystal is expressed 
by the superposition of plane waves with 
discrete directions of propagation even for 
the thin limit of the crystal. In other words, 
it is not enough to reduce the thickness of 
the crystal plate in order to attain the isolated- 
atom limit. This limit will be reached by 
reducing the surface area of the plate also. 
The application of the complex atom scatter- 
ing amplitude obtained for isolated atoms to 
thin crystals may give, therefore, nothing 
but a misleading conclusion. 

So far as the above consideration is con- 
cerned, the reduction of 4 and of H result in 
the same kinematical limiting value for the 
intensity of reflexion. However, the addi- 
tional complex term to the Fourier potential 
due to the inelastic scattering, as was 
formulated in the theory of Yoshioka!®, will 
vanish only by reducing the value of 2. 
Therefore, the simultaneous reduction of the 
wave-length of electrons and the crystal 
thickness may be most advantageous for the 
work of crystal structure determination by 
the electron diffraction method. 

As pointed out in the present paper, the 
two-wave approximation corrected for the 
dynamical Fourier potential is not permissible 
for the calculation of the intensity of reflexion 
when 2H is quite small. However, this ap- 
proximation may not be meaningless so far 
as it is applied to argue qualitatively the 
reflected intensity from thick crystals, or the 
refractive index for electrons within the 
crystal, although the numerical accuracy of 
the correction terms (9) seems to be doubtful 
in general. 
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MnTiO; and NiTiO; have a rhombohedral crystal structure similar to 
FeTiO; in which layers of Fe and Ti atoms alternate along the rhombo- 
hedral axis with oxygen layers between them. A powder neutron 
diffraction study shows that MnTiO3 has a magnetic structure with the 
Mn?*+ spins antiparallel within each layer. On the other hand, NiTiO; 
has the same magnetic structure as FeTiO;, in which the spins are 
parallel within each layer and adjacent layers are antiparallel. The spins 
are directed along the [111] direction in MnTiO, and perpendicular to it 
in NiTiO3. In addition to the magnetic study, the nuclear intensities 


indicate that the Ni and Ti in NiTiO; are only 88 per cent ordered. 


Introduction 


Sa | 


Extensive studies have been carried out 
within the past few years on the magne- 
tic properties of ilmenite-type compounds. 
Ilmenite (FeTi0O;) has a rhombohedral lattice? 
very closely related to the corundum struc- 


* This work was carried out in part at Brook- 
haven National Laboratory under the auspices of 
the U.S. Atomic Energy Commission and _ the 
National Security Agency. 


ture of hematite (a-Fe,O;). Several solid 
solution systems between these two types of 
compounds are known, the most thoroughly 
studied among them being the ilmenite- 
hematite system.?*) The antiferromagnetic 
spin structures of both the end members of 
this system were determined by neutron dif- 
fraction analysis. An interesting feature 
of the solid solutions is the appearance in 
some of the ilmenite-rich compositions of a 
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strong spontaneous magnetization, which was | result in different structures depending upon 


shown to be due to an ordering of Fe and 


Ti in the a-Fe.O; spin arrangement.” 
Ishikawa and Akimoto” have reported re- ' 


cently on the magnetic properties of other 
compounds isomorphous with ilmenite, such 
as MnTiO;, CoTiO;, and NiTiO;, as well as 
their solid solutions with a-Fe.0;. The magne- 
tic behavior of the systems containing ColiO; 
and NiTiO; was found to be quite similar to 
that of the FeTiO; series. The MnTiO; sys- 
tem, however, showed no appreciable spon- 
taneous moment at any composition, a result 
suggesting that pure MnTiO; has a different 
spin structure from pure FeTiO; and NiTiOs. 
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Fig. 1. Three possible magnetic structures for 
ilmenite-type compounds. The structures are 
idealized and the Ti layer (the B layer) is 
omitted. Model (a) is observed in FeTiO; and 
NiTiO; and Model (c) in MnTiO3. 


The three possible spin arrangements for 
ilmenite are illustrated in Fig. 1, in which 
a hexagonal unit cell containing only the 
magnetic atoms has been adopted. The layers 
of magnetic atoms, which may be designated 
the A layers, are separated by O-B-O layers, 
where O represents an oxygen layer and B 
a Ti layer. When a-Fe.O; is added to this 
ilmenite structure, the magnetic atoms enter 
the B layers and those on the A layers will 


the spin configuration of the end member, 
MeTiO;, where Me represents magnetic atom. 

FeTiO; was found to have the structure 
shown in Fig. l(a). in which the arrange- 
ment within each layer is ferromagnetic. 
The addition of Fe on the B layers in this case 
destroys the ferromagnetic ordering on the 
A layers, as shown by the neutron diffrac- 
tion study. The ferrimagnetic ordering based 
upon the hematite spin lattice develops when 
the concentration of a-Fe.O3 reaches a critical 
value of about 15 per cent. 

Models (b) and (c) have the common fea- 
ture that the spins in the A layers are an- 
tiparallel. In the light of a molecular field 
calculation” showing that the moments on 
the B layer are parallel in (b), the observed 
moment should increase linearly with increas- 
ing concentration of a-Fe.03;. On the other 
hand, model (c) results in antiparallel spins 
on the B layer, and on this basis model (c) 
was predicted for MnTiQ3. 

The present paper describes a neutron dif- 
fraction study of MnTiO; and NiTiO;. Be- 
sides the magnetic structure there is addi- 
tional interest, for the case of NiTiO:, in the 
degree of order of Ni and Ti. Because the 
two metal positions in the lattice are almost 
equivalent, some disorder might be expected. 
Neutron diffraction offers a particular advan- 
tage over x-ray diffraction in fixing the 
degree of order, since the scattering ampli- 
tude of Ti (—0.38x10-"cm) and Ni (+1.03 x 
10-"cm) have opposite signs. The same is 
not true for MnTiO; because of the man- 
ganese scattering amplitude (—0.36 x 10~’cm). 

Approximately 30 grams of NiTiO; and 
MnTiO; powder were prepared for the neut- 
ron diffraction study. NiTiO; was fired ac- 
cording to the method described previously.® 
A mixture of NiO and TiO. was heated in 
air at 1350°C for three hours, then cooled in 
the furnace at a rate of approximately 
300°C/hr. This compound is quite stable in 
air and exhibits high electrical resistivity. 
A chemical analysis of the sample gave the 
stoichiometric ratio within experimental 
limits. MnTiO3; was obtained by the reac- 
tion of Mn3;0.+3TiO. in a vacuum furnace 
with 10-*mm Hg pressure. The sample was 
kept at 1300°C for 24 hours and cooled in the 
furnace to room temperature, the total cool- 
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ing time being 5-6 hours. Chemical analysis 
revealed a slight deficiency in Mn content 
(about 2 per cent). However, an X-ray pow- 
der picture did not show any trace of 
impurities, and the lattice constants are 
identical with a sample” having a Néel tem- 
perature of 41°K and an effective moment 
corresponding to Mn?*. In the present cal- 
culation for MnTiOs, the stoichiometric ratio 
was used with the assumption of divalent 
manganese. The possible implication of non- 
stoichiometry will be discussed later. 


§ 2. Crystal Structures 


Although a hexagonal unit cell is used in 
Fig. 1 for the magnetic models, the crystal 
structure can be described more conveniently 
by using a rhombohedral cell containing two 
molecular units. The atomic positions are 
given by the following five parameters for 
the space group R3: 

2 Me at +(m, m1, w1) Me=Fe, Mn or Ni 
2 Ti at “(me, Us, Ua) 
6 OW ery; 2) 


If Me and Ti are incompletely ordered, as 
in the case of FeTiO;, the ordering parame- 
ter S must be treated as an additional para- 
meter. Since the magnetic atoms Me con- 
stitute the A layers of Fig. 1, S is the fraction 
of Me at *(u, mu, m1), which ranges from 
unity for complete order to one half for com- 
plete disorder. These six parameters deter- 
mine the X-ray intensities as well as that part 
of neutron intensities due to nuclear scatter- 
ing. 

When a magnetic order develops, the total 
neutron intensity can be written as (see 
Bacon”?.) 

Tret= KF nua + @°F mag) 
where g is determined by the direction of the 
spins with respect to the scattering vector. 
The magnetic structure factor, Frag, depends 
only on the magnetic stoms and is therefore 
a function of wu: and S, as well as p, the 
magnetic scattering amplitude. It should be 
noted that 
p=0.269 pf 

where f, the form factor, is not a well es- 
tablished quantity. The effective magnetic 
moment /: depends upon the degree of quen- 
ching of orbital moment and must be deter- 
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mined experimentally together with the form) 
factor. 

The main purpose of the present study, 
the determination of the magnetic structure, , 
requires the accurate determination of only’ 


\ 


two parameters from the nuclear scattering | 
peaks, uw: and S. The oxygen parameters are > 
nevertheless quite important, 


not only tc) 
determine the scale factor K (which in turn | 
decides the magnitude of the magnetic mo- | 
ment for each model considered), but also to. 
calculate the proper metal-oxygen distances. — 
For these reasons a careful analysis of the 
nuclear diffraction data was carried out. 
Since only about twenty reflections are availa- 
ble to determine six parameters, the twe. 
metal parameters were first fixed by X-ray 
measurements, and then the remaining four 
parameters, x, y, z and S, adjusted to obtain — 
the best agreement with the neutron data. 
The crystal structures of MnTiO;, NiTiOs, 
and FeTiOs, were studied by Posnjak and 
Barth.!1 They established the structure of 
FeTiO; by using single crystals as well as 
powder specimens; powder intensities alone 
were used for NiTiO;. The parameters de- | 
termined were: 


u1(Fe)=0.358 u(T)= =m P | 


w#1(N1)=0.353 


with the same oxygen parameters in each 
case 
*=0.555 y=—0.055 z=0.250. 

Though no intensity calculations were per- 
formed explicitly for MnTiO;, parameters 
similar to those of FeTiO3; were expected 
because of the close resemblance of the pow- 
der intensities in these two compounds. 

X-ray powder intensities of NiTiOs and 
MnTiOs were taken with a Norelco diffrac- 
tometer using Cu Ka radiation. The first 
13 lines up to (211) were used to determine 
the metal parameters, by assuming the’ oxy- 
gen parameters given by Posnjak and Barth. 
The best values are: 


wi(Ni)=0.3530.002  a#:(Mn)=0.357-40.002 


is good agreement with the reported values. 
The assumption w,=1/2—u, made in these 
calculations is borne out by the agreement 
between calculated and observed values. 
Powder neutron data were obtained at room 
temperature and 4.2°K (Figs. 2 and 3). Sam- 


1959) 


ples were placed in a cylindrical aluminium 
container of 3/8 inch diameter; the intensities 
were measured at angular intervals of 0.1° 
in 20, the counting time (approximately 10 
minutes) being determined by a monitor. 
The nuclear intensities at the two tempera- 
tures agree with each other quite satisfactori- 
ly for both compounds. The observed in- 
tensities were compared with computed ones 
after applying appropriate normalization and 
angular factors; the small correction due to 
the temperature factor was neglected in the 
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calculation. With the use of the two metal 
parameters given by the X-ray data, the three 
oxygen parameters and the ordering parame- 
ter S were adjusted to fit the data. 

The intensities calculated for NiTiO; with 
the reported oxygen parameters did not give 
satisfactory agreement, especially for (111), 
(100), and (210), if S=1. Reflection with 
h+k+l=2n+1 have a structure factor pro- 
portional to (b:—b.), were bi is the effective 
scattering amplitude at (4, wm, m1). On the 
other hand, reflections with h+k+/=2n are 
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Neutron diffraction patterns of NiTiOg 
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The wave length 4=1.064A. 


Neutron diffraction patterns of NiTiO; 


taken above and below the Néel point. 
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proportional to (b,;+:) and are independent oxygen parameters are very close to the im- 
of the distribution of Ni and Ti on the dif- proved values found for FeTiO;.% One may 
ferent sites. The agreement was considera- note that the oxygen parameters reported 
bly improved by adjusting S from 1 to 0.92. previously satisfy the requirements of the 
Still better agreement was obtained by refin- higher symmetry R3C of a-Fe.O;, that is, 
ing the oxygen parameters and then read- y—1/2—yx and z=1/4, though these are not 


justing the ordering parameter. The best 
values of the parameters are: 


= 


necessary for R3. The new oxygen parame- 
ters give more reasonable metal-oxygen bond 
0.595 y= —0.045 z=0.235 S=0.94 . distances, as shown in Table I. The agree- 


Agreement with the (210) peak could be ob- ment between calculated and observed in- 
tained only by use of the S parameter. The tensities is presented in Table II (a). 
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Fig. 3. Neutron diffraction patterns of MnTiO; taken above and below the Néel point. 
The wave length 2=1.055A. 
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Table I. 


Neutron Diffraction of MnTiO; and NiTiO; 


Structural parameters of MnTiO; and NiTiOs. 
a-FesO3; are shown for comparison. 
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The data on FeTiO3 and 
The lattice constants are taken from a 


paper by Ishikawa and Akimoto”) and the origin is chosen according to Barth 
and Posnjak.)) 


MnTiO; FeTiO; NiTiO; aukesO) 
a 5.610 A 5.538 A 5.437 A 5.424 A 
a 54°30! 54°41! 55°07! 55°17! 
a1 (Me) 0.357 U.358 0.353 0.355 
x 0.560 0.555 0.555 0.550 
y — 0.050 — 0.040 ~ 0.045 ~ 0.050 
A ().220 0.235 0.235 0.250 
Me-O 2.26, 2.10A 2.15, 2.03A 2.14, 2.03A 2.09, 1.98 A 
Ti-O 2.12, 1.86A 2.14, 1.92A 2.06, 1.92A 
re 0.91A 0.83A 0.78 A 0.67 A 
Order S 0.95 0.94 
Spin Direction [111] (111) in (111) I epee 


[111] <260°K 


Table II (a). Calculated and observed nuclear 
intensities for NiTiOs. 


S=0.94 2=0.555 y=-—0.045 z=0.235 
Ios 

hkl Tea 
295°K 4.2°K 
(111) 315 327 334 
(100) 295 321 311 
(110) 75 72 82 
(211) 29 31 31 
(110) 7 Ze <5 
(210) 1260 1240 1255 
(111) 152 166 140 
(200) 5 13 13 
(220) 105 96 90 
(322) 205 215 230 
(311) (321) 379 380 408 
(210) 166 150 165 
(332) (211) 25 20 25 
(333) 44 39 37 
(310) (211) (331) 555 529 560 
(320) (300) (221) 231 234 232 
(422) 1 <10 <10 
(433) (432) 353 343 332 
(421) 229 234 232 


MnTiO; requires somewhat different oxygen 
parameters than NiTiOs;: 


x=0.560 y=—0.050 


This is expected because of the difference in 
the ionic radii of Mn and Ni. As for the or- 
dering of Mn and Ti, no information can be 


z=0.220 


Table II (b). Magnetic intensities of NiTiOs 
Bi Ob IK. 

Calculated intensities are obtained by assum- 
ing S=0.94, perr=2.25yn, the spin direction 
in (111) and the form factor of Ni metal. The 
scale factor was determined by the nuclear 
intensities shown in Table II (a). (hkl) indices 
are based on the double rhombohedral cell. 


hkl Ieai Lops 
(111) 287 277 
(111) 18 ~15 
(311) 41 39 
(333) 18 <15 
(331) 0 7 
(311) 44 44 
(531) 22 25 
(553) (511) 2 <a 
(555) 2 <10 
(511) 6 <10 
(755) (733) 9 ~10 


obtained because of the similarity of dx, 
(—0.36) and by; (—0.38); moreover, it is even 
difficult to assign Mn to the position w= 
0.357 instead of u=0.143. The final assign- 
ment of Mn to mw gives more consistent in- 
teratomic distances and is also slightly favor- 
ed by the intensity calculations (see Table 
III). It may be added that the oxygen para- 
meters of this compound could be determined 
more accurately than in NiTiO; because of 
the insensitivity of the diffraction data to the 
ordering parameter S. 
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§ 3. Magnetic Structure 


The neutron diffraction patterns obtained 
below the Néel temperature show several 
changes in the intensities (see Figs. 2 and 3). 
The new lines in NiTiO; require the doubling 
of the rhombohedral unit cell as was the 
case in FeTiO3; on the other hand, the 
‘‘magnetic ’’ unit cell of MnTiOs; is identical 
with the ‘‘chemical’’ unit cell. 

All of the observed magnetic lines of 
NiTiO;, when indexed with the double cell, 
have h, k, and / all odd. This implies that 
only the hexagonal e axis is doubled but not 
the a, satisfying the condition for models (a) 
and (b). Model (b) cannot satisfy the strong 
magnetic (111) reflection with any possible 
spin direction. The observed intensities can 
be explained satisfactorily by assuming 
model (a) and a spin direction lying in the 
(111) plane, as shown in Table II (b). The 
specific direction within this plane cannot 
be defined by powder data alone. Assuming 
this spin structure, the magnetic moment 
obtained was 2.25 4,2, in good agreement with 
susceptibility measurements”, and suggesting 
2 contribution from unquenched orbital 
moment. The form factor falls off much 
more slowly than that of Mn?* ! and Fe’+ ™, 
and is closest to that of Ni metal as deter- 
mined by the polarized neutron technique’. 
It should be noted, however, that because of 
the limited accuracy of the magnetic inten- 
sities at higher angles, the conclusion should 
be taken with some reserve. In the calcula- 
tions an ordering parameter S=0.94 was used 
and it was assumed that the remaining Ni 
on B layers are not magnetically ordered. If 
their spins form an ordered arrangement such 
as (a) or (b) within the B layers, they will 
contribute to the calculated values of the 
Magnetic intensities, but this correction is 
small. 

The magnetic intensities of MnTiO; can 
be explained by assuming model (c) and a spin 
direction along [lll]. If we assume S=1, 
the observed intensities require a moment of 
4.55 stg, Which is 91 per cent of the Mn?+ 
moment. This value was determined mainly 
by the intensities of (100) and (110). With 
this effective moment and the Mn?*+ form 
factor’, quite satisfactory agreement was 
obtained between observed and _ calculated 
values, as shown in Table III. 
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Table III. Calculated and observed integrated 
intensities for MnTi03 . 


Effective moment, Spin direction along 


perr=4 .55pup {111] 
Tovs Tat Toys 

hkl 

295°K | Nucl. | Mag. | Total |4.2°K 
(111) 6 5 0 5 is 
100) 4 3}. 152} 155)|, 162 
110) <a O| 155] 1554 149 
(211) 80 79 5 84 82 
110) 238 | 250 O| 250] 244 
221° <15 0 13 13 | <18 
(222 139 | 134 9 | 143.) 153 
210 321 | 319 10} 329] 341 
111) 10 8 20 28 31 
200 23 20 25.|_45 52 
(220 9 8 2 10 10 
(322 <4 0 i) Rot 
(311) (321) Sl 27 15 [| 42s) i846 
(210) (332) 27 20 10 304) 
(211 14 12 2 24 24 
(333) 5 5 0 5 5 
(310) (331) 46| 41 1 42 46 
(211) 18 19 0 19 19 
(320) 16 17 4 21 20 
(300) (221) | < 8 2 1 3] <10 
(422) 22 26 1 27 20 
(433) (432) 116 | 122 1) 123)" 4x 


It is of course possible that the ordering 
of Mn and Ti is incomplete, as in FeTiQ; 
and NiTiO;. If we attribute the decrease of 
the moment from the spin-only value to dis- 
order, S must be 0.91. Though this is not 
unreasonable compared with the value 0.94 
for NiTiO; and 0.95 for FeTiO;®, one might 
expect a larger activation energy of disorder 
for MnTiOs, because of the larger difference 
between Mn-O and Ti-O distances. More- 
over, there are several other possible causes 
for the smaller effective moment. Chemical 
analysis indicated a slight excess of Ti over 
Mn, and this departure from stoichiometry is 
in the correct direction to explain the low 
observed value. The existence of some man- 
ganese in the trivalent state cannot be ex- 
cluded. In this respect, we may note that 
the effective Mn moment obtained by the 
susceptibility measurements” js slightly (2 
per cent) smaller than the expected value 
for Mn?*. Thus the observed effect may be 
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a combination of these factors with disorder 
playing a major part, and it is not possible, 
at present, to separate them unambiguously. 


§ 4, 

The results of the present neutron diffrac- 
tion study are in good agreement with the 
previous magnetic measurements. In particu- 
lar, the magnetic structure of MnTiO; proved 
to be the model predicted by the magnetic 
measurements on the MnTiO;—a-Fe,O; system. 
Another important result is the observation 
of incomplete order of Ni and Ti in NiTiOs. 
Though direct evidence could not be obtained 
in the case of MnTiOs;, the estimated magne- 
tic moment seems to indicate some disorder 
in this compound. From these results one 
might conclude that this is a general charac- 
teristic of ilmenite compounds. It would be 
an interesting problem to investigate the 
dependence of this disorder on the heat treat- 
ment of the specimen and its effect on the 
magnetic properties. 

Superexchange interactions in rhombohedral 
sesquioxides have been discussed by Li! and 
lida!. There are three important Me-O-Me 
configurations, two of which, J. and /’,, in- 
volve metal atoms on different layers and 
are expected to be stronger than the third 
one, 7’, which is the interaction within the 
same layer. If, however, the ordering of Me 
and Ti in MeTiOs is perfect, and all Ti atoms 
are in the tetravalent state, the antiferro- 
magnetic order must be propagated three- 
dimensionally through two layers of oxygen 
by Me-O-O-Me interactions. As pointed out 
by Kramers!®, such interactions would 
normally be expected to be much weaker than 
the singleanion superexchanges. 

When the order is incomplete, some magne- 
tic atoms enter on the B layers, and their 
role cannot be deduced from the neutron 
diffraction data. However, indirect evidence 
was obtained in the study of the FeTiOs- 
a-Fe,0; system”, where the addition of a- 
Fe,0; decreases the antiferromagnetic Néel 
temperature of FeTiO;. This was interpret- 
ed as a destruction of the ferromagnetic 
coupling within the A layers by a strong 
antiferromagnetic coupling between the A 
and B layers. This indicates that at least 
trivalent magnetic atoms on the B layers are 
not taking part in the three-dimensional pro- 
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pagation of the FeTiO;-type magnetic order. 
This conclusion should also apply to NiTiOs, 
which has essentially the same magnetic 
structure as FeTiO; except for the spin direc- 
tion. Nevertheless, a further study of the 
NiTiO;-a-Fe.O; system is desirable to pro- 
vide additional evidence. 

MnTiO; has an antiferromagnetic arrange- 
ment within each A layer. A molecular field 
calculation? has shown that the moments 
introduced on the B layer are arranged an- 
tiparallel to each other. In this case strong 
interactions /’, and J", do not disturb the or- 
dering on the A layers, implying that the 
addition of a-Fe.,0O; should not change the 
magnetic structure. Experimental confirma- 
tion of this point has yet to be carried out. 

If pure MnTiO; is partially disordered it 
is possible that 7, and J’), as well as a long 
range Me-O-O-Me interaction, may play a role 
in the propagation of order between the 
layers. At present we cannot separate these 
two effects. It may be worthwhile pointing 
out that there are two kinds of configuration: 


Mn“O0-O£Mn _ positive 
Mn*0-O4Mn negative 


where p and qg are bond distances correspond- 
ing to 2.10A and 2.26A respectively. This 
situation is analogous to the case of Cr.O; 
where the interaction is through only one 
oxygen. 
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On Galvanomagnetic Effects in P-Type Crystals of PbTe 
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This paper describes measurements of the magnetoresistance and of 
the planar Hall effect of p-type PbTe crystals; it also describes an inter- 


pretation of the electronic band structure of the crystal. 


The measure- 


ments were made at 90°K as a function of the magnetic field strength 
and of the angle between the magnetic field and the current through the 


specimen. 


determined from the experimental data. 


The coefficients relating to the galvanomagnetic effects were 


Using these coefficients the 


electronic band structure of the crystal is shown to be {111} energy 
spheroids, presumably prolate with a mass ratio of 0.3. 


Introduction 


Si. 

Several investigations on the electrical pro- 
perties of PbTe crystals have been made by 
us recently». It is also desirable to know 
the electronic band structure of PbTe in or- 
der to get more systematic information about 
its electrical properties. Therefore measure- 
ments of magnetoresistance and of planar 
Hall effect of p-type PbTe were made; also 
its band structure was interpreted by analyz- 
ing the experimental data. 

Many investigations have been made on 
magnetoresistance effect of semiconductors, 
for example: a theoretical one by Seitz», ex- 
perimental ones on germanium by Esterman- 
Forner® and by Pearson-Suhl®, on Silicon by 
Pearson-Herring™, and many others”. How- 
ever it seems to us that investigations on the 
magnetoresistance of semi-conducting inter- 
metallic compounds are fewer and less detail- 
ed than those made on germanium and Silicon. 
Research has been reported on InSb by Frede- 
rikse-Hosler®, and on BiyTe; by Drabble et al”. 
For a.group of PbS, PbSe and PbTe semicon- 


ductors, investigations have been made by 
Putley™, Hirahara-Murakami!, Irie! and Al- 
Igaier'®. Also the planar Hall effect has been 
investigated theoretically and experimentally 
by goldberg-Davis™, and has been measured 
on PbSe crystals by Hirahara-Murakami!, 
Theoretical investigations on the relationship 
between magnetoresistance and band structure 
of semiconductors have been made by Abeles- 
Meiboom’, Shibuya! and Herring”, 

In this paper measurements of magnetoresis- 
tance and planar Hall effect are reported. 
Before these experiments are described, a 
phenomenological description of magnetoresis- 
tance and planar Hall effect will be made, in 
section 2, as a function of the magnetude and 
the direction of the applied magnetic field 
and of the applied electric current through 
the specimen. This description has the form 
of a mathematical series of ascending powers 
of the magnetic field. The terms up to the 
fourth power of the field are calculated, since 
the experimental results, which will be given 
in this paper, show us the necessity of at 
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least the fourth power into consideration. In 
section 3 several expressions relating the 
constants of the galvanomagnetic effects to 
the band structure will be deduced by means 
of Shibuya’s theory’». The experimental re- 
sults will be analyzed according to Shibuya’s 
theory in the following section. 

The experiments will be described in sec- 
tion 4. The specimens used have their long 
axes in the [100] and the [110] directions res- 
pectively. The measurements of the magneto- 
resistance and of the planar Hall effect were 
made as a function of the magnitude and of 
the direction of the applied magnetic field. 
The constants of the galvanomagnetic effects 
were determined by the dependence of these 
effects upon the field, and these constants 
were used in the determination of the band 
structure of the crystal. 


§2. Phenomenological Description of the 
Galvanomagnetic Effects. 


PbTe crystals have the NaCl type lattice 
structure with the symmetry O,. Seitz» de- 
duced a phenomenological formula for the 
magnetoresistance of a cubic crystal. Also 
Mason et al}®. calculated expression for the 
magnetoresistance and Hall effect up to the 
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fifth power of H for a crystal with the sym- 
metry On. In this paper phenomenological 
expressions for the magnetoresistance and for 
the planar Hall effect are deduced, and the 
expressions are transformed into forms suit- 
able for comparison with the experimental 
results. These calculations were made using 
Mason’s results'®. 

An early paper by Seitz®®) gave the follow- 
ing expressions for the magnetoresistance of 
a semiconductor. 

I=o.EK+a(E x H)+8EH?+7H(E-H)+0TE , 

(2-1) 
E= o[I-+a( x WH) +01H2+cH(1-H)+dTI] , 

(2-2) 
where I is the current density, EK and H are 
the electric and magnetic fields ; o) and oo are 
ordinary conductivity and ordinary resistivity; 
T is a diagonal tensor with elements H,2, H-? 
and H;2; a@ and a are constants relating to 
the Hall effect ; 8,7, 0, b, cand d are constants 
of the magnetoresistance. A later report by 
Mason et al. contained an expression for 
the magnetoresistance and the Hall effect as 
a function of the electric current and of the 
magnetic field which extended to the fifth 
power of the magnetic field. The expression 
is 


Ei=[0is tiger Art Ci jetmnll: Amant ++ Ws 


a eijx| Riemln ae Kemnollmldntlo ae Dnaneprsel a binl bball all als =P 


where 7, 7,k,--- 


coefficients relating to the magnetoresistance ; 


are suffixes expressing directions ; 


AV (2-3) 


oiy is the resistivity ; zije and Cijcimn are 
Kumno ANd Aymnong are coefticients relating to 


the Hall effect, and Rim is the Hall coefficients at low field; e:j is as follows: 


Dl as tor 
ee leeehor 


1,J,k 


is (1, 2, 3), 2,3, ), 


yea oea A) 
(ZED) MSZ), (Sy. 2.L) 


Hereafter the following abbreviations will be used for the pairs of suffixes in conformity 


with the notations used in Mason’s paper'® : 


P27 233 = Bae = .o2 > 4.13 = 31> 5, 12= 21-6. 


The independent coefficients of Eq. (2-3) for O, can be shown as follows!” : 


Pij~ > Po 
Rij —>R 


Tijkt —> 711, 712, 66 


Kijkt — £11, *12 


C ijxumn “az: Oin, Ci, C12, Civ, C444, Ca42 


Zi jeimn ia Aut, Ai, A123 . 


Therefore Eq. (2-3) becomes 
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E.= oolit+nuhl?t+aish( H+ As?) + 276622 + 12H) 
4+O1h Av +60 eli M12 Ae? + As?) + O12211( Ae! + Hs") + 60123) Hy? A? 
+126 441 HoH (2H 4+ Is He) +4 42s H(A? + As?) + H(A? 2”) 
+(R4+3612.H?+5A2H*)(IeH3—I3He) + (71-3712) 23? — Ae’) 
+ (Ain —5Ai12) (os — Is Ho®) + (304123 —- 104112) [Jo 13 Ai? Ae? — [so Ay? As?|+ +++ . (2-4) 


Similar equations can be derived for FE, and E;. The voltage appearing in any direction 
across the specimen can be calculated for simple geometry for any possible combination of 
directions of the electric current and the magnetic field. 

When an electric current flows in the [100] direction and a magnetic field is in the x—y 
plane, namely ; the magnetic field rotates about an axis in the z-direction, we obtain 


E<001> = T[oot(t11 cos? 6+712 sin? 0)? 
+(C1n cos? 0+6C12 cos? @ sin? O+C122 sin? 0)H*| - (A-1). 
where @ is the angle between I and H. The superscript expresses the direction of the vol- 
tage, the subscript the direction of the current, and <001> expresses the direction of the 


rotational axis of the field. In a similar way, when the magnetic field lies in the y—z plane 
we obtain 


E1<100>= I [00+ 12H? +{C122(cost 6’ +sint 0’) +6€123 cos? 0’ sin? 0} A“) . (A-2) 
In this case the angle between I and H is always 90°, and 0’ is the angle between the H 


and the z-direction. When the current flows in the [110] direction, the electric field. appear- 
ing in the same direction for various rotational axes of the magnetic field is given by 


E8001)=1] aut | EE ss sh cosichansinay 


+ [mee sin? 0 cos? 0) 


aL 3 €112(cos? @—sin? #)+ 2€ 142 (cos? O— sin? oa | , (B-1) 


cos? 6 


EHALO>= I] o =F ese cos? O-+r2/ Sin? 0) +766 COS” ohn 


cos? 0 cost @ 


nee cost 8+3€112 cos? of + sin? 0) +Erme( + sint 0) 


+3(C123+2€ 441) cos? 0 sin? 6+ 26 442 cos! o| H* | Fi (B-4) 


i, / 


Eloy 7 png ee 6’ +209 cos? 7 
11 | 5 


* 2 / / 
+|52%cost # + E112 Cos® gee O sin? 0) +Cinf os o +sin! 0’) 


+sin2 0’) —T766 COS? 0’ Lae 


+3(C123—2€ 441) Cos? 6” sin? 0’ —2€ 442 cos! | Ht | ; (B-5) 


In Eq. (B-5) 0’ express the angle between H and the [110] direction. 

When the current flows in the [100] direction and the magnetic field rotates in the xr—y 
plane, the electric field that appears in the [010] direction is a measure of the planar Hall 
effect, Thus 


EM S001) = [res 1? +26 sn FT) sin 20 (Ap-1) 
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Similarly 


a 1 
EnK00L)=~¢ 5 (um)? + (C111—C 112) H*} sin 20 . 
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(Bp—1) 


Table I gives the directions of the current, of the voltage and of the axis of rotation in 


| the above equations. 


The potential gradient which appears through the specimen for special directions of the 
applied field and current can be calculated from the above equations as follows: 


Ex [100] = 
Yi [001] = I[eo+ 12H? + CixxH*] , 


I [o0+71uH? +O1nH' 4] ; 


(1) 
(ii) 


E*°(110]=1 


711 aE 712 sack eo py 


(111) 


4 Ste Sint Bes H | 


E*°(110] =] oo 


[os 
[es 


Ey39 [001] = 


MOE fuer err 5 


BYg10=45°}= | py+ SEF Stsa hoe 


EM8 (110) =1 [tec ?+26 42H *] , 


eu tra 2r0 pro 4 Sub 6Gua Ei 8C us nae I (iv) 

(v) 

4 Gar $180 nat SO iat 120 as + 24G ar +8 u12 he alg 
16 el | (vi) 

(vil) 

(vill) 


Eno (010]= i a i H?+ si Ht] : 


Table I. Specifications of the curves in Figs. 
2~5 and corresponding equations. 
otal ie cal ears ue ee 
A-1 [100] [100] [001] 
A-2 [100] [100] [100] 
B-1 [110] [110] [001] 
B-4 [110] [110] [110] 
B-5 [110] [110] [110] 
Ap-1l [100] [010] [001] 
Bp-1 [110] [110] [001] 


The superscripts indicate the direction of the 
potential gradient, the subscripts the direction 
of the current, and [110] or [010] indicates 
the direction of the magnetic field. Equations 
(vii) and (viii) give the planar Hall voltage, 
while the other equations give the magneto- 
resistance. 

Table II shows the directions of the cur- 
rent, of the potential gradient and of the 
magnetic field; @ is the angle between the 
current and the magnetic field. The last 
column gives the curves of Table I which 


3 3 Xoh (vi) is the special case for e=45° in Eq. 
(B-4), 


Table II. Specifications of the curves in Figs. 
6 and 7 and corresponding equations. 
Direc- |Direc-|Direc-} Angle |Correspond- 
Curve} tion] tion] tion/between| ing curve 
of I | of E| of H |I and H/in Table I 
(i) [100] | [100] | {100} | 0° A-1 
(ii) | [200] | [100] | foo1y | 90° { Fo 
(iii) | [110] | (110) | {110} | 0° { ao 
: an 3 B-1 
(iv) [110] | [110] | [110] | 90 B5 
(v) | [110] | [110] | foo1] | 90° { ig 
(vi) [110] | [110] 45° B-4 
(vii) | [100] | [010] | [110] | 45° Ap-1 
(viii) | [110] | [110] | [010] | 45° Bp-l 


contain as a special case the condition listed 
in the corresponding row of Table II. 


§3. Theoretical Considerations 

Shibuya’ calculated magnetoresistance ef- 
fect of semiconductors in which the electrons 
or the holes obeyed Maxwell statistics and 
interacted with the accoustical mode of the 
lattice vibration. In his paper the electronic 
energy is assumed to be expressed as families 
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of spheroidal surfaces in k-space. The calcu- 
lations were made for the following three 
cases: the spheroids have six {100} axes as 
symmetrical axes (case a), twelve {110} axes 
(case b), and eight {111} axes (case ¢). One 
of the most important results of his calcula- 
tions is that there exist the following relations 
between the coefficients of the magnetoresis- 
tance in connection with the electronic band 
structure of the crystals. 


6+7r+6=0 and 6>0 for (case a), 
B+7r—0=0 and 06<0 for (case b), (3-1) 

B+7r=0 and 6<0 for (case ec), 
6=0 for spherical energy surface. 


We may obtain information on the band st- 
ructure from magnetoresistance experiments 
by using Eq. (3-1). But Eq. (3-1) only is not 
enough to decide whether the spheroids are 
prolate or oblate. Here we deduce several 
formulas from Shibuya’s theory in order to 
obtain additional information about the band 
structure from our experiments. 

First we calculate the conductivity tensor 
for various directions of the magnetic field. 
The tensor form becomes the same as for the 
above three cases, although the expressions 
for the tensor elements are different from 
one another. 


When H is in the [100] direction, the con- 
ductivity tensor is 
/S A) 0 
LOR Tapa: G2) 
0O.—Ls Le 


The resistivity is expressed in terms of the 
elements of tensor (3-2) as follows: 

opu=1/Li ’ (3-3) 

0.1 = Lo/(L2?+ Ls?) , (3-4) 
where pi: is the resistivity when the curreat 
is parallel to the magnetic field, and p, is 
the resistivity when the current is p2rpendi- 
cular to the magnetic field. In this case o, 
is expressed by Eq. (3-4) for any direction of 
the current is perpendicular to the field. When 
H is in the [110] direction. 


i tp 14 
L=|Ls Th Las (3-5) 
ae Ly 
pu=1/Li+Ls) . (3-6) 


When H is in the [110] direction, the conduc- 
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tivity tensor is expressed with the same ele- 
ments L,’s as tensor (3-5) by 


|S pee Se oy: 
(Be Roe EN ee (3-7) 
—I[, —Ly Ln 


When the current flows in the [110] direction 
and H is in the [110] direction the resistivity — 
becomes, tensor elements (3-7) being used, 


01 =Lef{Ladi—Ls)+2L2} . (3-8) 


The planar Hall effect is a phenomenon in 
which a voltage appears across the specimen 
in a plane fixed by the current and the magne- 
tic field and is perpendicular to the current. 
The planar Hall voltage has its maximum 
value at 0=45°. Therefore the maximum 
planar Hall voltage for a [100] specimen is 
obtained when the following conditions are 
satisfied: the direction of I is [100], the di- 
rection of H is [110] and the direction of E 
is [010]. Thus, using the elements of conduc- 
tivity tensor (3-5), E is expressed as 

a0 I(Le—L2Ls) 

~ (Lit Ls){2Le+Lo(Li— Ls)} * 
For a [110] specimen, the maximum value of 
the planar Hall voltage appers when the di- 
rection of I is [110], the direction of H is 


(3-9) 


[100], and the direction of E is [110]. Using 
the elements of Eq. (3-2) 
jit) ies 
B= eee 
2 vn (Ly?+ Ls?) } (3-10) 


— 5 @u—01) 4 


Thus the resistivity and the planar Hall vol- 
tage are expressed in terms of the conducti- 
vity tensor. 

Next we give explicit forms of some of the 
above formulas for the resistivity. The ex- 
pressions are different from one another for 
the th-ee cases so that some information on 
the band structure can be obtained by com- 
paring the results of calculations with ex- 
perimental results. Shibuya! expressed his 
calculated result by a closed formula. Eq. 
(3-1) was obtained by the expansion of the 
closed formula in a series of ascending pow- 
ers of H and examination of the coefficients 
of H*. We shall mention here the terms pro- 
portional to H*' as we did in section 2. Ex- 
pansition of Shibuya’s formula into an 
ascending power series of H up to the fourth 
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power, which has been performed below 
is not mathematically precise. Nevertheless 
we have performed the expansion and com- 
| pared the calculated results with the experi- 
| mental results with the expectation that we 
} would be able to obtain some information on 
. the band structure, for example, the shape 
| of the spheroids. 


po=3/NeA (r+2) 
7i=0 and Ci= 0 


(y—1)2?B? 
2(r+2) 


Ts coea 00 
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Eq. (3-3) is expanded as an ascending pow- 
er series of H and this series is compared 
with Eq. (i). Thus we obtain relations bet- 
ween the constants of magnetoresistance and 
the parameter which is related to the band 
structure. For the three cases mentioned 
above the relations obtained are 


(3-11) 
(3-12) 


for all three cases, 


for (case a), 


(3-13) 


| for (case b) , 
71 FY B*p0 + es 

Ein= aga t Bi(— —— Spetiaiien 

aer= 2B? ; 
30-42)” | 
__ 207-17 Or +) Btpo pf 271 parry 

ET pore Ei ae Hove ) 


where r=12/m; is the ratio of the mass perpendicular to the rotational axis of the energy 
spheroid to that parallel to it, N being the carrier density. A and Bare given in Shibuya’s 
paper! ; A being generalized mobility. £z(—X), the exponential integral, by itself becomes 
infinite at X=0, but Eq. (i) combined with coefficients (3-13) or (3-14) converges at H=0 
because of the factor H‘. Strictly speaking, expressions (8-13) and (3-14) are not to be 
considered as the coefficients of the power series corresponding to Eq. (i), as they contain 
a function £: of H. For the present purpose, however, we use such expressions as Eqs. 
(3-13) and (3-14), and comment upon this point will be made later. 

Similarly comparison between Eqs. (3-6) and (iii) is made. At first Eq. (ili) is rewritten 
as follows: 


for (case c) , (3-14) 


e=ot+MH?+ZH:2. (3-15) 


Then 


0vu=3/NeA(r+2) for all cases , 


sa ee 1)? 

~ 2(r-+2) 

r+] r— a See ina 
A(y+2) 


———— B00 


for (case a), (3-16) 


Z= 


Peo i? 
~ 8(r+2) 


——— PB? 00 ia 
7 3(8r+1)(r—1)? Ser Ee pi — Srl BH? y 


for (case b) , (3-17) 


32(r+2) 


eae Od 
~ 3(7r-+2) Zea 


ve (Caen oat Ei( 7 


for (case c). (3-18) 


§4. Experiments 
Procedures. The specimen used were of synthetic p-type. The method of crystal 
growing was the same as that described in a previous paper. Two parallelepiped speci- 
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mens about 3 x 2 x 1mm* were cut from a 
single crystal. The directions of the long 
axes were [100] and [110]. Current leads and 
resistivity probes were attached to the speci- 
men in the manner previously described”. 
Magnetoresistance -and planar Hall effect 
were measured by the usual dc method using 
these two specimens. The current during 
the measurements was 50mA and 100mA; 
at these currents the voltage to be measured 
was verified to be proportional to the current. 
The magnetic field extended up to 10300 gauss 
produced by an electromagnet of 9 A exciting 
current. The polepiece of the magnet was 
200mm in diameter, the gap between pole- 
pieces 38mm. All measurements were made 
at 90°K using a Dewar vessel and liquid air. 
When the measurements were made, the 
specimen was rotated about an axis which 
was perpendicular to the magnetic field, and 
the strength of the magnetic field was varied. 
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ao 2 


© 
Hall Coefficient (cm3/coul.) 


4 5 6 Cf 8 ) 10 
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Fig. 1. Temperature dependence 
and low field Hall coefficient. 
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Fig. 2. Angular dependence of magnetoresistance 
at 5500 gauss. 
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Results. Fig. 1 shows the resistivity and 
the low field Hall coefficient of the crystal as 
a function of 1/T, T being the absolute tem- 
perature. Their temperature variations are | 
normal for PbTe crystals. The resistivi- | 
ty is 1.93x107!Qem and the Hall coefficient _ 
is +2.48 cm/coul. at 90°K. | 

In Figs. 2 and 3 magnetoresistance is shown 
as a function of the angle between the cur- | 
rent and the magnetic field. The ordinate is | 
4o/ooH?={0(H)—o(H =0)}/0(H =0)H?, and the © 
abscissa is the angle between I and H, except . 
curves A-2 and B-5 for which the angle bet- 
ween I and H is always 90° and @ in the 
figures represents the angle between the mag- 


*P/PoH? (gauss?) 


o° 30° 60° go? 


Angle ‘o- 


120° 1502s (802 
Fig. 3. Angular dependence of magnetoresistance 


at 8000 gauss. 


———_1—_____ 
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ak = 


oe 30° 60° 


150° 180° 

Fig. 4. Angular dependence of planar Hall effect 
at 5500 gauss. The dimension of the ordinate 
is the same as that of Figs. 2 and 3. The ordi- 
nate represents Vt/TH20), where V is the meas- 
ured voltage, ¢ the thickness of the specimen, 
I the current through the specimen. 
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| 
‘netic field and the [010] and the [110] direc- 
tions respectively. The field strength is 5500 
gauss in Fig. 2 and 8000 gauss in Fig. 3. The 
‘nomenclature used for the curves corresponds 
to that of Table I. From these figures it is 
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Fig. 5. Angular dependence of planer Hall effect 
at 8000 gauss. 
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seen that the angular variation of magneto- 
resistance does not necessarily follow the 
A+B sin? @ law predicted by low field theory”. 
The curves shown in the figures are those 
obtained by calculation, which will be des- 
cribed later. 

Figs. 4 and 5 show the planar Hall effect as 
a function of the angle @ for magnetic field of 
5000 gauss and 8000 respectively. The dimen- 
sion of the ordinate is chosen to be the same 
as that in Figs. 2 and 3 for the sake of con- 
venience of comparison. The angular variation 
seems to follows, withinexperimentalaccuracy, 
the sin 20 law as described by the theory™. 

Magnetic field dependence of magnetoresis- 
tance and planar Hall effect is shown in Fig- 
6, log. 4p/p0 vs. log H being plotted. Variation 
of magnetoresistance and planar Hall effect 
with respect to the magnetic field is smaller 
than that given by the H? low. The straight 
lines shown in the figures are so drawn that 


3 


ee eee ee 
4 5678 |0xlo 
H gauss 


fa Ste Bren 
5S 73 ie 


Fig. 6. (a) Field dependence of magnetoresistance, 40/00 as a function of H. 


they fit the experimental points. The expon- 
ents n’s of the lines with respect to HM are 
listed: in Table III. 

The angular variation shown in Figs. 2 
and 3 does not necessarily satisfy the 
A+Bsin?0 low. This fact suggests that 
terms of higher powers of H, namely; terms 
proportional to H‘, have appreciable effect 
on the results. And the results shown in 
Fig. 6 also support the view that the experi- 
ments deviate from the law. When we plot 
Ao/ooH2 vs. H?, we can see whether the mag- 


nitude of the magnetoresistance is propor- 
tional to H2 or not. If the plots are horizon- 
tal straight lines, the field dependence is ex- 
pressed as H? rigorously. If they are inclined 
straight lines, the field dependence is expres- 
sed by 4e/o0= (TH?+ZH)*/o0, and Z and Z are 
determined from the point of intersection 
with the ordinate axis and from the slope 
respectively. The results are shown in Fig. 
7. It is seen from the figure that the experi- 
mental points are fairly well approximated 
by inclined straight lines. The coefficients 
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determined from these lines are indicated in 
Table III. The agreement is satisfactorily good 
between coefficients which are evaluated from 
different curves but correspond to the same 
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Fig. 6. (b) Field dependence of planar Hall 
effect. The dimension of the ordinate is the 
same as that of Fig. 6 (a). 
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conditions, e.g. A-1-ii and A-2-ii. By combin-; 
ing these values and Eqs. (i)~(iv) we canij 
determine consistently the constants of gal-; 
vanomagnetic effects, which are indicated! 
in Table IV. I 


x|O? i 
Ti3 | 
te : | 
3 Be © Wis eh gr | 
aed | 
5:0 
fo Ap-| 
Py ig HK 


12 x10” 
gauss 


2 4 6 8 10 
H2 


Fig. 7 (b). Field dependence of planar Hall effect- 
The dimension of the ordinate is the same as 
that of Fig. 7 (a). 


Table IJ. Experimental values and theoretical 
formulas expressing the dependence of the 
galvanomagnetic effects upon the magnetic 
field. 


lb Zion Pree 
Curve ten Theoretical a Experi: 
value value mental 
x 109 expression x 1018 
(gauss ~2) (gauss~*) value 
A-1-i 522 b+c+d —16 1.6 
A-1-ii 6 b — 6 IRS 
A-2-ii 3) — 7 Lg 
B-1-iii 2.6 —13 Ins 
ahr] 22 a\, rere ME eo ie 
B-1l-iv Dees -18 NS 
nee | meal em 212 oe 
B-4-v 2S | b -— 8 Ins 
B-5-v De? — 8 15 
B-4-vi 2.8 b+(ce/2)+(d/4)) — 8 1.4 
Ap-l-vii} 2.5 c/2 —- 1 LAS 
Bp-l-viii} 3.6 (e+d)/2 — 2 IEG 


The straight lines shown in Fig. 7 are 
calculated by using Eqs. (i)~(viii) and the 
constants indicated in table IV. It must be — 
noted that the constants listed in Table III 
are not used in the calculation of these lines. 
The solid curves of Figs. 2~5 are also 
obtained by calculating Eqs. (A-1), (A-2),--- 
and (Bp-1) with the constants shown in Table: 
IV. It is known, from these figures, that 
the constants obtained from the field depen- 
dence of galvanomagnetic effects can also: | 
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Table IV. Values of the coefficient of galvanomagnetic effects. 
a a 


a -—1.3x10-4 gauss-! | a 6.6x10-1 a-lem-1 gauss-1 
b 2.3x10-9 gauss-2] £8 —9.7x10-5 9-1cm-1 gauss-2 
c —2.5x10-9 ” 7 9.8x10-5 ” 
d Deo xl Ome ” 0 —2.8x10=5 ” 
m11/ 00 5.2x10-9 y ¢1n:/00 — 16x10-18 gauss-4 
112/00 — %x10-18 ” 
™12/ 00 223510 ne ” 122/00 — 7x10-18 ? 
123/00 3 x 10-18 ” 
™66/ 00 ale Ome Yd ¢441/00 ~0.7 x18-18 ” 
(442/09 110-18 i 


represent their angular dependence tolerably 


well. 


From the consistency shown in Table 
III and Figs. 2~7, we think that these con- 


-$tants are reliable enough to be worthy of 


qualitative or partially quantitative discus- 
sions. 


§5. Analysis 


The constants of the galvanomagnetic 
effects derived in the preceding section can 
be considered to represent the characteristic 
values of the crystal as described before. 
Thus their values are used here in order to 
discuss the electronic band structure of the 
crystal. The fact that the longitudinal mag- 


- netoresistance, in general, is not zero but has 


a larger value shows that the band is far 
from that given by the simple spherical energy 
surface model. 

The coefficients of H? are examined first. 
The relations between the coefficients expres- 
sed by Eq. (3-1) become, using Table IV, as 
follows : 

8+7+6=—2.7x10-, 
B+7—0=+2.9x10" , 
B+r=+1x10% 
and 6<0. Therefore this crystal corresponds 
to (case c), 7.€.; the band structure is appro- 
ximated by energy spheroids having {111} 
axes aS symmetrical axes. The mass ratio 
vy is'obtained by solving 
Bo (rrejert+d) Gail 
0 2(r—1)? 
The solution is : r=3.5 or r=0.3. The carrier 
density N is calculated by Eqs. (34), (35) 
and (23) of Shibuya’s paper: | 
{2.36 x 10% for 7=3:5 


(5-2) 
lo.70x108. for r=0.3 


N= 


Moreover using oo= Ne A(r+2)/3 and Eq. (7) of 
Shibuya’s paper, we obtain 


y iene for 7=3.5 
Depa a4 for 7=0.3 


By combining the equations given in Table 
I of Shibuya’s paper, we can also calculate 
the value of B. The value thus obtained is 
nearly equal to the value given by (5-3). 

Saturation values of magnetoresistance are 
required in order to determine which value 
of ~ should be used. Unfortunately we could 
not produce a field strong enough to obtain 
saturation values. Therefore only a few 
comments will be given on the choice of 
values for 7’s by referring to the coefficients 
of H‘* determined in section 4. We have cal- 
culated the coefficients of H# by Eqs. (3-14) and 
(3-18) as shown in Table III. The coefficients 
obtained however are not constant but contain 
a factor Ei(—X) whose argument includes the 
magnetic field. Unfortunately this factor 
varies by a fairly large amount within the 
range of magnetic fields used. Nevertheless, 
we compare the experimental values with the 
calculated ones. The coefficients of the 
fourth power of H must always be negative, 
because the equations, from which the coef- 
ficients are calculated, include the factor 
Ei(— X) whose value is always negative. This 
requirement is, of course, realized in our 
experiments as shown in the figures and 
tables. 

Let us examine the ratio of 11 to Z, re- 
ferring to Eqs. (3-14) and (3-18) neglecting 
the slight difference between the arguments 
of the two equations. This ratio becomes 
2.9 for r=3.5; or 1.4 for r=0.3, while corres- 
ponding value obtained experimentally is seen 
to-be 1.5 from Table IV and Eqs. (i), (iil), 


(5-3) 
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(3-15) and (3-18).' Therefore 7=0.3, \1.e., 
prolate, seems more reasonable, although we 
must not jump to conclusions. The ratio of 
coefficients zi/17 becomes, referring to Eqs. 
(3-12), (3-13), (3-14), (8-16), (8-17) and (3-18), 
as follows: 0 for (case a); 4/3 for (case b) ; 
2 for (case ec) ; these values being true regard- 
less of the value of vr. The corresponding 
experimental value is 2.0 which is deduced 
using Eqs. (i), (iii), (3-15) and Table IV. 
This value supports our conclusion that the 
crystal belongs to (case c). 


§6. Discussions of the Results 


The results of the calculation and analysis 
of this paper must be carefully examined. 
First of all a comment will be made on Eqs. 
(8-14) and (3-18). These equations are not 
considered simply to represent the coefficients 
of the fourth power of H. But it is believed 
that these equations have some relation to 
the coefficients, for example, proportional 
relation. On the basis of the assumption 
that expressions (8-14) and (3-18) are pro- 
portional to the coefficients, we have derived 
vy=0.3 in the preceding section. 

On the other hand Allgaier!? has recently 
published magnetoresistance data for PbS, 
PbSe and PbTe, and given a consideration 
on their band structure. Especially for PbTe 
he has obtained a definite conclusion and 
pointed out that his data and conclusion 
agree pretty well with our data and conclu- 
sion, which had been published previously in 
this journal. He has obtained r=0.25~0.17 
by analyzing his data by means of Gold-Roth 
theory.2” His conclusion coincides with ours 
in that PbTe is to be represented by the {111} 
model and that the energy spheroids are 
prolate. Moreover his value of 7 is not much 
different from the value given in this paper. 

Next it must be examined whether the as- 
sumptions on the basis of which Shibuya’s 
calculation! is made hold for these experi- 
ments or not. One of the questions is whe- 
ther the holes of the crystal are degenerate 
or non-degenerate at the temperature of the 
measurements. The effective mass of the 
hole was given as 0.94m in our previous 
paper.» Then the degenerate temperate of 
this crystal is calculated in the usual manner 
to be obout 80°K. The effective mass given 
in the previous paper is, however, the inertial 
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mass; and the ‘ density-of-states’ mass is foun 
times as large as the inertial mass if dl 
crystal is expressed by the {111} eight-valle 

model. Therefore the degenerate temperature; 
becomes lower by a factor of four. The 
holes in the crystal at the temperature of 
the measurements are not degenerate and 
Shibuya’s theory can be applied to the crystal 
from this point of view. | 

The relaxation time for scattering used in 
Shibuya’s calculation is inversely proportional, 
to the square root of the carrier energy, 
which corresponds to the acoustical mode of} 
lattice vibration. PbTe crystal is, however, 
thought to be an ionic or partial ionic 
crystal and, as pointed out in our previous 
paper,» it is possible that the carriers are 
scattered mainly by the optical mode of lattice? 
vibration. The relaxation time corresponding } 
to the optical mode is independent of the? 
carrier energy. One may doubt whether’ 
Shibuya’s theory can be applied to this} 
crystal. 

The calculated expressions for the galvano - 
magnetic effects generally consist of the: 
product of two factors, one of which is a | 
function of the dependence of the relaxation | 
time on the energy and also a function of | 
the applied statistics, while the other is a. 
function only of the shape of the energy i 
band.©191617) Therefore relations (3-1) still |} 
represent the characteristics of the band | 
structure and the discussion of section 5 | 
dealing with ratios of magnetoresistance | 
coefficients is also adequate when the relaxa- 
tion time is different from that used by 
Shibuya. Thus it is concluded that the 
main parts of our analyzed results need not | 
be corrected if the optical mode of lattice | 
vibration is the main source of scattering, 
and even if the holes are degenerate. 

In finishing this paper we will sum up the 
results as follows: 7) Phenomenological ex- 
pressions for galvanomagnetic effects are 
derived as a function of the magnetic field. 
The expressions are power series of H which 
have been calculated up to the fourth power. 
a) Expanding Shibuya’s formula the coef- 
ficients of the above power series are calculat- 
ed as a function of parameters which re- 
present the shape of the band structure. iii) _ 
Magnetoresistance and planar Hall effect of | 


p-type PbTe are measured as a function of 
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the field strength and of the angle 0. iv) 
The constants for the galvanomagnetic effects 
are determined from the measurements as a 
function of the field strength. The constants 
| determined are coefficients of H? and H‘*, and 
they corresponds reasonably well with the 
values measured as a function of @. v) 
Using the constants relating to H?, the band 
structure is shown to be represented by {111} 
energy spheroids. vz) Using the constants 
relating to H*, it is speculated that the 
spheroids may be prolate with the mass ratio 
of 0.3. viz) The above conclusions agree 
reasonably well with those ef Allgaier. vwizz) 
The applicability of Shibuya’s theory to this 
crystal is examined and verified. 

The writer wishes to express his sincere 
thanks to Professor Y: Sakaki, at whose 
laboratory in Nagoya University the main 
parts of this work were done, for his kind 
guidance and encouragement. He is very 
grateful to Professor A. Okazaki and Professor 
K. Ariyama, who gave kind and critical re- 
view of the original manuscript. He is 
indebted to Dr. S. Uchiyama, who helped 
him by preparing the experiments for this 
research, by making measurements during 
the preliminary phases of the work, and by 
his suggestion and discussion. 
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Magnetic Susceptibility of Liquid Alloys of Copper 
with Cobalt, Iron, Manganese, and Chromium 
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A systematic investigation has been made on the magnetic susceptibility 
of a series of transition metals dissolved in molten copper at temperatures 
up to 1600°C. These molten metals are miscible in all proportions except 
for the Cu-Cr system. 

The susceptibilities of the Cu-Co and Cu-Fe alloys follow the Curie- 
Weiss law. The Curie constant is roughly proportional to the concentra- 
tion of Co or Fe. The paramagnetic Curie temperature for the Cu-Co 
system rises monotonously with the concentration of Co, while that for 
the Cu-Fe system shows a maximum at an intermediate composition. In 
the Cu-Mn and Cu-Cr systems, only the Cu-rich alloys show the Curie- 
Weiss paramagnetism, while the alloys containing more than 50% Mn or 


more than 5% Cr show rather temperature-independent paramagnetism. 


$1. Introduction 

The magnetic properties of dilute alloys of 
transition metals in noble metals have fully 
been studied by many investigators. The 
more enriched alloys, however, have been 
ignored in most cases, because the solid 
solubility is in general restricted. A system- 
atic investigation on the variation of the 
magnetic properties with the composition of 
the alloys is possible in the liquid state, 
since these metals are miscible in almost all 
proportions. As reported previously by the 
present author,” the magnetic properties of 
the transition metals and alloys in the liquid 
state are not essentially different from those 
in the solid state. Accordingly, the magnetic 
properties in the solid state can be inferred 
to a certain extent from the measurements 
in the liquid state. In 1941 Weil® measured 
the magnetic susceptibilities of various trans- 
ition metals dissolved in molten non-magnetic 
metals. Since his measurements were carried 
out below 1400°C, only the alloys having 
lower liquidus temperatures were studied. 

The present work has been made at higher 
temperatures up to 1600°C. Specimens in- 
vestigated are of the alloys of 3d-transition 
metals, such as Co, Fe, Mn and Cr, with a 
noble metal, Cu. The temperature dependence 
of the susceptibility can well be determined, 
because the liquidus temperatures for these 
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alloys are fairly below 1600°C, except for the 
Cu-Cr alloys. 


§ 2. Experimental Method 


The measurements of magnetic suscepti- 
bility were made by Faraday’s method using 
Sucksmith’s ring balance. A silicon-carbide 
resistance furnace was used for the measure- 
ments at high temperatures, as described in 
our previous paper.” Each alloy specimen, 
weighing about 400mg, was prepared by 
using this apparatus. The procedure was as 
follows: the two component metals of the 
alloy were contained together in a small 
alumina crucible fixed to the balance, and 
were heated by the furnace under a purified 
argon atmosphere. After the specimen had 
completely been melted and homogenized, its 
susceptibility was measured at various tem- 
peratures during successive cooling and heat- 
ing cycles. The temperature was controlled 
step by step, the average cooling or heating 
rate being about 5°C/min. 

During the first melting process, the mag- 
netic susceptibility was measured to confirm 
the complete melting and mixing of the 
metals. Among the metals investigated, only 
chromium has the melting point higher than 
1600°C. Because diffusion of the atoms in 
the liquid state is very rapid, the homo- 
geneous liquid alloys could be formed in ten 
or twenty minutes at 1600°C, except for the 
Cu-Cr alloys. In the latter case, dissolution 
of solid chromium in molten copper is so 
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sluggish that it took over an hour for the 
Cu-Cr specimens to reach thermal equilibrium. 

Temperatures were measured by Pt-PtRh 
thermocouple situated close to the specimen, 
calibrated im situ at the four transition tem- 
peratures of pure iron: ferromagnetic Curie 
point (770°C), a-y transformation point on 
heating (910°C), 7-0 transformation point 
(1400°C), and melting point (1535°C) ; at these 
temperatures the magnetic susceptibility 
showed abrupt changes. The transition tem- 
peratures mentioned above are mainly based 
on a recent work of Pattison and Willows’, 
being somewhat different from those described 
in our previous paper”. 

The metals used for the specimens were 
of very high purity. Electrolytic copper, 
cobalt, iron and manganese were used after 
being melted in a high vacuum induction 
furnace. The principal impurities determined 
by chemical analysis were carbon and silicon, 
the concentrations of which were as follows: 
C—0.006% in Cu, 0.008% in Co, 0.008% in 
Fe, and 0.010% in Mn; Si—0.001% in Cu, 
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0.060% in Co, 0.004% in Fe, and 0.010% in 
Mn. Chromium was spectroscopically pure 
obtained from Johnson, Matthey & Co.; the 
‘electrolytic flakes deoxidized’ were used 
without the vacuum melting treatment. The 
compositions of the alloy specimens were not 
determined by chemical analysis but calculat- 
ed from the mixing ratios. In this paper 
the compositions are hereafter expressed by 
atomic percent. 


§3. Experimental Results 


Cu-Co and Cu-Fe. Phase diagrams for the 
Cu-Co and Cu-Fe systems are similar to each 
other, showing very restricted solid solubility 
and nearly flat liquidus curve in the inter- 
mediate composition range.” 

The susceptibility vs. temperature curves 
obtained for these alloys are shown in Fig. 
1 and Fig. 2. Both Cu-Co and Cu-Fe alloys 
exhibit extensive supercooling of the liquid 
phase. The susceptibility curve measured 


during cooling is smooth at the liquidus 
rie 


temperature, and shows a large dis- 
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T;, is the liquidus temperature, 


Susceptibility curves for Cu-Co alloys. 
JT) is the limit of liquid immiscibility. 
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Fig. 2. Susceptibility curves for Cu-Fe alloys. 
Ty; is the liquidus temperature; 7 is the limit of liquid immiscibility. 


continuity at the temperature about 100°C 
below T;, where the solid phase is precipitat- 
ed abruptly from the supercooled liquid 
solution. The precipitation of the solid 
phase causes an increase in susceptibility for 
the Cu-Co alloys wheras a decrease for the Cu- 
Fe alloys. 

It is found in some cases that the suscepti- 
bility curve exhibits anomalous behaviour in 
the supercooled region; the curve has an 
angular point at a certain temperature de- 
noted as 7» in the figures. At this tempera- 
ture the supercooled liquid solution breaks 
up into two liquid phases. This is confirmed 
by the microscopic examination of the 
quenched specimens. A detailed report on 
this subject has already been published else- 
where. 

Cu-Mn. Copper and manganese form a 
continuous series of solid solutions having a 
face-centred cubic structure. The liquidus 
temperatures reported by many investigators 
agree fairly well, while there are remarkable 
discrepancies for the solidus temperatures of 


the manganese-rich alloys.* 

The results of the susceptibility measure- 
ments are shown in Fig. 3. The suscepti- 
bility shows a maximum at the liquidus 
temperature, T;. Below Ty, the susceptibility 
measured during cooling deviates appreciably 
from that measured during heating, although 
the supercooling of the liquid phase in these 
alloys is not extensive. The deviation is 
mainly due to the segregation which takes 
place upon solidification. The segregation is 
confirmed by the microscopic examination of 
the quenched specimens. By annealing at 


* According to Hansen®), the most reliable solidus 
curve for the Cu-Mn system is that obtained by 
Dean et al.7), which is based on incipient melting 
studies by means of micrographic investigation. 
Also the present author has studied the solidus 
curve by the similar method. The results will be 
published elsewhere. It is to be noted here that 
the solidus curve determined by the present author 
is in disagreement with that obtained by Dean et 


al., being rather close to an earlier work of Grube 
et al.®) 
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850°C for several hours, the segregated 
specimens.are not completely homogenized, 
and so the susceptibility curves below Ty, 
shown in Fig. 3, do not represent the values 
for the equilibrium state. At temperatures 
above 7J;, the susceptibility curves are well 
reproducible, because of rapid diffusion in the 
liquid state. For the manganese-rich alloys, 
the susceptibility in the liquid state is nearly 
independent of both temperature and the 
composition of the alloys. 
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Fig. 3. Susceptibility curves for Cu-Mn alloys. 
T;, is the liquidus temperature. 


Cu-Cr. Since the solubility of chromium 
in molten copper is fairly restricted, only the 
copper-rich alloys are investigated. The 
susceptibility curves obtained for these alloys 
and for pure copper are shown in Fig. 4. It 
is confirmed by the microscopic examination 
of the quenched specimen that an angular 
point on the susceptibility curve corresponds 
certainly to the liquidus temperature, 7x. 
According to Hansen,» there have been no 
reliable data on the liquidus curve for the 
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Cu-Cr system. The liquidus curve obtained 
in the present work is shown in Fig. 5, to- 
gether with that determined by Siedschlag” 
using fairly impure chromium. ‘The liquid 
immiscibility is not found in the range up 
(KO) hs (Cre, 

The susceptibility curves for various Cu-Cr 
alloys show discontinuity at the same tem- 
perature, Zz, which must be a eutectic 
temperature of this system. The suscepti- 
bility shows a gradual change between TJ; 
and T,;. Contrary to the Cu-Mn system, the 
temperature hysteresis is not found in this 
system. This is certainly due to the fact 
that the solid phases precipitated are of al- 
most pure chromium and copper. The 
susceptibilities of these solid phases can be 
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Fig. 4. Susceptibility curves for Cu-Cr alloys 
and pure Cu. 
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Fig. 6. Curie-Weiss dependence of susceptibility on temperature. 
tibility are corrected for diamagnetism of copper. 


(a) Cu-Co alloys 


estimated from the data shown in Fig. 4; 
the susceptibility per gram of chromium-rich 
phase is 5.8x10-°, being independent of tem- 
perature, and that of copper-rich phase is 
0.15x10-* at 1050°C, its temperature de- 
pendence being not determined. 


§ 4. Analysis of the Results on Homogeneous 
Liquid Alloys 


It is shown that the magnetic susceptibilities 
of these alloys above the liquidus tempera- 
tures follow in general the Curie-Weiss law : 

x1=C/(T-9) , (1) 
where x is the susceptibility per gram and 
T the temperature. The two parameters, C 
and 6, are the Curie constant per gram and 
the paramagnetic Curie temperature, respec- 
tively. As shown in Fig. 6, the reciprocal 
of susceptibility plotted against temperature 
lies on a straight line, from which C and @ 
are determined. For the Cu-Co and Cu-Fe 
alloys, the susceptibility in the supercooled 
liquid state also fits Eq. (1), as far as the 
separation into two liquid phases does not 
occur. 

It is expected that the Curie-Weiss para- 
magnetism of these alloys is only due to the 
atoms of transition elements. Therefore, the 
measured values of susceptibility are cor- 
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(c) Cu-Mn alloys 


The values of suscep- 


rected by taking into account the diamagnetic 
contribution of copper. The susceptibility 
per gram of molten copper is —0.13x10°5, 
being independent of temperature, as shown 
in Fig. 4. For the alloys containing more 
than 30% transition metals, this correction 
becomes ineffective. The diamagnetic con- 
tribution of the closed-shell electrons of the 
transition elements is completely ignored. In 
Fig. 7 (a) the Curie constants per mole, Cu, 
are plotted against the atomic concentration 
of the transition metals. Cy is related to C 
in Eq. (1) as 


Cu=C[xMat (1—x) Msg] , (2) 


where M, and Mz are the atomic weights of 
A and B, and x is the atomic concentration 
of A. Fig. 7 (b) shows the values of @ in 
absolute temperature unit. 

The Curie-Weiss law is derived from a 
theory based on the Heitler-London model.* 
According to the theory, Cy is given as 


Oj, AN rsuyi: 


23h (3) 


* The Curie-Weiss law can also be derived from 
Stoner’s collective electron theory. However, a 
detailed analysis based on this theory requires a 
knowledge about the ferromagnetic ‘state at low 
temperatures, which is lacking in the ‘present case. 
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provided’ that the atoms of the transition 
elements have the resultant spin S, and the 
copper atoms have no magnetic moment. In 
Eq. (3), x is the atomic concentration of the 
transition element, N is Avogadro’s number, 
k is Boltzmann’s constant, and » is the Bohr 
magneton. The theoretical curves for Cy are 
also shown in Fig. 7 (a) for various values 


Curie constant per mole, Cu 


O5 
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Atomic %, transition metals in Cu 


(a) Curie constant 
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(b) Paramagnetic Curie temperature 


Fig. 7. Curie constant and paramagnetic Curie 
temperature vs. composition of alloys. 
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of S. The experimental curves of Cy for the 
Cu-Co and Cu-Fe systems do not show mark- 
ed deviations from the theoretical curves for 
S=1 and S=3/2, respectively.* The electronic 
configurations of cobalt and iron are thus 
considered to be (3d)8(4s)! and (3d)7(4s)1, re- 
spectively. If the concentrations of cobalt 
and iron are sufficiently low, the measured 
values of Cy approach the theoretical values 
for S=3/2 and S=2, respectively, correspond- 
ing to the electronic configurations (3d)7(4s)? 
and (3d)°(4s)?. 

The values of @ are always positive in both 
Cu-Co and Cu-Fe alloys. The @ vs. compo- 
sition curve for the Cu-Fe system has a flat 
maximum at an intermediate composition, 
while that for the Cu-Co system rises mono- 
tonously with the concentration of cobalt. 

The results on the copper-rich alloys of 
Cu-Mn are similar to those on the Cu-Co and 
Cu-Fe alloys. In the range up to 50% Mn, 
the Cx vs. composition curve lies between 
the two theoretical curves for S=2 and S= 
5/2. The electronic configuration of the 
manganese atoms in these alloys is thus 
considered to be (8d)®(4s)! or (3d)°(4s)?.. For 
the alloys containing more than 50% Mn, Cu 
becomes extremely large, and @ tends to 
negative infinity. The Curie-Weiss law has 
no physical significance in this case, since 
the susceptibility is nearly independent of 
temperature. 

In the Cu-Cr system, even the copper-rich 
alloys show the temperature-independent 
paramagnetism. The Curie-Weiss law is ap- 
plicable only to the most dilute alloy, in 
which the electronic configuration of the 
chromium atoms is probably (8d)°(4s)}. 


§5. Discussion 

As mentioned above, the electronic con- 
figurations of the atoms of the transition 
elements are determined from the tempera- 
ture dependence of the susceptibilities. The 
configurations of cobalt and iron determined 
here are quite consistent with those deter- 
mined from the data on Ni-Fe, Ni-Co and 


* The values of Cw and @ for pure iron and 
cobalt are calculated from the data reported in our 
previous paper). The data are slightly modified 
by taking into account the alteration of the standard 
temperatures, upon which the calibration of 
thermocouple was based. (see §2) 
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Co-Fe alloys.? 

The magnetic interactions between the 
atoms of the transition elements are estimat- 
ed from the values of 0, being ferromagnetic 
in the Cu-Co and Cu-Fe systems whereas 
antiferromagnetic in the Cu-Mn and Cu-Cr 
systems. However, the dependence of 9 on 
the concentration of the alloys cannot be ex- 
plained by any simple theory. In the Cu-Co 
and Cu-Fe systems, if only a direct exchange 
interaction between the cobalt or iron atoms 
is effective, 0 should decrease very rapidly 
with addition of copper to cobalt or iron. 
The effect of short-range ordering may to 
some extent account for the discrepancy be- 
tween the above theory and the experimental 
fact. As reported elsewhere,” both the Cu- 
Co and Cu-Fe systems have the pronounced 
tendency towards liquid immiscibility. Thus 
the number of pairs of cobalt or iron atoms 
are laraer than that for the perfectly random 
distribution of the atoms, and consequently 
the magnetic interaction becomes stronger, 
However, the maximum in @ vs. composition 
curve for the Cu-Fe system cannot be ac- 
counted for by this effect. It is likely that 
there exist other kinds of magnetic inter- 
action, for example, a superexchange inter- 
action through the non-magnetic copper 
atoms. 

Previously, Weil® has measured the suscep- 
tibilities of cobalt and iron dissolved in molten 
gold and antimony. The results on Au-Co 
and Au-Fe are very similar to those on Cu- 
Co and Cu-Fe investigated here, while the 
results on Sb-Co and Sb-Fe are fairly dif- 
ferent. Weil has also measured the suscep- 
tibilities of liquid Cu-Mn alloys in the range 
up to 68% Mn. The results are in good 
agreement with the present results. With 
respect to chromium, Weil has studied only 
Sb-Cr alloys. 

The susceptibilities of these alloys in the 
solid state have been studied by many 
investigators. For the Cu-Co and Cu-Fe 
systems, only the very dilute alloys have 
been investigated.!!12) A continuous series 
of solid solution in the Cu-Mn system has 
been studied by Myers. The results are 
similar to those obtained for the liquid state, 
but the Curie-Weiss law is applicable only 
to the alloys containing less than 25% Mn in 
the solid state, while it is applicable up to 
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50%. Mn in the liquid state. For the Cu-Cr 
system, there has been only a room temper- 
ature measurement of the susceptibility of 
the quenched specimen™, 

Manganese and chromium show the Curie- 
Weiss paramagnetism in the dilute alloys 
whereas the temperature-independent para- 
magnetism in the enriched alloys. Although 
the temperature-independent paramagnetism 
is usually explained by the band theory of 
metals, the Heitler-London theory is also 
applicable to it. If the antiferromagnetic 
interaction between the atoms of transition 
elements becomes extremely large, it may 
depend very sensitively on the interatomic 
distance, as expected from the Bethe-Slater 
curve. In this case even a small change in 
interatomic distance due to thermal expansion 
can produce an appreciable change in magnetic 
interaction. As reported in detail in our 
previous paper,» this effect results in an ap- 
parent large value of the Curie constant. 
The temperature-independent paramagnetism 
corresponds to the case where the apparent 
Curie constant becomes infinitely large. 

It is shown by the experimental results 
that the Cu-Cr alloys show the temperature- 
independent paramagnetism even in rather 
dilute alloys, while the Cu-Mn alloys show 
the ordinary Curie-Weiss paramagnetism even 
in fairly enriched alloys. These results are 
accounted for by the following two facts. 
Firstly, the antiferromagnetic interaction 
may be stronger in chromium than in manga- 
nese, since the diameter of 3d-shell is larger. 
Secondly, as can be expected from the phase 
diagrams, the short-range ordering in the 
Cu-Cr alloys may increase the number of 
pairs of the same kinds of atoms, while that 
in the Cu-Mn alloys may decrease it; thus 
the antiferromagnetic interaction is enlarged 
in Cu-Cr, while it is reduced in Cu-Mn. 

In conclusion, the author emphasizes that 
the magnetic properties of a series of transi- 
tion metals vary continuously with the atomic 
number, at least in the liquid state. Cobalt 
and iron behave very similarly, though the 
former is more ferromagnetic. Manganese 
is less antiferromagnetic than chromium. 
These results are consistent with the Bethe- 
Slater curve. The atomic magnetic moments 
of these transition metals in the liquid state 
vary systematically with the atomic number, 
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and the electronic configurations are close to 
(3d)"(4s)?. In the solid state, there may be 
a discontinuous change in electronic configu- 
ration between high-d and low-d elements, 
namely Ni and Co on the one hand and Fe, 
Mn and Cr on the other hand, which has 
been suggested by Lomer and Marshall! on 
the basis of recent X-ray measurement by 
Weiss and DeMarco™. However, it is pos- 
sible to suppose that the discontinuous change 
in d-electron density observed by X-ray is 
only due to the difference in crystal struc- 
ture. It should be mentioned here that the 
magnetic properties of the liquid phase are 
similar to those of the face-centred cubic 
phase, as described in our previous paper). 
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The intrinsic viscosity of a polymeric substance crosslinked as well as 
degraded by irradiation with high-energy radiations is discussed for 
various types of initial molecular size distributions. The intrinsic viscosity 
as a function of radiation dose is shown to behave in a great variety of 
ways depending on the relative importance of crosslinking and degrada- 
tion, and in particular, on the shape of the initial distribution. The effect 
of endlinking instead of crosslinking is also examined. 


§1. Introduction 

The intrinsic viscosity of a polymeric sub- 
stance exposed to high-energy radiations is 
one of the most important quantities in the 


study of the effects of radiation on polymers. 


Gradual accumulation of reliable experimental 
data in recent years” seems to require a 
careful theoretical analysis of the intrinsic 
viscosity of an irradiated polymeric substance. 

In a previous paper» (hereafter referred to 
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as I), one of the authors (M.I.) examined the 
quantity for various types of initial molecular 
size distributions according to a formalism 
recently developed by Saito®-® and concluded 
that there exists a remarkable relationship be- 
tween the initial distribution and the radia- 
tion-induced change of the intrinsic viscosity. 
The discussions in I are, however, confined 
to the coefficient Ai({4, a) in the expansion 
of the intrinsic viscosity 7(R) at radiation 
dose R 


(R)/y0)=14 Ail4, @)R+ A2(A, a) R?4+-:-, 

(1) 
where a@ stands for the viscosity exponent in 
Staudinger’s law (1/2<a@<1) and & for the 
ratio of the probability 7 of degradation per 
monomer unit per unit radiation dose to the 
probability ¢ of crosslinking per monomer 
unit per unit radiation dose. 

It is now the main purpose of the present 
paper to extend the discussions in I to the 
coefficient A2(2, a) in (1), so as to clarify more 
delicate and subtle features of the relation- 
ship between the initial distribution and the 
change of the intrinsic viscosity. Further we 
will examine the intrinsic viscosity of a 
polymeric substance into which endlinking 
instead of crosslinking is introduced by 
irradiation. Then the relationship in which 
we are interested exhibits a tendency qualita- 
tively similar to the case of crosslinking, 
although the correlation is more pronounced 
in comparison with the latter case. 

Another purpose is to give a detailed 
numerical analysis of Ai(A, w) for a type of 
initial distribution, which is not only flexible 
in the sense that it covers a great variety 
with variation of a parameter involved but 
also experimentally interesting in the sense 
that it can approximately represent an actual 
distribution in an ordinary sample of poly- 
mers. 


§2. General Formulation 


As in I, we define the molecular size dis- 
tribution m(p, R)dp of a polymeric system 
as the fraction of polymers whose degree of 
polymerization lies between p and p+dp when 
the system has been irradiated up to radia- 
tion dose R. The constancy of the total 
number of monomers imposes a normalization 
condition upon m(p, R), namely, 
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Wes R)dp=1. (2) 


By the procedure described in I, we cal- | 
culate m(p, R) as a power series in R and 
we gave there the result up to the first order. 
The next term which is of the second order 
can be similarly obtained, although the calcu- 
lation is rather complicated. Thus we have 

mp, R)=e 4m p, 0)+ -i( pt 
+¢2( pt? +O0(4)} 
=m(P, 0)+{¢1(p)—(A+2)pm(p, O}t 
+{p2(p)—(A+2)pdi(p) 
+$A+2)Pp'm(p, 0)}P+08%), (3) 
where t=cR, 4=7/¢, and m(p, 0) stands for 
the initial distribution and ¢:(p) and ¢.(p) 
are defined as follows: 


dn p)=22F (p)-+| "all >—Dmll O)m(p—l, 0) , 
(4) 
de p=#\" alr 


D 


+a" ali p—)F(m( p—l, 0) 
+\" a>—Dm(o—t, 0) 
x | abe Ron, 0)m(l—k, 0), (5) 


where 


F(p)=\" me, Odi . (6) 


According to the Staudinger’s law the 
intrinsic viscosity 7(R) at dose R is 


(R)/2(0)= fasi(R)/fa+r(0) , (7) 


where we have used the following notation: 
foR)=\"m(p, Roprdp . (8) 
0 


Now we substitute (3) into the right-hand 
side of (7), rearrange the terms and compare 
the result with (1) to arrive at the following 
expressions for Ai(4,@) and A,(4, a), the 
former of which has already been given in 
I. Namely, 


40, = (Eo fetid 
Pa va F+2(0) Ala) _ ) 
(ema , ie oy 


ed a fan a 


aoe 


and 


| 
: 
j 
| 
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Aa(A, a) = £2198) (pia) 2—20(a)1-+ R(a)) , 


fa+i(0) 
11) 
oot Sept a 
ce tGiNeth etl, ag 
R@)=2+ 2 Zin 14) 


where /(8), fi and jf; are repeated integrals 
defined as follows: 


116)=\" appe| "at p—L)m(1, 0)m(p—I, 0) 

0 0 

(15) 
0 0 


(8=a@ or a+l), 


i [- appr | "atu e—Dmo—1, 0) 
0 0 
v [| ake—k)i, 0)m(l—k, 0)° (17) 
0 


It should be noted that by interchanging 
orders of integrations we can rewrite the 
integrals in the following way: 


1(6)= "ditt, 0) | ” dp(p+Dpm(p, 0) , 
0 0 


(18) 
a ae! 
h= aarp Ata t HheslOfu0) 
—\"apprmo, 0” dh p+Rymk, 0} 
(19) 
| alee Of dtid-+ bm, 0) 
$ e dpp( p+1-+k)m(p, 0) . (20) 


Now we will evaluate A.(A, a) for some 
types of initial molecular size distributions 
and discuss the result together with those 
obtained in I, so that we may clarify the 
relationship between the initial distribution 
and the radiation-induced change of the in- 
trinsic viscosity more closely than in I. For 
this purpose it will be helpful to quote a 
theorem that gelation is possible if and only 
if A<4 irrespective of the initial distribu- 
tion.?)»*) 

§3. Application to Some Types of Initial 
Molecular Size Distributions 


1) Poisson distribution 
When the initial distribution is Poisson- 
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like, namely, 
mp, 0)=u exp (—p/u) , (21) 

where u is the initial number-average degree 
of polymerization, we have by (8), (15), (16) 
and (17) 

fe(0)=u®1(B+1) , 

(8) =u81(B-+5)/6 , 

A =u? (a+5)6 , 

Jo =u%*?T(a+8)/180 . 


Then we obtain Ai(A, a) and A,(A, a) by (9)- 
(14), namely, 


Ai(A, a) =—Cua{i—2(a)} , 
A(a) =(a+2)(a+7)/6 , 
Aa(d, aja Cala pet hhet)), 


(22) 
(23) 


a (a+2)(a+3)(a+7)(a+14) 
90 
4 (C aaa — (a+2)(a@+T) 
2 6 
maa ie (24) 
180 
It is worth noting that A2(A, a) is positive 
definite for any 2 for 1/2<a@<1, while Ai(A, a) 
may be either positive or negative. This 
situation seems to be characteristic of a suf- 
ficiently broad initial distribution. For, as 
will be shown later, it is in a striking con- 
trast with the case where the initial distri- 
bution is uniform or nearly uniform. 
Consequently, we can distinguish the be- 
havior of the intrinsic viscosity as a function 


Fig. 1. Schematic representation of the behavior 
of the intrinsic viscosity when the initial dis- 
tribution is Poisson-like. 
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of dose in the following way. A simple analysis shows that A,(A, aw) has 
Cid tia@rr two real, positive zeros with respect to 2, SO 
that we rewrite it as 
A.(A, a)=(CupP(@){A—A(@) HA—Al@)} 
(Ao(@) > Ai(a)) 5 (31) 
We give numerical values of 4(a@), 22(@) and 


Ai>0, Az>0, gelation possible. 
(ii) 4>A4>Ad(@) 
Ai<0, A:>0, gelation possible. 


(ii) A>4 : ’ 
A:<0, As>0; gélations impossible. daz) in Tablel and"Mig.-2- 
We give a typical viscosity-dose curve for 13 
each of the three cases in Fig. 1. 
2) Uniform distribution 12 
When the initial distribution is uniform | 
and every polymer has degree of polymeri- 
zation u, namely, te) 
m(p, 0)=u-0( p/u—1) , (25) 
9 
we have 
Fp(0)=ue ’ 8 
1(8) =(2u)e* , 7 
ee 
9/062) = 
daca ease ak 6 
fp=2-3% ye 2 5 
In the evaluation of these integrals, it is 
more convenient to make use of (18)-(20) 4 
rather than (15)-(17). 3 
Then Ai(4, a) and A2(4, vw) is given as fol- 
lows. 2 
aie a= —( ae ee (26) l 
ee O50 O60 0.70 OBO O80 100 
Ay(@) = 2(a+2)(2%—1)/a@ , (27) ae 
Ax(A, a)=(€u){P(a)M—20(a@)A+R(@)} , (28) Fig. 2. Values of ax(a), ao(a) and Ag(a) plotted 
2%*1(a?-+a+2)—(a?+3a+4) against « when the initial distribution is uni- 
Q(a)= 5 (29) form 
(a+2\(a-+3) m. 
RQ) = 20" 1 20?) (30) According to the values of 4 and a, we 
classify the behavi intrinsi i i 
‘Pablendls- (Values of ale Ana senaeer - ae avior of the intrinsic viscosity 
for the uniform distribution : 2 
(i) A(a)>a 
a Ao(@) Aa) Ax(a) Ai>0, As.>0, gelation possible. 
0.50 4.1422 3.3874 7.4296 (i) 4>4>A(a) 
0.55 4.3033 3 4380 7.8234 ie” A:<0, gelation possible. 
0.60 4.4695 3.4910 8.2300 (iit) Ao(a) >A>4 
0.65 4 6409 3.5466 8.6494 P Ai>0, Az:<0, gelation impossible. 
0.70 4.8176 3.6050 9.0819 (iv) Ax(@)>A>do(a) 
0.75 4.9998 3.6656 9.5286 Ai<0, As<0, gelation impossible. 
0.80 5.1877 3.7284 9.9904 (v) A>a(a@) 
0.85 5.3815 3.7933 10.4678 A:<0, As<0, gelation impossible. 
0.90 5.5813 3.8602 10.9613 In Fig. 3 we give a typical viscosity-dose 
0.95 5.7874 3.929] 11.4719 curve for each of the domains indicated in 
1.00 6.0000 4.0000 | 12,0000 Fig. 2. 


The possibility of a viscocity-dose curve 
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with a maximum (case (iii)) for a nearly 
uniform initial distribution has already been 
predicted in I. In this connection, it is very 
interesting that Pearson® observed such a 
viscosity-dose curve for poly-(ethylene oxides), 
whose molecular size distribution were re- 
portedly nearly uniform. 


(ii) 


(iii) dose R 


Fig. 3. Schematic representation of the behavior 
of the intrinsic viscosity when the initial dis- 
tribution is uniform. 


3) Rectangular distribution 
We will examine the rectangular distribu- 
tion defined in I, namely, 


mip, O=4 Read oth <A) 


(otherwise) , 
where uw stands for the number-average degree 
of polymerization. We regard the dimension- 
less parameter £& as small compared with 
unity; therefore we have now to do witha 
sharp or nearly uniform initial distribution. 
In this case we have 

5 a es 
ita = = ae es ooo 

u ) (ex aie é 

x {A—Ao(a@)} ? 


dala (22) acae— 1) — SAEED. -} : 


a 
(34) 


(32) 


Auld, a) =(eu)| 1422 2e4.. a 
x {P(a)P—2Q(a)i+R(a)} , 
2¢*(a?+a+2)—(a@?+3a+4) 
(@+2)(a+3) 
22 (ae tat+da—4)+2 -., 
i. 3(a@+2) aah 
Ra) oe 22?) 
= (2/3)(8¢—-2*)(at+l(a+2)&+---, (37) 
-after laborious calculations. 


(35) 
QU(a)= 
a (36) 
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As far as & is sufficiently small, A:(4, a) 
given by (35) has two positive zeros with 
respect to 4 and it can be written in the form 
(31). To examine the dependence of the zeros 
A(a@) and 2:(a) on &, or the broadness of the 
initial distribution, we have to resort to 
numerical computation since the expressions 
(36) and (37) are rather complicated. Then 
we find that both ’(@) and 2(a@) decrease 
with increase of & at least for small &. It 
means that the regions 4>4>2:(a) and 4>2:(a) 
become wider and the region 2%(a@)>A>4 
narrower as the initial distribution attains 
broadness. 

In experiments the initial distribution 
cannot be exactly uniform, but has some 
broadness, even if advanced fractionation 
techniques are employed. A _ rectangular 
distribution with small & must be rather more 
realistic in a so-called “ fractionated ” sample 
of a polymeric substance. In view of this 
fact, observation of a viscosity-dose curve 
with an inflection point (case (ii)) is highly 
probable for a nearly uniform initial distri- 
bution, although, to the best of the authors, 
knowledge, it has never been reported. On 
the other hand, a viscosity-dose curve with 
a maximum (case (iii)) can be observed 
practically only if @ is sufficiently large. 


4) Superposition of two uniform distributions 
In order to confirm the conclusion concern- 


ing the rectangular distribution, we consider 
a superposition of two uniform distributions 


mp, 0)= (2u?)-{6( p/u—1—Q) + 8(plu-1+O)} , 
(38) 


where uw is the number-average degree of 
polymerization and € will be regarded as 
small. We calculate Ai({, w) and A2(A. a) as 


AA, a)=— (S46 )atlet ne 22} 


x {A—2o(a)} , (39) 


in(a)=(&2*) f2c20—1)— Bath co a | 


cas 
(40) 


Aid, &)=(€uy{1+(2a+3)C2+ - ++} 
x {P(a)2—2Q(a)A+R(a)} , 
2eVer+at+2)—(@+3a+4) 
(a+2)(a+3) 
2eMas-+a?+da—4) +2 BEF so (AD 
es (42) (a , (42) 


(41) 


Q(a)= 
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R(a)=2(3¢*!+-1—2¢*?) 
—2(3¢—2%) (a+ (at2jG2+---. (48) 
Thus we see that the expressions (39)-(438) 
are very similar to (33)-(37) so that the 
situation is qualitatively similar to the case 
where the initial distribution is rectangular. 


§ 4. Generalized Poisson Distribution 


The initial distributions which we have so 
far dealt with are either nearly uniform or 
Poisson-like. Although main features of the 
relationship between the initial distribution 
and the viscosity-dose curve have been under- 
stood, detailed analysis is necessary for an 
initial distribution which covers a wide range 
of a parameter involved. For such a purpose 
it is convenient to consider the distribution” 


sa oe 
wil(b+1)\u ; 


where uw is the number-average degree of 
polymerization and Dd(=1) is a parameter 
specifying the shape. We call (44) as the 
generalized Poisson distribution. It is normal- 
ized as (2). The Sth moment turns out to be 


Fa(0)=(u/b)P-"PB+5)/P +8) , (45) 


where 60. The parameter 0 is connected 
with the ratio of the weight-average P,.(0) to 


mp, 0)= 


M. [INoKUTI and K. KATSUURA 


(44) 


zation in the following way : 


Pu(Q)/Pal0)={ fa) /AOFKAO)/fo0)}=1+ 1/0 « 
(46) 


If b=1, (44) reduces to the Poisson distri- | 
bution; and if b=, to the uniform distri- 


bution. 
When we want to approximate the actua! 
distribution of a polymer sample, we can 


determine the value of b by the relation (46), | 


since the quantity on the left-hand side o1 


(46) is obtained by measurements of light | 


scattering and the osmotic pressure. 
For this initial distribution, Ai(4, @) is 


given as 
( a 


VS ee =) 
P'(2b+3-+a)l'(b+1) _ 
'(6+2+a)I(2b+2) 


cae A ale} 


at2 b 
(47, 
2} 


va (22) 
(48) 


The results of numerical computation given 


in Table II and Fig. 4 confirm quantitatively | 


the very conclusion of I that A(@) is larger 
or smaller than 4 according as the initial 
discribution is narrow or broad. 
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Further | 
these numerical values can be profitably used | 
in analysis of experimental data, as will be. 


the number-average P,(0) degree of polymeri- reported elsewhere 


Table Il. Values of Ao(a) for the generalized Poisson distribution. 

Bale ahanlis | 4 5 | 6 | eli | 12 | 14 
0.50 | 3.5658 | 3.6686 | 3.7403 | 3.7932 | 3.8658 | 3.9135 | 3.9471 | 3.9721 
0.52 | 3.6111 | 3.7169 | 3.7908 | 3.8453 | 3.9203 | 3.9695 | 4.0043 | 4.0301 
0.54 | 3.6566 | 3.7656 | 3.8417 | 3.8979 | 3.9753 | 4/0261 | 4.0620 | 4.0887 
0.56 | 3.7025 | 3.8146 | 3.8931 | 3.9510 | 4.0309 | 410833 | 4.1204 | 4.1480 
0.58 | 3.7487 | 3.8641 | 3.9449 | 4.0046 | 4.0870 | 4.1411 | 4.1794 | 4.2078 
0.60 | 3.7953 | 3.9140 | 3.9972 | 4.0587 | 4.1436 | 4.1994 | 4.2389 | 4.9694 
0.62 | 3.8422 | 3.9643 | 4.0499 | 4.1133 | 4.2008 | 4.2584 | 4 9999 hes: 
0.64 | 3.8894 | 4.0150 | 4.1031 | 4.1684 | 4.2586 | 4.3180 | a’3600 | 4 3014 
0.66 | 3.9370 | 4.0661 | 4.1567 | 4.2239 | 4.3169 | 4.3781 | 4.4915 | 4/4539 
0.68 | 3.9850 | 4.1176 | 4.2108 | 4.2800 | 4.3758 | 4.43890 | 4/4837 | 0/5170 
0.70 | 4.0332 | 4.1695 | 4.2654 | 4.3366 | 4.4353 | 4.5003 | 4.5465 
0.72 | 4.0819 | 4.2218 | 4.3205 | 4.3938 | 4.4953 | 4/5624 | 4 6099 ell 
0.74 | 4.1308 | 4.2746 | 4.3760 | 4.4514 | 4.5559 | 4.6250 | 4'6740 | 4°7107 
0.76 | 4.1801 | 4.3278 | 4.4320 | 4.5096 | 4.6172 | 4.6883 | 4°7388 | 4°7766 
0.78 | 4.2298 | 4.3814 | 4.4885 | 4.5683 | 4.6790 | 4.7593 | 4's043 | 4 a430 
0.80 | 4.2798 | 4.4354 | 4.5455 | 4.6275 | 4.7414 | 4.8169 
0.82 | 4.3302 | 4.4899 | 4.6030 | 4.6872 | 4.8045 | 4 ‘88901 40373 a o7ee 
0.84 | 4.3810 | 4.5448 | 4.6609 | 4.7475 | 4.8681 | 4.9480 | 5\0049 | 5 0474 
0.86 | 4.4321 | 4.6001 | 4.7194 | 4.8084 | 4.9324 | 50146 | 5.0732 | 5 1170 
0.88 | 4.4835 | 4.6559 | 4.7784 | 4.8698 | 4.9973 | 5.0819 | 5.1421 | 5 1a72 
0.90 | 4.5354 | 4.7121 | 4.8378 | 4.9318 | 5.0628 | 5.1498 | 5 
0.92 | 4.5875 | 4.7688 | 4.8978 | 4.9943 | 5.1289 | 5 2184 828 ey 
0.64 | 4.6401 | 4.8259 | 4.9583 | 5.0573 | 5.1957 | 5.2878 | 5'3534 | 5 4096 
0.96 | 4.6930 | 4.8835 | 5.0193 | 5.1210 | 5.2632 | 5.3578 | 5.4253 | 5 4760 
0.98 | 4.7463 | 4.9415 | 5.0808 | 5.1852 | 5.3313 | 5.4285 | 5.4980 | 5 5501 
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§5. Endlinking 


Let us consider the change of the intrinsic 
viscosity of a polymeric substance into which 
endlinking instead of crosslinking is intro- 
duced by irradiation. A treatment quite 
analogous to the case of crosslinking can be 
| performed by employing Saito’s theory.” 
We will evaluate the coefficient B, in the 
expansion 


7(R)/70)=14+ BiR+ B.R?+- (49) 


To discuss the effect of aren we have 
to classify polymers according to the number 
of ends involved in a polymer. Thus we 
define m(p, R)dp as the fraction of polymers 
whose degree of polymerization lies between 
p and p+dp and whose number of ends is 
when the substance has been irradiated up 


j 


60; & 
: 0% 
Ao Ds 
oy 
eo) 
2 
5.0) O a5 
Sor 
ere 
O607-Ofe Ops 090 100, 


3:0 
Fig. 4. Value of 4(a) plotted against a for vari- 
ous values of b. 


to dose R. By a procedure used in the paper 
I we calculate m:(p, R) as a power series in 
R. Now we regard the polymeric substance 
initially contains only linear polymers with 
molecular size distribution m(p, 0) and the 
number-average degree of polymerization w. 
Let * be the probability of degradation per 
monomer unit per unit dose and o the proba- 
bility of endlinking per degraded monomer, 
then mx(p, R) is 

mx p, R)=Onm(p, 0)+7R[2F (p) bez 

—{2ou+(20+1) p}Onm(P, 0) 


+-20udesG(p)|+ OCR’) , (50) 


where 
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Fon i TM OW 
D 


G(p)= |" avima, Oymn(p—I, 0), 


J0 
and 0;; is the Kronecker symbol. 
Substituting (50) into 


R co 
Woes = 3\" dbp md b, ry/\" dbp**m(b, 0), 
7(0) h=2)0 

(51) 
and comparing the result with (49), we ob- 
tain the following formula for Bi(o, a), 
namely, 
W+2 0) 

Bio, (= Ja+29) (a(a)g—1 52 

(0, @)= 19 FE ep (52) 
where 


Mee (ul*(a)—ufax0)_ 4) 
( —— fai2(0) ym 


Pe coh Ae iPul OMe Oo. 
0 20 


(53) 


Ka)= 


Fa(0)=|" dpp*m(b, 0) (55) 

Remembering the fact that gelation occurs 
as a result of endlinking if and only if o>1/4 
for any initial molecular size distribution,? we 
can predict the behavior of 7(R)/7(0) as fol- 
lows. If 1/0(@)>o0>1/4, the viscosity-dose 
curve has a minimum. On the other hand, 
if 1/4>o>1/0(a), the intrinsic viscosity in- 
creases in the beginning and reaches a max!1- 
mum, though it falls off for large dose. As 
will be shown later, 1/0(@)>1/4 holds when 
the initial distribution is sufficiently broad ; 
and 1/0(a@)<1/4 when it is sufficiently narrow. 


9 
8 9 (0.74,b) 
(064, b) 
‘ 8 (\/2,b) 
6 
5 
Ao(0,74,b, 
4 Ao(O.64,b) 
gee ae 172,b) ' 
Ar 
2D si af Se 1 (pen Beene | 
J 2 3 4 5 Tf 
b 
Fig. 5. Dependence of ao(@) and (a) on b. 
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Thus we find a parallelism between cross- 
linking and endlinking, which can be easily 
visualized when we note the parameter 1/A in 
crosslinking corresponds to the parameter o in 
endlinking and compare (52) and (53) with (9) 
and (10) respectively. 

To examine the dependence of Bi(c, aw) on 
the shape of the initial distribution, we carry 
out calculation of Bi(o, a) when m(p, 0) is the 
generalized Poisson distribution (44). The 
result is 


Bio, a)=ur(I +o) 55) o(a@)o—1} F 


b 
(56) 
JO) eves ferme crea 
a (P2b+)ro+a+2) 
2b+a+l 
weer (67) 


In Fig. 5 we give @(a) and &(@) as func- 
tions of b for a few values of a. The both 
curves bear qualitative resemblance to each 
other, but @#(@) depends on 3b, or the shape 
of the initial distribution, more strongly than 
A(a). This implies that the correlation 
between the initial distribution and the 
viscosity-dose curve is more emphasized in 
endlinking than in crosslinking. It is mathe- 
matically a consequence of the difference 
between J(@) and J*(@) appearing in Ai(A, a) 
and Bi(o, a) respectively. (See (15) and (54).) 


§6. Discussions 


We will summarize the results obtained 
here. Generally the viscosity-dose curve 
shows a great deal of variety depending on 
the shape of the initial molecular size dis- 
tribution. 

If the initial distribution is sufficiently 
sharp, we may expect that the viscosity-dose 
curve with a maximum or an inflection point 
should be observed for a proper value of 2. 
And the curve can be concave either upward 
or downward near R=0. Further it cannot 
have a minimum. To get a rough idea of 
the sharpness necessary for such a situation, 
or for A(@)>4, we may set a=1 in (10), 
since 4o(@) is an increasing function of @ for 
1/2<@<1. Thus by simple manipulation, we 
have 


201) =6f27(0)/fs(0) . 


Therefore, requiring Ao(1)>4, we arrive at the 
following inequality : 
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(Vol. 14, 


P(0)/Pu(0) = {POOF KPOAOF<3/2 , 


as a criterion for a “ sufficiently sharp ” initial 
distribution. 

If the initial distribution is broad, the vis- 
cosity-dose curve may have a minimum for 
a proper value of 4, but never a maximum. 


The curve is definitely concave upward near 


R=0. 

When high-energy radiation causes endlink- 
ing instead of crosslinking the situation is 
qualitatively the same, although the viscosity- 


dose curve is more sensitive to the shape of | 


the initial distribution. 

A few words about an assumption involved 
in Saito’s formalism as well as in our treat- 
ment should be needed to avoid misunder- 
standing. Namely, we assume that cross- 
linking and degradation should take place 
under irradiation with constant probabilities 
¢ and 7, or that reactions leading to cross- 
linking and degradation should proceed uni- 
formly under irradiation. 


molecular size distributions. 


depend on time. Such a non-uniform process, 
as it may be called, is encountered, for in- 
stance, when diffusion plays a significant role 
in the reaction mechanism®, or when the 
amount or additives or impurities which 
react as radical scavengers changes appreci- 
ably during irradiation.» If necessary, the 
time dependence of ¢ and + can be taken 
into account by a procedure similar to that 
adopted by Watanabe®) and Saito in dis- 
cussions of such non-uniform processes. 

We have neglected the effect of branching 
resulting from crosslinking on the intrinsic 
viscosity and used the simple Staudinger’s 
law (7) or (51). We believe, however, that 
our conclusion would not be seriously modi- 
fied, if we would consider the effect, because 
our treatment is concerned exclusively with 
the initial stage of irradiation where the 
number of branching is presumably very 
small. In fact, the number of branching is 
estimated to be order of unity per number- 


(58) | 
where P.O) and P.(0) are the z- and the 
weight-average degree of polymerization at 
R=0. The condition (58) may be understood 


And it is in the | 
scope of this assumption that we can expect — 
rather complicated behaviors of the intrinsic | 
viscosity depending on the types of initial j 
Sometimes we | 
have to do with the case where é and 7 } 


( 
{ 
{ 


a 


~ 1959) 


average molecule according to Saito.” 
Although Shultz et al! attempted to cal- 
culate the intrinsic viscosity of crosslinked 
polystyrene considering the effect of branch- 
ing, their result was not satisfactory. Ac- 


cording to our view, their calculation involves 


1] 


r 


is physically expected to be small. 


at least two ambiguities. Firstly, their 
approximation 7(R)« P..“(R) is not reasonable, 
since the molecular size distribution becomes 
essentially modified by crosslinking, endlink- 
ing and degradation. Secondly, the correction 
due to branching they obtained is appreciable 
even in the neighborhood of R=0, where it 
In any 


“way, it seems to be very difficult to evaluate 


the effect of branching. 
In conclusion we emphasize that precise 


measurement of the intrinsic viscosity of an 


irradiated polymeric substance offers a power- 
ful clue to the determination of the initial 
molecular size distribution. 
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There are several impudent assumptions in the determination of 
molecular weight distributions of high polymers by fractionation. There- 
fore the reliability of the molecular weight distribution is very problem- 
atical. We reconsider the theoretical basis of two fractionation methods, 
the one is Spencer’s method and the other is the successive precipitation 
method (SPM). Solving simultaneous integral equations, a modified 
Spencer’s method is proposed. Though it necessitates to measure the 
ratio of the volume of the solution phase to that of the precipitated 
phase, the results are more accurate than Spencer’s method. A modified 
SPM is also proposed. The results are also compared with the numerical 
calculation made by other authors and found to be in accord with them. 


Molecular weights of high polymers may 
be established from appropriate physical 
measurements on dilute solutions, such as 
light scattering or osmotic method etc. These 
methods are all absolute, that is, if the ex- 
periments were carried out ideally, no error 
would be introduced in the results. 

In the case of determination of molecular 
weight distributions of high polymers by 
fractionation, such a situation is not satisfied. 
Because many impudent assumptions are 
postulated in the procedure of the fractiona- 
tion, there must be unavoidable errors in the 
resultant distribution curves. 

Billmeyer and Stockmeyer had _ studied 
about Spencer’s fractionation method» and 
from many experimental resuls they had 
rather negative conclusion about this method. 
Other study ®#6) about the above mentioned 
problem were made only by numerical calcu- 
lations. It seems to be difficult to obtain the 
general conclusions from them. 

Under these circumstances, we try to 
reconsider the theoretical basis of the two 
fractionation method, one is Spencer’s method 
and the other is the successive fractionation. 
Thus we can find a modified method to deter- 
mine the distribution curves and a fractiona- 
tion condition to reduce the errors as small 
as possible. 

Recently, Broda, Niwinska, Potowitski” dis- 
cussed the so called summative fractionation 
method, The auther considers that the first 


order approximation of their method is noth- 
ing but Spencer’s method and a further analy- 
tical treatment is needed. 


CHAPTER I 


§1.1. Introduction 


The procedure of Spencer’s method is as 
follows. A series of polymer solutions is 
prepared. Each solution is separated into 
two phases by successive variation of its 
solvent power. This can be established by 
successive variation of the content of the 
non-solvent or of the temperature of each 
solution. The quantities actually measured 
are the weight fraction of the precipitated 
polymer W(s) and the weight-average molec- 
ular weight of it m(s). To simplify the pro- 
blem, Spencer proposed an artificial assump- 
tion, namely, that all of the polymer above 
a certain molecular weight x(s) is in the pre- 
cipitate and that all bellow x(s) is in the 
solution phase. Where we use ‘“‘s” as a 
parameter which represents the solvent power 
of the solution, that is, ‘‘s’’ have a one to 
one correspondence to the non-solvent content 
or the temperature of the solution. 

According to this assumption, if f(x) is the 
distribution function of the molecular weight, 


W(s)= | 


oy 


I (x)dx le) 
Cs) 


x 


M(s)=m(s)W(s)= |: 


2S 


x (Kae (1.2) 
) 
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From Eq. (1.1) and (1.2) Where R(s) is the ratio of the volume of 
dM 5 % the solution phase to that of the precipitated 

dw =a (1.3) phase and o(s) is a complicated function of 


The procedure is, then, to plot m(s)W(s) several interaction parameters and the com- 
versus W(s) and draw a smooth curve through eMac a ute satan ' 
the points. The curve is differentiated to For example, for a single solvent solution, 
give the corresponding values of x(s) and a=0(1—~-)—v'(1- )+x(1-v)§d-09} 
W(s). A plot of 1—W(s) versus x(s) is the on Tine 
| integral distribution curve. a2) 
It is an obvious fact, however, that Eq. (1.1) where, v and v’ are the volume concentrations 
and Eq. (1.2) are not exact. There must be of the polymer in the solution and the pre- 
a continuous function K(s, x) which determines cipitated phase, 7, and /n’ are the number 
the phase separation of the solution. average molecular weights of each phase and 
° x is the interaction parameter between the 
wi=|_ Ks, x) fdx (1.4) solvent molecule and the polymer segment. 
z Takenaka and his co-workers™ had already 
Mis)=| K(s, x)xf(x)dx (1.5) proposed to solve the integral equation (1.4) 
: with Eq. (1.7) by numerical calculation using 
the electronic computor. Though their 
method is rigorous, it necessitates the know- 
ledge of many quantities R,v,v’,%n, %n’ and 
7. In practice this must be a quite incon- 
venient task. 

We propose to solve the problem as a simul- 
taneous integral equation regarding f(x) and 
o(s) as two unknown functions, and W(s), M(s) 
Rone 1 (1.6) and R(s) as three known functions of s which 

‘ 1+ R(s) exp [—a(s)x] are able to be obtained from the experiments. 


To treat the problem exactly, solving 
integral equations (1.4) and (1.5) we must 
find an unknown function f(x) from the two 
functions of variable ‘‘s’’, W(s) and M(s) 
which are able to be obtained from the ex- 
periments. 

Following the theory of Flory,® Sott® and 
Minster,’ K(s, x) is given by 


§1.2. Mathematical Calculation of the Problem 
We write down again the fundamental equation as 


aa i 1.8 
pe \ ean eee Oal a4 Nae 


Z 1 
9 1+ R(s) exp [—a(s)4] 


M(s)=m(s) W(s)= | xe F(x)Ax (1.9) 
When a=1, m(s) is the weight-average molecular weight, when a= —1, 1/m(s) is the number 
average molecular weight and if the distribution curve is plotted against the intrinsic 
viscocity, a is idential with that encountered in the intrinsic viscocity molecular weight 
relationship 
[yJ=KM*?. 
And m(s) is given by 


Pe aah 
m(s)= raul : 


We define x(s) by the following equation, 


ie) 


W)=| fends (1.10) 
x2(s) 


A(s) is also defined as, 


mo=\" xof(ndx-+d(s) (1.11) 


a(S) 


The secun@ too of te oer lant sat of ie Ex LS 
Spence > method 


ES = eS 
ee se ee — 7 
_ a= a be RS = an 
whee 
= 25, = 
= 2 
—= Fe he . 
. = mae = gz. > —— ==  —_ 
2? és > eS hCG 
jae 
| ass a 
a 
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and the shifts diminish as log R becomes 
large. We can also recognize that the con- 
ditions I and II are nearly satisfied with 
f(x)=—1/2(log 0.996)? x 0.9967x?. Matsumoto 
also calculated for the box type and the two 
peaks type distributions. For the box type 
distribution, his calculated curves seemed to 
lie on the right side of the true curve. We 
tried similar and more detailed numerical 
calculation for the box type distribution and 
found that the calculated curve increases 
rapidly and moves from the right to the left 


Kx) 


Fig. 1. Comparison of the true integral distribu- 
tion curve (1) and the curves calculated follow- 
ing Spencer’s methods (2) and (3). fF is 1000 
for the curve (2) and is 500 for the curve (3). 
f(a) is —1/2(log 0.996)30.9967a?. This figure is 
copied from Matsumoto’s work®. 


top 1X) 


Fig. 2. Comparison of the true integral distri- 
bution curves (1) and (3) and the curves calcu- 
lated following Spencer’s methods (2) and (3) for 
the box type distribution. Curves (1) and (2) 
are copied from Matsumoto’s work®). The curve 
(2) are calculated for the curve (1) under the 
condition R=100, the curve (3) are calculated 
for the curve (2). 


side of the true curve near the end of the 
distribution at the higher molecular weight 
side (Fig. 2). 

This irregularity arises from the fact that 
the conditions I and II do not hold in this 
region. /(x) has two discontinuous points at 
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both ends of the distribution. 

From the statistical analysis of their ex- 
periments, Billmeyer and Sockmeyer” con- 
cluded that Spencer’s method cannot yield a 
very detailed description of the molecular 
weight distribution. They considered three 
types of the distribution curves, a rectanglar 
box, a triangle and a parabola. 

According to our consideration, all of such 
distribution curves do not satisfy the condi- 
tions I and II, because they all have two or 
three discontinous points. 

The application of Spencer’s method is 
questionable for these cases. This must be 
one of the important reason of the failure of 
Spencer’s method. 

An important question arises, how can we 
know that f(x) does satisfy the conditions I 
and II or not. At the start point of the ex- 
periment, we know nothing about f(x) and 
we cannot determine R properly to satisfy 
the condition IJ. To answer the question, it 
must be one of the possible way that we 
check that the zeroth or the first order ap- 
proximate function are satisfied by the con- 
ditions I and II or not. If they are satisfied, 
we can almost safely conclude (strictly, not 
always) that the true distribution curve also 
satisfies the conditions. If the approximated 
function does not satisfy the conditions, we 
can strictly say that the obtained distribution 
functions never represent the true function. 
And we are obliged to recommence the frac- 
tionation under larger R. 

We must add a short remark for the meas- 
urement of the average molecular weight. It 
must be avoided to use Z or higher order 
average molecular weight. Because for these 
averages the theory developed in §1.2 does 
not hold and we cannot use the final result 
Eqs (x25), 


CHAPTER Ii 


§2.1. Introduction 


We have reconsidered the theoretical basis 
of Spencer’s method heretofore and proposed 
a more reliable method. However, the author 
considers that the method which is most 
widely employed now is the successive frac- 
tionation method, especially the successive 
precipitation method (SPM). 

There are several impudent assumptions in 
the usual procedure of the SPM, which is as 
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follows. 


The polymer sample of which molecular 
weight distribution is to be determined is 
dissolved by an appropriate solvent or solvent 
mixture. By means of lowering the tempera- 
ture or adding the precipitant its solvent 
power is lowered slowly until two phase 
separation occurs. Then the precipitated 
phase is taken out of the apparatus. ‘The 
ratio of the weight of the precipitated polymer 
to that of the whole polymer W, and the 
average molecular weight of the precipitated 
polymer m: are measured. The supernatant 
phase remained is again separated into two 
phases by further lowering the solvent power 
and W. and m,. are measured, the similar 
procedures are repeated m—1 times. Finally 
W,» and my are also measured for the remain- 
ing solution. Usually, the integral molecular 
weight distribution curve is assumed to be 
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n-rA=i41 


Im)= > 


As Schulz® had already pointed out, the 
actual molecular weight distribution of each 
fraction is considerably overlapped each other. 
Because this overlapping is apparently neg- 
lacted in Eq. (2.1), the reliability of the 
obtained distribution curve is very doubtful. 
The influence of these neglections upon the 
results have only been numerically calculated 
by G. V. Schulz,*? Matsumoto and Ohyanagi,® 
however, the general conclusion cannot be 
drawn by the numerical calculation. 

The questions, how does this neglection 
affect the result and how should we perform 
the experiments to minimize the errors due 
to this, have not yet been answered. 

We try to answer such questions in the 
following along the similar treatment de- 
scribed in Chapter I. 


Wir Wi. (2.1) 


§ 2.2. Mathematical Calculation of the Problem 


There are m—1 separation functions for each fractionation step. 


1 


= oy) 
Eee) 1+ R; exp [—a:x] ‘ 
fee? yd 
W; is written as 
Wi= [Koi (isos 2.3) 
A=1 


The average molecular weight is measured as the number average or the weight average 
and in many cases the intrinsic viscocity is used instead of the molecular weight. So that, 


Mi=m:iWi= an (1— Ky) x%*fdx (2.4) 
=1 
The relation between m; and a is the same as those described in Chapter I. 
W, and M, are written as 
We [ia —Kanysndr (2.5) 
A=1 
Mn= [Ti a—K}ared (2.6) 
N= 
And we can find the following relations 
oe W-r=| Ul {1—Ky(x)}f(x)dx (Alo 
A=0 A=1 
3 Maa | LH — Kyla) }xefladx (2.8) 
A=1 


A=0 
We defined y; as the inflection 
n-ASt+1 


A=0 


Te \ fandx 


point of K; and y:—4y: is defined by the following relation 


4—St 


(2.9) 
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\ fax=\ 1 Tha—Ky} fice Fo —K,) fax—\"d—K) i (1—Ki)fdx. 10) 
4-84 0 A=1 0 A=1 4 =1 


Where the intergration limits i and i—di are used in places of 9; and y,—éy;. Using these 1 
abbreviations, the following relation is obtained. 


Wea | fae 1) 
We call the integration range of Eq. (11) [yia—éyin, yi—Oyi] as di hereafter. 
Next, 4; is defined as 


= S(@=D) , | 
4=M—| OC afd (2.12) | 
i-56 
It is important to notice the following consideration. 
If 
#-1-8(é-1) 
4c<| SCY pafladn va 
1-84 


then m; is in the range | 
yi Om mi *< yin—byin . Als} 


When d: is so small that f(x) can be seen to be constant in d; and @ is equal to 1, the 
following relations stand. 


m= (er Byia+Ji—By') (2.14) 
mM, n-A=t4+1 an q 
\ S(adx= S  Wrrat Wi (2.15) § 
0 A=0 7 


Eq. (2.14) is the same as Eq. (2.1). The usual assumptions are found to be adequate in © 
this case. But this is only an ideal case. If the condition III does not hold, however small | 
d; may be, Eq. (2.13), (2.14) do not stand. 

Therefore, there are two important factors in the fractionation, the one is to make d; as 
small as possible and the other is to make 4; satisfy the condition III. The former corres- 
ponds to the analyzability of the fractionation. To clarify these situations, we proceed to 
calculate Eq. (2.9) and Eq. (2.11). We can prove the following relations by the analogous 
process which was used to derive Eq. (1.14) from Eq. (1.15) 


\ {1-1 aa- ky) fasee\ Kia fdr 3 (—)Ews, oe Fa), roe “4 ie (2.16) 
where, 
pre. uy 1 1 v+1 
En,i px ) (v+1)" Cae exp [(v+ hoinyi] 
and 


as u 2+ ay 43 
sai Vag lice 9) a = ONS) aa rae 
\. Kell id —K))fdx i; (1 Ag) I Ky) fdx=—2 = C: nee > {i [] Alaa Kt an Ce ) 2 


Then Eq. (2.9) reduces to 


: Ji-1 reel 
= By Nees ee” 
\,_, fe gees ‘) me ral es Bela ) [reo 


| a asta) tS Sr al a 


n—-A=t41 m—-A=t4+1 


As dy; is defined for Wn so Oy,’ is defined for Si My-». 
= rN=0 
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4 5 i i-1 t i-1 © i-1 
L2 fax= 1M K)|xefa | Ai W 1 — Ka) xafdx -| (1—K) Wd—Ky)x*fdx (2.19) 
0 = 4 A=1 
: The right hand side of Eq. (2.19) reduces to 
=~ n aK) Yi-1 hy d2y+ ES 2y4+2 
PBZ ee eae 23, Coens | Td Kost l(a 2) (2.20) 
i- d F 2 d 2 
=f] B ee LE Die Yea ey ae We toe ea | oa) oat ae 
10g Re dx, (a= if ae fovea lo taal ae aaciea 
j-1 2 
=O 1) i. a-1 f(y) —E, ,( 2 — ; 
21 1—K) ( aan: ) fray To Ef cee. e ~2C.11 Ta Ko) 5 al in 
@.21) 
Comparing this equation with Eq. (2.17) 
al sefiadds—ayt-*f99) E, pel ae Ret ee 2.29 
8 i-8i x ms: log Ri-1 ea “he ee ( : ) 
Thus, from Eq. (2.11) 4; is approximately equal to 
aria Liga = hace also 09 e 
log Ri-s A=1 log Ria 
= a—1 F, Es cee lee. i i 
ays foo] a oti) 420.8 AK) a y| (2.23) 
Considering that 
Ss =) : j 
\ on  aeflaide= (ya BPE) (2.24) 
Sta ee ae ai =yi— Oy X= Ji-1— Oyi-1 
To satisfy the condition III, it is sufficient that the following relation is satisfied. 
{E214 200 Kes) 7 Ws Il’ 
Mie NAN, 3 RiiSskSRi-n 


where the approximation 


i-2 
Aa) (1— Kia) 


is used. 
the above discussions. 


§ 2.3. Discussions 

Among the two factors which are important 
in the SPM, the one to make d; small is 
closely related to the number of the fractions. 
Roughly speaking, to make d:; small, the 
number of the fractions must be increased. 
But, however small d; may be, if the condi- 
tions III or III’ is not satisfied, the value of 
m; goes out of the range d; and the reliability 
of the results become problematical. Con- 
versely, however small 4; may be, if d; is 


The restrictions for f(«) such as I and IJ in Chap. I should be also satisfied in 


large, ine variation aie Fe, is eonthed- out 
and the detailed knowledge of f(x) can not 
be obtained. 

The magnitude of F2,;-1+2C.(1—Ki_2)i-1 is 
not known so far as the values of y;_-1 and yi-» 
are not given. They cannot be determined 
directly from the experiments but the magni- 
tude of Fe,i-1+2C(1—Ki-2)i-1 never exceeds 
log 2+7?/12 and there will not occur apprecia- 
ble errors when this factor is replaced by 1 
so that 


ss ei 
ee ABs As Ill 
(og? * 7 
Though we have not the knowledge of xi’ 
etc., if the total range of the molecular 
weight is assumed to be equally divided into 
n fractions 


Ni ape al 
n n—1 
so that 


a il 


(log R)2 Siac Be 


n—1 
This is the most simplified from of the con- 
dition III. If we divide the sample into 10 
fractions under the condition that R is com- 
parable or greater than several hundreds, the 
results are probably satisfactory. Such frac- 
tionation can comparatively easily be attained 
without special intention. 

Perhaps a more reliable estimation for the 
value of x; may be as follows 


ee Weary? + Wimies 
Wisit Wi 
When 4; is found to be negligible, it may 
be a better approximation for f(x) to assume 
it as a linear function of x in the range di. 
In this case 


(2.25) 


Wea flrs )+ 5 Sea F Va) (2.26) 
=| UT (ne eal 
Menton ema 
pet 1 (Xe ht (ee oe 
a+2 x, xi 
i=1,2,---m—1. (2.27) 
Wr= yn (2.28) 
a= ee ae ert (2.29) 
at2 nm-1 
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where : 
Fi=fe') (2.30) 
f=fit fea fo WSS, 


Xi-1 


We must solve the above simultaneous equa 
tion with respect to f; and x;’. 
Generally speaking, in the region df/dx>(, 
m, is larger that 1/2(%;_,+x:’) and in the 
region df/dx<0,m: is smaller than 1/2(%;_, 
+i). So the usual procedure will yield a; 
more sharp distribution curve than the true 
one, this error will nearly be avoided with 
the assumption of linear from of f(x). 
Though the procedure becomes more com- 
plicated, higher order approximation may be 
possible. We estimate 4; from Eq. (2.22) with 
the values of x” and f(x) determined from 
the procedure usual or proposed in Eq. (2.26) 
to Eq. (2.28). Then, Mi—4; is used for the 


“<flode. 


a’ 


F 4 (4-1) 
second approximation to 
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Magnetohydrostatic Equilibrium for Plasma 


in a Torus Tube 


By Taro KIHARA 
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(Received May 20, 1959) 


A solution of the magnetohydrostatic problem of finding the equilibriun: 
configuration of a plasma in a slightly bending torus tube with circular 
cross section is reported. Both the plasma and the tube wall are assumed 
to be perfectly conducting. The ratio of the tube radius to the radius 
of curvature, #, of the tube axis is assumed to be so small that its 
square is negligible. The method is an application of a perturbed 
cylindrical coordinate sytsem, in which the line element ds is given by 


ds*=(1—ER-1% cos 6)2d72+-(1— 7 R-4r cos 6)?72d02 +(1+ R-'7 cos 6)2dz? , 


€ and 7 being functions of 7 satisfying =d(r7)/dr. A result is the follow- 
ing. If an axially symmetric plasma cylinder with the material pressure 
monotonically decreasing towards the plasma surface is slightly bent into 
a torus, then two isobaric surfaces are closer in the more distant part 
from the torus axis than in the less distant part. 


Introduction 


§1. 

There are several magnetohydrodynamic 
investigations» on the equilibrium configu- 
ration and its stability of a cylindrical plasma 
contained in a cylindrical tube. In the pres- 
ent paper is treated the case where the 
cylinder slightly bends into a torus with 
circular cross section. Plasma in a torus 
tube plays an important role in researches on 
controlled fusion. 

Biermann et al.» gave solutions to the 
problem assuming that the electric currents 
flow exclusively at the surface of the plasma ; 
their method is exact but is restricted to this 
particular assumption. In the present paper 
the problem is solved without this restriction, 
although the solution is limited to small 
perturbations. Both the plasma and the tube 
wall are assumed to be perfectly conducting. 
The ratio of the tube radius to the radius 
of curvature of the tube axis is assumed to 
be so small that its square is negligible. 

We consider a plasma in equilibrium, i.e. 
under the condition 

Jx B=gradP, (1) 
which expresses balance between the electro- 
magnetic and mechanical forces. Here B is 
the magnetic field satisfying div B=0; J is 
the current density, J=y!rot B with the 
constant permeability 4; P is the pressure 
assumed to be a scalar. 


For a cylindrical plasma with axial sym- 
metry an equilibrium configuration is given, 
in terms of the cylindrical coordinates 7, 6, 
Zz, by 

By=0, Bo=fO, SB 2e @2)) 
where f(v) and g(r) are arbitrary functions 


of v. The condition (1) is equivalent to 
ieee. les? dP 
= 24 g ee 2 
ga eae a (3) 
The cylindrical plasma is in equilibrium 


when it is surrounded by a cylindrical wall 
at r=constant. 

Our aim is to discuss the perturbation to 
the equilibrium configuration (2) when the 
cylinder slightly bends into a torus. For 
this purpose we try to modify the cylindrical 
coordinates for which the line element ds is 
given by 

ds = Cj 100 ds 

Let R denote the radius of curvature of the 
tube axis. One might first expect to use an 
orthogonal curvilinear coordinates 7, 0, z de- 
fined by 

ds:=dr?+r7d0?+(1+R-¥ cos 0)?dz7, (4) 
with the curved z-axis on the tube axis. 
Here positive and negative cos @ correspond, 
respectively, the more and the less distant 
parts from the torus axis. This choice is 
not very convenient, since the field quantities 
are complicated in general in this coordinate 
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system. One might then expect to use an- 
other orthogonal curvilinear coordinates de- 
fined by 
ds?=(1—aR™'r cos 0)(dr?+7r7d6") 

+(1+R-'r cos 0)?dz? , (5) 
with constant a. Here use has been made 
of the assumption that the square of the 
curvature of the z-axis can be neglected. 
This system, however, is not yet useful 
enough ; and it will be generalized farther in 
the following. 


§2. Solution 

We introduce, neglecting the square of the 
curvature R-1, a “perturbed cylindrical co- 
ordinate system ” defined by 


pera (AES Cae ad ce eae 
v=( pe ) r+( wi Teena \y 


+(1 +r cos 0) de? ; (6) 


in which € and vy are functions of 7 only. 
In order that ~ and @ defined by (6) with 
constant z indicate orthogonal curvilinear co- 
ordinates in a plane, it is necessary that the 
Gaussian curvature, 


1 [0/1 Om 0/1 Oh, 
> Hens es ha 00 al ae ar )| 
in which 
yn=1—REr cos @ and h.=(1—R yr cos O)r , 


The condition is calculated to be 


_d ; 
b=F(r1) . (7) 


vanishes. 


This is also sufficient for (6) to be orthogonal 
curvilinear coordinate system in a Euclidian 
space. Equation (6) reduces to (5) when & is 
a constant. 

With respect to this coordinate system we 
can prove, up to the first order of the curva- 
ture R=, the following. The vector B having 
the components 


B,=0, B= (1445 


L cos are) ; 


Ba(I = 00s 0) a) 


is source-free, 

div B=0, 
and moreover the rv-component of its curl 
vanishes : 

(rot B),=0 
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The @- and z-components are 


dahon eon dg 
Cai ve (i+ = r-cos 0) a 


ine Se 
xv ar 


+4 c0s o| (D5) + aay 


where the condition (7) has been used. The 
current density, J, is given by y!rot B. 


Now, &(7), and hence y(7) also, can be’ 
determined in such a way that the magnetic - 
field (8) satisfies the equilibrium condition - 


(1). The condition is equivalent to rot (J x B) 
=0, which is calculated to be 


frp *E)= Vos ah Bie ie as sae 
Hence 


(rot B).= ( 1+ cos Maen 
a oe cos 0g 
The electric current density vanishes where 


both d(rf)/dr and dg/dr vanish. 
(9) we have 


SE=— a (f2-2.@)rdr+fe+g ; 


The pressure depends on ¢ only and is deter- | 


mined by 

ded ye igere lf? sole 

Sandro eae workin Madre 
which has the same form as (3). Integrating | 
we have 


Paconst—5(f+9)—— | Lar 5 
au jLE Ml 


Thus we have generalized the cylindrical 
configuration (2) into a toroidal one (8) by 
use of a curvilinear coordinate system (6) 
with the conditions (7) and (9). 
plasma is in equilibrium when it is surround- 
ed by a tube wall at r=constant. 

From (9) and (10) we obtain 


a Pp eS SN ee is O) 
aa &)=—2y sarap ot : 


Therefore, if the pressure is a monotonically 
decreasing function of 7, & is always positive, 
and, by virture of (7), y is also positive: 


E>O, m>0) at .dP/dv<0. forall 7. 
For positive € we have from (6), 
(ds at constant 6 and z)<dr for cos0@>0, 


(97) 


Integrating | 


(9a) | 


| 


(10) f 


(10a) 


This toroidal | 
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(ds at constant 6 and z)>dr for cosé<0. 


Since an isobaric surface coincides with a 
surface of constant 7, we can express one of 
our results as follows. Jf an axially symmetric 
plasma cylinder with the material pressure 
monotonically decreasing towards the plasma 
surface is slightly bent into a torus, then two 
isobaric surfaces are closer in the more distant 
part from the torus axis than in the less distant 
part. It is to be noted that this conclusion 
is not at all self-evident; if the numerical 
coefficient of the last term of (9) were less 
than 2 instead of being 3, then the conclusion 
would not hold. 


§3. Example 


As an example let us consider the case 
where 


Divas for r<l 
fw) fe for hrs 74 ; 
eso er tor yt 
le@r={5 for l<r<n, 

/2=Q Biel ead ioe WARP 5 


| 
| 
| 
1 8s 
| 
| 
| 
| 


Fig. 1. Lines of constant 7 in the (7, @)-plane 
for a=1/2, m=2, R=4. 
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m and go” being positive constants. This 
indicates a plasma of unit radius in a tube 
of radius 7 (1<R), the averaged Be at the 
plasma surface being taken as unity. Using 
(10a) we have 


P=z(1 +2-— adr) for r<l, 
2u n 
from which follows go?<1l+mn-}. The & and 
y are calculated to be 
E=a+lnr, y=&+r%—-1 for l<r<n, 
where 
il n 1 
pe si ales Di wee By 
AG Ty geri Vl carp war 


In this case the relation (6) for r<1 reduces 
to (5). Lines of constant 7 in the (7, @)-plane 
are such as shown in Fig. 1; these lines are 
cross sections of isobaric surface fop 7<1. 
In the foregoing we did not consider the 
stability of the equilibrium, which is in- 
fluenced only in the second power of the 
curvature. When the curvature is small at 
least, the equilibrium configuration discussed 
in the above example is stable when go? is 
sufficiently large and 7 is sufficiently small. 
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The photochemical reaction of F-M conversion in an additively 
colored KCl crystal was investigated as a function of the concentration 
of F centers, under the condition such as differently colored crystals 
absorb the equal number of incident photons. 

The process of the F band bleaching is separated into two steps of the 
fast and slow bleaching. During earlier stages of F light irradiation the 
F band displayed the fast bleaching and its amount in each crystals was 
equal, and independent on the F center concentration, but the growth 
rate of the M band was proportional to the square root of the concentra- 
tion of F center. An absorption band, which may be Petroff’s A band, 
was induced on the red side of the F band, but the appearance of this 
band was dominant in the crystal lightly colored. These experimental 
results show that the mechanism of the optical FM conversion depends 
on the F center concentration, and that the M center is converted from 
the F center through certain intermediate states. 

In the case of the F centers converted from U centers, the growth of 
the M band was small as compared with that of additively colored crystals 
containing only F centers, and the growth of the A band was also 


negligibly small. 


Introduction 


§1. 

The optical bleaching of the F center in 
additively colored alkali halide crystals have 
been investigated by many authors and the 
following phenomena have been well known. 
When the additively colored KCl crystals 
were irradiated with F light, the F band 
bleaches, while the M band appeares on the 
red side of the F band and succesively, the 
enhancement of the Ri, Re, N and K bands 
is observed. However, Petroff!? observed that 
the A and B bands appear very close to the 
F band at the red and violet sides of it be- 
fore the other bands grow up. These bands 
have been explained as follows. 

The M band corresponds to the transition 
in the absorption center which has the sym- 
metry of Cs, or Den, which was determined 
from the experiments of its dichroic proper- 
ty» and fluorecence®, As to the Ri and R, 
bands, Seitz states that they arise from 
transitions in F} and F: centers respectively, 
which consist of the two nearest adjacent 
negative ion vacancies and a traped electron 
for the former center, or two traped elec- 
trons for the latter center. 

The Gottingen workers believe that A and 


B bands occupy an important genetic rela- 
tionship in the formation of the other bands, 
however, Seitz® states that these bands are 
characteristic of Petroff’s specimens rather 
than of the alkali halides in general, for these 
bands are not observed in the crystals of 
other labolatories. However, Harman et al. 
observed that the absorption on the red side 
of the F band increses, when the additively 
colored KCl crystals (Harshaw Chemical Co.) 
were irradiated with F light at room tem- 
perature, and measured at liquid air temper- 
ature. Furthermore, Markham and Konitzer” 
reported also on the B band in the additive- 
ly colored KCl crystals. Then it seems still 
probable to consider that accompaning with 
the F light irradiation A and B bands will 
apear as characteristic of the alkali halide 
crystals in general. However, up to the 
present, the intrinsic properties of these 
bands or the relationship to the other bands 
are not particularly investigated. 

As mentioned above, although many in- 
vestigations on each band have been made, 
the information on the process, in which the 
F band is converted to the other bands are 
very few. In the present paper, in order to 
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clarify this process the mechanism of F>M 
conversion was investigated, by observing 
how the growth of the M band depends on 
the density of the F centers, and how the A 
or B bands relate to the FM conversion 
and also to the half width of the F band. 

Furthermore, the bleaching of the F band 
in the crystals containing U centers was also 
investigated. When the additively colored 
alkali halide crystal is heated in the hydrogen 
gas, it displays a bell shaped absorption band 
in the ultra violet region. This band is cal- 
led U band and arises from the electronic 
transition in the U center, which is consid- 
ered to be a negatively charged hydrogen 
ion occupying halogen ion site substitution- 
ally and its absorption maximum situates at 
216 mz in KCI crystal®. When this crystal 
is irradiated by the U light, U band is 
bleached and F band appeares again. There 
is no centers other than F center in this 
conversion process. On this process, Mott 
and Gurney” explained as follows. The ex- 
cited level of the U center is metastable as 
a result of crossing of the crystalline Franck- 
Conson curves, then if the U center absorbes 
U light, the hydrogen atom escapes from the 
U center to the interstitial site in the crystal, 
leaving an F center. The paramagnetic re- 
resonance™ showed that these interstitial 
hydrogen atoms combine to form interstitial 
hydrogen molecules at room temperature. 

When KCl1+U-F crystal is irradiated with 
F light, the F band bleaches and the M, Ri, 
Ro, and N bands appear on the red side of 
the F band as in the case of additive colora- 
tion, however, the behavior of bleaching or 
growth of these bands are somewhat differ- 
ent. The mechanisms of F-—M conversion 
in this crystal were also investigated, and 
compared with the cases of KCl1+F crystal. 
KCI+U-—F crystal means KCI+U crystal 
containing the F centers and the interstital 
hydrogen molecules, which are produced by 
U light irradiation. KCI+F and KCI+U 
crystals mean the crystals containing F or U 
centers only, respectively. 

All measurments were made at room tem- 
perature. 


§2. Experimental Procedures 


KCl crystals grown by Kyropoulos method 
were heated with K metals in the Terex tube 
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at 460°C~550°C, then these crystals were 
quenched down to room temperature. Con- 
centration of F centers in these crystals were 
2.1x10!°~6.9 x 10!"/cem? and the M band ab- 
sorption in these crystals were only a trace. 
Table I shows the description of specimens, 
thickness, total number of F centers, density 
of F centers and growth rate of M band. 


Table I. Description of used specimens in the 
present experiment. 


Number |Density of} Growth 
Sample/Thickness 


of F eentare rates 

(No.) | d (mm) |centers@ | (cm-%) jof M band 
1 0.17 1.17 x 1014 6.9 x 1017 0.47 
2 0.28 1.08 x 101 3.9 x 1017 0.29 
3 0.84 1.04 x 1016 1.3 x 1017 0.18 
4 iL eye 1.23 x 1016 7.9 x 1016 0.13 
5 AL Vi, 0.91 x 1016 2.1 x 1016 0.07 


a4: The number of the F centers obtained by 
equation (2), which gives the number of the F 
centers contained in the specimen whose volume 
a@d<1x1em-3. 


In order to compare the bleaching of the 
F band or the growth of the M band in se- 
veral crystals colored additively with differ- 
ent concentration, the total number of F 
center in crystals must be made equal for 
each specimen. By cleaving the lightly col- 
ored crystals into thick slices, and cleaving 
the heavily colored crystals into thin slices, 
the total number of F centers in each spec- 
men was made equal. Because, if the number 
of F centers in one specimen is larger than 
that in another one, it will be natural that 
the bleaching of the F band or the growth 
of the M band in the former specimen will 
occur in larger quantity and rapidly. Second 
column in Table I shows the thickness of 
each specimen and third column shows the 
number of F centers contained in such speci- 
mens of thickness shown in the second col- 
umn. Using these specimens, it was investi- 
gated how much M centers will be produced 
from equal number of F centers, and how 
the growth of the M band depends on the 
density of F centers, when the crystals were 
illuminated in this same condition. 

Using Smakula’s equation’™ the number of 
F centers was obtained optically, i.e., 
*am>Wr 


Nr fy=1.3l Se SPRITE, 


(1) 


1402 


where, mr is the number of F centers per 
cubic centimenter, f7 is oscillator strength of 
the F center, m’ and a@m are the refractive 
index and absorption coefficient at the absorp- 
tion peak of the F band in the crystals, Wr 
is the half width of the F band in electron 
volts. Putting ”’=1.49, Wry=0.35 e.v. and 
fr=0.81 for KCl crystal, a simplified equa- 
tion mr=1.09x10* (logio Io/I)/d was used. I/To 
is the transparency at the absorption peak of 
the F band, and d is thickness of the speci- 
mens in centimeter. Then the equation 

Nr=1.09 x 101% (logio Ib/Dr ( 2) 
gives the number of F centers in the speci- 
men whose volume is dx1x1 cm’. 

The KC1+U crystals were obtained as fol- 
lows: KCl crystals obtained from Harshaw 
Chemical Co. were colored with F centers, 
then these crystals were heated in the hydro- 
gen gas of about 100 atomospheric pressure 
at 530°C for two hours. These cryrtals con- 
tain about 1x10'® U centers per cubic centi- 
meter. This crystal was cleaved to a piece 
of 1 mm thickness, and was irradiated with 
ultraviolet light (containing U light) from 
the hydrogen discharge tube through the 
quartz window. Thus irradiated KCI+U 
crystal contains 1.31017 F centers per cubic 
centimeter, which were converted from U 
centers. The coloration of F centers con- 
verted with this method was not uniform, 
so that the number of F center is the average 
value. 

F light irradiations were made with the 
monochromatic light of which wavelength 
and band width are 560 mz and 40 mz re- 
spectively. Number of the incident photons 
were measured by a thermopile as 5.2x10" 
photons per cm? per sec. on the surface of 
specimen. Absorption measurements were 
made between the region from 400 mz 
to 1000 my. 


§3. Experimental Results 


Fig. 1 shows a sequence of absorption 
measurements at successive stages of F light 
irradiation for the KCI+F crystal. This 
specimen was cleaved from the same colored 
block as the specimen of No. 5 represented 
in Table I and its thickness is 2.23 mm. 

Curve (a) shows the absorption specta be- 
fore the specimen is irradiated. In this curve, 
the half width of the F band is 0.35 e.v., 
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and the M band adsorption is only a trace. 
Curve (b) shows the state attained after two 
minutes’ irradiation. In spite of the con- 
siderable bleaching of the F band, the growth 
of the M band is very little, but instead of 
the small growth of the M band the absorp- 
tion on the red side of the F band (may be A 
band) has increased and half width of the F 
band has also increased up to 0.41 e.v.. Curve 
(c) shows the state after 20 minutes’ irradia- 
tion, in spite of a little bleaching of the F 
band during states from (b) to (c), the M 
band has grown rapidly. While the A band 
has decreased and the half width of the F 
band has also decreased down to 0.39 e.v.. 
Curve (e) shows the final state after 140 
minutes’ irradiation. The R:, R, and N bands 
appeared and the peak of the F band shifted 
to the violet. During the irradiation the K 
band showed a monotonic increase. 

The growth rate of the M band, the bleach- 
ing rate of the F band, the change of its 
half width and the change of the A band 
etc. depend on the density of F centers. 


a —e Initial 


We Q35ev. 

b-o- Af 2minutes Flight irradiation = 
er ee : ‘at room tem: We=O4 lev. 
Gis Bee Wp=0.39ev. 
d-~- « 140 Wr=0.39ev. 


(000mp 


Fig. 1. A sequence of absorption measurements 


at succesive stages of F light irradiation for 
KCl-+F crystals at room temperature. 


4 6 8 x10” photons 


Fig. 2. Bleaching curves of the F band in KCl 


crystals colored additively with various con- 
centration of F centers. 
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A. Bleaching of the F band and Growth of 
the M band 

Fig. 2 shows the optical bleaching curves 
of the F bands in the specimens tabulated 
in Table I, asa function of absorbed F light 
quanta. —(logio Io/I)y means the decrease of 
optical density at the absorption peak (560 my) 
of the F band. 

During earlier stages of irradiation, the F 
band bleaches by equal amount independent- 
ly on the density of F centers (fast bleach- 
ing), but during later stages of prolonged 
irradiation, the F band in heavily colored 
specimens bleachs more rapidly, than that of 
lightly colored one (slow bleaching). 

Fig. 3-A shows the growth curves of the 
M band, which are measured simultaneously 
with the measurements of the F band bleach- 
ing. (logioIo/I)m represents the increment of 
optical density at the M band peak (820 my). 
These curves show that the growth of the 
M band depends on the density of the F 
centers colored additively. In heavily colored 
specimens the growth rate of the M band is 
larger than that of lightly colored one, and 
the optical density at the peak of the M band 
in the former crystals reaches more rapidly 


03 


a2 
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Si 
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0A 

o 2 4 6 8 x10" photons 
Absorbed Quanta 
Fig. 3-A. Grow curves of the¥M band. 
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4 6 
Absorbed Quanta 


Fig. 3-B. Normalized grow curves of the M band. 
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to the maximum value than that in the latter 
crystal. 

The number of the F centers contained in 
each specimen were nearly equal, and all 
specimens were irradiated under the same 
condition, then it was expected that the 
bleaching of the F band and the growth of 
the M band will be the same in all speci- 
mens. However, Figs. 2 and 3-A show that 
F—M conversion take place more easily in 
heavily colored crystals. The fifth column 
in Table I shows the growth rates of M band, 
which are expresed as the tangent at the 
origin of the curves in Fig. 3-A. Compar- 
ing the F center concentration of each speci- 
men shown in Table I, it will be cleared 
that the growth rate of the M band is pro- 
portional to the square root of the F center 
concentration. (See Fig. 3-B) 

Figs. 4-A and 4-B show the bleaching 


BrlOe 


O 2 3 4 
Absorbed Quanta 
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Fig. 4-A. Bleaching curves of the F band. 
4-B. Grow curves of the M band. 
4-C, Grow curves of the A band, 
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curves of the F band and the grow curves 
of the M band during about three minutes’ 
irradiation. These figures suggest that in 
lightly colored crystals the F band may be 
converved to another absorption band rather 
than the M band. Relating with the varia- 
tion of half width of the F band, this band 
will be examined in the next section. 


B. Relation between the A band and half 
width of the F band 

Curve (b) in Fig. 1 was the absorption 
spectrum at the state after two minutes’ 
irradiation in the specimen of No. 5, of which 
growth of M band is small. As compared 
with curve (a) in this figure, it is clear that 
the absorption on the red side of the F band 
has increased and that the position of the 
half height in the red side (e,-) of the F band 
has also shifted to the red. Then it is sup- 
posed that an absorption band overlaps on 
the red side of the F band. 

Curve (c) in Fig. 5 shows this overlapping 
absorption band, which was analysed as fol- 
lows. Curve (b) in Fig. 5 is identical with 
curve (b) in Fig. 1, and half width of the F 
band (in this curve) is 0.41 e.v.. Curve (a) 
is a reduced F band which are obtained as 
follows, and half width is 0.35 e.v.. The 
absorption intensity at the F peak of curve (a) 
in Fig. 1 was reduced to that at the F peak 


400 500 600 700° 800 


1000 my 


Fig. 5. Analysis of the A band, which is re- 
presented by curve (c) corresponding to the 
shadowed area. 


of curve (b) in Fig. 5, and next, the absorp- 
tion intensities at other wave lengths of curve 
(a) in Fig. 1 were reduced to curve (a) in 
Fig. 5 with the ratio of two F-peaks. Shad- 
owed area between curves (a) and (b) in 
Fig. 5 is the amount of absorption due to 
the band overlapping on the red side of the 
F band. Plotting the differences of the ab- 
sorption curves (a) and (b) at each wave 
length, curve (c) was analysed. A shown in 
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Fig. 5 represents the height of the absorp- 


tion band, of which peak situates at 620 mz 


(2.0 e.v.) and half width is 0.20 e.v. at room 
temperature. While the peak of Petroff’s A — 
band situates at 600 my (2.1 e.v.) at liquid 
air temperature, therefore it is supposed that 
the absorption band (c) shown in Fig. 5 is 
identical to Petroff’s A band. 

Figs. 6-A and 6-B show the variation of 
A and e, in each specimen as a funclion of 
absorbed F light quanta. de, is the shift of 
half height-position in the red side of the F 
band (e,-). These figures show that the be- 
havior of er has a parallel rolation with A, 
and that the A band in lightly colored crys- 
tals grows more largely and it bleaches 
gradually during prolonged irradiation. 


) 2 4 6 


8 x 10’ photons 
Absorbed Quanta 

Fig. 6-A. Variation of the absorption intensities 
at the A band peak. (logo Ip/I)4 reperesents the 
absorption intensity of the A band, i.e. A shown 
in Fig. 5. 

Fig. 6-B. Shifts of the half height-position in the 
red side of the F band. 


(<to violet) AEy 


° 2 4 6 
Absorbed Quanta 


8x10" photons 


Fig. 7. Shifts of the half height-position in the 
violet side of the F band. (ey). 


Fig. 7, shows the shift of the half height 
position in the violet side of the F band (er). 
From the figure, it is proper to suppose that 
an absorption band overlaps on the violet side 
of the F band. 
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C. Bleaching of the F band in KCI+ UF 
crystal. 
Fig. 8 shows a sequence of absorption 
| spectra at successive stages of F light ir- 
j radiation for KC1+U-—F crystal. This speci- 
i men contains 1.310" F centers per cubic 
' centimeter, which are converted from U cen- 
} ters, and the density of F centers in this 
| crystal corresponds to that of KC1+F speci- 
men of No. 3. Curve (a) in Fig. 8 shows 
| the absorption spectrum at initial state before 
| the specimen is irradiated. Curves (b), (c) 
and (d) show the states after 1.5, 7 and 33 
minutes’ irradiation, respectively. Curve (e) 
shows the change when the specimen was 
kept in dark for about 20 hours at room tem- 
perature after the measurement of curve (d). 


Fig. 8. A sequence of absorption spectra at 
successive stages of F light irradiation for 
KCI+U-F crystal. 


This series of absorption spectra differ from 
that in Fig. 1 of additive coloration. First- 
ly, the M band grows slowly and slightly, 
secondly, the increment of the A band and 
the shift of e- are small, thirdly, in spite of 
considerable bleaching of the F band the 
growth of the M, R and N bands are very 
small, fourthly, the K band does not appear, 
and finally, when the specimen was kept in 
dark at room temperature after getting the 
state corresponding to curve (d) in Fig. 8, 
not only the Ri, Rs and M bands are unstable 
but also the F band bleaches a little simul- 
taneously. The last result agrees with the 
results reported previously”. 


§ 4. Discussion 

A. FM Conversion in KCI+F Crystals. 
Oscillator strengths of the A and M centers 

were determined as follows: As shown in 

Fig. 7 e shifts to the violet side, so that it 

is probable to consider that a certain absorp- 
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tion band, which may be Petroff’s B band, 
overlaps on the violet side of the F band. 
Then it was assumed that at the end of ¢; 
minutes’ F light irradiation, the bleached F 
centers may be converted to the M, A or B 
centers as follows: 

—Nr(ti)=Nu(ti) + nati) +na(t) (3) 
where, —yr(ti) is the number of optically 
bleached F centers, and mu(ti), ma(ti) or ma(ts) 
are the number of the M, A or B center 
converted from F centers. Assuming that 
the number of the M and A centers may be 
expressed by Smakula’s formula, mu(f:) and 
na(t;) are expressed as follows; 


Nu(ti)=2.54 x joe cult) War 
tu 
(for M center) (4) 
nalts =2.52 x 19024 Wa 
7 | 
(for A center) (4’) 
where, ay(ti= (logio Io/I)m@:) and ag(t)= 


(logio Io/I)a(¢i:) and they represent the incre- 
ment of optical density at the M and A band 
peaks, Wa and Wz, are half widths of the 
M and A bands in electron volts, fw and fi, 
are the oscillator strengths of the M and A 
centers, respectively. Then using equation 
(2) for mr(ti), equation (3) is expressed as fol- 
lows: 
—1.09 x10" -ap(ti) 


== D5 jo eit) Ww 
tu 


42.52 x 101% +nx(ti) 


Alli) Wa 
TPL 
where a@-(ti)=(logio Io/Dr(t,) and it represents 
the decrease of optical density at the F band 
peak. Putting Wy1=0.13 e.v. and W4=0.20 
e.v. (which are determined from the present 
absorption measurement on each band), and 
substituting the observed values of ap(ti), 


Table II. Oscillator strengths of the A 
and M bands. 

Sample (No.) fu iia 

1 0.23 0.78 

2 0.24 0.83 

3 0.28 ORG 

4 0.29 0.59 

5 0.34 0.69 
average 0.28+0.02 | 0.73+40.04 
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ay(ti) and aa(t:) into the above equation, the 
oscillator strengths f, and fw were obtained 
as tabulated in Table I]. Average values of 
them were determined as 0.73+0.04 and 
0.28-+0.02, respectively. In the above calcula- 
tion it was assumed that mug for each speci- 
men are unknown constants because the é», 
of which shift may be proportional to the 
number of B centers, are nearly constant at 
earlier successive stages of irradiation, as 
compared with the changes of the F, A or 
M bands. Furthermore, the change of the 
K or R bands were not taken into considera- 
tion in the above calculation, because they 
were also negligibly small as compared with 
the change of the F, A or M bands up to 
the end of three minutes’ irradiation. 

In equation (4) and (4’), putting fw=0.28 
and f4=0.73, we can determine the number 
of M and A centers converted from F cen- 
ters. Namely, 

nu(ti)=1.18 x 10% - au(Ei) 

n4(ti)=0.69 x 10° - ava(t:) 
Fig. 9B shows the summation of (ti) and 
na(ti) at successive stages of irradiation, and 
shows that ma(ti)-+n.4(t:) for all specimens 
are nearly equal, independently of F center 
cencentration. Fig. 9A shows the number 
of bleached F centers in each specimen, and 
shows that the number of bleached F center 
is nearly equal to the summation of (ti) 
and na(t:) for all specimens. Then, from 
these results one may suppose as follows; 
the fast bleaching of F band is independent 
on the concentration of F centers, and al- 
though the ionized electrons from F centers 
may be almost captured as the A or M cen- 
ters, in the heavily colored crystals they are 
captured as M centers, whereas. in lightly 
colored crystals they are captured as A cen- 
ters. Thus the M center increases propor- 
tionally to the square root of F center 
concentration. 

As mentioned previously in this section, it 
is probable to consider that a part of the 
ionized electrons from F centers are captured 
as the B centers. Because, there is slight 
difference between the summation of A and 
M centers and the number of bleached F 
centers, that is, this difference will be due 
to the B centers. However, it is difficult to 
determine the half width or the oscillator 
strength of the B center quantitatively, then 


(for M center) 
(for A center) 
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ly on the B center. i 

As shown in Fig. 6, in stead of small|) 
growth of M band in lightly colored crystals Hh 
the A band grew largely and it bleached |} 
gradually during prolonged irradiation. This) 
results suggest that the F center will be } 
converted to M center through the inter | 
mediate states, which are represented by A) f 
or B centers. However, the models of these ||) 
intermediate states are not clear. 


uw 
og 
%% nt 2 3 4 5 x10 photons 
Absorbed Quanta 
Fig. 9-A. The number of the bleached F cecters 


at the end of t¢; minutes’ F light irradiation for 
each specimen. 
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Absorbed Quanta 


5 x10'°photons 


Fig. 9-B. The summation of the number of the 
A and M center optically converted from F 
centers at the end of ¢; minutes’ F light irradia- 
tion for each specimen. 


Although a cause for the dependence on F 
center concentration of the slow bleaching 
of F band will be tentatively explained as 
follows; in heavily colored crystals a number 
of the vacancies, which act as the electron 
trapping center, has been introduced auto- 
matically into the crystals, because these 
crystals were quenched down very quickly 
from higher temperature to room tempera- 
ture, then in the heavily colored crystals the 
ionized electrons from F center will be cap- 
tured by these traps more than in the lightly 
colored crystals. But more detailed experi- 
ments are needed to conclude this. 
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1 B. FM Conversion in KCI4+U->F Crystals. 


As shown in Fig. 6 for the bleaching of F 
band in KCI+U-F crystal the increment 
of the A band and the shift of e« are very 


t small as compared with the case of KCI-+F 
} crystal. 


Furthermore, the growth of the M 
band was also small. Then in the case of 
this crystal, it is supposed that the behavior 
of the optically ionized electrons from F cen- 
ters differ from that of KC!+F crystal. It 
is probable to consider as follows; as men- 
tioned in the section of introduction, in this 
crystal considerable amount of hydrogen 
molecules present at the interstitial sites, so 
that the electrons from F centers will be 
captured by these hydrogen molecules before 
they are captured as M centers or as inter- 
mediate states (A or B centers). Therefore 
it may be a reason for the small growth of 
A, Bor M bands. A process, which the 
electrons will be captured by hydrogen mo- 
lecules, are explained as follows: 
F+H.-V_+e+ AH. V_+H-+H-U+H 
F+-H-U 

where, Ff, V_, ¢, H-, H and Hz mean the F 
center, negative ion vacancy, electron, hydro- 
gen ion, hydrogen atom and hydrogen mo- 
lecule, respectively. 

As shown in Fig. 9, the decrease of the K 
band in KCI+U-—F crystal is contrast with 
the increase of the K band in KCI+F crystal, 
then these facts will be a clue to research 
the K band. 


§5. Conclusion 

Seitz stated that the A and B bands are not 
the characteristic of alkali halide crystals. 
However, from the present experimental re- 
sults, it seems proper to conclude that the A 
and B bands appear as the characteristic of 
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alkali halide crystals attending upon photo- 
chemical reaction of F—M conversion in ad- 
ditively colored crystals, and relate with the 
formation of other bands. 

When the F centers, of which total num- 
ber are equal in all specimens but the density 
are different, are bleached by the F light, it 
was observed that the M centers increase 
proportionally to the square root of the F 
center concentration. However, this result 
has not been explained by the present ex- 
periment only. 
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Absorption and emission spectra of KI-Tl and NalI-T1 phosphors have 
been investigated at both room and liquid air temperatures. In order to 
perform optical measurements on NalI-Tl, special caution was given to 
prevent the crystal surface from being clouded by moisture. In the absorp- 
tion spectra of Nal-Tl, new bands due to the presence of thallium were 
found. Their maximum absorption coefficients seemed to vary with the 
square of the thallium concentrations. The similar fact has already been 
found by Yuster and Delbecq in their investigation on KI-Tl. In emission, 
both KI and Nal crystals containing high concentrations of thallium 
showed a subsidiary band overlapping the short wavelength tail of the 
hitherto observed main band. The relations between these absorption 
and emission bands were investigated and discussions were given in terms 


of an extended model proposed by Seitz. 


$1. Introduction 


Based upon the various experimental 
works” available at that time, a theoretical 
explanation of the properties of thallium- 
activated alkalihalide phosphors was first 
given by Seitz». He postulated that the 
absorptions and emissions observed in the 
phosphors are due to transitions in thallous 
ions which occupy the normal positive ion 
sites. The observed bands were interpreted 
in terms of the states of thallous ion perturbed 
by the crystalline interactions. Utilizing this 
approach and with the idea of the simplified 
configuration coordinates Williams*? computed 
with fairly good agreement the positions of 
the absorption band, called A by Seitz, and 
of the associated emission band in KCI-T1. 
Then a series of systematic works" performed 
by Johnson, Williams and their coworkers 
succeeded fairly well in the interpretation of 
the absorption and emission spectra, their 
temperature dependence and recently of the 
problem on the oscillator strength» of 
absorption bands. In their quantitative treat- 
ments of the problem, however, the single 
isolated thallium center was mainly consider- 
ed. Yuster and Delbecq” studied the absorp- 
tion spectra of KI-Tl phosphors containing 
various concentrations of thallium. They 
found several new bands at high T1 concent- 
ration and assumed that these bands arose 
when two thallous ions occupy the neighbour- 
ing sites. The symmetry surrounding a 
thallous ion having another one as a nearest 


neighbour is no longer cubic but is reduced 
to De, symmetry. This symmetry permits 
nine absorption bands which may vary with 
the square of the concentration of thallium. 


The present work was undertaken for the 
purpose of investigating the effects of the | 
paired thallous ions on both absorption and | 
in KI-T1 and Nal-T1 


emmission spectra 


crystals containing high concentrations of 
thallium. 


and NalI-T1 crystals with high T1 concentra- 


tions showed a new emission band when they | 


were excited by the light of the absorption 
on the long wavelength side of the A band. 
The relation between these absorption and 
emission were discussed in terms of an ex- 
tended model used by Seitz. 


§2. Experimental Procedure 


Single crystals of KI-T1 and NaI-T1 were 
grown by the Kyropoulos method in our 
laboratory. Concentrations of thallium in 
the crystals of KI-T1 were measured spectro- 
scopically and found to be nearly 10 per cent 
of those added to each melt. The Nal-T1 
crystal is so hygroscopic that its surface was 
readily clouded by moisture in air. To keep 
the surface clear for the optical measurement 
the following. processes were devised. The 
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In some of the absorption bands | 
of NaI-T1 crystal it was found that their | 
absorption coefficients vary with the square 
of the thallium concentrations, the fact having | 
been already reported by Yuster and Delbecq | 
on KI-T1 crystals. In emission, both KI-T1 | 


_ crystal of NaI-T1 was cleaved in a dry room 
_and put into a small quartz cell (Fig. 1b), 
and the cell was connected to a pump system. 
The crystal was slowly warmed until its 
surface became clear. The cell was then 
evacuated and sealed off. If the cell is 
evacuated without warming, the surface of 
the crystal suddenly turns white and opaque. 
After these procedures the cell containing the 
Nal-T1 crystal was utilized for the measure- 
ment. Absorption spectra were measured us- 
ing a Beckman Model D. U. Spectrophotometer 
and also a Shimazu Q. B.-50 type Spectro- 


photometer. A conventional cryostat was 
Crystal Bees 
oPEH 
mator 
Hg ee 
1] 
ree 
(b) 


{ to pump 


as Quartz Cell 


Fig. 1. Experimental arrangements for measur- 
ing the emission spectra, (a): block diagram 
of the apparatus; (b): the quartz cell used for 
the optical measurements on NalI-T1. 


employed for the measurements at liquid air 
temperature. A Fuess Medium Dispersion 
Quartz Spectrograph in conjunction with a 
mercury lamp was adapted for a monochro- 
mator in order to produce monochromatic 
lights exciting the phosphors. The emission 
spectra were photographed by a Hilger small 
quartz spectrograph in the direction normal 
to the exciting light as shown schematically 
in Fig. la. 


§3. Results 
a) Absorption Spectra 

In KI-T1, Yuster and Delbecq found the 
eight absorption bands with peaks at 224, USS}, 
244, 250, 252, 282, 290 and 293 my by cooling 
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the crystals down to liquid helium tempera- 
ture as shown schematically in Fig. 12. In 
the present work the three crystals having 
thallium added to each melt at the varying 
concentration of 0.05, 0.5 and 5 mole per cent 
respectively were studied. Their absorption 
spectra at liquid air temperature are shown 
in Fig. 2. In these spectra the peaks are not 
resolved more sharply at this temperature 
than at liquid helium temperature, as observed 
by Yuster and Delbecq”, because the bands 
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Fig. 2. Absorption spectra of KI-Tl crystals at 
liquid air temperature. The concentration of 
thallium added to the melt, a: 0.05 mole per 
cent; b: 0.5 mole per cent; c: 5 mole per cent. 
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Fig. 3. Absorption spectra of NalI-Tl crystals at 


liquid air temperature. The concentration of 
thallium added to the melt, a: 0.005 mole per 
cent; b: 0.05 mole per cent. 
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become broader as temperature and _ con- 
centration of thallium increase. Neverthless 
the band which covers the range from 280 
to 300my at our highest concentration of 
thallium may be concluded to consist of two 
bands: the single band at 282my and the 
composite band at 290~293 my as interpreted 
from the results of Yuster and Delbecq. 
Similar results were obtained on the absorp- 
tion spectra of NaI-T1 phosphors. The seven 
crystals of Nal-T1l having the concentration 
of thallium added to the melt of 0.005, 0.05, 
0.2, 0.5, 2, 3 and 5 mole per cent respectively 
were studied. The absorption spectra at 
liquid air temperature of the NalI-T1 crystals 
containing lower concentrations of thallium 
are shown in Fig. 3. The band around 236my 
is not sharply separated from the long wave- 
length tail of the fundamental absorption 
band of Nal. The absorption band at 250 my 
is fairly well resolved from the 244my band 
in the case of 0.05 mole per cent of thallium 
content. The absorption spectra due to higher 
concentrations of thallium are shown in Fig. 
4, At these concentrations two shoulders 
began to appear; the one at about 260myz 
superimposed on the long wavelength tail of 
the 250my band, and the other at 305 my on 
the tail of a strong absorption at 290 my. 
The absorption spectra at still higher thallium 
concentrations are shown in Fig. 5. At these 
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Fig. 4. Absorption spectra of Nal-T1 crystals at 
liquid air temperature. The concentration of 
thallium added to the melt, a: 0.2 mole per 
cent; 2 mole per cent. 
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high thallium Concentrations the peak heightsy 
of the bands at 236, 250 and 290 my were too} 
high to be measured with our instruments, 
and thus the maximum absorption coefficientiy 


of the 250 my band was estimated in the region) 


concentration. Although the resolution off 
the peaks was not complete, as stated above, || 


the estimation was carried out by substracting 
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Fig. 5. Absorption spectra of NalI-Tl crystals at 
liquid air temperature. The concentration of 
thallium added to the melt, a: 3 mole per cent; 
b: 5 mole per cent. 
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Fig. 6. Variation of maximum absorption coe- 
fficient, at liquid air temperature, as a function 
cof thallium concentration for the band at 250 My. 
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the background from the measured absorption. 

Figs. 6 and 7 show the variation of the 
maximum absorption coefficient of the band 
at 200my and 305 my respectively at liquid 
air temperature as a function of thallium 
concentration. It is seen that the maximum 
absorption coefficient of the band at 250my 
obviously varies linearly with the concentra- 
tion of thallium, while that of the band at 
305 my varies in some other fashion, most 
likely with the square of the concentration 
of thallium. The shoulder at 260 my appears 
to be proportional in height to the band at 
305myz with the varied concentrations of 
thallium as seen in Fig. 4. So the band at 
260 my should also be considered to vary with 
the square of the concentration of thallum. 
The results we obtained above on Nal-Tl 
remind us of the results obtained on KI-T1 
by Yuster and Delbecq. 
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Fig. 7. Variation of maximum absorption coe- 
fficient, at liquid air temperature, as a function 
of thallium concentration for the band at 305 my. 


b) Emission Spectra 

Before presenting our results on KI-T1, it 
seems convenient to refer to the results 
obtained by von Meyern? and Yuster and 
Delbecq”. It has been described that the 
luminescence spectrum of KI-T1, when ex- 
cited by ultra-violet light, consists of a single 
band with its maximum at about 415my. In 
the present investigation, however, a new 
band has appeared under some circumstances 
to be described below at about 332 my over- 
lapping the short wavelength tail of the 
415 mp (Fig. 8a). In Fig. 8 the densitometer 
curves of typical emission spectra of KI-Tl 
phosphors are shown with their peak heights 
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suitably normalized. The curve of type (a) 
was obtained at room temperature for the 
crystal containing the highest concentration 
of thallium when excited by the light at 296 
or 302my of a mercury lamp. Two peaks 
were observed at 332 and 415m. But when 
the same crystal was excited by 280my of 
mercury at room temperature, the curve of 
type (b) consisting of a single band (415 my) 
was obtained. Finally the curve of type (c) 
was given when excited by 253my; here the 
shorter wavelength emission (332m :) appeared 
weak compared with the case when the crystal 
was excited by 296 or 302my. The emission 
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Fig. 8. Densitometer curves of emission spectra 
of KI-Tl crystals at room temperature. The 
concentration of thallium added to the melt is 
5 mole per cent. (a): the spectrum excited by 
296 my or 302 mp; (b): by 280 my; (c): by 253 my 
light of mercury lamp. 
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Curve (c) also shows the emission spectrum 
of the crystals containing lower concentrations 
of thallium when excited by the light of any 
absorption band. 


spectrum of type (b) was also given when 
the crystal with the lowest thallium concent- 
ration was excited by the light of any absorp- 
tion band. However, it should be remarked 
that, when excited at liquid air temperature 
by any light, the emission spectrum always 
consisted of a single band of type (b) with 
the peak shifting slightly toward the longer 
wavelength side and the bandwidth becoming 
narrower. 

In the case of Nal-T1, similar phenomena 
were observed except for the excitation at 
liquid air temperature. The emission spectra 
of NalI-T1 at room temperature are shown in 
Fig. 9. The concentration of thallium added 
to the melt was 2 mole per cent. The curve 
(a) is for the emission spectrum excited by 
302 or 312 my of mercury, (b) by 289my and 
(c) by 253my of mercury. As is noticed in 
the figure, the curves (a) and (c) are composite, 
hut (b) is single. 
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At liquid air temperature the same crystal, 
when excited by 302my, gave rise to the 
emission spectrum which consisted of two 
bands at about 330my and 425 my respectively, 
as shown in Fig. 10 (a). While by 289myp, 
a single band at 425 my was resulted as shown 
in Pigsil0 (1b). 
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Fig. 9. Densitometor curves of emission spectra 
of NalI-Tl crystals at room temperature. The 
concentration of thallium added to the melt is 
2 mole per cent. (a): the spectrum excited by 
302 or 312 my; (b): by 289myp; (c): by 253 mp. 
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Fig. 10. Densitometer curves of emission spectra 
of the same crystal used in Fig. 9, but at liquid 
air temperature. (a): the spectrum excited by 
302 or 312 my; (b): by 289 mz. 


By presuming an equivalent mechanism on 
the emission of type (a) the shorter wave- 
length bands were compared for KI-Tl and 
NalI-T1 crystals and it was found that the 
band remains still appreciable at lower con- 
centration of thallium for NaI in comparison 
with that in KI. The intensity ratio of the 
two emissions, Isnort/liong, is slightly larger 
for NaI-T1 than KI-T1, although it increased 
with concentration of thallium. The re- 
markable difference between the emission 
spectrum of NaI-T1l and that of KI-T1 is in 
that the short wavelength band of NalI-T1 
does not vanish at liquid air temperature when 
excited by the light of absorption band at 
305 my, while in the case of KI-T1, it vanishes 
at liquid air temperature when excited by 
the light of corresponding absorption bands 
at 290~293 my even at the highest concent- 
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§4. Discussion 


The observed absorption bands of Nal- T1| 

phosphors may be interpreted by the analogy 
with those” of KI-T1, considering the two }} 
types of the thallium center: the single | 
thallous ion and the paired thallous ions in | 
the crystal. The fact that the peak height 
of the absorption band at 250my in Nal-Ti il 
seems to vary linearly with the thallium con- 
centration indicates that the absorption is | 
caused by the single isolated thallous ions in | 
the crystal. The shorter wavelength band at 
about 236m was not sufficiently resolved 
from the background and the peak was not | 
definitely confirmed. But the origins of this 
absorption and of the 290my band might be 
ascribed to the single thallium center, since 
they were observed even at a low thallium 
concentration. Thus, considering the inten- | 
sities of these three absorption bands respec- 
tively, they can be assigned to the transitions 
between the states of single thallous ions in 
the crystal as follows; | 
(1) the band at 290m» is associated with | 
the transition 1S»—>?Pi, 
(2) the band at 250my is ascribed to the | 
transition +S o—*P2, | 
(3) the band at about 236myz may be due 
to the transition 'So—>1P,. 
Here, according to Seitz, the transition cor- 
responding to the absorption at 250my is 
considered to be allowed on account of the 
perturbation due to the littice vibration. 

The bands at 305 and 260 mz, which are 
observed at fairly high thallium concentra- 
tions, appear to vary with the square of the 
thallium concentration and, therefore, they 
are considered to be ascribed to the paired 
thallium center. Then considering the 
energies associated with these absorption, the 
band at 305 my: is assumed to be ascribed to 
the transition corresponding to 1S)—>%P, and 
the band at 260m, to 18)>3P,; both in the 
thallous ion perturbed by the neighbouring 
thallous ion. Some other absorptions which 
vary with the square of the thallium concent- 
ration, may be allowed from the symmetry 
consideration, but they would not be observed, 
being concealed under much stronger absorp- 
tions due to the single thallous ions. 

The fact that the shorter wavelength emis- 
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sion bands (332 my for KI-T1 and 330 my for 
NalI-T1) which are observed at fairly high 
| thallium concentrations are preferentially ex- 
cited by the light of absorption bands at 
290~293 my for KI-T1 and 305 my for NalI-T1, 
shows that these emission bands are associat- 
ed with the paired thallous ions. 

In the case of KI-T1, the shorter wavelength 
_ emission band vanishes at liquid air tempera- 
ture, although absorption at 290~293 my» are 
appreciable. From this fact, the transition 
giving rise to the shorter wavelength emission 
is assumed to follow some thermal activation 
process. Assuming the contribution of the 
state *Po of thallous ion which may become 
emitting when two toallous ions occupy the 
neighbouring sites in the crystal, a possible 
explanation of this emission process is given 
me rige 11: 

(1) Through the excitation by the light of 
290~293 my absorptions, the paired thallium 
centers in KI-T1 arrive at the perturbed state 
(@P1) which corresponds to the *P, state of 
the single thallous ion, the perturbed state 
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in the paired center being denoted by the 
corresponding state of the single ion brack- 
etted in ( ). The (®P,) state of the paired 
thallium center is assumed to be connected 
to the underlying state (Po) of the same 
center perturbed but corresponding to the 
*Po state of the single thallous ion through a 
potential barrier. 

(2) Going over this potential barrier by 
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Fig. 11. Configuration coordinate curves of the 
luminescent centers in KI-T1; (a) for the single 
thallium center and (b) for the paired thallium 
center. 
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Fig. 12. Diagram schematically summarizing the distribution of absorption and emission 
bands in KCI-Tl, KI-Tl and Nal-T1 crystals respectively. Shaded bands are absorptions 
appearing at low concentrations of thallium, while dotted bands show absorptions or 
emissions at high concentrations. Blank bands are emissions at low concentrations of 


thallium. 
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thermal activation, the systems arrive at the 
minimum point of the (*Po) state. 

(3) Then the systems return to the ground 
state (4S 9) emitting the light of shorter wave- 
length band at 332 my. 

In the paired thallium center, the state (*P1) 
also can make transition to the ground state. 
But the associated emission with this transi- 
tion is assumed to be concealed under the 
main band at 415my. Through the excita- 
tion by 290~293my, the single thallium 
centers are also excited to the *P; state by 
absorbing the light at the tail of strong absorp- 
tion band at 282my and gives rise to the 
main emission at 415my. Only the single 
thallium centers are excited by 282my and 
therefore a single emission band at 415 my 
is observed (Fig. 8b). At liquid air tempera- 
ture, the paired thallium centers can be 
excited through the excitation by 290~293 my, 
but the process of going over the potential 
barrier is considered to be suppressed, so the 
only single emission band (415my:) is observed 
(Fig. 8b). Thus Fig. 11 shows schematically 
the configuration coordinate curves for the 
single and paired thallium centers in KI-T1 
and illustrates the observed transitions which 
give rise to the two emission bands. 

In the case of Nal-T1 phosphors, a similar 
interpretation is possible if one assumes that 
the potential barrier which connects the two 
states in the paired thallium center is rather 
low and can be passed over even at liquid 
air temperature. Anotner interpretation may 
be possible without assuming the contribution 
of the state *Py which might become emitting 
in the paired thallium center. The transition 
from the state (?P,) to the ground state in 
paired thallium center may directly give rise 
to the shorter wavelength emission at about 
330my. But in the latter speculation the 
analogous relation to the KI-T1 is no longer 
maintained. 

Concerning the emission when excited to 
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absorption bands, so called by Seitz, or further 
by the light of the fundamental absorption ff 
band, both crystals showed more complicated |) 
Namely, the contributions of fi 
host sensitized luminescence seems to exist 


phenomenon. 


partly. About these emission processes the 
more detailed investigation is now in progress. 


Fig. 12 illustrates schematically all the } 


absorption and emission bands in KC1-T1, 


KI-T1 and NalI-Tl hitherto known including | 
the results obtained in the present investiga- | 


tion. 
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The temperature dependence of the dichroic properties of the M center 
in KCl crystal was investigated. At the temperatures above 60°C, the 


thermal reorientation of the M center in the grownd state occurs. 
measured value of the activation energy for it was 1.0 eV. 


The 
It was 


suggested that vacancy clusters may trap free electrons to form new M 
centers in the course of the bleaching of the M band and this process 
may be responsible for the temperature dependence of dichroism of the 


M band. 


$1. Introduction 


When the additively colored alkali halide 
crystal is irradiated with light in the F band 
at room temperature, various absorption 
bands appear on the long wavelength side of 
the F band. Except the A band observed 
by Petroff?, the M band is the first one 
which is developed by F bleaching. The M 
band has been of interest for this reason and 
studied by many authors. However, the 
phenomena associated with the M center are 
so complex that the models® proposed so far 
are not conclusive. The R band composed 
of two bands, Ri and Rz, is the second to 
appear in the course of F bleaching. 

The behavior of the R band is so closely 
related to those of F and M bands. There- 
fore, it will be necessary to know the inter- 
relation between these bands for the 
investigation of the M center. In KCl 
crystals, M, Ri and R. bands appear at 820 
my, 670 my, and 730 my, respectively at room 
temperature. 

The preferential bleaching of the M band® 
and the luminescence of the M center» 
stimulated with polarized light have given 
some insights on the symmetry properties of 
the center. The investigations already 
carried out seem to show that the dipole 
matrix element of the center is oriented along 
the face diagonal of the crystal. 

Previously, the behavior of the preferential 
bleaching of the M band in KCI has been 
reported® when the temperature of the 
specimen was altered. The main results seem 


to suggest two facts: (1) When the crystal 
containing M center is irradiated with light 
in its absorption band, which is polarized 
along the direction of the face diagonal, the 
number of the centers of which dipole matrix 
elements are normal to it increases; (2) the 
thermal reorientation of the M center may 
occur in the ground state. The experiments 
reported here were carried out to examine 
these affairs in detail, and it was suggested 
that one part of electrons ionized from M 
centers during light bleaching might be 
trapped by vacancy clusters to form new M 
centers. Furthermore, the value of 1.0 ev 
was obtained as the activation energy for the 
thermal reorientation of the M centers. Some 
investigations on the dichroism of other bands 
have been also described. 


§2. Experimental Procedures 


Hitachi Model EPBU spectrophotometer was 
employed for measurements of optical absorp- 
tion. The polarizer was of a type of the 
Rochon prism made of calcite. It was placed 
just behind the exit slit of the monochromator 
as shown in Fig. 1 which indicates the optical 
arrangement. The condenser lens and cryostat 
windows made of glass did not affect the 
polarization state of light. To obtain high 
temperature, oil or water in the cryostat was 
heated by a nichrome coil inserted in it. Low 
temperature was obtained by either ice and 
rocksalt, dryice and methyl alcohol or liquid 
air. The measurement of temperature was 
made with copper-constantan thermocouple 


1415 


1416 


dipped into the copper block on which the 
specimen was mounted. The obtained con- 
stancy of temperature was within the order 
one C. 

KCl single crystals used in this experi- 
ment were grown from the melt by Kyro- 
poulos method. Additive coloration was 
performed by heating the crystal with 
potassium metal at about 500°C, and succes- 
sively quenching to room temperature. The 
concentration of the F centers in the sample 
was of the order of 2 or 4x10!7cm-*. In 
order to eliminate the reflection loss from the 
surface, the pure KCI crystal-plate was used 
as the reference for the measurement of 
optical absorption. 

The M band was developed by illumina- 
tion with F-absorption light at 560 my having 
a band pass of 80 or 40my. Here the light 
fell normally upon the (100) surface and was 
polarized along the [100] direction of the 


Fig. 1. 
ment. 
W: tungsten lamp; Sj»: slits; L: lens; Mj,2,3: 
mirrors; P: prism; R: Rochon prism; C: cryo- 
stat; D: detector. 
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Fig. 2. The development of the M band by 
F-bleaching. 
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specimen. The development and the bleach;| 
ing of the M band were carried out with the 
same optical arrangement as that connie 
in the absorption measurements. In Fig. 2, 
the development of the M band by F bleach 
ing was shown against the time of exposure) 
to F light. Except some special cases, the: 
developmedt of the M band was discontinued!) 
when its height reached the position of (| 
in Fig. 2, because with further illumination, | 
the R band is enhanced. | 


§3. Experimental Results 


3.1 Some observations of the dichroism of the? 
F, M and R bands 
When the M band is preferentially bleached |j 
by exposure to M light polarized in the [011}] 
direction, at room temperature, dichroism} 
appears in the F and R bands as well as in. 
the M band. However, it becomes quite | 
difficult to induce dichroism by this procedure » 
at —30°C. The preferential bleaching of the | 
F band also induces dichroism in the F, M | 
and R bands. These phenomena have already | 
been reported and the assumption that the | 
second absorption band of the M center over- 
laps on F absorption band has been proposed i 
by van Doorn and Haven). 
It was observed when the sample contain- | 
ing F, M and R centers was irradiated for 
about 4 hours at room temperature with R, | 
light (A=730my, band pass~30my, photon | 
intensity ~2.4 x 10 cm~sec~!) polarized in the 
[011] direction, weak dichroism also appeared 
in the F, M and R bands. This fact may 
hardly be explained only by the model which 
requests the another absorption band of the 
M center overlapping with the F band, and | 
it will be necessary to assume the existence © 
of close coupling of R centers with F and M | 
centers. 

When dichroism was induced in the F and 
M bands by irradiating the specimen with M 
light polarized in the [011] direction, 6“>0 
and 6"<0 were obtained, where 6” and 6 are 
defined by the following notation: 

OX = Ati —A ou 
here, xX indicates the absorption band such 
as the F, M or R band and AX,,, shows the 
logarithm of the inverse transmission at the 
peak of the x band measured with light 
polarized in the [ijk] direction. 

The sample was illuminated with F light 
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polarized in the [011] direction after dichroism 
had been induced in the F, M and R bands by 
exposure to [011]-polarized M light. Then, 
the R and M bands developed as shown in 
Fig. 3. We can clearly see that 6", 6“ and 
0” reverse their signs simultaneously in the 
course of this F bleaching. 

The reversal of the sign, however, did not 
occur when F bleaching was carried out in 
this turn with F light polarized along the 
[011] direction, after the dichroism had been 
induced with [011]-polarized M light. Since 
the free electrons ionized by F light have 
not history, the fact that 6’s reverse their 
signs or not depending on the state of 
polarization of light used in this F bleaching, 
seems to suggest the existence of some 
couplings between these centers. 
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Fig. 3. Changes of the dichroism of F, M and R 
bands by the exposure to [011]-polarized F light. 
Dichroism had been initially induced in each 
band by illumination with [011]-polarized M light. 
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Fig. 4. The absorption spectrum showing 4 
shoulder peak in the F band. The specimen 
were irradiated for 200 minutes with [011] 
polarized light of 560m,» with a band pass of 
8myp at room temperautre. 
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The prolonged irradiation with polarized F 
light induced a shoulder peak at the shorter 
wavelength side of the F band. Fig. 4 shows 
the absorption spectrum after 200 minutes’ 
illumination at room temperature with light 
polarized in the [011] direction whose wave- 
length was 560 my and band pass was about 
8mu. 

This shoulder peak did not appear in the 
similar experiment at liquid air temperature, 
nor resolved when the specimen was quenched 
to that temperature after the peak had been 
induced at room temperature. This may be 
due to the shift of F absorption band to 
shorter wavelength side. The peak did not 
appear in the case of the irradiation with 
560 my light polarized in the [011] direction 
with a broad band pass, say, of about 40 my. 
The origin of this shoulder peak is not clear. 


3.2 The temperature dependence of the pre- 
ferential bleaching of the M band. 
Figs. 5(a)-(g) show the preferential bleach- 
ing of the M bands at various temperatures 
with [011] polarized light at the peak of the 


M band with a band pass of 40my. The M 
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Fig. 5. Preferential bleaching of the M band with 
[011]-polarized M light at (a) 0°C, (b) 12°C, (c) 
50°C, (d) 80°C, (e) 115°C, (f) 10°C, (g) 90°C. 
The M bands were developed at 12°C in samples 
(a)—(e), at 35°C in sample (f) and at 90°C in 
sample (g). 
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band was developed at 12°C in Figs. 6 (a)-(e), 
at 35°C in (f) and at 90°C in (g), respectively. 
In Fig. 5 (g), Affj,; remains almost constant, 
but in the similar experiment with other 
samples it decreased, although the amounts 
of decrease were not large. 

F bleaching at 90°C makes a broad band 
enhance on the long wavelength side of the 
F band and it overlaps with the M band 
completely. This broad band is unstable 
thermally, and decreases slightly in the dark 
and then reaches a stationary state. The 
measurements were made after keeping the 
specimen in the dark for an hour or so until 
the broad band became stable both thermally 
and optically. Therefore, the change in 
absorption in Fig. 5 (g) can be considered to 
be due to M centers. From the measure- 
ments shown in Fig. 5 (a)-(g), the following 
results are derived: Afi,, imcreases with 
irradiation time if the M bleaching with 
polarized light is carried out at the tem- 
perature lower than that at which the M 
centers were created. On the other hand, 


$™ 


O10 


0.05 


fo) i020. 30. 40 50 60 70 80 

Total absorbed quanta x 10° quanta 
Fig. 6. 6 plotted against total absorbed quanta 
in the preferential bleaching of the M band at 
10°C. The M band was developed at 10°C 
until its height reached the position (a), (b) and 
(c) in Fig. 2, in the samples (1), (2) and (3), 
respectively. In the sample (4), the concentra- 

tion of M centers is much higher. 


Afnu decreases remarkably if the preferential 
bleaching is made at the temperature higher 
than that at which the M centers were 
produced. If the M center has the dipole 
matrix element oriented along the face 
diagonal, the fact that Aj{;,; does not decrease 
in some cases may suggest the number of the 


M centers which contribute to Ajj, and have 
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not dipole matrix elements in the [011] direc- f 
tion increases by irradiation with [011]-polari- 

zed M light. In Fig. 6 (d), both A}j,,, and | 
A¥;,, decrease rapidly at the initial stage of if 
preferential bleaching, but the former be- | 
comes constant in the subsequent bleaching, | 


whereas the latter continues to decrease. In |v 


Fig. 5 (e), the dichroism in the M_ band | 
vanishes in the course of the preferential | 
bleaching. These facts may imply the i 
thermal reorientation of the M center in its i 
ground state. The decrease in AM;,, in the } 
region where Af\,,; is nearly constant may be | 
attributed to the thermal reorientation of M | 
centers, and the optical ionization of the | 
correrponding increment may keep the | 
resultant constancy of AN, The thermal | 
reorientation process will be described in the 
next section. 
. The preferential bleaching of the M band 
at various temperatures is suitably described 
in terms of the quantum yield for inducing 
dichroism in the M band. We define the 
quantum yield as 

= (04/0qa)t-0 ; 
here, g is the total absorbed quanta, 4 is the 
product of 6“ and the half width of the M 
band, and ¢=0 indicates the time at which 
the irradiation of M light starts. yy corre- 
sponds to the difference between the relative 
number of the M centers with dipole matrix 
elements in the [011] direction and that in 
the [011] direction, induced per absorbed 
photon. As shown in Fig. 6, the experimental 
values of 7 were the same for the four 
specimens at 10°C. In the specimen of No. 
1 M developing had been made until its height 
had arrived at the position (a) in Fig. 2, in , 
No. 2 at (b) and in No. 3 at (©), respectively, 
and in No. 4 the concentration of the M 
centers was much larger. This means that 
the value of y is independent both of the 
number of M centers and the stage of M 
developing. Thus, it is possible to define 7 
as a quantity characteristic of the M center 
only. 

Fig. 7 shows the curve of logy versus 
reciprocal kT. The curve (a) corresponds to 
the case where the M band was bleached 
preferentially at the temperature at which 
the M band had been created. The curve (b) 
corresponds to the case where the M band 
was generated at 12°C. The curve (a) hasa 


‘| 1959) 


} kink point which appears between 30°C and 
HT 20°C. 
|| point appears also between 30°C and 20°C in 


It is interesting to note that a kink 


_ the curve which shows a relation between 
log R and inverse kT”, where R is the ratio 
of the number of M centers to that of F 
centers at the moment when the height of 
the M band reached its maximum in the 
process of F bleaching. 
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Fig. 7. log 7 plotted against 1/kT. 

For curve (a): the bleaching of the M band was 
carried out at the same temperature as that 
at which the band was developed. 

For curve (b): the M band was developed at 
12°C in all specimens and bleached at various 


temperatures. 


3.3 The thermal reorientation of the M center 


The thermal reorientation of the M center 
suggested in §3.2 was confirmed by the 
variations in Ajj, and Ajj, when the sample 
was kept in the dark after dichroism had 
been induced in the M band at high temper- 
ature. Since photons were completely 
avoided, the changes in Af,,,; and Ajj, were 
attributed to the reorientation of the dipole 
matrix elements of M centers in the ground 
state caused by the ionic motions. Fig. 8 
shows the curve of AN, Alii; and log &™ 
versus the time of keeping in the dark at 
87°C after dichroism was induced in the M 
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band with [011]-polarized M light at the same 
temperature. The decrease in AM, was 
Under 


smaller than the increase in Afur 


T=87°C 
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Fig. 8. Changes in A™fo117, A™poi1j and log 6“ when 
the samples were kept in the dark at 87°C. 
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the assumption that the dipole matrix 
elements of M centers are oriented along the 
face diagonals and their thermal reorienta- 
tion occurrs with the same probability 1/rsec™ 
for the possible six orientations, it is calcula- 
ted that 6™ varies as 


o“=const. x exp (—6/5-t/r) . 


This is consistent with the result shown in 
Fig. 8. From Fig. 8 1/r at 87°C is obtained. 
From the same measurements at various 
temperatures, the curve which shows the 
relation of log (1/c) against 1/kT was obtained 
as shown in Fig. 9. The measured values 
of ct differed slightly according to the thermal 
treatment of the sample. The data shown 
in Fig. 9 were obtained with the specimens 
cleaved at room temperature, and warmed 
slowly up to the temperature at which the 
measurment was done. As is well known, 
1/t varies as 1/r-=Boexp(— W/kT) and this 
relation is satisfied in Fig. 9. The gradient 
of the curve gives the activation energy W, 
for the reorientation of the M center in the 
ground state. We obtained the following 
values from the figure: 


W=1Viev. bo=o.0- LO secs. 


§4. Discussion and Conclusions 


An assumption to explain the dischroism 
exhibited by.the F band is that the another 
absorption band of the M center is hidden 
under the F band. The fact that the pre- 
ferential bleaching of the R band induces 
dichroism in both the F and the M bands 
may hardly be explained by such a simple 
assumption as described above. The di- 
chroism in the F band seems to come partly 
from some interactions such as distortion of 
the crystalline field around the color center 
through the coexistence of F, M and R 
centers. The reversal of the sign of dichroism 
caused by irradiation with polarized F light 
described in §3.1. may indicate the existence 
of such interactions. In respect to this 
point, it should be noted that when the crystal 
containing F, M and R centers is illuminated 
with light in the F absorption band, the 
emission of the R center and the M center 
is enhanced”. 

Now, let us consider the temperature de- 
pendence of the variations in A™,,, in the 
preferential bleaching with [011]-polarized M 
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light. We assume here that the dipole matrix: 
element of the M center is oriented along the) 
face diagonal of the crystal. In §3.2, it is 

described that the number of the M centers i 


whose dipole matrix elements lie in the [O11] | 


direction increases in some cases by irradia- | 
tion with [011] polarized M light. The reason |» 
for this is as follows: In these cases, Ali | 


does not decrease in spite of the fact that |) 
the number of the M centers which contribute |~ 


to AM, and have the dipole matrix elements | 


in the directions other than [011] should be | 


decreased by irradiation with [011]-polarized | 
M light. It may be considered that there are 
two possibilities to cause the increase of the 
number of M centers of which dipole matrix | 
elements are normal to the polarization direc- 
tion of bleaching light, a) reorientation of the 
M centers in the excited state as a result of 
ionic motions, b) electron trapping by vacancy 
clusters to form new M centers. As described 
in $3.2, the preferential bleaching of the M 
band was strongly dependent on the thermal 
history of the specimens in respect to the M 
center formation, and, moreover, the density 
of vacancy cluster may be influenced by the 
thermal history, too. Therefore, the electron 
trapping process will be predominant among 
two possibilities. 

Another contribution to Af;,; in the pre- 
ferential bleaching with [011]-polarized M light 
is the thermal reorientation of M centers in 
the ground state. This occurs at high 
temperature and decrease the number of the 
M center with dipole matrix elements in the 
[011]. Thus, the temperature dependence of 
the preferential bleaching of the M band may 
be understood as the competing process of 
(a), (b) and (c) given below: 

(a) Electron trapping of the vacancy clusters 

to form M centers, 

(b) Ioninzation of M centers, 

(c) Thermal reorientation of M centers in 

the ground state. 
The processes (b) and (c) are predominant 
at high temperature and not so frequent to 
occur at lower temperature, in consistence 
with the observations. 
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The problem of viscous flow near a stagnation point has been exactly 
solved by Froessling.9 

In this paper equations of motion for the flow of a visco-elastic liquid 
near a stagnation point, occurring when a stream of such a liquid im- 
pinges on a wall at right angles to it and flows away radially in all 
directions, have been set up and solved by the Karman-Pohlhausen method. 
The effect of elasticity is found to depend upon a non-dimensional para- 
meter t*=rta (where ct is the flow parameter or the relaxation time 
constant and a is a constant of dimensions 7'-! depending on the velocity 
in potential flow). Behaviour for small values of this parameter has been 
studied. It is observed that the boundary layer thickness and the shear- 
ing at the wall increase with an increase in t*, while the normal stress 
at the wall is independent of both elasticity and viscosity. The stream 
lines get closer to the wall with an increase in the parameter. 


$1. Introduction and dot denotes the rate of change. 


A number of approaches have been tried In this paper we have discussed the pro- 
to investigate the rheological behaviour of blem of flow of a visco-elastic liquid near a 
the so-called Visco-elastic fluids, i.e. fluids stagnation point when only relaxation pheno- 
which when sheared demonstrate elastic menon of the liquid is considered and the 
properties besides viscous ones. Oldroyd, stress strain law is taken in the form 
Strawbridge and Toms” have shown that the S4j40Sya2ad;, (1.2) 
behaviour of dilute (ca. 3 percent) solution of 
highly polymerized methyl methacrylate in 
an organic liquid in a simple shearing motion 
can be represented approximately, at suf- ; Tae es : 
ficiently small rates of shear, by the stress- Zz S's$S'j,% D—Shs OSE 5 Og FS Vik. 
strain law proposed by Jeffreys*® 
Sty+7S4)= 2 (d's +Ad's) , (1.1) 
where S‘; is the deviatoric stress tensor, t 
and 2 are the relaxation and retardation time 
constants respectively of the fluid, and « is The stress-strain relations given by (1.2), 
the coefficient of viscosity as in Newtonian when transformed into cylindrical system of 
flow, d'; is the rate of deformation tensor coordinates, take the form 


where S‘; denotes the rate of stress and is 
equal to the expression” 


Some interesting results are obtained. 


§2. Equations of Motion 
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§3. Solution of Equations 


The flow under consideration is along the 
negative z-axis and is caused when a stream | 
of visco-elastic liquid impinges perpendicular- © 
ly on a wall z=0, and flows away radially in 
all directions. The stagnation point is at the 
origin. 

Taking U and W to be the velocities in 
frictionless case, we have 


U=ar, W=—2a2. 
If stagnation pressure is denoted by fo, the 
pressure in the ideal flow is given by 


p— pos 5 (+ W)= 5 5 a +42") 


The frictionless case oe ioe that the velocity 
field in the boundary layer region may be 
taken to be 


u=rf'(Z), w=—2f (2). (3.1) 
Substituting from (3.1) into equations (2.1) to 
(2.6), we get 


tet of Oty sales chp, HAF tet7f'ts) | 
ee (3.2) 
i", | ig Ofs _og? try —of!! 19 feo. (3.3) 
iis +e of Ot re =o 2 z —rf" t, +f" | 
ae (3.4) 
ate 
tte te] rf Fe ap Be _ op yo 0 fear, 
(3.5) 
, Ot. 7 
ete of Oe Le f +f" |= 0, (36) 
» Ole P 
tte] of Se og a Hap td 


(3.7) 
From equations (3.1) to (3.7) the values of 
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the deviatoric stresses correct to the orders 
of (ur) and (r)? are found to be 
t= Dal f eff! +2f2-+rf')), 
i= OE 
= Af eff —2Ff Ol,, 

Me=2ul[f +2c(ff' +f], 

t.=0 ’ 

Po=—Ap[ f+20 (ff! —2f)]. 
On substitution of these values the momentum 
equations (2.8) and (2.9) take the form 

sah $e. 


(3.8) 


=r f?—2f fl —v fi” 
beef f—2F 7), 3.9) 
and 
FP Aff +2of HO ff" —3f" f, 
(3.10) 


where a prime denotes differentiation with 
FESDECt tO Zz. 

Applying the condition of integrability to 
equations (3.9) and (3.10) we get 


Af 2f uf pee AFC 2h =O, 
(3.11) 

which on integration gives 
Off —f2 + uf! — vr ff" —2ff™-)=e, (3.12) 


where c is an integration constant. 
Boundary conditions are 
f'(O*)=a, f’’(8")=0, 
and 
ff (O)=7cf4f(8*)a—2fO)F/(O*)], (8.18) 
where 6* is the boundary layer thickness. 


Equation (3.12), on application of boundary 
condition (3.13), gives 


c=—a’. (3.14) 
From equation (3.9) and (3.12), we get 
1 Ope 
0 Or 
or 
p= (7? +4F(2)) , (3.15) 


where F(z) is to be determined from equa- 
tion (3.10). 
Equation (3.12) can be rewritten as 


Off fbf \— vf FOF FP) 40=0. 
(Sid2s1) 


The boundary conditions are 


Visco-Elastic Liquid near a Stagnation Point 


1423 


f=f'=0 
F=0 dies == Oh 
7 at z=0*. 


The constants a and »v can be removed from 
equation (3.12.1) by a similarity transforma- 
tion 

pe Oe 


f(@=/ a $(7,6), 


(3.16) 
where 


— | & xx 
b= \/ Sr. 
Effecting the transformation (3.16), equation 
(3.12.1) takes the form 
D236 324.6 +88 
—t*(4¢'’’ —2¢¢g!V)=0, (S022) 
where primes denote differentiation with 
respect to 7 and t*=ra is a non-dimensional 
parameter. 

Equation (3.12.2) shows that the elasticity 
effect depends on a non-dimensional para- 
meter t*, t*=0 giving the non-elastic viscous 
case. 

Boundary condition in terms of ¢ are 

6(0)=0=¢'(0), 
¢'(1)=4, ¢”(1)=0, ¢’”(O)=— 
(3.17) 
Proceeding now to solve equation (3.12.2) by 
Karman-Pohlhausen method, we assume a 
quartic profile 


(9) = Go +19 + A279? +4374? +a}. (3.18) 
Applying the boundary conditions (3.17), we 
get 


One O00 ee 0 


ian = 
Rat Ge 16 


(3.18.1) 


Integrating equation (3.12.2) with respect to 
7 between the limits 0 to 1, we have 


i} 20(66'Yv—30 "dy Hoe | 


L 
4 (6) 9 6 dn—Ab #0 |=0 (3.12.3) 


Substituting the value of ¢ from (3.18.1) and 
putting 6?=x, equation (3.12.3) reduces to 
3x4+(444+-119r*)x§—(91241344r*)x? 
+(2520+5796c*) =0. 
(3.12.4) 
Equation (3.12.4) gives either x=0, which is 
not possible, or 
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3x3 +(44-+119c*)x?—(912+1344c*)x 

+(2520+5796r*)=0 . (B25) 

When the non-dimensional parameter 7*=0, 

which gives the effect of elasticity as taken 

to be zero, (3.12.5) reduces to the correspond- 

ing equation in the non-elastic viscous case, 
viz. 

3x3 +44x2—912x+2520=0. (3.12.6) 


This equation has two positive and one nega- 
tive roots. Negative root is, however, not 
admissible as 6 can not be imaginary. Out 
of the two positive roots 3.491151 and 8.894263, 
the latter is to be discarded as it gives rise 


to an absurdity in that it renders =n within 


the boundary layer. 

The velocity profile corresponding to 0?= 
3.491151 is found to agree closely with that 
given by Froessling. 

The roots of the equation (3.12.5) nearest 
to 3.491151 corresponding to different values 
of t* are given by the table below. The 
values of $’’(0) have also been tabulated. 
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The table shows that the boundary layer | 
thickness as well as ¢’’(0) increase with an | 
increase in t*. i| 
Integrating equation (3.10), we get 

eF=f+uf’ +3ue (ff —2f+D, 
where D is a constant of integration. 
1.90 4,56 


(3.10.1) | 


1.891 


\88- 


1.85 4 ie: cates 4.40 
000, -005 O10 O18 .020 
eT aa 
L 
Bigs 1 


Applying the boundary conditions, D=0; 


Table I. or we get | 
Be gina f pra aF=f?+yf! +3ue (ff —2F). (3.10.2) | 
ieee eee —|_-"____ From (3.10.2) and (3.15), we get | 
0.000 3.491151 1.86846 4.43346 ‘ 
0.001 | 3.496308 1.86984 4.43914 p=“ ee et {f2+uf’ 
0.002 3.501464 1.87122 4.44485 . ‘G 
0.004 3.511764 1.87397 4.45619 VSp ff 2F 4) >| (3.13) 
0.006 3.523059 re eee The deviatoric normal stress component is 
0.008 3.532347 1.87945 4.47889 
0.010 3.542617 1.88218 4.49023 a ee sie 
0.020 3 592688 1.89543 4.54557 The value of the normal stress component 
2S eer ea ee — at the wall, therefore, is 
Table II. 
7*=0.00 7*=0.01 r*=0.02 
Mm ¢ r Oo) r Oo) r 
0.0 0.00000 co 0.00000 co 0.00000 oo 
0.1 0.02110 6.8843 0.02136 6.8422 0.02162 6.8010 | 
0.2 0.08026 3.5298 0.08120 3.5091 0.08213 3.4894 | 
0.3 0.17158 2.4141 0.17353 2.4006 0.17544 2.3875 
0.4 0.28958 1.8582 0.29274 1.8482 0.29583 1.8386 
0.5 0.42921 1.5264 0.43371 1.5185 0.43811 1.5108 | 
0.6 0.58582 1.3065 0.59172 1.3000 0.59750 1.2937 
0.7 0.74517 1.1584 0.86093 1.0772 0.86996 1.0721 
0.8 0.93248 1.0356 0.94222 1.0302 0.95076 1.0256 
0.9 1.11735 0.9460 1.11423 0.9474 1.12360 0.9434 
1.0 1.30381 0.8758 1.31528 0.8719 1.32650 0.8683 


| 


1959) 


( T*z)z-0 — (t%2)z—0 cS (P)z-0 
(3.15) 


‘which is independent of yu as well as r. 


The shearing at the wall is 
(CT )e-0 = te) en0 
=urf’(0) 


De ee yy, 
‘a —r¢''(0) , 
— (0) 


I 


(3.16) 


which shows that shearing stress at the wall 
increases with c*. 


Equation of stream line is 


r’d(y)=constant . Bale 


Taking the constant to be unity, the stream 
lines have their equation as 


r’o(n)=1. 


Table II gives the values of ¢(y) and y for 
different values of y and t*. This table 
suggests that elasticity brings flow nearer to 
the wall. The pattern of flow is, however, 
the same as in Newtonian liquid. 
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§4. Conclusion 


The results of this theoretical investigation 
may be summed up as follows: 

1) The elastic effect in case of a single 
relaxation time visco-elastic model depends 
upon a non-dimensional parameter, an increase 
in the parameter causing an increase in the 
boundary layer thickness and also the shear- 
ing at the wall. 

2) Normal stress at the wall is independent 
of elasticity as well as viscosity. 

8) Stream lines get closer to the wall with 
an increase in the parameter. 

The author is indebted to Prof. B. R. Seth 
for his guidance throughout this investiga- 
tion. 
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The Flow of a Viscous Fluid past a Triangular Cylinder 


By Mitutosi KAWAGUTI 
Aeronautical Research Institute, University. of Tokyo 
(Received May 25, 1959) 


The flow of a viscous fluid past an equilateral triangular cylinder has 
been studied using Imai’s method of treating Oseen’s approximation. 
The expression for the velocity in the flow field near the triangular 
cylinder is obtained correct to the order of #?, and those for the frictional, 
pressure and total drag to the order of &. The drag of the triangular 
cylinder at high Reynolds numbers is estimated by use of Imai’s new 
theory of drag and is compared with Asaka and Oshima’s experimental 


results. 


§1. Introduction 

It is well known that the steady two- 
dimensional flow of an incompressible viscous 
fluid past a fixed cylindrical obstacle at a 
small Reynolds number can be successfully 
dealt with on the basis of the Oseen ap- 


proximation. However, investigations have 
hitherto been restricted to the cases of 
cylinders with rather simple cross-sectional 
shapes, such as circular and elliptic cylinders 
and a flat plate. 

A few years ago, I. Imai put forward a 


1426 


new method of solving Oseen’s equations for 
arbitrary cylindrical obstacles,# which enables 
us to obtain the velocity distribution in the 
flow region near the cylinder and the lift and 
drag acting upon it in the form of power 
series in the Reynolds number FR. Using 
this method, M. Hasegawa studied the flow 
past a thin symmetrical Joukowski aerofoil.® 

In this paper, the flow past an equilateral 
triangular cylinder will be studied by use of 
Imai’s method. The expression for the veloc- 
ity in the region near the triangular cylinder 
is obtained correct to the order of R?, the 
lowest order term being O(1), and the expres- 
sions for the pressure, frictional and total 
drag to the order of FR, the lowest order 
terms being O(R-1). In §7, the drag at high 
Reynolds numbers are estimated according to 
Imai’s new theory® by using our theoretical 
results at low Reynolds numbers, and com- 
pared with Asaka and Oshima’s experimental 
results at high Reynolds number.” 

In the course of our study, it was found 
that the total drag remains invariant, within 
the accuracy of our approximation, when the 
cylinder is rotated by an angle z, whereas 
the pressure and frictional drags change their 
values in the second approximation i.e., O(1). 
These results have been found to be valic 
for the cases of more general cross-sectional 
shapes. The discussion concerning this fact 
will be given in an accompanying paper.» 


§2. Oseen’s Equations of Motion and the 
Boundary Conditions.* 


Oseen’s approximate equations for the two- 
dimensional steady motion of an incompres- 
sible viscous fluid can be written as 


Bikini WA Hoe 

U Ox alfs oe v4u=0 , (r1) 
Oy B® OD 

U ax A By v4v=0, (2.2) 


where U is the velocity of uniform flow 
parallel to the x-axis, 4=07/0x?+07/Oy2, (uw, v) 
are the component velocities, p is the pres- 
sure, 0 the density, and vy the kinematic 
viscocity. The equation of continuity is 
satisfied by taking a stream function Y such 
that 


* As for the detail of this method, reference 
should be made to Imai’s original paper.*) 
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une, ya. 2.3) | 
Eliminating p from (2.1) and (2.2), we have’ 
Fe ae (2.4) | 
Ox | 
where w is the vorticity defined as 
-f Av , 2.5) | 
and 2k=U/v. 
Introducing complex variables | 
z=xtiy, z=x-iy, (2.6) 
W=u-wW , (2.7)5} 
we obtain from (2.3) 
ye (2.8) 
0z 
and hence, by (2.5) 
ve 2i oe = yd = re (2.9) 
For the boundary conditions, we have 
(a) W-U, as |z|>0 , (2.10) 
(b) W=0, on the surface of the cylinder, 
(2.11) 
(c) w and W are one-valued throughout the 
field of flow. (2.12) 


§3. The General Expressions for o and W 


As is well known, the most general solu- 
tion of (2.4) can be expressed as 


ets > Cne™*Kn(kr on? ; (3.1) 


where (7, @) are polar coordinates, K, is the 
modified Bessel function and C,’s are complex 
constants. Here m must be integers and Cy, 
should satisfy the relation 
Div x Cn=0 ; 
in order that » and W should be one-valued 
throughout the field of flow outside the 
cylinder (cf. (2.12)). 
Substituting from (3.1) into (2.9) and inte- 
grating, we can find the general expression 
for W as 


(3.2) 


Vee ArKekr) 


ate s (Anse — Are) K,(Rr) Le : 
n=1 a 


(3.3) 
where 


An=> Ci Gel gee BH 


and f(z) is an arbitrary analytic function of 


2. 


The arbitrary constants A» as well as the 
analytic function f(z) are to be determined 
from the appropriate boundary conditions. 


$4. Transformation Function from Equi- 
lateral Triangle to Unit Circle 


In this paper, we consider two cases of 
flow past an equilateral triangular cylinder : 
a) the case where the forward stagnation 
point coincides with one of the vertices of 
the triangle (Fig. 1a), 
and 
b) the case where the forward stagnation 
point coincides with the middle point of a 
side of the triangle (Fig. 1b). 
We shall refer to them as the case (a) and 
(b) respectively. It is to be noted that the 
case (b) will be obtained from the case (a) 
by rotating the cylinder by an angle z about 
an axis perpendicular to the plane of flow. 


Higes I: 


The transformation function from the equi- 
lateral triangle in the z-plane onto the unit 
circle in the Z-plane is given by 


z= Al" (1-+eZ-)dZ +B , (4.1) 
—1 

where A and B are constants which may be 
determined from the magnitude and the posi- 
tion of the triangle, and « is 1 or —1 for the 
case (a) or (b) respectively. 

Expanding the integrand of (4.1) in de- 
scending powers of Z and integrating, we 
have 
2=Z—-heZ-24+ ps Z-5— ph geZ P+ aetsZ +, 

(4.2) 
where the constants have been determined 
by the conditions that centres of the triangle 
and the unit circle are the origins of the z- 
and Z-planes and that the coefficient of Z in 
(4.2) is unity. Thus the length of one side 
of the triangle becomes 2.371, but it does 
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not mean any loss of generality of our solu- 
tion. 


Most of our calculation was performed by 
using very simple transformation function : 
a3Z—heZ*, (4.3) 
but for the sake of checking, we have calcu- 
lated the first approximation for the total 
drag by using more exact one: 
2=L—heZ*4+ ByZ yh 2eZ P+ aetgZ . 
(4.4) 
As is shown later, the transformation func- 


tion (4.3) is sufficiently accurate for our 
purpose. 


§5. Determination of A, 


For the convenience of our calculation, we 
make use of a function g(z) defined as 


&(Z)=syk? ANZ? In z—$227—(2S+4+1)z2?} 
+ LR Ajaz(In z—1)—}kA; In z 


+k > (n—3)!An(hke , (6.1) 
where 
S=In 2/k)—r , (5.2) 


7y=0.57721--- being Euler’s constant. 

In view of the form of W, it will be 
natural to suppose that A» is in general O(k”), 
so that we put 


An=Rnl@no+kani+k?ano+ 20 >) ’ (5.3a) 
&(Z)=RX go(z) + hele) +hgo(z)+---}, (5.3b) 
F@=H=kNfolz)+kAlz)+kfx(z)+++-}. (5.3¢) 

Inserting (5.3) into (3.3), and expanding Bessel 
functions in increasing powers of k and 
equating to zero coefficients of powers of k 


in order to satisfy the boundary condition 
(2.11), we have a series of equations: 


Fo (2)=4ig0’(z) , (5.4) 
Fi (2=hEADSo (z)+-4igi’(z)+2ige'(Z), (5.5) 
Fol (Z)= FEZ) ()—-EE+Z) S0'(Z) 

+1{4go/’ (z)+2g1'(Z) +280 (z)} , (5.6) 
Fs (Z)=$E+ZSY (Z)—- REZ) AZ) 


+ pg (z+Z)3 fo (2) +4{498" (2) + 282" (2) 
+291 (2) +4280(Z)—$a202(In z—2S—1)} , 
(Re 
on the profile. 


* In Reference (4), there were misprints: the 
terms (1/16)(2+2)3fo'(2) in Eqs. (5.6) and (8.4) should 
be read as (1/48)(¢+2)3f0’(2). 
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Using the transformation function (4.3), we 
can map the region outside the triangle onto 
the region outside a unit circle (ZZ=1) in 
the Z-plane. Thus we can consider the equa- 
tions (5.4)-(5.7) on the unit circle in the Z 
plane. 

On the other hand, it is known from Imai’s 
investigation® that the exact solution of the 
Navier-Stokes equations for the viscous flow 
past an arbitrary cylinder has in general the 
asymptotic expression: 


ests ects em? 1 (1 


(5.8) 
and that the drag and lift of the cylinder 
are given by 

X=o0Um , Vi Ue (5.9) 
It may be noted that the third term on the 
right-hand side of (5.8) does not appear in 
the Oseen approximation. 


$5.1 The First Approximation 
In view of the above considerations, we 
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d20/di0o= ¢/6 ; (5.11) 
) _ 1 LZ3Z+8) 
fi @le0= > aoe)” 6.12) 
gv’ (2law=4 In Z—A,(e/Z) . (5.13) 


Using the more exact transformation func- } 
tion (4.4), we have 


bias 
0.4357+S ° 
for the value of dio, instead of (5.10). 


(5.14) | 


ai0= | 
| 
§5.2 The Second Approximations 


We can determine the second approxima- | 
tions from (5.6) as 

AQu/ao= —(1/6)e , 

a@m/aio= —(11+36S)/72 , 


HEN em Le 
fi @law=7g4+9S)+ 


(5.15) 0 
(5.16) | 


i) 


48 Z 
i {9eZ?—(66—216S)Z+ 32¢} 
144 (8Z3+26) : 


(5.17) 


g1'(@la0= =e ee JS =i) 


can determine the first approximations: duo, il 11+36S 1 
Oe yi @)naudecs (2 irom a) and(ooineee 4g A ee 
187U ive, eile k 
lita 5.1 —— 
iy PA NOS 2 a? T 964 72 988 73° of 
§5.3 The Third Approximations 
___1597—2187S 
G12/a10 1944(4-19S) ‘ (5.19) 
pbrmaxe 5 109—-829S—972S? 
ps 1296(4+49S) ; Cay 
y _ 4 19-36S , 17 ie i 
Fi @)lau=— FF 1296 Z? 86423 
__, (3518+ 8019S + 262445?) Z?-+ (3870+ 4854S )eZ—(3076 + 6057S—1944S?) 5 
2502(4-+-9S)(3Z*-+2e) Co 
; 1597 —2187S 
HON = 595 (32—Fa)) Yee ye 
82'(2)/Q10= 598 Zi )n )~T555044 9S) 24 
, 109—829S—972S: e 407+1080S 1 17+-27S é 
5184(4+9S) Z 31104... Z? 17287? ~ 767% “Sista ~ ee 
$6. Velocity and Drag 
The complex velocity can be determined by (cf. ref. 4) 
We 3) R°{Fras1(Z)—Grl(z, Z)} , (6.1) | 
n=0 | 


where 
Fr(z)=fn' (z)—40gn’’ (2) 


(n=1, 2), (6.2a) 


Go(z)= 4(Z+2)fo'(z)+2ig0'(Z) , 
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P3(@)=fs' (2)—4igs’ (2) + G/8)ao02(In 2-2S—1) , 


Gilz)=4(2+2) fi’ (Z)—h(@+2)*fo (2) +20 (2) +iZg0'(z) , 
Gaz) =4(2 +2) fo (Z)—Be+Zfi (2) + pole +2)3 fo’ (z) 
+212" (2) +1291’ (z) + dizgolZ) . 
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(6.2b) 


(6.3a) 
(6.3b) 


(6.3c) 


The total drag can be computed from (5.12), (5.17), and (5.21) using the above-mentioned 


relations (5.8) and (5.9) : 


ec ee saa 2780+ 4374S + 8748S? _, 
1944(4+9S) 


~ k(4+9S) 


: ove} 6.4) 


If we choose the length of a side of the triangle L as the characteristic length, and define 
the Reynolds number as R=LU/y, we have a formula for the total drag coefficient : 


Vr eee AR ea | a 
 k0U2L R(4+9S) Tis 
where 
Ia=2:370', (6.6) 
S21 672 in RF’. (6.7) 


The frictional drag Dy; can be calculated 
by use of the formula: 


p= —n} i) sin ads , 


where the integration must be carried out 
over the entire surface, and (s, 2) are the 
curvilinear orthogonal coordinates, ~=0 cor- 
responding to the surface, and where the 
positive directions of s and m are chosen as 
shown in Fig. 2, Vs is the component of the 
velocity in the positive direction of s, 7 the 
viscocity, and @ is the angle between ” and 
Maxis (cr. Lig. 2). 

Performing the integration in (6.8), we have 
the frictional drag coefficient as 


3 WATE 
R(44+9S) 


x | 0.8889-+ 5 (—0.1019+0.33835) 
0 


(6.8) 


Cos 


0.5139 ) 
4+9Sf 


(6.9) 


“: —— al — —_ 
. 23 KOO 0S 


+0(R)| . 


The pressure drag coefficient can be easily 
obtained as the difference of the total and 
the frictional drag. 

The drag coefficients thus obtained are 
given in Fig. 3, where the first approximation 


® 2785 +. 4374S + 8748S? 


+0(R)} 6.5) 


1944(4-+-9S) 


to the total drag coefficient obtained by using 
the transformation function (4.4) is also given 
to show the sufficient accuracy of the very 
simple transformation (4.3). 

It is to be noted that the total drag for 
the cases (a) and (b) are the same to the 


y 


Bigs 2: 
3; 
lo Co ,Cop 
[ — Ist approx(43) 
Co |= ” (4A) 
— 3rd approx, 
— Ist approx. 
== 
io? Cop cd 2nd approx, 
__. 2} 3rd approx. 
be 
be 
10h 
8 
SEES 
‘i 
L 
R 
| Eri 1 1 N J 
107 107 | 10 
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order of our approximation O(R), although 
the pressure and frictional drags separately 
are not the same for the two cases to the 
order O(1). This fact seems to be true also 
for cylinders of more general shape. Such 
a discussion will be given in an accompany- 
ing paper.» 

In view of the behaviour of the curves in 
Fig. 3, we may take 
(Gi eRS5 for Cp, 

(ilies et Ore Crys 
as the Reynolds number ranges for which 
the formulae (6.5) and (6.9) are valid. 

It is also to be noted that the ratio of the 
frictional drag to the total drag Cpy/Cp is not 
constant but a function of Reynolds number, 
although the ratios are known to be constant 
for the cases of circular and elliptic cylin- 
ders.) (cf. Fig. 4). 


Cor/Co ‘ 
06 — Ist approx. 
— 2nd approx. | 
-— 3rd. approx. 
| 
| 
Os ra tal es | 


O04 


Q3 


10% lo* } 10 


Fig. 4. 


§ 7. 
Recently I. Imai has proposed a new theory 
for the drag of a two-dimensional obstacle in 
a laminar flow,” according to which the total 
drag coefficient at an arbitrary (but not so 
small) Reynolds number FR is give by 
Cp¥?2=Cpol?+BRV? , id) 
where Cp is the limiting value of Cp for 
the same obstacle when R->co, which may be 
calculated on the basis of Kirchhoff’s free 
streamline theory, and £ is a constant which 
depends on the shape of the obstacle. 

In the case of a circular cylinder, Imai has 
shown that (7.1) is sufficiently accurate even 
for a rather low Reynolds number (R=4), 
using Brodetsky’s results by the free stream- 
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results! by Oseen’s approximation. 

As for the case of a triangular cylinder, | 
we know the results by the free streamline |» 
theory (case (a) corresponding to the flow | 
past a flat plate, and case (b) to the flow past 4 | 
a bent lamina),” although we have no numeri: | 
cal solution in an intermediate Reynolds ] ; 
number range. Thus, using our results by | 
Oseen’s approximation at Reynolds number | 
of 3, we have the formulae : : 


case (a) Cp¥/?2=0.699+3.279R3/? , (7.2) 4 
case (b) Cp/?=0.938+2.865R-1/? . (7.3) : 


Imai also proposed a formula® for the drag 
of a two-dimensional obstacle in a turbulent > 
flow, according to which the pressure drag 
coefficient is given by 

Cop/?=Cpat+ B*R*-? , (7.4) 
where R* is the so-called effective Reynolds 
number for which Imai suggested the value 
of 30~50, and §* is another constant. 

If we determine the value of 8* from the 
value of the pressure drag coefficient at 
Reynolds numbr of 2, we have q 
Cop¥?=0.699+1.998R*-1/2 , (7.5) 
Cpp/?=0.938+2.380R*-¥2 , (7.6) | 
for the pressure drag of the triangular cylin- 
der. 

On the other hand, Asaka and Oshima 
studied experimentally the flow past a tri- 
angular cylinder at Reynolds number of 
3~5x10!, and obtained the values of the 
pressure drag coefficients : Cp»=1.34 for case 
(a), and Cyy=1.773 for case (b). Using these 
values, we can determine the effective Rey- 
nolds numbers R* as: R*=16.4 for case (a), | 
and R*=26.3 for case (b). The effective | 
Reynolds number thus obtained are rather 
low compared with those for a circular cylin- 
der. It seems that the discrepancy may be 
mainly due to the fact that we were compel- 
led to use the results at very low Reynolds 


number (R=2), in order to determine the 
value of B*. 


case (a): 
case (b): 


§8. Conclusion 


In this paper, the flow of a viscous fluid 
past an equilateral triangular cylinder has 
been studied using Imai’s method of treating 
Oseen’s approximation. The expression for 


‘|| 1959) 


| the velocity in the flow field near the tri- 


angular cylinder was obtained correct to the 
order of R?, and those for the frictional 
pressure and total drag to the order of R. 
The drag of the triangular cylinder at high 
Reynolds numbers was estimated by use of 
Imai’s new theory of drag and was compared 
with Asaka and Oshima’s experimental, 
results. In the course of the study, it has 
been found that there exists a very simple 
relation between the flow past a triangular 
cylinder and that past the cylinder which 
can be obtained by rotating the original one 
by an angle z, such that total drag is not 
changed by the rotation within the order of 
our approximation. 
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Reversal Flow Theorem concerning Oseen’s Approximation 


By Mitutosi KAWAGUTI 
Aeronautical Research Institute, University of Tokyo 
(Received May 25, 1959) 


We sought for the simple relations which exist between the two- 
dimensional flow of a viscous fluid past a cylindrical obstacle and the 
flow past the same obstacle rotated by an angle x about its axis, within 


the accuracy of Oseen’s approximation. 


It is shown that the forces acting 


upon the cylinder do not change by the rotation of the cylinder, as far 


as the terms of order O(R-1) are concerned. 


Further, for the special 


cases of symmetrical obstacles which experience no lift, it i: shown that 
the total drags for the original and the rotated bodies coincide with each 


other within the accuracy of O(£). 


§ 1. Introduction 

In a preceding paper, the author studied the 
flow past an equilateral triangular cylinder by 
Oseen’s approximation.» In the course of the 
study, it was found that there exists a very 
simple relation between the flow past a tri- 
angular cylinder and that past a cylinder 
which can be obtained by rotating the original 


one by an angle z about its axis. 

It occurred to the author that there may hold 
some simple relations between a flow past an 
obstacle and the flow past the same obstacle 
rotated by an angle z for the cases of cylin- 
ders of more general shape. 

In this paper, we shall seek for such rela- 
tions within the accuracy of Oseen’s approxi- 
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§ 2. First Approximation 


Since we shall use the same method and 
procedure as in the preceding paper,” we 
shall omit the detail of procedure and only 
show the results. We shall refer to the pre- 
ceding paper as I. 

We shall assume that the analytic function 
which transforms the profile of the cylindrical 
obstacle in the z-plane onto the unit circle in 
the Z-plane is given by 


Z=OoZ10Z 1+ee.Z 72 +---+e"16,Z-" (2.1) 


where ¢ is 1 for the original profile, and —1 
for the rotated profile. In general, cn may 
be complex numbers, but we may assume 
|co|=1 without loss of generality. 
Proceeding as in I, we have a series of 


equations for dio, @20---, Ano: 

UF aS tiawP+ + ; - +12 ae 0 
edioP+ «+> +6" lan_1,0P+d2P=0 (22) 
ce? lTaipP+e" lai P+ +--+ +an=0 


where U is the undisturbed velocity, aij; is 
the coefficient of #'*) in the expression of 
A; (I. 5.3a), and P stands for a certain func- 
tion of c,;’s independent of ¢ 

Eq. (2.2) can be regarded as a system of 
simultaneous equations for the unknown (dio, 
, &*lano) whose coefficients are inde- 
pendent of «. Therefore, aio, edz, ---, €” ano 
are the same for the cases «-=+1 (original 
body) and «=—1 (rotated body). 


€20, eae 


§ 3. The Second and Third Approximations 


We shall now proceed to the higher appro- 
ximations. In order to simplify the problem, 
let us assume that co, ---, cn in the transfor- 
mation function (2.1) are real, so that the 
flow with which we are concerned is restrict- 
ed to the flow past an obstacle that has sym- 
metry about the x-axis. In this case, all the 
values of ai; become purely imaginary. 

Proceeding in the same way as in the first 
approximation, we can easily show that 

(i) for the second approximation, eau, 
€7Qn1, °**, &"Gn1 have the same values for the 
original and the rotated cases. 


(ii) for the third approximation, dy, ed2», 
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e”—lanx, have the same values for the both | 
cases. 
Further we can guess from the process of || 
our study that, in general, for the m-th ap- | 
proximation, the values of e”*1!d1 m4, °--,|| 
em*ny, m1 are the same for the both cases. 


§ 4. The Drag and Lift 


The drag and lift of a cylindrical obstacle | 
submerged in a flow of a viscous fluid can | 
be determined from the coefficient of 1/z in ! 
FOG Ch 9 DiS), ls Oro | 

Now the first approximation of /’(z) can be 
expressed as 

=) 
2 


fe as SeGp 
Zz 

Therefore, srserere the results of §2, we. 
can say that, in the first approximation, the 
values of the drag and lift are the same for 
the original and the rotated bodies. ! 

As a corollary of the theorem mentioned 
above, it can easily be shown that there acts 
no lift upon the cylinder whose cross-sectional 
shape has a symmetry about a line perpen- 
dicular to the direction of the undisturbed 
flow, as far as the first approximation in | 
Oseen’s approximate theory is concerned. 

As for the higher approximations, we have | 
restricted ourselves to the case of flow past 
an obstacle that has symmetry about the x- 
axis. Therefore, we are only concerned with 
the drag. Now we have 


€ 
Aw+5 
Zz 


(4.1). 


an 


fr@=U4 +O(z-*) (4.2) 


A @==O+4 ara (4.3) 


where Q; and Q, are functions of c;’s and U 
independent of «. Hence, we can conclude 
that 1f we. expand the total drag as 


Cp=Cpi+Cp2+Co3+ ‘IS (4.4) 
where Cpi, Cp, and Cp3 are the terms of or- 
der R-!, R° and R! respectively, the values 
of Cy: and Cp; are the same for the original 


and the rotated bodies, while the values of 


Cp, are of the same magnitude but of oppo- 
site sign. 


§ 5. The Value of Cp: 


Further, if we can show that Cp.=0, the 
total drags for the original and the rotated 
bodies coincide with each other within the 


—_ 


i 


t 
¥ 
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accuracy of O(R). Although the author could 
not succeed in the general demonstration of 
the fact that Cy.=0, it can be shown that 
in a fairly general case where the transfor- 
mation function is given by 


2=2402Z 9+ 0Z-?+ 37-2 +47 real) 


(5.1) 


(Gia 


the value of Cy» is identically zero. 

It seems to the author that the values of 
Cp: may be zero in more general cases. Even 
if it were not the case, the value of Cy: would 
be fairly small, since the terms in Z-"(n>5) 
in the transformation function behave as 
cos ”@ and sinzé@ on the surface of the cylin- 
der, and they could have little effect upon 
the symmetry of the profile about the line 
perpendicular to the direction of the undis- 
turbed flow. 

Further, it may be noted that even when 
Cp2=0, the second approximations of the pres- 
sure and the frictional drag do not vanish, 
as was shown for the triangular cylinder in 
the preceding paper. 
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§ 6. Conclusion. 


In this paper, we sought for the simple 
relations which exist between a flow past 
an obstacle and the flow past the same ob- 
stacle rotated by an angle xz. It was shown 
that the forces acting upon the cylinder do 
not change by the rotation of the cylinder, 
as far as the terms of order O(R-!) are con- 
cerned. Further, for the special cases of 
symmetrical obstacles which experience no 
lift, it was shown that the total drags for 
the original and the rotated bodies coincide 
with each other within the accuracy of the 
third approximation to Oseen’s approximate 
equation, i.e. O(R). 


In conclusion, I wish to express my hearty 
gratitude to Professor Isao Imai for his dis- 
cussions and kind inspection of the manu- 
script. 
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This paper deals with the two-dimensional flow of a viscous, incom: 
pressible and electrically conducting fluid past a cylinder 2 a uniform 
magnetic field, using Stokes approximation. Detailed calculation is carried 
out for the flow past a circular cylinder in two cases: one in a parallel 
magnetic field and the other in a transverse magnetic field. The ex- 
pansion formulae for the drag per unit span of the cylinder are obtained 
in terms of the Hartmann number in each case. 


§1.. Introduction 

Magnetohydrodynamics is a new field in 
physics which has been developed in connexion 
with geo- and astrophysics and aero-space 
sciences. In particular, it seems to become 


more attractive to physicists lately in connex- 
ion with the problems of nuclear fusion. Many 
problems in magnetohydrodynamics have been 
so far investigated for their own importance 
and interest in each field, However, it may 
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also be one of the effective ways of develop- 
ing this new field to investigate how the well- 
established classical hydrodynamic problems 
may be modified under the new magneto- 
hydrodynamic circumstances. Indeed, since 
Hartmann’s pioneering work, not a few works 
have been carried out along this line. 

Recently, Chester has investigated the 
effect of magnetic field upon the Stokes flow 
past a sphere. In the present paper, apply- 
ing his ideas to the two-dimensional Stokes 
flow, we deal with the flow of a viscous and 
electrically conducting fluid past a circular 
cylinder in two cases: one in a uniform 
magnetic field parallel to the main stream 
and the other in a transverse uniform magne- 
tic field. It is well known that the Stokes 
approximation cannot give an appropriate 
solution for the two-dimensional flow past a 
cylinder under the ordinary hydrodynamical 
circumstances, unless the flow field is bounded. 
In the present case where the fluid is elec- 
trically conducting and flows in the uniform 
magnetic field, however, appropriate solutions 
can be obtained. In the first case, where the 
uniform magnetic field is parallel to the main 
stream, the solution indicates that rotational 
flow field with appreciable vortices and induced 
electric currents is confined in two parabolic 
regions in front and in rear of the cylinder 
and that outside these regions the vorticity 
falls off exponentially and the flow is almost 
uniform. Similar parabolic regions are also 
formed on both sides of the cylinder in the 
second case, where the uniform magnetic 
field is transverse to the main stream. This 
fact enables us to obtain appropriate solutions 
in the present case, while in the classical 
Stokes flow no acceptable solution can be 
obtained except trivial one implying the fluid 
everywhere at rest, since the rotational field 
extends over the whole region. 

The expansion formulae for the drag per 
unit span of the cylinder are also obtained 
in power series of Hartmann number. Nu- 
merical results show that the drag is always 
greater in the transverse magnetic field than 
in the parallel magnetic field, as is intuitively 
expected. 


§2. Fundamental Equations and Stokes 
Approximation 


We consider a steady flow of a viscous, 
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incompressible and electrically conducting Bs 
fluid past a circular cylinder with radius a) 
in the presence of a uniform magnetic field. |f 


As the fluid is electrically conducting, electric 
current is induced, when the flow goes across 
the line of magnetic induction. 
current, 


Lorentz force. 


having to be taken into account, we must 


solve the hydrodynamic equations and the | 


electromagnetic equations simultaneously. 


The fundamental equations governing the | 
motion of the fluid are the equation of con- | 


tinuity: 
divi V=0 , (2.1) 
and the modified Navier-Stokes equation: 
o(V- grad) V=—grad P+prvAV 
+qE+JxB. (2.2) 


Electromagnetic field is subject to the Maxwell 
equations: 


curl H=F; (2.3) 
div B=0, (2.4) | 
curl E=0 , (2.5) 
div D=q . (2.6) 


In the above six equations, we have used 
the usual notations for quantities of the field 
and adopted the rationalized M. K. S. system. 
The derivatives of the field quantities with 
respect to time do not appear, since we 
consider the steady state only. As a com- 
plementary relation to these equations, Ohm’s 
law is assumed: 


J=0(E+VxB)+qV, (2.7) 
where o is the electric conductivity of the 
fluid. We also assume the fluid to be homo- 
geneous and isotropic, so that the following 
two relations connect the magnetic induction 
B with the magnetic field H and the electric 


displacement D with the electric field E 
respectively: 
B=rH , (2.8) 
D=cE, (2.9) 
where the constants 4 and ¢ are the magnetic 
permeability and the dielectric constant of 
the fluid respectively. Equations (2.1)~(2.9) 
are the fundamental equations to be solved 
for the present problem. 
We choose the origin of coordinates at the 
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This induced 
coupled with the magnetic field, | 
yields a body force acting on the fluid, viz. | 
The interaction between the | 
magnetic field and the motion of the fluid 


: centre of a cross section of the cylinder and 
take the x-axis parallel to the direction of 


ie the undisturbed magnetic field, the x-axis 


along the axis of the cylinder and the m-axis 
perpendicular to both the x:-and x3-axes. The 
undisturbed flow is supposed to be parallel 
to the x-axis in the first case and to the 
X-axis in the second case. 


V, (Casell) 


Fig. 1. Sketch of the field. 


First, we neglect the terms involving excess 
charge q in (2.2) and (2.7) as in usual mag- 
netohydrodynamic problems. We then assume 
two-dimensionality of the problem: namely 1) 
all the quantities in (2.1)~(2.9) are independent 
of x3, so that all the derivatives of these 
quantities in x; disappear in the above equa- 
tions, and 2) the fluid velocity V and the 
magnetic field AH lie in the x x-plane. In 
consequence of these assumptions, curl H in 
(2.3), and hence J too, becomes parallel to the 
x3-axis. Also, owing to the assumption 2), 
Vx B in (2.7) becomes parallel to the x3-axis. 
Hence, we may conclude from (2.7) that HF 
has only the x3-component, £3. Thus, solving 
Eq. (2.5), we obtain 


E3=£, (const) . (2.10) 


Since there is no electric current at infinity, 
the constant Hy) must be zero in the first case, 
because V and B at infinity are parallel to 
each other. Similarly, in the second case 
where V and B at infinity are perpendicular 
to each other, so that VxB is equal to 
—VouHok, the constant Ey) must be equal to 
VoutHo, where Vo and Hp are the undisturbed 
velocity and magnetic field at infinity and k 
is one of the fundamental unit vectors (i, j, k) 


referring to the coordinate system. Hence, 
we have, in the first case, 
J=cou(Vx), (2.11) 
and in the second case, 
J=on(Vik+Vx Hl). (2.12) 
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Substituting (2.11) and (2.12) into (2.2) and 
(2.3), and introducing non-dimensional varia- 
bles v=V/Vo, h=H/Ho, p=a/(ovVo)- P and 
(x, ¥, Z)=(m/a, xe/a, x3/a), we have, in the 
first case, 
R(v-V)v=—Vp+V20+M2(u xh) xh, (2.13) 
Rn oxh=Vxh, (2.14) 
and in the second case, 
Rv-V)v=—Vp+V20+M*(k+uxh)xh , (2.15) 
Rn(kt+vuxh)=Vxh, (2.16) 
where R=aV,/v is the Reynolds number, 
Rm=aVoou the magnetic Reynolds number, 
M = (o/0v)?auHo = (SRR) the Hartmann 
number, (S= “4H,?/0V.2 being the pressure 
number), and V stands for i(0/0x)+ j(0/0y). 
We now assume Rn to be small and apply 
the Stokes approximation to Eqs. (2.14) and 
(2.16). Then, neglecting the left-hand sides 
of (2.14) and (2.16), we have, in both cases, 
Vxh=0. (2.17) 
Assuming that the permeabilities of the fluid 
and the cylinder are effectively equal, and 
bearing in mind that the magnetic field is 
uniform and parallel to the x-axis at infinity, 
we obtain as the solution of (2.4) and (2.17), 
h=t; (2.18) 
so that to the Stokes approximation the 
magnetic field is everywhere uniform and 
parallel to the x-axis. Inserting (2.18) into 
(2.13) and (2.15), and assuming FR to be small, 
we have, to the Stokes approximation, 


—Vp+V20+ M7 xi) xi=0, (2.15) 


‘ 


and 

—Vp+V20+M%(k+vxi)xi=0, (2.20) 
where the terms of Lorentz force have been 
retained, since M2 is considered to be finite 
in spite of the vanishing R and RF,» by taking 
S to be infinite. 

We now introduce the non-dimensional 
perturbed velocities v’=v—i in the first case 
in (2.19) and v’=v-—J in the second case in 
(2.20). Then these equations can be written 
down in a single identical form: 

—Vpt+V20 +M2%v' xi)xi=0. (2.21) 
The triple vector product in this equation is 
expanded as 
XD xXI=C6-0 i—(- Dv’ 
=ui—v 


= —vj ) (2922) 


1436 


where w and v are the x-and y-components of 
v’, respectively. Thus, we have finally the 
following equation: 

—Vp+ Vv —M?vj=0, (2.23) 
which should be solved in combination with 
the equation of continuity for vu’: 

ViU S00. 


(2.24) 


§3. General Solutions and their Properties 


We shall now proceed to solve the above 
simultaneous equations (2.23) and (2.24). 
Eliminating p from (2.23), we have 


Vio—M22”.=0 
Ox ; 


(Gal) 
where w=0v/0x—Ou/O0y is the vorticity. Eq. 
(2.24) shows that the perturbed velocity field 
has a stream function ~ such that 


fac) 
dy (3.2) 
penn 
Ox ’ 
and 
o=V2p (3.3) 


Substituting (8.2) and (3.3) into (3.1), we obtain 
the equation for ~ as 


(vim \=0 
Ox 
In general, the solution of this equation can 


be expressed in the form: 


(3.4) 


b= dit, 
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g=Nthn, (3.5) | 


where #, and ¢, are solutions of equations © | 
(v-m Fas 0 . (3.6) | 
Ox | 


and i 
(Vi+M Z—\n=0, (3.7) | 

Ox | 

respectively. An equation similar to (3.6) and |[ 
(3.7) is already familiar to us in the classical. 
Oseen flow. Putting ¢i=e2?”* fa and ¢.=e-2*2 fo \ 
in (3.6) and (3.7) respectively, we have a } 
single identical equation for fi and /s as: ' 


| ve (F) te f=0. (3.8) 


The fundamental solutions for (3.8) are | 


expressed as 

_ TAR?) sin 70 : 
(fh, f= a x i ir (3.9) 
where 


k=<M, (27 ces by aPsines TeuOme 


and Jn, Kn denote the modified Bessel func- 
tions. The function /,(kr) is known to become 
infinite exponentially, when ky is large. On 
the other hand, the function K,(kv) becomes 
exponentially small when kr is large. Thus, 
bearing in mind that the perturbed velocity 
must vanish at infinity, the appropriate gener- 
al solution for (3.4) is given by 


) 
= Aoe** Ko(kr) +Bo | kr[{ Ki(kr) + Ko(kr) cos Zeer cos Xdx 
J0 


Sue Dy Kilkr)(An cos 20+ Bn sin 16) 
n=1 


é 
+ Cut Kler)+ Do) kr Kilkr) —Kolkr) cos “jes dx 
0 


Hidathetss K,lkr)(Cy, Cos NO-+Dn sin 8) , (3.11) 


Where An’s, Bn’s, Cy’s and D,’s are arbitrary constants. As was shown by Filon2 in the 
classical Oseen flow, the term multiplied by Bo in (3.11), which is a fundamental solution 
of (3.6), contains non-periodic term in @ and may be expanded as 


) 
| kr Ka(kr) + Ko(kr) cos xJe*" °°s <d%=0-+-periodic terms in 0. (3.12) 
0 


In the classical Oseen flow, this many-valuedness should be cancelled out by adding another 

many-valued fundamental solution 0, since the stream function must be one-valued. Similarly, 

in the present problem, we must add another many-valued function, the term multiplied by 
» in (3.11), which is a fundamental solution of (3.7) and is expanded as 


7) 
| kr[ Ki(kr)— Ko(kr) cos Xje-*r e-sxdx—= + periodic terms in 0. GaAs} 
0 


| 1959) 
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| Necessity of one-valuedness of the stream function : imposes the following condition on 


the arbitrary constants By and Dy: 


BotD=0. 


(3.14) 


Thus, we have obtained the general solution for Eqs. (2.23) and (2.24). 
The radial component u, and the circumferential component m# of the perturbed velocity 
are derived from the stream function, as follows: 


=het| (Bs By) Kilkr) “f >i cos NOK (Brsi— Bn) Knsi(kr) +(Bn—Bn-1)Kn-1(kr)} 


—— Sy sin NO{(Ans1 ae An) Kn+i(Rr) ap (An— Ana)Kn-a(kr)} | 


—ke| (D, + Do) Ki(Rr) ali > cos NOL (Dra + Dr) Knsi(kr)— (Dn + Dn-1)Kn-1(kr)} 


—Xisin WOK (Cort Cn) Ks) —(Cot+ Crna) Kner) | 


mle 
ua= Bi 


(3.15) 


= reel Avs ANG cos nO{(Ans1— An) Knalkr)—(An— An-1) Kn-alkn)} 


= dsin NO{(Bnsi— Bn) Kn+(kr)—(Bu— Bn) Kuler) 


—* hem (Ci + Co) Kir) + = cos nOL(Cr+1 + Cn) Kn+i(R7) —- (GC ae Cn-1) Kn-1(kr)} 


+ sin nO{(Donr+ Ds) Kolb) +(Dat Daa) Ku-a(lr) |. 


This solution has some remarkable proper- 
ties. Since, for large values of kr, the 
modified Bessel function K,,(kr) has the asymp- 
totic expression: 
~ pullan bakes 

K.lkr) | er , 
all terms involving e** on the right-hand sides 
of Eqs. (3.15) and (3.16) are of the order of 


(Rr)-B en kr-008 8) (3.18) 


Hence, they become exponentially small, as 
y tends to oo, except in the region 


CA) 


kr(1—cos 6)= 2kr sin’*50=O(1) (3.19) 


so that 
0=O((kr)-2) . (3.20) 


For large values of 7 they are sensible only 
in the vaguely parabolic region open in the 
direction of the positive x-axis. (cf. Fig. 1). 
Similarly, all terms involving e-** in (3.15) 
and (3.16) are of the order of 


(Rry-te- br tes 0). Gy) 


(3.16) 


Hence, they are also sensible only in the 
vaguely parabolic region open in the direc- 
tion of the negative x-axis (also ci. Fig. 1). 
In like manner, it is easily found that the 
vorticity is also sensible only in these parabolic 
regions, outside which the flow is nearly 
irrotational and uniform. The structures of 
these parabolic regions are similar to that of 
the wake formed behind a cylinder in the 
classical Oseen flow, but their mechanisms 
of formation are different from each other. 
Roughly speaking, in the classical Oseen flow, 
the vortices produced at the surface of the 
cylinder are diffused by viscosity of the fluid 
and swept away by the main stream. Thus, 
the vortices are mostly confined in the para- 
bolic region behind the cylinder. As R-0, 
the fluid flows very slowly and can hardly 
sweep away the vortices. So, they are diffused 
equally in all directions and are distributed 
over the whole region. The vorticity falls 
off only as 71, as r becomes large. This is 
the reason why we cannot have an appropriate 
solution in the classical Stokes flow. In the 
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present case where the magnetic field is 
present, however, the disturbances in velocity 
caused by the cylinder are transmitted as the 
so-called Alfvén wave along the lines of 
magnetic induction. The vortices are, there- 
fore, not only diffused by viscosity but also 
transmitted along the lines of magnetic induc- 
tion, though they are hardly swept away by the 
main stream since R=0. Hence, two parabolic 
rotational regions are formed along the lines 
of magnetic induction independently of the 
direction of the main stream, as shown above. 
This fact enables us to have appropriate 
solutions in the present case. 


§ 4, 
We shall now proceed to determine the 
arbitrary constants An’s, Bn’s, Cnx’s and D,’s 
in the general solution (3.11) by the boundary 
conditions. 
Since the conditions at infinity have already 


Boundary Conditions 


trmhl (0 —e-)(B.— Bo) Kilb) 


n=l 


and 


uUe= HS sin nO{ek + (—1)"*1e-**}{ (Bayi 
n=1 


respectively. 
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+ >) cos nie +(—1)¢-*} (Bas Bu) Koes 0) + (Ba Boa) Ku-a(b) | , 


Bn) Knailkr)— (Bu Ba)Kn-s(k) | 5 
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been satisfied by the general solutions (3.15) | 
and (3.16), we have only to consider the | 
conditions at the surface of the cylinder. | 
However, before applying the conditions to 
the general solutions, we consider some sym- | 
metrical properties of the flow in order to | 
simplify the following calculations. i 

In the first case where the magnetic field | 
is parallel to the undisturbed velocity, ¢ must | 
be an odd function of y, since the components — 
of the perturbed velocity u(=—d0¢/0y) and | 
v(=0/0x) must be even and odd functions © 
of y, respectively. This implies that 


An) and Gi—0 . (4.1) 


Further considerations of symmetry with 
respect to the y-axis also imply that 


Dr= (—1)"*1Bn : (4.2) 


Then, the radial and the circumferential 
components of the perturbed velocity (3.15) 
and (3.16) are rewritten as 


(4.3) 


(4.4) 


In the second case where the magnetic field is perpendicular to the undisturbed velocity, 
the similar considerations of symmetries with respect to the x- and the y-axes also imply 


that 


and 


= (—1)"*1A4, . 


(4.5) 


(4.6) 


respectively. Thus, the components of the perturbed velocity given in (3.15) and (3.16) are 


reduced to 


Uy= — HS sin no{erx ath (— 1)"+1¢-F2}{( Anat au An) Kn+i(Rr) + (An— Ana) Kn-a(kr)) | . (4.7) 


and 


ue= A (ee \(A,— Ao) Kilkr) 


n=1 


respectively. 


+ >’ cos makers (— Dre} (Ani — Ae) Kueh) —(An— Anca) a-ak) | » ~ (4.8) 


We now apply the boundary conditions at the surface of the cylinder to (4.3), (4.4) and 


(4.7), (4.8) in order to determine the constants Bn’s and A,’s. 


The conditions to be satisfied 


by the perturbed velocity are, in the first case, 
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Us —t, 1, e, sia ap ee at. ys (4.9) 
; ue= sind 
and, in the second case, 
oesas sitet ow EOD 9 at r=1. (4.10) 
uUg= — COS O 


We shall begin with the first case. Substituting (4.9) into (4.3) and (4.4), and making use 
of Fourier expansions: 


{ek Cos 9g} (—_] n+1o-k cos o% COs no= >, Fanll) COS mo , (4.11) 
{ek 6s 8} (__])n+1e@-k cos a) sin n0= > Gn m(R) sin m0 : (4.12) 
me=1 


we have 


— cos =k 3 cos md] Fs n( i Br—Ba) 


m=0 


+ & Fan (BY Kine Basr Ba) + Ko-(P)( Bu Bus) | at) 


ee mo ©: Gn. nlb){Koes(®)(Baor— Bo) Ko-a(8)(Bo— Br-)} (4.14) 
1 nm=1 


m= 


Equating the coefficients of cos mé@ and sinm@ on both sides of these equations, we obtain 
the following set of equations: 


O= Fo, o(k)K1(k)(B1— Bo) + 3 Fusa(){ Knsa()(Bnsr— Br) +Kn-a(h)(Bn—Bn-)} ’ (4.15) 
<= Fo. s(h)Ka(b)(By— Bo) + >: Fa(h){Knss(h)(Bnsr— Br) + Kn-a(P)(Bo— Bn-)} ’ (4.16) 


O= Fo.m(k)Ki(k)(Bi— Bo) + >: Fon m(le){Knss()(Bnsr— Br) + Kn-a(8)(Bn—Bn-1)} ’ (4.17) 
Gia Dy Bs Uy eos) 


+= > Gn,1(k){ Kn+1(R)(Bn+i— Bn) — Kn-(k)(Bn—Bn-1)} > (4.18) 
n=1 


02S Gea (Prue Bi Ka Ba Beh . (m=2, 3,4, ---) (4.19) 
n=1 
Since Fn,o(k), Fn,m(k) and Gnim(k) are expressed as* 


Paolh)=5-(" {ek 0s 94.(—])»+1¢-#e08 9} cos 29 d0=0, (4.20) 


T)—-« 


Pam(B= 2 |" {ekcos8_4 (__])n+1g-k 008 9). cos nO cos mb dO 
=| ‘ (m: even) (4.21) 
QW In—m(R) + In+m(R)} ) (m: odd) 


Cum( =)" [eh00s84. (—1)n¥1e-#0050) sin n8 sin md dO 
Tm J-x 
{0, (m: even) (4,22) 
(24 Tn—m(R) —In+m(R)} A (m: odd) 


* Here we make use of the fact that when s is any positive integer, the modified Bessel function 


I;(a) can be expressed as: 


ua 
1a=—[" cos @ cos so dé *) . 
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it is easily found that all terms in Eqs. (4.15), (4.17) and (4.19) for even m should varistil| 

Then, Eqs. (4.16)~(4.19) for odd m will serve as a system of linear algebraic equations for 
determining the B,’s. In order to facilitate later calculations, we shall now transform this | if 
system into more convenient form. Subtracting (4.16) from (4.18) and (4.17) from (4.19) | 
for odd m, and making use of (4.21) and (4.22), we have, after some rearrangements, 


: =, (s=0) | 
Bo,os+1Bo+ Sy Bn,28+1Dn= 2k (4.23) 
ats 0 ’ (s=1, 2, 3, at) It 
where 
Bo,2841 = Ies41(R) Ka(k) +Les(k) Kol) , (s=eO.y ils (Daas) (4.24) 


Pn2s41= Tn+2841(R) Kn+(R) —In+25(k) Kntk) + In-2s(k) Kn(R) — In-2s~-1(k) Kn-1(R) . 


ae 1, 2, 0) (4.25) 
pet oka et: 


Similarly, adding (4.16) to (4.18) and (4.17) to (4.19) for odd m, we have 


B's Bot & GoseB On 60 (4.26) | 

where | 
B’ oneza=Tnena(P Kalb) doeca() Kol Be (sO) 1, 2,--+) (4.27) | 

B= TEAR) heii @ Ratna) Pa ee mee | 


s=0, L2.- 


Thus, the B,’s can be determined by solving this system of simultaneous linear algebraic 
equations (4.23) and (4.26). 

Next, we shall proceed to the second case. Substituting (4.10) into (4.7) and (4.8), and 
carrying out calculations similar to those in the first case, we get a system of simultaneous 
linear algebraic equations for determining the A,’s: 


=> =0) 
0 ’ (s=1, 2, 3, ves) 


a, 2s+1Ao+ y An, 2841 An = 


n=1 


(4.29) 


aoaiArt Sa’naiAn=0, — (S=0, 1, 2, -) (4.30) 
where 
610,201 Ioswi(h) Kul) — Las) Kel), G=0,1,2,--) Gen 
Gin attain chia (b) Knvelh)= Inset Roe ilaaal EG ( 2) Tate aE OS 
(nati 23) GR 
Qo, 2841 = Tn41(k) Ka(R) —Dos42(k) Kolk) , S=05 1522 (4.33) 
ot! n 9041 Inssesith) Kecni(k)=lnseesal Re) foe) Ee 


s=0, 1, 2,--- 
eae ake ~ (4.34) 


§5. Forces on the Cylinder 


Next, we shall calculate the force experienced by the cylinder. The first contribution to 
this force comes from the viscous stress exerted by the surrounding fluid on the surface 
of the cylinder, while the second comes from Maxwell’s magnetic*stress acting on the 
surface of the cylinder. Let X; and X2 be the components of the force parallel to the »1- 
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and x,-axes acting on the unit axial length of the cylinder. Then we have 

Zoe \. PmdC+ le Ftd Gx (5.1) 
and 

ee , PmdC+ \. pene (5.2) 


where dC is the line-element of the contour C of the cylinder and integrations are taken 
round the contour. Pri, Pn, and Tn, Tne are the x, %,-components of the viscous stress 


and Maxwell’s stress acting on the surface of the cylinder, respectively and they are 
expressed as 


aV; ay. TOV, 
Peel pp ov 
: is +295 \+o 1s +5 me, (5.3) 
GV Ove AV; 
(Phe =S = 
2 o»( eS oft Ox, \i+(- P+2ov oe \m, (5.4) 
Tum a{ Ht IP + Ea 6.5) 
Pra HEL Hl + o( Fit \m , (5.6) 


where Vi, V2 and Hi, Hz are the x, x.-components of the velocity V and the magnetic field 
H respectively, H the magnitude of H and /, m the direction-cosines of the outward normal 
to the contour of the cylinder. 

Inserting (5.3) and (5.4) into the first integrals in (5.1) and (5.2), we have, after some 
calculations, 


| PridC= pv Vo { (—pl—wm)ds , Gx) 
C Ss 


| PyxdC=p2Va\ (ol—pm)ds , (5.8) 
Cc $ 


where the non-dimensional variables introduced in §2 have been used and the integrations 
| ds are now taken round the contour s in the non-dimensional xy-plane corresponding to 


the contour of the cylinder C in the x:x%.-plane. Making use of (2.23), (3.2), (3.3), (3.6) and 
(3.7), we can express the pressure p and the vorticity in terms of ¢1 and ¢» as 


p=—ME (ds) ; (5.9) 


and 


o=ME(i-$) 6.10) 
respectively. Substitution of (5.9) and (5.10) into (5.7) and (5.8) yields 


[ PadC=orVoo| | 5-a— do)m+ me Ids evVom| 2 as fi ba)ds » (5.11) 


0 ii aa = 0" lbs 
[_PosdC= or Vom) {2u—dal+ g.i—dalm|ds= ovVoM| s(di—dsdds, 6.12) 


where 0/0s and 0/0n denote the partial differentiations along the circumferential curve s and 
the outward normal 7 to s, respectively. The second integrals in (5.1) and (5.2) are both 
zero, since Hi=H» (const) and H,=0, to the present approximation. In order to obtain 
finite values of the integrals, higher approximation for H should be considered. On the 
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other hand, however, they can be calculated when the electric current and the pea || 
field inside the cylinder are given, since they must be transformed into volume integrals }} 
of the corresponding components of Lorentz force acting on the cylinder, as 


C s i) 


\ T Can | | CH= aH dS (5.14) | 
Cc S | 


where fi, /2 and j3 are the x1, x. and x3-components of the current density J and the integra- | 


tions dS should be taken over the cross-sectional area of the cylinder. Since Hi=He | 

Ss | 
and H.=H;=0 to the present approximation, the integral on the right-hand side of (5.13) ; 
is zero and (5.14) is reduced to | 


| TmaC=1\\ EES: (5.15) 
Cc S { 


Consideration of the symmetry of the flow in the present problem yields X,=0 in the | 
first case and X1=0 in the second case. Hence, no lift appears in both cases. 
The drag D! in the first case is then expressed as 


Dees vam | 2b. -ds)ds (6.16), 


The only contributions to the above integral will arise from multivalued solutions in ¢; and 
g». Considering (3.11, (3.12), (3.13) and (8.14), we can readily evaluate the integral, obtaining | 


D'=4rpvVoMBb . (6.17) | 
The drag D" in the second case is expressed as 


Du=pxVoM | Fr—dds-ta\| Hats ae . 


Bearing the boundary condition (4.10) in mind, the above first integral is transformed into | 


a simpler form as: 
| © (.—$s)ds= \ {sda ds) +290 |= [wo and0-+2 Wes do 


5 On 0 


= lS) a (5.19) 


0 


Making use of the relation given in the footnote in §4, this can be evaluated, giving 


2 © 
2\ ey d0=4Ark{ Ao hKo—Ki)+ X Anns Kn InKn-— InKnsi t+ InaKn) ’ (5.20) 
0 Tal n= 


where the argument k=M/2 of the functions J, and Kn is omitted for brevity. | 

Next, we shall calculate the second integral in (5.18). Since, as was shown in §2, there | 
exists the constant electric field E;=VoHo in the second case, constant current density | 
Js=0*VoHo must appear inside the cylinder, where o* is the electric conductivity of the 
cylinder. Then, we can easily evaluate the integral, obtaining 


a\\ IsthedS=ato* 8 VoHlo= ov Vor( ME. (5.21) 
Ss (oy 
Substituting (5.20) and (5.21) into (5.18), we have 


D'=Arzoy Vo) MC AdhKo— Ki} 


+5 Ann Ku InBev InBev Inca) +4(&)M? | 6.22) 
N= oO 


Thus, we have obtained the expressions for the drag (5.17) in the first case and (5.22) in 
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the gerond case, respectively. We have now only to calculate Bo by (4.23) and (4.26), and 
i the An s by (4.29) and (4.30), respectively. For small values of M, Bo and the A,»’s are 
obtained to the order of M as follows: 


B= TD Serer!) tOMAl (6.23) 
Gs rae Capo (7) rout, (6.24) 
Hae c ) +o . (5.25) 


~where Q=—{y-+ In (M/4)}, +=0.57721--- being Euler’s constant. The drag coefficients 
Cyi=D*/orVo and Cpt=D"/ovV> are given to the order of M? by 


8x 40+1 /M\? 
Cc as b= a 4 
et 201 ee ) ee )} y 20) 
and 
) 8x | 802+ 40, +1—2(20—1)2(6*/e) (M2 
| Cpu= v1 — ! 
= 557 as G ) +o} 65.27) 
respectively. 
Table I. Drag coefficients versus Hartmann numbers 

M en: Co\(o*/o=0) | CpM(o*/o=1/2) | Cp"(o*/o=1) | Cpl(o*/o=2) 

0 0 0 0 0) 0 

0.001 1358 1.74 1.74 hear: 1.74 
. 0.005 1.90 2.24 2.24 2.24 2.24 
| 0.01 7h N78 2.56 2.56 ZO) 7 390) 
| 0.05 eae 3.79 S219 3.80 3.8] 
‘ 0.1 3.48 4.76 4.78 4.79 4.82 
| ORS 6.10 — == = Bs 

120 8.63 — = = = 


Numerical values of C,1 and C,u for various 
values of Mand o*/c have been computed 


by (5.26) and (5.27), respectively. They are I: Case I 
Ila, Casell (2° = 0 
o 


Ip: Case Il (f= 2 


tabulated in Table I and are shown graphically 
in Fig. 2. It will be seen that the drag is 
always greater in the second case than in the 
first case for the same values of M. 


§6. Conclusion 


We have considered the flow of a viscous 
and electrically conducting fluid past a circular 
cylinder in a uniform magnetic field. Analysis 
has been carried out in the limiting case where 
both the Reynolds number FR and the magnetic 
Reynolds number Rm vanish, while the pres- 
sure number S is infinite so that the Hartmann 
number M is finite. It is worth noticing that 0001 0.01 0.1 10 
appropriate solutions can be obtained for the M 
two-dimensional flow past a circular cylinder Fig. 2. Drag coefficients versws Hartmann num- 
in the present case in spite of R=0, for ber. 
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which no reasonable solution can be obtained 
in the classical case. 

It will be expected that the present analysis 
can be generalized for the flow passing across 
a uniform magnetic field obliquely. Inspec- 
ting the linearized equations for the present 
problem, (2.23) and (2.24), and the boundary 
conditions at the surface of the cylinder, (4.9) 
and (4.10), an appropriate linear combination 
of the present solutions in the first and the 
second cases will yield the solution for such 
flow. 

For a flow at finite Reynolds and magnetic 
Reynolds numbers, with finite pressure num- 
ber, a new method of solution should be 
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devised, which will be discussed in another 
paper to be published in a near future. 
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Statistical Aspects of Fracture in Concrete, I. 


An Analysis of Flexural Failure of Portland Cement Mortar 


from the Standpoint of Stochastic Theory 


By Motoo Hori 
Central Research Laboratory, Onoda Cement Co., Ltd., Tokyo, Japan 
(Received June 5, 1959) 


An application of the theory of stochastic processes to the static 
fracture of non-homogeneous brittle materials such as portland cement 
concrete is presented. A large number of flexural failure tests on 
standard mortar specimens made in accordance with JIS have been per- 
formed under constant loads as well as under uniformly increasing loads, 
and the results are analyzed statistically from the standpoint of stochastic 
theory. It is concluded that the scatter observed in the breaking time or 
the static strength of concrete appears to be a result of inherent character- 
istics of the material itself associated with a Markoff process as a kind 


of rate process. 


Introduction 


$1. 


It is well known that the results of me- 
chanical strength tests on solid materials 
generally show a remarkable scatter even 
under assumably identical conditions. Recent 
studies indicate that most of the observed 
scatter cannot necessarily be attributed to 
the impropriety of testing techniques or the 
inhomogeneity of test specimens, but must 
rather be considered as due to inherent charac- 
teristics of the material itself. In fact, it 
appears that the phenomenon of rupture in 


solids may be usually interpreted as a kind | 
of Markoff process from the standpoint of 
stochastic theory. The theory of stochastic 
processes was first applied to the brittle frac- 
ture of glass by M. Hirata», and then ex- 
tended to various types of failure of poly- 
crystalline metals and polymeric substances 
by T. Yokobori® and B. D. Coleman® respec- 
tively. This theory accounts not only for the 
structure sensitivity of mechanical break- 
down, but also for its time dependence, in 
contrast to the classical extreme-value theories 


1959) 


_ based on the weakest-link concept®. 

In non-homogeneous brittle materials, such 
as portland cement concrete, however, the 
stochastic-process model for fracture has not 
yet been applied, since the essential fluctua- 
tions associated with a Markoff process can- 
not easily be distinguished from the statisti- 
cal variations caused by the macroscopic 
heterogeneity of test pieces. In order to 
verify the applicability of the stochastic theory 
to the static fracture of concrete, therefore, 
a large number of flexural failure tests on 
the standard mortar specimens as _ specified 
in JIS R 5201-1956 have been carried out 
under a series of sustained loads, as well as 
under loads increasing at a uniform rate used 
in the conventional strength test. 


: 
7 


— §2. Test Specimens 


Test specimens were prepared in accordance 
with the Japanese Industrial Standard on 
“the Physical Testing Method of Cement’’ 
(JIS R 5201-1956) with some modifications as 
below. Extreme care was taken to reduce 
the apparent dispersion of test results due 
to non-uniformity of the specimens as much 
as possible. 

(i) Materials used. Cement: Ordinary port- 
land cement (Onoda Cement Co., Ltd.). Ag- 
gregate: Standard sand from Toyoura district. 

Gi) Mix proportion. Water-cement ratio 
by weight 0.55. Cement-sand ratio by weight 
1:2. Flow 195 mm. 

(iii) Type of specimens. Prisms with the 
dimensions of 4040x160 mm. 

(iv) Number of specimens. At least about 
100 specimens from three batches of mortar. 

(v) Mixing. By means of a concrete mixer. 

(vi) Molding. Two layers of mortar in 
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molds, each layer compacted with 15 strokes 
by a tamping rod. 

(vii) Capping and demolding. 8 and 24 
hours after molding. 

(viii) Curing. 24 hours in moist air, and 
subsequently, 27 days in lime-saturated water. 

(ix) Temperature and humidity. Tempera- 
ture: 20+1°C. Relative humidity: Not less 
than 80 and 90 per cent in the testing room 
and the moist air, respectively. 


§3. Testing Procedure and Equipments 


As preliminary experiments for checking 
the homogeneity of the specimens prepared, 
structure-insensitive mechanical properties, 
such as density and modulus of elasticity, 
were measured prior to rupture tests. Bulk 
density was determined within =£0.5 per cent 
by weighing. Dynamic modulus of elasticity 
was determined by using the so-called sonic 
resonance tests, namely, by measuring the 
fundumental flexural resonant frequency with 
a frequency monitor accurate to «2 per cent, 
in accordance with ‘‘the Tentative Method 
of Test for Fundumental Transverse, Long- 
itudinal, and Torsional Frequencies of Con- 
crete Specimens’’ (ASTM C 215-58 T). 

The flexural failure tests were carried out 
carefully by means of a bending strength 
tester of Michaelis double lever type as 
described in JIS R 5201-1956, which applied 
the load at the center point of a 10-cm span. 
{In the conventional static strength measure- 
ments, the loading was adjusted strictly to 
the specified rate of 5kg per second, corres- 
ponding to the increase in extreme-fiber stress 
of 1.17kg/cm? per second. In the sustained 
loading experiments, the load was applied as 
quickly as possible without producing vibra- 


Table I. Number of the specimens tested. 
: sys : D ic modulus] Static flexural |Breaking time under 
Loading” condition Baliceusity. ee elasticity strength constant load 
I (1.17 kg/cm2/sec) 116 116 116 0 
II 60.0kg/cm? 97 97 20 77 
Ill 62.0 kg/cm? 116 116 18 98 
IV 66.1 kg/cm? 116 116 16 100 
V 67.5kg/cm? 97 97 12 85 
VI 71.5kg/cm? 113 ay 18 95 
Vile eon keem? 111 111 18 93 


Total 


NEE OE ————————E———————————— 
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tion, and then the time required for fracture 
under the constant load was measured with 
a stop-watch. 

Seven series of flexure tests were conducted 
under different loading conditions, using more 
than some 100 specimens for each series. In 
the first series, the conventional flexural 
strength was measured at the specified rate 
of loading on a total of 116 test specimens. 
In each of other six series, however, most 
of the specimens were tested under the con- 
stant load, except about 10 to 20 specimens 
randomly selected for the conventional 
strength measurements. These series of 
sustained loading experiments were performed 
at the extreme-fiber stresses of 60.0, 62.0, 66.1, 
67.5, 71.5 and 75.7kg/cm? respectively. (See 
Table I.) 


§4. Results of Preliminary Tests 


The results of preliminary tests on the 
bulk density and the dynamic modulus of 
elasticity are presented in Table II, which 
gives the coefficient of variation within the 
limits of instrumental error. It is shown, 
therefore, that all the specimens tested may 
be regarded as practically uniform, so far as 
the structure-insensitive properties are con- 
cerned. 


Table II. Results of preliminary tests. 


Dynamic modulus 


SURSTGESH of elasticity 


Number of 
specimens eg 685 

Mean 2.16 g/cm3 2.79 x 105 kg/cm? 
Standard 
Maviation 6.8 10-3 g/em® | 5.3 x 103 kg/cm? 
Coefficient 

of 0.32% i924 

variation 


The test results for the static flexural 
strength are summarized in Table III. The 
analysis of variance confirms that the variation 
in the average strengths for different series is 
not significant at the confidence level of 95 
per cent, and consequently, that all the 
samples can be considered as having been 
drawn at random from a normal population. 
In fact, the frequency distribution of the 
flexural strength as a whole is approximately 
normal, as may be seen from the histogram 
in Fig. 1. The coefficient of variation is 


Motoo Hort 


estimated at about 5.3 per cent, much greater 
than for the density or the modulus of elas- | 
ticity, but rather small considering the struc- 


ture sensitivity of the fracture process. 


Table III. Test results for the static flexural 


strength. 


tt eS SS SE See ee ee 


Number | Average | Standard |Coefficient 
: of test | strength | deviation of 
Series specimens variation 
(kg/cm?) | (kg/cm?) (%) 
I 116 TAC Be] 5.4 
Tit 20 70.7 S55 5.0 
III 18 69.9 360 4.8 
IV 16 69.6 4.5 6.5 
V 12 Tle Pet Siete 
VI 18 (ANCE 30 4.9 
VII 18 1073! B10 5.0 
Total | 218 | 71.3 3.8 | Ba 
lame T 
0.20}- 
0.18 
ous 
5 4 
Zz 
» = oBsERVED—| | 
2 iol 
te / 
008 / 
5 006, / 
wW / 
a 0. vk 
ne 
a02 ede 
“3660 64 GS EY WOT onl ed 
STATIC FLEXURAL STRENGTH (KG/CM2) 
Fig. 1. Frequency histogram of the static flexural 
strength. 


Table IV. Comparative data for the strongest and 
the weakest specimens. 


Flexural | Bulk Dynamic 
modulus 
Specimen strength | density of | 
elasticity 
(kg/cm?) | (g/cm*) |(105kg/cm?) 
& S—I 80.9 2.16 2.81 
n 
v, S—Il 80.5 Peel eo Zale 
S | S—Ill 80.3 2.15 2.79 
n 
Mean | 80.6 | 2.15 | 2.78 
a aT ee) T_T  eE 1) OS 
if W—IIl 62.1 Balk 2.84 
g W—Il 61.8 2.16 Pai (Th 
g W—I 60.5 2215 2.79 
ee ee eT vee 
Mean | 61.5 | 2.16 | 2.80 


a EE EE EEE 
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Furthermore, the regression analysis in- 
' dicates that none of the correlations of the 
static strength with the density and the 
modulus of elasticity are significant at the 
confidence level of 95 per cent. As shown 
in Table IV, for example, no significant dif- 
ference can be detected even between the 
structure-insensitive quantities measured on 
the strongest and the weakest specimens. 
This fact may also be taken as an indirect 
evidence that the homogeneity of the speci- 
mens used was quite satisfactory. 


§ 5. 


It should be noticed that all the specimens 
tested under a constant load will not break 
at the same time, but there will be a charac- 
teristic distribution of breaking times. The 
results of sustained loading experiments 
actually show that the scatter of the delayed 
time for fracture under constant loads is 
much wider than that of the static strength, 
and that the frequency distribution is too 
positively skewed to be considered as normal. 


pak Farr aie T T 
eo aN 


Results of Sustained Loading Tests 


S=66.1 KG/CM? 


QOSEC < ---0.03 


: 


| 
10m acOmtsOuInGOm =5O0NmGO | 7O) 180 
BREAKING TIME (SEC) 


Fig. 2. Typical frequency histogram of the break- 
ing time under a constant load. 


As a typical example, the frequency histo- 
gram for the breaking times at the extreme- 
fiber stress of 66.1 kg/cm? is illustrated in 
Fig. 2. The distribution curves of breaking 
times under various constant loads are about 
the same in general trend, although the 
average time or the most probable time de- 
creases rapidly with increasing load. 


§6. Application of the Stochastic-Process 
Theory 
The problems on the initiation of fracture 
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appear to be explained in terms of a Markoff 
process. Let us take this approach in the 
present case, adopting the instant of load 
application as the origin of time ¢. If the 
transition probability of fracture, w(t)dt, is 
defined as the probability that a specimen 
known to be unbroken at a time ¢ will break 
in the next time interval dt, then 


ydP@ 
LG) 


where P(t) denotes the probability that the 
fracture has not yet occurred at time ¢, that 
is, the cumulative distribution function of 
survival. On integrating Eq. (1), we obtain 


ud)dt= = =—d{log P@)}, (1) 


P(®=exp| —\ oar (2) 


The probability density function of the break- 
ing time can be written as 


t 
ge 229 Se exp| = dat =) 
dt 0 
Hence, the mode tm, the mean f, and the 
variance o,? are given by 
du(t) 9 
rar ge = tin ’ 4 
dt t=tm ut ) ( ) 
me |, adi | Pewat ' (5) 
0 0 
0° co 2 
a=| raat | taco ad: Hae 
0 0 


In actual failure tests, the probability func- 
tions defined above may be directly deter- 
mined from the observed histogram of break- 
ing times. We shall now consider an en- 
semble of the specimens used in each exper- 
iment, and denote the number of specimens 
that survive without breaking to time ¢ by 
n(t). If the initial size of the ensemble N 
is very large, (¢) will be related to P(t) by 


P(t)==—n(0) (7) 


with fluctuations that become negligible as 
N approaches infinity. On the other hand, 
if we consider a finite set of test specimens, 
the probability P,(t) that at a given time ¢ 
there are 2 unbroken specimens left in our 
sample is obviously 

N! is 
{)=—_+—P»()1—-P)}" . 
PAO pret } 
The average number of survivors at a given 
time is therefore 


(8) 
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ie = nPa()=NPO) (9) 


with a variance 
anX(t)= 3) (nA) Pald)= NPP O} . (10) 


These equations confirm that if one replace 
n(t) by its average value v(t) Eq. (7) is vaild 
even for finite N, and that the coefficient of 
variation in (ft) goes to zero with increas- 
ing N as N72, 


a Phe 


° 


20 40 60 80 100 (20 140 160 180 
t 


(SEC) 
Fig. 3. Time dependence of the cumulative dis- 
tribution function of survival. 


When P(t) is calculated in this way from 
the actual results of our sustained loading 
tests, the semi-logarithmic plot of P(t) versus 
t for each stress may be represented fairly 
well by a straight line except some initial 
deviations, as shown in Fig. 3. The negative 
tangent of this line gives the transition prob- 
ability density y(t), which is thus found to 
be almost constant under a sustained load. 
Putting “()=m, Eqs. (2) and (8) reduce to 

P(t)=exp (—mt) , en) 
q(t)=m exp (—mt) , (12) 
which express a monotonously decreasing 
distribution with the mean of 1/m. The in- 
itial discrepancy between the ideal distribu- 
tion (12) and the observed histogram as in 
Fig. 2 indicates that the time lag required 
for w(t) to reach its final value m is not 
strictly negligible. Supposing that y(t) ap- 
proaches m with a retardation time of t, and 
putting “(t)=m(1—e-""), one gets 
P(t)=exp [—m{t—rad—e-/)]} , (13) 
qt)=m(1—e-/")exp [—m{t—r.1—e-"/)}] .— (14) 

From these considerations, it follows that 
the theory of stochastic processes can at least 
approximately be applied to the static failure 
of such heterogeneous materials as protland 
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| 
cement mortar. Since the static fracture of | 
concrete accompanies necessarily somewhat 
plastic deformations in contrast with the 
purely brittle fracture of glass, however, the 
apparent time dependence of the transition 
probability density should be considered ] 
especially in the initial stage. It is accord- 
ingly suggested that the rupture phenomenon 
of inhomogeneous concrete may not be 
accurately described as a single process, but 
rather as two successive events of the forma- | 
tion and growth of critical cracks. If the | 
transition probability densities of these twe | 
processes are assumed to be maintained | 
constant in time and denoted by m and mz, 
the whole fracture process will be determined — 
by 


| 
| 


1 


PO) = {imaexp (— mt) —mmexp (—mat)} : 
(15), 
q)= > {exp (—mit)—exp(—mat)} , (16) 


which are in qualitative agreement with the 
observed distribution. 

§7. Relationship of the Transition Proba- | 
bility to Loading Conditions 


As illustrated in Fig. 3, it appears that the 
transition probability for fracture is in gen- 
eral closely related to the applied load. The 
final value of the transition probability densi- 
ty m is plotted against the applied extreme- 
fiber stress S in Fig. 4, which shows a 
roughly linear relationship of logm to S or 
log S. Consequently, following two types of 
empirical formulae are obtained. 

m=A exp (as) , 
m=O". 


(17a) 
(17b) 


log Ss (KG/CM?) 
410 414 418 422 426 430 434 438 442 
il | all i ec 


log m (SEC*) 


s (KG/CM?) 


Fig. 4. Transition probability density for fracture 
plotted against applied extreme-fiber stress. 


1959) 


Here A, a, B, and # are parameters inde- 
pendent of S and in the present case A= 
6.2x10-" (sec), @=0.274 (cm?/kg), B= 
4.64 x 10-**[(cm?/kg)®/sec], and B=18.15. These 
two equations produce practically equivalent 
results over a considerable range of m. The 
first type can be directly predicted from a 
simplified theory of absolute reaction rates 
and has been approximately verified by recent 
experiments on various materials))%),6.7),8), 
The second type has the advantage that it 
leads to differential equations that are easier 
to handle than those derived from the first 
type. 

Since the stress distribution within a real 
specimen is neither macroscopically nor 
microscopically uniform, the transition proba- 
bility density of fracture must be defined in 
any volume element of the material. The 
weakest-link hypothesis permits us to derive 
a general superposition principle for calculat- 
ing the transition probability for the whole 
volume of the specimen under consideration. 
This hypothesis states that the probability, 
P(t), that a specimen composed of N elements 
has not yet broken at time ¢ is equal to the 
probability that any element of the specimen 
has not yet broken at time ¢, that is to say, 


P()= I Pat), (18) 


where P,(t) is the probability that the n-th 
element has a lifetime greater than ¢. In- 
sertion of Eq. (18) into Eq. (1) thus yields a 
superposition formula relating to transition 
probabilities as follows. 


pt)= 3 Hall) (18’) 


Accordingly, the overall transition probabili- 
ty for the specimen under distributed stres- 
ses will be written in the integral form 


wo=m=|\\ oSyav 


where V represents the loaded volume of the 
specimen. In analogy to Eq. (17b), for ex- 


ample, 
TBC 
=— Sia 


where B’ is a constant regardless of S. Equa- 
tion (19) gives a mathematical expression 
of the so-called size effect of strength, imply- 
ing that the breaking probability increases as 
the specimen volume increases. 


(19) 


(19”) 
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As an example, we shall compare the 
breaking probabilities in tension and bending 
tests. While a macroscopically uniform dis- 
tribution of uniaxial tensile stresses is realized 
in tension tests, a linear distribution of tensile 
and compressive stresses is induced by a 
bending moment in flexure tests. The transi- 
tion probability for rupture under the uniform 
tensile stress S=So, m:, is given by 


m=s-\\ SPdV=B’Se. (20) 
V Vv 

On the other hand, for a rectangular beam 
with a breadth of 2b, a height of 2h, anda 
span length of 2/ subjected to pure bending, 
it is readily seen that the stress variation 
across a cross section becomes S=Sv)(z/h), 
where So is the maximum tensile stress on 
the extreme fiber and z is the distance from 
the neutral axis. Substitution of this stress 
function into Eq. (19’) yields 


By" Le 
= ee Dias ole 
Mo 8bhl 2b 21 So \ he ax 
uy BES ig. (21) 
2(8+1) 
Hence, 
M> By ti 1 
mm te", 22 
In the case of B=18.15, t/t:=38.3. It has 


long been recognized that the breaking time 
or the fracture strength is much greater in 
bending than in tension. 

In addition, Eqs. (17) suggest that the 
phenomenon of stress relaxation in vis- 
coelastic substances also results in the time- 
dependent behavior of the transition proba- 
bility discussed in the preceding section. Let 
us now for simplicity use a three-element 
Maxwell model, consisting of an _ elastic 
spring of modulus £; linked in parallel with a 
Maxwell unit, in which another spring of 
modulus FE, is connected in series with a 
Newtonian dashpot of viscosity 7. Then, the 
stress acting on the pure-spring element Fi 
under a total load So varies with time ac- 
cording to 


S=Sr|1—< exp(—+)}, 


where a=FE,)/(Fi+ E2) and t=7(Ei+ Es)/(Ei- Es). 
By substituting Eq. (23) into Eq. (17b) and 
taking mo=BS)®, we get 


(23) 
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B 
m= BS?=mo{1—aexp( ——)| és (24) 


which is found to give a frequency distribu- 
tion of breaking times qualitatively similar to 
Eq. (14). It is natural to expect that the 
time constant of breaking probability is of 
the same order of magnitude as that of vis- 
coelasticity. 


§8. Considerations as a Rate Process 


The rupture phenomenon usually seems to 
be understood as a kind of rate process as- 
sociated with the nucleation or the propaga- 
tion of critical cracks from a microscopic 
point of view®)®).%.10.1) The theory of 
absolute reaction rates as developed original- 
ly by H. Eyring” leads to 
ERT te Mon ESD 
oO he dias 
for the rate of a stress-dependent rate process, 
which corresponds to the transition probabili- 
ty density introduced above, z(t), for the 
breaking process. Here Z is the number of 
atoms available for the reaction, F(S) is the 
free energy of activation, JT is the absolute 
temperature, k is Boltzmann’s constant, and 
h is Planck’s constant. Replacing F(S) by a 
Taylor’s expansion about S=0 and neglect- 
ing all terms after the second, or assuming 
F(S)=Fy)—a’S, we can write 


rs xp | -- (25) 


=P ¢-roerexp (5) 3 (25’) 

It thus turns out that the theoretical rate 
equation gives as a first approximation an 
apparently identical expression with the em- 
pirical formula (17a). Without taking account 
of the effects of stress-concentrating flaws 
and stress relaxation, however, the experi- 
mental values of the activation free energy 
obtained from Eq. (17a) are not necessarily 
consistent with its molecular interpretation®. 
The theory of rate processes provides a 
reasonable explanation for the marked de- 
pendence of the breaking time on temperature 
and humidity. The rate equation (25) points 
out that the rate of fracture should increase 
rapidly with increasing temperature, provid- 
ed that the free energy of activation does 
not depend significantly upon temperature. 
On the contrary, the effects of moisture ad- 
sorption are generally thought to reduce the 
activation free energy for fracture®):, so 


that the breaking probability would become 
small at high temperature because of the 
evaporation of adsorbed water. As a con-4 


200°C213)1, In the case of concrete con-|j 
taining a considerable amount of water, it: 
might be expected that the breaking time’ 
would vary in a more complicated manner ’ 
with the temperature and humidity of sur- | 
rounding medium. In practice, experimenta! || 
observations have shown that the flexural’ 
strength of concrete has a relatively high 
value in dry atmosphere or at low tempera- 
ture. 


§9. Statistical Interpretation of the Static 
Strength 
In this section, the conventional static 
strength in a constant rate of loading experi- 
ment will be analyzed from the standpoint 
of the theory of stochastic processes. Denot- 
ing the rate of loading as v, we have 


ALS @, 1=m[SOl=mb) , (26) 
where the time dependence of the transition 


probability under a constant load is neglected. — 
Therefore, Eqs. (2) and (3) reduce to 


itt S 
PUSS | al m(S)ds| ; (27) 
VU Jo 
ft S2Ooes | —+|'msyas| (28) 
v Vv Jo 


The mode Sn, the mean S, and the variance 
os” are given by 


dm(S) SEAS 
tS oes bet =m(Sm) , (29) 
5=|"sq(sys=|"P(syas (30) 
0 0 


rt=\"Sq/(S)ds— {\-sa’syas) Loe 
0 


These equations can be used to predict the 
results of a static strength measurement from 
a knowledge of the functional form of m(S) 
obtained by the dead loading experiment. 
According to Eq. (17a), 


ts = f whe; 8 aS 
P’(S)=exp eon (e v} fi (27a) 
A 


av 


7(S)=exp | as— (es—1)| (28a) 


1 av 
Su=— log fer (29a) 
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C= eent| 3 


a 


PPL A Rene se log Se 


“he oe al A 


a log n-e*de| ; (30a) 
A/av 


iL co 
in edad | (log x)*e-*dx 
Alav 


oo 2 
“este | log n-ede} | 5 
A/av 


For large values of av/A, Eqs. (30a) and (31a) 
become nearly 


(31a) 


6a og (S|) = t 
{Hoe ( ) ae (30a’) 
one (31a’) 
Here 7 is Euler’s constant (0.5772---). Ac- 
cording to Eq. (17b), 
1) — ~ Set 
P'S)=exp | aaa Ge 
Pat Snes _ BS6# 
ices areal 
a bv 1/(B+1) 
Su=( re (29b) 
S_ p( BH2) (B41 WO 
S=r(ga7} : | / (30b) 
Pee \ af Bee NV Lo paery 
hp py lca ba 
‘ Witeceas) Pigee B 
(31b) 


where J’ denotes the gamma function. 

The numerical values of two parameters in 
Hq. (17a),” A=6.2«10-" (see) and a= 
0.274 (cm2/kg), which were determined from 
the results of dead-loading flexure tests, were 
inserted into Eq. (28a) to obtain the theoreti- 
cal distribution curve of the static flexural 
strength at the specified rate of loading v= 
1.17 (kg/cm?/sec), shown in Fig. 1. Inspec- 
tion of Fig. 1 indicates that the agreement 
between theory and experiment for the 
strength distribution is fairly good. Asa 
matter of fact, the average value S=71.1 
(kg/cm?) and the standard deviation os=4.7 
(kg/cm?) for the predicted distribution are in 


‘satisfactory agreement with those for the 


observed histogram. (See Table III.). Al- 
though the negative skewness of the theo- 
retical curve, k=—1.14, seems inconsistent 
with approximate normality of the experi- 
mental distribution, this discrepancy is prob- 
ably due to the initial time dependence of the 
transition probability density x(f). Con- 
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sequently, it follows that most of the statistical 
variations in the results of static strength 
tests on concrete may be regarded as essen- 
tial fluctuations associated with a stochastic 
process. 


It is worth while to note that the dynamic 
theory of stochastic processes is equivalent 
to the static theory of extreme-value statistics 
based upon the weakest-link concept, as far 
as the static behavior of strength is con- 
cerned. It is evident that the distribution 
function of the static strength (27) is com- 
patible with the weakest-link hypothesis (18) 
regardless of the functional form of ,(¢) or 
mS). In addition, Eqs. (27a) and (27b) are 
identical in form to the first (exponential- 
type) and the third (Weibull-type) asymptotic 
distributions for the smallest values in ex- 
treme-value statistics respectively’. This 
implies that all the conclusions that J. 
Tucker’ derived previously by applying W. 
Weibull’s theory!” to concrete must also be 
drawn from the standpoint of the present 
theory. 

The stochastic-process theory permits a 
successful interpretation of the dependence 
of the observed strength on testing speed, 
sample size, stress distribution, temperature, 
humidity, and other influencing factors. For 
example, there exists considerable experi- 
mental evidence? to Eq. (29a) showing that 
the strength of concrete increases logarithmi- 
cally with the rate of loading. Weibull’s 
formula! in regard to the size effect of 
strength, Sno V-/‘F+), can be obtained im- 
mediately by noting that the parameter B in 
Eq. (29b) is proportional to the volume of the 
specimen V. For the ratio of the flexural 
strength Sn to the tensile strength Sin, Eqs. 
(29b) and (22) yield Sino/Sme=(Bi/ By) PtP = 
(28+2)/8+), The numerical value of Sino/Sine 
=1.21 for B=18.15 turns out to be somewhat 
too small compared with the experimental 
data, probably because this treatment 
ignores the presence of plastic deformations 
in concrete. The effects of temperature and 
humidity on the static strength of concrete 
will be discussed quantitatively in a future 
publication. 


§10. Conclusions 


The results of flexural failure tests on the 
standard mortar specimens prepared in ac- 
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cordance with JIS 5201-1956 have been ana- 
lyzed statistically from the standpoint of 
the stochastic theory. It is concluded that the 
scatter observed in the delayed time for 
fracture or the static fracture strength of 
portland cement mortar appears to be a re- 
sult of inherent characteristics of the materi- 
al itself associated with a Markoff process 
as a kind of rate process. The theory of 
stochastic processes is therefore believed to 
be at least approximately applicable to the 
static failure of such inhomogeneous materi- 
als as concrete. More detailed investigations 
on the statistical aspects of rupture in con- 
crete are now in progress and will be pre- 
sented in the succeeding papers of this series. 


In conclusion, the author expresses his 
sincere thanks to Prof. M. Hirata, Universi- 
ty of Tokyo, for his suggestions and encour- 
agement during the course of this work. 
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Energy Loss of Electrons passing through 
a Graphite Single Crystal at 
Different Incident Angles* 


By Hiroshi WATANABE 


Hitachi Central Research Laboratory 
Kokubunji, Tokyo, Japan 


(Received August 1, 1959) 


When fast electrons pass through a thin solid 
foil, they excite plasma oscillation and lose the 
energy characteristic to the material of the foil. 
Ichikawa found theoretically that the characteris- 
tic energy loss value for graphite single crystal 
depends upon the incident angle of the fast elec- 
trons, and he pointed out that the experimental 
values at different incident angles give us informa- 
tion about the resonance energy parameters of 
graphite. Using the electron velocity analyzer of 
Mollenstedt type),3), we measured the characteris- 
tic loss values for graphite at incident angles 0° 
and 45°. 


(b) 

Fig. 1. Electron micrographs of a single crystal 
foil (a) the incident beam is parallel to c-axis, 
re. O=—0—) (b) O=45": 


(a) 


Fig. la and 1b give electron micrographs of a 
thin foil of graphite prepared by stripping. The 
angle @ between the incident electron beam and 
c-axis of the crystal is 0° in Fig. la and 45° in 
Fig. 1b. The energy of electrons which have 
passed through the central portion (ca. 2x10) 
of the foil was analyzed. The result is given in 
Table I, which shows that the loss value does ot 
depend upon the incident angle 0. 


* Read at the 1958 Gatlinburg Conference on 
Penetration of Charged Particles in Matter. 


Table I. The energy loss value of 25 kev electrons 
at incident angles of 0° and 45°. 
e energy loss value number of 
measurement 
0° 6.8+0.2 ev 9 


45° 6.8+0.2 ev 13 


The plasma frequency of x-electrons in graphite 
is given by Ichikawa) as 


4xne? 


op = U-mimo)*] Cay 
where 
es inz Be nia & 2, | 24, 
m(o)=,,,| sin one as (ee) cos? @ ja279 (2) 


and 79, 71 are the resonance energy between the 
nearest neighbors in a lattice layer and that be- 
tween the nearest neighbors in the successive two 
layers, respectively. When @=0° in Eq. (2), wp 
depends only upon 71. Thus the 7; is estimated to 
be 0.33 ev from the energy loss value at @=0°, 
being consistent with currently evaluated value of 
0.2-0.5 ev),5), From the present result that the 
loss value does not depend upon the incident angle, 
7o is estimated to be about 1.6ev. Hove) obtained 
1.63 ev from a calculation of the magnetic suscep- 
tibility, and Noziére®) 2ev from the cyclotron reso- 
nance and infra-red data. Our result 1.6ev is 
in a good agreement with these values. 
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Nuclear Magnetic Resonance of Na® in 
Sodium Chloride Crystals 


By Eizo OTSUKA, Yudo OSHIO, Toyohide KOBAYASHI 
and Hazimu KAWAMURA 
Department of Applied Physics, 
Osaka City University, Osaka 


(Received August 20, 1959) 


The nuclear resonance line width of Na® in a 
NaCl crystal usually observed is rather broader 
than the one calculated by the Van Vleck formula” 
for the dipolar broadening. The extra line width 
has been thought to arise from the satellites broad- 
ened an account of the internal strains through 
quadrupole interaction”). If this is true, the more 
perfect is the crystal, the narrower will be the 
line width. With this end in view, we have grown 
two single crystals of NaCl, which could seemingly 
avoid the fatal multiplication of dislocations. 
Moreover, the starting materials for the crystals 
were those obtained through careful precrystalliza- 
tion. 

The observed second moments of the resonance 
lines of Na*’ in these crystals are very small as 
expected. The data obtained from the measure- 


Fig. 1. The two single crystals of NaCl referred 
to from left to right as A and B in the text. 
The scale is shown for comparison. 


ments for the lower half of the crystal A in Fig. 
1 are listed in Table I for two directions of the 


Table I. Second moments in gauss?. 
Crystal = ARy//[100) Ss p/{110) 
A 0.54+0.04  0.5440.02 — 
Ordinary crystal 1.24+0.07 1.00+0.04 
Deformed crystal 0.53+0.04 0.54+0.03 


Theoretical 


0.555 0.550 


external magnetic field. For comparison we have 
also listed the calculated values for dipolar inter- 
action, together with the observed ones for an 
ordinary NaCl crystal which was used in a former 
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experiment® as a standard specimen as well as for 
a ten percent deformed crystal. The best crystal 
gives the values equal to the theoretical dipolar 
widths within the experimental errors. The de- 
formed crystal also yields small values; however, 
this is caused by the run-away of the satellites as 
proved by the intensity measurement. The ordinary 
crystal lies in an intermediate situation and the 
rather large difference between the values of the 
second moments for the two directions would be 
attributed to the anisotropy due to crystal disloca- 
tions similar to that discussed in a previous paper”. 
From simple analyses®)-®©) it is roughly estimated 
that the dislocation densities for the best, ordinary 
and deformed crystals are c<10’, c=3~4 x 10% and 
109<¢<1010 cm~-?, respectively. 


Table II. 7, by pulse-method at room 
temperature. 
Crystal ee T, in sec. 
A 16.0 
B 15.4 
Ordinary crystal 1 


Mixed crystal») (0.81 NaCl. 0.19NaBr) 12.4 


We have been interested also in the spin-lattice 
relaxation time of various kinds of NaCl crystals. 
Using a cross-coil system, we have measured 7\’s 
for a couple of crystals by the consecutive 90° 
pulse method”). The results are shown in Table 
II. It should be understood that the experimental 
error is of the order of ten percent. The order of 
length of 7T,, however, is consistent with a preli- 
minary saturation experiment. 

In conclusion, the extra-width of the nuclear 
resonance line of Na’ in NaCl is due to lattice 
imperfections as expected and the spin-lattice re- 
laxation time is sample-dependent. It is not yet 
certain whether one should account for the differ- 
ence of 7, as arising from different purities or 
other types of imperfections such as dislocations. 


References 


1) J. H. Van Vleck: Phys. Rev. 74 (1948) 1168. 

2) R. V. Pound: Phys. Rev. 79 (1950) 685. 

3) H. Kawamura, E. Otsuka and K. Ishiwatari: 
J. Phys. Soc. Japan 11 (1956) 1064. 

4) E. Otsuka: J. Phys. Soc. Japan 13 (1958) 
S55¢ 

5) E. Otsuka and H. Kawamura: 
Japan 12 (1957) 1071. 

6) G. D. Watkins: Thesis, Harvard University 
1952. 

Om Es beHahn: 


JeebhycweSoc 


Phys. Rev. 80 (1950) 580. 


1959) 


J. PHYS. Soc. JAPAN 14 (1959) 1455 


Piezoelectric Effect in a Rectifying 
Contact of Semiconductor 


By Tetsuro TANAKA and Hiroyoshi KAWAMURA 


Institute for Chemical Research, 
Kyoto University, Kyoto 


(Received August 1, 1959) 


There is a space charge layer in a rectifying 
contact of metal rectifier or p—2 junction, which 
brings the potential gradient in the layer. As the 
thickness of the space charge layer and accordingly 
the quantity of total space charge vary with the 
applied voltage, the barrier acts as a capacitor 
and the capacitance is the same as for a parallel 
plate capacitor. As the inter-electrode spacing of 
this capacitor is in equilibrium with the applied 
voltage, this construction is apparently similar to 
that of a condenser-microphone, and when mecha- 
nical force is applied to this capacitor, electromo- 
tive force appears between the two electrodes. 

A barium titanate ceramic disc was attached on 
the non-rectifying side of seleniurn rectifier as 
shown in Fig. l(a) for applying a vibrating force 


Schematic diagram of specimens. 


Bigw: 


on the contact. The metal bodies on both sides 
serve to give a uniform vibrating force to the 
barrier. The output voltage at no biasing state 
may be related to the diffusion potential Va, and 
the output voltage under the biasing voltage V 
may be related to (Vat+V). Curve (a) in Fig. 2 
is a plot of log(Va+V) vs. output voltage Von: 
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In this case, the vibrating force acts in the direc- 
tion perpendicular to the barrier surface. It is 
seen that Vo» is proportional to (Va+V)”/%. The 
value of Vg derived from the relation between V 
and barrier capacitance C was about 0.7 volts. In 
another experiment, specimen as shown in Fig. 1(b) 
was used. In this case the vibrating force was 
applied in the direction parallel to the barrier sur- 
face. From the results shown in Fig. 2 (b), Vop 
is approximately proportional to (Vg+V)/2 for this 
specimen. The value of Vg was also 0.7 volts. 

A germanium p-n junction was attached on a 
barium titanate ceramic disc as shown in Fig. l(c), 
and vibrating force was applied in the direction 
parallel to the barrier surface. The observed 
relation between Vy» and (Vg+V) is shown in Fig. 
2(c), where Va is also 0.7 volts. In this case Vop 
is proportional to (Va+V). 


Vg= 0.7 volt 


8 it 2 5 & 10 
Va +V (V) 


Fig. 2. Characteristic curves of Voy vs. (Vat+V). 


By simple consideration, it may be derived that 
Vop should be proportional to (Vat+V) no matter 
if the barrier thickness is proportional to (Va+V)/2 
or (Va+V)¥3. The experimental results, however, 
are different from that are expected from the 
theory. It has not been clarified whether the dis- 
crepancy between theory and experiment came 
from the incompleteness in theory or from the im- 
perfectness of measuring procedure. But the fact 
that there exists a remarkable piezoelectric effect 
in a rectifying contact,‘ and that’ the output voltage 
increases with the biasing voltage is very interest- 
ing from the standpoint of practical use. More 
detailed studies will be reported in a near future. 
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On the Superstructure of the Ordered 
Alloy Au;Zn[R] 


By Hiroshi IWASAKI 


The Research Institute for Iron, Steel and 
Other Metals, Tohoku University, Sendai 


(Received July 15, 1959) 


In the binary system Au-Zn, it is known that 
the solid solution with a stoichiometric composition 
Aus3Zn forms the superlattice with long period be- 
low 420°C. It is specified as AusZn[H] and is 
thought to have a Ag3;3Mg-type anti-phase domain 
structure). However, the superlattice is stable 
only in temperature range 420°C~270°C and trans- 
forms without atomic diffusion into the room- 
temperature phase Au3Zn[R] with very complicated 
structure. Recently, Wilkens and Schubert®) have 
studied the structure of this phase using the X-ray 
powder method and proposed a modified Au;Zn[{H] 
structure with an orthorhombic unit cell of lattice 
constants, a=5.574kX, b=5.583kX and c=16.616 
kX. 
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The present author also studied the structures 


of Au;Zn[R] and Aus3Zn[H] by the single crystal 
oscillation method, and came to conclude a different | 


structure for AusZn[R]. This structure, specified 


as Au;Zn[Ri], has a tetragonal symmetry witha | 
a=5.575+0.004 kX | 


unit cell of lattice constants, 
and c=—33.34+0.07 kX*, in which 48 gold atoms and 


16 zinc atoms are included. From the clear ex- | 


tinction rule of the observed diffraction spots, the | 
space group was uniquely determined as DF : 


~J4,/acd. The atomic positions as shown in Table 
I were determined by comparing the calculated 
intensities with the observed ones. 


Table I 
Kind 
of Position “ay y a 
atom | 
Au | 16(f), 0.194 0.194 | 0.250 
Au | 16(e) | 0.250} 0.250) 0.125 
Au | 16d) | 0 | 0 0.059+0.001 
Zn | 16(d) | 0 0 0.181+0.001 


The arrangement of atoms is sketched in Fig. 1, 


Bical 


in which for the sake of convenience each atom is 
placed on the lattice point of Au3Zn{H]. The real 
structure of Au3Zn[R,] is to be obtained by shifting 
many of the atoms along the direction of arrows. 
It appears that AuzZn[R,] is a thermodynamically 
stable phase and is formed at a composition slightly 
poorer in zinc than stoichiometric Au3Zn. Ata 
composition richer in zinc than stoichiometric Au3Zn 
the formation of the orthorhombic structure with 
a- and b-axis nearly equal to a-axis of and with e- 
axis half as long as c-axis of AusZn[R;] has been 
found also by the present work, which corresponds 
to the structure proposed by German workers for 
AusZn[R]. The present author specifies this struc- 
ture as AusZn[R.]. There is a close relationship 
between the structures of Au;Zn[R,] and Au3Zn[Ro]. 
The former may correspond to an anti-phase domain 
structure of the latter with the period of out-of- 


* Referring to the face-centered cubic disordered 
unit cell, a~/ 2ay and c~8ay;, 


O Au @Zn 


The arrangement of atoms of Au3Zn[Rj]. 


step M=1, one unit cell of Au3Zn[R.] and its shifted 
cell with a shifting vector, (a+b6)/2, being alter- 
nately stacked in the c-direction, where a, b and 
c refer to the unit lattice vectors of Au3Zn[R.]. 
However, the stacking does not appear to be strictly 
regularly repeated, as it can be seen on oscillation 
photographs of Au;Zn[R] that diffraction spots with 
indexes h+-k=odd are broadened in the stacking 
direction. 

A full report will later be published. 

The author wishes to express his sincere grati- 
tude to Prof. S. Ogawa for his kind guidance. He 
is also indebted to Dr. M. Hirabayashi for his 
valuable suggestion. 
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Fine Structure in the N“(y, n)N® 
Activation Curve 


By Naoshi MUTSURO, Yuji OHNUKI, 
Kazuo SATO, Kosuke KAGEYAMA 
and Motoharu KIMURA 


Department of Physics, Tohoku 
University Sendai, Japan 


(Received August 1, 1959) 


Photoneutron reactions of N14 have been measured 
by several authors for tenD-% years, and they ob- 
served some gross resonances besides the “ giant 
resonance ” in the energy region of 11~17 MeV. 

Fujii? tried to explain these gross resonances by 
extra-particle excitation mode. He assumed that 
N14 consists of C!-core and two nucleus moving 
independently each other around it, and he ob- 
tained H,.=13.5 Mev, ’=0.9 Mev as a gross reso- 
nance. 

In order to check the existence of above gross 
resonance, N!4(7, m)N!3 activation curve was mea- 
sured in the energy region of 10~17 MeV. 

The activation curve was taken by the Tohoku 
University 25 Mev betatron bremsstrahlung 7 rays. 
Basic experiment consists of irradiation of a number 
of samples at various betatron energies every 70 
Kev or 140 Kev step, and activation curve was 
taken by residual activity measurement. NaN3 
powder covered by aluminum thin foil (2.5cm¢ 
x0.5cm in shape) were used as N! samples, they 
were irradiated at 25cm from the betatron target 
one after another. 

In order to detect 10.1 min 8+ activity from N®, 
NaN; sample was irradiated in the 7 ray beam for 
10min and after waiting for 1min to cool off 
the 6.6sec aluminum activity to negligibly small 
compared to N!* activity, counts were taken for 9 
min by scintillation counter set to annihilation 
peak. 7 ray dose of each run was measured by 
Victoreen Radocon chamber, which is located at 
the centre of Lucite 11.7 cm cube, which was situ- 
ated at 1.5m from betatron target. 

Number of counts for each run was normalized 
by unit dose. Activation curve is shown in the 
figure, in which the ordinate is in arbitrary scale, 
and the abscissa represents the integrator setting 
calibrated by threshold energy of the reaction 
Cus%(7, 2)Cus2 and Cy, 2)C4 correct within +0.05 
Mev. 

The threshold energy of N14(7, 2)N! reaction was 
obtained as 11.49-++0.05 Mev. A number of breaks 
are seen in the activation curve which are sum- 
marized also in the table. The 1-st column is the 
energies at each break, 2nd one is the correspond- 
ing energies of each levels of N™ as cited from 
Ajzenberg and Lauritzen table». The breaks above 
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Activation curve 


Pah uosjnau aAyDOY 


1200 1240 1280 1320 136 
1949) (210) (12.69) (1328) (1387) (14.47) (15.07) (1567) e28) (MeV) 
Integrator setting 


040 1080 1120 1160 


13.87 Mev are supposed as newly observed levels. 

Above 15.3Mev, perhaps a few breaks would 
exist, but we could not confirm yet, further inves- 
tigation being aimed. 

Because the energy interval of each activation 
point was such a broad one as 70 Kev or 150 Kev, 
other breaks may exist besides ones which were 
observed in this experiment. Even if other breaks 
existed, their intensity would be weak, perhaps less 
than 10% of the intensity of the detected breaks. 
From above results, we think that the resonance 
of single particle mode which Fujii») predicted, 
may not exist, and that the gross resonance which 
has been seen in previous works may correspond 
the group of comparatively sharp resonances ob- 
served by us. 


Table. Summary of observed “ Breaks”. 


corresponding level 


energy at each “breaks ” 
_ energy of Ni4 


in activation curve 


ir 49+0. 05 Mev ill. 49 Mev 
IBke@il a7 JIGS 
WAS) i 12.42 
WAS 12.92 
WB Ty 13.24 
iete¥e ie 

14.62 1 

Wb. 80 ” 


“Ae the spin 1 of the ead state of N44 is 1+, 
is supposed that the levels corresponding to es 
breaks have odd parity, and Possible spins for them 
are 2, 1 or 0. If the 12.42 Mev (4-) level really 
corresponds to our 12.39 Mev break, there remains 
some questions to be studied. 

We are now proceeding more precise experiment, 
and also planning the experiment to find out an- 
other breaks in the higher energy region. 

Authors are indebted Mr. M. Mishina, Mr. A. 
Ono and Mr. T. Inoue for operating the betatron. 
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Rotational Transitions in Hydrogen 
and Deuterium 


By Kazuo TAKAYANAGI 
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In a previous paper) the rotational excitation by 
collision in hydrogen gas was studied and the 
probability for the jump /=0-/=2 was calculated, 
assuming an intermolecular potential of the Morse 
type. Using the same potential, calculation has 
been extended recently to the transitions 1>3, 2-4 


Short Notes 


: age Ps || 
in hydrogen and the corresponding transitions 1n 


deuterium. The effective cross sections at T°K 
are of the form 


Q(T) =nR2F (T )=nRebF (TL )/6?) « 


R, is a collision diameter introduced in the course 
of simplifying procedure. A reasonable choice of 
R, is given by the closest distance of approach in 
the classical head-on collision with the mean velo- 
city. @ is a parameter indicating the relative im- 
portance of the non-spherical part of the potential. 
In the reference 1, 8=0.075 was adopted. Results 
obtained in the reference 2 are summarized in 
Table I. 

These values of #’/f2 make it possible to calculate 
the ultrasonic dispersion curves for these gases. 
The method of calculation is similar to the one 
used by Rhodes). For hydrogen, the contribution 
from the fifth and the higher rotational levels were 
neglected. For deuterium, F'(3—5)/P?=3.75 x 10-3 
was assumed somewhat arbitrarily and the sixth 
and the higher levels were neglected. The ideal 
gas formula for the sound velocity was used with- 
out correction. 


Table I. Values of F862. 
Rotational TH, Dz; 
pe SEEN oe ET 200°K "300°K 100°K 200°K 300°K 
0-2 2.7 10-3 5.9x10-2 2.0x10-1 9.0x 10-2 5A x 10= Thal? 
133 elm 220% 102 LAs lO0e2 4.0x10-3 6.8 x10-2 Zax LO 
2-4 NEO SAD Gx 105 2.0x10-3 Grae We 1.16x 10-2 54x 102 
pees = n Fig. 1 shows the resulting curves for hydrogen 
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1.40- 


Sound Velocity 
in 10° m/sec 


f (Mc)/p (atm)x 
> 


—— 
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Fig. 2. 


at 200°K and 300°K. We have left the product 
[F-(in A)PR2=x undetermined. In the present 
cases, FR, is of the order of 4A, so that it is ex- 
pected that w=0.1. Fig. 2 shows the dispersion 
curve for normal deuterium at 200°K. To calculate 
the corresponding curve at 300°K, we need the 
excitation probabilities among the higher levels. 
It is seen from the figures that the hydrogen and 
deuterium show the dispersion in almost the same 
frequency region. That this is actually the case 


Wi2F ar T 
Sound Velocity 


in Relative Scale 


Normal He. 


2 
4 Experimental Data * 


X 197. 1°K 
° 298.4% 
+ 2968°K Normal 


Para 300°K 


f (Mc) /p(atm) 
—> 
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has been found experimentally). In igmesncom= 
parisons are made between the experimental) and 
the theoretical curves for hydrogen. Following the 
reference 3, the relative velocities are plotted in- 
stead of their absolute values. x=0.1 was adopted 
since it gives a good fit at 200°K. The disagree- 
ment between the theory and the experiment at 
300°K for the lower frequencies will probably be 
due to the presence of the other type of reactions 
such as 


H,(l=4)+ H,(1=0)-> Ha(1=2) + H(l=2) . 
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Magnetic Anisotropy of Evaporated Films 
Formed in Magnetic Field 
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It has been reported that thin films of some 
ferro-magnetic metals exhibit a distinct uniaxial 
anisotropy in the film plane when they are formed 
in magnetic field or are heat-treated in magnetic 
field after evaporation, but any quantitative obser- 
vation of the anisotropy has never been done. The 
present authors succeeded in measuring quantita- 
tively the anisotropy of evaporated films of Fe, 
Co, Ni and Ni-Fe, formed in magnetic field, by a 
highly sensitive torquemeter which was newly de- 
signed (sensitivity >5x10-%dyn-cm). As a_ sub- 
strate on which films were evaporated a quartz 
plate 13mm in diameter was used. The plate sur- 
face was finely finished so as to be optically flat. 
Metals were evaporated from a small tungsten coil 
onto the substrate 5cm distant from it. The sub- 
strate temperature was maintained at room tem- 
perature or at 300°C. The applied magnetic field 
ranged from 250 to 15000e. The evaporation 
chamber was beforehand sufficiently degassed and 
the degree of vacuum was about 10-®°mm Hg when 
the evaporation was carried out. The specimen 
was horizontally held in vacuum in the torque- 
meter, in which a Helmholtz coil was used as a field 
source. The intensity of the magnetic field was 


O 40 80 120 160 200 240 280 320 360° 


Torque x10 “(dyn-cm/ec.) 


Torque x 107$(dyn-crn/c.c) 


(a), (b) 


Ni 600R 
Hd=|5000¢ 


Torque x!0-5(dyn-cm/c.c.) 


Hd Mag. annealed at 300°C ssi, 
(A aad Ree 
2 x—*—" for Ihr after deposited 


(R.T.) 
\¥> Mag: annealed 
\ at300c A 
\, for 30min. f 


Torquex |O“(dyn-cm/a.c.) 


=3' 0 . 
O 40 80 120 160 200 240 280 320 360° 
—s Q 
(c), (d) 


Fig. 1. Torque curves for Fe, Co, Ni and Fe-Ni 
evaporated in magnetic field. @ is the angle 
between the evaporating field axis and the direc- 
tion of the measuring field. 
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Table I. Values of anisotropy constant for evaporated films of Fe, Ni, Co and Fe-Ni. 


34 Anisotropy const. . 
es 4 K,,(Fe) Ky(Co) K,(Ni) Ki,(Ni3Fe) 
oe (erg/cc) (erg/cc) (erg/cc) (erg/cc) 
_Temp. of substrate =~ i et AE 
Room temp. 2.2.x 108 13.8 x 108 | ~1.0 x 103 3.2 x 103 
4 3 .4x108* = ~1.0x108 2.1x 108 
300°C 0.8x 10 4.4x Basen 


* The substrate temperature was 430°C. 


** After formed at 300°C and then successively 


414 Oe. 

Some examples of torque curves are shown in 
Fig. 1. Here, Hg is the field strength applied 
during the film formation and the arrow shows the 
field direction. In all cases except Ni the curves 
can almost be approximated by —Ky, sin2@. The 
uniaxial anisotropy constants calculated from these 
curves are given in Table I. It is remarkable that 
the less anisotropy is shown when the substrate 
has been held at the higher temperature and that 
in the case of Fe films the direction of Hg becomes 
nearly the direction of difficult magnetization rather 
than that of easy magnetisation. It is also worth 
while reporting that the torque value of nickel 
formed at room temperature is very changeable with 
lapse of time after the formation and that not 
uniaxial but unidirectional anisotropy is shown by 
the torque curve which has attained the stationary 
state. 

The detailed report will be published in the near 
future. 
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Low-lying 4* states in even-even nuclei decay to 
the ground states by cascade, in most cases, through 
underlying 2+ states. So far, no direct transition 
to the ground state has been established). Such 
transitions are of interest especially in connection 
with the collective behaviors of the nuclear matter, 
as in the cases of electric quadrupole and octupole 
transitions». Unfortunately, such electric hexade- 
capole cross-over transitions are expected to occur 


annealed magnetically for 30 min. 


with extremely small branchings (an order of 10-7 
or so). 

We have detected one of such transitions in the 
decay of Ni® (Fig. 1). In order to detect the 4*- 
0+ cross-over transitions of the 2.505-Mev in the 
presence of the well-known 1.172-Mev and 1.333- 
Mev gamma-rays of intensities 107 stronger than 
the former, we looked for the photoneutrons re- 
leased from heavy water by the 2.505-Mev gamma- 
rays, using a dysprosium neutron detector. 


Bigs 1. 


Decay scheme of Co®0, 


One gram sample of dysprosium oxide was taped 
on the surface of a cylindrical glass vessel con- 
taining 900 millilitre heavy water and irradiated in 
the 10,000 curie Co® source at Japan Atomic Energy 
Research Institute. After 15 hour irradiation the 
characteristic 2.32-hour activity was produced in 
the dysprosium sample. In order to avoid a cum- 
bersome calculation, the same detector assembly 
was irradiated with a Na%4 source and the dyspro- 
sium activities produced were compared. After 
correcting for the difference in the geometries in 
two measurements and the energies of the released 
photoneutrons, we found that the branching ratio 
of the direct ground state transition from the 4+ 
state to the cascade transition was 4x 10-7, if the 
former activation was assumed to be entirely due 
to the 2.505-Mev gamma-rays. Actually it is dif- 
ficult to expect any high energy gamma-rays of 
other sources in the Co® source with an intensity 
of an order of millicuries than this cross-over tran- 
sition. So, we may conclude that the activity is 
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produced by the 2.505-Mevy cross-over transitions. 
The measured branching, however, may be subject 
to an error because of the rough estimate used in 
the correction, but the order will not be altered 
by more elaborate calculations. 

Using the Weisskopf single particle estimate for 
both 4+-2+ and 4+-0+ transitions, one obtains a 
theoretical branching ratio of 1.3x10-7. The mea- 
sured value is very close to this value in the order 
of magnitude. 

This work was done at Japan Atomic Energy 
Research Institute. We are grateful to Dr. A. 
Danno, Dr. E. Takekoshi, and Dr. K. Yoshihara 
for their help during the course of this experiment. 
The heavy water was loaned from Reactor Deve- 
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lopment Section of the Institute. This work was 
Partly supported by the Ministry of Education. 
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Fine Structure in the Giant Resonance for Cu® and Ag!” (7, n) Reactions 
By Teruo NAKAMURA, Kiyoji FUKUNAGA, Kunio TAKAMATSU, 
Minoru YATA and Shinjiro YASUMI 
J. Phys. Soc. Japan 14 (1959) 1117 


Page Column Line 
sila lye 


1117 


right 
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Elastic Scattering of Protons by Helium between 
9.2 MeV and 14.5 MeV 


By Junpei SANADA 
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The Scattering of protons by helium has been investigated from 
9.2 MeV to 14.5 MeV with the INSJ variable-energy 160 cm cyclotron. 
The full angular distribution curves were taken at 12.04MeV and 
14.32 MeV. Both curves have a minimum at 115° and show the evidence 
of Coulomb-nuclear interference, though very small, at near 18° in the 
center-of-mass system. Tentative phase shift ‘analysis has been made. 
It was found that the D-wave phase shifts are closely related with the 
shape of angular distribution at forward angles and they are small but 
cannot be neglected. Excitation curves between 9.2 MeV and 14.5 MeV 
were also taken at four angles of 25°31’, 49°21’, 90°0’ and 168°41’ in 
the center-of-mass system. 20(@) versus energy curve: increase gradu- 
ally with proton energy. They display no new state in Li® except the 
3— first excited state. The differential cross sections at energies near 
9.5 MeV have served to resolve the confliction between the values hi- 


therto obtained. 


§1. Introduction 


Helium plus one nucleon system is the first 
1P shell nucleus. Its level structure is very 
interesting from viewpoints of the nature of 
nuclear forces and the excitation of alpha- 
particle core. Already many experiments” 


on the elastic scattering of nucleons by helium 


have been performed and reveal through 
analyses» in terms of phase shifts that the 
virtual ground state and the first excited 
state of He® and Li® form the inverted doublet 
of Psy, and Piy,. The P32 state are confirm- 
ed also from another basis, e.g. from He‘(d, 
p)He® reaction®. But the nature of Piz state 
is more obscure than that of Pz/. state. One 
of the purpose of the present work is to 
obtain further information about the behavior 
of Pij2-wave phase shift. 

On one hand, Brockman” observed the an- 
gular distribution at 17.45MeV and showed 
the possibility of the existence of the Ds; 
state below this energy. He investigated 
successively the differential cross sections at 
12 energies between 11.4MeV and 18 MeV. 
He found that the contribution of the D-waves 
remains small. It is the worthwhile to check 
these apparently conflicting results by obtain- 
ing the fine excitation curves and full angular 
distributions with better angular resolution. 
If the existence of Ds/. state be true, the dif- 


ferential cross sections should change more 
than ten percent as a peak or like the dis- 
persion curve with bombarding energy. 

We will now refer to the related theories. 
While the Ps. and Piy. phase shifts with 
large inverted splitting are accounted theore- 
tically by using the spin-orbit force®) which 
has been introduced rather phenomenological- 
ly, the attempts to find the splitting due to 
tensor force have also been made”, especially 
due to the large tensor force” included in 
the two body potential which is lead by the 
meson theory of nuclear forces. If the spin- 
orbit force is valid, the D-wave phase shifts 
should be also inverted. However, if the 
tensor force is valid, the D-wave phase shifts 
should become normal”. Then even if one 
cannot find the resonance concerning Ds/2 
state, informations whether D-wave phase 
shifts are inverted or normal are very useful 
for the knowledge of the nature of nuclear 
forces. 

The further interesting fact is the existence 
of J=3*/2 state at an excitation energy of 
16.80 MeV which is well known from the 
He(d, p)He* reaction®. The deuteron reduc- 
ed width of this state is very larger than 
that for proton and the state is a good single 
particle state of He*+d, which arises presum- 
ably from a complex configuration such as 
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excitation of alpha-particle core. It seems 
likely that a state with /=1*/2 might lie near 
in energy to J/=3+/2 state. The fine excita- 
tion curves will give informations about this 
problem. 


§2. Experimental Method 


A. General considerations 

External proton beam from the INSJ 160cm 
variable-energy cyclotron was lead through 
vacuum pipes to the 100cm scattering cham- 
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ber in the next room and focused by a com-|f) 
bination of a pair of quadrupole magnets and |p 
a sector magnet. The details of apparatus ee 
above described will be soon given in a re- }) 
port™ of this journal. The diagram of the» i 
experimental arrangement is shown in Fig. 1. 
Well colimated beam passed through a small | 
gas target chamber, which was located at the fy 
center of the scattering chamber, and was }) 
collected by a Faraday cup. The beam cur- 1 
rent integrator was 100 percent feedback type. | 


Fig. 1. The experimental arrangement. 
Detector IV. #: Collimating slit. 
channel. J: Quadrupole magnets. 
cup. J: Sector magnet. M: Foil wheel. 


Q: Small gas target chamber. 


deviced by Higinbotham and Rankowitz.'! 
The gas target chamber was filled with thank 
helium, the purity of which was 99.6 mole 
percent. Protons scattered by helium enter- 
ed the detecting system. Scintillation count- 
ers, consisting of cesium iodide crystal com- 
bined with a 6342 photo-multiplier tube, were 
set up on the turn table in the scattering 
chamber as shown in Fig. 1. Pulses from 
the counter were amplified with a Jordan 
and Bell type amplifier!) and analysed with 
a Johnstone type twenty channel pulse height 
analyser.) 

Some details of the instrumentation which 
is characteristic of the present work are 
given in the paragraphs below. 

B. Collimator 

Most of unused part of external beam was 
stopped by a collimating slit, which was in- 


Az Detector 1: 
F: First defining slit. 


C: Detector Il. D: 
H: Magnetic 
K: Faraday 
O: Scattering chamber. 


B: Detector II. 
G: Second defining slit. 
J: Magnets for sweeping secondary electrons. 


N: Ionization chamber. 


stalled on the end of the current probe in 
the vacuum tank of cyclotron and was 2mm 
in width. Two slits were inserted before and 
after a pair of quadrupole magnets to stop 
further diverging beam. The first defining 
slight was 7mm in width and the second de- 
fining hole was 3.5mm in diameter. Each 
was separated by 3.9m. Thus the angular 
divergence of the beam was less than 0.1°. 
Three antiscattering baffles were inserted 
between the defining slits. Another two anti- 
scattering baffles were added beyond the 
second defining hole to limit the spray of 
protons to a cone of half angle 0.6°. All 
these diaphragms were made of graphite to 
reduce the scattering and the neutron back- 
ground. 


C. Small gas target chamber 
Because there were many sources of im- 
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purity vapor, such as concentric cables and 
other electronic components, in the scattering 
chamber, we decided to use a separated small 
gas target chamber. In earlier stage we at- 
tempted to use a chamber of 8cm diameter 


7 with Mylar window developed by Corelli, 


Livingston and Seidlitz.. We found how- 
ever two defects. Mylar became apt to 
break by a slight shock after traverse of pro- 


tons of about 300 microcoulombs, because of 


high current density. The second was high 
background at the forward angles mainly due 
to the double scattering of incident protons 
by Mylar. The final form of the gas target 
chamber is shown in Fig. 2. A Mylar foil 
of 25 micron thick is cemented to a thin 
stainless steel plate and is made exchange- 
able easily. Moreover, the positions of beam 
entrance and exit on Mylar foil were chang- 
ed by turning the target chamber step by 
step without breaking the vacuum of the 


E 
A BC D 
a 
(@) S cm 
Fig. 2. Small gas target chamber. A: Side wall 
made of brass. B: Square gasket. C: Thin 


stainless steel plate. D: Semicircular ring. WH: 
Mylar. #: Window. G: O-ring. H: Copper 
pipe to pumps, gas inlet and manometer. 


Table I. 


Proton-Helium Scattering 


Analysing slit dimensions. 
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scattering chamber. The diameter of the 
target chamber is increased to 15cm. The 
background was reduced by a factor of four. 
The Mylar window is 1.6cm high and ex- 
tended to 290° of arc. The wall of the target 
chamber is made of brass of lcm thick. It 
bears one atmospheric pressure with slight 
deformation, though there is no intermediate 
supporting rod at the opening. 


D. Detector system 

We used four detectors. When the measure- 
ments of angular distribution were made, the 
two detectors on the turn table were used as 
main detectors and the detector on the side 
wall of the scattering chamber set at an 
angle of 40° in the laboratory system was 
used as a monitor. When the excitation 
curves were taken, four detectors were used 
simultaneously. Dimensions of analysing slits 
are summarized in Table I. Good angular 
resolution was borne in mind particularly for 
the forward angles to obtain the fine struc- 
ture of the angular distribution. The thick- 
nesses of cesium iodide crystals were select- 
ed as thin as possible according to the range 
of protons to be detected. The gamma-ray 
and neutron background was negligible. 


E. Procedure 

After outgassing and flushing with helium, 
the target chamber was filled with the target 
gas to a pressure of 30cm Hg. The pressure 
was measured with a mercury manometer 
which was read with a precision cathetometer. 
The temperature of target gas was measured 
with an alcohol thermometer, which was 
calibrated against the Dr. Siebert and Kiithn’s 


Values listed are in millimeters. 


| For angular distribution 


| 
| Detector I. 


For excitation curve 


Detector I. Detector II. 

Width of 007 
front slit ae z 

Width of | 2.014 4.996 
rear slit 

Height of _ 6.008 7.661 
rear slit 

Center to 204.2 962.3 
rear slit 

Distance ' 900.1 143.1 
between slits 


Detector II. Detector III. Detector IV. 
2.973 5.007 4,005 4.015 
Sal05 4.996 
Circular Circular 
Ga35 7.661 10.027 8.005 
in diameter in diameter 
303.1 258.4 lilies, 3b 507.6 
BO sal Ase 340.6 343.3 
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standard thermometer. Relative value of the beam energy was decided. | 
energy of protons was obtained from the fre- In the measurement of differential cross | 
quency of proton resonance in the magnetic sections, the sequence of angle in the angular |} 
field of the sector magnet. At three values distribution or of beam energy in the excita- || 
of energy, both ends and the middle of the tion curve was taken at random. At several | 
energy range used, the energy of protons was angles or beam energies, the differential ! 
measured by the combination of aluminium cross sections were measured twice or thrice | 
absorbers and a shallow ionization chamber. at time appreciably separated each other. 
Using the range energy relation obtained by 

Bichsel, Mozley and Aron,™ the relation be- $3- Results 

tween the frequency of proton resonance in Table II and Table III indicate the results 
the sector magnet and the absolute value of of the angular distribution at 14.32 MeV and 


Table II. Experimental and calculated cross sections at 14.32 MeV. 


Calculated values 


O09 = —75°34! 
Ou 363 39), 
Ort 1022 5) 
Sa VOLT” 
OS ZO — eg 
Ne= 1509 Ve Of-= aay 
Experimental values Op 92780 Os — ee Zeal Os 
yee o c.m. Estimated o c.m. o c.m. 
rages (mb/sterad) error % (mb/sterad) (mb/sterad) 
9°47! 670.9 4.0 (PES 661.1 
NE he 516.9 BS 517.8 483.8 
SE 418.5 ey 409.3 394.8 
IS Sale 368.5 Dy 349.8 349.2 
14°46’ 339.5 1.9 314.9 324.3 
IG? 317.9 ee 293.3 310.3 
17-16! 287.7 1.6 279.9 BOA 
1S 23iy 296.7 12 PAA 297.0 
19°46/ 290.7 hl5) 264.4 293.3 
PAN (OL 284.9 12 258.9 289.5 
PENS 21ORT IL.2 Z00Ko 287.3 
23°29! 268.5 WZ Maye 0) 284.4 
24°44! 265.5 ae 249.8 Zoe 
25°98! ZOoaD il? 245.5 277.8 
28°27! 257 2 239.0 210m 
30°54! 248.6 il 2 23201 261.3 
37° ay! 22558 0.9 21300 235.8 
43° gf 201.9 Wo 1M 207.6 
49° 9! ial 7 ileal 168.4 179.1 
Bi 15283 iat 145.0 151.4 . 
60°59’ 124.2 il,4! 122.6 WAS 7 
66747" 103.2 ies) 100.3 LO2NS 
Te 43! 81.42 0.9 19.54 80.68 
78°19 60.80 ital 61.95 62.79 
83°48’ 47.50 lee 46.90 47.62 
89°13" 34.50 1.0 34,55 Belly 
ed aoe 183 24.90 Zon OU 
eer aes EZ 17.88 18.13 
ceed a 8} TRO 13.29 
SS 1.4 10.95 10.65 
114°29’ 9.98 Le TOSS 9.96 
ete ae Ia I 5 10.96 
ra Tes 1.6 14.31 12.63 
~ 18" .93 il 4 17.89 16.80 
132°42 20.79 1.4 23.9% 20.90 
136°59! 26.62 18} 27.02 25.83 
ne Gul ev) ie, 32.06 30.87 
ey ie 2 37.19 35.85 
ee ; 35 Isak 42.12 40.96 
5.64 agi! 46.80 45.67 
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Table III. Experimental and calculated cross sections at 12.04 MeV. 
Calculated values 
09 = —68°47' 
01-= 63°46! 
61*= 105°43) 
NS Byala 
We Sa Ness | SMU 
Ota Os 55! 
Experimental values es OSES rss OD 
pcetes 6 Cum. Estimated 6 C.m. @ 0c 
(mb/sterad) error 3% (mb/sterad) (mb/stread) 
9°45/ 988 Bel, 1075 
12215! 561.0 DGS 582.8 Be 
14°45! 420.0 ibe 424.4 414.3 
17°16’ B53 1? 361.0 364.7 
18°30! 353.9 2 343.6 ell 9 
19°45! 330ED 12 330.8 342.2 
PAL a0 320.4 ee SYA 1 335.0 
23°29! 301.1 ital 306.5 323.6 
25°58! 294.1 mal 295.7 314.1 
28°26! 285.9 ileal 285.0 303.7 
30°54! 270.0 ileal 275.2 293.5 
37° 2! 248.2 0.9 250.3 265.7 
43° 8! 223.4 ile: 223.9 23a 
64°42! Gel 1533 126.7 129.4 
67° 0’ 114.9 12: 170 119.2 
69°18’ 104.2 ihe 107.6 109.3 
71°34! 96.13 ial 98.57 100.0 
72°42! 91.88 ileal 94.22 95.54 
73°50! 87.62 iki 89.97 One 
TES SE 83.74 ile 85.83 86.97 
TRF 76.66 ik Al 77.87 78.74 
79°24! 69.89 ileal 70.38 TOT. 
81°30’ 61.78 il,l 63.70 64.24 
83°48’ 54.87 ileal 56.83 BY(avAl 
89°11’ 41.06 1.0 42.66 42.50 
94°28' 30.66 We Sie 57, 31.31 
99°38’ 21.81 ik 23.46 22.90 
114°27’ 13.58 17 14.70 13.58 
119°10/ 15.01 ila! 15.95 14.81 
128°16/ 21.80 1A 22.68 PAL HE 
136°58/ 32.24 13 32.99 32.60 
145°19/ 43.64 16,8 44.00 44.33 
153°21' 54.68 eZ LD Sa E 


and 12.04MeV respectively. Table IV indi- 
cates the results of the excitation curves. 
The differential cross sections, which were 
measured twice or thrice, agreed within the 
experimental error. This served as the check 
of the stability of the instruments. The 
weighted means of these values are listed in 
the tables. The scattering angles and the 
differential cross sections in Tables II and III 
were transformed from the laboratory system 
into the center of mass system by means of 
a Lorentz transformation. The difference 
between this and the nonrelativistic trans- 
formation was at most 0.6 percent. In the 
case of the excitation curves the transforma- 
tion was performed nonrelativistically, be- 
cause the measurements were made without 


the monitor and the accuracy of differential 
cross sections is not so high. Their individual 
value suffered already the occrsional occurrence 
of a few percent fluctuation of the integrated 
current. 


§ 4. 

The errors in the third column in Tables 
II and III were estimated as follows. Errors 
due to counting statistics were ranging from 
0.3 to 1.5 percent. Uncertainties in the geo- 
metry of analysing slits were less than 0.2 
percent. Geometrical correction was applied 
using the relation developed by Critchfield.1” 
Error in measurement of gas density was 
0.2 percent, including the uncertainty in the 
correction of the amount of impurity. Though 


Corrections and Errors 
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Table IV. 
curves. 


Experimental results of excitation 


Proton senergy o(@c.m.) in mb/sterad at 


in Lab. system 6@c.m. 

(MeV) == 25°31" SA9°2 1) 9050 68-4 
14.52 256 ES Boll 58.9 
14.38 251 169 SOND faa) 
14.02 253 179 3383 Hons 
13.97 262 178 3305 60.9 
13.82 266 185 34.8 64.4 
13.55 264 185 35.0 62.4 
13.50 268 182 SANT 61.2 
13234: 255 179 Broa 60.3 
13221 275 189 Sobel 65.0 
13.07 268 188 36.4 64.7 
12.97 284 192 36.4 65.3 
EST 299 200 39.1 68.7 
12.83 21h 199 36.8 65.0 
12.65 298 205 38.6 67.0 
12.37 289 201 Beto tac 67.5 
12823 293 201 SBiav, O77, 
12.21 299 207 39.9 69.4 
WPASI1B3 294 202 38.3 67.7 
12.04 292 206 40.7 69.6 
11.81 304 210 40.2 (Moen 
11.61 309 206 40.5 TANS 
ily 320 226 41.9 76.3 
11.36 313 211 41.5 Tsotl 
le? 314 211 42.9 73.6 
WW 320. 217 OD Ml 74.8 
11.09 322 PAL 4375 (ASS 
10.93 325 214 43.8 (eo) 
10.86 320 PAE 44.3 75.4 
10.67 334 224 45.3 Wo? 
10.40 361 226 46.8 79.1 
10.27 350. 229 47 .2 80.2 
10.09 353 235 48.3 82.1 

9.67 364 244 50.3 84.6 
9.63 368 244 51.1 84.3 
9.55 368 240 50.5 84.9 
9.33 yh) 243 53.6 85.6 
9.27 376 253 a) 88.8 
9.24 379 247 52.3 88.5 


the amount of impurity was small, its contri- 
bution as background to the proton pulses at 
forward angles was not negligible. We 
observed well separated proton pulses due to 
heavier nuclei in the target gas at above 40° 
in the laboratory system. Assuming that 
they were nitrogen and oxygen, we estimated 
the amount of background pulses due to im- 
purity at forward angles by making use of 
the results on the elastic scattering of protons 
from these nuclei. This procedure was 
supported experimentally by the measurements 
of the proton-proton scattering, which were 
made with the same instruments as those of 
the present work and showed separated pro- 
ton pulses due to heavier nuclei until 15° in 
the laboratory system. At the extreme for- 
ward angles the Coulomb scattering was as- 


Junpei SANADA 


(Vol. 14, 


sumed. Thus estimated background amounted 
to 6 percent of whole proton pulses at 8° in 
the laboratory system and decreases with 
increasing angle. Uncertainty in this back- | 
ground subtraction was supposed to be a half | 
of the estimated background, though it might 
be rather over estimation, because of safety. | 

At the forward angles some protons scat- || 
tered from the structures in the scattering 
chamber entered the detector as mentioned | 
in paragraph C of section 2. This background 
was measured by evacuating the gas target . 
chamber. 

Error in the alignment of instruments to 
the incident beam was 0.001 radian. This 
produced uncertainty of 2 percent in differen- 
tial cross section at 8° in the laboratory 
system. The uncertainty decreased rapidly 
with increasing angle. The scattering angle 
was determined by reading the precise gradu- 
ations on the periphery of the turn table. 
Its uncertainty is 0.01 degrees. Error in de- 
termination of the total number of incident 
protons was 0.8 percent. 

Quadratic combination of the errors describ- 
ed above was in general less than 2 percent 
except at forward angles. 

Counting statistics in the case of excitation 
curves was ranging from 0.4 to 1.7 percent. 

The uncertainties of the mean energy of the 
proton beam in the scattering volume were 
less than 0,4 percent. The energy spread of 
the incident beam was 0.5 percent. 


$5. Discussions 


It is worthwhile to compare the results of 
the present work with the experimental and 
theoretical results so far obtained. 

In proton-helium scattering, orbital angular 
momentum is no longer a constant of motion 
in virtue of spin-orbit interaction and waves 
of different total angular momentum are scat- 
tered differently. Thus, the cross section 
is expressed in terms of S phase shift do, 
Pij2 phase shift d:-, Psyz phase shift 61+, Ds, 
phase shift 02.-, Ds. phase shift 6:*, and so 
on. We attempted at first to fit the angular 
distribution at 14.32 MeV with S- and P-waves 
only. The present analysis is not thorough, 
but tentatively accomplished by trial and 
error, not by the iteration with regular step. 
We started with the values of phase shifts 
Obtained by interpolation between the results 
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at 9.48 MeV? and at 17.45MeV.2) A set of 
do0=—77°42’, 01> =50°0 and 0,+=92.36’ gives 
_the agreement with the experimental angular 
distribution, except the region of Coulomb- 
nuclear interference. The calculated values 
of differential cross section are listed in the 
fourth column of Table III. They are also 
shown in Fig. 3 together with experimental 
values. The values of phase shifts are com- 
patible with those obtained by Brockman.” 
However, it was difficult to fit in the experi- 
mental results with S- and P-waves only. 


60 90 120 150180 
IedehayleltelanatatalattatataNecoO 


30 


Proton—Hellum 
Scattering 

at 14.32 Mev 
200 


cross section O(9c.m) (mb/sterad) 


350 150 
300 eye) 
3 
c 
® 250 50 
—~ 
fay 
20453030 40 eC 


Scattering angle Ocm. (degree) 

Fig. 3. Angular distribution at 14.32MeV. The 
dashed curve indicates the calculated cross 
sections with S- and P-waves only (forth column 
of Table II). The solid curve indicates the 
calculated cross sections with phase shifts ob- 
tained by Gammel and Thaler) (fifth column 
of Table II). 


Gammel and Thaler??? have made an analy- 
sis in terms of an optical model potential in- 
teraction between the proton and _ alpha- 
particle. The purpose of their work was to 
predict the polarization of protons than the 
angular distribution. But it is interesting to 
use the phase shifts calculated by them in 
the angular distribution, as an example con- 
taining larger D phase shifts. The values of 
phase shifts were taken from Table III of 
reference 22. The results are listed in the 
fifth column of Table III and shown in Fig. 
3. The fit is better than that with S- and 
P-waves only, but some over compensations 
are seen. 
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The calculations were made also to the an- 
gular distribution at 12.04MeV. The results 
are shown in Table II and in Fig. 4. Almost 
the same discussions as above can be applied 
to this case. As to the case with S- and P- 
waves only, however, appreciably smaller 
values of phase shifts than those obtained by 
Brockman were needed to fit particularly 
the forward angular distribution, and the 
agreement between the experimental and cal- 
culated values becomes very good. Con- 
sequently the decrease of Pi/2 and P3/2 phase 
shifts might be more rapid from 9.5 MeV to 
12 MeV than acceded so far. 


Proton- Helium 
Scattering 
at 12.04 MeV 


(mb /sterad) 


Oo (8c,m) 


section 


100 


cross 


Differential 


Scattering angle Ocm, (degree) 


Fig. 4. Angular distribution at 12.04MeV. The 
dashed curve indicates the calculated cross 
sections with S- and P-waves only (forth column 
of Table III). The solid curve indicates the 
calculated cross sections with phase shifts ob- 
tained by Gammel and Thaler?) (fifth column 
of Table III). The dash-dotted curve indicates 
the calculated cross sections with d9=— 66°54’, 
61-=60°6’ and 61:+=108°42’, which were ob- 
tained by Brockman (see Table III of reference 1). 


The excitation curves are shown in Fig. 5 
in the form of k0(@c.m.) versus proton 
energy together with other experimental 
results, (1:20) 21:24)25,26) & being the wave number 
of incident proton. The k?o curves increase 
monotonously with increasing energy from 
7.5 MeV to above 10 MeV and then decrease 
slightly to 17.45 MeV, except at 25°31’. The 
very broad resonance of Pi/:-wave is included 
in this energy range and recently Miller and 
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Phillips?®? have analysed the results hitherto 
obtained in terms of the dispersion theory of 
Wigner and Eisenbud. They have decided 
level parameters. (EFres)iay for Puisz state has 
become 10.8 MeV. 

We add a comparison between the values 
of differential cross section at energies near 
9.5MeV, because several results have been 
conflicting each other. The results by Cork 
and Hartsough at 9.73 MeV” and by Williams 
and Rasmussen at 9.76 MeV agree well with 
the present work. The agreement of Putnam’s 
results” at 9.48 MeV is also good except at 
25°31’. Low values of the results at 9.55 MeV 
by Freemantle et al.2 are seen in a forward 
hemisphere. 
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Fig. 5. Excitation curves. The results are shown 
together with cross sections obtained so far. 


$6. Conclusions 


D-wave phase shifts are closely related 
with the shape of angular distribution at for- 
ward angles and they are small but cannot 
be neglected in the present energy range. 
The experiments on the full angular distribu- 
tion at higher energy such as 20 MeV are de- 
sirable for the behavior of D-wave phase 
shifts. 

There is no resonance of 5*/2 or 1*/2 state 
between 9.2 MeV and 14.5MeV. The excita- 
tion curves together with angular distributions 
will serve to a precise analysis for Pi 
state. 

Thorough phase shift analysis will be ac- 
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complished after obtaining the results of the») 
polarization in proton-helium scattering in the} 
present energy range, on which we are now) 
making measurements. 
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A large multiplate cloud chamber has been constructed for the observa- 
tion of the extensive air showers by extremely high energy cosmic 


radiations. 
high and 90cm deep. 


Its dimensions of sensitive volume are 200cm wide, 130cm 
It contains 21 sheets of lead plate of 1cm thick, 


so that the total thickness of the absorber corresponds to about 48 radia- 
tion length or about three times of nuclear interaction mean free path. 
The design and operational character are reported in this paper. 


Introduction 


Sale 

The main purpose of the use of a large 
multiplate cloud chamber in the present case 
is to study high energy events by cosmic ray 
particles, especially, to observe directly the 
central region of extensive air showers. The 
frequency of such events is very small but 
each event has proper characteristic. The 
structure of events seems to be so complicated 
that other equipments, for example, G.M. 
counters or ionization chambers etc. except 
the cloud chamber are not useful to clarify 
the true structure. A multiplate cloud cham- 
ber is very useful in the stage of qualitative 
measurements but the dimensions of the 
chambers so far used are too small for this 
purpose. Since it is believed that the core 
region which supplies the energy to extensive 


shower region has the spread of about 1-2 m, 
and this region contains high energy nucleons, 
mesons and numerous electrons and 7 rays; 
it is thought to be favourable that the dimen- 
sion of the chamber is about 2m to study the 
structure of the core region and the amount 
of the material in the chamber which acts as 
an absorber or target of high energy event is 
enough to observe various components separa- 
tely. 

The multiplate cloud chamber reported here 
has been constructed in 1958 and it is now 
being used at cosmic ray observatory of To- 
kyo University on Mt. Norikura. 


§2. Design and Construction 
Cloud chamber 
Fig. 1 shows the crossectional sketch of the 
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cloud chamber. It is made of steel and the 
inside surface of the chamber is plated with 
nickel. The total sensitive volume is about 
3m although the dead space for photograph 
was decreased. The glass plates of front and 
both sides are tempered glass (“ Temperite ” 
Asahi Glass Co.) of 1.2cm thickness. The 
chamber was over pressure type and glass 
plates were reinforced by out side steel frames 
as they do not obstruct the illumination and 
the photographing. The width was planned 
to enlarge as much as possible and the limit 
was at 200 cm due to restriction for manufac- 
turing of the front glass. The height of the 
chamber was determined as 130cm to be 
possible to contain about twenty sheets of lead 
absorber of about 1 or 2cm thick. The depth 
was determined as 90cm from restriction of 
the depth of a focus in photographic system 
and the illuminated depth of 65cm was taken 
by photograph. The lead plates were enclosed 
by steel sheet of 0.25 cm thick and steel frame 
to strengthen for the bending and their sur- 
face was coated by nickel to prevent rust and 
was polished for good reflection of light. A 
cleaning electric field was given to the lead 
plates alternately. 
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Fig. 1. Cross sectional sketch of the cloud 
chamber, showing A, the front glass; B, lead 
plates; C, velvet attached perforated plate; D, 
rubber diaphragm for expansion; H, stopper of 
rubber diaphragm controlling the expansion rate; 
F, back chamber space; G, exhaust valve for 
expansion; H, electromagnet for exhaust valve; 
I, rod with a toothed wheel of chain controlling 
the position of the stopper; J, the side glass; 
K, frame for front glass. 
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The chamber was tested at 1 atm. and used 
at 0.5 atm. over the atmospheric pressure. 
In operation, the bending by inner pressure 
is about 1cm at the centre of the front glass 
plate. 

Expansion mechanism 

A rubber diaphragm which is pressed a- 
gainst a perforated plate with a large number 
of 6mm holes is moved to its stopper by 
reducing the pressure of the back chamber. 


Fig. 2. Back view of the cloud chamber showing 
the six exhaust valves and seven rods for control 
of the stopper. Upper small valve is slow ex- 
pansion valve. 


Fig. 3. Photograph of the cloud chamber. 


Six exhaust valves were installed in the back 
chamber as shown in Fig. 2 and they are 
operated by electromagnet. The expansion of 
the chamber is made by opening the exhaust 
valves simultaneously. When an expansion 
is made, the back chamber is compressed by 
opening a electromagnetic valve to an external 
tank containing compressed air of about 4 atm. 
The chamber is fully expanded after about 
10 milliseconds, from the trigger pulse, and 
recompressed in about one min. After an ex- 
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Fig. 4(a). 


Large Multiple Cloud Chamber 


Cinemascopic picture of an extensive air shower core. 
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The shower size is estimated as 


3108 particles from the data of scintillation counters and the position of the shower core is 1m 
on the right from the centre, namely, in this picture, the core falls on the right hand edge of this 


picture. 


From the number of tracks in the top space, the lateral distribution of charged particles 


in the vicinity of the shower core is obviously seen and energy flow distribution is also seen from 
the depth that the electron cascade has diminished. 


pansion, slow expansions are repeated four 
times by using of slow expansion valve to 
clear out fog nuclei. The dead time of the 
chamber after an expansion is about 15 min. 


Illumination 

The chamber is illuminated from both sides 
by three flash tubes respectively. Light from 
the flash tube is reflected by parabolic mirror 
and illuminates the chamber through the solar 
slit. The flash tube is a xenon discharge tube 
which is made of fused quartz tube and hard 
glass sheath. The electric power source of 
flash tube is supplyed from a condenser bank 
charged up to 10 kv for each tube. 


Photography 

Photographs were stereoscopically taken by 
three cameras. Two 35mm cameras were 
mounted at a distance of 330cm from the 
centre of the chamber as stereoangle was 17°. 
A 60x90mm camera was mounted at front of 
the chamber at same distance. Photographs 
were taken at an aperture value of 8 to 11. 
The cameras are operated automatically by 


electromagnetic relay and motor. 


Control circuits 

The control circuit is composed of gate 
circuits, time sequence circuits, delayed pulse 
generators and operational circuits for expan- 
sion valve, cameras, sweeping electric field, 
flash tubes slow expansion valves and com- 
pression valves. And long delay circuit for 
the dead time interval of the chamber is 
composed of univibrator and scaler circuit 
and it makes also to operate a slow valve 
repeatedly. 


Safety precausions 

The cloud chamber is filled with 0.5 atmos- 
pheric over pressure argon gas. In a case of 
a diaphragm failure, the compressed air flows 
into the cloud chamber, and so the compressed 
air may results the destruction of the chamber. 
To avoid such accident, prevention has been 
made to get the compressed air out of the 
chamber instantaneouslly by opening the 
exhaust valves. 
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Fig. 4(b). This picture also shows the central region of extensive air shower. The shower size is 
estimated as 810° particles and the position of the shower core is about 1m from the centre of 
the chamber. The age of the air shower seems to be young and hard showers by high energy 
nucleon components are seen in lower part of the chamber. 


Chamber operations showers. Figures 4 a and b show typical 
The cloud chamber has been operated with photographs of the central region of the ex- 
ten plastic scintillators to study extensive air tensive air shower. 
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The Brownian motion of a harmonic oscillator is treated quantum- 
mechanically and the same method is applied to the relaxation of a spin. 
The method is quite general and applicable to a system displaced from 
the equilibrium state by an arbitrary amount initially. The oscillator 
or the spin is interacting with a thermostat composed of a great number 


of harmonic oscillators. 


The equation of motion is solved in operator 


form taking average as to the thermostat to the second order of the 


interaction parameter. 


The Langevin equation, the Kramers-Chandra- 


sekhar equation for a harmonic oscillator and the Bloch equation for a 


static field are derived. 


Introduction 


§1. 

The problem of Brownian motion has been 
investigated by many authors and formulated 
in many equivalent forms. It can be said, 
however, that the problem is recovering its 
fundamental importance since it is intimately 
connected to the fundamental theory of the 
statistical mechanics, that is, to the statistical 
mechanics of the irreversible processes. While 
the latter is concerned with large systems in 
which irreversible processes take place, the 
former focuses attention on small systems 
which behave purely mechanically under the 
influence of the environments. 

The essential feature of the problem of the 
Brownian motion is to ask the motion of a 
small system under the influence of random, 
fluctuating disturbances. The motion of a 
colloidal particle in a gas or in a liquid is the 
best known example. 

Since the classical works of Einstein and of 
Smoluchowsky the problem of Brownian mo- 
tion is usually treated by the theory of sto- 
chastic processes. Useful concepts in this 
field, such as friction constant, fluctuating 
force, and relaxation time, common relations, 
e.g. Einstein relation, and important equations, 
Smoluchowski-Chapman equation and Langevin 
equation, are established in early days. Kra- 
mers” generalized the idea of random flights 
and derived the so-called Kramers equation, 


* Parts of the paper are based on a thesis sub- 
mitted by Dr. Kotera in partial fulfillment of the 
requirements for a D. S. degree in Physics, Tokyo 
University of Education, 1959, 


which was extensively studied by Chandra- 
sekhar.»» In the theory of stochastic pro- 
cesses, the equation which characterizes the 
dynamical system is the Langevin equation; 
by its aid estimation of the moments required 
in reducing the Smoluchowski-Chapman equa- 
tion into Fokker-Planck type of differential 
equation is made possible. 

From the microscopic point of view, how- 
ever, the current way of analysis» is not 
perfect in the sense that one has to introduce 
some hypothesis on macroscopic and unknown 
parameters such as the friction constant and 
the correlation constant of the fluctuating 
force. The relation between these two con- 
stants is usually determined by fitting the 
asymptotic behavior of the system under a 
certain condition to that of the equilibrium 
state. And the assumption of splitting the 
force into two parts is only justified by the 
results obtained afterwards. On the other 
hand, if one applies the general theory of the 
statistical mechanics of the irreversible pro- 
cesses from the beginning to the special sys- 
tem under consideration one will be led to a 
more consistent theory. 

In previous papers» one of the authors 
developed a method of treating Brownian mo- 
tion which enables us to give the Kramers 
equation and the Langevin equation their 
dynamical ground: Ina paper*® it was shown 
that the Liouville equation in quantum-me- 
chanical form for the density matrix can be 
transformed into a operator equation which 
goes over to the classical Kramers-Chandra- 
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sekhar equation by the Wigner transformation, 
and that the Langevin equation can be derived 
therefrom. In the other paper it was shown, 
in classical mechanics, that the Langevin 
equation can be derived directly from the 
Newton’s equation of motion and that the 
friction constant, random force and the rela- 
tion between them are derived naturally in 
the course of calculation. 

The purpose of this paper is to examine 
from purely microscopic point of view, start- 
ing from the Heisenberg’s equation of motion, 
the validity of the current results, such as 
the Langevin equation for Brownian motion. 
To get through the analysis completely the 
interaction between the system and the thermo- 
stat is assumed. The problem is thus reduced 
to very special cases, without loosing, how- 
ever, the essential point of the problem. 

The point is that the irreversible behavior 
and the state of thermal equilibrium to ap- 
proach are derived from the Heisenberg equa- 
tion without any ad hoc assumption except 
that the thermostat is always in equilibrium. 

The system, which we shall consider, con- 
sists of many oscillators interacting one an- 
other. We shall divide those into two parts: 
one oscillator whose motion we shall observe 
and the other oscillators which shall play as 
a whole the role of a thermostat. To treat 
this system we shall investigate the equation 
of motion of operators in Heisenberg repre- 
sentation. 

We shall separate from each of these oper- 
ators an operator with bar. Instead of con- 
sidering the interaction within the thermostat 
explicitly we shall put some conditions (cf. 
Eq. (29)) on the barred operators of the 
thermostat assuming that the thermostat is 
always in the thermal equilibrium state. 

The separation of an operator can be made 
in such a way that the time rate of change 
of the barred operator is of second order with 
respect to the interaction parameter. The 
rest of the operator is the part depending on 
other oscillators to the first order of the inter- 
action parameter. 

To get the relaxation equation for the den- 
sity matrix in the x—/p representation we shall 
transfer from the Heisenberg representation 
to the Schroedinger representation. But we 
may treat the density matrix from the start 
(cf. Appendix B and the reference 3). When 
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we make the classical distribution function © 
from the density matrix using Wigner’s method | 
we get the Kramers-Chandrasekhar equation. 

In the same manner we shall derive the 
Bloch equation» for a spin in a static mag- 
netic field. The spin, whose magnitude is 3, 
is then assumed to be coupled with a thermo- 
stat composed of a great number of harmonic 
oscillators. 


§2. The Basic Equation for the System 

We consider a system of many harmonic 
oscillators interacting one another. Then the 
hamiltonian is 


SE =Hot+ AV , (1a) 


where 


Ho=> Hi , Ai=hoa*at4) . (1b) 


Suffix z labels the 7-th oscillator. a: and a;* 
are related to the coordinate x; and the mo- 
mentum ; of the 7-th oscillator by the rela- 
tions 


ingle 
“ V om 
p= oy ae (ai—ai*) A 


We shall consider the Brownian motion of 
a specified oscillator, say, the 7z-th oscillator 
and take the other oscillators j,k, --- (@<7) as 
forming a thermostat. We shall use this 
specification throughout and call the 7-th oscil- 
lator the central oscillator whose Brownian 
motion is to be noticed. Suffix 7 is used for 
the central oscillator only and suffixes j, k, 
are used always for oscillators in the thermo- 
stat. 

Farther we assume that the leading terms 
of the interaction between the oscillators in- 
cluding the central one to be quadratic with 


respect to the displacements of the oscillators. 
Thus 


(at+a*) , 


(2) 


(3) 


The first term on the right hand side of this 
equation represents the interaction of the 
central oscillator with the thermostat and the 
second term is responsible for the interaction 
within the thermostat. More generally we 
may add a term V’(xj, x, +--+) to the right 
hand side of Eq. (3) assuming that V’ depends 
on the coordinates of the thermostat only and 
that V’ is of higher order in 2, the coupling 


AV=A Dy Cigxaxs +A prs CiEX GX . 
j j<k 
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constant: V’=O(4?).t This term consists of 
unharmonic interaction within the thermostat 
and seems necessary to garantee the state of 
thermal equilibrium for the thermostat. How- 
ever, as will be seen below, so long as we 
are concerned with the Brownian motion of 
the central oscillator, introduction of this 
extra-term gives no essential modification in 
the following calculation. We shall therefore 
omit this term for a while. 

The equation of motion for the operator a; 
runs 


a= —ioia tifil/ 201m » (4) 
with 


fi=—A RCs 2eosmys ‘(ajazy) tS) 


—1h 
Visor = oe eon 


ia , Cij 


V 20m ) V 20m; 


Ai= 


At= 


These are the equations of motion for the central oscillator. 
For instance for A;, 


the oscillator 7 of the thermostat. 


—th Chi 
V 205m; V 20m: 
tA Cit 


As= 
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A similar equation holds for a;*. Making use 
of the canonical transformation 
Aj=e7@/*) Lotq, eC/#) 1 ot =eivitg, , ) 
6 
Aij* =6-C/#) Lot, * @C/#) 1 ot = g-toitg,* , i ( 


we rewrite Eq. (4) and its conjugate equation 
in the form 


Acmifie™'h/Zoams 9, 
A*=—ifce'\/Zom . J 
We shall introduce the interaction adiabati- 


cally from the infinite past (f=—). This 
can be done by the replacement 


A> hes 


and by taking the limit s—>-+0. 
Using Eqs. (5) and (6) we rewrite Eqs. (7) as 


=(e7 to jt A; tel AG es Hot : 


(8) 


(e295 A; tel? st A ;* estat ; 


We have analogous equations for 


(E24 A; elit A *)estriost 


(9) 


where the sum in the second term is taken over the thermostat oscillators k excluding j. If 
we add the extra-term V’ mentioned before, we have an extra-term on the right hand side 


of Eq. (9). This is the only effect of V’. 


If there were no interaction, 2=0, operators A:, Aj, etc would be constant in time. 


We 


deal with the case where the coupling constant 4 is sufficiently small, and want to solve the 


problem up to the second order in 4. 
and A* into two parts. For instance 


As in the previous paper») we divide the operators A 


Pai 1A Chi (A, esiti(oj—wy)t at+ Ae estti(o, +o; )b dt) 
me V 20yms V 20101 ae a 
ee 7, vee NA [ gsrti(o)-Op)t at+ Act |! esrti(osto,)t qf ) (10) 
V 20;m; 2 V 20% Mx c —oo 00 
Or 
a ah Cit ae Estti(o,—@4)t oe a) 
Ge a V 20;m; ital *s+i(@j—w) ox sti(wj+ai) 
ah M Cik sD estti(o)—oj ye = Be “Estti(@; tox Db ) (11) 
“ V 20jm; * ise ( * s-+i(@j—on) s+i(wj+ ox) 


We have the conjugate equation for A;*. 
Similarly we have 


t This restriction can be omitted (cf. § 6). 
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ASS AaB Re V 2omj\""s+i(oi—o;)* s+iloitos)/” 


and the conjugate equation for A,*. 

We note the fact that Ai, Aj, etc fluctuate: their time derivatives are first order in 4. 
The time rate of change of A:, A;, etc are much smaller because it is second order in 4. } 
This can be shown easily from Eqs. (9), (10) and their conjugate equations. \| 

Farther we can verify that 


[A;, AiJ=O(22) , [A;*, Ac*]=O(22) , [A;, Ac*]=6j +0022) . (13) | 


These relations will be used later on. We have to note also that terms like [A;, A:*] or 


[A;*, Ai] for j+<7 are of first order in 2. 

In order to withdraw the interaction between the oscillators of the thermostat, in deriving 
the equation of motion of the central oscillator 7, we shall take the average (of functions of 
the operators A; and A;*) as to the thermostat which is always in the state of thermal 
equilibrium. Especially we shall assume that the average <A;) of A; (j-<i) or <A;*> of A;* 
vanishes. So, in deriving the time derivative of the operators of the 7-th oscillator we may | 
put 


Cxe=0 for j, kasi. (14) 
Using Eq. (11) and its conjugate equation we get from Eq. (8) 


ih i Cij 


Ai= 
 V20um = V 20;m; 


(Ay Ca iw t+ A; ok Ee, t) esttiogt 


22e28t - Cis? ( [ 1 _ 6 Ms 7 
 Qoumis 20j;M; j S+1(@;—ai) S—1(@; +a) 


SeeuceAl 1 1 
+ A;* E2mit — = = * 
; ees S=1(W@j— i) }) : ue 


and its conjugate equation. Taking the limit s>-+0, we make use of the relation 


lim ( = Janda) Rlaaata 
s>+0 \S+2X be 


Then Eq. (15) may be rewritten as follows: 


H tA y Ci 
Ag lum alam nes 


ae re 720(Wj—wi)—7 P ROR 
— Qoume 4 20 ;M5 oP— oe 


ae eer] —ni(os—a) iP( eS )}). (16) 


OF —-O/? 


Similarly the conjugate equation is obtained for A,*. 


§3. Langevin Equation 


Differentiating Eq. (6) with respect to time, we have 
ai=—ioias+e-it A, , 
ait =loiai* + eit Ay (17) 


By the aid of Eq. (16), we may rewrite the above equations, to the second Order (iN dye uas 
(in the second order terms of 4 in Eq. (16), A: or Ai* may be replaced by A: or A;*) 
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- hd 1 ay). Sl Sey Svc cy ba ae 
\ t= —iowar—iy/ ——s Sy ———.(A;e tots 4 j* givt 
2Zoumi “FS V 2ajm; Si : ) 


aa 2» a? Cie : y ° 20; 
2aumi > 204m; (af rato, wi)—1 sree 


tae] 720(0j3—i) iP(- ng ))). (18) 
(DE NO} 


and the conjugate equation for a;*. Considering the relation (2) and disregarding the principal 
value terms (for these represent the reaction by the thermostat oscillators on the central 
oscillator resulting only a shift of frequency or a level-shift), we find 


Pi=MEx , (19a) 
pitCpito2ma= —A SY oxy/ h (A; et ,t4 Ae QOp) (19b) 
j 20;M; 
where 
eae 
202mm; (19¢) 


and g is the density of the thermostat oscillators at wj=o; and Cc? is the average of ci;? over 
the thermostat oscillators at wj=a@;. 
From Eqs. (19a) and (19b) we have 


Xi AE Cxit+ 5 un a S/cuy/ h (A; ete jtt Ae M2) : (20) 
Mi fj 20j;M; 


This corresponds to the classical Langevin equation. The right hand side of Eq. (20) repre- 
sents the fluctuating random force, which, as we shall see later, supplies thermal energy to 
the oscillator (fluctuation-dissipation theorem). We take the ensemble average as to the 


thermostat oscillators noticing that the average values of A; and A;* on the right hand side 
of Eq. (20) vanish (cf. Eq. (29)). We get 


(LO+E( 4K +O m)>=0 . (21) 


This corresponds to the equation for a classical damped-oscillator. 


$4. The Relaxation Equation 

First, we observe the variation of an arbitrary operator F/ which we consider as a poly- 
nomial of a; and a;*, where we can generally fix that operators a;’s appear always to the 
right of operators a:*’s, that is; 


F=>) Fy vara" - (22) 


So, we have to consider the variation of the form a:*’a;”’. Because of Eq. (6), we have 


£ (aia) =iwi(y—v’)ai*”a” + ebro 2 Av A).. (23) 


Here we calculate the time derivative of the operator which appears in the last term of the 


above equation. As 


= (AM AY) = Acm( 2A’) te Ac) Ae" . (24) 


we have then terms like A;*”A;i--:: A;Ai--:. Using Eqs. (12), (16) and their conjugate 
equations, we take the limit s— +0, and disregard the principal-value parts (as in §3, they 
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But we must be careful about the commutation | 
After some calculation, neglecting | 


contribute to a level-shift only) as before. 


relation (13) and non-commutativity of A; and A, etc. 
terms higher than the third, we get finally 


& (Ai*”™ A”) = — hse ) sv es )r0(o—o AH + AKAD 
aN jM5 


% (ou —Detram ae aE vy—le tat Ae2A ) 


12,2 1 ) >| Ci? )reo—o) tA Am Ar 


Qaimi 20;M35 


De ssc Cas’ nolo) Hr) AP Ae” 


20;m 


ae eh 5 Blew) 


20;M; 


ais outa de 
He 


bees 
x} enteu( Ae Ay" falda 9) AA) 
2 


he 0 Agee Aree a 1) Ace2Ae") 


+A(terms linear as to A; and A;*). (25) 


We can omit the last terms first order in 2, as they are linear with respect to A; and A;* 
of the thermostat and vanish after taking average as to the thermostat: we are not inter- 
ested in these terms (cf. §2 and Eq. (29)). In virtue of Eqs. (25) and (6), Eq. (23) may be 


written as 


é 
Te 5 (aaa = 1aMi(v ay Ni 


* 4? bred. io Caz? -) r = 


X (y’(yp? — Se: +y(yv— Wa s205” ) 


bo ae 
eo (x an) xy (Go )ralo—oA Apa ay" 
J 


201M; 20; mj 


ait bai Cis JRA. 0. +y)ai ar 
j 


2wWimi 205m; 
j i Cis? 
22 fered Lat CHS i—0; 7 yy Vi 
+ (ane ) > Cua rate on» ax*’tigy’-1 
+ya;*’- lq; yytL “ed Qi Yay wi 2 ne 5 2 Cs ai*’-2 2a; *) : (26) 


Considering the following commutation relations, 


[a*, aia’ |=— yar ay’ ’ 
(27) 


[a:, ac*’ay”"|=vai*’1a,” , 
we have from Eqs. (22) and (26) 


f Fanta [ai, F\+[a* ? F ja i} 


— # 1 / Caz? 
2 ( oe e xe 205M; Jil. 0 ALA" + AAs) 


x ([ae*, [av*, F]]+[ai, (as, F}]) 
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1 ae aes 
—2r( 2aimi ) >( a ) 8.0) Ay Ala, [ai, F’\] 
tIVLy jm 


—F( a) j a ne Je 0(wi— w;)(—[as*, Flast+ai*[ai, F)) 
a ea 2 sf Dom, Ao —09)( achat ,F\+la, Fla: 
+5 lala, P+ Fala, FI) ). (28) 


As we have said in §2, we take the average as to the thermostat; 


<(A5;*Aj+ AjsAj*)) =2(Ni(o;)> +1 ; 
<A;* As) =<Nj(o;)> , (29) 
Ay A=, 
where JN; is the quantum number of the j-th oscillator of thermostat. The above two of 
Eqs. (29) are consistent because of Eqs. (13). 


From Eq. (28), taking the average as to the thermostat oscillators and considering Eq. (29), 
we get the following equation written for the matrix elements: 


(aP) =10i(n—nN’) Frnt 


dt 
nie merle ){(Mieonr+5 va DF ae 


—2V nn +1) Fa-1yns tV (On +10 +2) Fajnsa t}V Wn’ —V) Fajnr-2 


—2Y (n+1)n’ Frstynr-1 + V (nN F1I(N+2) Frs2,ne ) 

+2CNG(oo>( (nbn + DF aw Va” | ace ae 

—VG@FDWFD Fannn ) 

+(n +n’ )Fnyw—2V nn” Fran atsV n(n—1) Fr-2,n’ 

+ VAD) Fanta V EDAD) Fates 

— SVG Fuse’ } (30) 


where 2 means the n-th excitation of the 7-th (central) oscillator and Fn,” means the n,n’ 


element of the operator F. 
Now, this Eq. (30) for the operator F in Heisenberg representation will be translated to 


the equation for the density matrix o in Schroedinger representation. This can be done by 
noting that </>=trace (fo), or by the following rules. 


Frjn— Onn’ ’ 

(n’—n)Fn’' n(n’ —N)on,n’ 5 

Vw —)) Fu-2n VW FIN’ +2) on,n's2 , 
etc. ‘ . 
where ¢n,n) means the n,n’ element of the density matrix o of the 7-th (central) oscillator. 
Then we have the following equation; 
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ad Onn’ = —1oiln —N')On,n’ 


dt 
a (925 8) (hoot (VED OED mw 


402mm; 


—2V/ nw’ +1) On-1yn' tV WN— 1) Onan tV (N+ 1M(M+2) On+2,n’ 
—2V (n+1)n’ onesn a +V WAT ons) 
+2 NG(@i)>( (+n + Dann VED FD Gnesi —V/ nl On 1) 
ee 
+(N+N’) Onn? —21/ (n+ 1)(n’ +1) On+1 m4 + Siva (n’ +1)(n’ +2) on,n'+2 
1 an eek Sees [x Wee nF 2 
ote oa V (n+ 1)(n+2) On+2,n7 cao V n(in—1) On-2,n’ 
= pV RW D enw} (31) 


The average of the quantum number N;(@;:) of the thermostat oscillator 7 whose frequency 
is equal to a, is given by the well-known formula 


(Niko) => (32) 


il , 
when the temperature of the thermostat is 7, where 


is ho; 


2 ae 


0 (33) 


then, Eq. (31) may be written as follows; 


On ni —10i(n—nN' on, n! 


dt 


Kk Se oS eS 
=a V (n’ +1) (n’ +2) Onn's2 FV (n+ 1(n+2) Gn+2,n’ 
+e nin— 1) On-2,n° + V n(n’ — 1) On,n’—2) 
(+e \(Y ni’ +1) onan tV +n" onsi,n'-1) 
+[n+n' +e-%(n+n’ +2)]on.n—2V (n+ 1)(m’ +1) Onsiyn'+1 
—2e-9 nn’ on-1,n'-1 } (34) 
where 
©o{ soa Nea 
20:2uM; 
=€(1—e-®)-! . (35) 
Here, € is the same as defined by Eq. (19c). 
Eq. (34) is the generalization of the relaxation equation which Montroll and Shuler® derived. 
As they treated the diagonal terms only, the terms corresponding tO dn,n’+2, On+2,n’) On-2,n', 


Onyn’—2, On-1,n’+1 ANd On+i,n’-1 did not appear in their equation. From the equation of their 
type, the Kramers-Chandrasekhar equation can not be derived in its complete form. 


$5. Kramers Chandrasekhar Equation 


Using the density matrix element on,n’, we can write the density matrix p in the g-repre- 
sentation as 
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OCG, 923 = 21 dnyn'(t)On,w'(Gr, Qa) » (36) 


where 


KOSGN= a _@ 
On,n"(Qi, G2) / Sept /: sagan Ve A,(aqi) Hn (ags) exp ( 9 (qt+a)) (37) 


Here H,(aq:) is the Hermite polynomial of order m and qi OY gz is the coordinate of the 7-th 
(central) oscillator, and 

ey 38 

a "A (38) 


On nt =|n><n'| , 


If we use the m-representation, then 


where |7> (or <n|) is the ket (or bra) vector of -th excitation. Because 


a\ln <n |=V n |n—1><n’| , a‘*|\n><n' |=V n+l |n+1><n'| , 


and 


Pena (a mee ) at=(ag—t 2 ) 
i Tax qi i OQ ’ i a OQ. : ’ 
we have the following relations; 


—d 
Vn NR Pui nr’ =, gaat ay, On , 
rap 2 a Og (39) 


Vnt+l1 pram = 5( an a u aan yen’ : 
V2 a on 


On the other hand, from Eqs. (36) and (34) we have 


a) d 
are ; 1, if Nn ; 
5p dee 485 = S ( 4 Onell) onan 42) 
=—10; a3 (N—N’)On,n’On,n’ 
7 = DLV WD W 42) Inne FV (n+ Y(M+2) Sne2n’ 
+e n(n— 1) On-2,n? + V n(n’ — 1) Onn’—2) 
—(1+e-\(V n(n’ +1) On-1,n'41 tb V (n+ )n’ On+1,n’-1) 
+[nt+n’ +e %(n+n’ +2)]on,n’ 
—2V (n+ 1)(n’+1) On+1,n’+1—2€ ° / nn On—1,n’ 1} On,n’ 
=—10;4 Ss (N—N')On,n’On,n’ 
n,n’ 
— Es DS a V n(n’ — 1) On,n’-2+ V nn— 1) On-2,n’ 
+e (VY (n+ I(n+2) Onsa,atV (n’+1)(n’ +2) On ,n’+2) 
—(1+6e°(V (M+ Onsiynt-atV Wn’ +1) On—1,n’+1) 
+[n+n’+e-%(n-+ n +2)]0n,n'—2V nn” On-1,n’-1 
—26e-°/ (n+ 1)(n’+ 1) On+1,n’+1} Onn’ 5 (40) 


Making use of the relation (39) and noting Eq. (38) we have from Eqs. (40) and (36) 


0 , 1 h? / 0? ach Nai | ie ij 
2 og. as = —5| Stuart qs? ap 9 (q1?— 42”) |0(Q1, G2; b) 
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ate] 2 a—ay | 0(G1, q2; t) 


del (aan — ge) Pla as 0 (41) | 


This is to be compared to the equation which Zwazig” derived from the relaxation equation } 
of Montroll and Shuler. | 

To make the classical distribution function expressed in terms of position y and momentum / 
p from the density matrix, we make use of the Wigner’s distribution function; that is 


—- 


gia 
2 

—_ 
2 


Teepe d=a5 | ef2vulk dyo(r, y; t) , (42) | 


where 
M="-),  Q@=rty. (43) 


From the transformation (43), the following relations are derived easily; 


(a3 = Oe = Os Dep 
qx? san) ray PPR fal (44) 
(M1 —qz)’=4y? , @-a( 7 = a \= Se , 

Ogn OM Oy 


Integrating partially, and bearing Eq. (42) in mind, from (44) we have 


oe ie ate ef2vy/k dy| il eat oO? oO ho 


“h Or xh 2\dq2 Aq? 
inrOL = TN" esme dy| ata) lo, 
se ae > = ie CRUE Gi Gr—=G2) Od, Sa) | 

25 on= Sl 2m ania —an( 5-2 \p | 


By multiplying e?/*/zh to Eq. (41) and integrating over y, and using Eq. (45) we have 
the following equation; 


rere miestils ks phy hte tmoh f+ ui a SCORE (46) 


Here, we write 


hw0* =2 tanh (6/2) . (47) 
As easily seen, at high temperatures 
1 
a 
Y RT (48) 


Bearing in mind that «(1—e~®)=€ (cf. Eqs. (19c) and (35)), we obtain finally 


Ath ci mor f= =C5 (op+ g eneite (49) 


m Or 0* Op 


This is Kramers-Chandrasekhar equation. Here we notice that our € is twice the Zwan- 
zig’s. As there were extra or rather missing terms in his calculation, his € had to be a 
half of ours. 
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§6. Spin Relaxation 


In this section we shall be concerned with the relaxation phenomena of a spin 3 under a 
constant magnetic field. As before, we consider the thermostat composed of a infinite number 
of harmonic oscillators. The interaction between the spin and the thermostat oscillators will 
be assumed simply to be 


A V= > Aj Q jxSx+ Q jySy + EjQ 5282) (50) 


where Qj=(Qiz, Qiy, Qiz) stands for the coordinate of the j-th oscillator in the thermostat, 
$=(Sz, Sy, Sz) the spin coordinate and &; is a numerical constant introduced in order to ascertain 
slight generality. 

Such a problem is included in the general treatment by F. Bloch». According to his result 
the relaxation equation is 


adM/dt=7 Mx H—iM,/T2—jM,/T2.—kM:—M))/T: , (51) 


where M., M, and Mz are the components of magnetization M, i, j and k the unit vectors 
along x, y and z axises. y=2y/sh as usual. The external field is along the z-axis and Mo 
is the equilibrium magnetization. If the interaction is the form given by Eq. (50), the theory 
of Bloch indicates that 


<2) (146 ‘), 
(52) 
La 
Ph ae at IS) 
Tye Oh. |? 
with «=ho/kT=7Ho/kT. We have (Q*=Q:+iQy) 
0,,.= > P(E VE |2jQ5* |B + hoo E+ havolasQst|E%) , 
Ah? 3 
(93) 
0, Dd PE VE asl E VE VAsE QE =0 , 


ee 


where P(E’) is the probability that the thermostat has the energy F’= >) (mj;+4)ho;. As 
only the oscillator with frequency j= has the matrix elements 


(nlQsIn-+1)=(n-+110H|n)=V/n FL Vo (54) 


we are lead to 


ape tee rites Sas) (55) 


Te IS ler 4mjajh 


This is the consequence of Bloch applied to the present case. § 
Now we shall use the method of the foregoing sections to this problem. The total hamil- 


tonian is 


BC =p Host E ( det +mswrOs +4 V4V’ (56) 
ENC, 


where V’ stands for the interaction within the thermostat. If we write 


st=Szt isy , (57) 
=QjzHiQin s 


the equations of motion for the spin become 
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st= ions + D Ay —Q5ts2. + EQ 525") , 
$- = ions" +t Di ANQsi-se—EsQses-) 5 
=2 DA H-Ors' Oss"). 


Next, we define 


S+ =etiwptst Z S2=S:z 5 
Ajt=e'°s'!(Gjnz EE 1Qjq) ; Aue, Coule 
Ayn = Om Or (Gyen = 1A jy) : Aj* Se Oy ; 


where 
Gy 1/1 Qs+iPilmse), 
Tish y/ M104 Qs—iPilmnso) 


Commutation relations are 


[Aj*, Ax-]=[As**, An*-]=[A3*, An**]=[As, Ax* ]=0, 


[Aj*, Ax*-]=[Aj-, An**]=20 5x , 
[Ajz, Ane*]=Oju . 


With these transformations we get the following set of equations for the spin 


St Eh he 
“72 ieoran 


==(Ca to 5t A jt + efost A j**)S,e7 tot 


— Ej(e72 st A get eos A 527 )S +} : 


ei” tA; — + etojt A i*- Ss Ee ot 


—Ej(e7 FHA je tet? 5* A ye*)S—} 5 


a, SA ee h {—4(e- #56 Aj + ets A s#-)S tel 08 


MjW; 


te or att eat As* 98 —e-F0t > 


An analogous set of equations holds for the thermostat oscillators. 


1a 


A,i=— Jj eo ee SA, +/ 
: V 2m;0. wsh 

A5-S— i eee oe Sei Coote sre Age ; 
1 teen, ae Bias 

A ate ee heyy Az’ ees 
j ono COON AG 

CLG; 


The terms Aj etc. are those due to the interaction within the thermostat. 


with bar are to be introduced by, for instance, 


(Vol. 14, 


(58) 


(59) 


(60) 


(61) 


(62) 


(63) 


The operators 
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St=6r— >; cy (4x ee i dit+ Aj** * pies eg)t dt Ss 
h 2Mjo; 
tee? t == = 
+6 Aus| e-*9 dt-+-Aj.* [et at)s*| ‘ 


= ; Ye aa =s t ae — 
S:=S; + DS ae Soke | E7i(@j-w9)t dt+ Aiyt-|'etosven dt \s 
503 | (64) 


ae tee? \'e en ilo jtoo)t at+ As e%(j—e9)t dt \s-} ’ 


an, Seri t 
Aye Ap Timon | ror en dip Ay); 
josh 


CG: 


where, as before, A;’ etc. are the terms due to the interaction within the thermostat. These 
terms may be omitted for the equation of motion of the spin. Instead, we put the equilibri- 
um properties on the barred operators of the thermostat oscillators: For example, the aver- 


aged quantities like <A;> are to vanish. We insert the above expressions in the right hand 
side of ee (62) and take the average. After rather lengthy calculation we get finally 


ES*>= = S ME (CAMA YH 0; on XS*)+ (Oj OKS*Y} , 
Dey bales a . . (65) 
dt coe 

Me (Spa 3S pA (Ay Ait + Ai As y0(0s—00)\Sz)+0(0)—0n)} 


The average is, however, as is seen easily, 


5 Ai Ay + Ap Asya AM Ap) + 16 Ap AM 


eal Lie 2 Pig 2@, => CE lene 
=50 mene ch °Q) jz P: tr yen vind ie® Qiy jis fo keer (66) 
Therefore the relaxation equation takes the form 
EkS=-4 5 ASAB os 0). (45,4 j(Sq>+2K6Sz)—(S2>0)) (67) 
rae 4ajmjh 
where 
: 1 fe-*/2— ex? 
S+=S,+iSy , (Smo=5( ape) (68) 


Thus the Bloch equation is justified. v0 
Before closing this section it seems worth noting the following: We may place the S- 


operators to the left of A-operators in Eqs. (64). If we do so, Eqs. (65) are to be changed 
accordingly. But the relaxation equation is not changed as can be seen easily. 


Appendix A. 
As a special case of Eq. (26) in §4, we can derive the equation governing the change of 
energy of the i-th (central) oscillator®. In Eq. (26) we put vy=vy’=1. Then we have the 
following equation; 


4 (achar)= P2a( 52) & (Goes ood AKAs 


201m 205M}; 


—#al : ) 5. (5a, ho enl2aitar—at—ae (A.1) 
201m; 205M; 
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Here we take the average with respect to the thermostat oscillators, on which we put the 
same properties as before (cf. Eqs. (29)). Then we have 


DAD 
ew = ie : lage anes 


1 
d 202mm ae (2ai*ai—ai? —ai”) 


=¢| (Nien) +5 = ; (ai*ait+aiai*—a**—ai") ; (A.2) 


(cf. Eq. (19c)). Because the energy of the 7-th (central) oscillator E; can be expressed as 


B= ho ata+->) (A.3) 
and its time derivative is 

Gdpiy, Geis (A.4 

dt Ei Mion (ai ai) ) ) 


we have, from Eq. (A.2), the following equation; 


fEe =¢| han (<Nie.))+ + 24 PO ata, aar* —a"*—ai) (A.5) 
According to the relation (2), we can write 
hori (ai*ait+aiai*—ai*?—a?) = be : (A.6) 
2 m 
So, Eq. (A.5) may be written as 
sB=C har( Nio))+-> ) aa. . (A.7) 
dt 2 m 
This must be compared with the equation 
é B=€ ha( <Niw))+5 )—Ec| (A.8) 


which can be derived from the Montroll-Shuler’s relaxation equation®. 

We rather think that Eq. (A.7), which can be derived also from the Kramers-Chandrasekhar 
equation, is more reasonable one than Eq. (A.8). The Eq. (A.8) is too sooth to describe the 
process in which the system approaches to equilibrium. 


Appendix B. 


We can show that Eq. (34) is equivalent to the following operator equation derived previ- 
ously by one of the authors® for the density matrix o: 


af = iy HoH) + C|(<Ndwd>+-5) homes +o ( PeLeP (B.1) 


To verify this equivalence, we have only to note the following; 


{ «(x0 —6%)—(x0—0x) x} nn = {326 —2x0K+627}n sn! 


h oo 
2muiai ) On+2,n’ + NOn,n' + n(n— 1) On-2¢n! 


—2Y (n+ In’ +1) ons1jn'41-2V (HEDN’ Onsijn'1—-2V WN’ +1) On-1yn'41 
—2V nn On—1,natV (N41) (42) Onynteat (0! +1)on,n° 
+V (WI) onyn'-2 +N! Gn ,n'} , 

and 
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{x( pot op)—( pot op)x}nn={xpo+xop—pox—opx}nn’ 
= {(+ Donn —V/ HETIRD omen — Nom at + VW) ona 
+2V (n+ 1+) onstyn's1—-2V NN’ On-1,n'-1 
—V (#1) (HW +2) on nsx’ + on t+-V (nD) Onjn!2—N' Onn’ (B.3) 
| Further we have (cf. Eqs. (32) and (33) 


Oe eee: acids 
2(1—e-*) nat | <i 2 Ree (<Ns(o)+ 2 ) , (B.4) 


and in general 
0 
Op 


By repeated use of the last equation, we get from Eq. (34) the operator equation (B.1). 


al | 
= (GaGe ie (B.5) 


Appendix C. 


If we regard p, x as classical variables instead of operators, we can derive the Kramers- 
Chandrasekhar equation by the method as follows. 


Let 
Gj Aje s , 
aj*= A;* giost (C.1) 
and 
pi=—iV/ wymsh]2 (Gs—Gs*) , 
: iio (C.2) 
Xi=V hl2wjm; (ai+a;*) , 
then, Eq. (19) may be written as 
i= 1/4 5) 
. Pil Pe | (G3) 
pi=—oPrmx—Cpi—A py CigX5 - 
Further from Eqs. (6), (12) and its conjugate equation we have 
— ay, = 
De 0 oe py C15 O(@i— 05) X35 , 
: (C24) 
X= Xi— ZA SY ci 0(@i— 0) Bs , 
2Mimj j 


where fi and x; have analogous meaning as ps and x; defined by the relations (C.1) and (C.2). 
And we must notice that p; and x; in Eqs. (C.4) are those of the thermostat oscillators 


whose angular frequency are equal to a. 

Here we regard Eqs. (C.3) and (C.4) as the equations for the classical variables. This is 
reasonable, for we may consider a, a*, A and A”®* as the classical variables transformed 
from the classical variables p and x. In this interpretation, the following translations are 


needed 
[a, G26, 
“ (C.5) 


7) 
* pe bey. 
[a*, G] Ag om 


where G is an arbitrary function of a and a”*. 
Now, we introduce an arbitrary function F( pi, xi) of classical variables pi and «. Using 


| 
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the classical Eq. (C.3) we get 


d : ° 
preg hve bi 0 
Oy) mikege F+ Oe F 
TE 0 
ape _ “Ci;X}—— Ee. C.6)) 
Cae A siesta ( | 
Here we assume that 
XP D= 
gare (C.7)4 
{xj pj>=0 , 


where < » means the average taken over the thermostat oscillators. These assumptions | 
correspond to those of (29). Then using Eq. (C.4) and considering that the difference between 


pi and pi is the order of 2, we have to the second order in 4 


Peg oR PT 
Ca > Cig Xj ay a omkT ae P 


Taking the average of Eq. (C.6) over the thermostat oscillators, from Eq. (C.8) we have 


ae: a 0: 
dt F=— 0x Opi F— Chin aes CT ee 10% 


(C.8) 


pi 
aes mi Oxi 


(C.9) 


Let f(pi, %;¢) be the distribution function of i-th (central) oscillator, then the following 
relation must be satisfied; 


ir é P) fdpi du=\ Fer fdpide. (C.10) 
Using Eqs. (C.9) and (C.10), we get 


pi _0 
i Pi ieee Mien Co pe Ft Sk T 


8 f dpi d= \(—otmeac a? 


= \F( oem? 


where to get the last line we have used the partial integration. 


To satisfy Eq. (C.11) for an arbitrary function F, the distribution function f must satisfy 
the following equation 


F) Kopin 


«ve 
ot See pide) eet (C.11) 


i a 


mi Oxi 


0a} pal ep fix. 0 
ot otmixi. f=ty.( bf tmaT Sf). 


ap. (C.12) 


This is the classical Kramers-Chandrasekhar equation which we have wanted to derive. 
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Systematic studies of the preparation procedures and the electrical 
characteristics of the alkali antimonides, such as sodium, potassium, 
rubidium and cesium antimonides, were carried out. It has been found 
that these antimonides can be classified into two groups, i.e., a group 
which transits from p-type to n-type with successive activation, e.g. 
sodium and potassium antimonides, and a group which keeps constantly 
p-type, e.g. cesium antimonide. Rubidium antimonide was recognized 
to be an intermediate compound lying between these two groups. Supp- 
ly of excess alkali metal, deposition of additional antimony and super- 
ficial oxidation gave remarkable effects on the dark and photoconducti- 
vity and the photoemission, but these effects proceeded in opposite 
derections in these two groups. With decreasing temperature, the 
mobility of n-type compound decreased, whereas that of p-type one 
increased. A picture of impurity states in these compounds was pro- 
posed in order to interprete the above mentioned phenomena, taking the 
ionic radius of alkali atom and the crystal structure into consideration. 


§1. Introduction 


Alkali antimonides are intermetallic compo- 
und composed of alkali metal and antimony 
as represented by M:Sb. Among them, cesi- 
um antimonide (Cs-Sb) is a well known photo- 
cathode material with high efficiency in visi- 
ble spectral region. Many investigations on 
the mechanism of photoemission have been 
concentrated on this material.Y Cs-Sb has 
usually not stoichiometic composition and 
is a p-type semiconductor confirmed by the 
measurements of Hall effect? and thermo- 
electromotive force.» Other alkali antimoni- 
des, such as Rb-Sb, K-Sb and Na-Sb, have 
been scarcely studied so far because of their 
low efficiency of the emission for visible 
light. However, it is worthwhile to investi- 
gate systematically these all alkali antimoni- 
des, not only Cs-Sb, in order to obtain more 
information about their emission mechanism. 

In 1953, Suhrmann and Kangro” reported 
that K;Sb was an m-type semiconductor. 
This fact seems to be strange compared with 
the p-type conduction in Cs-Sb. In 1958, we 
showed® that Rb-Sb, K-Sb and Na-Sb were 
n-type semiconductors and that the dark and 
photoconductivity and the photoemission be- 
haved in opposite manner to Cs-Sb when a 
small amount of antimony or oxygen was in- 
troduced on these materials. Recently, Som- 


mer® independently reported almost similar 
results. The main purpose of the present 
paper is to elucidate these remarkable pheno- 
mena in alkali antimonides. 


§2. Preparation of Samples and Experi- 
mental Method 


As is usual for the experimental study of 
photo-cathode, great care must be taken to 
avoid impurities and contaminations. We us- 
ed Sb of the purity of 99.999% containing As 
as main impurity and alkali chromate of the 
highest purity commercially available as alkali 
metal source. 

Fig. 1(a) shows the experimental tube for 
the measurements of conductivity, photocon- 
ductivity, photoemission and optical transmis- 
sion. For the measurement of Hall effect 
the another tube shown in Fig. 1(b) was em- 
ployed, whose electrodes were made of non- 
magnetic materials. 

After evacuation and degassing, Sb was de- 
posited onto the aquadag electrode provided 
on the inner wall of the glass tube. In order 
to obtain the electric characteristics in bulk 
and to separate the internal from the exter- 
nal photoelectric effect, much thicker layer 
than that in usual photo-tubes was adopted. 
The thickness of Sb layer, ranged from 1000A 
to 20004, was monitored by the optical trans- 
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mission which was previously calibrated by 
multiple interference method. The alkali 
metal was distilled by heating the mixture of 
the alkali chromate and the reducing agents 
such as powdered Al, Si and W. At tem- 
peratures between 150° and 180°C, the alkali 
antimonides were prepared by the reaction of 
the alkali metal vapor with Sb layer. 

In Cs-Sb, the thickness of the final layer 
is about 8.1 times larger than that of the 
initially deposited Sb layer.” In other alkali 
antimonides, an expansion of the same order 
may be expected. 

During the formation processes, the resis- 
tance, the photoemission current, the photo- 
conduction current and the sign of thermo- 
electromotive force were measured. 
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Fig. 1. Schematic pictures of the experimental 
tubes. (a) Tube for the measurements of dark 
and photoconductivity, photoemission and optical 
transmission. (b) Tube for measurement of Hall 
effect. A: Anode. B: Sb evaporator. C: A- 
quadag electrode. D: Alkali antimonide sample. 
H: Alkali metal source. #: Movable mask for 
Sb deposition. 


§3. Experimental Results 


3.1. Behaviors in the course of prepara- 
tion 

Fig. 2 shows schematically the behaviors of 
the dark resistance at 170°C, the photoemis- 
sion current at 20°C and the photoconduction 
current at 20°C in the course of preparation. 
In abscissa, ‘‘M’’, ‘“Sb’’ and ‘‘O,’’ denote 
an alkali metal reaction with Sb layer, an ad- 
ditional small amount deposition of Sb and a 
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superficial oxidation at oxygen pressure about 
10-4 mm Hg respectively. The abscissa shows 
also the sign of majority carrier determined 
by thermo-electromotive force. 


Dark resistance: 


In Cs-Sb (Fig. 2a), if Cs supply proceeded, | 


the resistance increases rapidly and then 
reaches a maximum value, at this stage the 
color of the layer is transparent yellow. If 


Cs is supplied furthermore, the resistance de- | 


creases and then slowly increases, the color 


becoming deep red. The resistance decreases » 


considerably by the process ‘‘Sb”’ or ‘‘Q2”’. 
Fig. 2b shows the behaviors of K-Sb as a re- 


] K-Sb ne 


Cs-Sb 


(2) 


R 


PHOTOCONDUCTION CURRENT le (ARB.UNT}—— 


PHOTOEMISSION CURRENT le (ARB.UNIT) 


DARK RESISTANCE 


Fig. 2. Schematic representation of the behaviors 
in the course of preparation. (a) Cesium anti- 
monide. (b) Potassium antimonide. 


presentative of Rb-Sb, K-Sb and Na-Sb. 
After the maximum resistance is established, 
the resistance decreases relatively rapidly 
and the color changes abruptly from red to 
violet, though this color change is insufficient 
in some samples of Rb-Sb and is not apparent 
in Na-Sb. This state corresponds to the near- 
ly degenerated one, which will be described 
later. In contrast with Cs-Sb, the resistance 
increases by ‘“‘Sb”’ or ‘,O,”’. 

Photoconduction: 

Photoconduction current could not be mea- 


1959) 


‘} sured until the resistance bigins to decrease 


' through the maximum value and becomes ap- 
‘| preciable with over alkali supply. In the K-— 
Sb group, enhancement of the photoconducti- 
vity is brought by additional deposition of Sb 
after the resistance decreased fairly, in con- 
trast with the case of Cs-Sb. ‘‘ O.’’ suppres- 
ses the photoconductivity and increases noise 
current in all antimonides. 


Photoemission: 

The photoemission increases with increasing 
resistance during alkali metal supply. If 
alkali metal supply is continued further, after 
the resistance peak is established the emis- 
sion decreases slowly in Cs-Sb and rapidly in 
other antimonides. ‘‘Sb’’ causes also the 
emission decrease in all antimonides. ‘‘O,”’ 
causes the emission increase in Cs-Sb, i.e., 
the so-called ‘‘ oxygen sensitization’’ occurs, 
whereas in other antimonides this treatment 
causes the emission decrease, though some 
samples, especially Rb-Sb, show the opposite 
behavior. The absolute luminous sensitivity 
was 40—60 4A/Im for Cs-Sb, 10—20 “A/Im 
for Rb-Sb, 5-10 wA/Im for K-Sb and <1 A/ 
Im for Na-Sb. 


Thermo-electromotive force: 

The sign of the thermo-electromotive force 
was observed during the preparation. In Cs- 
Sb, the sign is always negative, indicating 
that positive charge carriers are predominant. 
Ii plenty of Cs is occasionally introduced, 
some samples change to n-type. However, 
this state is not stable, but returns to p-type 
with subsequent heat treatment. This pheno- 
menon is considered to be surface conduction 
and seems to be the same as observed by 
several investigators. In K-Sb and Na-Sb 
the transition from p-type to n-type takes 
place just after, or in some cases even before, 
the peak resistance is attained. In Rb-Sb, 
this transition occurs rather later than for- 
mer two, and some samples keep p-type con- 
duction and do not degenerate. 


3.2 Electrical properties 


Temperature dependence of conductivity: 

Temperature dependence of the conductivi- 
ty was measured over the range from 500° 
to 77°K, at several stages during preparation. 
In Cs-Sb, the slope in log conductivity versus 
1/T plot decreases with Cs supply from ca. 
0.4eV at initial stage to ca. 0.15eV at final 
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stage. Wallis® has collected in his paper 
many different values of activation energy of 
Cs-Sb ranged from 0.4 to 0.025eV, which 
were reported by many investigators. Such 
dispersion seems to be proper characteristics 
expectable from inhomogeneity of this com- 
pound. The curve of largest slope serves 
the value of the zero interception of the in- 
trinsic order (10?—10‘ 2-1cm71), and so it is 
considered ideally to give the minimum 
energy difference between the conduction 
band and the filled band. 

Fig. 3 shows a typical one in K-Sb as a 
representative of all 2-type compounds. The 
slope decreases with alkali metal supply. 
The largest slope is considered similarly to 
give the intrinsic gap, and the mean value 
for many samples is listed in Table I with the 
values for other compounds. A remarkable 
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Fig. 3. Conductivity vs. 1/T for K-Sb. Numbers 


denote the preparation stages. Chain curve 


shows a degeneration limit. 
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Table I. 
energy. 


Maximum value of electric activation 


| Cs-Sb Rb-Sb K=Sb° Na-Sb 


Max. activation 
energy 4/2 (eV) vee ho 


OFS O85 


difference from Cs-Sb is the flat part at low 
temperatures (curve 4). At the final stage 
of activation, temperature dependence almost 
disappears (curve 5). This state gives the 
large value of carrier concentration of the 
order of 10'%cm-* by using the value of 
mobility »=10cm?v-!sec"! as given later, 
and satisfies a condition for degeneration 
(chain curve) calculated from the equation: 


h? 3n\2/8 

be pe libres 
Hence, supply of excess alkali atom to Rb- 
Sb, K-Sb and Na-Sb makes finally a degene- 
rated state. The color of the layer is red in 
the state 4 and is violet in the state 5. Ac- 
cording to the detailed measurement of optical 
transmission spectra, however, actual layer is 
not so homogeneous that even at earlier 
stage of activation (e.g. curve 4) the degene- 
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Fig. 4. Hall mobility and carrier concentration 
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rated state is partially produced. The flat | 
part of curve 4 is presumably due to this 
partial semi-metallic conduction. Curve 6 is | 
obtained by ‘‘Sb’”’ and shows that the de- | 
generation has been removed. 


Hall effect: 

The sign of the majority carriers observed 
in this measurement coincided with that in 
the thermo-electromotive force measurement. 
As is shown in Fig. 4, Hall mobility of Cs- 
Sb increases with decreasing temperature, in 
agreement with Sakata’s observation.» As 
a contrast, the mobility of the nearly degene- 
rated K-Sb, as a representative of all mu-type 
compounds, decreases with decreasing tem- 
perature. This may be taken as an indica- 
tion of the presence of impurity scattering 
due to large impurity concentration in n-type 
compound. The mobility of Cs-Sb is, in 
general, smaller than that of other n-type 
antimonides by about one order of magnitude, 
though the values are dispersing. 
$4. Impurity Model for Alkali Antimonides 
and Discussion 


Before discussing the impurity state in 
these antimonides, we must consider chemi- 
cal impurities in host material. Since Sb is 
the common component in these compounds, 
impurities contained in Sb will not be a 
cause for the opposite behaviors in two groups. 
Alkali metal vaporization is performed by a 
fractional distillation process, and so the alkali 
metal vapor is considered to be fairly pure. 
However, in the procedure of reaction of Sb 
with the alkali metal vapor of lower vapor 
pressure, such as Na, impurities of higher 
vapor pressure, such as Cs, should be avoid- 
ed, because it forms quickly undesired com- 
pound. Existence of such alkali metal as Cs 
gives definite effect on the photoemission be- 
cause of its high efficiency. But this effect 
was not observed in the present experiment. 
Consequently, chemical impurities may be 
left out of consideration. In practice, deposit- 
ed Sb layer does not form regular lattice, and 
the reaction with alkali metal is essentially 
a solid phase reaction. Then, many imper- 
fections must exist in these compounds. 
Microscopic density of CssSb calculated from 
X-ray’s data is 4.42 gcm=-3, while macroscopic 
density calculated from optically determined 
thickness is 1.54gcm-3. This discrepancy 


| 1959) 


may be taken as a support of above sugges- 
} tion. 
tion and grain boundary must effect on the 
| electrical properties. 
| there are such definite experimental results 
jas Cs-Sb is a p-type semiconductor and con- 
| tains excess Cs atoms.}01D 
| difficult to determine the origin of the accep- 
| tors, it is one reasonable way to identify the 
: Cs atom, which occupied Sb site substitu- 
| tionally, as acceptors, as was pointed out by 
| Jack and Wachtel. 
| des, the same interpretation may be adopted 
on the p-type conduction at initial stage in 
} activation process. 
' introduced 
atoms, this time, occupy the interstitial posi- 


Lattice defect, stacking fault, disloca- 


On the other hand, 


Although it is 


In other alkali antimoni- 


When alkali atoms are 
in large quantity, these excess 
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tions in the lattice if possible and act as 
donors. Ionic radii of K and Na are so small 
that it is possible to enter the interstitial 
position, and, therefore, if donor concentra- 
tion Np becomes larger than acceptor concen- 
tration Nu, a transition from p- to m-type 
may be observed. In Cs-Sb, however, it is 
difficult to occupy the interstitial position be- 
cause of the large ionic radius of Cs, so that 
m-type conduction does not appear, except 
surface conduction of 2-type. Rb is consider- 
ed to have the limit radius for this possibili- 
ty. It has been reported so far that CssSb 
has a cubic lattice and K3:Sb and NasSb 
have a hexagonal structure, provided that 
the preparation methods have been different 
from those used in photo-cathodes. Table II 


Table II. Densities of alkali antimonides calculated from X-ray’s data,»12) assuming that crystal 
structure of each compound is either cubic or hexagonal. Parentheses denote interpolated values. 

Fire ; lattice const. : 

Compound ionic radius of ; : density 

alkali ion (A) a(A) c(A) (g cm-3) 

B-Li;Sb : cub. 0.78 5.56 | | 5.47 

a-Li3Sb : hex. 0.78 4.70 S2on | 2.98 

Na;Sb : cub. 0.98 (6.9) | (3.81) 

NagSb : hex. 0.98 5:35 9.49 | 3.43 

K;Sb : cub. | 1.33 (8.2) | | (2.85) 

K;Sb : hex. 1.33 6.02 | 10.69 2.36 

Rb3Sb : cub. 1.48 (8.9) (3.54) 

RbsSb : hex. | 1.48 (6.1) (11.0) (3.54) 

Cs3Sb : cub. 1.70 9.18 4.42 

Cs3Sb : hex. 1.70 (6.2) Ge 2) (4.63) 


shows microscopic densities calculated from 
X-ray’s data assuming that each compound is 
able to crystalize in two different structures, 
because the transition between these may be 
possible. Parentheses denote the interpolated 
values. Remarkable result is that the density 


of n-type sample is smaller in hexagonal form 


than that in cubic one and that of p-type 
sample is small in cubic form. Crystal form 
of small density is able to involve larger 
amount of interstitial atoms than that of larger 
density. In K-Sb, for instance, interstitial K 
atom is more stable in hexagonal crystal than 
in cubic one. 

The interpretation of decrease of activation 
energy with alkali metal supply and the esti- 
mation of the donor concentration at de- 
generated state are made as follows: If No 


increases successively, the distance between 
donor impurities decreases and the wave func- 
tions of the impurities overlap. Though the 
levels will distribute at random in the forbid- 
den band, the model proposed by Conwell? 
may be applied in this problem. That is to 
say, the vanishing of the activation energy 
should occure at 7s=2«anu*, where 7s is given 
by 4/3xzrs=1/Np, « is a suitable dielectric 
constant and az* is the radius of the first 
Bohr orbit for a carrier of effective mass m”*. 
The value of « of Cs-Sb may be estimated 
to be slightly larger than the optical dielectric 
constant xo=4, obtained from the refractive 
index,» as «=6, by taking some ionic natures 
of this compound into consideration. Nearly 
equal value of « is expected for the other 
compounds, too. Assuming m*=0.3m, 7s 
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=2«an*=2.1X10-7cm, hence Npo=2.7x10?9 
cm-*. This value is fairly in agreement with 
the free carrier concentration at the degene- 
rated state, though somewhat larger. This 
large value of Np must give some effects on 
the crystal lattice more or less. A variation 
of crystal structure, presumably from cubic 
to hexagonal or from amorphous to hexagonal 
one, accompanying the color change and 
abrupt increase of Np may possibly occur 
in this condition. 

In u-type sample, ‘‘ Sb’’ and ‘‘ O,’”’ decrease 
the interstitial and substitutional atoms com- 
posing some compounds with these elements, 
and consequently the conductivity decreases, 
though still Np>Na holds. In -type sample, 
Np decreases in the similar way, and there- 
upon the conductivity increases. 

The detailed discussions of the photoemis- 
sion and the photoconduction will be present- 
ed in the subsequent paper. 

At last, we must state a remark on the 
intrinsic electrical nature of the alkali anti- 
monides. The Brillouin zone of Cs-Sb of 
cubic structure is just filled with electrons at 
the stoichiometric composition Cs;Sb!® so 
that the property of intrinsic semiconductor 
will be expected. But, it is somewhat ques- 
tionable to assume that the hexagonal alkali 
antimonide with stoichiometric composition is 
an intrinsic semiconductor as it is the case 
for cubic structure, because the zone of such 
structure may be not completely filled with 
electrons. 


§5. Conclusions 


From the systematic studis of the prepara- 
tion procedures and the electrical properties, 
a picture of donor and acceptor states in 
each alkali antimonide consistent with the ex- 
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perimental results has been presented taking: 
the ionic radius of alkali atom and the crystal) 
structure into consideration. The presenti|) 
viewpoint should be further correlated to the 
explanation of photoelectric phenomena, as: 
will be described in the subsequent paper.. 
Photoelectrical study will infer whether the: 
present model has a more general validity or? 
not. 
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Photoemission, photoconduction and optical absorption of sodium, potas- 
sium, rubidium and cesium antimonides were studied at several stages 


in the course of preparation. 


In the former three, supply of excess 


alkali atoms caused the decrease in optical absorption and photoemission 
at the photon energies higher than the absorption edge, whereas in the last 


one these phenomena were not remarkable. 


Photoconduction character- 


istics were interpreted by assuming two impurity states (donor and ac- 


ceptor) in each antimonide. 


At last, two kinds of energy band structures 


in k-space were proposed on the basis of the crystal structures (cubic 
and hexagonal), using the energy values obtained from measurements. 


Introduction 


§1. 

Many studies have been concentrated on the 
photoemission” and the optical absorption” of 
Cs-Sb. Photoemission of this compound is 
usually attributed to a volume effect, because 
of the large optical absorption coefficient and 
the high quantum efficiency in the spectral 
region within which the photo-electrons are 
available. But only a few measurements were 
carried out on photoconductivity”, despite of 
great importance for the understanding of the 
optical excitation process in this compound. 

In addition, very few studies on the photo- 
emission were made on the other antimonides 
of alkali metals*?, such as Rb-Sb, K-Sb and 
Na-Sb. Recently, the photoelectric charac- 
teristics of these compounds were reported 
by Spicer®) in cooperation with Sommer. 
Entirely independently of these investigators, 
we made detailed studies on photoelectrical 
properties, including the spectral distribution 
of the photoemission and photoconduction®. 

In the preceding paper”, we have discussed 
the physical nature of the impurity states in 
these alkali antimonides. Present paper has 
two purpose. The first is to examine the 
correlation of the impurity with the optical 
properties, such as photoconduction, photo- 
emission and optical absorption, and the second 
is to give a suitable energy band model for 
these alkali antimonides. 


§2. Experimental Method 

In the preparation of samples, special care 
was taken on the layer thickness. Since these 
materials are photo-emitter, the measurement 


of the photoconduction is disturbed by the 
emitted photo-electrons which skim toward the 
positive electrode. For this reason, so far the 
photoconduction measurement has not been 
carried out in the spectral region within which 
the photoemission is available. To avoid 
this difficulty, the comparatively thick layers, 
from 1.0% to 2.04, were employed. When 
incident light falls on glass side surface as 
illustrated in Fig. 1, almost light is absorbed 
in the layer, because of the large optical ab- 
sorption coefficient, and the transmitted light 
is very weak at the vicinity of vacuum side 
surface. Thus, the photoconductivity can be 


Vea. : 
aire VACUUM SIDE 
Cae JY.\\ \NCIDENCE 


Fig. 1. Direction of light incidence. 

measured over extended spectral range with- 
out interference due to externally emitted 
photo-electrons. For the measurement of the 
photoemission the light was projected from 
vacuum side. We have shown in the preced- 
ing paper that activation and additional treat- 
ment give considerable change on the electrical 
characteristics. Therefore, the optical and 
photoelectrical measurements were made at 
several stages in these processes. The light 
from tungsten lamp was chopped at the fre- 
quency of 180 cp and the photo-current was 
measured using a high sensitivity tuned am- 
plifier. Such method was especially required 
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for the measurement of photoconductivity, \ 
because the photo-current was quite only a 
fraction of the dark current. The glass prism 
double monochromator was employed for the 
spectral measurement. In order to measure 
the photoconductivity decay, sample was il- 
luminated with pulsed light from argon 


107 


discharge tube, whose pulse width is shorter ¥e 

than ly sec, and the photo-current was ob- gZl0 
served with a cathode-ray oscilloscope. DH 
= 

§3. Experimental Results and Discussion 2 G3 
3.1 Optical absorption es 


Samples with different thickness were pre- 
pared for the measurement of transmittance. 
The difference of the logarithms of transmis- 
sion for different thickness is proportional to 
the absorption coefficient. Although satisfac- 
tory method to determine the absorption edge 
has not been developed yet so far, the edge 
can be approximately given by extrapolation 
of the above mentioned transmission difference 
curve, even if exact value of layer thickness 
is unknown. Fig. 2 shows the transmission 3 3 
spectra and the transmission difference curves PHOTON ENERGY (eV) 
for typical samples. The magnitude of ab- Fig. 2(b). 
sorption coefficient in higher photon energy 
region is estimated to be of the order of 10° 
cm, The absorption in lower photon energy 


10" 
ee 
ie) 
io" B 
=| 
n 
ze 
a at 
Ne 
Sic? . 
2 re) 
= 
Ww 
iz 
SY 
10 2 
re) 
4 
10 oe 
O 
2 3 
PHOTON ENERGY (eV) PHOTON ENERGY (eV) 


Fig. 2(a). Fig. 2(c). 
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Fig. 2(d). 

Fig. 2. Optical transmission spectra for the layers 
with different thickness, at 290°K. Thickness 
of initially deposited Sb layer is 100 to 120A 
for chain curve and 150 to 170A for solid curve. 
Degree of activation by alkali metal supply in- 


creases from 1 to 2. (a): Cs-Sb, (b): Rb-Sb, 
(c): K-Sb and (d): Na-Sb. 


region cannot be considered to be intrinsic 
one. 

During activation process, remarkable phe- 
nomena appeared in K-Sb and Rb-Sb. In Fig. 
2 (c), for example, curves 1 and (1) represent 
the transmission in the state of high electric 
resistivity, curves 2 and (2) associate with the 
electrically degenerated state developed by 
addition of K atom to the states 1 and (1), 
and curves (1)-1 and (2)-2 give the difference 
of the transmission in these two states. As 
seen from curve 1-2, the absorption decreases 
remarkably in the higher photon energy 
region (hatched area), making a trough of 
absorption curve, and increases in the lower 
photon energy region, with alkali metal sup- 
ply. In appearance, there were the color 
change from red to violet and an appreciable 
crystal growth, at this moment. Small hamp 
A of curve 1 suggests a partial proceeding of 
the color change at the initial stage of activa- 
tion. These phenomena occure also in Rb-Sb 
(Fig. 2b), except some samples which retained 
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high resistivity even though a large quantity 
of alkali atom was introduced. Consequently, 
abrupt color change and abrupt resistivity 
decrease occur at the same time. These 
phenomena were not distinct in Na-Sb and 
never occured in Cs-Sb. Since the absorption 
decrease takes place at the photon energies 
higher than the absorption edge, this is, at 
least, not caused by the excess alkali atoms, 
but considered to be due to a change in the 
energy band structure. 


3.2. Photoemission 


Fig. 3 shows the spectral quantum yields 
of photoemission. Degree of activation in- 
creases in suffixed numerical order. Since the 
absorption coefficient and the quantum yields 
are fairly large in this spectral region, the 
emission of all alkali antimonidies should be 
due to a volume effect. Then, the minimum 
energy for the transition from filled band to 
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Fig. 3(a). 
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vacuum level can be approximately determined 
from the photoemission threshold energy. 
When a large quantity of alkali atom is in- 
troduced, the spectral yields increase at lower 
photon energy and decrease at higher photon 
energy. The increase is supposed to be due 
to the excitation of excess alkali atoms, which 
exist predominantly at the surface. However, 
the decrease of yields is considered to be 
more important and is attributed to the 
impurity scattering of the electrons excited 
by volume effect. The luminous sensitivity 
decreases also by excess alkali metal supply. 
In addition, it was observed that these changes 
are more remarkable in n-type Rb-Sb, K-Sb 
and Na-Sb, which are n-type compounds. It 
seems likely to deduce that n-type alkali anti- 
monides are able to admit a large quantity 
of excess alkali atom than that p-type Cs-Sb 
does. 


3.3. Photoconduction 


Spectral response: 
The measurement of the spectral distribu- 
tion of photoconductivity was difficult, because 
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magnitude of the photo-current was very 
small and unstable, and the noise current was 
large. Fig. 4 shows typical spectral response 
curves. No distinct change is found at the 
energy of absorption edge or the photoemission 
threshold. But, the value of the threshold of 
photoconductivity is fairly in agreement with 
the twice of the largest activation energy of 
electric conduction. Distinct change cannot 
be observed at the energy corresponding to 
the above mentioned absorption trough in K- 
Sb and Rb-Sb. If a small amount of Sb is 
deposited on the surface of these n-type alkali 
antimonides or infra-red light is overlapped, 
the response quenches especially in higher 
photon energy region as shown in Fig. 4d. 


Temperature dependence: 

Measurement of the temperature dependence 
of photoconductivity was carried out at the 
several stages in the course of preparation. 
Curve 1 in Fig. 5 was obtained at electrically 
degenerated state, which was developed by 
excess alkali atom supply and had low resis- 
tivity. The response is very low at room 


1959) Photoelectrical Properties of Alkali Antimonides 


> igtaiine = |Rb-Sb-20 
O10*- 290 °K S 
ae ° 
a 
= ~2 
G Fo 
fe) = ie 77 GK 
Fi94 * 2: AFTER 
O AZ Sb DEPOSITION, 
4 32 290°K 
ul Wo 
ce 
=} a 
rion = 210° 
> i oO fe) 2 
uw BE 
2 ZO 
a tes 
Sieg oye 
wWIlO 2 | 5 
O 
G ae 4E ihe eg 
= 10 (teeth 
ral | 2 
4 PHOTON ENERGY (eV) 
lO Fig. 4(b). 
5 20 Ve) 3.0) 35 
PHOTON ENERGY (eV) 
Fig. 3(d). | 
Fig. 3. Spectral distribution of photoemissive eas 
yield. Degree of alkali metal supply increases — 
in suffixed numerical order. (a): Cs-Sb, (b): Zz 
Rb-Sb, (c): K-Sb and (d): Na-Sb. a 
oc 
qt 
Z\07 
5 
— Ee 
kK 
= 2 
=) oO 
o 7) 
ow 
i Lt 
Zz oO 
e 
Sg Ww 
or 
a 
=} 
2 : 
= 
we W 
24 F 10° 
BE 
Dw (ey 
(Qya Zz 
Ziv oO 
Se © 1'77°K | 
€ 5 2:AFTER Sb DEPOSITION, 
© ae 290°K 
Ag (all -4 4E Nua ep 
Oot 10 
| 2 3 | 2 
PHOTON ENERGY (eV) PHOTON ENERGY (eV) 


Fig. 4(a). Fig. 4(c). 


1501 


1502 


IN ARB, UNIT) 


fo) 


1:77 °K 
2:\WITH INFRA-RED 
BIAS LIGHT, 77°K 
3:AFTER Sb DEPOSI- 
TION, 290°K 


PHOTOCONDUCTIVE YIELD (ELECTRONS/ PHOTON 
(@) 


Na ed 


t 2 
PHOTON ENERGY (eV) 
Fig. 4(d). 

Fig. 4. Spectral distribution of photoconductivity. 
(a): Cs-Sb, (b); Rb-Sb, (c): K-Sb and (d): Na- 
Sb. hva, ef and 4H indicate absorption edge, 
phoemission threshold and twice of maximum 
activation energy of conductivity respectively. 


temperature, but increases rapidly with de- 
creasing temperature. When a small amount 
of Sb is deposited, the sensitivity increases 
at room temperature and decreases at low 
temperatures (curves 2 and 3) in comparison 
to curve 1. The sensitivity of Cs-Sb is usual- 
ly lower than those of other compounds by 
many factors, as shown in Fig. 5 (curve A). 
Decay time: 

Photoconductivity decay could not be ex- 
pressed by a simple exponential curve. How- 
ever, the time constant obtained from the fast 
decay at initial period is considered to give 
a measure of the life-time of the excess car- 
riers. In a strongly n-type K-Sb sample the 
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time constant was 300u sec at 77°K and was 
1.4 sec at 290°K. This temperature depen- 
dence of time constant is in agreement with 
the tendency in the temperature dependence of 
photoconductivity. In the sample quoted ab- 
ove, the time constant decreased remarkably 
when infra-red light was overlapped, indicat- 
ing that the trapped carriers (in this case, 
holes) were released on this occasion. 


Light spot scanning measurement: 

The area between electrodes was scanned 
by the thin light beam of 0.5mm thick. It 
was found that the distribution of local pho- 
toconductivity was non-uniform and changed 
with time, in most samples of high resistivity. 
The rate of change depends on applied voltage 
and does not depend on illumination intensity, 
and finally a stationary state is established 
requiring several minutes or more. In n-type 
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suffixed numerical order. Curve A: Cs-Sb. 
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sample, the local photo-response in the sta- 
tionary state is highest in the vicinity of the 
positive electrode, as shown in Fig. 6. These 
results indicate that the photo-sensitive point 
in high resistive n-type compound corresponds 
_ to a negatively charged center. Since during 
this change the color of layer was invariant, 
it could not be to relate to an electrolytic 
process®). 


PHOTOCONDUCTION CURRENT (ARB, UNIT) 


Sle 
O 2 4 G 8 10 
A B 


DISTANCE BETWEEN ELECTRODES (mm) 
Fig. 6. Distribution of local photoconductivity in 
stationary state. B+ and B- denote the polarity 
of applied vollage at B side electrode. 


Mechanism of photoconduction: 

The donors and the acceptors are considered 
to be interstitial and substitutional alkali atoms 
respectively, as described in the preceding 
paper. In n-type compound, the donor con- 
centration No is larger than the acceptor 
concentration Nu, and then the acceptors have 
been compensated negatively with donor elec- 
trons. If electron-hole pairs are produced by 
optical excitation of the filled band electrons 
as described in the next section, some of free 
holes are trapped by the negatively charged 
acceptors. As a result, 

An=Apyt+Ap: , (1) 
when 4n, 4py and 4p; are concentration of 
excess free electrons, free holes and trapped 
holes respectively (Fig. 7). The photo-sensi- 
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tivity is related to the concentration and the 
life-time of free carriers. If the concentration 
and the life-time of the trapped holes are 
large, the corresponding excess free electrons 
are able to contribute to photoconduction. 
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Fig. 7. Model of impurity states for illuminated 
nm type compound. 


Now, we consider the life-time. After the 
removal of optical excitation, the decay rate 
of hole and the time constant are given by 


dApr 4E; 
—s dt =qwndpt dpe exp a 
=(~-) 4e+(2- -) Abe (2) 
Tt 
and 
dA 
OP! sqs0Nnd py 


1 
=(<, 400. (3) 
where g; is the capture cross-section of ac- 
ceptor for a free electron when occupied by 
a hole, v is the thermal velocity of free elec- 
tron, ” is the free electron concentration, v 
is attempt-to-escape-frequency, 4E:; is the 
energy difference between filled band and 
acceptor levels occupied by a hole, gy is the 
recombination cross section of free electron 
and free hole through recombination center 
and Ne is the concentration of recombination 
centers. Eq. (2) represents the rates with 
which trapped hole density decreases by 
capture of free electrons and by thermal pro- 
cess. Eq. (3) represents the recombination 
rate of free carriers. Consequently, the life- 
time of excess carriers is controlled by three 
components; 


= ake tal ep 
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Now, we assume that the donors below the 
Fermi level Er act as the recombination cen- 
ters. In the strongly n-type sample, temper- 
ature dependence of life-time is determined 
by the second term, because Nr is large and 
E,y, in this case, is temperature independent. 
Therefore, the sharp increase in photoconduc- 
tivity with decreasing temperature (Curve 1 
in Fig. 5) is understood. When a small am- 
ount of Sb is doposited, it combines with 
impurity alkali atom, and the sample becomes 
normally n-type. The decrease of impurity 
concentration implies the decrease of ”, Ne 
and 4f:. Then, the quenching of photore- 
sponse is mainly due to the decrease of 4px, 
despite of increased life-time due to the 
decrease of m and Nr. In normally n-type 
sample, Er shifts toward the middle of the for- 
bidden gap with temperature rise. Therefore 
the density of the donors below Er, which act 
as recombination centers, decreases with tem- 
perature rise, enhancing the photoresponse: 
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photoresponse decreases again with tempera- 
ture rise, according to the first and the second 
terms. Thus, the fact, that the Sb deposition 
causes the enhancement of photoresponse at 
room temperature and makes the response 
peak at intermediate temperatures (Curve 3 
in Fig. 5), may be understood. 

The reverse may hold principally in p-type 
Cs-Sb. But, in this case, donor concentration 
is so small that the number of trapped elec- 
trons is smaller than that of trapped holes in 
n-type sample, though the acceptor concentra- 
tion may be of the same order in both cases. 
Hence, the efficiency of photoconductivity in 
p-type sample is lower than that in n-type 
sample. 


§4. Energy Band Structures in Alkali Anti- 
monides 

The energy values obtained from the dif- 

ferent measurements are summarized in Table 

I, though they are not unique or highly ac- 


temperature dependence is determined by the curate. The optical absorption edge coincides 
third term. At higher temperatures, the nearly with the photoemission threshold, in- 
Table I. Excitation energies for different phenomena. 
Absorption Photoemission Photoconduction Max. activation 
edge hva, threshold threshold energy for elec. 
(eV) ed (eV) hve (eV) cond. 4H/2 (eV) 
Cs-Sb 1.6 1.6 0.9 0.4 
Rb-Sb 1.8-—1.6 1.9 0.9 0.5 
K-Sb 1.9-1.7 Dri 1.0 0.5 
Na-Sb DAD 2.6 1.0 0.6 
dicating that the electron affinity should be electrons mostly in deep layer, so that 


small. The photoconduction threshold coin- 
cides nearely with the largest value of the 
electric conduction activation energy and does 
not coincide with the absorption edge. If the 
photoconductivity originates from impuricy 
atoms, the photoemission is to be expected 
at the threshold energy of photoconductivity 
because of the small value of electron affinity, 
and the distinct absorption must be observed 
at this energy because of the large impurity 
concentration. But, these were not the cases. 
Hence, we postulate that the threshold energy 
of photoconductivity and the intrinsic dark 
conductivity is of an indirect transition be- 
tween filled and conduction bands. The 
optical indirect transition is, of course, of 
small probability and produces the _ photo- 


appreciable photoconductivity and no photo- 
emission should be observed. At the photon 
energies corresponding to direct transition, 
the both photo-electric effects should be 
observed though the photoconductivity may 
be quenched by surface recombination. 

In these materials, filled band and conduc- 
tion band are simply considered to be p-band 
associated with antimony and s-band associated 
with alkali atom respectively. So far it has 
been reported that K-Sb and Na-Sb take a 
hexagonal structure® and that Cs-Sb takes a 
cubic structure™. Since p-band of hexagonal 
structure splits into two bands, at least k=0, 
whereas that of cubic structure does not split, 
at least k=0!D, aforementioned absorption 
through may be attributed to the p-band 
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splitting. Therefore the abrupt change of 
absorption spectra attendant upon increasing 
activation must correspond to the change from 
cubic to hexagonal structure or from am- 
orphous to hexagonal one. In Cs-Sb, p-band 
splitting is absent and then the anomalous 
absorption change cannot be expected. A\l- 
though the structure of Rb-Sb has not been 
investigated, the author supposes that this 
compound has two kinds of crystal structure 
(cubic and hexagonal). 

Putting all accounts together, the energy 
band sheme can be tentatively given as 
illustrated in Fig. 8. 
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Fig. 8. Model of energies as a function of k. (a) 
for cubic and (b) for hexagonal structures of 
alkali antimonides. 


§5. Conclusions 


Optical absorption, photoemission and photo- 
conduction of alkali antimonides were studied 
systematically during the preparation, as it 
was the case of the measurement of the elec- 
trical characteristics. Taking the ionic radius 
of alkali atom into consideration the preceding 
paper established a model which allowed to 
interprete the electric properties. The model 
was also feasible to interprete some of the 
photoelectrical properties. In addition, this 
paper proposed two kinds of energy band 
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structure in k-space, depending on crystal 
structures. Abrupt changes in the spectral 
absorption and the electric conductivity during 
activation process were interpreted by con- 
sidering the transition between these crystal 
structures. 

In conclusion, the author wishes to express 
his appreciation to Dr. Hiroji Mitsuhashi, Dr. 
Jiro Yamashita and Dr. Ken’ichi Takeya for 
many helpful discussions and suggestions, to 
Mr. Mutsumu Kinoshita for experimental as- 
sistance, and to Dr, Akira Yamashita and Dr. 
Kohichi Miyaji for continuous encouragements. 
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Effects of thermal quenching on KCl crystals were studied in both clear 
and colored specimens. These were subjected to two types of quench- 
ing, down- and up-quenching. The etching method was carried out to 
examine generated dislocations and the photoelastic method was used to 
see the distribution of the residual stresses. 

The results of the experiments are as follows: (1) Generated disloca- 
tions, distributing from the crystal surface toward the interior, were 
perceived. (2) They ranged over a lunar area along the edges in the 
cross section of the specimen. (3) The range, in which the residual 
stresses exist, has also the same lunar form along the edges. There- 
fore, the residual stresses are considered as resulting from the thermal 
generation of slips. These experimental facts can be explained on the 


basis of thermal stresses. 


Introduction 


§1. 


In the research processes on colored alkali 
halide crystals, specimens are often subjected 
to thermal quenching. Therefore, it is in- 
teresting as well as necessary to study and 
and expound what kinds of effect thermal 
quenching will have in alkali halide crystals. 
As a typical sample, KCl was chosen among 
many alkali halides. This report deals with 
the experimental results obtained mainly by 
the etching method and partly by the photo- 
elastic method with respect to the quenching 
effects on both clear and colored KCI crystals. 


§2. Experimental Procedure 


(i) Clear specimens were prepared through 
cleavage from the ingots produced by Kyro- 
poulos method. Colored crystals were obtain- 
ed through the usual additive coloring method. 
The density of color center was usually with- 
in 10*~10!7. Colored specimens were also 
prepared through cleavage from these crystals. 
The mean size of the specimens in both clear 
and colored specimens was 5x5x3 mm, 

(ii) Two types of quenching were perform- 
ed. The one is the down-quenching, cooling 
down from high temperature (up to 500°C) to 
room temperature and the other the up- 
quenching, recovering from low temperature 
(liquid air temperature) to room temperature. 
In the case of down-quenching, two methods 
were used. The one, denoted A, was to cool 
the specimen through heat conduction on a 


metal plate after withdrawing from the cru- 
cible. The other, denoted B, was to air-cool 
the specimen within the crucible with a fan. 
These two methods were also used similarly 
but conversely in the case of up-quenching. 
The one, denoted B’, was to recover the tem- 
perature of the specimen keeping it within 
the container. The other, denoted C, was to 
recover its temperature by placing it in ace- 
ton just after withdrawing from the container. 

(iii) In order to examine the generated dis- 
locations and slip lines, the same etching 
method as in our previous reports?) was ap- 
plied. The increase in density of generated 
dislocations were visually observed by com- 
paring the etch pattern within the same sur- 
face region of the specimen before and after 
subjecting them to thermal quenching. 

(iv) The photoelectric method was also 
used in order to see the distribution of re- 
sidual stresses within specimens. For this 
purpose, the polarization apparatus, attached 
to the Olympus universal type metal micro- 
scope, was employed. 


§ 3. Experimental Results 


(i) Etch patterns of the generated disloca- 
tions 

An etch pattern on the (001) plane of the 
clear specimen, quenched down from 500°C to 
room temperature by B method, is shown 
in Fig. 1(b) and compared with the one on 
the same region before quenching, Fig. 1(a). 


1506 


1959) Quenching Effect in KCl Crystals 1507 


The etch pits are seen to be aligned in <100> An etch pattern in the colored specimen, 
direction, showing that they correspond to quenched down from 500°C to room tempera- 
screw type dislocation.» ture by A method, is shown in Fig. 2(b) and 


Fig. 1. An example of etched (001) plane of a “down-quenched” clear specimen (x 150), (a) be- 
fore quenching and (b) after quenching. 


Fig. 2. An example of etched (001) plane of a “down-quenched” colored specimen (x150), (a) be- 
fore quenching and (b) after quenching. 


b 


Fig. 3. An example of etched (001) plane of an “up-quenched” clear specimen (x 150), (a) before 
quenching and (b) after quenching. 


Fig. 4. An example of etched (001) plane of an “ up-quenched ” colored specimen (150), (a) be- 
fore quenching and (b) after quenching. 
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Fig. 5. An etch pattern of a cleaved plane 800, in distance below and parallel to the top surface 
of the specimen (150), (a) edge part and (b) central part. 


(a) 


compared with that of the same region be- 
fore quenching, Fig. 2(a). The alignment of 
etch pits is not so remarkable in the colored 
specimen as in the clear one. 

In Fig. 3(b), an etch pattern of the (001) 
plane in the clear specimen, up-quenched 
from —183°C to room temperature by C 
method, is shown and compared with the one 
of the same region, Fig. 3(a), before quench- 
ing. It may be clearly seen that the etch pits 
are arranged in <100> type direction and con- 
sist of screw type dislocations. 

Fig. 4(a) and (b) show the similar case in 
the colored specimen. 

The distribution of the generated disloca- 
tions within specimens has been studied by 
etching of the cross section cleaved parallel 
to the surface of the specimen. The distri- 
bution of the generated dislocations on a 
cleaved plane parallel to and 800 in depth 
from the top surface of the specimen, down- 
quenched from 500°C to room temperature 
by A method, is shown in Fig. 5(a). It is 
seen that the generated dislocations are dis- 


a ee 


ose ee eee 


(b) 


aaa 


(Cc) 


Fig. 6. A panoramic view of an etch pattern of 
a cleaved cross section in a “down-quenched ” 
specimen; (a) a panoramic view, (b) a schematic 
diagram of (a) and (c) its horizontal perspective. 


tributed over a range of 300 in distance 
from the edge of the specimen. Fig. 5(b) 
shows a central part of the same cleaved 
surface. The estimated density is almost 
equal to that before quenching showing that 
there was no appreciable plastic deformation 
in this region. 

Inspecting several pictures indicated above, 
it may well be said that the thermal stresses 
by quenching make many slips from the sur- 
face toward the interior of the specimens 
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a 
Pigs 7. 


b 


Photoelastic patterns of the “ down-quenched ” specimen in Fig. 6. Directions of the crossed 


nicols are (a) 45° or 135° against the edges of the square and (b) parallel to the latters. 


and so the generated dislocations are related 
to these slips. 


(ii) Form the slipped area 

A panoramic view of the etched plane, 
cleaved parallel to the top surface of the 
clear specimen, is shown in Fig. (6)a. This 
specimen was down-quenched from 400°C by 
B method. In order to save time and effort, 
part of the square plane was not photograph- 
ed as it in no way deters the experiment. 
Fig. 6(b) is its graphic diagram, in which the 
area of the generated dislocations has a lunar 
form along the edge of the square and there 
was no generation in the range between 
those areas. Slip lines, widely observed in 
the central part, are presumably originating 


from the top surface, as seen in Fig. 6(c). 


Gii) Photoelastic patterns 

Photoelastic patterns of the same specimen 
as the one in Fig. 6 are shown in Fig. 7. 
Fig. 7(a) is in case when the orthogonally 
crossed nicols make 45°C angle against <100> 
type directions and Fig. 7(b) in case they are 
parallel or at right angle to the same direc- 
tions. It is considered that both pictures 
evince a distribution of the residual stresses 
resulting from the plastic deformation in the 
specimen. It should be noted that the lunar 
region, seen in Fig. 7(a), coincides with the 
same one, seen in Fig. 6(a). This fact strong- 
ly suggests that the residual stresses must 
have resulted from the plastic deformation by 


Table on Densities of the Generated Dislocations. 


memisated Generated dislocation density 
. stimate : in cm-3 
ole quenching Quenching 
P oC rate in method f P | Colored 
ie °C/min Clear crystal* | crystal** 
180 | (150) A ~0 ~0 
| 270 (250) A ~0 ~0 
Down-quenching 400 (350) A 4.6 x 105 0.6 x 105 
500 (150) B 1.0 x 108 4.6 x 105 
500 | (450) A >109 2.7 x 108 
—77 (10) Bu ~0 ~0 
—77 (700) Cc | 0.8 x 105 0.8 x 105 
Up-quenching _ 183 (15) B’ a) ~0 
— 183 (1600) Cc | 5.5.x 108 4.4 x 105 


*,** Mean density of the background dislocations before quenching is 2~4x104 cm? in the clear 


specimen and 4~9x10+cm~-? in the colored one, 
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thermal quenching. 

(iv) Mean density of the generated disloca- 
tions 

Mean densities of the generated dislocations 
are shown in the following table. The 
quenching rates are estimated to show the 
order of magnitude. Densities are mean 
values of several results taken upon the same 
specimen, respectively. 

(a) The primary characteristics, noted 
from the above table, is that no dislocations 
will be generated when the starting tempera- 
tures are low in the same quenching method. 
This fact may suggest that no slips will oc- 
cur until thermal stresses reach critical 
value. 

(b) Secondly, densities of the generated 
dislocations in the colored specimen are less 
than that in the clear specimen under the 
same quenching process. 

(c) Thirdly, densities of the generated dis- 
locations increase with the rate of quenching 
under the same starting temperature. This 
fact may be explained, as will be discussed 
later, from the character of the density 
which is proportional to the temperature 
gradient perpendicular to the crystal surface. 


Discussions 


8 4, 

(i) Interpretation of the photoelastic pat- 
terns 

Transmitted intensity of an incident mono- 
chromatic light is generally proportional to 
the factor, (sin 6/2) x(sin2¢). Here, 6 isa 
phase difference between the two double- 
refracted beams which have two axes of 
principal stress on the specimen in the direc- 
tions of vibrating plane and @ is an angle 
which the directions of the principal stress 


Fig. 8. A simple schematic diagram showing the 
directions of principal axes of the residual stress. 
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make against the polarizer’s plane. The 
directions of the principal axes of the residual 
stresses are distributed as Fig. 8, from the 
symmetrical quality of the specimen (square). 
Speaking characteristically, three main parts 
can be discerned in Fig. 8: (a) part which is 
the periphery of the square along the edge, 
(b) part including the diagonal of the square 
and (c) part which is central in the square. 
In (a) part, ¢@ will be 45° and therefore 
transmitted light will be maximum when the 
directions of the orthogonally crossed nicols 
make 45° to 135° against x axis. In (b) part, 
@ will be 45° and transmitted light will be 
maximum similarly when the directions of 
the orthogonally crossed nicols are parallel or 
at right angles to x axis. On the other hand, 
(c) part is dark in both Fig. 7(a) and (b). 
This fact may suggest that 0 becomes very 
small, because ¢ is proportional to o:~0, and 
also these two are almost equal in this region. 


(ii) Interpretation of the form of slipped 
area 

It is considered from the facts observed in 
§3. (i), Gi) that the slips are generated from 
the surfaces toward the interior of the speci- 
men by thermal stress. Therefore, let us 
delve into the problem of why the slipped 
area has a lunar form along the edge of the 
square (its cross section). At first, for sim- 
plicity’s sake, assuming that the temperature 
variation along the axis perpendicular to the 
cross section is small, a two dimensional 
equation of the thermal stress may be consi- 
dered as follows,» when the coordinates are 
taken as in Fig. 9, 


Oox ae Oty kes ak OT ae 
Ox Oy 1—2y Ox 
CY) 
Otxry ms 06, GEOL 
Ox Oy 1—2y Oy 


Here, oz, dy are normal components of stress 
parallel to x, y axis; tzy, a, E and vy are shear- 
ing stress, thermal expansion coefficient, elas- 
tic constant and Poisson’s ratio, respectively. 
These equations can not be solved exactly. 
It is believed, however, that oy is proportional 
to the temperature distribution from the ex- 
perimental situations. 


Therefore, it is assumed that 


aE 
1—2y 


Oy= 


(2) 


— 1959) 


In the vicinity of the free end along x axis 
6z=0 and also |002/0x|<|@0,/0x|, so that it 
may suffice to discuss mainly oy’s variation. 

Considering o,’s distribution just before the 
moment of slip generation qualitatively, it 
must extend along the substantial curve (A) as 
shown in Fig. 10. Denoting the critical stress 
value as oc and its position on x axis as %, 


y 


Fig. 9. Determination of the coordinate axes. 


Tension oy Tension 


Fig. 10. oy’s distribution along «-axis and its 
variation. 


yielding will occur in the whole part of oy> 
oe and then the curve must move to the dott- 
ed line (B) in Fig. 10 in order to reach a new 
equilibrium. Now, in the region |x|>%e, de- 
noting o,’s gradient just before the yielding 
as (06y/oX)bet., just after that as (O0y/Ox)at., 
and the effective stress distribution due to 
the generated dislocations as (00,/0x)ais1., 


then 
Ooy = ee —_ ee) : 2 
( Ox i Ox bef. Ox disl. \ ) 


Since the transposition of the curve is negli- 
gibly small, it can be said that (O6y/0x)at.= 0 
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in this region. 
As for the last term of equation (3), accord- 
ing to Read,” 
O6y 2G 
a. =-—b,N , 
ie 1 Re lv” 
where G, b, and N are shearing modulus, y 
component of Burgers vector and the density 
of pure edge-type dislocations, respectively. 
Therefore, in this region, it is 


Ody Ne ZG, 
( Ox ae l—y pin . 


(4) 


(5) 
Substituting (2) into (5) in this region, then 


Nepales oo, 


Next, to find the appropriate solution for the 
boundary conditions of this problem,® thus 


Ti=COnst, < [= (fi, t) cos pix] 


[> 2(dm, t) COS Amy] 


then, 
or const. x[3i f*(fi, ¢) sin pix] 
Zee) 


Substituting (7) into (6), it will be easily un- 
derstood that N’s distribution approaches a 
lunar form along the edge of the square. 

(iii) Numerical evaluation of the generat- 
ed dislocation density 

It is presumed that the quantitative reliabi- 
lity of equation (6), considering its introduc- 
tion, is relatively poor. However, substitut- 
ing the following experimental values 


a=3.x 10-5 [deg] 
by =0.<10=(em| 


[ (mn, t) COS Qmy] . 


1—2y=0.75 
into (6), 
N=6.7x 10°x() 
Ox 


Considering (0T/0x)~10°, then N becomes 
~10%, which is not very far off from the 
results of the experiments. 

(iv) Results of the table 

(a) The fact that there was no generation 
of dislocations in the case of low starting 
temperature under the same quenching method 
may be understood when we note that o, did 
not reach oc in Fig. 10. But this is true only 
when the methods are indentical. Effects of 
the different quenching rates will be discuss- 
ed later. 
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(b) The true reason why the generated dis- 
location densidity of the colored speciments 
is less than that of the clear ones is yet un- 
known. Perhaps, the difference in (0T/0x) 
between the two types of specimens, result- 
ing from the difference, in thermal conductivi- 
ty, may not be the causative factor. 

(c) Among three quenching methods, com- 
paring A with B and C with B’, the results 
show that the faster the quenching rate, the 
higher the density of the generated. disloca- 
tions. 

This fact may well be explained if we con- 
sider that a fast quenching rate gives rise to 
a large temperature gradient. It may be 
notable, however, that in one example of up- 
quenching (—77°C, method) cited in the table, 
a plastic deformation occurred despite the 
fact that the difference between the starting 
and final temperatures was not so large. 
The reason may be that a large (OT/0x) be- 
fore the core is warmed brings oy>o- in the 
peripheral part. 


(v) Quenching process of the specimen 

The fact that a lunar form of the photo- 
elastic pattern (Fig. 7) coincides with that of 
the slipped area in the cross section (square) 
of the specimen (Fig. 6) forces us to believe 
that the residual stress results from the plas- 
tic deformation. This suggests that o,’s dis- 
tribution should extend along C-curve, shown 
as broken lines in Fig. 10, because of a new 
equilibrium in elastic conditions, when the 
temperature recovers to room temperature. 
That is, the peripheral part changes from 
tension field to compression one while, on the 
other hand, the core part from compression 
field to weak tension one. This explanation 
is consistent with the recent findings of Kear 
and Pratt,® qualitatively. A quantitative 
measurement of the residual stresses is hop- 
ed for, as their distribution correspond almost 
to (00y/0x)ais1.. 


§ 5. Conclusions 


When KCl crystals were quenched thermal- 
ly, both clear and colored specimens showed 
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the following characteristics resulting mainly 
from thermal stresses. 


(i) New dislocations, distributed from the } 
crystal surface into the interior, were gene- | 
rated. They were considered closely allied to | 


double slips of <110>/(110) type. 


(ii) The range of generated slips had a | 


lunar form along the edge in the cross sec- 


tion of the specimen. 


(iii) The photoelastic pattern also showed | 


the same lunar pattern along the edge of the 


cross section and so the range of the residual . 


stresses coincided with the one of the gene- 
rated slips. 

(iv) Qualitatively estimating, the concen- 
tration of generated dislocations is proportional 
to the temperature gradient perpendicular to 
the crystal surfaces. 
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The calculation of Artmann (quoted in Raether’s article in Hand. Phys. 
32 475) for the wave function of electrons in a crystal due to the first 
order Born approximation was extended to higher order approximations 


by iterated integrations. 


As the result, Cowley and Moodie’s formula 


(Acta Cryst. 10 (1957) 609) for the multiple elastic scattering of electrons 


by crystal was reobtained in an improved form. 


The convergency of 


the higher order terms was illustrated by the numerical calculations on 


two simple examples. 


An elementary application was also made to the 


moiré patterns in electronmicrographs. 


Introduction 


e1. 

An essential feature which distinguishes the 
jiffraction of electrons by crystals from those 
of X-ray and neutrons consists in the fact 
that numerous reflexions are excited simul- 
taneously in a crystal owing to the strong 
interaction of electrons with crystals and the 
relative smallness of wave length of electrons. 
Under the ordinary experimental condition, 
these reflexions are in strong interactions to 
each other through the complicated multiple 
scattering processes. The kinematical theory 
of electron diffraction which is based on the 
first order Born approximation, describes 
the all waves excited by single scattering 
processes, but nothing about the interactions 
among them. Though, on the other hand, 
Bethe’s dynamical theory” takes into account 
the interactions in the most general way, it 
is highly tedious to apply it to the cases 
where reflexions more than two or three are 
strongly excited. This makes almost impos- 
sible the quantitative comparison of the theo- 
retical results with experimental data. 

In 1957, an important diffraction theory was 
set up by Cowley and Moodie” on the basis 
of the theory of physical optics. They di- 
vided a crystal into a number of thin layers 
and calculated the wave field in a layer from 
that in the just prior to it by Huygens’ prin- 
ciple. Thus, they succeeded in drawing out 
the vivid picture of multiple scattering pro- 
cesses, assuming that the scattering angles 
are small so that the wave fronts can be re- 
garded as paraboloids. It is expected that 


their theory may solve many problems to 
which Bethe’s theory is not applicable. 

It is conceived that a quantum mechanical 
approach to their theory may be feasible by 
applying higher order Born approximation. 
To do this, the wave function of electron 
within a crystal must first be derived in the 
stage of the first order Born approximation. 
This had been done by Artmann®. In the 
present work, the extention of Born approxi- 
mation is accomplished by starting from Art- 
mann’s calculation, and, as the results, Cowley 
and Moodie’s formula is reobtained. The es- 
sential restriction in Cowley and Moodie’s 
theory for the scattering angles is no longer 
necessary here. Though the mathematical 
proof hasn’t yet been given on the convergency 
of wave function for general cases, the results 
of numerical calculations on simple examples 
shown in §6 give an instructive suggestion 
about it. The intensity in the short wave 
length limit and an approximate formula of 
scattering by finite crystals and an elementary 
application to moiré patterns have also been 
discussed in §§5 and 7, respectively. 


§2. Method of Higher Order Born Approxi- 
mation 
In the beginning, the method of higher order 
Born approximation is outlined. As is well 
known, the wave equation for electrons scat- 
tered by a potential field V(r) is given by 
(p2+Ky\¥ (r)=—(2mel/h?)Vn)¥(r), (2.1) 
where K° represents the wave vector of the 
initial wave. The solution of Eq. (2.1) can be 
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written in the form of integral equation 
(r= Wr) —(Bmefh) [Gaal ri) Vara (ri) dri , (2.2) | 


where $(r) is a solution of the homogeneous equation corresponding to Eq. (2.1) and | 
Gr(r, ri) is Green function. wes 
Substituting the right hand side of (2.2) into the integrand in itself, we obtain 


Fr) = Wr) —Cmefh)| Gant, ri) Virgo (rs) dri 
+(—2melte) | Gast, ri) V(ri) [Gas(r rp) V(rs)¥ (rs) dri dr; . (2.3) 


In the first order Born approximation, the last term of Eq. (2.3) is neglected as a small 
quantity, while the second term, which we denote as #(r), is interpreted as describing the 
wave field generated by single scattering. If Eq. (2.3) retaining the last integral term is 
substituted further into the same integral, we may improve Born approximation. After iter- © 
ating similar substitutions, we shall finally obtain 


V(r) =$O(r) + POT) +4$@(r)+ +> 4PM N+ ++, (2.4) 


where f(r) is given by 
Hor(r) = —Qmelh)| Gast, ri) Vrib@-Yai) dri . (2.4a) 


b™(r) may be interpreted as the amplitude of the wave field generated by the m-ple scat- 
tering. If 


|bOOr)| << |p (r)| 5 (255) 


the series (2.4) may be terminated at /™(r). In this case we have the solution of the m-th 
order Born approximation. 


§3. Evaluation of (@(r) 


As is clear from Eq. (2.4a), all ¢@™(r)’s 
may be derived, once the form of ¢(r) 
within the crystal is known. As mentioned 
before, $“(r) was already calculated by 
Artmann®. However, his calculation, the de- 
tail of which has not been published, was 
performed assuming that only the waves scat- 
tered in forward directions are appreciable. 
In what follows, his result is amended by 
allowing for the backward scattering as well 
as the forward scattering, although his ap- 
proximation will be adopted again in the later discussions. 


Let us assume the crystal be an infinite plate with thickness D, and choose the z-axis 
normal to the surface as shown in Fig. 1. Then 


Bigs ale 


Ladi 3 Vn EXP (27thr) Lore Oise = Ds, (Gag 


If a beam of electrons enters the crystal through the surface z=0 with wave number TE 
the wave equation in the crystal can be written as 


(7?+ KY (r) = —(2me/h?)- Ca Vrerehr\Y(r) , (3.2) 
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where 
K”’=K" + (2Qme/h?)-vo (3.3) 


and the prime on >) indicates the absence of the term h=0. We ask the solution of Eq. 
(3.2) under the following boundary conditions: 

1) The amplitudes of the scattered waves whose wave vectors have positive z-components 
should be zero at the surface z=0. 
2) The amplitudes of the waves whose wave vectors have negative z-components should 
| be zero at the surface z=D. 
: The unperturbed wave function is taken as 


PO(r)= Ao exp (iK°r) , (3.4) 


where K°® denotes the wave vector of the initial wave in the crystal. Evidently, the above 
conditions cannot take into account the refraction of the waves at the boundaries. Though 
for the rigorous treatment, therefore, we should take the incident wave in vacuum instead 
of (3.4) as the unperturbed state, we shall avoid it here on account of slow convergency of 
the series in the required calculation. 

Using the Fourier integral form of the Green function 


as a (eXD La th0g=)| dk 35 
Gri(r, r) = On) | ke—K ? ( ) 
we obtain for ¢™(r) 
2me , exp [—7k(Qi—r)| : 
PO(r= Aol EO) > n\\ On) K°) exp [(K°+2zh)ri] dk dri . (3.6) 
Putting ri—r=r’, we have 
pr) = Ao(2me/h?) se vn exp [1 K°+2zh)r]- (A) , (3.7) 
where 
i a exp [7(K°+2zh—k)r’| adh (3.8) 
Sayer \\ eK ee 
I(h) can be calculated in the following way: 
i dk S ; ay haperl ee a py tay’ 
OS reas [¢(K2°+27hz Rz)X | dx ("ex [Ky +2rhy ky)y'| Ay 
0 =, : y P 3 9 
x| | exp [1(K2°+2zh.—kz)z’| dz +| exp [Kt 42h hee! da’ |. (3.9) 
—2 0 


The integrals over x’ and y’ are reduced to 27-0(K.°+2zhz—kz) and 2n-O( Ky? + 2rhy— Ry), 
respectively, and those over z are also easy to carry out. After performing the integrations 
over ke and ky, we obtain 


ital top des 1 ———- ; 
eae ie [(Ku9+2rthe)?+ (Ky +2rhy)?+k2|— (Ko? + Ky + Ke”) 


\[ deexp[—i(K+2nh.—k)2] exp eae EY oa 
KP+2rhz—k: KY+2xh.—kz 


When the wave vectors K"(K,", Ky’, K.") and "K('Kz, "Ky, hK,) are introduced as shown in 
Fig. 2, [(h) is reduced to 

oe! 1—exp [—7(K.+22h.—k.)z] aD 
MO 2ri \ a} (k?2— J) Ko +2rh:—kz) 


ik ego) [i(K2+27h.—kz(D —z)\—1 dk: , (3.10) 
2nt (h2—"K2)( Ke +20hz—kz) 


oo 
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where use has been made of the relations 
Ken Sig 2thz = Ke = Pie ’ 
Ke? ap 27thy Se ie = LG, 


and 


Ki + Ky + KO = K+ Ky + KP =" KP KP A Ke 


The integrals in (3.10) may be evaluated by con- | 
tour integrals on the complex k,-plane, since the | | 
integrands have simple poles at kx=+ K,*=="K;,, | 
The contour C, for the first integral and C: for | 
the second should be chosen as shown in Fig. 3 ff 


(£ *=0) (79 x0) 


Fig. 4. Illustration of the Intensities of the waves 
given by Eq. (3.13). 


in accordance with the boundary conditions 

mentioned above.* Using the theorem of re- 

kz -plane sidues and defining the excitation errors, €* | 
and "€, as (Cf. Fig. 2) 

—2e6"=K)+27h.-—Ke (Se tay) 

—2n'€=KY+2nhz.—"Kz,  (3.11b) 


we have 
nemee rh, (EXD (—2niC*z)—1 
E I(h) aie [exp (27i€*z) ( =e ) 
He " +exp (272i "€-z) 
ex 27" iDy= a) -h 
(a) Contour Ci, ( p(—2ni * 2; ee ri ca) 


(os: 
Allowing for the relations 
K'r=(K°+2rh)r+22l*-z 
*Kr=(K°+2zh)r+2zx *C-z, 
we obtain 


* The validity of the adoption of these con- 
tours can easily be verified by the more detailed 
treatment which introduces the Green function in 
the form 


die hsarkt 
(2n)8Lk2— Ko” 


Gri(r, t%)= -| 


+ i(k) -0(K = K*) exp [ik(r—r)] 


(b) Contour Ce. 


Fig. 3. Contours for the evaluation of the integrals where A(k) is the factor which should be determined 
in Eq. (3.10). to satisfy the boundary conditions. 


| 
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OC Aol a) Fe | ex? GK): (SP aateta) =) 


mee Se Kr) -(2° (—2zi oes (—2z1 =e ' (3.13) 


The first term in (3.13), which came from the first integral over z’ in (3.9), is that previously 
derived by Artmann® taking account of the forward scattering only. The second term which 
was newly added corresponds to the backward reflection. The intensities of the waves calcu- 
lated by Eq. (3.13) vary with z in the manners as illustrated in Fig. 4. 


§4. Calculation of © (r) 


It should be noticed that $@(r), which has been derived from the plane wave $(r), is a 
superposition of plane waves owing to the fact that V(r) can be written in the form of 
Fourier series. Such a result suggests that all ¢™(r)’s may be evaluated from Eq. (2.4a) in 
similar way as the derivation of ¢@(r) from ¢ (r). Thus, it is expected, in principle, that 
the complicated multiple scattering phenomena can be dealt with for any reflecting condition. 
However, in Bragg case, where we have strong reflected waves propagating in the directions 
more or less nearly parallel to the surface under the usual experimental conditions, the con- 
vergency of ¢“™(r) is expected to be so slow with increasing m that the application of the 
present method cannot be practicable. We, therefore, will hereafter restrict ourselves to 
Laue case, where most of strong reflections transmit the crystal. We further assume that 
only the waves scattered in forward directions are appreciable. This assumption which has 
been adopted by Bethe”, Artmann® and Cowley and Moodie”, seems to be reasonable pro- 
vided that the glancing angle of the incidence is not extremely small. 

We, first of all, calculate the function ¢@(r) from ¢@(r). Substituting the first term of 
(3.13) and (3.5) into (2.4a) for m=2, we obtain 


/ Un-g* Vg Nir [—tk(ri—r)] 
(27)*(k?—K”) 


P2(r)= dA a is el 


Oe Oe (= Bas ) nie. 


Taking account of 
Kr; + 272(h—g)ri—2n€8zi =[(K 9+ 27g)ri t+ 206821] + 2n(h—g)ri— 20x 
=(K°+2zrh)r: , 


we have 


O(r)= dA ye pie ener - 


7 (Retonh=a)—k') 4, 7) 
| exp [Ker 2n(h— or ]\| =snll So oan TS dkd 
K°+2rh— 
~exp (K+ 2ahyr}| S82 cae cs Kr’) dk dr ey. (4.1) 


The second integral in (4.1) is nothing but (3.8), and the first integral may also be reduced to 
the same integral, if K®—2zg in the exponent is replaced by K®. Then, consulting the first 


term of (3.12), we obtain 


d@O(r)=A le oe re yOxp>) ae (iK*r) 
PAE: g Hed 


exp [2ni(C%—C")z]—1 , exp (=2nie"z)— ‘| 5 (4.2) 
HCE E) one 


x 
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For the simple evaluation of ¢@(r), we rearrange the terms in the square bracket in (4.2) 
as 


2ni(C&—C*)z|—1 , exp(—2nif*z)—1 
Laas fev! “ 
exp (2 ), C8(Cs&— (Ge. Che i 
=|" [¢{K &+ 2x(h—g)}r] 4. xP ((K"r) | exp eee (4.3) 
€8(C8—C") Ch Ch _€8) ce C8 | 
Substituting (4.2) with (4.3) into (2.4a) for m=3 and rewriting g and h as gq: and gitgz. | 
respectively, we have 


bO(r)=47 Ay Cea er ee [—tk(ri—r)] 
RC 


2rh? 2 s fi K,81+82- KF (27)3(k?— K®”) 
: exp [1(K %1+27g2)ril 
x exp eni(h—(ot gsr] raieree 
exp (1K ®1+827;) exp [7{K°+2z(q1 +g2)}ri] Weeak (4.4: 
C81+82(C81 +8 €81) Cats. C81 BSS “ray 


Since the integrals contained in (4.4) have the forms similar to that in (3.8), we obtain 


(3) me ESP Vh-(81 +89) VB," l Vey “Ih exp [271(C41—€*)z]—1 
pion Hal) is Ae eae Oe 
Sxp 2a hire Cet exp arene) 9 (4.5) 

€81+82(C 81482 — €81)(F81+82 Ch) Ch. £81 +8. £81 : ag 
For the evaluation of /(r) from $@ (nr), it is again advantageous to rearrange the terms 
in the square bracket in (4.5) as 


{K*1427(h—g {K81+82 4 2(h—gi—go) 

exp (—7K*r) | Bae ee 
exp (iK*r) exp reel | 

CN eG ae ae | gees 


Without the rearrangement we have six integrals to evaluate and the expression for ¢“(r) 
becomes much lengthy, while the number of integrals can be reduced to four when (4.6) is 
taken into account. The calculations of higher ¢™(r) are also much simplified by making 
the similar rearrangements of calculated terms. Thus, we have a general expression for 


g(r): 


+ 


(4.6) | 


| 


\n 
Ur(r= Ail Se) ge Se ea 
2x h? h 8y_1 8-2 8, 81 
: Vh-(81 482+ +++ +8n—-1) U8n-1° VEn-2" "7 °Ugy° Ug, 
Kp. Kfi+ Heme AGel ta tae nee - K81*82. K81 
x exp (GK *r)-Zn(C1, Co, Ee se) Cn-1) oe Z) ’ (4.7) 


where 
VANCE C2, Bod mec) Gee, oa Z) 
on ee exp [274(Em—C*)zJ—1 eg eR Dg exp (—27iG"z)—1 


m=1 mt n-1 (4.8) 
Cm(Em—C*) TT (Gm—€x) Ch II Cx 
k2em re 


In (4.8), €m is the abbreviated notation of €71+%+**'+8m and means the excitation error of the 
reciprocal lattice point corresponding to the vector 2z(git+g2.+---+gm), as shown in Bigesb: 
The formula (4.7) with (4.8) is essentially similar to that previously derived by Cowley and 
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\ Moodie”. Particularly, the factor ZnlCi, 2, +++, Eni, C*; z) given by (4.8) coincides exactly 
with the result of their calculations. However, the essential assumption in their theory that 

all scattering angles should be small is no longer necessary here, so long as only the forward 
scattering is appreciable. Under the same condition, (4.7) is applicable also to the cases of 
oblique incidence without any revision, since K.’s are adopted instead of K’s. The formula 
(4.7) as well as Cowley and Moodie’s gives the pictorial image of the -ple scattering process 
in which the incident wave K°® turns to K" through the m—1 intermediate states character- 
ised by Ks, K41t82, tee, Kirt: +8n-1, 


The expansion of Zn(€1, €2,---, €n-1,€*; z) into power series of €’s gives another useful 
expression for Zn: 


ZrXE1, €:, “Ss En-1, GF Zz) 
co fy\k k-n eas k-n-m, k-n-(m,4+m, k-N-(M +++*+My 5 
a x (2712) > ( pm-(“ 1 ). a= M4 0 Sv 3 ey n-( > +My 9) 


ken kl!  m=0 my m=0 m3=0 Mn _1=0 

x [(C*)™1 -(Cn—1)2+(Cn2)™3 ayaae (€3)Mm-2+(Co)Mm—1- (Cy he Cm + see +mn—-1)| . (4.9) 
If all €’s are zero, (4.9) is reduced to 

LZn=(271z)"/n! . (4.10) 


Other special forms of Zp» are given in Ap- 
pendix. 


§5. Intensities in the Short Wave Length 
Limit 

Miyake® has recently pointed out that the 
well-known treatment of the two-wave appro- 
ximation of dynamical theory is not legitimate 
for calculating the intensities of reflexion in 
the short wave length or small crystal size 
limit. In this connection, it may be significant 
to study the behavior of the intensity of Onge z-axis 
reflexion in the limit A—>co with the present pig. 5. Illustration of K&i*-**+8m and (81*"" +B. 
theory, assuming that the relativistic effects 
could be taken into account by the mass correction in wave length. 

The expression (4.9) shows that Z, approaches to the constant value (2ziz)"/n! as K>©, 
since all €’s, in which we are interested, tend to O(1/K). Then, from (4.7), we obtain 


O 2xq, 


P(r) > O11/K”) AS. [Meo 5 
It can be concluded, therefore, that 


ime 
hi 


P(r) $n) —> Aol Jo sp2) ae -exp (iK"r) as Ko. 

In other words, the intensity of reflexion in the short wave length limit is equal to the exact 
excitation value of kinematical intensity. It appears that this result is the same as that due 
to the usual method of two-wave approximation (Pinsker, Blackman). However, it should be 
noticed that the simultaneous occurence of many reflexions in a crystal is taken into account 
here. Thus, the present result amounts to a more general theoretical confirmation than before 
to the experimental method developed by Honjo and Kitamura® for obtaining the kinematical 
value of reflected intensity by varying the wave length of electrons. 


§6. Convergence Test of Wave Function for Simple Examples 


Concerning the method of higher order Born approximation, a question may arise as to 
whether the wave functions derived successively from low order approximations do converge 
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or not. Though no conclusive answer has yet been obtained to this question, two simple | ; 
examples quoted below may be instructive to show how the wave functions converge and to) 
suggest the convergency in more general cases. \ 
(a) Free electron model (vo-scattering) 
Now we consider that a beam of electron enters the hypothetical crystal whose potential | 
field is | 


< | 
Vo for lar em 6.1) I 
0 otherwise. | 


vin)=| 


For further simplification, the direction of the incident beam is assumed to be normal to the 


surface. Neglecting the reflection at the surfaces of crystal, we may write immediately the | 
wave function in the form 


Wr) = pe (GK*r) in vacuum 6.2) 


exp (1K °r) in crystal , 
where the wave number vector K® in crystal is defined as 
K°’=K"+(2me/h?)-vo . (6.3) 


When K®* is large enough we have 


Ko~ Kig Mero 
Tpke’ 


so that the wave function in the crystal is approximately given by 
¥(r)~exp (K'r)-exp [i(mevo/h?K*)z] . (6.4) 


We show below that the power series obtained by the application of the higher order Born ; 
approximation also gives the same result. Adopting exp (¢K‘r) as ¢(r), we obtain from (4.7) 


(imevoz/h?K*)” 
n! 


JO) = 


-exp 7K 'r) . 


Here use has been made of (4.10), since all €’s in Z, should be equal to €° (the excitation 
error of the origin of reciprocal space) and apparently €°=0. It is easily shown that 


S$) exp (Kir) -(1tiaz— Fei Sa... ) 
n=0 


=exp ((K'r)-exp (jaz) , (6.5) 
where 
a=mev)|h?K*. 

In Fig. 6, |d™(r)| is plotted against for 
two cases. The open circles in the figure cor- 
respond to the case where v=10 volts, 24= 
0.048 A and z=50A, and the full circles to the 
case where v=20 volts, 24=0.048A and z= 
200A. The former shows the monotonous 
decrease of |/(r)| with increasing ». In the 
latter case, on the other hand, |s™r)| in- 
creases until m reaches 3, and then turns to 
decrease with increasing m. It should be noticed 
that the wave function converges ultimately 
despite that a tendency of divergence was 
observed for the first two or three terms. Fig. 6. |g™( )| versus ” curves for vp-scattering 
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{| (b) The pendulum solution of Bethe 

It has been proved by Cowley and Moodie that their theory gives Bethe’s pendulum solu- 
tion” when the same condition of the two-wave approximation as in the usual dynamical 
theory is assumed. Their result is most easily confirmed for the condition of the exact ex- 
. citation of the reflexion h. Using (4,7) and (4.10) and taking into account only the interactions 
| between waves o and h, we may write the amplitude of the reflected wave h as follows: 


= me \ Vp 5 me \* vnv-nvn (2 71z)8 
ee Aol sre) emer) Aal os) Kena Sl 


5 , = \5 
A (Me ) URV-WVWV-WVh__ (2712) 
- eo. KP KS K PK YK 5! 


Se 


Assuming v,;=v-, and K..=K," and putting mev,/h?K2=a, we have 


(az) aus) ee 
3! 5! 


Yrxa “Z— 


-+-=sin (@z) . 


This is nothing but the pendulum solution. 
Fig. 7 shows a result of numerical calculation 
for vz=10 volts and 2=0.0502 A (56 KeV). In 
the figure, the solid curve represents Bethe’s 
pendulum solution sin’(@z), and the dotted 
curves with index 2 show the intensities of 
reflection h of the m-th order Born approxi- 
mations, respectively. We see here how the 
range where Born approximation is valid is 
extended with increasing . — 


§7. Extensions of the Present Theory 


In this paragraph we treat the diffraction 
by finite crystals and overlapping crystals as 
the extended applications of the present theory. 


(a) Approximate asymptotic form of the wave 0 100 200 300. 400 


scattered by a finite crystal Z2(A) 

In the derivation of P(r) in §3, we hada Fig. 7. A numerical calculation on the pendulum 
great advantage that the integrals over x’ and solution of Bethe. vn=10 volts and 2=0.0502 A 
y’ in (8.9) are reduced to d-functions because (56KeV) are adopted. The solid curve re- 
of the assumption of infinite plate crystal. It presents the pendulum solution. The dotted 
seems to be difficult to treat rigorously the curve with index m shows the result in m-th 
scattering from a finite crystal by the present order Born approximation. For the 200 KeV- 


theory, since such an advantage is no longer electron, values of z should be doubled. 


available now. Therefore, we shall content 
ourselves with deriving the following approximate result. 

We consider a crystal of parallelepiped with the side lengths Li, L2 and Ls as shown in 
Fig..8(a). The asymptotic form of wave function at a point r far away from the crystal is 


given by 


(1) ~ PO(n) + me. SEP ok ”) \\ [exp [Kr rol] Verde (rd) dre . (7.1) 
crystal 

Strictly speaking, the wave number in vacuum K* must be taken instead of the wave number 

in crystal K°®. However, for simplicity of calculation, we adopt ft : and omit the Zer0 term 

from Vir). If Li and Lz are large compared with Ls and the direction of the incident beam 

is nearly perpendicular to the xy-plane, we may neglect the edge effect and substitute (4.7) 
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for the infinite crystal into Y(ri) in the integrand of (7.1) as the approximation. Then, we?) 
shall have the wave function in the form of spherical wave: 


E (1) ~ PON) + GPN)AGOM)+ +++ FEM) +H ore, (7.2)) 


where 


#00) = Aol me \' exp GK °r) 


2rh? 2nir 
/ / / /Vh-(8\+++*4+8n—-1) VBn-1" Pe OYE 
x2 x F = (fit t8n-1. ++.» K81*82- KF 
x [sin (rye"Li)/apx"]- [sin (779"L2)/2 77") 
spe ei SS. 7.3), 
wes Ck Gone) HT (Em—Ex) a i Cx 
k>m 


7 in (7.3) is the excitation error vector defined as 


Pe Ge 


27 —(K°+27ch) 

and is illustrated in Fig. 8(b). It is clear that the formula (7.3), which contains Laue func: 
tions, gives diffraction spots of finite sizes. 
As to the Fraunhofer diffraction of electrons 
by a finite crystal, a more detailed theory 
which takes into account the refraction phe- 
nomena at the surfaces of crystal has been 
developped by Kato by using the two-wave 
approximation. The formula (7.3) may be 


O 2nlh 4H 
Fig. 8(a). Illustration of a finite crystal. (b) De- Fig. 9. An arrangement of the unit cells of over- 
finition of the excitation error vector 2ny*. lapping crystals. 


regarded as the rough extension of his formula to the cases containing many reflexions. 
(b) Elementary application to Moiré patterns 
Let us consider the overlapping crystals, the potential field within which is given by 


| x Vn eXp (27ihr) ROD s Oe ) 
VAG = x Vy’ exp (2zth’r) for 4 Dx=2z<= DA: D’ (7.4) 
0 otherwise. 


In the case when the both crystals have orthorhombic cells, whose fundamental vectors are 
@, G2, a3 and ay’, ay’, a3’, respectively, and ai, a2, a1’ and ay’ lie in the xy-plane (parallel to 
the surface) as shown in Fig. 9 (7.4) can be written by using Miller’s indices (l,m, n) and 
(l’, m’, n’) as follows: 
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( > Vimn-exp | i as ee y+ Mi z) | for. 0 32.<0) 
Vir) a Qe a3 


ay V2, 1 


ey Virm'n’- exp] 2nil(* COs (pes sin 0) x+( us sin ERLE cos 0) yt nN, | 
a a2 a3, 


for D<z<D+D’. (7.5) 


The amplitude of the waves scattered by these crystals may easily be calculated by following 
the same procedure as before. Using (2.4a) for m=1 and (7.4), we obtain 


— Ao ( a) > ae Se 5 exp (2K ®r) Oe Owe ID 


dO(r)= 2nh?]/re KS cs 
— me \ | > ve { exp (—2znif®D)—1 ae 
Ao oon) e eal ad } exp ((K ®r) 
ve { exp (—2niC®2)\—exp (—2niD)) are 
oe rt meee agers Has exp aK) | 


for D<z<D+D’. (7.6) 


The first term of /(r) for D<z<D+D’ describes the waves which came into the second 
crystal after having been scattered once in the first crystal. By substituting (7.6) into (2.4a) 
for m=2, this term will produce the following field in the second crystal: 


_ Un’ Ug exp (—27i€£D)—1 
K St’ K8 cs 
01 C2) [271(€8& —C8+"’) D |—exp [221(€ —C8+*")z] 
C8 — Gone ea hes 


which represents the wave scattered once in each of the crystals. The interference of /(r) 
with (7.7) at the exist surface z=D+ D’ may be expressed simply as 


)-exp (LK &+h’y) 


Ce) 


Ao exp [7{ K2°x+ Ky y+ K2(D+ D)}] 
x [1+C-exp [277{(g2the’)x+(Sythy )y}MI , (7.8) 


and will give the moiré pattern. The factor C, which determines the contrast of the image, 
can be calculated from (7.7). The spacings of the parallel and rotation moiré patterns are 
easily given by using (7.5). 

The result mentioned above contains nothing new, since Cowley” and other authors have 
dealt with the theory of moiré patterns up to date. It may be expected, however, that the 
present theory will prove its true merits, if it is applied to some complicated problems, e.g., 
those of the moiré patterns produced by more than three waves, the dependence of the 
contrasts of moiré patterns on the other waves excited simultaneously and so on. 


In conclusion the author wishes to express his sincere thanks to Prof. Shizuo Miyake for 
his kind guidance and encouragement throughout the present work. 


Appendix 


The expressions for Zn(&1, «++, €n-1,€*; z) in the cases, where (4.8) is no longer available, 
are given below for <3. It should be noticed that the formula (4.8) is symmetric as to ¢’s 


except C*. 


[1]. If only €* is zero, Zn(€1, ---, €*; z) should be written as 
3 Gz) — —2ni 
Lni= Sv exp (2ni6 mz) L aE 1)” ele): ; 
m= Cm? Ul (Cm—Cx) u Cr 
K=1 2 


km 
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(1) €:=0 
Z.=[1—(2nizl*+1)-exp (—27il*z)|/(C*? . 
(2) €:=€* 
= [2niz-C*+exp (—2ni€*z)—1]/(C*)? . 
pI Z25Gas-Go, 6832) 
(1) &=0 
7, ©XP [27i(C2—C")z)—1 2niz-exp (—2xi€"z) 4 Gat6") [exp (=2nid*z)— 1] 
92S C4) Co% (aan, 
(2) 1=€2 
_(Ch—26vfexp [2ni(Ci—C)z]—1]_, Bmiz-exp [2ni(Cr—C*)z]_ exp (—2xifz)—1 
Ay C(Ci—C¥ i C1(C1—Ch) aan 
(3) Gi=€" 
y__2miz__, exp [2mil€s—C%a|—1 __ exp (—2nif*2)—1 
Cae Cx(C2—C") Ex(C*)? 
(4) €1=€2=0 
se op (= Orie te opps Eee Moni ac eed ste 
23 as exp (—27if 2)) Z (2702) (Ge)? 2nt26 
(5)) €1=C?=0 
ae al (Qriz)*Co?+ (2miz)C2—exp(2ni€ 22z)+ 1] . 
COye C10, C2=0 
Fox i [exp (2nil12)-(Qmizl:—2)+2riz-C1+2] . 
(7) G:=€", €2=0 
Li [2niz€™{exp (—2ni€*z)+1}+2(exp (—2nif*z)—1)] . 
(8) €:=€a=C* 
ipo a (2miz)*(C)—(2niz\C*—exp (—2miCh2) + 1] 


To the numerical evaluation of the relatively high order terms, the use of (4.9) seems to be 
convenient, if we terminate the summation over k at a sufficient large number N. 
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A simplified theoretical treatment of the excess energy of a binary 
metallic solution, which is based upon a principle of the cellular appro- 
ximation, is presented. The average size of the atomic polyhedron of 
a metallic solution, corresponding to the boundary correction of the 
metallic state, is determined under the condition of a minimum of the 
total energy of the system. This calculation contains many factors such 
as the effects of the lowest energy of the valence electrons, the Fermi 
energy, the interelectronic energy, the ion-core repulsive energy, the van 
der Waals energy etc. As the purpose of any theory of metallic solu- 
tions is to predict the excess quantities from the knowledge of the 
properties of the pure components, a semi-empirical expression deter- 
mined only from the quantities of the pure metals is employed in some 
parts for the estimation of the above factors quantitatively. The pre- 
sent calculation is free from the classical elasticity theory which has 
been used in the theories of solid solutions, some difficulties having been 
pointed out. Furthermore, the energetic asymmetry of most metallic 
solutions can qualitatively or quantitatively be explained by the present 


treatment. 


$1. Introduction 


In recent years thermodynamic data of 
metallic solutions have extensively been re- 
viewed by Lumsden”, Wagner” and Kubas- 
chewski et al®. However, the quantitative 
theoretical works on these experimental results 
have been rather limited. Statistical thermo- 
dynamics of metallic solutions has been dis- 
cussed by many authors,“)-®, but the statis- 
tical theory is not sufficient to predict the 
excess properties of the metallic solutions 
except when each component has the same 
electronegativity. A satisfactory treatment 
of the calculation of the excess functions of 
metallic solutions needs a quantum mechani- 
cal consideration. Of course it is very dif- 
ficult to obtain an exact solution of Schroed- 
inger’s equation for any metallic solution as 
well as for any pure metal. Thus a simplifi- 
ed model is necessary to enable one to treat 
the problem easily. As is well known the 
cellular method developed by Wigner and 
Seitz™ is very useful to estimate the cohesi- 
ve energy, the lattice constant and the com- 
pressibility of simple pure metals, as review- 
ed in Seitz’s' and Mott-Jones’!™ text books 


and others!2®-™. 
Quantum mechanical calculations of the 


excess energies of the dilute metallic solutions 
have been made by Huang’? for Au-Ag 
alloys and by Arafa! for Cu-Ag and Ag-— 
Au. For the systems of the finite concentra- 
tions and of multivalent metals, Varley!® has 
made progress in calculating the excess en- 
ergy and obtained a reasonable order of 
magnitude of the energy etc., though the 
calculation of the strain energy has _ been 
based on the classical elasticity theory. This 
elastic model, which has been used by many 
investigators, has the difficulties to cbey a 
vague idea of atomic sizes and other concepts, 
pointed out by Oriani». Then it is desir- 
able for an atomic theory of metallic solutions 
to be free from the elastic model. Friedel?” 
has investigated the screening effects in the 
alloys from the point of view of a modifica- 
tion of the Thomas-Fermi method. It is to 
be noted that Friedel’s theory gives no effect 
for a system, where both components have 
the same valency, and no absolute value of 
the excess energy, though it does give the 
curvature of the heat of solution determined 
by the sign of the excess valency, etc. 

The aim of this paper is to devise a sim- 
ple procedure for calculation of the excess 
energy of the concentrated metallic solutions 
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from the view point of the cellular method 
without using the classical elasticity theory 
in order to predict the thermodynamic pro- 
perties of metallic solutions in terms of pro- 
perties of pure components. 


§2. Average Size of Atomic Sphere 


In the quantum mechanical calculation of 
the cohesive energy of pure metals there are 
three important factors. The first is the bo- 
undary correction associated with the change 
of the state from the free atomic state to its 
crystalline one. In other words, the boundary 
correction gives the lowest energy of elect- 
rons in the metal relative to the energy of 
valence electrons in the free atom. The 
second is the kinetic energy of the conduction 
electrons or Fermi energy. The third is the 
interelectronic energy composed of Coulomb, 
exchange, correlation energy etc. This last 
factor is very small in total compared with 
the other two factors. Thus the effects of 
the boundary correction and of Fermi energy 
determine the cohesive forces of metals to 
first approximation. Furthermore, the effects 
of ionic (exchange) repulsion emphasized by 
Fuchs?» and the van der Waals force stressed 
by Friedel? can not be neglected in such a 
metal as the noble metals. The cohesive 
forces of both pure metals and metallic solu- 
tions may be explained qualitatively, or quan- 
titatively to some extent, if the above effects 
are adequately calculated. 

In a theory concerning metallic solutions it 
is not always necessary to calculate the 
‘*total’’ cohesive energy of the solution. 
The aim of the theory of metallic solutions 
is to understand the change of cohesive ener- 
gy due to mixing process. Then it is worth 
emphasizing that the calculation of the ex- 
cess energy of a metallic solution could be 
done by using a semi-empirical result of the 
pure metals to a certain extent. Such a semi- 
empirical relation might independently be 
achieved to a complete calculation of pure 
metals in the future, though the satisfactory 
results have not yet been gained except in a 
few cases such as monovalent metals’). <A 
calculation for metallic solutions may be im- 
possible now without some semi-empirical rela- 
tions of pure components, since the calculated 
results for pure metals are rarely obtained 
now except for simple systems. 
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The atomic polyhedron in the cellular ap- | 
proximation can be replaced by a sphere of \ 
the same volume.-!2 Thus the energy of 
a pure metal has been calculated as a func- 
tion of the size of the atomic sphere mention- 
ed above. The lattice parameter is determin- 
ed from the point of a minimum of the 
energy in the relation between the energy 
and the size of the atomic sphere. This 
means that the size of an atomic polyhedron 
corresponds to the minimum of the total 
energy in any metal. If this principle is ex- 
tended also to metallic solutions, an average 
atomic polyhedron should have a size corres- 
ponding to the minimum of the total energy 
of the solution. From this extended principle 
the size of the atomic sphere, 7m, could be 
determined. Thus 


(OE(1)/Or);r,, =9 (2.1) 


is the fundamental equation in the present 
theory of metallic solutions. (7) is the total 


interaction energy of the solution. In a 
binary system one can put 
Ey) =xsaEsa(r)+xeEee(r)+4E* (222) 


where x4 and xz are atomic fractions of A 
and 6, Ess and Ess and the interaction 
energies of the pure states respectively. 4E* 
denotes the energy due to the electrochemical 
effect or electronegativity effect, the effect of 
the change of van der Waals forces between 
the unlike atoms, and others. 

E(r)~xaEsa(r)+xeEs2(r) (2129 
determines the average size of the atomic 
sphere to first approximation, when 4E* is 
small. In a later section §4, a consideration 
will be given in the case of taking into ac- 
count the value of 4E*. 

A semi-empirical equation of state for each 
pure component may be employed in solving 
(2.1) and (2.2). If an exact solution is obtain- 
ed for any pure metal in the future, this 
equation will be able to be confirmed theore- 
tically, as explained in the following section. 
The present principle will hold as it stands 
for any result of pure metals. According to 
Slater?» the semi-empirical equation of state 
of a pure metal is given by 


Eu(r)+4I=—Lit- Lia®ru—r) 
+Liak(ru—ret+-:--, (2.3) 


where L; is the energy of sublimation at 0°K, 
ru is the interatomic distance at 0°K and the 
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parameter a; is connected with the Griineisen 
constant, 7:, by 


re=QUru/2—1/3 . (2.4) 


The difference of the energy between the 
state of the free atom and that of the ioniz- 
ed ion, where the valence electrons are re- 
moved to an infinite distance is shown by 
AI. Putting Lia?=l, substituting (2.3) into 
(2.2’) and solving (2.1) and (2.2’), one obtains 
from the first order expression of (2.3) 


tn =(xalyroatxeluron)|(xalat+xele), (2.5) 


where 7o4 is the radius of the atomic sphere 
of pure A, easily deduced from the interato- 
mic distance 744. The term oz has the cor- 
responding meaning for B. If the crystalline 
forms of pure metals are different from each 
other, (2.5) should be slightly modified. From 
(2.5) Vegard’s law is obtained, if li=ZJs. 


(2.6) 


It should be noted that (2.5) has a correspond- 
ing form to Varley’s recent calculation”, in 
which the effect of hydrostatic work due to 
the size factor in liquid alloys has been stu- 
died. The present result is, however, based 
upon such a generalized equation as (2.1); 
more detailed expression of 7m than (2.5) can 
be obtained numerically, provided the higher 
order expression is adopted in (2.3). Inter- 
pretation of equation of state, (2.3), will be 
given in the following section. 


(ives XsVoa t+ XBror . 


§3. Excess Energy with Non-Redistribution 
of Electrons 


The first step to calculate the change of 
the total energy of a metallic solution is to 
evaluate the lowest energy of electrons at 
the bottom of the Brillouin zone of the 
crystal as a function of the radius of the 
atomic sphere.™»12) The size of the atomic 
sphere has to satisfy the condition of the 
total energy minimum as described in the 
foregoing section. In other words the size of 
the atomic sphere changes, on the average, 
from 4a and “or to 7m in accordance with 
(2.1). Then the lowest energy of valence 
electrons for the metal A, 04, may be writ- 
ten as follows: 


Eoa(%m) = Eoa(Vo4) 


+ (%m— na) 
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(Ym—Yo)? (a 
2 or” iM of a var 


(3.1) 


where €o4(704) denotes the value for the pure 
state and €4(7m) for the solution. This may 
be evaluated in principle by making use of 
the familiar procedures in the cellular appro- 
ximation, for example by the Wigner and 
Seitz method or the quantum defect method, 
computed from the spectroscopic data of the 
free atom. 

The second step is to calculate the effect 
of the average Fermi energy. As is well 
known, this is given by 


FT pS 
emai) = = Aas 5 (Ez) 
and 
h2 9 2/3 


where hf: is Planck’s constant, m* is the ef- 
fective mass of electrons, Z4 is the valency 
of A. Ina rigorous treatment the effective 
mass should be employed, but, in a first ap- 
proximation, the normal mass of the electrons 
may be used, when an exact solution of the 
electronic zone structure in alloys has not 
been obtained. It is instructive to note the 
recent development for a non-rigid band 
model of alloys investigated by Cohen and 
Heine”? as well as Jones’ work for a rigid 
band model?. Future developments for the 
band structures of metals will be available 
for improving the present discussion. Fur- 
thermore, (3.2) assumes that the electron 
wave functions have a characteristic of the 
periodicity of the non-perturbed lattice in 
spite of the fact that the potential in the 
metallic solution is no longer periodic owing 
to the existence of the different kinds of the 
atoms. Though more rigorous consideration 
for the electron wave function may be neces- 
sary in order to know the correct change of 
the Fermi energy of the solution, the appro- 
ximation of the nearly free electrons may be 
permitted as an approach to the goal as in 
Varley’s paper.” 

It is known that the interelectronic energy 
(Coulomb-, exchange- and correlation energy 
etc.) is small compared to the effects of the 
boundary correction and of the Fermi 
energy.1)-!) Then the latter two factors de- 
termine mainly the amount of the cohesive 
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energy of metals. In the following discus- 
sion for the sake of brevity the effect of the 
interelectronic energy is not taken into 
account. 

The ionic repulsive energy and the van 
der Waals energy originating from the field 
of the ion-core must be influenced by this 
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of the atomic sphere causes variation of the 
exchange energies and dispersion energies 
due to a synchronized motion of the bounded 
electrons of each ion. E®” is defined as the 
energy due to these effects of the ions. 

The energy of pure monovalent metals at 
0°K is thus given by!» 


mixing process, since the change in the radius 


Eaa(va4)=€oa(’oa)+Era(Yoa) + Ea?” =—La—l , (3.4) 


where Ji is the first ionization potential of A. For the atomic sphere A in solutions one has 


EA mm) = 04m) + ram) + Ea?” (Sm) = —I4—Lat{la(raa—Pmm)?+ Hi -} : (325) 


From (3.4) and (3.5) one can calculate the change of the interaction energy of the atomic 
sphere A on mixing, when there are no charge transfer between the unlike atoms and no 
appreciable change of the van der Waals force constants between them. 


E.a(fmm)—Ea(r44)=€04(%m)—€ 04104) +E ra(%m—)—Ev ara) 
+ E4®" (7m)—E4®? (104)={(la(ras—Pmm)? + He -} . 
When use is made of (3.2), (3.6) becomes 


(3.6) 


Evaltm)—Brares=—"5 ( : z 


we lee 5) BLP rm) Es (roa) r44 Fam)? +=}. (3.7) 
m 0A 
In this way one can calculate the effect of the boundary or so in the case of monovalent 
metals. 

The above consideration can be extended to the case of polyvalent metals. 
to (3.5), one has for the Za valence 


Corresponding 


ee 
EA mm) =Z4|Eoa em) + Era Sen BEY Gn) = — T.—AQ—Latla(raa—fmm)?+ carats (3.8) 


where J; is the 7-th ionization potential, 4Q is the difference of the interelectronic energy 
between that in the free atom and that in the metal. By extending the method used to 
derive (3.7), one obtains 


Za [Eo4(%m) mam Eoa(7o4)] 


oan seam Ping 
Ny Vm? TOA 


2 \ (Lalas —Pm) + Ses }—{E4®" (1m)—E4®” (ro4)} ) (3.9) 


corresponding to (3.7). 

Thus one can calculate the change of the total interaction energy of a binary metallic solu 
tion on mixing without reference to a direct calculation of the lowest energy of the valence 
electrons by making use of (3.9), when J; and E4®’ are determined from the experimental 
data of pure metals only. The detailed study of each term in these equations should be 
developed, though these empirical expressions are enough for the present purpose. 

The change of the total energy of binary solutions (excess energy) on mixing is, if there is 
no charge transfer, 


A= Xa{ Ea(tmm)—Eaalra 4)} + x2{ Ex(1min) —Ex(ren)}+ AERV 
= X4{ Za E04(%m) + Er a(%m)—E04(104)—Exra(1o4)|+ E4®’ (tm)—Ea®” (ro4)} 
+ xa{Za[Eon(7%m)+ Er 2(%m)—Eon(1on)—Era(roz)|+ Ex®’ (tm)—Es®” (ron) }+4E®” (3.10) 


where 4E*” is the correction due to the forces of the ions on mixing. For example the ef- 
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fect associated with the difference between the force constants of the van der Waals energy 


of the unlike atoms. 


4E=xalla(raa—Pmm)?+ <s $+ x2{la(7e8—Pmm)?+ 2 }+AEPRY 5 


If 7m is given by (2.5), (3.11) is 


AB =X4xn(V44—Pep)?|(X4/le+xp/ls)+4E®". 


More detailed expressions than the quadratic 
equation will be found also by solving the 
higher order equations in (2.1), (2.3) and 
(3.10). 

The contents of 4E®” include the deviation 
of exchange repulsive energy from the expres- 
sion such as (3.9) and the effect due to the dif- 
ference of the van der Waals force constants. 
The former may be evaluated by some method 
of Born and Mayer type?” or Fuchs type2”, 
but the correction based upon these methods 
may have no detailed formula except for cop- 
per. Then only the latter correction is taken 
into account. It may be very important, es- 
pecially when there are easily polarizable d- 
electrons of different degrees in each ion as 
in noble and transition metals.2 This effect 
can be represented by means of the geome- 
tric mean rule for the force constants as in 


the usual non-electrolyte solutions. From 
London’s_ consideration’?», one can _ write 
roughly” 

JA OEY Xaxec(fa —fr)?|Tm? @ 13) 


where c is the number of the interaction 
pairs depending upon the crystal structure, 
fa and fz are the force constants appropriate- 
ly defined respectively. It is readily found 
that no effect of this type exists if both com- 
ponents have the same value of van der 
Waals forces. 

It is to be noted that 4E, (3.12), shows 
always a positive excess energy due to the 
disparity of atomic radii and the difference 
of the van der Waals forces. The former 
corresponds to the terms of the size factor 
based on the classical elasticity theory, but it 
has more sound base than in the elastic 
model because of its derivation from the equa- 
tion of state to be explained in principle by 
quantum mechanics. Furthermore one should 
remember the effect of the van der Waals 
forces always provides a positive quantity to 
the excess energy, even if there is no size 


factor. 


Making use of (3.8) and (3.9), (3.10) is rewritten as follows. 


(Sie) 


(3.12) 


It is of interest that there is a possibility 
of applicability of the geometric mean rule 
such as (3.13) in Pauling’s view, taking into 
account the effect of d-electrons in a form of 
the spd hybrid metallic resonance.?9)»3” 


Excess Energy with Redistribution of 
Electrons 


§ 4. 


In this section the effect of the electronic 
redistribution on mixing is considered. This 
effect called the electrochemical effect gives 
always the negative excess energy, corres- 
ponding to a tendency to form a stable alloy 
phase. If one of the components of the me- 
tallic solution has a greater attraction for 
electrons than the other, an increased proba- 
bility of finding the electrons near the first 
may be expected. In the extreme case this 
tendency means an ionic bonding in ionic 
crystals. As is well known this effect in 
molecules can be explained by the concept of 
electronegativity which depends upon the 
ionization potential as well as upon the 
electron affinity.3)»32) This approach may be 
extended to metallic solutions,».®»** but a 
more improved approach based upon the cel- 
lular approximation is employed here. 

The main reason why the electrons in 
metallic solutions accumulate near one of the 
atoms in comparison with the other may be 
found in the fact that the ionization potential 
of the former is greater than that of the lat- 
ter, and briefly the large electron affinity of 
the former. The theoretical investigation of 
the cohesive energy of metallic solutions has 
been developed so as to evaluate the effect of 
the charge transfer qualitatively or quantitati- 
vely. In the present treatment this effect is 
estimated by means of a modification of 
Varley’s method. The difference between the 
present theory and Varley’s is in the point 
that the height of the maximum of the 
electronic energy is measured at the average 
atomic size of metallic solutions or at the re- 
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spective pure atomic sizes, in addition to the fact that the classical elasticity theory was | 
used in Varley’s paper. i 

If the charge n leaves from one cell, A, and distributes itself uniformly over the other | 
cell, B, the latter accepts on the average x4m/x» charge. Hence the average energy of the 
binary metallic solution which corresponds to (2.2) can be expressed by 


E(7m)=%Xa[Za—n]€0a(%m) + Xa[Za+ X4n/ XB) Eon 1m) + aE a®’ (4m) +xBE B®’ (¢%m)+4ERY 


| 3xak. a" ( n ie ‘ SaaliZei xan Ne (4.1 | 


5%m? ZA 57m? xBZp 


Expanding (4.1) to the second power in , one obtains 


o Aa ts 3 KZ,5/3 
E(7m) = 144 Zaboa tn) 6 Gh %: | XB | Za€vo(rn) a Bi aa 


+ x4 Ea’ (¢m)+xBE B®’ (%m)+ 4 ERY 
+nxa{Eon(/m)+ KZ27/3/%m?—E€o4(%m)—KZ 42/3 /4%m7} 
+nxa|xe{ Xe K/[3Z 4M 7m? + x4K/3Z eM 37m?) (4.2) 


The simplified equation (4.2) holds, when the amount of charge transfer is small compared 


to the valency of the pure state. In principle m in (4.1) or (4.2) can be determined from the 
condition 


0E(n)/On=0 . (4.3) 
This equation can be easily calculated if (4.2) is used. As a result the excess energy, cor- 
responding to (3.10), is given by 
4E=[xalla(ra4—Pmm)?+ a >} xe{le(732—Pmm)?+ <0 8 3] 
+ x4xnc( fa—fe)?/Pm? 


37m2{ Eon(%m) as Eoa(%m) ae K(Z37/8 —Zp7!8) 7m? }* 


4 OB 4AK(x4/Z41/3+ x4/Zp'3) ‘ 


(4.4) 


where 7m should satisfy the condition of the energy minimum such as (2.1). However, an 

analytical expression for 7m is not easily obtained in contrast to (2.6) deduced from the con- 
dition of non-redistribution for the electronic charge. Then one had better calculate the 
energy of the system in a given 7» and, from the graphical relation between the size of the 
atomic cell and the energy, the most probable size of the system can be obtained. 

As the first approximation, Vegard’s law for the interatomic distance may be useful in 
view of the fact that the deviation from this law is not appreciable in most alloys. If this 
approximation is adopted, (4.4) can readily be calculated. Of course a numerical calculation 
based upon the above described procedure can evaluate the difference of the energy due to 
the deviation from this simplification. Thus an approximate expression of (4.4) is given by 


4E/xaxXn=(Xala+xale)(ran—raa)? +c fa—fe)?|PrmO 


sh 3 Tm? { Eon Fm) — Eo 4(Vm?) =e K(Z 37/3 — Z47/3) | 7,2}? 4 
4 K(xs/Za¥?*-+ x4]Z 51) , - 


where for 7m one is referred to (2.6), i.e. charge redistribution gives always a negative 
Vegard’s law. The first two terms of the value for the excess energy and shows a ten- 
right hand side of equations (4.4) or (4.5) cor- dency of compound formation i.e. attraction 
responds to (3.10) obtained in the foregoing between unlike atoms. In other words, this 
section. The second term means, of course, last term corresponds to the electrochemical 


4E®’, However, the last term due to the effect caused. from the difference of the 
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| electronegativities of both components. The 

effect due to the electrostatic effect originating 
from the above process may be negligibly 
small except for the superlattice formation.’ 

The compiled values of Li, &0i(roi), KZ,2/8 
/ro?, a and ru for some pure metals, which 
are necessary to evaluate (2.6), (4.4) and (4.5), 
are given in Table I. Using these values 
with (2.7) and (3.9), one can calculate the 
excess energies of solutions on basis of (4.3) 
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or (4.4) except the factor of the van der Waals 
force, which has to be considered only 
qualitatively. 

Comparisons of the theory with experiment 
may be made by making use of Kopp- 
Neumann’s law for the specific heat of an 
alloy, since the deviation from this law is 
very small in most alloys at high tempera- 
tures, where the observed data are often 
obtained. 


Table I. Fundamental constans of pure metals useful in calculation of the excess energies of metallic 


solutions. 

Metal Li (eV) —Eqi(7Toi) (eV) KZ 213/792 (eV) a; (A-!) ru, (A) 
Cu 3.54 15.48 7.10 eal . | 2.550 
Ag 3.00 13.85 5.52 1.39 2.883 
Au 3.93 16.47 5.56 1.58 2.878 
Cd 1.16 14.33 7.49 ihe. (Gl say 3.042 
Zn eo 16.29 9.57 ah (kas 2.748 
Hg OFF 15.38 (223 3.10 
Al 3.30 18.30 176 Zi here), Pexos) 
Ga 225 17.94 10.49 (pe Pall 
In ZHOO 16.08 8.71 ibateioe (CRRA: Boulet 
AM 1.88 IGS7Z 8.26 IFAO Sa Gloss 3.42 
Sn sat) 18.71 10.24 Ihe si MGI GZANES 3.16 
Pb 2.04 18.31 9.54 Pr 30e A) 3.49 


Li, €oi(ro) and KZ2/3/r 9,2: 


taken from Varley’s table. 


aij: taken from Slater’s table, and* calculated from the Griineisen constant. 
The values in parentheses correspond to those in liquid states. 
ru: the Goldshmidt atomic diameter. (c.n. 12) 


§5. Energetic Asymmetry of Liquid Solu- 


tions 


The properties of infinitely or moderately 
dilute mixtures are often of interest in the 
studies of metallic solutions, since in such 
solutions the complication due to the presence 
of the solute may considerably be reduced. 
The excess heat can be expanded in power 
series of the atomic fraction of the solute, xz, 

4H=axst Brn? +rxe8+--- Gay, 

at a dilute concentration. From this one readi- 

ly obtains the partial molar excess heat of the 
solute B or the solvent A as follows. 

4Hs=a+2Bxe+---, (5.2) 

4Hs=—Bxs? . (5.3) 

The constant a in these equations denotes 

the partial molar excess heat of the solute in 


an infinitely dilute. solution, as may be seen 
in (5.2). On the other hand, the constant, 8, 


may determine the curvature of the excess 
heat at the dilute concentration. 

These constants can be evaluated on the 
basis of the present theory, because the ex- 
cess heat may nearly be equal to the excess 
energy in condensed phases. Thus one ob- 
tains, for example from the simplified expres- 
sion (4.5), 


a=(ree—raaylat+c( fa—fo)?/roa® 
—3{Eo2(%04)—E04(7o4) 
+ K(Z 77/3 —Z42/3)\ 794 }90sZ nl 8/4K , (5.4) 
and 
p= (ren—raa)(la—2ls)+C( fa—fe)*ron*/1o4° 
—3{Eox(v04)—EFoa(%04) 
a K(Z378—Z42!3) [roa (7 04Z 33/4 K ) 
x {—(Zp/Z4)?7+2(rep/ra4)—1} . (5.5) 


Positive values of a@ may be obtained from the 
prominence of the first and the second terms 
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stants, a’, 6’ and 7’--- may be introduced. 


AH = Kat B xe +7/ Ha +:-° . 


Corresponding to (5.4), 


a’ =(res—raaylatc( fa—fa)?/ro8 
—3{Eon(v0z)—€04(%z) + K(Z27/8 —Z47/?)/ro3? Pron’ Za? 4K : 


Table II. Energetic asymmetry of binary liquid metallic solutions at extremely high dilution. 
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or the effects of the size factor and the van der Waals force, while negative values may | | 


indicate the prominent contribution of the electrochemical factor. i 


If the component A is regarded as the solute, ie. in the opposite side of (5.1), the con- | 4 


| 
Systems observed Zn-Sn | Zn-In | Zn-Ga | Cd-Pb | Cad-Sinwy | ACd=T1 | Cd-In 
as 2a'=a | | 
Calculated ratio 5 Imo 1.2% 7 
a 1.6 | 1.4 | 16 | 1 | | 
Syeete eee hee Cd-Zn | Ga-In | Ga-Sn | In=Pb | Ti-Siue| ePb-Sull |nCaaea 
{ 7 ii ~ % s ii | 
Calculated ratio | | i = 
ee 1.2 | 9.944 | tRO 0.9 | 16 | 1,3 | 1.8 


* In these systems the electrochemical factor must be taken into account in addition to the size 


factor. 


If ry4s=ren and Za=Zz, the relation a=a’ 
can readily be found. For raa*=rae and Za 
=Zp,z the asymmetric relation @+<a’ is ob- 
tained generally, but a=a’ may hold for 


lx (divalence) exceeds at least 1.4, but that the 


special systems. 


Firstly one considers the case of the posi- 
tive excess energies (a>0. a’>0), such as in 
the liquid mixture of divalent metals. 
systems (Cd-Tl. Cd—Pb, Cd-Sn, Zn-In, Zn-Sn 
etc.) show, according to Kleppa’s observa- 


tion,?*) 


2a ~a 


for Za VA 


These 


(5.6) 


In order to examine the above experimental 
relation, the following simplification is adopt- 
ed for convenience, since the size factor pre- 
dominates at least over the electrochemical 


factor, as long as a>0. From (5.4) and 


(5.4’) 


a Tp oe Leas? 
a’ WA Lsar : 


(5.7) 


Of course this approximate expression shows 
only the most effective factor in (5.4) or 
(5.4), but may be suitable for a qualitative 
discussion. As long as Jz and la are known, 
the relation between a@ and a may be ex- 
amined by using (5.7). Calculated values of 


ls/l4 are shown in Table II. It is readily ~ 
found that the ratio of /s (higher valence) to 


ratio of Js (tetravalence) to 4 (trivalence) shows 
values below 1.3 except Tl-Sn alloys. In most 
cases the prediction of (5.7) or (5.7’) is in good 
agreement with the experimental results on 
the energetic asymmetry of the excess energy. 
It is thus to be noted that the relation 
between @ and a’ is not always only due to 
the valence electron effects but due to mixed 
effects of the boundary correction, Fermi 
energy and so on. It is of interest to note 
that some systems do not obey the above 
condition (5.7), as seen in Table II. To these 


systems a more rigorous condition than (5.7) 
should be applied. 


Secondly similar consideration can be given 
to the case of the negative excess energy (a 
<0), as seen in the mixture of noble metals 
with multivalent metals. For example, the 
rule of the relative valence effect proposed 
by Hume-Rothery*® indicates that the solid 
solubility of the alloy of monovalent metals 
with those of higher valence is smaller in the 
side of those having higher valence than in 
those of having lower valence. In other 
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words, the excess energy at high dilution has, 
in the case of noble metals being the solvent, 
a steep slope against the concentration com- 


pared with that in the opposite case. Thus 
the relative valence effect requires 
a<a@ or lal|>|a’| 
for Za<Zz. (5.8) 
Apparently (5.8) contradicts (5.6). However, 


this may be explained, since the electrochemi- 
cal factor predominates over the size factor 
as long as the excess energy is negative. For 
example from (5.4) and (5.4’) 


|a\/|a’ |~(Za/Za)/ 


for 704 /op. 


(5.9) 


For the relative valence effects,® (5.9) is in 
agreement with Varley’s result since the pre- 
sent treatment should be coincident in princi- 
ple with Varley’s especially for /ros~/oz. 
Thus the discrepancy of experimental data 
with the relative valence effects may occur 
owing to (5.7), if the excess energy is positive. 
However, this rule may be associated with a 
condition such as (5.9). which holds only for 
the negative excess energy. Furthermore, it 
is worth noting that a complete explanation 
of solid solubility of an alloy requires know- 
ledge of the band structure, which depends 
on the crystal structure, the excited electronic 
state of the components and the boundary 
correction etc., since the transformation of 


Excess Energies of Binary Metallic Solutions 


1533 


alloy phases is accompanied with touching of 
Fermi surfaces at the Brillouin zone of the 
alloy. In liquid alloys this correction may 
be less important than in solid alloys, because 
the Brillouin zone in liquid state has not very 
definite meaning compared with that in solid 
state. 


Thirdlly the relation between a@ and # in 
(5.1) and (5.2) is considered as the properties 
ot moderately dilute mixtures. According to 
the theory of regular solutions, 


—B/a=1 (5.10) 


is obtained because of random mixing. How- 
ever, it is found experimentally that in most 
system, such as solutions of divalent metals 
with metals of higher valence || differs con- 
siderably from |a|, e.g. —8/a~2. These ex- 
perimental results can not be explained by 
the quasi-chemical theory even if deviations 
from randomness are taken into account. 
This behavior is probably on account of the 
fact that these systems must be represented 
by more refined model than the regular solu- 
tion model, for example Hardy’s sub-regular 
solution model,*® Oriani and Murphy’s ap- 
proach®”) and others.’ 

The present theory can immediately be ap- 
plied to the discussion of the ratio of B/a as 
well as that of a/a’. For brevity the same 
assumptions used in the foregoing discussion 


Table III. Energetic asymmetry of binary liquid metallic solutions at moderate dilution. 
Solvent Solute Cale Obs: Relation | Solvent Solute Calc. (5.11) | Obs. Relation 

Zn Cd 0.8 * In Zn 0.6 * 
Zn Ga 1.4 oe In Cd ORS * 
Zn Sn iA ek In 46 0.6 5 
Cd Zn 2) me In Pb 0.9 c 
Cd Ga 5 76 In Ga bel a 
Cd ae. LEZ, sot! Sn In 0.8 * 
Cd Sn ihe) oy Sn Ga 1.0 * 
Cd Pb eS soy Sn Zn 0.4 “s 
Cd In 1.4 ek Sn Ag NP Bs 
Ga Zn 0.4 i Pb Cd 0.5 * 

Ga In 0.9 * Pb Sn 2 
Ga Sn 1.0 * Pb In iil * 
Ga Cd 0.1 * Pb Ag 13 rk 
Pb Au 1.6 eK 


* means an observed relation ~8/a=1, while ** does —B/a=>2. For noble metals the calculated ratio 
ts obtained from solid a;. It should be noted that the expansion such as (5.11) is inadequate if |lz—L,| 
la is not satisfied. Of course the tendency of the prediction is reasonable. 
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concerning the ratio of a and a’ are employ- 
ed in accordance with a>0 and a<0. Then 


B Is—la 


— =] +———. _ for a>0,  ©.1)) 
a lp 
while 
B Zal3—ZpM3 
are ea 
for a<0 and roa®Pozn. (5.12) 


The comparisons (5.11) and (5.12) with ex- 
perimental results are shown in Table III. 
The agreement is reasonably good in most 
systems in spite of the crude approximation. 
B=—a (a>0) could hold, if Jz of the solute 
B is equal to, or less than Ja of the sovent 
A. —B/a~2 (a>0), if le is larger than Ja. 
On the other hand, the valence of the solvent 
has to be larger than that of the solute, in 
order to make it hold that a<0 and —8/a>1. 
If more detailed equations, (5.4) and (5.5), 
than (5.11) or (5.12) are used, disagreements 
found in some systems could be removed. 


Table IV. Excess heats of noble metal solid 
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Thus the behaviour of the excess energy 
of a metallic solution at dilute concentrations 
can be predicted by using the present theore- 
tical results, (5.4), (5.5), or more simply (5.7), 
(5.9), (5.11) and (6.12). These equations in- 
dicate that the factors due to boundary cor- 
rections and Fermi energies etc. of compo- 
nents, being indirectly related to their valences, 
determine the excess energies of metallic 
solutions. The influence of the formal valence 
effect cannot simply be concluded owing to 
the more fundamental effect mentioned above, 
as may be seen in the case of the solutions 
of the divalent metals with metals of higher 
valence contradictory to the relative valence 
effect. 


§6. Application to Solid Solutions 

The numerical calculation based on the 
present equation (4.5) is applied to solid solu- 
tions of the monovalent noble metals, since 
thermodynamic data of these alloys have been 


solutions at equiatomic fraction (kcal./mole). 


System | Present Varley | Obs.*) 

Au-Cu 0.9 | 1.6 | —0.90 

Au-Ag 5) | 1-7 | 20.050 1-07 
4.6 | tes | no solution 


Cu-Ag | 


well established. In obtaining the calculated 
values shown in Table IV it is assumed that 
€) and €r of monovalent metals in alloys are 
equal to those in the pure metals respective- 
ly, because £*” cannot be calculated accurate- 
ly. The values are due to neglection of the 
effect of the van der Waals energy, being, pro- 
bably reasonable for Au-Cu alloys. How- 
ever, this omission may not hold in both Ag— 
Au and Cu-Ag systems because of the pre- 
sence of the less polarizable d-electrons of 
Ag. For example, theoretical sublimation 
energies (upper limit) for monovalent noble 
metals based on the quantum defect method 
by Kambe* show 59.3 kcal./mole for Cu, 
95.8 kcal./mole for Ag and 48.9 kcal/mole for 
Au, while experimental values 81.2, 68.0 and 
92.0 kcal./mole are found respectively. The 
most important discrepancy of these results 
is that the minimum sublimation energy oc- 
curs experimentally for Ag, while the cal- 
culated values decrease from Cu to Ag to Au. 


One of the reasons for this discrepancy may 
be due to the van der Waals force of d- 
electrons, though other factors may, of course, 
be taken into account. If the energy of the van 
der Waals forces of d-electrons is much grea- 
ter in Cu and Au (the order of magnitude is 
assumed leV for both metals, and the energy 
of Au slightly greater than that of Cu) than 
in Ag (for example roughly 0.leV), the 
minimum sublimation energy could be found 
in Ag. The correction due to the effects of 
d-electrons seems to be reasonable to improve 
the calculated results in these solid solutions. 

A very different approach based on the con- 
cept of the existence of resonating covalent 
bonds in metals proposed by Pauling, has been 
applied to the calculation of the misfit strain 
energy of Au-Cu solid alloys by Hultgren.4” 
As a feature of the theory of Pauling, the 
strain energy is reduced by redistribution of 
electrons, causing the favour of the size fac- 
tor. This effect could be discussed from the 
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present point of view, if (4.4) is used. 

As pointed out in the discussion of the 
foregoing section, the excess heats of most 
solutions does not always indicate the sym- 
metric behaviour. In other words, the defini- 
tion of the regular solutions does not always 
hold except for a few special systems. Cu-— 
Au alloys, the well known example of super- 
lattices, cannot be explained by the term of 
the interchange energy independent of the 
composition being the basic assumption of the 
regular solution.‘?»42) This fact could be ex- 
plained by the present theory, if one calcula- 
tes (4.5). However, €oau and €ocu in (4.5) are 
not obtained accurately, since E®” in (3.7) 
has not been investigated in detail in this 
system. Then a somewhat different approach 
based on Frdélich’s simple treatment*®) for 
alkali metals is extended to a discussion of 
the energy of the lowest electronic state of 
this system. According to Frélich’s work, 
the lowest energy of the electrons in simple 
metals can be expressed in the form 

Eu =— se AF Bets 


Tot Toi? 


; (6.1) 


where the first term represents the potential 
energy, and the second the kinetic energy of 
the lowest electronic state. The constant Ro 
in the second term can be estimated from the 
ionization energy and varies from one metal 
to another. On the other hand, the first 
term always gives the same value to mono- 
valent metals, if there is no difference of the 
atomic sizes. Then one can calculate the 
electrochemical factor in the solution of the 
monovalent metals such as Au-—Cu alloys 
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from (4.5) and (6.1). Thus the excess energy 
is 


AE= Autou} (“aulcu +%XculAu)(7AuAu—1Cu Cu)? 


_ 3 (Roau?—Rocu’)? | 

4 IG ii 
This equation shows that the electrochemical 
energy between monovalent metals is inver- 
sely proportional to the fourth power of the 
average atomic sizes. The concentration de- 
pendance of the excess energy of Au-—Cu 
alloys may be calculated, if the constants in 
(6.1) are given. As the present theory gives 
qualitatively the reasonable value for the ex- 
cess energy, these constants are provisionally 
determined so as to satisfy the experimental 
data at equiatomic fraction. The calculated 
values at other concentrations are in agree- 
ment with experimental ones as seen in Table 
V. Of course the above method for the de- 
termination of constants in (6.1) or (6.2) can 
be improved, but the direction of the change 
of the excess energy, that increases with the 
increases of the concentration of Cu, may 
hold as it stands, aside from the minor dif- 
ference of the absolute magnitude. 

The metallic solutions of multivalent metals 
dissolved monovalent metals are of interest 
to examine for the valence effect on mixing, 
as seen in the foregoing section. Though the 
qualitative explanation for the excess energy 
of liquid solutions may be satisfactory, more 
detailed calculation for that of solid solutions 
is given. As the solute, zinc and cadmium 
are chosen, since the equations of state of 
these metals have been studied in detail com- 


(6.2) 


Table V. The concentration dependence of 4H/xcuxAu in the Au-Cu solid solutions. 


Atomic fraction of Cu 


Calculated values (cal.) 


| Observed values (cal.)* 


0.3 —3700 | —~4100 

0.5 —5120 (adjusted) | —5120 

0.7 =5700 — 6200 

Table VI. 4H/xz in some solid solutions CN 

A B Observed at x,=0.1” Calculated at 7,270.12 
Cu Zn —0.36 —0.58 
Ag Zn SONI ea 
Ag Cd —0.34 —0.51 
Au Cd —0.41 —3.5 
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pared with those of other multivalent metals. 
Typical examples of the calculation in the 
dilute range of a@ alloys are presented in 
Table VI. The order of magnitude of cal- 
culated values is in agreement with the ob- 
served data. 

Thus one can calculate the excess energy 
of metallic solutions at any concentration as 
long as each term in (4.4) or (4.5) is known. 
Most calculated results may qualitatively be 
reasonable, but quantitative agreement with 
experimental values will not be obtained 
without detailed knowledge of &o:, Eri, Ei®’, 
and J; of each pure metal. The present stage 
of both theoretical and experimental investi- 
gations of theses terms of pure metals is not 
satisfactory except for simple alkali metals. 
It is necessary to ascertain the properties of 
pure metal in order to understand those of 
metallic solutions. 

Furthermore, it is a weak point that the 
present treatment is based upon the free 
electron approximation as is also the case in 
Varley’s work. To understand the deviation 
from the free electron approximation is very 
important in order to understand the change 
of the excess energy due to the phase trans- 
formation of alloys, as expected from works 
of Jones and Cohen-Heine. The Fermi energy 
having a central position in the sublimation 
energy of a metal is very sensitive to the 
changes of the Brillouin zone structure and 
the number of the conduction electrons. 
However, the free electron approximation may 
be rather suitable in liquid phases, since there 
is no definite structure of the zone in liquid 
state except in a physical meaning as an 
average structure. For solid solutions this 
approximation should be carefully improved. 

Lastly it should be noted that the small 
corrections for correlations between free 
electrons considered in Varley’s work are dis- 
regarded here. Such corrections may, how- 
ever, yield no appreciable change of the pre- 
sent conclusion, if theoretical results concern- 
ing pure metals are taken into account. 
However, this conclusion may be doubtful in 
some complex metals.» 


Conclusion 


Sis 

i) The semi-empirical equation of state of 
a pure metals is applicable to the calculation 
of the excess energy. The interatomic dis- 
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tance giving a minimum of the total energy 
should correspond to the average size of the 
atomic cells (polyhedra) in the metallic solu- 
tions. In this way, one part of the excess 
energy, i.e., the size factor can be calculated 
in any desired degree of approximations be- 
yond the quadratic representation without 
reference to the classical elasticity theory. 

ii) There is a possibility that a positive 
excess energy is yielded without the negligible 
size factor, when the difference between the van 
der Waals forces of both components is strong. 
This will be the case, as in the mixture of 
the transition metals with the noble metals, 
both having polarizable d-electrons. The same 
conclusion may be obtained from the Pauling 
scheme of the spd hybrid resonance. J 

iii) The effect of charge transfer is obtain- 
ed in the present treatment from the point 
of view of taking into account the change of 
the total energy at the ‘‘ average size’”’ of 
the atomic polyhedra of the solution, but in 
Varley’s treatment from that at the respective 
pure atomic sizes. As a result, for example, 
the lowest energy of electrons, €0, in the for- 
mer theory is kept constant except the effect 
of charge transfer throughout the whole con- 
centration, but in the present treatment it 
varies, as seen in (4.4). The present treat- 
ment may be suitable for a discussion con- 
cerning the dependence of the excess energy 
upon concentration. Of course both approa- 
ches may coincide, if each component has 
the same atomic sizes. 

iv) The order of magnitude of the cal- 
culated excess energy may be reasonable 
in spite of the crude approximation. How- 
ever, the points to be improved in the future 
are the change of the Brillouin zone, that of 
the interelectronic energy, and that of wave 
functions due to the disturbance of the perio- 
dic field etc. The present treatment should 
be regarded as the first approximation for the 
excess energy of a metallic solution. 
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Algebraic Method to obtain Irreducible Representations of 


Space Groups with an Application to White Tin 
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Algebraic method to construct irreducible representations of space 
groups is presented by making an example of white tin having screw 


axes and glide planes in the symmetry operations. 


In present method it 


is enough to treat explicitly at most only symmetry elements equal in 
number to the operations of the point group to which concerned lattice 
belongs, regardless of the cases with or without spin and also of interior 
points or the points of the Brillouin zone boundary. This becomes very 
simplification compared to usual group-theoretical method. 


Introduction. 


§1. 


In the study of electronic structure of solids, 
the group theory plays an important role and 
many results have been published. The 
pioneering works by Seitz? and Bouckaert- 
Smoluchowski-Wigner® were extended by 
Herring® to the case of complex crystals con- 
taining screw axes and glide planes in their 
symmetry operations, and recently the con- 
struction of the representations of the so- 
called double space group in the case with 
spin was discussed by Elliott.42 The theory 
of the representations of space groups is 
purely mathematical and it is group-theore- 
tically completed. For practical object to ob- 
tain the representations, however, there is far 
simpler way to perform the calculation. We 
study the symmetry properties of the Bril- 
louin zone of white tin with use of the theory 
of hypercomplex number or algebra. Though, 
as is expressed in later section, we can ob- 
tain not a few knowledges for the symmetry 
properties of white tin from the references 
on the studies of diamond lattice»), it 
may be not unuseful to derive partly the 
same results by different method, since much 
of 230 space groups contain the screw axes 
and glide planes in their symmetry operations 
and the advantage of algebraic method is in 
the case of such complex crystals.* 


* Dr. C. Herring has kindly called to the author’s 
attention a work by O. V. Kovalev and G. Ya. 
Lyubarskii: Zh. tekh. Fiz. 28 (1958) 1151, which 
uses some similar concept. Since, however, its 
translation could not be in hand during the prepara- 
tion of this paper, the author wishes to discuss of 
their results in later opportunity. 


Generally a crystal is kept at invariance 
by rotations, translations proper to the crys- 
tal and also their combination. The assembly 
of all these operations makes a group and we 
designate this group, the space group, by ©. 
Following to Seitz’s notation the elements of 
© are expressed by 

{elt} {Alras eG. 
{Alr4} means the rotation A about certain 
fixed point followed by the translation tu4. 
t is a linear combination of the basic primi- 
tive translation vectors h, tft. and ¢; of the 
crystal, i.e. 


t=/t, + mt, + nts , 


’ 


2 <1, m,n (integer) <2 


and rt, the non-primitive translation vector 
determined by A. The assembly of N? ele- 
ments composed of only pure translations 
{e/t}, which is called as the translation group 
Z, is an invariant subgroup of the space group 
and the factor group (mod Z) is composed of 
the elements 


AX Alra}, SUBlesy, SX ee). Ce 
The order of this factor group is 48 in grey 
tin and 16 in white tin. Wecall N* elements 
Z{A|r4} etc as coset and the element {A|r,} 
etc as coset representative (we abbreviate 
this as C.R.). The group G(k) of wave num- 


er k is composed of the elements in G/T satis- 
fing the condition 


ak=k--h(h: reciprocal lattice vector) . 


(2) 


We denote all these as 


X{a|ta}, T{Blee},---T{d]rs}e Gk), (3) 
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and we assume the order of the factor group 
of G(k)(mod S$) to be c(k). 

In the consideration of the representations 
of G(k) on the basis of Bloch functions, it is 
not always necessary to take account of all 
elements of %. (i) At certain k, just only 
C.R.s may make a subgroup of G(k). (ii) On 
certain symmetry lines in the Brillouin zone 
the assembly of the product of C.R. and 
unity or inverse square root of the represen- 
tation of some translation T,={eltz}, which- 
ever is determined by the corresponding C.R., 
may make a group. (iii) At some symmetry 
points on the zone boundary we can find a 
group composed of the combination of C.R.s 
and the elements Zo{elo}, Tolelta}- + -Tolelta}, 
where 3» is the assembly of the translations 
such that the elements give the representation 
as exp (—2zikt)=1 and where {elo}, {elé.} --- 
{e|fz} are pure translations generated by the 
combination between C.R.s, giving essential- 
ly different representations. (iv) On certain 
symmetry lines on the zone boundary there 
is the case to need the combination of (ii) and 
(iii). In order to obtain the representations 
group-theoretically, it is necessary to find such 
group in @(k). Since, however, we know 
that the representation of an element {e|t} of 
= on the basis of the Bloch function is 
exp(—2zikt), we can immediately obtain the 
representations of G(k) if we can obtain the 
representations of C.R.s, and then it is not 
always necessary to construct such groups. 
This can be made possible by the use of the 
theory of algebra. 

We designate the assembly of the linear 
combination of C. R. s of G(k) with coefficients 
of complex number as %{(k) in which addition 
of the elements is defined. The multiplica- 
tion rule between C.R.s is 


{a|za}{B\ce}= Tasly|ty} , (4) 


where {y|ry} is also a C.R. of G(k) and Tag 
is a pure translation determined by a and P. 
Since the representation of 2 is a constant 
times the diagonal matrix, we treat Tag not 
as matrix but as the combination parameter 
of complex number when considering repre- 
sentation (the unit matrix is absorbed into 
the matrix of {y|zy}). Then 2(k) is an algebra 
of the order c(k) over the field of complex 
number, i.e. c(k) C. R. s of G(k) are the bases 
of X(k). (On the definition of algebra and re- 
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lated terminology, see Appendix A). If Tes=1 
for all @ and £, %(k) is equal to a group ring. 
We refer to several theorems of algebra ne- 
cessary for obtaining irreducible representa- 
tions (we abbreviate as I. R.):® 

a) If the unit element e of the centrum 
3(k) of Wk) is expressed as 


q 
Pe, COEM = Jp ,EO ; 


(actually the orthogonal idempotents e® can 

be expressed uniquely by making use of q(k) 

bases of the centrum, when the order of 3(k) 

being assumed to be g(k)), 3(k) is expressed 

by the direct sum of g(k) orthogonal ideals 
q 


a(k)= 21 K(k) » 8(Ie)30(K) = brma(K) « 
b) Wk) satisfing a) is decomposed into g(k) 


orthogonal ideals 
Uh) =H We= S wKO= 3 WR), 
=] t=1 t=1 


Mik) Um( ke) = OimMAi(k) « 
Therefore 
A heO=WUi(k)= eON(k) 
and then e“ is also the orthogonal idempotent 
of %(k). If the order of simple ideal W; is 
Ni, 


c(k)= =N 


c) From N independent elements of 2:(k), 
by proper transformation of the bases we 
can obtain 7,2 matrixes, the dimension be m1, 
such that 


(1) (2) Q@) v0 (1) 


Ci; Cit = Cis, Cj = Ojmesi > 
(Wedderburn’s theorem). Therefore M=m,’. 
d) The /-th I.R. of any element of 2(k) 
can be obtained by taking the basis of any 


5) U Uj t) 
one of m: left ideals of W(k), {e%?, €67,- + -en,3} 
j=1~m, as the representation module: 

U 1) (1) 
{alra}{et}, ey ae "Cn 5 

(¢ t) 

aa 

Cy ~D (1) ; G 
={e\y’, es7, + *€ni i} : : ’ 
(1) (1) 
mie * "Ann 
{a|\ta} € Uk) 5 


The m; representations occurred from different 
j are isomorphic. Then it is enough to take 
only 7=1. Though the bases ¢;’ satisfing 
c) are not determined uniquely, the represen- 
tations by different bases are isomorphic. 
This procedure to obtain the representations 
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is essentially the same in both cases with 
and without spin, except that in the former 
case the multiplication for the elements ope- 
rating on spin part must be made by the 
spin representation of the rotation group. In 
order to construct the representation, the in- 
troduction of independent element F corres- 
ponding to 2z-rotation is unnecessary in 
algebraic theory. Then the order of the 
algebra we must treat is at most 24 (by 
making use of direct product) even in diamond 
lattice. 

In order to calculate the electronic states, 
we construct the basis functions belonging to 
the irreducible representations. This is easily 
performed by means of the representation 
module {e{, es?,--- e%1}. For example, if we 
wish to obtain the tight binding Bloch func- 
tions belonging to the representation X7, we 
operate e(Xz) to the Bloch function of type 
UW, OU= Sip, a,.*--3W =Si, Seow: Sn, nW the 
number of sublattices; o = +,i.e. two spin 
states):? 

Pil X1) = 11 X1)Xa,w,0(k) 
¢ corresponding to different 7 are mutually 
orthogonal and we obtain m; sets of functions, 
corresponding to m, fold degeneracy. Of 
course, it is enough to take up only one set. 
In other type of approximation, we can do 
similarly. In this paper, however, we do not 
try to apply our results in concrete calcula- 
tion. 


t=1+--m. 


§2. The Symmetry Operations in White 


Tin 
White tin lattice has the space group 
A424 
19 Sate eee Ea . . ¢ 
1 Tome a symmetry. The lattice is com 


posed of two sublattices and one atom is 
surrounded by four nearest neighbours (Fig. 
1). We choose a four fold rotation reflection 


Riga. 


White tin lattice. 
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axis as z-axis and bisect lines of two binary 
axes as x- and y-axis. The primitive transla- 
tions are 

T1=AAG, V+G,2—0) 

T2=(x-+a, y—a, z+c) , 

T3=(x-—-a, yta, z+c) . 
The values of @ and c are 

2a = 5.82 A, 26=3,18 A. 


C.R.s of G are 16 elements as follows: 

(i) E is the unit element, 

(ii) Cs is the rotation by z about z-axis, 

(iii) Sf and S; are the rotations by 7/2 
about z-axis followed by the reflection at the 
plane through the origin and perpendicular 
to the rotation axis, 

(iv) Uzy and U,z are the rotations by z 
about the bisecting lines between x-, y-axis 
and x-, y-axis respectively, i.e. about the bi- 
nary axes, 

(v) MM, and M, are the mirror planes which 
contain x-, z-axis and y-, z-axis respectively, 

(vi) J is the inversion at the origin follow- 
ed by the non-primitive translation dba = 
t(a, 0, c/2), 

(vii) JCs, (viii) JSi and JS,, Gx) JU., and 
JU zy, (x) JMz and JM,. 

The operations (i)~(v) are represented by 
{A|0} and the operations (vi)~(x) by {Alc}. 
By {A]|0} and {Alc}, the atom of a-site is 
transformed into an atom of a-site and that 
of b-site respectively. The multiplication of 
some element P in (1)~(v) and JQ in (vi)~ 
(x) is 

P-JQ={e| pr—t}J-PQ=T(P)J-PQ, (6) 
and also the multiplication of JP and JQ is 

JP-JQ={e| — pr+c}PQ=T-\(P)PQ. 

(6) 
Therefore, if we know only the multiplication 
rules between P and Qand also P and J, we 
can obtain immediately the multiplication bet- 
ween all other elements by taking account of 
TP) and T-(P). The result is shown in 
Table I. 

By using (5), we can obtain primitive reci- 
procal lattice vectors 


(5) 


(7) 


_ 1959) TIrreducible Representations of Space Groups 1541 


Table I. The multiplication table for the symmetry elements in ordinary space. 


E C, Sa Se Uny U7 M, M, J 


Urey Uzy Mz, My, J 

Si Usy Usy My Mz | TT; JC, 
tT EST MET 1 Siam 6 ame WO AEA fp 
Ce WW) CUR Hoty TH TST 


MP LE G; SS Sy 1 Us 

Moe Gs E S. St Te Ts aU 
Uey Si Si E 0; JM, 

Us, San Cree 2 Ta aa 


Table Il. The coset representatives of W(k) (i.e. the bases of U(k)) and the representations of 
primitive translations at symmetry points, lines, and planes. 
p=exp (—2nikza), g=exp (—2nikya), and r=exp (—2rik,c). 


: Symbol aul tans of ss pee oe de Bases of (Kk) 

ie 0 0 0 1 1 1 all 16 elements 
H 1/2a 0 0 —1 —1 —1 all 16 elements 
XX 1/4a 1/4a 0 —1 1 1 E, C2, Uzy, Uzy, J, ICz, IUzy, JU zy 
W 1/4a 1/4a 1/4c —4 —% —4 BAC, Si4¢ Si oJU 35 IGey III 
V 0 0 kz re r r E, C,, M,, M,, IS¢, IS:, IU, IU 
B 1/2a 0 ke -ré -r -r E,.C:, Mo, My, SScs ISH IU cy, IUay 
y| ky Ii 0 p 1 il E, Uy, JUzy, JIC 
2 kz 0 0 p p * E, Mz, JMy, IC, 
Z 1/4a 1/4a ee —r* r r E, Cz, JUzy, IU zy 
Z! cee (Zoek 0 -] —p? —p*2 | E, Usy, ICz, IU zy 
L 1/4a 0 1/4c 1 —1 1 E, M,, J, JM, 
Q 1/4a Key 1/4c qd —q* q E, JM, 
IZ kz 0 k, pr* pr p*r| EH, M, 
S kez Ky 0 PY py p*q| £, JC; 
R kz ky ky pr* r r E, JUzy 
oe k, (1/2a)—kz k, —r* —pr —pr) BH, IU zy 

The general vector h is §3. The Representations for Algebras of 


k-vectors. Case without Spin 


h=mib1+nob2+n3b3 . i 
Beek Te Pie Following to the principle outlined in §1, 


Thus we can obtain first Brillouin zone (Fig. 
2) surrounded by the planes of the types (100) 
and (110). In Table II we give the bases of 
%(k) and the representations of Ti, JT, and Ts. 
Before we close this section, we show the 
value of k of the points A and C (though 
these are not special points): 


1 C 
A=(0, 0,7-(1 + vali 


Gath Xo, Bee 
Goan Ac AG Je} Fig. 2. First Brillouin zone for white tin lattice, 
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we calculate the representations of algebra 
M(k) of wave number k. In this section we 
concern with the spinless case, then the struc- 
ture of U(k) can be seen by combining Table 
I and II. 

We begin with the point 7’. In this point 
every translations give the same representa- 
tion as the identity. Then %(/”) is equivalent 
to the direct product of subalgebras {(i)~(v)} 
and {E,J}. The algebra %’(7) composed of 
(i)~(v) has the centrum, the bases of which 
being the following elements 


E, C2, (Sit +Sa-), (Uzy+ Urq), Mn+ My) . 
(8) 


Then we should have four I. R. of one dimen- 
sion and one I.R. of two dimensions. The 
unit elements e™ of five orthogonal ideals 
are 


c= (B+ Co+ (Sat +Ss-)+(Usey+ U5) 
+(Me+My)} , 
c= E+C.+ (Sit +S$.-)— (Uay+ U5) 
—(M.+My)} , 
c= E+ C2— (St +87) + (Uny+ U9) 
—(Mz+M,)} , (9) 
c= 24 E+C.—(Ss*+Si-)—(Usy+ Us) 
+(Me+My)} , 
= SE niles 
where e° gives two dimensional representa- 
tion. From four independent elements of 


ideal 2’()e™, we construct new bases of the 
ideal 


en |_ lrp_ ae 
= re C,+-(Mz— My)} , 


(10) 
et | _lin —Ust+ + - 
a AL vy zy t(St =" )} : 

12 

It is easily seen that these equations satisfy 
the theorem (c) in §1. The representation of 
WW) is obtained by theorem (d) in §1. On 
the other hand algebra {F, J} has two idem- 
potents 


e) eS 
god 2 Peel aD 
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Final representation is the direct product of 


two I.R. of subalgebras. This and other im- | 
portant results are listed in the table in next 9) 


section and Appendix B and C. 


The point H has the same C.R.s as the | 
point ’. The translations, however, give dis- i 
the | 
structure of the centrum 3(H) becomes essen- | 
tially different from that of 3/7"). The elements 1 | 
commutative to all elements of X(H) are the 


tinct representations. Because of it, 


following four: 
E, C2, M, ot M,, JM,—JM, . 


Then we obtain four orthogonal idempotents 


e(?F)) $B +G+MeEM,) ? 

e?Hs)) 4 (13) | 
eCHs)) 1p C,+- JME IM, 

e(2H,)) * 


All these give two dimensional representa- 
tions. We can calculate new bases e4;(2Hz) 
from each ideal 2(k)e(?H:i), and then I. R. 

In other points, lines and planes, the me- 
thod is the same and we give only the bases 
of centrums 3, from which we can obtain 


orthogonal idempotents of each centrum, and | 


and then bases of representations: 
3X): {E, Uzy} , 
a W): CE; (Se* biSa yp, 
a(V): CE, Cr, (Met M,), (JSeA+JIS2), 
(JUzy+JU;%)} , 
4(B) : LE, C2, (Mz+M,), (JSit+JIS5), 
(JUzyt+JU ey} , 
(4): {B, Uzy, JUzz, JC} =U) , 
(2): (EB, Mz, IMy, JC}=AL) , 
XZ): (E}, 
(2%): {E} , 
a(L) : {E, Mz, J, JMz}=U(L) , 
(Q) : (E, JMZ}=UQ) , 
(P): (B, Ma}=U(P) , 
a(S): {B, JC2}=U(S) , 
sR) : (EB, JUz7 }=UR) , 
(LT): {E, JU gyj=UT) . 
We see the commutation relation of certain 
elements {a|ra} and ~ {B\re}, where all ze is 


assumed to be the same in the summation, 
of %(k) corresponding to interior points of 
the Brillouin zone, 


(14) 
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(12) | 


{flee} {alee} =S{elBeatrp—caa}{Baleae) , 


_ of the elements in the summation. 


1959) 


] {a|ta}- 2 {Blr6}= dAelarp+to—cae} ; {aB|tas} , 


(15a) 


(15b) 


_ where tag is 0 or r, whichever is determined 


by the element af, where fo being any one 
In other 
word it is assumed that {@8|ras} and {Ba|rag} 
are the bases of U(k). Since {elacg+ra—tas} 
and {e|8ra+te—tas} give the same representa- 
tion exp (—2zik(cta+tp—rtap)), {alta}: S{B\ee} 
and >){f|rs}-{a|ca} are equivalent, ta 


a: P= > pa é (16) 


‘This fact means that the structure of 3(k) is 


determined by only the rotational part. Since 
{a|ta} = {e|rw}{a]o}, the representation of any 
element {alta} of 2(k) is expressed by the 
product of the representation of {a]o} and 
exp (—2ztkra). This fact was derived group- 
theoretically by Koster®. = satisfing (16) 


is the summation of the elements belonging 
to some class of the point group. Above re- 
sult is unchanged even when considering the 
spin. In the interior points of Brillouin zone, 
the labour for obtaining the representations 
is almost the same in group-theoretical and 
present methods, because the procedure to 
classify into classes in group theory and that 
to search for the bases of the centrum in al- 
gebraic theory need nearly the same labour. 
At the points on the Brillouin zone boundary, 
however, present method is very often su- 
perior to group theory, as we can see if we 
calculate group-theoretically the representa- 
tion, for example, of the point W. 


§ 4. 


In this section we take account of the spin. 
Since spin space and ordinary space are dis- 
tinct, the effect to the spatial part due to 
symmetry operations is the same as express- 
ed in the previous section. Since the spin 


The Representations. Case with Spin 


- part is invariant by the translation, we may 


consider for the operations on spin part only 
that of the point group to which the space 
group belongs. These rotational parts are 
expressed by the spin representation of the 
rotation group. For example the rotations 
by @ about x-, y- and z-axis are expressed by 
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cos SG. —i-sin os 
Ra=( 2 2 
\ ee ee 3 
2 2 


wan *) 0 
0 exp( 1 a : 


Improper rotation is expressed by taking the 
unit matrix for the inversion. The multipli- 
cation between spin representations gives 
clearly the same results as that of usual re- 
presentations of three dimensional rotation 
group except that negative sign occurs. be- 
cause of two valuedness of spin representa- 
tion. The result for the multiplication between 
C.R.s is shown in Table III. 


As was expressed in §1, we take account 
of only 16 C.R.s explicitly and do not make 
usual enlargement of algebra by adding R(2z). 
Therefore the representations occured in this 
section are essentially different from those 
in the previous section. The structure of 
M(k) can be seen by combining Table II and 
III. The bases of each centrum of %U(k) are 

a): {E, (Sut+Se), J, ISP+ISE)} , 

L7G) en 8 Sita 

(AX): {B, IUsy} , 

3(W): LE, C2, (Sut +18), (JU zy t+tI Uzz) , 
(JM. +iIMy)}- , 

a(V): {E, JSe+JISr)} , 

(B): {E, JSe+JISo©)} , 

3(4): {EB}, 

(2): {BE}, 

(Z): {E, C2, JU, JU ey }=UMZ) , 

AZ) 5 {E, Uzz, JI Uszy, JIC2=MU(Z’) ° 

3(L) : LE, Mz, J, JM,}= UL) ’ 

(Q): {B, JMz}=UQ) , 

(S): {B, JO}=AUS) , 

a(R): (E, JU} =U) , 

AT): 4B, JU a H=t 


The bases of the representation modules of 


(17) 
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each (k) are given in Appendix C. When (hk) 
and 3(k) are isomorphic, all representations 
are one dimensional. These one dimensional 
representations, however, are degenerated by 
time reversal symmetry because of the exis- 
tence of inversion symmetry in white tin. 
For a convenience of the inspection and for 
the relation to Appendixes, we show charac- 
ters xy in Table IV. The so-called single and 
double group representations are divided into 
two parts by a line. In the table the decom- 


Table III. 
E Ge mSeicn Sueles 
E Ee 0G). OSe4 Sa) eee, 
C. C, -E,, Si =SineUg 
SreckuSP WS.) +, One, 
Si STs, Cy Te 
Usnils.Uce= Use «ea 
Uzy | Uzy -—Uzy My -Mz C, 
Moo) Me aMpe=HUge Use Se 
My M, —-My  Usy Uz = Se 


Table IV. Characters of the representations for the 


and with spin. 
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position of the representations due to the ad- 
dition of spin and the degeneracy due to time 
reversal symmetry (we abbreviate as T.R.S.) 
are also shown. 


§5. Relation between White Tin and Grey 
Tin 

As is well known, tin shows allotropic 

change in crystal structure. Grey tin is un- 

stable at the temperatures above 18°C. This 

temperature of the transformation is excep- 


Multiplication table in the case with spin. 


Us We os J 
U,y Mz My J 
Uzy -M, M, Piel VOLS 
=M, “Ugo | Ta IS 
My -Uzy Uy Tol snl st ISA 
502 (3S) Tess Pass, 
=r Ses: TT ts 90 
Si "Spe JIM x 
=Sy CE T, T, IM; 


bases of Y(k) in the cases without 


a) I’: Upper sign for 7; and lower sign for I’. 
E C. SPSi Uy MaMy “ih JC, JIS¢ISs IUzyJUxy IMzIMy 
Lig, ex! i 1 1 1 il +1 +1 ed sl 321 
Psy, el 1 il i sill == ge Il +1 +1 +1 +1 
Ts, Ts! 1 1 eal 1 =t eS! +1 Fl +1 #1 
Ig EGE 1 1 =i! = 1 361 gel! #1 Fl +1 
205,205'| 2 —2 0 0 0 2 F2 0 0 0 
Wig, MS! 2 0 ¥2- 0 0 +2 0 yao 0 0 
IP ped Od 2 0 ah Ae 0 0 +2 0 FY2- 0 0 
IP P11’) P(T2!) P73!) Tia!) 2T'5(2P'5') 
Te x Dio P6(W’) I(T’) (T7') 7(T7') e+l7(I6’+T7’) 
\o)) 04 c) Bae 
all OT 0 a) teenie oud We eee ees 
E. 6° Ma) Se | 2 Uny nite alloriers 
2H, 2 2 2 2 0 0 0 2X4 2 2, 0 0 
2D 2 252 e 2 0 0 2Xo 2 a) 0 0 
2FT3 2 —2 0 0 2 ~ 0 a Gee eae 
2, Nee malt Le0 ae POMEL? 2-10 : . eo 
X4 2 0 — 2% 0 
415 4 0 0 0 0 0 0 
XX, 2G, [pease 
H, 2H, l=1~4 X, x Dye X3+ X4 
H, x D2 4H, 


1959) 


d) W: w=exp {i(r/4)}. 


EQ St Sy  JUzy JUcy JM, JMy 


2Wy 2 0 1+72 1-27 0 0) 0) 0 
2W2| 2 0 —(1+%) -(1-%) 0 0 0) 0 
IW; or) re) w* w w* a 1 
1W 4 or) —w —w*® —w —w* a 1 
1Ws 1-7 o) we —w  —w* —% ~—1 
LW, 1-7 —w —w* wo w* —4 —1 
W7 Ze2e 0 0 0) 0 0 0 
WM 2W 2W2 
Wi xDyp2 (2W3-+1W5) + W7 GW4+1We)+W7 


1W3,1W; and 1W4,1W, are respectively degenerated 
Dy le ReS: 


e) V,B:p=exp(—ntk,c) for X=V and 
p= —it-exp(~—nik,c) for B. 


E C2 M.My, JSi IS; IU zyJU xy 

XY i 1 1 p 

> Cue il = P =19 

X3 1 1 =i ~D p 

A Gu Gall 1 1 —p Bf? 
2X5 2 —2 0) 0 0 

XE, 2 (0) 0 V2 0 

X7 2) 0 0 -VY2p 0 

Xi, Xy Xo X3 X4 Z X5 
2G x Die X6 X¢6 X7 X7 Xe+ X7 
f) 3,4: p=exp(—2nik,a) for X=, 4 

Oy E M, JIC, JMy 

4 E Oxy JIC, JU. 
Rl ee ES 1s ttn ce ee! BrP 2 8 2 te 

x1 il 1 Pp P 

Xo il —1 Pp —p 

X3 1 =1 —p p 

XA 1 1 —p —p 

Xs 2 0) 0 0) 
inal | Ue es ee 

X] XI t=1~4 


X, x Di/2 X65 


tionally low in monoatomic metals. Since 
white tin is not so good conductor, while 
grey tin is a good semiconductor (the energy 
gap is the order of 0.08 ev), we may expect 
that the difference of both energy band struc- 
tures is comparatively small. This clarifica- 
tion, however, need quantitative calculation, 
which is beyond the scope of present paper. 
Another interesting point is to see how the 
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g) Z,Z':p=exp(—ntk,c) for X=Z and 
p=exp (—2ntk,a) for Z’. 
Z E Cr JU xy JU. 
Lie E Oxy JIC, JU cy 
4Xy | 2 0 0 0 
1X 1 Y) up —p 
1X3 1 4% —wp p 
ole ~# ip p 
1X; 1 —4 —ip —p 
X, 2X) 
X71 x Dj/2 AXo+1y3) +E X4+1X5) 


1X,, 1X3 and 1X4, \X5 are respectively degenerated 
Dyaelekess 


h) ZL: Upper sign for Zz and lower sign 
for Ly’. 
| E Mz J IM 
Inky! 1 1 +1 +1 
LeLy! | 1 —1 +1 #1 
10313! | 1 a +1 +4 
I vag br nly as +1 a 
Ly In (Gf Uy» 
DTyxDij, CLgttLhs)  (203!-+ 104") 


103,124 and 1L3’, 124! are respectively degenerated 
DyadlReSs 


ie Qs IQS 1B 1S Folk Tore LO) iol sz 
p=exp (~2ntkza) for S, 
p=exp (—ni(2k,a+k,c)) for R and 
p=i-exp(—ni(2kh,a+k,c)) for T. 


Q E JM, 
IB E M, 
S E SC. 
R E JU 274 
fe E IU zy 
XY 1 Pp 
Xo», =p. 
1X, 1 ap 
1G 1 —1Up 
XG xX eal, 2, 
Xi x Dy4/2 (AX34+-1X4) 


1X; and 1X, are degenerated by T.R.S. 


energy state changes with slight modification 


of grey tin to the Di-lattice due to pressure 


or any other effect. 
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Diamond crystal is obtained from white tin 
lattice by compressing in the directions of 
x-, y-axis and stretching in z-direction till the 
stage a>a’/V/ 2,c-—a’, 2a’ being the lattice 
constant of grey tin. Following to usual des- 
cription, we rotate x-, and y-axis in Fig. 1 
by —45° about z-axis and choose the axes as 
those in Fig. 3. Brillouin zone of grey tin 
lattice is shown in Fig. 4. C.R.s of © are 
the following 48 elements : 


Fig. 4. First Brillouin zone for diamond lattice. 


(1) E is the unit element, 

(11) C(x), Co(y) and C.(z) are the rotations 
by z about the axis shown in each paren- 
thesis, 

(ii) S,*(x), S.t(y) and S,+(z) are the rota- 
tions by (7/2) about the axis shown in each 
parenthesis followed by the reflection at the 
plane perpendicular to the rotation axis and 
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through the origin, 

(iv) Mey, Meg, Myz, Myz, Mee and Mz are 
the reflections at the planes through [110] and 
Z-axis, €te;, 

(v) Dz,, Dz,,, Dz, and Dz, are the r1o- 
tations by -+(2/3)z about the body diagonals 
[lit], ete 

(vi) J is the inversion at the origin follow- 
ed by the non-primitive translation r=doh, 

(vii) J x (ii), (viii) J x (iii), (ix) J x (iv), (x) 
Aap 

The symmetry elements of white tin and 
grey tin are corresponded as 

E-E, C.>C.(z), Sit S*(z), Uzy > CX y), 

U.7 > C2(x), Ma Mey, My My, JJ 

The shape of the Brillouin zone is classified 
into two types bordered by the case a=c, 
where Brillouin zone becomes that of body 
centred cubic. In the range c/a>1, the shape 
is much similar to that in Fig. 4, while in 
the range c/a<1, the shape is essentially the 
same as in Fig. 2. 

The symmetry point W and symmetry 
lines V, », Z and Q of white tin are isomor- 
phic to the corresponding point and lines of 
grey tin*. These energy states should be 
qualitatively the same in both cases. The 
lines 4 and A with the inclusion of both ends 
are only symmetry lines to consider in detail. 
We do not, however, consider of one dimen- 
sional representations in O,7, since there is no 
further splitting by lowering of the symmetry 
from O,7 to Di, because of the existence of the 
inversion symmetry in both cases. We show 
schematic diagrams of energy splittings: 


On! Din 
A’ (with spin) <A (without spin) B (without Be B’ (with spin) 
Tat a gb 2 (hea s=  — Ser al 
Pet e* i — Pg oe > PA Sea 
Dat is oe > Eiger l ce Se 
Agt4; <—— "As, eae 4,+ A3 —— Astds 
*Xs <-— 3X1,2X, ——> 2X ==> Xe Xs 
4X5 <—— 7X3,?X, ==> 2X ear ee See 
CLiA-ELs*) = Teens pe > Dyes > OL3* +12.) +(CL5 +4L44) « 


Since the change occurs directly from A’ to on the degree of the deviation from O,7. Her- 


B’, there is no essential change at 4 and L. 


But further splitting occurs at / and X. The 
magnitude of the splitting, of course, depends 


man”) suggested that the valence band edge 


* Table VIII by Elliott#) does not communicate 
Herring’s corrected result faithfully. 


1959) 


is at the point 7. Then we are particularly 
interesting for the splitting of ‘I’s*. In so 
small k as perturbational approximation is 
satisfied, warped surfaces at ‘J’,+ in grey tin 
become ellipsoidal after deformation to the 
Din-lattice. 

The author wishes to express his gratitude 
to Dr. Conyers Herring for his support and 
some advice of present work. 


Appendix A. Terminology 


We write down briefly the terminology used 
in text for a convenience to some readers 
who are unfamiliar with algebra. 

(a) Ring 

The definition of ring ® is as follows: 

(i) The product @f of any elements a and 
B of %t is determined uniquely as the ele- 
ment of &. 

(ii) The following combination law 

ap-y=a- By 

is satisfied of the multiplication. 

(ili) The assembly 3 is a commutative group 
as to the addition (this additive Abel group 
is called a module), i.e. the addition and sub- 
traction of any elements a and £ of Rt is con- 
tained in }t 

(iv) On the multiplication and addition, the 
following distribution laws 


(at+p)ry=ar+fy, y(at+f)=7at7B 

are satisfied. 

(b) Field 

If all non-zero elements of a ring constitute 
a group as to the multiplication, we call such 
ring the field 8. The assembly of usual com- 
plex numbers is a commutative field. 

(c) Algebra 

We assume £& to be a commutative field and 
that any element of & is commutative to any 


Appendix B. Representation 
a) (:p=1 tor X=f, p=—1 for X=I". 


1 ' 
eli)=F¢6 x 17 (RR, M=li- 
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element of ring 2. If ring XU is a module of 
finite order c, 2% is called algebra of order c 
over the field ®. Then, with use of c bases 
a: of YU, % is expressed as 


i= y aie 
o=1 


The multiplication between the bases a; and 
a; iS given by 


¢ 
k k 
Aiaj= D) Cijan 5 CHEBE. 
k=1 


cis must be, however, determined to satisfy 
the combination law in (a) (ii). 

(d) Ideal 

Left ideal { and right ideal r of algebra % 
are the submodules satisfing the following 
conditions respectively 


Atl ita 


The submodule satisfing two conditions at 
the same time is called ideal. 

(e) Centrum 

The commutative subalgebra composed of 
all elements commutative to all elements of 
algebra 2 is called the centrum 3 of XY. 

(f) Idempotent 

The idempotent is defined as the element 
a satisfing the following formula 


aa=a+0. 


(g) Representation Module 
If the module Jt expressed with use of the 
bases a; of finite order as 


M= Yak 
i=1 


satisfies the following condition 
AMM , 


we call M the representation module of % 
over 8. 

Modules. Case without Spin 

IAS Dagens as 


Oe = + [E—C.£(Me—M,) + p(J-JCMe— IM} , 


€22(2.X5) ro) 


8 


ne |= Way Uy (Sut Si) + P{ IU y—IU 25 HIS IS} 


€12(2X, 5) 


b) H: p=1 for Hi,p=—1 for Ha, and qg=1 for Hs,q=—1 for Ms. 
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2 
eC) eet Co+ (M+ My) +{Se++Si-+ p(Uey+ Usz)}] , 
€22(2,) 8 
enV) OT. TC PUM LIM eS oS he re 
€12(7A) 8 
enC Hi) | 1 ie O,4.4q(JMe—JM,)+{Me—M,-+q(I—JC)}) , 
é2(?Hy) J 8 
enCH)) 2 y= Ver aI Sit — ISAS oS ae diag 
ev?Hy)s 8 


C) Xi p=1 for Ag and=p=—— for 2x.. 
€1?-X1) le 


exn(2Xi) $4 (E+ Uy I+ PIU} 
€n1(2.X7) } a ail . me “ 
€12(2X7) pans ae Ug HIG. pJUaq)> 


d) W: p=1 for ?Wi and p=—1 for ?W,. 


enue Wi)= E+ C+ DS +S Nes 

ens a stir O:—ip(Sit—S)} , 

en(? W,) =U yt JUs5 +p(IMe+JIMy)} , 
ex(2 Wr) =< IUny—JU eg) + PIM.—JIM,)} . 


e) V,B: p=exp(ztk.c) for X=V and p=i-exp (zik.c) for B. 


(X= Sxx (RR , ASV Sle 


€11?-X5)) | e_C.+(M.—M,)} ’ 


€(2X5)) 4 

ae ea + (IU y—JU Gg £(ISe—ISC)} . 
£) Ps 

e(Xi)=2 Sax (RR, X=2, 4; 1=1~4. 

g) ZZ! 

mu), 

i: ie a exp (zikec) (JUsy+JS Uz; ) « 

eazy} BEE 

ee + exp (2rikea)(ICy—JUey) 
big 


e(Xi)=2 Eur (BR, X=L, 1; 1=1, 2. 
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(X)=LDta, (OR, c= OPIS Ra aioe 


Appendix C. Representation Modules. Case with Spin 


a) fs p=leqs) for G=ls, p=—1, g=1 for F7, p=1,¢=—1 for Ie’ and p=—1,q=-—1 
for I7’. 


aA =| Bist b: exp( +i = \sit+ p-exp( sti =.) Sr+q |JaidC: 
+p-exp (+i = JISit+p- exp (sti a \I8e | ; 
amar $) torr 5) 
CGN 8 Sa ee Ais tae 4 i ae ae 4 ¢ 
+q [ev Me+iJM,y + p- exp( =i =.) JUzy* pf: eXP (i =)J Oey | 
I) Jae 
are V2 iM.+M,+J+ V2 a 2 i(JM.+JM,) t, 
Cee) == m 5) 1( at ») ( y 
es3(*Hs)) eae V2 m4, Jr. va 2. (JM. +JMy) | 
es(*Hs) a 4 ie a( )) y |e 
s i eaaes C2 2 (M..— M,)—1JC,+ —~— ee 2 (JM.—JM,)| 
e12 4 Ts) 4 z ie 
esi" Hs) | = Hite % 2 (Sit + Su-) 1d Usy+ vz (JS +JISe) t ’ 
esbHs)S 4 
0 aoe iUer eae 2 (Sit —S.-) 1d Ug — v2 (JSst-IS£)} . 
eutHs)) 4 e 


c) X: p=1 for Xi=X; and p=—1 Oe Ae 


eule Cot pJUs 
Se { {E—ipJUry+G02+ PIU} 5 


oe ie ae 1U 25 — JIC.+(Uzyt+ipd)} ‘ 
eget eo ); 


Wi) Stw ARR, = 3~6 , 
ein) a iC; Gr Sut exp ee Tse 
Sts ml E—1C,+ exp ae = 


ent Tie el JMz—iJMy) +exp (—i e) JU 2y—€XP (i 7) Day 
e12( W7) 4 i : 4 


e) V,B: p= exp (xikc) for Xi= Ve and V7 respectively, and p=xti-exp(zik.c) for X= 
Bz and Br respectively. 


end he | BaciCs+p- exp( +i 2) ISe+p “exp (=e a )iSe ; 
€22(X1) 4 


di. 
n 
Loe orn iM, st Mactp-exp (ti pF) IU ay b « exp( 4 )IUs5 |. 
e1x(X1)) 4 , 4 4 
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f) DMs 4: M— Ucy and JM, JU. for 4 : 


eel 1 joe ; 
=—{H+1-exp (221k2a) JC} , 
€22(5's) 2 { p( a ) a 
oa 1 {Mf . ; 
=—4+M,-+1-exp (271kza) J My} . 
€12(2's) 9 p ( ) vy 
9 ay aw Ae 
e(Xi)=LErx (RR, X=Z, 2’; I=208. 
yl 
e(Xi)=P Ere MR, X=L, V5 1=3,4. 
DocQF, Oy ieee 
e(Xi)=L Ete MRR, X=Q,P, SR, 7; 1=3,4. 
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The lifetime of excess carriers in a nondegenerate semiconductor 
which is illuminated with a light in fundamental absorption band and a 
longer wavelength light is discussed. The recombination equations for 
many recombination-center levels in the presence of a steady external 
illumination are formulated. For steady-state case these equations can 
be solved exactly, but transient solutions are obtained only for specific 
cases. These results show that both steady-state and transient lifetimes 
are identical for small densities of recombination centers. This simple 
lifetime for single recombination-center level case is discussed. 


§1. Introduction damental absorption band. 

Measurements of carrier lifetime in semi- Ransom and Rose,» for example, have 
conductors are often made under a uniform measured the temperature dependence of the 
and constant external illumination in the fun- lifetime in n-type germanium with various in- 
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tensities of background illumination, and in- 
terpret the results in terms of both the acti- 
vation energy and the densities of different 
recombination centers. Furthermore, when 
trapping effects are present, the measurements 
of lifetime as determined by the simple re- 
combination centers can be made with the 
saturation of the traps by a steady illumina- 
tion in fundamental absorption band.» The 
dependence of lifetime on injection level can 
also be measured by varying the intensity of 
a steady external illumination.» 

However, no theoretical work has been re- 
ported that would explain in detail the effect 
of external illumination. 

Moreover, it is also interesting to investiga- 
te the change of lifetime by illuminating with 
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the long wavelength light which is absorbed 
only by a single recombination center. 

In this paper we shall consider the effect 
of external illumination on carrier lifetime. 
The recombination equations in the presence 
of a steady external illumination will be for- 
mulated first. Then the steady-state and 
transient solutions of the equations will be 
discussed. 


§2. Recombination Equations in the Pre- 
sence of External Illumination 


As shown ina previous paper,® the be- 
havior of excess carriers in a nondegenerate 
semiconductor where the recombination takes 
place via localized defect levels may be ex- 
pressed by the equations of the form 


an ey el ee oe Te Sine = Ale 
+ - 21 
CONE = — EME = ARyy—ARay Ly GHA, 2, 7y, nD 
An=4p+ 5 j4N3*=4p—Sj4N;-, ANs*=—AN;5 , 
where 
ARnj=Tni{ Njot4n—(no+njtAn)4N;} , ) (2.2) 
ARvj=roNw-4p—(po+pit+4p4N;*}, ) 
and 
pr Nyaa Nyt =N;—4—= Nj? , 2.3 
N50 dre ri ea, , jo  nacgn 2 hated, (2.3) 


Here 4Rnj and 4R,; are the net rates of capture of excess electrons and holes respectively 
by j-level, ynj and 7»; are the rates of capturing an electron and a hole by a single j-center, 
4N;~ and 4N;* are the changes of densities Nj~ and N;* of filled and unfilled 7-recombina- 
tion centers respectively (from the electron point of view), N; is the density of j-recombina- 
tion centers, 4m and 4p are the changes in the thermal equilibrium densities mo and po of 
free electrons and holes respectively, ~; and p; are the densities of free electrons and holes 
when the Fermi level equals to the effective energy EF; of j-level, Ln and Ly» are the rates 
of generation of electrons and holes by external means, and +JL; is the rate of excitation of 
electrons or holes bound in j-level (+ sign for electrons and — sign for holes). 
When external illumination is present, we can write 


In=(Ln)’ +L) , Ly=(Le) + Lt) , 
where (Ln)’ and (L,)’ are the generations of electrons and holes respectively by external il- 
lumination and L(¢) is the injection for measuring the carrier lifetime. a 
For a steady illumination, it is necessary to satisfy the steady-state conditions 


d4N;* 
——— )=0 
aed 


(2.4) 


(Ln)’=(4Rn)?, (Lp)? =(4Ro)’ , (j=1, 2,---) (2:5) 
where ( )° refers to external illumination. 

Furthermore, we must consider following two cases. 
Case A. Illumination in fundamental absorption band 


In this case, we have 
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(Ln)°= (Lp)? =(L)’ (2.6) 
and 

(4Rnj)°=(4Rpi)” (j=1, 2, ---). (2.7) 
Case B. Illumination with long wavelength Light 


Here we assume that the long wavelength light excites electrons bound in recombination 
centers at f-level. In this case, we have 


(La=Li=Lm,  (Le)=0,  Ly=0 (jx) 28) 
and | 

(4 Rn)’ =(4Rpj) (j2= Ds ! Bes 

(ARnt)’=(4Rot)? + Line 6 


On the other hand, if the quantities such as ORn, On, ON;*, etc. denote the changes by 
Lit), Eqs. (2.1) give 


don _}_5R,, tL Ag a 
dt dt 


On=0p+5;0N5* , ON;t*=—ON;. 


on a ORp; a ORnj ’ 


(2.10) 


Supposing that the disturbances by L(t) are small enough that only first-order terms in 0n, 
Op and ON;* (j=1, 2, ---) need be considered, we get from Eqs. (2.2) 
0 Rnj=Tnil{N 50* + (4N5*)}On+ {no+ 13+ (4n)}ON5*] , | 


(Zale) 
ORv5=7 vil {Ni —(4N5*)"}OP—{ pot bt (Ap) JON" ] . 


Eqs. (2.10) and (2.11) constitute the fundamental equations which determine the behavior 
of excess carriers in the presence of a steady external illumination. 


§3. Steady-State Lifetime 


In this section we shall consider the case where the measurements of carrier lifetime is 
made under steady-state conditions 


din _ dip _ ddN3* 


die Oi apo Ps 
or 
L=0 RhesOkeee ORnj=ORp; . Gab) 
For this case, the lifetimes of electrons and holes are defined by 
or 5Re’ Tp oR, (3.2) 


Using Eqs. (3.1) and (3.2), and the relations given in the case A or B in Appendix A, the 
dependence of the steady-state lifetimes on external illumination is given as 


1 
Pa = [23{ Brj3Hj3—An(rnjHyjBo3/B;) alg Ap 7njHn3B pj/Bj)}— (rntBorLnt/B:")] 


+A[33{BnjHnj+An(7 oj} HpjBnj/B5) 
—AP(7 »3 Any Bnj/B)}—(7 vtBarLnt/Be)] ; 
ib oo 
Tp =[2.BasHnst An(7 »jHp3By5/Bj)—AP(7 vj HnjBnjlBs)} —(7 pt But ni/ Be] sae 


p 
il 
+ 7 LS Bos Hos An (nj HsBy3/B3) 


+ AP(r25Hn5Bpj/By)}+ (rnrBorLni/B:?)] ) 
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where 
_ O+Ap)—4n2i(7njHps/Bj) + 4P2 i 7n3Hn5/BN) +(e niLent/Bi?) (3.4) 
(1+ An) +4027 03 Ay3/Bs)—AP2 (7 03 Hn5/BI)—(7 vt Lnt/B?) 4 ; 
and 
Ap— dn — ' 
awe 1H. Bb fe) 
Here 
ce a alg sp al Hp=5jHyj= 5) IN (3.6) 
B; B; 
and 
Bs=Bnjt Boj=rnjNotnjt4n)+7 vi Pot pst4p) . (3.7) 


Since there is no fear of confusion, ( )* is omitted here and hereafter 4nu, 4p, 4N;*, etc. 
refer only to the changes by steady external illumination. In these expressions the lifetimes 
for the case A are obtained by setting Zn:=0 and for the case of the excitation of the holes 
in t-level by long wavelength light, Ln: must be replaced by —Lp:. 

If we make the assumption that all N;’s are small enough compared to any one of the 
quantities 0, po, 23, pj, Eqs. (3.4) and (3.5) reduce 


1+ (7ntLnt/B:?) Lent , 
= ; Ap=4dn— (3.8) 
1—(7 v1 Lpi/B:*) ng Bi 
(i) Case A 
Since Ln:=0, we obtain from Eqs. (3.8) 
mini Apt. 9) 


Substituting Eqs. (3.9) into Eqs. (3.3), single lifetime is given by 


eg ey (3.10) 
rT Tn Top (Tio +TjoMg)? 
where 
7 An ™ Ap co potpi + Notns 
ola m+po  mnotpo ’ s "not po * not Po’ 
3 Gmad) 
am NEE yy NS 
(ii) Case B 
From Eg. (2.9), Zn: can be written as 
Lint = 25jBpjHpj dn + 2 2Bnsthns gy ’ (3.12) 
B: lei Bat 


Thus, as long as ynjN; and 7»;N; are smaller than ra(no+ni+4n) for all N;’s, Lnt/Br<dn 
or 4p and In:/B?<1. In this case we obtain from Eqs. (3.8) 


NEW Ap™ An, (oat) 


and Eas. (3.3) reduce to a single lifetime given by 


ae fe oe Tj0(1+249)-+T j0(4g)? ig hie YntT too 1+4¢ eygee ae i (3.14) 
es tn Tp J (tio +Tjo.4¢)? TrottieAp YutdAg Tj9 +Tj-Ay 


where 
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— Morn (3.15a) 


_ dot Pi (3.15) 


§4. Transient Lifetime 

In this section we shall consider the decay of dm and 6p following a sudden interruption 
of excitation L. However, it is impossible to obtain general analytical solutions of Eqs. (2.10) 
for many recombination level case. Thus, we shall limit ourselves here to some elementary 
cases where the solutions can easily be obtained. 
4.1. Single recombination-center level 

Solutions of Eqs. (2.10) for this case have been given by Sandiford®) and Wertheim, and 
are of the form 


On=Cn- exp (—t/t-)+Cn* exp (—?t/t+) (4.1) 


(see Appendix B) 

If the density of recombination centers is sufficiently small, we can neglect shorter time 
constant since measurements of lifetime yield longer one. For this case, with 4n=d4p, we 
obtain from Eqs. (B.3) and (B.4) in Appendix B 


as (tTo+ToAy)? 
to(1 + 24¢)+7..(4t)? 


for case A, (4.2) 


and 


oe : (tTotTody)? | 
to(L+24¢)+To(Ay)?+(to—vt~)((1+4¢)/(v+4¢)) dy 


for case B, (4.3) 


where »v is (%0+1)/(wo+po) or (pot+p1)/(%0+po) corresponding to the excitation of electrons or 
holes. 
4.2. Two recombination-center levels 

In this case it is easy to show that the solution of Eqs. (2.10) is of the form 


6n=Cn1 exp (—t/t1) + Crs exp (—t/tT2)+Cns exp (—t/es) , (4.4) 


and three time constants are given by a equation of the form 


Ne Ne 1 
( : ) o( e ) “Fd (+)-r=0 ; (4.5) 
where the expressions for the quantities p, g and r are given in Appendix C. 


If the densities Ni and Nz of both recombination centers are small enough, the largest 
time constant is approximately 


em 
q 


i 
: (4.6) 


With 4n=4p the lifetime under external illumination are given from Eq. (4.6) as follows. 
(i) Case A 


1 z Tio 1+24¢)+Tie(dy)? T20(1+24¢)+To0(4y)? 
T (Tio +T104y)? (T20+T204¢)? 


(4.7) 


(ii) Case B where electrons or holes in 2-level are excited 
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il 2 T10( 1 +249) +71..(dy)? T20(1+24¢)+T0(dy)? 


T (Tio +T1- dy)? (T20+T2e4y)? 
T20— V2T 200 | 1 1 1+4g 
T20 + T2x4Q_tiottindy Toot Seen votdgy Yes a 


where v2 is (mo+72)/(mo+po) or (potpz)/(no+ fo) corresponding to the excitation of electrons or 


holes in 2-level. 


Moreover, since other two time constants are of the order of (1/B1)-+(1/Bs) and 1/(Bi+B:), 
and are associated with smaller amplitudes, it is possible to neglect them in measurements 


of lifetime. 


4.3. A recombination-center level and A trap level 
We consider here the case of a hole trap level in conjunction with a recombination level. 
Let subscripts r and ¢ refer to recombination center and hole trap respectively. We 


obtain 
don 
=—d mr » 
dt 4 
doN,* 
= (fom mr y 
at Ryr— OR 


On=0p+ON,*+O6N;* , 


and the equation determining the time con- 
stants has the same form as Eq. (4.5). 

In order to investigate the effect of exter- 
nal illumination on carrier lifetime, it is ne- 
cessary to consider two larger time constants. 
This is complicated and it is difficult to obtain 
analytical solutions. Thus we shall be con- 
cerned only with the case where the carrier 
lifetime is measured with the saturation of 
the trap by constant external illumination in 
fundamental absorption band. In this case, 
Eq. (4.9b) gives 

Nin; . (4.10) 
Since 4N;* is given, from Eq. (A.2) in Ap- 
pendix A, as 


N,-Ap 
IN AL ALL 
" po + pet Ap ey 
Eq. (4.10) is satisfied only when 
Ap> potpr . (4.12) 


Under these conditions, 6N:tc0 and Eas. (4.9) 
reduce to the equations for a single recom- 
bination center level with external illumina- 
tion. Thus, if the density of recombination 
center is small, the lifetime is given by Eq. 
(4.2) and we have 
a (TrotTreAg) 
trol +249) +1,~(4¢)? 
(4g>y»), (4.13) 
Yor = (pot pr)/(mo + po) and for an 


where 


do 
= Ohne OR pt , (4.9a) 
doN,* 
ar Opens (4.9b) 
(4.9c) 


electron trap vp: is replaced by vns= (0+) 
(no+ Po). 


§5. Discussion 

The results presented above show that both 
steady-state and transient lifetime are identi- 
cal for small densities of recombination cen- 
ters. This identification may be proved more 
generally by assuming that the change in 
electron (or hole) occupation of the recombi- 
nation centers is negligible compared with the 
free excess carrier concentrations. 

For simplicity, we shall discuss here this 
simple lifetime for single level case. 
5.1. Illumination in fundamental absorption 

band 

In this case we have the lifetime of the 

form 
es, (tott.A gy)? 
to0(1+24¢)+17..(4¢)? 


and the variation of t with 4g is monotonous 
between t=t (for 4g=0) and t=r.. (for 4g 
This is also observed experimentally 
and an example is shown in Fig. 1 for p-type 
germanium specimen. 

In our experiments, carrier lifetimes were 
measured by photoconductivity decay method 
described in the previous paper.® For exter- 
nal illumination a 24-watt tungsten lamp fed 
from a d.c. supply was used and 4g was 


(5.1) 
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changed by varing the intensity of this light. 
The value of 4y was calculated by using the 
relation 


Vie: 
fae Me 
i V 


L 


(5.2) 


where Vz and Vo are the voltage across the 
specimens with and without external illumi- 
nation, M is given by 0/(1+0) for n-type or 
1/1+b) for p-type and b is the ratio of the 
mobilities (4n/»). As shown in Fig. 1, if we 
use proper values of to and to, the agreement 
between the calculated curve and the experi- 
mental data is fairly good. 


600 


— 500 
3 
un 
= 
- 
400 
300 
) 0. 0.2 03 
Ay 
Fig. 1. Lifetime in a p-type germanium sample 


as a function of excess carrier concentrations 
injected by the illumination in fundamental ab- 
sorption band. The open circles represent ex- 
perimental results. The solid line was calcu- 
lated from Eq. (5.1) with t9>=350 » sec and t~= 
850 ps sec. 


On the other hand, several authors»)? 
have shown that the lifetime in darkness or 
without external illumination depends on _in- 
jection level 4y as 


_TotTdy 
= Heh ae (5.3) 
Apparently, this expression is simpler than 
that of Eq. (5.1). Thus, in the case where 
tT. and t~ are determined from the measure- 
ments of the dependence of r on 49, it is un- 
favourable to use the method of varing the 
intensity of external illumination, even though 
the injection level 4¢ can be measured 
exactly. 
Furthermore, in Eq. (5.1) to is a function 
of temperature and 4g may also vary with 
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temperature (4g«(L)’-t(T)). This implies 
that the temperature dependence of the life- 
time under external illumination is not sim- 
ple. In other words, even in a single recom- 
bination level case, the behavior of the 
variation of lifetime with temperature can be 
changed by the application of external illumi- 
nation. This is contradictory to the interpre- 
tation of Ransom and Rose”. Therefore, in 
order to arrive at the correct interpretation 
of the process, it is necessary to investigate 
the variation of lifetime with injection level 
at various temperatures. 


5.2. Illumination with long wavelength light 
The lifetime for this case is of the form 


(to+ToAg)? 
to(1+24¢)+7.(4g)? 
+(to—Yt) (1+ 4¢g)/(v+4¢))de 
and the variation of t with 4g depends strong- 
ly on v. Especially, if » is sufficiently small 
so that tosvr., for 4g¢<l we obtain from 
Eq. (5,4) 


» (9.4) 


__,Ltdolv) 

14+2(4e/v) ’ 

and, in contrast with the case discussed in 
sub-section 5.1, t decreases with increasing 
Ag even when t. is larger than tt. The de- 
pendence of rt on 4g is plotted in a ‘qualita- 
tive fashion in Fig. 2 for arbitrary values of 


(5.5) 


(b) K>I 


Ad — 


Fig. 2. Dependence of lifetime on excess carrier 
concentrations injected by the long wavelength 
light. K is the ratio to/rTx . 


tA 


1959) 


the parameters to, t.~ and v. 
Experimentally, however, in this case it is 


| difficult to obtain a measurable value of 4g, 
_because the optical absorption due to recom- 
bination centers is very small. 
cases, the effect of the illumination with a 


Thus, in most 


long wavelength light may be undetected. 
On the other hand, in order to observe this 


effect, it is necessary to introduce a large 


amount of recombination centers. In this 


case, the lifetime decreases considerably and 
| the experimental results must be analyzed by 


using more general equations such as Eqs. 


(3.3). 
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Appendix A 


As shown in previous papers,» we have 
from Eqs. from (2.6) to (2.8) the relations 
between the quantities changed by steady ex- 
ternal illumination as follows. 


Case A. Illumination in fundamental absorp- 
tion band 

Fine gE (A.1) 

4N3*= Hnj4p—Hp;An . (A.2) 

Case B. Illumination with long wavelength 


light 


(1+ Hy)dn=(1+ He)dp +=", (A.3) 
nt 


34 BysHysAn-+ Bus Hnsdp) = Lm wh ay 
t 


and 

AN;*=Hnj4p—HyjAn , 
Lut 
eee 
For the case where the holes in ¢-level are 
excited, Ln: and Bniln: must be replaced by 
—Ly: and ByLy: respectively. Here Hn, Hp 

and B; are given by Eqs. (3.6) and (3.7). 


(A.5) 


AN;* = Hnt4p— Hyp:4n+ 


Appendix B 
As shown by Wertheim, c+ and t- in Eq. 
(4.1) are given by 


a (8.1) 


8 (ant anil £A—y}] 
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where 
V=4(AnAy—BnBp)An- Ay)? , (B.2) 
and 
An=Fnl(Not +4N+)+(mo+m+4n)] , 
Bn=Tn(Mo+m+4n) , 
&y=7 nl(No —4N*)+( pot pit-4p)] , 
Bo=7rl Potpitd4p) . 
(B.3) 


If the density of recombination centers is 
sufficiently small so that Not<(mo+m1) and 
No <(fotpi), these two time constants are 
expressed as 


=~ An+t+Ay ~ 1 
— + 
Any —BnBp , 


ee Fa (B.4) 


Appendix C 
The coefficients in Eq. (4.5) are given by 
P=Q1+4224+433 , 
G= 11422 + Q22033 + G33011— 12421 
— 423032— 31413 , 
V = 11422033 1 G12023031 + A21d32013 
— @11023032— €22@31013 — @33012421 , 
(Ca) 
where 
Qi = ni Nit +4Ni*)+ 722 Not +4N2*) 
+7no(No+N2+4n) , 
Gi2=—Fn2(Mo+M2+4n) , 
Q13=Fni(Motm+4n)—Yyna(motn2+4n) , 
Qu=—7 yx Potpz+A4Pp) , 
Q22= 7 vi Ni- —4.Ni*) +7 v2 N2- —4N2*) 
+7 v2(Potpet+4p) , 
dos=—7 pil Pot pit4P) 
+7 v2e( Pot pet4p) , 
d31=7m( Nit +4Mi*) , 
a32=—7ni(Ni- +41") , 
a33=7ni(Motmit+4n)+7 ml potpit4p) . 
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A new formulation of the theory of electron diffraction for the Laue- 
case, based upon the matrix representation of Niehrs and Wagner, is 
presented by introducing the scattering matrix for an electron elastical- 
ly scattered by a plate-like crystal. The intensity and also the integrat- 
ed intensity of reflections for thin crystals are computed. The results 
obtained here indicate that the intensity does not approach to that of 
the pseudo-kinematical theory, but to that of the kinematical theory. 
The theory predicts also the failure of Friedel’s law in the case of non 
centro-symmetric crystals. The formula for the scattered amplitude 
can be transformed into the form which coincides with the result given 
by Cowley and Moodie derived on the basis of the Huygens’ principle. 


times leads to serious paradox as to the dif- 


§1. Introduction 


In the dynamical theory of electron diffrac- 
tion, initiated by Bethe,” the Schrédinger 
equation for an electron in the periodic poten- 
tial of a crystal is solved under appropriate 
boundary conditions, by assuming the wave 
function to be the superposition of plane 
waves. The problem is reduced, in this case, 
to solve the secular equation of infinite 
order.2> For the practical calculation, the 
number of waves is reduced by neglecting all 
waves other than the incident and a few re- 
flected waves. Such a treatment, however, 
becomes rapidly difficult with increasing num- 
ber of waves, and in the usual treatment of 
the ‘‘two-wave approximation’’, only two 
waves, the incident and a diffracted, are con- 
sidered. However, the other diffracted waves 
which are neglected in the two-wave appro- 
ximation may sometimes take an important 
role, e.g. in the forbidden reflection such as 
the 222-reflection from- diamond type cry- 
stals»® and in the failure or Friedel’s 
law.5)®) 

In order to take into account the effect of 
other reflection waves, Bethe” introduced the 
so called ‘‘ dynamic potential’’ instead of vp, 
the Fourier component of the periodic poten- 
tial in crystal. However, this procedure does 
not only give the exact solution, but it some- 


* During the preparation of this manuscript, the 
author was told that H. Niehrs had independently 
developed a similar theory. 


fracted intensity in the Laue-case for a thin 
crystal, as pointed out by Miyake.” 

For the sake of more extensive treatment 
of many reflections, Niehrs and Wagner® 
used the matrix representation and derived 
some useful relations among the waves inthe | 
crystal. In the present paper, the scattering 
matrix,» which connects the amplitudes of 
the incident and the diffracted waves, for an 
infinite, parallel-sided crystal plate in the 
Laue-case, is obtained by extending their 
theory. The intensity of diffracted waves 
and also the integrated intensity of reflection 
are obtained, without solving the secular 
equation, by expanding the component of the 
scattering matrix in the power series of D/2k, 
where D is the thickness of the crystal and 
k, the wave number of electron in crystal. 
The intensity obtained by the present method 
is in accordance with the result of the recent 
theory of Cowley and Moodie! which was 
derived by appling Huygens’ principle for the 
electron diffraction, and Fujiwara’s theory! 
which was derived by the interation of the 
Born approximation for the scattered waves 
within the crystal. 


§2. Scattering Matrix 

The Schrédinger equation for an electron 
of energy E in a field of the crystal potential 
V(r) has the form: 


8 2 
AY +. ae Vin}7=0. 


(1) 
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The potential V(r) and the wave function can 
be expanded as 
7 872m 
h? 


Vr)= x Vn EXP (2bn- 1) , 
(2) 


| and 


v= > Da exp (thn: r) (kn= ko +n), 


‘where b, is 2z-times the reciprocal lattice 
vector and k, is the wave vector of the h- 
'Teflection wave. Substituting (2) into (1), we 
obtain 


(kha? )nt 3 Vr-gPg=90 , CH 


where 

_ 8x?m 
ae 
| If we express (3) in matrix representation, 
: we obtain 
/ 

: 


Rk (E+0v») . 


k?—ko?- ++ Von Vog Lo 
Vro*: k?—k;? Vng* Ln ==()5 ( 4 ) 
Vg0 Ugn k?—k,?- U Pg 
where 
C—O ° ( bs) ) 


Introducing the ‘‘ Ampassung’’ € and the 


** Anregungsfelher’’ 0, (Fig. 1), we have 
kix=R—pOnr—€ cos On . (6) 


Surface 


eee 


Near 


N 


Ewald Sphere 


Fig. 1. Construction I. 
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In the Laue-case, € is so small in comparison 
with k that we may neglect €? and o€, and 
further we can assume cos#,=1. Hence, 
(k?—kn?) may be written as 
2? — Rp? =2RE+2ROn +012? =—X+pn ’ 
where 
DY ge matey Ny and 2Ron+ On2= Pn ; (8) 
If only the reciprocal lattice points are con- 
sidered which lie on a plane passing through 
the origin and being nearly perpendicular to 
the incident direction, p, depends only on the 
component of k along that plane but not on 
the magnitude of ,. 
Substituting (7) into (4), we obtain 
Mg=xe , 


where M is an hermitian matrix given by 


(6) 


(9) 


a 


po-+:Von-+-Vog- 
M= Vnov> + Das: +Vng (10) 
*Vg0 Ogre: bo 


©) 0) (6; s\.0) 0! 6) J8\.6 ©: .01.6).8: (68) e- 08 


Matrix M is independent of hk, so that, the 
eigen value x’ and the eigen vector ~' whose 
components are ---do!, ---da’, ---dy', +++ are 
also independent of k. 

Assuming that the incident wave is of unit 
amplitude and ¢ is normalized, we can put 
the amplitude of the h-wave belonging to the 
i-th wave field as 

Uni =aidn' ’ 
where a: is the coefficient which is determin- 
ed by the boundary condition at the entrance 
surface given by 


DS, Uni = > aby’ =Ono . 
Multiplying the both sides of (11) by ¢n’* 


and summing up with the index h, we obtain 
a; from the orthogonality of the eigen vector 


gt: 


(11) 


a j7=Po* : 
Then we have 
unt=do* dri . (12) 
This result was previously given by Niehrs 
and Wagner.® 
The wave function for the h-reflection is 
given by 


Yn= > uni exp (iki! +r) , (13) 


where kp? is the wave vector of the h-reflec- 
tion of the 7-th wave field and may be writ- 
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ten in terms of of €* and wave vector kp 
corresponding to the wave point L for which 
€=0 (Fig. 1), namely 


kp =kyn— Cz (14) 


where z is the unit vector normal to the cry- 
stal surface directing inwardly. Substituting 
(8), (12) and (14) into (13), we get 


Pr= > ho'*da’ exp (—10'z) exp (thn: 1) 


= do'*da! exp ( pe expidky- (5) 


On the other hand, we obtain the following 
equation from (9) for one of the eigen values: 


Md! =(x')rpt ; 
and for the h-component: 
(xpi = 2 Po (Mao , 


where (M”)xg is the hk, g component of the 
matrix M”. Multiplying the both sides of (16) 
by ¢o’* and summing up with 7, we get 


ES (Po Pnt=D Ds Pol bal(M ng 
=E(E gol ho(Mre= (Mao 


(16) 


(17) 
since we have 
> Po* hg! = dq0 


by the boundary condition. Using (17), we 
can rewrite equation (15) as follows: 


Y,=>; S| dota! 5 ee Jexe (tkn- 1) 


§ 3. 


Intensity 
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(18) 2 


=| exp( iM) |, Cae 


This represents that the amplitude of the he 
reflection wave in the crystal is given by 


[exe (pM) |. 


When we apply (18) for the plate-like cry-- 
stal with thickness D and assume the ampli- 
tude of incident wave is 9, the amplitude Gar 
of the diffracted waves at the exit surface; 
is given by 


Pi D 0 
: =exp( isp ) 0° 
; sh 


where S is the scattering matrix given by 


S= exp ( in, ) 


The wave function of the scattered wave 
transmitted from the exit surface of the cry- 
stal is written as 


= DSno EXP [t(ya—M'n)D] exp (¢Kn-r) , 


(19) 


where Kn is the wave vector of the h-reflec- 
tion in vacuum and ys and I’, are the normal | 
components of kp, and Ky respectively. 

In the case where we cannot put cos @,=1, 
we can also obtain the scattering matrix in a | 
similar way as above. The results are given 
in Appendix. 


According to (18), the intensity of the h-reflection wave is given by 


lh= 


which may be expanded as follows: 


joo(ae) | 


2 


> 


D™ } : 
h=(P) IMnol?+-5-(3> ) [(M2)noMao* —Mao(M*)no] 


~(ee) Le 


(M®)noMno* —4-CME)no (Mp0 Ma OM") | ns 


: (20) 


where M* is the conjugate matrix of M. The first term of (20) is 


(By mae=(BYiar 


The 2nd term is 


(21) 


DD. 
| mel [(M?)noMno* —Maro(M*?)no] 
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ef DN / 
\ - 2 GA ce Vr-gUg +vnl po + Pr) }on* Pn 2 Vn-a* 09% ae Vn*( po + pr)}] 


2k 


I D3 : 
| 4 (aE) SWn dt V—gVg-n) , 


(=) lt |(M?)no|2— an {(M?)no Mno* | 


2k 


gx 


where the symbol ‘t indicates the real part. 


7 D\3 
= 2) [vn* a Un—gVg— Unda Va—g* Vn* | 
g 


(22) 


‘where the symbol 3 indicates the imaginary part and the prime after the symbol % indi- 
‘cates the absence of zero and h# terms. The 3rd term is 


D™ 
= =(3) feeb Va-gUg|?-+ +5 (Pot bn) R(0-n a! UVn—Wa} +5 leal*(Po-+ ba)? 
— + aie |P-n(0n?-bon( e+ Pabrt x?)+0 >’ |vol?-+ vn Dr Ueasl- 
g g 


+( po + Pr) 2 Vago t Pay Vrn—gUg-1U1 SI ai PoVn—qo} | : (23) 


The higher order terms are much more complicated. If the crystal is sufficiently thin and 
the accerelating voltage sufficiently high, the higher terms can be neglected. 


§4. Comparison of the Present Theery with 
the Kinematical Theory 


When D is small or k is large we may neg- 
lect higher order terms in (20), and obtain 


gli (0b Nees 
h=(¥) toal? . (24) 


This indicates that for thin crystals, (i) the 
intensity given by the dynamical theory coin- 
cides with that of kinematical theory, even if 
we take into account many reflections, and 
(ii) the intensity is independent of the incident 
direction, since (24) does not include any fac- 
tor dependent upon the incident direction. 
This means, in terms of the Ewald construc- 
tion, that the reciprocal lattice points are 
elongated in the direction normal to the cry- 
stal surface, just as in the kinematical theory 
for very thin crystals, and this circumstance 
may explain the appearance of the cross grat- 
ing pattern. It must be noted here, however, 
that the critical thickness of the crystal with- 
in which (24) holds varies with the incident 
direction. As we shall see in the next paper, 
(24) is applicable up to a certain value of the 
thickness of crystal. This thickness is largest 


at the Bragg position and decreases as the 
direction of the incident beam deviates from 
the Bragg position. A rough estimation 
shows that this critical thickness at the Bragg 
position is about 15A for the 111-reflection 
from Au. 

When D/2k is large, the value of the third 
term including pn, which depends on the 
incident beam, becomes appreciable, and by 
this contribution the intensity falls rapidly 
for increasing value of fr. Thus the charac- 
teristic of the two-dimensional pattern be- 
comes gradually lost with increasing D/2k. 


§5. Relation between the Scattering Matrix 
and the Two-wave Approximation 


It is of interest to study the relation be- 
tween the treatments by the scattering matrix 
and that by the two-wave approximation. 
Select the terms related only with the indices 
0 and h# from each of the terms in the expan- 
sion series of the matrix component Sno. 
Then we can see that the sum of these terms 
coincides with the h, 0 component of the 
scattering matrix Sz for two-wave approxi- 
mation, which is expressed by 
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Sarees ( iO Ms ) 


Ms=( Po a 
Vr Pr 

The amplitude of hA-reflection, gn, can be 
written as 


where 


Cr=OnP ton , 


where ¢” is the amplitude calculated exactly 
by the two-wave approximation as 


20nt 


ms V (bo— Pray? + 40n? 


-sin ( V (po Drye+ Ay,” a 


Qn” 


and 9,’ is the sum of terms which involve 0, 
h and other indices and represents the con- 
tribution due to the interaction of 0-and h- 
waves with other waves. 


$6. Failure of Friedel’s Law 


The experimental observation of the failure 
of Friedel’s law was reported on zincblend by 
Miyake and Uyeda® and the theoretical ex- 
planation by Kohra,®) who considered the 


simultanious reflection of 331 and 331 in the 
Bragg case. 

The second term in (20) vanishes for centro- 
symmetric crystals, but not for non-centro- 
symmetric crystals. In the latter case, the 


intensity of h- and h-reflection becomes 


DSi’ gptilivimlict 
h=(5) ial? +(55.) Sd V—gVg—-n) +: a 


and 


2 3 
La=(55) ioal?—(3 S(Oe di V-ao-n) + 
(25) 
This indicates the failure of Friedel’s law in 
the Laue-case. The difference between J, 
and /-» appears in the third power of D/2k 
and this term is independent of the incident 
direction. In general, this difference appears 
in each odd power term which vanishes for 
centro-symmetric crystals. 
As we see from (25), the asymmetry of the 
intensity arises from the interaction of weak 
waves, without any strong simultanious re- 
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flection. This may also be valid in the Bragg- H 
case. 
§7. Integrated Intensity : I 


For experimental verification of the theory, | 
it is necessary to calculate the intengrated| 
intensity of the reflection. The integrated} 
intensity for the Laue-case was given by) 
Blackman?” on the basis of the two-wave ap-; 
proximation. But his result may not be ap- 
plicable when the interaction with other’ 
waves are strong. Let us now consider the: 
integrated intensity of the hA-reflection by the: 
present formulation. When the crystal is) 
slightly out of the Bragg position, the inten-. 
sity of reflection becomes weak and the in- 


—_ 


fluence of the interactions due to weak: 
waves becomes relatively important. In par. 
ticular, the so called ‘‘ systematic interac- 
tions’’, the interactions between the reflec. 


tions corresponding to the reciprocal lattice 
points lying on the lattice row passing through 
the origin and the reciprocal lattice point FH 
is important. In the following we consider 
only the ‘‘ systematic interactions’’, and fur- 
ther assume that OH is parallel to the surface . 


and that every Fourier coefficient of the po- | 
tential is real. 

When D/2k is small, (24) is valid at the | 
Bragg position. Outside the Bragg position, | 
however, we should take into account the | 
higher order terms, and we have 


Surface 


, nB/2 sy 


a em 
B 8 


n g 


Fig. 2. Construction II. 
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| D\? 1/D\! ; 

= (3p) — Fal ap) (ot $2000) + (boa) 

8" Va—gg)?—2( Pot pr)Un dV Va—g¥gt4un >" Va—gUg-1Ui t+ 40n >\ PoVa—gUg| +--+: . 
g g g 


g#l 


| (26) 
[ Introducing the new parameters €’ for €, and s as are shown in Fig. 2, we have 
| 


PRoreE) OW pe = p+s 


L where t and » indicate the tangential and normal components with respect to the surface, 
| respectively, and B=2z/d. Thus, we have 


po= wees + 3, Pra= (48 = s), and po= —(e8— 48 — s). (27) 


| Substituting (27) into (26) and neglecting the higher order terms, we have 


| 


{ 


IONE IDNe ; . 
t= (ap) 28 ~ia( gp) Morton +22 vA) 3 2 mos) 
“ ay: 2 9 it iD 3 “) 
+4ou, 2! Vn—gUg-W1—4Va >, Ung g?—hg)B\—— ai Un2(hBsy? . (28) 
g. g 
gel 
| The integrated intensity can be expressed as 


oo 1(t= 
h=| ido = | eh 
If we take into account all the terms in J,, J, is positive for any value of s. But if we take 
only the first two terms in (26), J, becomes negative for the value of s beyond the certain 
value so, for which J, given by (28) is zero. As the value of J, near the Bragg position is 
- important in the integration, we approximately get 


4 4 4 4 2 we A T, 9 7 
=z\ ds =; ab - on? . & ) (Avnt(on2-+25,' 0p?) 3S Oras)? +400 2 Hoa 
3/2 ill yD) 9} - s -1/2 
Se aS nso ghee | ee) on? (nay 
g 


When v», is neither zero nor very small, /, can be rewritten as 


VE Dotty ADV yo425/01—3{ xm y 
j= 3— 9B 8, E Slop) [ee beaver Tl 


“t oa Sy Vr—oVo-WVt— i Vn- A = ne) | “ (29) 


Vr 9.t 
gael 


where 0=h8/2k is the Bragg angle. For small value of D/2k, the second terms in the 
bracket of (29) can be neglected and we have 


yin DUN (30) 
halos, ae 


The integrated intensity is proportional to the square of vp», in accordance with the charac- 
teristic of the kinematical theory, and (30) coincide with the corresponding formula of Black- 
man except for the numerical factor 1.15. The appearance of this factor may be due to the 
neglect of higher terms, for if we make a similar approximation in Blackman’s formulation, 
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we have the same factor. 


When vp is zero, the integrated intensity can be calculated by taking into account the | 
higher order terms. This will be discussed, in the next paper, for the case of the 222. | 


reflection for the crystal of diamond type for which v222=0. 


§8. Another Method of Calculation of the Scattering Matrix 


In the preceding sections we studied the power expansion of the amplitude of diffracted — 


waves with respect to D/2k. In this section, we consider the expansion with respect to the 
Fourier coefficient v’s. 

The matrix element (M”)ao is given by the sum of terms of the z-th order product of v’s 
and p’s. Select from the sum the terms including the m-th order product of v’s, say Vr-g; 


Vg1-02) ***» Vom 1, then the sum of these terms makes the m—m-th order homogeneous and | 


symmetric polynomial with respect to p’s. This polynominal can be written in the form 


Do” nee Dr” 
(Po— Da) Po— Po) +*(Do— Pa 1) (Da— bo) Pa— Pay) > + (Pe—Pom -1) 


Vn-9\V9 1-99" ** V9 — i 


4 m—1 Do? (31) 


a (Do, —DPo) ba, — Dra) Po, —Da,)* coy (Pa,—Dage\ Pi, — Pa): (po, —Pom—v) ; 


The term (31) is not contained in (M”),o for which nm<m. Since, however, the braket in (31) 
vanishes for 0<n<m, we can add these zero terms to the terms including m-th order pro- 
duct of v in the expansion of Sao. We have thus 


(2) it a nr 
Pah ore Bl oo) ise Ban ie <7 Tae 

% [ i po” i Pr” 
(Po—Pr)( Po—Po,)-+*(bo— Pow —1) (Da Po) Pu—Pay)- > -( Pa— Po, —1) 

t “y : ‘ ; Pai” A» h. : : 2 ] 
t=1 (Do,—DPo)( Po, —Dn)( Poy —Poy)* = *(boy—Poy_- (boy — Poi 1)” ay (boi.— Po, -1) 

ap a Yn-G1V91-G2" * *VIm —1 

92°" Im—1 

. | exp (2-2/2k- po) 4 exp (2-2z/2k- pn) 
(po—pn)( bo—Po,)- ee (Po— Pom —1) (Pa—po)( Pa— Poy): ae (Pra—- Pan) 


m=1 exp (2-2/2k- po,) ] 
& v a ; : e 
2 (do, —Po)( Po, — Pr) Doy— Pay): H *(Pox—Pay_- Do Poiar) hs (Doi—Po,,-1) ee 


where the symbol SS indicates the sum for all the possible permutations of m—1 values 
01990 


m-1 


of g under the condition h—gi, g1—g2, ---, Ym-12<0. If we put po=0, and py=2kp, neglecting 
0,” in (8), we have for (31) 
Un=910 91-92" * °VOm—1 [ (2Ron)”1 
(2k)? (On—91)(O~—Pg)* * *(On—Pgp, -1) 
m—1 (2RoG,)? > 
ae Royse — a : 
1=1 (P9,—On)(09,—Po1)* * *(09,—P04-)(O0,— Pagan) ** eee she 


Therefore, we have for (32) 


Vna-91V91-92° ** V9m -1 i exp (tz0n)— 1 
(2k)™ On(Onx— Pg1)(On— gy): (Oe g.n a) 


9199°°° Im-1 


"I exp (4Z09,)—1 | 32’ 
t=1 094(094—On)(09,—9,)° : *(09;— 094-1095 P0441)" . (On= ee gaeel : ( ) 
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And (18) can be written as follows: 
v=> Ua-o1V 91-02" **Vom—1 | eXp (2Z0n)—1 
M=1 9499*°"9, 4 (2k)™ On(On—Og,)° ore (Or— 0dm—1) 
ash velit Aly EXP (72Z09,)—1 ‘4 = | 
t=1 094(09,—On)(09,—0g,)° ship (005 P94-1)(00,—O ag 41)" ye (0g, Oars) 
xX exp (thn: r) 
ce . yam eee Oe, . six 
= S exp (— ipnz) h=- 9191-92 2 tay) e€Xp (7Z0n)—1 
T3e! ORRSEN p wo (2k) On(Prn—Og,)° ae (0n—P om, —1) 
TL SP Velegee SY MN eer eS ACI : ' | 
t=1 09;(09,—0On)(0g,—09,)* ‘i "(Oo¢——Pay-5)\Pa, — Parad) HOe7-- 0g, oy) 
x exp (ik. r) , (33) 


since kyx=k’— on, where k” is the vector in the direction of kn and |k”|=k (see Fig. 1). (33) 
coincides with the result given by Cowley and Moodie, which was obtained by the itera- 


tion of Huygens’ principle. 


If we take into account the direction cosine of the wave vector of each wave with respect 
to the surface normal, which we have assumed to the equal to unity, we get the result coin- 
ciding with that of Fujiwara’s theory!” which was deduced by the iteration of Born appro- 


ximation (see Appendix). 


§9. Discussions 


i) Bethe’s second approximation 

It is usually believed that the intensity of 
reflection at the Bragg position in the Laue- 
case for small D or large kb, approaches to 
that due to the kinematical theory. This 
conclusion was derived from the two-wave 
approximation of Bethe. However, as Miya- 
ke? has recently pointed out, Bethe’s result 
for the small limit of D/2k does not coincide 
with that of the kinematical theory if we 
use, instead of w»,, the dynamic potential Viz 
given by 

Vir=va— ae é; 

Let us use g and g’ for the upper index 7 
in up’ corresponding to the couple of branches 
of dispersion surface passing through the 
vicinity of the section of the two spheres of 
radius k, having the reciprocal lattice points 
G and H-G as centres (see Fig. 3). Then, 
we can say that the dynamic potential was 
introduced by taking into account only the 
weak waves uy” and uy” (g=<0, h), whose 
amplitudes are approximately given by 
Uo?” Vg tun?’ Vg—n 

P—k,? 
Since this relation may be accurate except 
for small k?—k,?, the geometry of dispersion 


, 
Mygeo® —— 


surface (kh and h’) may be corrected fairly 
well by taking into account the effect of the 
weak waves u,” etc. 

On the other hand, in the present theory, 
by which formally the same intensity limit 
is obtained as that of the two-wave approxi- 
mation, namely, that of the kinematical 
theory, for small D and 2, the weaks h- 


Fig. 3. The relation between amplitude and wave 
field. 
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Waves Un’, Ua” etc. are taken into account 
besides the uw,” etc. The effect of the waves 
Un, Und’ etc. may be important especially for 
the limit of small D/2k. The failure of the 
use of the dynamic potential in calculating 
the intensity of reflection in thin limit is due 
to the neglect of the waves un’, un” etc. 

ii) Pseudo-kinematical theory 

When the molecule is composed of heavy 
and light atoms, the diffraction intensity is 
affected by the phase shift, as was studied 
by Glauber and Schomaker,! and Hoerni 
and Ibers.“’ Horni extended this study to 
the crystal by simply replacing the ordinary 
atomic structure factor in the kinematical 
formula of reflected intensity by the complex 
atomic structure factor. He graphycally 
showed that in the limit of small D and 4 
the intensity due to the dynamical theory 
taking account of the multiple scattering ap- 
proaches to that of the pseudo-kinematical 
theory. However, it is actually difficult to 
confirm the agreement between the former 
two theory by his graph, especially for small 
D and 2. 

On the other hand, our theory, which starts 
from the dynamical theory taking account of 
many reflections, indicates the fact that the 
intensity of reflection by the dynamical theory 
approaches to that of the kinematical theory 
rather than that of the pseudo-kinematical 
theory. This result is in a sharp contradic- 
tion to the result of Hoerni. 

Hoerni calculated the intensity of 111- and 


1ll-reflections at the Bragg position from 
cadmium sulphide, which has the polar axis 
[111], by the pseudo-kinematical and also by 
the dynamical theories, and showed the failure 
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of Friedel’s law. The intensities given by 
the pseudo-kinematical theory are 


Tnui=1.22 x 10-4 D? } 
and Ii;=0.925x 10-4 D?. J 


This result differs again from the conclusion 
of the present theory. The intensity given 
by (34), which shows the failure of Friedel’s 
law, is proportional to D?, whereas in our 
result (25) the difference between fin and Jim 
appears first in the (D/2k)® term. 

In the dynamical theory, the effect of mul- 

tiple scattering, and so the effect of phase 
shift, are automatically taken into account. 
The difference between the results of these 
theories may arise from the fact that, in the 
dynamical theory, only the discrete set of 
waves whose wave vectors are related by the 
reciprocal lattice vectors are considered in 
the crystal, whereas in the pseudo-kinemati- 
cal theory, continuous set of waves are con- 
sidered in an atom, as was emphasised by 
Miyake.” 
iii) The intensity formula (20) expressed by 
the power series in D/2k is practically appli- 
cable for small D or 4. When D or & is 
large, we cannot simply apply the present 
method, since in this case it is appropriate 
to consider the intensity averaged over D 
which is given by 


h=> lant P= |doo?* nt |? ; 


In order to obtain ¢o' and dp‘, it is necessary 
to solve the secular equation. 

The author would like to thank Prof. S. 
Takagi for his guidance throughout this work, 
and Prof. K. Kohra for his helpful discus- 
sions. This work was partly supported by a 
research grant of the Ministry of Education. 
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Appendix 


If we consider the direction cosine of each beam with respect to the surface normal which 
is almost equal to 1 in the Laue-case, we get the following equation instead of (7) 


k?—k,?=2kC cos On+pr=—X COS Gnthn , 


and (9) becomes 


Mgp=2Q%¢ , 


as was shown by Niehrs and Wagner. 
elements are 


Here the matrix Q is the diagonal matrix 


(35) 


whose 


Qis=OnoV cos On - 


We can rewrite (35) as follows: 
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QMQ*.QP=1Q¢ . 


Q™“4MQ" is an hermitian, whose eigen vector is Q¢g. If Q¢ is normalized, the amplitude uz’ 


is given by 
Un’ = o'* hy? cos Oo 


=V/c0s Oo Yo'*/ cos Da dmy/ cosAo 37) 
cos O;, 


| We can derive the wave function of the h- 


reflection wave by the same way as we get 


(18), namely 


v,= -Z oun *) pes Oo 
| exo( iggeeO lk. COs 04 
xXexp (tke: P) . (38) 
Then, the scattering matrix is given by 
S=Q" exp (iZ,0-MQ-)Q 

= »2 0-2 

=exp( 15,0 M) ; 
and we have 

[((Q-?M)”" Jno 


= Ung 9192" * * Van 10 


9194°""%—1 COS On COS 9g,:+-COS Og,,_4 


d 
since 


(QM) ng =—— , (Vin= pn) 
cos O;, 


Surface 


Ewald Sphere 
Fig. 4. 


If we use the symbol n”, kn”, ke’ defined in Fig. 4, (38) is rewritten as follows: 


Va—91V94-92"° * 


V9m —1 - 


Toy Ss eXDP (—20n7Z) 


mal G99" Im —1 


[ exp (7z0n7)—1 
On?(On? —0g,")- > (On”— OG mn -1) 


(2k) cos On CoS 8g,: ++ COS Oy, 4 
At 


1 exp (1Z09;7)—1 


+2 
X exp ((kn’-r) 


co 


t=1 “Oa O042— On) 004? — 00") co (0947 —0os-1) 004° — Pos)” : *(0947— Pom —1) 


5 Vn—-91V 94-92" ft Ope = 
=2 Dive ohylieX p==20n"2) z 
M=1 999°" Gm —7 2" Rn?Rg se Rom 1 


4 | exp (2z0n”)—1 
On*( On? — 09,") ne (0n"— Ooi —1) 


m1 eXP (1209;7)—1 


> 
t=1 0947( 0042 —On®)(094°— 00"): ue (Poy? — 09; 
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(39) agrees with the result given by Fujiwara.) The first term in (39) is 


Un 1—exp (—20n72z) 


TF 
; Qk? On 


This formula was obtained by Raether.’ 
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Measurement of the magnetic anisotropy energy of a single crystal of 
natural pyrrhotite in c-plane was made by means of the torque method 
at room temperature up to a magnetic field of 20000 oe and at low tem- 
perature in a constant field. It was found that the easy axis lay along 


[210] direction above —80°C which, however, changed to [100] direction 
below that temperature. The torque curves in c-plane were composed 
of two- and six-fold symmetric parts. It was also found that in the range 
of strong magnetic fields the six-fold symmetric part at room temperature 
decreased with the inverse square of the applied field; such a field de- 
pendence is explained assuming a triad structure for the single crystal 
of pyrrhotite. A remark is also given on the origin of the two-fold sym- 
metric torque. 


Introduction 


§1. 


The experiment by Weiss and others) on 
a single crystal of natural pyrrhotite revealed 


that this crystal was paramagnetic along [001] 
direction while it was ferromagnetic in (001) 
plane. In (001) plane they found a magnetic 
anisotropy of two-fold symmetry superposed 


* A part of this investigation is based upon the 
dissertation (Master Course (1956), Tohoku Uni- 
versity) presented by Itsuo Mikami, now at the 
Hitachi Central Research Laboratory, Tokyo. 

** Now at the Research Institute for Iron, Steel 
and Other Metals, Tohoku University, Sendai. 


on that of six-fold. They regarded the 
two-fold part as essential. On the other hand 
Kaya and Miyahara® obtained a result which 
showed a complete six-fold symmetry and 
concluded that the six-fold symmetric part 
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was essential. However, the magnetic field 
used by these authors was not so strong that 
sufficient knowledge on the magnetic aniso- 
tropy of this crystal was not obtained. The 
present authors have measured the magnetic 
_ anisotropy of a single crystal of natural pyr- 
rhotite from the same source as those used 
| by Kaya and Miyahara up to a field of about 
20000 oe. In this paper the results of the 
_ measurement are shown together with some 
' remarks on the origin of the field dependence 
of the torque curve. 


The Method of Measurement and the 
Specimen 


§ 2. 


For the measurement of the magnetic ani- 
sotropy constant a vacuum torque-meter was 
used. The temperature was measured by a 
copper-constantan thermo-junction attached to 
the specimen and the induced thermo-e.m.f. 
was led to a potentiometer by means of fine 
spiral wires of the same material which did 
not introduce any detectable mechanical in- 
fluence in the performance of the torque- 
meter. 

A circular disk of about 8.5 mm in diameter 
and 0.5mm in thickness was cut from a 
crystal of natural pyrrhotite. The deviation 
in diameter was about 0.5mm. The torque 
due to the anisotropy of the demagnetizing 
energy expected from such deviation is less 
than 1% of the torque due to the crystalline 
anisotropy energy, so that the effect of the 
shape is negligible in our case. It was also 
shown from the Laue spots taken at the cen- 
ter of the disk that the normal of the basal 
plane of the disk deviated 5° from [001] direc- 
tion and its projection on (001) basal plane 
lay along [100] direction. It was also found 
that mosaic spread was about 1°. 


§3. The Experimental Results 
(1) Torque measurements at room tempera- 
ture 

First the magnetic field was applied in the 
basal plane and the resulting torque is shown 
in Figs. 1 and 2, in which the ordinate repre- 


sents the torque per unit volume and go in- 


dicates the angle from [210] axis. In Fig. 1 
the torque curves at several field strengths 
from 800 up to 7500 oe are shown and in 
Fig. 2. those from 9800 to 19150 oe. Each 
curve can be understood by the superposition 
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of those with six-fold and two-fold symmetry. 
The six-fold symmetric parts are shown in 
Fig. 3. These six-fold symmetric torque 
curves pass through zero at g=0. It should 
be noted that throughout the measurement 
the stable position of the specimen was not 
found in the vicinity of go=-+30° or [100] 
direction, showing that [210] axis is the direc- 
tion of easy magnetization at room tempera- 
ture. The field dependence of the six-fold 
symmetric torque at go=15° is shown in Fig. 
4. As is shown, the magnitude of torque 
increases at first, reaches its maximum at 
about 6000 oe, and then decreases to zero as? 


— > T erg/c.c.) 


Bigaels 
perature, field strength 
oe. 


Torque curves in c-plane at room tem- 
(H) from 800 to 7500 


+ H=9800 oe 
a 


11600 0e 


=> Glerg7exc.) 
—-+ —— 


Fig. 2. Torque curves in c-plane at room tem- 
perature, field strength from 9800 to 19150 oe, 
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H increases further. The shape of the torque 
curve becomes sinusoidal at strong field. 

When the six-fold symmetric part is sub- 
stracted from the observed torque values 
there remains a two-fold symmetric torque, 
as shown in Fig. 5.1. In the high field range 
the curves are smooth and nearly sinusoidal 
but in the low field range they show steps at 
yo=90° and 180°. The relation between the 
amplitude of the two-fold symmetric torque 
and field strength is shown in Fig. 5.2. The 
amplitude seems to reach a saturated value 
of about 3x10! ergs per unit volume at about 
10000 oe. 
(2) Torque measurements at low tempera- 
tures 

The temperature variation of the torque 
was measured below the room temperature 
by keeping the field strength constant at 
12900 oe. In Fig. 6 the measured torque 


= H= 800 0e 
2000 06 
4950 06 
7500 0¢ 
9800 oe 
11850 Oe 
14950 oe 
19150 0e 
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Fig. 3. Six-fold symmetric torque curves in c- 
plane separated from observed torque curves 
(Figs. 1 and 2). Solid lines are theoretical 
curves calculated by Eq. (2) and dotted lines 
connect the experimental values. 


oO 


p 


ose C eCYG/EC) 
Ww 


ho 


20 *103 
H (oe) 


12) 4 8 12 16 


Fig. 4. Relation between six-fold symmetric tor- 
que at gy=15° and magnetic field strength. 
; experimental value. 
; theoretical curve. 
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values at different temperatures are shown. 
The torque amplitude decreases at first with |} 
lowering temperatures. It seemes at —80°C |f 


the direction of the easy magnetization changes | 
from [210] to [100]. 


$4, Interpretation of the Experimental Re- | 
sults 

As has been analyzed above, it is convenient 
for the following discussion to separate the 
experimental results into two, namely the 


six-fold symmetric anisotropy and the two- | 


« H= 2000 0e 


ee 


i—> Terg/.c) 


Fig. 5.1. Two-fold symmetric torque curves in 
c-plane which are separated numerically from 
observed torque curves (cf. Fig. 1 and Fig. 2). 
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Fig. 5.2. Relation between two-fold symmetric 
torque amplitude and magnetic field strength. 


—> Ter9/c.c) 
+ + —- 


Fig. 6. Variation of torque curve with lowering 
temperature. A constant field, H=12900 oe is 
applied in measurements and gp is the angle 
from [210] direction. 
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fold one. At first the six-fold part is discus- 
sed. In a normal ferromagnetic crystal the 
torque amplitude increases monotonously with 
the strength of the applied magnetic field 
until saturation is reached. However, in the 
present case the torque amplitude with the 
six-fold symmetry decreased in high fields. 
Such an unusual magnetic behavior of the 
pyrrhotite crystal can be explained by assum- 
ing a twin-like structure in this crystal. 

According to Bertant*) the crystal lattice of 
pyrrhotite belongs to the pseudo-orthorhombic 
(monoclinic) system. An actual crystal of 
pyrrhotite is thought to be an aggreagate of 
three kinds of small crystal domains with 
such orthorhombic symmetry; each domain 
has common c-axis but the orientations of a- 
and b- axis distribute among the three direc- 
tions which make an angle of 2z/3 with one 
another respectively. Such an assembly of 
crystallites or domains behaves, as a whole, 
like a pseudo-hexagonal crystal. Since the 
c-axis of each crystal domain is the axis of the 
two-fold symmetry, the magnetic anisotropy 
in c-plane of the whole crystal is to be pro- 
duced by the superposition of those of the 
individual crystal domains with two-fold sym- 
metry. Based on the model here proposed, it 
is shown that the field dependence of the 
apparent six-fold anisotropy can be reproduced 
theoretically together with its change with 
the magnetic field. 

When Ki, Js, and H denote the postulated 
two-fold symmetric magnetic anisotropy con- 
stant within c-plane, the saturation magenetiza- 
tion of each domain, and intensity of the 


Fig. 7. Schematic diagram of three domains in 
c-plane. 
(K) <-->; anisotropy axis of domain k. 
I(K) <—; magnetization vector of domain k. 
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external magnetic field respectively, the ener- 
gy of each domain per unit volume, Ex 
(k=1, 2, 3), is given by 


ky=— ky cos*( atk gkt)—Hh COS(@r—@o) , 
foley 


where a and ¢ are, as shown in Fig. 7, the 
orientation of the magnetization of domain k 
and the direction of the external field. By 
assuming that the total volume of each kind 
of domain is equal, following results can be 
obtained. 

(1) When the magnetic field is sufficiently 
small, then the torque per unit volume Tt is 
given by 


(y)= SH sine (- z<9 iy 


The torque amplitude will be proportional to 
the field H. Torque curves at 800 oe and 
also probably at 2000 oe presented in Fig. 3 
are described qualitatively by this equation. 

(2) In a strong field the directions of 
magnetizations in each crystal domains fall in 
the field direction (a=), then the total 
energy of the system is shown to be independ- 
ent of go, resulting the negligibly small torque. 

(3) In the intermediate field range H/;> 
ki, the torque is shown to be expressed by 
the following type of equation. 


aCe = Kin(1—27") Se 


+10Ki7' sin 12¢0 (2) 
with 
7=Ki/HI; . 


As seen from it the torque changes as sin 6¢0 
and with the increase of the field strength 
the torque amplitude approaches zero in pro- 
portion to H-?. When H approaches a value 
K,/TIs, the term proportional to sin 12¢0 in Eq. 
(3) becomes effective, and the departure from 
simple sinusoidal curve of sin 6¢0 becomes 
appreciable. The theoretical curve shown in 
Figs. 3 and 4 were obtained by choosing the 
best value of Ai and by putting 80 gauss for 
the saturation magnetization J; after Lotger- 
ing. The value of Ki thus determined is 
2.83 x 10° ergs per c.c. at room temperature. 

Now for the two-fold symmetric part of the 
torque in c-plane three possible origins could 
be enumerated: 

(1) The total volume of each kind of 
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micro-crystal domain (k=1,2,3) mentioned 
above is slightly different from one another. 
In this case a small uniaxial anisotropy 
remains in c-plane. 

(2) Basal plane of the specimen used in 
our experiment slightly inclines to the crystal- 
lographic c-plane. 

(3) Some imperfections such as ferromag- 
netic precipitates exist in this natural single 
crystal. 

As the normal of the basal plane of our 
specimen deviated by 5° from [001] direction 
and its projection on (001) plane lay along 
[100] direction, the case (2) will be probable™*. 


§5. Origin of the magnetic anisotropy 


It was previously shown by Bertaut that 
the crystal lattice of pyrrhotite is built by 
alternate stacking of the net planes of iron 
ions with and without vacant sites. Consider- 
ing the measured value of the saturation 
magnetization, it is more probable that ferric 
ions are in the planes which contain vacant 
sites”. In order to get the two-fold symmetric 
anisotropy in c-plane, it might be possible to 
consider some type of ordering of vacant sites 
and iron ions in these net planes. An atomic 
arrangenent is proposed in Fig. 8. In the 


ye 


he 
ion 
e vacant site 
Fig. 8. Proposed ionic ordering in the vacancy 


including c-plane. Dotted line shows basal plane 
of the unit cell. 


* Tt is to be mentioned for (3) that Yamamoto, 
Iwata and Kobayashi® found precipitate-like domain 
patterns in c-plane of the same specimen. 
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c-planes including vacancies, there appear 
vacancies in alternate succession. It is as- 
sumed here that the ions in the arrays includ- 
ing vacancy are trivalent. The anisotropy 
energy in c-plane which is caused mainly from 
Fe2+ ions is estimated to be the order of 10° 
ergs per unit volume®. 
greater than that obtained by the present ex- 
periment, namely, 2.83x10° ergs per 
volume. This difference in the value of Ki, 


however, will be lowered by assuming that © 


both the ferrous and ferric ions are not ar- 
ranged perfectly in order. Of course it should 
be assumed that the direction of such parallel 


linear array in each crystal domain is in either © 


of the three equivalent directions [210], [120] 


and [210]. Reversal of the sign Ki (the change 
of apparent six-fold symmetric anisotropy axis 


from the [210] to [100] direction) at —80°C 
may be due to the change of the energy levels 
of ferrous ion induced by the temperature 
change of the axial ratio c/a. 

The present authors wish to express their 
hearty thanks to Prof. N. Tsuya, who kindly 
arranged for them the specimen of pyrrhotite 
and gave valuable suggestion for the present 
investigation. They also wish to express 
their sincere thanks to Prof. S. Chikazumi of 
Gakushuin Univ. and Prof. M. Yamamoto of 
Tohoku Univ. for their kind and valuable 
suggestions to the interpretation of torque 
curves. The present work was supported in 
part by the Grand-in-Aid of Scientific Resear- 
ches of the Ministry of Education. 
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Aqueous solutions, containing disolved oxygen, of sodium salt of 
carboxy-methyl cellulose and of polyacrylic acid and so on were irradiated 
with y-rays from Co or with 90 KV X-rays, and the degeneration of 
molecules in the solutions brought about under various conditions was 
studied by viscometric, ultracentrifugal, and electrical measurements. 

Ideal indirect kinetics of main chain fractures through activated water 
has been recognized in all the cases from highly concentrated solutions 
to fairly diluted ones. In the case of extremely diluted solutions, however, 
free-radical recombination seems to make the reaction inefficient. 

From a simple consideration of these fact, a certain information as to 
the molecular extension and form in the solution has been derived. 

Inclusion of salts and alcohols in the solution protects effectively the 
degeneration due to irradiation, which can be explained satisfactorily 
likewise on the assumption of ‘‘ indirect effect ’’. 

The molecular contraction and change of molecular form caused by the 
inclusion of salts have been estimated. 

The irradiation effect on dilute solutions of non-electrolyte polymers 
was also investigated. The efficiency of chain fractures comes out not 
much smaller than in the case of polyelectrolyte molecules in the same 
concentration range. Here the rate of fracture seems to indicate again 
the ‘‘ indirect effect’’. 

It may therefore be concluded that electrical charges on polyelectrolyte 
molecules, ina certain range, are not essential for degradation and their 
extension is not much different from that of non-electrolyte molecules. 

It has been observed that, in the case of concentrated polyelectrolyte 
solutions containing oxygen, irradiation does not give rise to formation 


of gel, although micro-gel may be formed. 


§1. Introduction 


Recently, many investigators observed the 
the effect of irradiation on various solid 
polymers, and it has been concluded that 
polymers can be divided into two groups from 
view-point of radiation chemistry: in one of 
them degradation of molecules is the main 
reaction, and in the other crosslinking be- 
tween molecules is the most important effect”. 

However, in the case of copolymers or in 
more complicated cases, where some low 
molecular substances are included in the solid 
polymers, circumstances turn out consider- 
ably complex”. 

In the case of polymer solution, which is 
one of the typical many-component systems, 
similar complications may well be expected 
to arise. 

It is probably for this reason that there 
have hitherto been comparatively few re- 


searches concerning the effect of ionizing 
radiation on polymer solutions, especially on 
synthetic ones, notwithstanding that such 
researches have acquired importance in the 
branch of radiation biology® as well as of 
polymer science. 

Some authors have found that synthetic 
polymer solutions are very sensitive to ion- 
izing radiations compared with solid polymers, 
especially in the case of dilute aqueous solu- 
tion containing oxygen”. 

Explanation which have been given to such 
a tendency is based on the idea of the so- 
called “indirect effect of radiation on solution.” 

If the reaction occurring in the solution 
due to irradiation be indirect, the total dose 
R necessary to producea certain amount of 
degeneration should be related, under simple 
circumstance, to the concentration c of the 


solution by 
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R/c=constant (=k). Gly 

Alexander and Fox confirmed the validity 
of this relation by measuring the viscosity 
change of dilute aqueous solution of poly- 
methacrylic acid partly neutralized with 
sodium hydroxide». For verifying Eq. (1), 
poly-electrolyte aqueous solutions of polymer 
prove most useful, since the physical and 
chemical properties can be measured over an 
extended range of concentration than in the 
case of non-electrolyte polymer solutions. 

Alexander and Charlesby observed, on the 
other hand, that the main reaction due to 
irradiation occuring in dilute aqueous solu- 
tions of polymer is always a chain scission”, 
and that, while in a number of cases of 
concentrated non-electrolyte aqueous solutions 
gel formation takes place®, no gel formation 
ensures in concentrated polyelectrolyte aque- 
ous solutions. 

Further, according to many authors, the 
rate of reaction in the irradiated dilute aque- 
ous solution of polymer depends not only on 
the concentration of the polymer and quantity 
of oxygen but also largely on the molecular 
extension»? The dependency upon the mole- 
cular extension serves as an indication of the 
indirect effect of radiation on the solution. 

As for the irradiation effect on non-aque- 
ous polymer solutions, there have been but 
few researches. One of the authors™ has 
noted the direct effect of y-rays upon poly- 
styrene (PS)-carbon tetrachloride (CCl,) solu- 
tion, while another has called attention to 
the indirect effect for the same system™. 

In this case it is, as pointed out above, not 
easy to check the validity of Eq. (1) exactly. 
Therefore use cannot be made of Eq. (1) for 
determining whether the effect is direct or 
indirect. According to the existing data, the 
effect in non-electrolyte solutions is compara- 
tively small, which is likely to be considered 
as indicating the direct effect. 

However, in consideration of the circum- 
stances that the range of concentration where 
the measurement can be made is comparative- 
ly high and that the molecular extension in 
non-electrolyte solution may be small com- 
pared with that in polyelectrolyte one, small 
yield of reaction will not necessarily lead to 
the conclusion of direct effect. 

Also it must be noted that when poly- 
electrolyte aqueous solution completely free 
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from oxygen is irradiated, scission yield is | | 
comparatively small. 


In the present work, the irradiation effects }} 


of v- and X-rays on polyelectrolyte aqueous 
solutions were studied over a concentration | 
range from extreme dilution to high concent- 
ration, by making use of viscometric, ultra- 
centrifugal, and _ electrical measurements. | 
Special attension was paid to the relation | 
between reaction rate and molecular extension. | 

The difference in irradiation effect between 
polyelectrolyte and non-electrolyte solutions © 
was also examined. 


§2. Experimental Procedures 


Polyelectrolytes used in this study were 
sodium salts of carboxy-methyl cellulose 
(Na-CMC), and of polyacrylic acid (Na-PA), 
and copolymer (CP) of  poly-(potassium 
methacrylate) and polymethyl methacrylate 
(GAtION Sie): 

Average degree of polymerization (DP) and 
that of etherification of Na-CMC were re- 
spectively 560 (calculated from the intrinsic 
viscocity’”) and 0.685. However, according 
to the ultracentrifugal patterns of highly 
concentrated aqueous solutions, Na-CMC was 
found to consist of two groups, characteristics 
of which are indicated in Table I. 


Table I. Characteristics of Na-CMC used 


in this study. 


1 Degree of Etherification 0.685 
Degree of Polymerization 560 
Max. Value of 7s»/e of 1.0x10*cc/gr 
Aqueous Solution (¢=4.5 x 10-5 gr/cc) 
2 Ultracentrifugal Coefficient (Aqueous Solution 
including 1 Mol NaCl) 


c 81 82 Si 
grlec sved sved % 
2.4x10-3 7.9 66.7 
6.7x10-4 55 100 
81, 8: ultracentrifugal coefficients of two groups 


fi: fraction of the first group 


DP of Na-PA (calculated from the intrinsic 
viscosity») was about 1.0x10*. 

The data concerning the properties of CP 
is very meager, only its behaviour in aque- 
out solution including 1 Mol of potassium 
chloride is known to resemble that of non- 
electrolyte. 

The samples were purified by the ordinary 
method, the specific conductivity of the water 
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used being 1.0«10-° O-cm-, 

The viscosity was measured with Ostwald- 
type viscometer at 25°C and the electric 
conductivity was determined by supplying 
1000 c/s A.C. with impedance bridge and 
cathode-ray oscilloscope. 

Ultracentrifugal patterns were obtained by 
the use of Spinco FE Centrifugal Machine at 
56000 7/m. 

As y-ray source, 42 Curies of Co® in charge 
of Department of Radiology and 20 milli- 
Curies of Co® (needle type) were used. The 
latter was intended for the irradiation at 
extremely low dose-rate. 

As X-ray source served a 90 KV X-ray tube 
with no filter. 

The solution containing oxygen was sealed 
in a glass vessel, the volume ralio between 
the solution and air in the vessel being kept 
constant throughout the experiment. It is to 
be noted that no stabilizers were introduced 
in the solutions, because even a small quantity 
of foreign substance in the solution may 
effectively protects the solution from de- 
generation. Exact measurement of degenera- 
tion due to irradiation was achieved by com- 
parison with the natural degeneration of 
non-irradiated solution, which had been 
stocked under the same condition. 

Non-electrolyte polymers subjected to ir- 
radiation were polyvinyl alcohol (PVA), 
polyvinyl chloride (PVC) and _ polystyrene 
(PS). DP of these polymers determined by 
measuring the intrinsic viscosity came out 
respectively 2260, 750 and 2400. Aqueous or 
non-aqueous solutions of these samples con- 
taining oxygen were irradiated under the 
same conditions as described above. 


§3. Experimental Results 


A) Degradation of molecule in dilute aqueous 
solution of polyelectrolyte. 

Relative changes in specific viscosity 7s» of 
the dilute aqueous solution of various poly- 
electrolytes caused by y-ray and X-ray ir- 
radiations are shown in Table II, which shows 
that viscosity of all dilute solutions studied 
in this case decreases markedly under any 
dose-rate of irradiation and that the higher 
the concentration of solution, the smaller is 
the effect of irradiation. 

These results are qualitatively in accord 
with those hitherto reported and seem to 
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Table II. Relative decrease in specific viscosity 
~A7sy» of dilute aqueous solutions of various 
polyelectrolytes (;-rays). 


polyelectrolyte C dose-rate dose —AYsp 
Na-CMC 6.7 Ue 85 pp? 420. 6.7" 
2.4x10-4 ” Ta 9.0 
2.4x10-5 ” y 18.3 
ys MOE MG y 37.0 
PA l0s4s 56x 10-2 ” 30.0 
Na-PA Paes MOR: toh) 340 6.1 
6.0 x 10-5 w Y ByAail 
CP 8.0x 10-4 y Y Sit 
IAs Oe " y 19.2 
322% 10-5 y ” 77.6 
Na-CMC 1.2x10-5 200* 550 Dier2, 


* X-ray irradiation 


Table III. The relation between dose FR required 
for producing A7s,=10% and concentration of 
solution ¢ under 7-ray irradiation. 


ei mg mean ae mie = Rie 
griee r/min r_ r-cclgr 
Na-CMC I PADS MOSS OPV MND Bose ilo 
6.7 «10-4 190 610 0.9 x106 
be6nclO=s 85 800 1.4.x 106 
2 APO nt ee O 320 1.3 x 108 
6.7 x 10-5 ” 200 2.9x108 
y 190 90 1.4x 108 
y 85 110 1.7 x10 
II level Ome 33 150 0.9 x 106 
y 9 125 0.8x106 
Ze lOms 85 WOT e108 
7.5x 10-6 oo 130 2.0x107 
4" 9 120 y 
DBC 85 320 1.4108 
It 9.7x10-4 12 700 0.8 x106 
Pelsyse ne 1 250 1.0x106 
2.5x10-5 , 120 5.0108 
Na-PA II Doe) Ome 8.5 400 1.6x 106 
6.0 x 10-5 y 80 1.3 x108 
9.6 x 10-8 Y 10 1.0x106 
CP II 32250 se 55 1.4106 
1.9 10-4 y 200 1.1.x 106 
8.0x 10-4 ” 930 1.2106 


suggest the indirect effect of the ionizing 
radiation on polyelectrolyte aqueous solutions. 

In order to examine quantitatively the 
indirect effect through the activated water, 
inquiry must be made as to whether relation 
(1) holds good or not. Theoretically speak- 
ing, relation (1) for viscosity change holds 
strictly only within a narrow range of con- 
centration, since free radical recombination 
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may be not strictly taken into consideration™. 
Actually however, as shown in Table III, 

which gives the degeneration of three poly- 

electrolytes at various concentrations, Eq. (1) 

is satisfied over a considerably wide range 

of concentration. Thus from Table III the 
following conclusions may be drawn: 

1) The ideal type of indirect effect on visco- 
sity change is realized in polyelectrolyte 
solution, notwithstanding the complicated 
circumstances described above, except at 
extremely dilute concentration. 

2) Degeneration does not depend on dose-rate 

over a wide range. Therefore a dosemeter 

can be made by the use of these solutions, 
especially for low dose. 

There appears a marked inefficiency of 
radiation in causing degeneration in ex- 
tremely dilute solutions. (Probably, it arises 
from recombination of free radicals.) 


3) 


Table IV. Change of intrinsic viscosity and 
scission yield of chain in Na-CMC aqueous 
solution due to 7-irradiation (does-rate 220 7/min). 


¢ dose [7]irr/[7]no Ny G 
gr/ec r 
2.0 «10-8 2200 0.97 0.0381 0.27 
67 10-4 4300 0.75 0.333) 9 4 
j 1700 0.92 0.086, 9%: 
2Ax 10-4 850 0.85 0.176 0.47 
6710-5 210 0.88 0.136 
: 420 0.71 0.408} 0.51 
Z 850 0.56 0.785 


N: number of scission per original molecule. 

Table V. Change of ultracentrifugal figures of 
Na-CMC aqueous solution including 1 Mol NaCl* 
due to y-ray irradiation (dose-rate 170 7/min). 


Cc dose 81 Sy Ai 
grjcc if seved seved Yo 
2.4x10-3 0 2.0 v9 66.7 
” 628x104 HO1ss 6.5 70.5 
6.7 «10-4 0 2.5 100.0 
” 4.3x103 = 2.1 ” 


* NaCl was introduced in the solutions after irradia- 
tion. 


Now, to ascertain the main-chain fractures 
of polymer molecules and to calculate the 
rate of reaction, the intrinsic viscosity changes 
must be examined. In Table IV are given the 
intrinsic viscosity of irradiated Na-CMC 
queous solution and the efficiency of main- 
chain fractures G-values were calculated on 
the assumption of random fracture’, which 
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is justified by the observation on the change — 
of ultracentrifugal patterns, as shown in | 
Table V. One sees that the greater the mole- — 
cular weight, the faster is the reaction, that 
is, that the fracture of main-chain takes place 
at random. 

G-values in Table IV are considerably small- 
er than those reported in the case of degrada- 


tion of polymethacrylic acid. This may | | 
A Isp/¢ 
% 
Na-C.M.C 24xI0% grec. 
dose-rate 170 r/min 
20 dose 850r (Y) 


O 
O 0.102 03 04 05 jac 


Fig. 1. Change of degeneration of irradiated Na- 
CMC aqueous solutions due to salt inclusion. 


Table VI. Change of fracture efficiency under 
y-ray irradiation due to salt inclusion (does-rate 
170 r/min, dose 8507). 


quantity 


(Na-CMC) of NaCl Mli/tyw NG 
grjec Mol 
dat ese NO: 0 85.0 0-176" “OFA? 
0 0.05 90.1 0.110 0.29 
” 0.48 92.5 ORO0SIS “0822 
—O— 6.7xlO* grec. 
170 r/min—> 850r (Y) 
—A7lspé Change of 


% 


electric resistance 


--A-- 3.1X|OSgr/ec % 


250 r/min —>770r 
(y) 


40 


20 


O 
Op» Os. 20 70 Vol% 


Me-OH 


Fig. 2. Protection effects of methyl alcohol in 
irradiated Na-CMC aqueous solutions. 
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probably be accounted for by assuming that 
Na-CMC molecules are much smaller than 
those of polymethacrylic acid. 

Table IV indicates another interesting fact 
that G is not constant but gradually increases 
as the concentration of the solution decreases, 
while Eq. (1) is satisfied in the same range 
of concentration. Discussion will be given 
later. 

The general dependency of molecular de- 
gradation due to irradiation on molecular 
extension can be seen from Fig. 1, which 
shows data on the change in viscosity of 
Na-CMC aqueous solutions including various 
quantities of sodium chloride, and also from 
Table VI, which gives G-values for these 
solutions. Evidently, the salt acts as effective 
protector against degradation of molecules in 
polyelectrolyte aqueous solution. 

Fig. 2 indicates another type of protection, 
which arises from the existence of alcohol 
in the solution. The protective power is here 
considerably great. It is true, the inclusion 
of alcohol in aqueous solutions of polyelectro- 
lytes is very likely to change the molecular 
extension, but it will be noted later that 
protection in this case cannot completely be 
explained only be molecular contraction. 

Finally, it is to be remarked that there 
exists an after effect of degeneration in Na- 
CMC aqueous solution subjected to irradiation 
of high dose, whereas aqueous solutions of 
the other two polyelectrolytes did not show 
any indication of after effect. Alexander and 
Charlesby also did not observe any after 
effect in the irradiated synthetic polymer 
solutions. 


Nsplirr)—Nsp ( no) 


23x |O°gr/c.c. 
dose-rate |OOr/min 


ree 900r(yY) 
Oo 


0.2 


0,4 


O 2 4 day 
time 


Fig. 3. After-effect of Na-CMC aqueous solution. 
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In view of the fact that solid cellulose 
exhibits a larger after-effect!, the tendency 
as seen in Fig. 3 may probably be regarded 
as characteristic of Na-CMC molecules. 


B) Effect of r-rays on the electric conduc- 
tivity of dilute aqueout solution of poly- 
electrolyte. 

Various results mentioned in A) indicate 
the molecular degradation in the irradiated 
dilute aqueous solutions of polyelectrolyte. 
Now comes up the question: what kind of 
effect is brought about by the ionizing radia- 
on the electric properties of polyelectrolytes ? 

There have been few investigations with 
reference to this point, although some workers 
seem to have confirmed the effect of irradia- 
tion upon the electrical properties of low 
molecular solutions!®. 

It is known that the electric conductivity 
of polyelectrolyte aqueous solution has no 
definite dependency on molecular weight. 
Some authors, however, have shown that, if 
between the two solutions, in which the same 
sort of molecules are disolved with the same 
concentration, there is a great difference in 
molecular weight of the disolved molecules, 
they will have different conductivities™. 

Now, from Fig. 4 which shows the change 


electric 
resistance 
arbitrary 
5 unit 
3.1 x10 gr fee. 
4 9.3 xl0™ gr/cc. 


eopepag 


3.1 x10 gr soc. 
\ 1.0 x [0 °gr /ce. 


dose-rate 250 r/min (7) 


logr 


Fig. 4. Change of electric-resistance of Na-CMC 
aqueous solution due to irradiation. 
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in electric conductivity of irradiated solutions 
for 1000c/s A.C., it is mainfest that, while 
at higher concentrations the change in conduc- 
tivity is much smaller than that in viscosity, 
it increases as the concentration is lowered. 
This suggest that in dilute solution the 
marked degradation of molecules is brought 
about so far as to cauge an appreciable change 
in conductivity. 

If the dependency of the change in conduc- 
tivity on the concentration of solution be such 
that it satisfies Eq. (1), it would definitely 
indicate the indirect effect. Actually, how- 
ever, the dependency proved to be so complex 
that Eq. (1) could not be checked in this case. 

What is interesting to be noticed in Fig. 4 
is the fact that the change in conductivity 
of irradiated solution versus radiation dose 
has a maximum. 

That this does not mean gel-formation in 
strongly irradiated solution is evident, since 
the curve of viscosity change turns out 
monotonous, as shown in Fig. 5. In order to 
make further inquiry into this phenomenon, 


"sp resistance 


a lO”? gr fac. 
dose-rate 250 r/m 


(Y) 


dose 
logr 


Fig. 5. Comparison of electric-resistance change 
of Na-CMC solution with viscosity change. 


log (resistance) 


arbitrary e no irradiation 
unit X= LO'K 
© 4300r 
0.5 dose rate 250r/min (7) 


ge 


ar 


3.3 3.4 


3.5 


Fig. 6. Temperature dependency of electric re- 
sistance of irradiated Na—CMC aqueous solutions. 
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the temperature dependency of the conduc- | 
tivity of irradiated solution was investigated. - 
The results are illustrated in Fig. 6, which 
shows that the conductivity of irradiated |) 
solution is certainly greater than that of non- | 
irradiated one at low temperatures, while the 
situation is revesed at higher temperatures. 
The reverse temperature is 30°C in this case. | 

Thus, it must be remembered that the | 
change in conductivity of the irradiated poly- | 
electrolyte solution depends on temperature, | 
that is, that if temperature, at which measure- | 
ment was carried out, were different, the 
curve in Fig. 4 have come out entirely 
different. 

In this connection it is to be noticed that 
methyl alconol acts as protecting agency 
against the change in conductivity and that, 
the after effect mainfests itself in some cases, 
as in the case of viscosity change.* 


C) Concentrated aqueous solutions of poly- 


electrolyte. 
As shown in Table V, ultracentrifugal 
measurement indicated the molecular de- 


gradation in highly concentrated Na-CMC 
aqueous solutions. 

Table VII gives the change in viscosity of 
some concentrated solutions of Na-CMC and 
CP. Even in the case where the concent- 
ration is so high that all the molecules may 
be considered to be in contact with each 
other, the viscosity of the solution shows a 
decrease but no increase, at least when oxygen 
is present in the solutions, the fact which 
implies that no gel formation takes place. 

But, what is to be noticed, it was observed 
that in some cases the ultracentrifugal velo- 
city of the irradiated concentrated aqueous 
solutions of CP increased appreciably at the 
initial stage of irradiation, as shown also in 
Table VII. 

Thus the possibility of intermolecular link- 
age can not completely be neglected. Be 
that as it may, macro-gel as revealed in the 
irradiated concentrated aqueous solutions of 
PVA was not observed in this case. 

The question remains for solution whether 
the electric charges on polymers stand in any 
causal relation to this difference. 

The fact that Na-CMC in solid state is far 
more insensitive to irradiation that in solu- 


* Preliminary results are shown in Busseiron 
Kenkyu 2nd ed. 4 (1959) 735. 


Feo 
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tion implies that the degradation in the 
‘solution must be caused by a reaction through 
the activated solvent molecules. 


Table VII. Degeneration of concentrated solutions 
of Na-CMC and CP and of solid Na-CMC due 
to y-ray irradiation. 


| 1. Na-CMC 
G dose-rate dose —A7sple 
gr/cec r/min r % 
6.7 x 10-3* 600 1.0 x 103 0 
Y * 1” 2.5 x 108 0.5 
a * 1 1.8~x 104 Smo, 
solid Ak 300 3.0 x10 0 


* Measurements were made by diluting the solu- 
tions to 6.7 x10-4 gr/ce. 
** Measurement was made by making the dilute 
solution (¢=6.7 x 10-5 gr/cc) after irradiation. 
a. CP. 


c dose-rate dose —A%sp/e  — Sa5*** 
gr/ec r/min r Yo sved 
9.0x10-3 0 0 4.04 
1 35 2000 Tysyans 4.47 
Ao x 10-5 0 0 5.99 
” 10 700 4. 8** 6.74 
” " 1600 19.5** 6.22 
y Y 7200 48 .0** 5.01 


* 


solution. 

Viscosity measurements was made by use of 1 
Mol KCl solutions. Salt was introduced in the 
solutions after irradiation. 

Ultracentrifugal coefficient (temperature 25°C) 
of 1 Mol KCl aqueous solutions (salt was 
introduced after irradiation.) 


oh 


Measurement was made by use of salt free 
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D) WNon-electrolyte polymer solutions 

It may be of interest to examine the mecha- 
nism of degeneration in polyelectrolyte aque- 
ous solutions by comparison with that in 
non-electrolyte polymer solutions, aqueous or 
non-aqueous, in which molecular extension 
may be widely different from that in electro- 
lyte solutions?», 

The effect on non-electrolyte solutions of 
various polymers is shown in Table VIII, 
where R/c is calculated for dose R necessary 
to produce 10% relative change in specific 
viscosity. 

The degeneration in dilute aqueous solution 
of PVA is probably due to the action of 
activated waters as in the case of polyelectro- 
lyte aqueous solutions, efficiency of degenera- 
tion being, as can be seen from Table VIII, 
comparable to that in the case of electrolyte. 
The value of about 0.5 recently reported?” 
for the G-value of chain scission in PVA 
aqueous solution is not less than that in the 
case of Na-CMC aqueous solution in the 
present study. 

For non-aqueous solutions, concentration 
dependency of the change in viscosity or the 
relation between the sort of the solvent and 
the degeneration seems to indicate likewise 
the indirect reaction of radiation. 

That degeneration in PS-benzene solution 
is relatively small harmonizes with the known 
fact that benzene is a very stable solvent 
against irradiation. 


Table VIII. Degeneration of non-electrolyte polymer solution due to 7-ray irradiation. 
1. Change of specific viscosity and relation between R (~—A7sy=10%) and c. 
polymer-solvent c dose-rate dose —Aneple R je 
grec r/min r r r-celgr 
PV A—water 4.0 x 10-3 210 1500 0 
y 1.0 x 10-3 y 1500 6.0 3 ork 
Y y ” 3500 9.4 4.0 x10 4.0x10 
PVC—nitro-benzene Bail SiO=8 80 2800 2.4 1.2104 3.2 «108 
” 1250-3 y w Ame 6.0 x 103 5.0 x 108 
PS—benzene 2.1 * 10-3 ” 4800 Pcs) 2.4104 8.0 x 108 
PS—CCl4 Oped Ome 50 11000 EG 4.8 x 108 1.0 x 106 
* Viscometer type II. 
Other data were obtained by using viscometer type I. 
2. Scission yields G for non-electrolyte polymers containing oxygen. 
polymer solvent G reference 
PVA water 0.3~0.5 22 
PS CH;Cl 1.6 ilil 
” CCl 0.75 ” 
uv benzene 0.18 present study 


we 
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And also, it is to be remarked that scission 
yields in the non-electrolyte solutions are not 
always smaller than those in polyelectrolyte 
solutions, which indicates that electric charges 
are not essential for degradation of poly- 
electrolyte molecules at least in the concent- 
ration range above 1.0x10-*gr/cc. In other 
words, the effective molecular extension of 
polyelectrolyte molecule may not be very 
different from that of non-electrolyte molecule 
in above described range. However, in the 
case of diluted solutions (<1.0x10- gr/cc), 
to which measurement is not yet accessible, 
considerable difference of molecular extension 
and G-value of chain scission might be ex- 
pected. 


—Asp( irr )+ 4 Tsp (no) 
% room temperature 


PVC- nitrobenzene 3.7x|0Gr/ce. 


dose 2800r (”) 


hour 


O” #200840 Wi 6Oragstime 


Fig. 7. After-effect in the case of non-electrolyte 
polymer solution. 


It should be noted that, as shown in Fig. 
VII, marked after effect of irradiation is recog- 
nized in non-aqueous solutions. Durup ob- 
tained similar results for PS-CCl, solutions. 
If this after effect is taken into account in 
the calculation of scission yields, their values 
will come out considerably great ; therefore 
except in the case where the solvent is ex- 
tremely stable, it is not at all correct to say 
that the non-electrolyte and non-aqueous 
solutions of polymers are insensitive to radia- 
tion. 


§4. Qualitative Discussions 


The general scheme of the reaction induced 
by irradiation in the solution may be re- 
presented by?” 


u 
solvent —/A— free radical r 
7+S —————> Si 
r+S_; —> S; 


(2) 
(3) 
(4) 
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y+P —— inactive radical 
rt+r —> stable product 


where S means a solute molecule, S; any) 
reaction product, and P a protector such as} 
alcohol. It being possible to know the rate( 
constant of reaction in each case and S anc) 
P in the solution, the production rate of Ss} 
can be calculated. 

Now, free radicals produced in Aquecdil 
solutions are H- and -OH, and _ therefore 
stable products in the reaction (6) may be 
considered to be H. and HO. However, 
oxygen in the solution, comparatively stable 
radical HO.- and recombination product H2@ez} 
are produced. 

These oxidative agents are more effectived 
in causing the polymer molecule in the solu- 
tion to degenerate than H- or -OH radical] 
because of their longer life. Mean free pathy 
of H- or -OH radical may be considerabivy 
smaller than molecular extension™?. 
A) Molecular 

efficiency. 

Reaction (6) makes the degeneration less# 
probable ; the more so, if the space including! 
no polymer molecule becomes larger. There-} 
fore, by determining the dependency off 
fracture efficiency on concentration of the) 
solution, some information concerning the: 
molecular extension may be obtained. | 

Strictly speaking, estimation of the mole-4 
cular extension would require a close study) 
on the mean free path of degradative agent. | | 
But it may not be unreasonable to assume} 
that in the case of Na-CMC aqueous solution} 
the free space begins to appear at the con-} 
centration of 5.0x10-°gr/cc, since the in-4 
efficiency of viscosity change becomes re-} 
markable below this critical concentration, asi} 
shown in Table III. Moreover, from the fact 
that the curve of ys»/c versus c of Na-CMC) 
solution has a large maximum approximately 
at this critical concentration, it may be in-1 
ferred that the molecules attain considerably’ 
large extension, free space becoming remark- | 
able, as the concentration is further lowered.. 

Simple calculation based on the assumption) 
of spherical molecule, which will be justified! 
later, gives the value of about 1500 A for/ 
the molecular diameter at this critical region. | 

The insensitivity of Na-PA solutions be-- 
comes appreciable at the concentration as; 
low as 1.0x10-° gr/cc. This is probably due» 


extension and degeneration) 
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. to the larger molecular weight of Na-PA than 


of Na-CMC. 


B) Molecular form of polyelectrolyte mole- 
cules in the solution. 
As is well known, the molecular form of 
high polymer in the solution is implicated in 
the constant a given by the equation 


Nsvi/Cc= AM? , are) 


' where A is a constant and M is the mole- 


cular weight of the polymer. a takes the 
value 2 in the case of rod-like polymer, while 
1 and 1/2 respectively for random coil and 
rigid sphere», 

Now, applying the results of irradiation 


fractures shown in Table III and IV, one 


can obtain the values of a. As the relative 
viscosity change of the irradiated solution 
depends on the irradiation dose 7, it follows 
from Eq. (7) that 


—1/(%s»/c)-dQ@sp/c)/dr= —a/M-dM|/dr 
=—a/M)-dM/dr , (8) 
which holds for the initial stage of reaction, 
M) being the initial molecular weight. 

On the other hand, viscosity change of the 
irradiated solution is proportional to the dose 
y at the initial stage of reaction, so that dose 
R necessary for producing 10% relative 
change in viscosity is given by 


1/10R=1/(%sp/c)-dMsp/c)/dr . (9) 
Eqs. (8), (9) and (1) yield 
1/10kc=a/My-dM/dr=1/10R . (10) 


The value of & in Eq. (10) depends on the 
average shear rate used in viscosity measure- 
ments. Thus Eq. (10) may be used for the 
securing at least qualitative information con- 
cerning a-values. 

From Table IX, where variations of a-values 
are given, it may well be inferred that Na- 
CMC molecule takes a rod-like shape at 
higher concentrations, while as the concent- 


Table IX. Values of a concerning Na-CMC 
-molecules in dilute aqueous solutions. 


Cc k (average) RF dN/dr ak a 
griee r-eclgr Tr pe 
GuiEc10 =o) ON 100) 150) 820 x 1052 = 8) 1.3 
2.4x10-4 y S20 ECan 10m a2 .0WF 128 
Gwe 10=4 GIO GAslO0- BB Fe 
2.0x10-3 y ASKS Sha) 


* calculation by aid of k and dN/dr 
ES. 1 of R and dM/dr 
R and WN are given in Tables III and IV. 


Effects of Radiations on Polymer Solutions 


1581 


ration is lowered it gradually increases in 
size, developing into a shape of random-coil 
type, and as a consequence the scission yield 
increases owing to the dimension of free 
radical recombination. 

Variation of a@-values due to inclusion of 
salt in the solution can also be calculated by 
using Eq. (10), in which k is not constant 
any more. 


Table X. Variation of a-values due to inclusion 
of sodium chloride in Na-CMC aqueous solutions 
(¢=2.4 x10-497/cc). 


Salt R —1/Py - dPjdr i 
Mol r |r 

0 320 1.8x10-4 1.8 

0.05 990 IAS IO) 0.84 

0.48 1510 8.8 x 10-5 OMS 


P: degree of polymerization. 


The results are shown in Table X, which 
indicates that a small quantity of salt changes 
the molecular form effectively and leads to 
the formation or rigid sphere. These con- 
sequences are consistent with the results ob- 
tained by other method”. 


B) Protection effect of alcohols 

According to some authors, the end-to-end 
distance h of a polyelectrolyte molecule in 
the solution, of which the solvent has di- 
electric constant ¢, is given by” 


h?=(Z7e"ho?/3ekT )D , (11) 


where J is the end-to-end distance of the 
same molecule having no charge, and D is a 
constant. From this equation it follows that 

—l/h?-dh?/de=1/e . (12) 

Therefore the relative change of h is at 
most 10% under the condition described in 
Fig. 2, and so the effective protection of 
alcohols seems not to be wholly due to the 
change in molecular extension. 

Protective powers calculated by the ordinary 
method for Na-CMC aqueous solutions are 
as listed in Table XI, in which the values 
are compared with other data obtained in the 
case of irradiated protein solution*®. 


D) Electric conductivity and irradiation. 

It was already shown in §8 8B) that an 
interesting electrical degeneration is brought 
about by the irradiation in an extremely 
diluted Na-CMC aqueous solution. But, in- 
asmuch as there is no satisfactory theory 
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Table XI. Protective powers of alcohols in 
Na-CMC aqueous solutions. 


concen- protective 


polymer Cc protector 


tration power 
gr jee vol % 

Na-CMC  6.7x10-5 Me-OH 6.5 0.0087 

y ” ” IO) 0.047 

Y 1.0x10-4 Ht-OH OBZ ORS: 

y ” 1” 4.0 0.032 

” ” I 10.0 0.079 
EaEoxy thiourea 4.7 
peptidase 

Y glucase Ong 

Urea 0.00075 

available with respect to the electrical 


phenomena of polyelectrolyte solutions, the 
introduction of any assumption will be too 
bold to explain the observed facts. There- 
fore only a brief note shall be added here. 

The electric conductivity of a polyelectro- 
lyte aqueous solution in low frequency A.C. 
can be expressed by?” 
(13) 
where is the number density of free ions 
having charge e, m their mobility, and wu 
the mobility of a single ion on polymer chain. 

n and uw, depend on temperature, concent- 
ration of solution and molecular weight, but 
ui; seems to be independent of the molecular 
weight of the polymer. 

If the effect of irradiation be simply to 
cause depolymerization of molecule, change 


in conductivity ge comes out, by Eq. (13), to 
be 


K=ne(urtus) , 


Ak |«e= gn|[n+ 4uo|(uri+us) « (14) 

Thus, at least in the case of dilute aque- 
ous solution of Na-CMC at ca. 30°C, the 
following important relation can be obtained: 
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Ferromagnetic Crystalline Anisotropy of Fe-Mn-Ferrite System 
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Ferromagnetic resonance absorption of microwave (9300 Mc/s) in syn- 
thetic single crystals of Mn,Fe3-,O, (0.2< # < 1.15) has been investigated 
to study their magnetic crystailine anisotropy, g-factor and line width. 
The pronounced valley in the curve, magnetic crystalline anisotropy 
(—Ki/M) vs. composition (%), was observed in the temperature region be- 
tween 90°K and 300°K. -—K,/M was a minimum in the region 0.6 < a 
<0.7 and changed its sign. g-value and line width decreased with 
more rapidly in the region 7 < 0.6 than «7 >0.6. It seems difficult to 
explain these experimental results on the view point of one-ion-model 


which proved successful in many other ferrites. 


§ 1. 


Both experimental” and theoretical?) inves- 
tigations have been reported recently on the 
magnetic crystalline anisotropy of ferrites, 
which is one of the most fundamental proper- 
ties of ferromagnetic substances. It is now 
expected that the study may be systematically 
extended to wider dimension, the solid solu- 
tion of simple ferrites, because the research 
previously obtained seems to be limited to 
simple ferrites prepared from the different 
raw materials and by the different methods 
of crystallization. 

The research on Fe;O.-MnFe.0O. system is 
reported here. There are two things inter- 
esting in this system; (1) the research on the 
magnetite side connected with the pronounced 
variation of the anisotropy constant with tem- 
perature?) just above the electronic order- 
disorder transformation, the relation between 
them being not clear today, (2) the dependence 
of anisotropy on the composition of the solid 
solution of simple ferrites, neglecting the phe- 
nomenon mentioned in (1). The content of 
this paper is limited to the problem of (2). 
The study on (1) will be reported later. The 
data of magnetite used here are quoted from 
Bickford’s paper*. 


Introduction 


§2. Specimens 

The Bridgman method was used to get large 
crystals, which was not necessary for the 
microwave absorption experiment but useful 
to study the magnetostriction or the electric 
resistance etc. of the same materials. 

Fe,0; and MnCO; were used for the raw 
materials, the impurity content of which was 


Table I. Spectroscopic analysis of raw materials, 


~ Raw material 
Fe,03 MnCO; 
Element «: 
Fe 7+ trace 
Mn 5+ T+ 
Si 6+ trace 
Mg S++ 6+ 
Pb trace trace 
Sn trace trace 
Ni 3+ 3+ 
Al 4+ 
Mo 2+ 
Vv trace 
Cu 6+- 3+ 
Zn trace trace 
Ti 3+ 
Co 3+ 3+ 
(CA 4+. 6+ 
Cr 4+- 
Ag trace 


analysed spectroscopically and given in Table 
I. According to the colorimetric and gravi- 
metric analysis, cobalt, which exerted a 
harmful influence upon the study of the 
anisotropy, was less than 0.04 wt.% in both 
compounds. The ferrite powder was made 
by the usual ceramic technique; perfect mix- 
ing, prefiring at 1200°C and dry crushing with 
the steel ball mill. Large crystals, lcm in 
diameter and 5cm in length, were grown in 
the air by the same way as J. Smiltens® with 
a higher speed, 2.8cm/h, and cooled slowly 
in CO, gas atmosphere. 

According to M. W. Shafer’s paper® it was 
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concluded that specimens prepared by the 
process mentioned above were excess or 
deficient in oxygen compared with the stoi- 
chiometric composition in the region of mag- 
netite side or Mn-ferrite side, respectively. 
In our case, the shift of the transition tem- 
perature» indicated that magnetite obtained 
had the composition Fez.99 Vo.o1 Os where V 
was vacancy. On the other hand, by the 
chemical analysis of a specimen, Mni1s Fe1.ss 
Oz+2, € was +0.1 and it was not clear whether 
it was deficient in oxygen or not. Besides, 
the same analysis of three different parts of 
the crystal along the direction of the crystal 
growth (bottom, middle and top) showed no 
segregation of Fe and Mn within +2%. 
Specimens, cut from the bottom of the 
crystals, were completed in the shape of 
sphere, about 0.5mm in diameter, by polish- 
ing by the method evolved by W. L. Bond” 
and etching in HCl solution to take away the 
surface layer. The X-ray analysis showed 
that they had the single spinel structure over 
the whole region as expected and their lattice 
constants depended linearly on the Mn con- 
centration within the experimental error, 
+0.07% (Fig. 1). Their compositions are: 


(1) 40:2; 0:4. 056.0575. 0:85, O107- 03. IL: 
for the measurement at room tempera- 
ture. 

x=0.6, 0.85, for the measurement of the 
temperature dependency between 90°K 
gnatel MOM sehaval grea 4h. TS, ioe ele 
between 90°K and 500°K. 


(2) 


O O02 oO4 O06 0.8 10 Ke 


Fig. 1. Lattice constant a vs. 
Mn,Fe3—,04 ° 


composition g of 


§3. Experimental Procedures 


(a) Microwave techniques 

_ The apparatus was constructed according to 
the general scheme of the ferromagnetic re- 
sonance experiment. As specimens of Mn- 
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rich side showed the large absorption and the} f 
narrow line width, the direct method of observ- He 
ing the minimum point of Q of the cavity’) 
was available. But for those of Fe-richi) 
(magnetite) side the field modulation system)| 
was needed because the line width was broad|| 


and absorption intensities became smaller. 


method: it was the distance from peak to)| 
peak in the differential curve of the absorption || 
line shape. The microwave frequency wasi) 


determined each time by the heterodyne) 
frequency meter. For the measurement of 
the applied magnetic field we used the proto. 
resonance apparatus® and also referred to the | 
D. P. P. H. paramagnetic resonance. 


(b) Method of analysis 

Spherical specimens were set by the X-ray | 
diffraction photographic method so as to rotate | 
about a [110]-axis within +1°. They were | 
mounted with the dental cement to hold them 
rigidly at a high temperature. Magnetic | 
anisotropy constant, g-value and line width | 
were analysed by the usual way from the | 
measurement of the static magnetic field | 
where the ferromagnetic resonance absorption | 
was observed in the specimen at the various | 
crystallographic orientations in a (110)-plane. 
The 2nd term in the expression of the 
magnetic crystalline anisotropy energy, Kae, | 
was neglected here. This abbreviation scarce- | 
ly affected an error on the results, as indicated | 
by the analysis. 


400 


300 


100 


-1005 
fe) O2 04 06 0.8 Ke} 12 
Fig. 2. Magnetic crystalline anisotropy — ky/M 
vs. composition « with a parameter of temper- 
ature; ‘©: 290°K; [als 190° ke A 0 ake 


- 1959) 


$4. Experimental Results 


Ferromagnetic crystalline anisotropy (- Ki/M) 
is plotted against composition (x) in Fig. 2 
with the parameter of temperature and Fig. 3 
shows its temperature dependency of each 
specimen. The pronounced valley is observed 
in the curve in Fig. 2. —K./M is a minimum 
in the region 0.6<x<0.7 and changes its sign. 


a K, (Oe) 


300 


200 


100 


-100' 
500 


Fig. 3. Magnetic crystalline anisotropy —ki/M 


vs. temperature T of each specimen. 


2.05 


2.00 


1.90 


(0) O2 04 06 0.8 


Fig. 4. g-value vs. composition # at room temper- 
ature. 


g-value vs. composition at room tempera- 
ture is shown in Fig. 4. g-value is 2.00-+0.02 
in Mn excess Mn-ferrite and slightly less than 
2.00 in the region 0.5<.*<0.97 independent 
of temperature. For x=0.2 and 0.4, though 
special, the g-value is appreciablly large, 
about 2.2, at liquid oxygen temperature and 
followed by the considerably narrow line 
width, 
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The tendency of the line width variation 
with the content x is gradual in the region 
0.6<*< 1.15. But after passing through x= 
0.6 to the magnetite, it shows a considerable 
change and 4H becomes broad rapidly (Fig. 
5). Here the line width 4H means the average 
value of them for three principal directions, 
<l00>,. <110>. 111. 


O O2 O04 O6 0g 1.0 \.2 


Fig. 5. Line width 4H vs. composition % at room 
temperature. 


§5. Discussions 


(a) Comparison with the results previously 
obtained 

The anisotropy constant of Mn-ferrite and 
its dependence on temperature have been 
reported by many authors”. Results de- 
scribed in §4 are in good agreement with 
these. 

Recently R. F. Penoyer and M. W. Shafer 
reported on the anisotropy of the same ferrite 
system as ours at the 4th Conference of 
Magnetism and Magnetic Materials (Nov. 
1958). The details are still unknown to us. 
But so far as we have heard, they used the 
torque method, static one, contrary to our 
microwave, dynamic, method, and obtained 
the consistent results with ours, in spite of 
the difference of the experimental technique. 

g-value of Mn-ferrite is in good agreement 
with other authors’ but 4H is rather large. 


(b) Consideration of experimental results 
(1) Ferromagnetic anisotropy constant, 
—hy/M 

The dependence on temperature of each 
specimen seems to be in good agreement with 
the theory of Yoshida and Tachiki”. 

The curve —Ki/M vs. x is very curious. 
As mentioned in §2, this ferrite system has 
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the simple spinel phase. Then, from the 
view point of the one-ion-model, Ki/M is ex- 
pected to depend linearly on the composition 
x, as in the case of Mg-ferrite!™, if Mn?* is 
substituted linearly for Fe?+, through the 
medium of Fe** at the A-site, from magnetite, 
inverse spinel!?, to Mn-ferrite, nearly normal 
spinel”), 

But according to the analysis of the electric 
resistance of this ferrite system, it was con- 
cluded by authors! that by the substitution 
for Fe?* in magnetite by Mn?* the latter 
occupied B-sites until the concentration where 
the normal type spinel was stable. Now if 
we assume that the boundary of the inverse 
and partly normal type distribution of Mn- 
ions takes place at x~0.6, the relation of 
—k, vs. x at 0°K, neglecting the transforma- 
tion of magnetite at a low temperature, is 
expected to be the solid line shown in Fig. 6. 
The reason is as follows. 


y 2 K Fest 


K rex —| Kres| 


O O06 Re) 


Fig. 6. Schematic expression of — Kj vs. x. 


Kyi >0, Kre*f<0 by Folen and Rado’s ex- 
periment on Mg-ferrite (each term repre- 
sents the contribution of Fe’+ ion at A and 
B-site, respectively, to the anisotropy constant) 
and 

Kyi*f~0, Kun?*~0 by the theoretical con- 
sideration by Yoshida and Tachiki”. 

When Mn?* ions are substituted at B-sites for 
Fe?+ over all concentration, the anisotropy 
constant Ai goes linearly from the value of 
magnetite to that of Ni-ferrite. As the latter 
is inverse type spinel, its anisotropy is given 
by |Kre**|—|Kre*t|. Mn-ferrite of the perfect 
normal type has the anisotropy of 2Kyr.%t. 
Then, if the assumption about the distribution 
of Mn-ions, mentioned above, is correct, a 
minimum should appear in the curve —Kj vs. 
x at x~0.6. 

But these considerations do not explain the 
experimental fact of the positive value of Ki, 
because the anisotropy constant of Ni-ferrite 
is negative, © Ki/M being —400 Oe at 4°K. 
Also it should be mentioned that the experi- 
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mental values of Aa/M of Mn-ferrite at 4°K, | 
previously obtained by many authors”, are ||) 
dispersed in the range from —433 Oe to) 
—1250 Oe. The reason is not clear today but | 
may be attributed to the difference of the | 


source of the specimens. | 
A. H. Eschenfelder’? showed that the i 
higher valency of Mn-ion than +2 should be | 


considered in the region x= 0.7 to explain | 


the magnetization of this ferrite system. But | 


the positive value of Ai is not attributed to | 


this fact. 
(2) g-value 


The observed g-value is expressed theore- | 


tically by the equation! 
£= DSi <Sui>ar/d <Sxt>av » 


where gi is the g-value and <Szi>av is the | 
quantum statistical average value of z-com 
ponent of the spin, respectively, of 7-th ion. 
Now both Fe?+ and Mn?* are in °S state and 
only Fe?+ ions, which are always at the B- | 
sites, help to make g different from 2.00. | 
Then g should vary nearly linearly with x in | 
the region 0<x<1, independent of Mn-ion — 
distribution. The experiment shows that the | 
situation is not like this. 

According to T. Okamura’ and D. W. | 
Healy et al!®, the internal field, the physical | 
meaning of which is not clear now, should be | 
considered for the explanation of the frequency 
dependency of g-value of ferrites. One should 


| log P (Qem)- 


© + 300°K 
B3200cK 
4 +100°K 


Of wn We g2CS, WOtmate 


Fig. 7. Specific electric resistance vs. composition 
« at various temperature. 


| take care of this fact for the analysis of g- 


Rie 


-(c) 


* value. 


Low electric resistance of specimens should 
also be taken into account, because the skin 


effect may affect the absolute value of g- 


factor. But Figs. 4 and 7 show no intimate 


relation between them. 
ime ) 


Resonance line width, 4H 
The origin of 4H is not clearly understood 


today. Values of it in Fig. 5 should be treated 
‘with the caution to the skin effect which 


changes the absorption line "shape and the 
absolute value of 4H. 


Conclusion 

As we have seen above, it seems that the 
experimental results are too complicated to be 
explained from the stand point of the one-ion 
model. Also, it should be noticed that the 
quantitative knowledge about the ion distribu- 
tion on lattice points, for instance by the 
neutron diffraction experiment, is expected to 
give us the important information to analyse 
the physical properties of Fe-Mn ferrite sys- 
tem. 

The research on other ferrite systems, now 


‘proceeded in our laboratory, will make clear 


the origin of phenomena described here. 
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Temperature Dependence of the Magnetostriction Constants 


in Iron and Silicon Iron 


By Eiji TATSUMOTO and Tetsuhiko OKAMOTO 
Department of Physics, Faculty of Science, Hiroshima University, Hiroshima 
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The magnetostriction constants Ayoo and 2yy; of Fe, 1.08 and 3.83% Si- 
Fe have been measured by using single crystals at temperatures below 
Curie point down to liquid air temperature with two newly designed 


apparatuses. 


In iron, Ayo has a minimum around 400°K, while 4,1; monotonously 


decreases in numeral with increasing temperature. 


Addition of silicon 


to iron has a tendency to make the minimum in Ajo) disappear and to 
decrease 41; numerically at any temperature, retaining the similar monoto- 


nous variation with temperature. 


Several existing theories have been applied to account for the experi- 
mental results, but no theory appears to be successful in interpreting 


them. 


Introduction 


§1. 
Practically, the anisotropic magnetostriction 

phenomena are characterized by the two 

magnetostriction constants A1oo and Ann. 

From a theoretical standpoint, it would 
be of much importance to observe the influ- 
ence of temperature and alloying element on 
the magnetostriction constants, since tempera- 
ture and composition of alloy are the most 
important factors affecting the interaction 
responsible for the magnetostriction. No 
satisfactory observation of magnetostriction 
constants has been done except for that of 
iron done by Takaki? and that of 3.5% Si-Fe 
by Shturkin®, because of great experimental 
difficulties. The purpose of the present work 
is to perform such observation on iron, 1.08% 
Si-Fe and 3.83% Si-Fe, by using a new 
technique which has the same performance 
as the strain gauge technique. 

Since Goldman*® successfully utilized the 
strain gauge technique for measuring the 
magnetostriction constants Aioo and Ain, the 
technique has been widely used, but mostly 
at room temperature. This technique is 
especially excellent in the respect that small 
samples can be used. However, we can use 
paper strain gauges neither at temperatures 
much higher than room temperature, because 
of their burning, nor at much lower tempera- 
tures on account of uncertainty of the gauge 
factors which are defined as the ratio of the 
resistance change to the strain. In the present 


experiment, instead of the paper strain gauge 
a straight gauge wire that composes the main 
part of the paper strain gauges has been used, 
in order to make the observation possible at any 
temperature. The principle of this new 
technique is very simple as follows. A spe- 
cimen maintained at any temperature is 
connected with a thin and long quartz rod and 
a straight strain gauge wire kept at. room 
temperature in order and in series. Thus, 
the distortion of the specimen can be directly 
converted to that of the gauge wire, so that 
the strain of the specimen at the temperature 
can be computed from the strain of the gauge 
wire, provided the gauge factor is known at 
room temperature. The gauge factor can 
easily be obtained by measuring the known 
strain of the specimen. 

As to the observation of 21oo and au, it is, 
in general, experimentally difficult to obtain 
the reliable 4100, because of the uncertainty 
of the domain configuration at a reference 
state. The difficulty has already been over- 
come by the authors by making use of the 
(001)—[100] single crystal strips*? and by 
producing technically a simple and definite 
domain structure in the specimen at the 
reference state. On the other hand, ai can 
be measured without any experimental dif- 


* For example, the notation (001)—[100] signi- 
fies that the crystal plane (001) and the crystal axis 
[100] coincide with the surface plane and the 
longitudinal direction of the specimen, respectively. 
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ficulty with the [111] single crystal rods or 
strips on account of the symmetrical orienta- 
tions of the domains referred to the [111] 
direction at the ordirary demagnetized state. 


In the present experiment the (110)—[111] 
single crystal strips have™been used. 


§2. Specimens 

The specimens are the (001)—[100] and 
(110)—[111] single crystal strips of iron, 1.08% 
Si-Fe and 3.83% Si-Fe, the sizes of which are 
0.3~0.5mm in thickness, 3~5mm in width 
and 50mm in length. They are all produced 
by Fujiwara’s method». Before making use 
of them for the measurement, all the speci- 
mens are annealed at the temperatures, 850°C 
1000°C, lower than the allotropic transforma- 
tion temperature for 3~5 hours in a vacuum 
furnace. 


§3. Measurement of aio and Au 


As is well known, in the ferromagnetic 
metals and alloys of the cubic structure, the 
magnetostriction of a single magnetic domain 
occurring from an imaginary nonferromagnetic 
state is represented practically by the phenome- 
nological equation” 

dl 


7 =Ayp+ S AoleestB? +2782? + a37B3”) 
0 


+34111(@1@2P182+a2a3B8283 

+azaiB3B1)+--:, Gaby) 
where dZioo and 4in are the magnetostriction 
constants which are characteristic of the 
material and which vary with temperature; 
I) is the length along the measuring direction 
and 4 the isotropic strain occurring from the 
imaginary nonferromagnetic state; a@’s and 
B’s are the direction cosines of the intrinsic 
magnetization vector and measuring orienta- 
tion, respectively, referred to the cubic axes. 
The magnetostriction constants 2100 and 411, 
as long as the domain configuration is known 
completely at a definite reference state, are 
successfully obtained by measuring the so- 
called saturation magnetostriction from a 
reference state demagnetized adequately. 

In the first place, the (001)—[100] specimens 
are used for measuring Zio. As the reference 
state, we use the one having the simple and 
definite domain structure shown schematically 
in Fig. 1. This domain structure is easily 
produced by utilizing the circular field induced 
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by a comparatively weak direct current 
through the specimen, since the field in the 
specimen is nearly parallel to the easy 
magnetization axis <100> as is illustrated in 
the same figure. In this reference state, we 
have 4 from Eq. (1) as the magnetostriction 
in the [100] direction, (dl/lo)1{100;. In the state 
where the magnetization is saturated in the 
[100] direction, we also have 249+(3/2)Aio0 as 
the magnetostriction in the same direction, 


Fig. 1. Domain structure of the (001)—[100] single 
crystal strip in the presence of a sufficiently 
large direct current. 


(dl/lo);t100}. + Then, we get (3/2)Aio0 as the 
difference between two states. Now, we may 
consider that the difference is almost equal 
to the so-called saturation magnetostriction in 
the [100] direction observed in this case, 
(dl/D)troojsat- because of negligibly small dif- 
ferences among the dimensions of the three 
states (the imaginary nonferromagnetic, the 
reference and the saturation magnetization 
state); that is, 
dl 3 a 
( l acs il 2 2D ; Mee 
The current sufficient to produce the domain 
structure as shown in Fig. 1 is obtained by 
measuring the saturation magnetostriction as 
a function of the current. As an example, 
a run of the measurements made on the iron 
specimen at room temperature is given in 
Fig. 2, where the circles show the saturation 
magnetostriction measured when demagnetized 
by a gradually decreasing alternating field in 
the presence of a current (method (a)); the 
crosses show those measured when the reverse 
process was operated (method (b)). The neces- 
sary and sufficient current is taken obviously 
above the current which begins to have the 
constant saturation magnetostriction. In the 
present experiment, the method (a) has always 
been adopted, since smaller current can be 
used than with the method (b). 


In the next place, the (110)—[111] specimens 
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are used for measuring 411. In this case we 
may take the ordinary demagnetized state as 
the reference state. In this reference state 
we have 4+(1/2)A1o0 as the magnetostriction 
in [111] direction, (dl/lo)aoo-1113, since all 
domains are symmetrical about the [111] direc- 
tion. In the state where the magnetization 
is saturated in the [111] direction, we have 


xloe 


De) 
S) 


S aturation Magnetostriction 


S 


© 100 200 300 400 500 600 700 600 
Specimen Current (mA) 

Fig. 2. Difference in longitudinal saturation 
magnetostriction vs. specimen current for the 
(001)—[100] iron specimen at room temperature; 
the circles correspond to measurements made 
on the specimen demagnetized in the presence 
of a specimen current; the crosses correspond 
to measurements made on the specimen in the 
presence of a specimen current after the de- 
magnetization with no specimen current. 


Ro +(1/2)ao0-+4ir1 as the magnetostriction in the 
same direction, (dl/lo)//t111;.. Then, the differ- 
ence between the two states is 211... Thus, for 
the same reason as in the case of Aioo, we 


obtain 
() “An . 
I [111Jsat. 


where (dl/l);/111; is the so-called saturation 
magnetostriction in the [111] direction observ- 
able in this case. It is noted, however, that 
the [111] single crystal rods or strips can be 
employed as well. 


(3) 


$4. Apparatus for Low Temperatures 


For the measurement at temperatures below 
room temperature, the apparatus is diagram- 
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matically shown in Fig. 3. The magnetizing 
coil is inclined by about 10° referred to the 
vertical line, so that the specimen and the 
quartz pipe may contact well with the top 
surface of the specimen base made by micata. 
The magnetizing coil constant (47m) is 450 
and the field is uniform within 2% in a region 
100 mm long around the central part. To each 
end of the specimen, a small copper plate is 
soldered. Its bottom is fixed with a small 
screw to the sample base, and its top is 
sharpened and inserted tightly into the bottom 
of the quartz pipe, which is 1.5mm in inner- 
diameter, 2.5mm in outer-diameter and 260 
mm in length. To the top of the quartz pipe, 


Specimen 


Dewar 


—Magnetizing Coil 


\ Water 


Fig. 3. Apparatus for measuring magnetostriction 
at low temperatures. 


the bottom end of the straight gauge wire of 
0.025 mm in diameter and 60 mm in length is 
fixed by wax and the other top end is con- 
nected with a silk thread, the other free end 
of which is weighted with a load of 10 gr, 
through a pulley so as to stretch the gauge 
wire elastically. 

Such a combination is set in a container 
which is constructed with two glass tubes 
which are different in size. Inside of the 
container vacuum can be maintained. The 
top end of the gauge wire can be fixed with 
a small screw out of the container, when the 
specimen is settled down to a certain tempera- 
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ture. Then, the linear distortion of the spe- 
cimen is directly converted, via the quartz 
pipe, to that of the gauge wire as the reverse 
linear distortion, and this is observed as the 
corresponding strain by measuring the resis- 
tance change with D. C. Wheatstone bridge 
circuit, the dummy gauges of which are made 
by the same kind of the wires. Accordingly, 
we can calculate the strain of specimen from 
the strain of gauge wire thus measured. In 
this case, we obviously need to know the 
gauge factor of the gauge wire. This method 
will be described in the following section. 


§5. Temperature Dependence of the Gauge 
Factor of Paper Strain Gauges 


At present, it seems that there is no 
measurement on the gauge factor of paper 
strain gauges at low .temperatures, except 
that by Day and Sevand® who used the 
ordinary technique measuring the constant 
bending of a beam on which the gauges are 
cemented. In the present work, the measure- 
ment was made as an auxiliary project as 
follows. 

As mentioned previously, in order to ac- 
complish the measurement of Aioo or 2111, we 
need to know the gauge factor of the strain 
gauge wire set in the apparatus at room tem- 
perature. The gauge factor can be computed 
by comparing a certain strain of the specimen, 
which is measured by the paper strain gauges 
cemented on its both surface planes, with the 
same strain which is measured by the strain 
gauge wire. In practice, it is convenient to 
measure (3/2)Aio0 of the (001)—[100] specimens 


or Aim of the (110)—[111] specimens as a 
standard strain. Thus, we can measure con- 
trariwise the gauge factor of the paper strain 
gauges at any temperature by the same 
method, as long as the paper strain gauges 
stick tightly on the specimen. As glues, Duco 
cement and the similar kind of cements have 
been tried, and they were all ascertained to 
be available for any temperature down to the 
liquid air temperature. However, no con- 
firmation has been made whether they are 
still available even when immersed directly 
in such as liquid air. 

In the present experiment, the paper strain 
gauges, type Sin, made by Shinkoh com- 
munication Industry Co., Ltd. were used and 
their gauge factor was measured at temper- 
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atures below room temperature down to liquid 
air temperature. In Fig. 4 this is plotted 
with one of the results obtained by Day and 
Sevand®. The gauge factor of type Sin 
decreases slightly and the decreasing rate 
increases with decreasing temperature. This 
temperature dependence is distinctly different 
from that due to Day and Sevand. Therefore, 
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Fig. 4. Temperature dependence of the gauge 
factor below room temperature. The ordinate 
shows the gauge factor in percentage referred 
to that at room temperature. 


we may conclusively say that the temperature 
variation depends on materials of the wire. 

Now, we can use the paper strain gauges 
for measurements of such strain as magneto- 
striction at various low temperatures, at least 
down to liquid air. In the measurement of 
magnetostriction, however, we should not 
disregard their own magnetoresistance, since 
it is, in general, fairly large in high fields as 
well as at low temperatures. In the present 
experiment, it was scarcely observed even in 
liquid air temperature, because the measure- 
ment was made in a comparatively weak field 
less than 900 oersteds in every case. 


§5. Apparatus for High Temperatures 


For the measurement at temperatures above 
room temperature, the apparatus for low 
temperatures was somewhat reformed as is 
diagrammatically shown in Fig. 5. The same 
magnetizing coil is horizontally set, inside 
which a noninductive electric furnace is 


Magnetizing Coil, Furnace 


Quartz Rod Gauge Wire 
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Fig. 5. Apparatus for measuring magnetostriction 
at high temperatures. 
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inserted. The sample base and the vacuum 
container are changed to the ones of quartz. 
The left end of the specimen is fastened by 
a small molybdenum fixer having a screw to 
the quartz base, and the specimen and the 
quartz rod of 2mm in diameter and 380mm 
in length are connected in series with a small 
molybdenum joint having two screws. The 
straight strain gauge wire of 40mm long is 
fixed with wax to the quartz rod and stretched 
elastically from both sides by weighting two 
equal loads of 10 gr each as shown in the 
figure, so that no tension acts on the specimen. 
All the other parts are not reformed further. 
In this equipment at elevated temperatures 
the molybdenum joint comes often loose as 
its thermal expansion is larger than that of 
quartz. To fix tightly together, therefore, a 
small copper wedge is inserted between them, 
as its thermal expansion is larger than that 
of molybdenum. Thus, all fixing goes well 
in the ascending process in temperature, but 
in the reverse process they become often 
slack. We may suppose then that the slack- 
ness results from the plastic deformation either 
of the specimen, or of the molybdenum fixer 
or of the copper wedge happening at elevated 
temperatures. However, this fact can be 
disregarded because we can safely operate 
the equipment in the ascending process in 
temperature. Furthermore, the pressure of 
the molybdenum fixers acting on the specimen 
would presumably change the domain structure 
around there, but even if it happens, it also 
matters little for the measurements of the 
magnetostriction constants, because in the case 
of ai it has no relation with the measure- 
ment and in the case of dio the domain 
structure at the reference state is newly 
produced, as was described previously, by 
using the current. 
§6. Influences of Temperature and Addition 
of Silicon on Axo and Au 


Figs. 6 and 7 show the magnetostriction 
constants Ao and amu: which have been 
measured at temperatures above liquid air 
temperature up to the Curie point. 

In iron, an essential feature of the tempera- 
ture dependences of Aio and dui may be 
regarded as the minimum appearing around 
400°K in aio, since the minimum has a 
tendency to disappear with the increase of 
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amount of silicon as is seen in Fig. 6 and was 
not found in 3.5% Si-Fe on which Shturkin 
made the measurement at higher temperatures 
than 0°C®. This minimum was found for 
the first time by Takaki who made the 
measurement on iron single crystal rods at 
temperatures above room temperature». For 
all the temperatures at which he measured 
Aino, however, the values which he obtained 
are slightly smaller than those obtained in 
the present experiment. This is, presumably, 
attributable to the ambiguous domain con- 
figuration at the remanent which he preferred 
as the reference state. In the Aioo vs. tem- 
perature curve, there appear two maxima as 
seen in Fig. 6; the one appearing at the low 
temperature was first found in the present 
measurement, though this is presumably not 
very essential but only resulted from an ap- 
pearance of the minimum just mentioned 
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Fig. 6. Temperature dependence of the magneto- 
striction constant 249 . 


above at the high temperature side. The 
other one appearing at the high temperature 
evidently results from rapid decreasing of the 
intrinsic magnetization near the Curie point. 
By addition of small amount of silicon to 
iron, the feature of the temperature depend- 
ence of Ao is fairly altered, while that of 
Aix is not changed at all as is seen in Figs. 
6 and 7; that is, in the case of do the 
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minimum appearing around 400°K has a 
tendency to disappear, so that even the order 
in magnitude of the values of Awo for Fe, 
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Fig. 7. Temperature dependence of the magneto- 
striction constant ayy. 
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Fig. 8. Dependence of &ioo and dui on the amount 
of silicon in weight percentage in iron. The 
values at absolute zero were obtained by extra- 
polating the Ajoo and 24111 vs. temperature curves 
in Figs. 6 and 7 down to absolute zero. 
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1.08% Si-Fe and 3.83% Si-Fe changes at dif- 
ferent temperatures, while in the case of ayy 
the monotonous variation with temperature is 
preserved so that only the numerical value 
decreases with increasing temperature. In 
Fig. 8, the values of Zoo and ain at room 
temperature are plotted as functions of the 
amount of silicon. These values also have 
already been obtained by the authors by 
means of paper strain gauges’. In this figure, 
in addition, are plotted the values at room 
temperature which were obtained by Carr 
and Smoluchowski® and also are plotted those 
values at absolute zero which were estimated 
by extrapolating the Zoo or Au vs. tempera- 
ture curve obtained in the present experiment 
down to absolute zero temperature. In the 
case of 2100, however, the estimated values, 
particularly for 1.08% Si-Fe, do not seem 
quite accurate, because 4100 may possibly hap- 
pen to decrease rapidly near the liquid air 
temperature like that of 3.83% Si-Fe. For 
estimating the values more accurately by 
extrapolation, it is presumably necessary to 
measure 2100 at temperatures lower than liquid 
air temperature. In the case of 4111, however, 
the estimated values may be quite reliable. 
As is inferred from Fig. 8, both Zoo and 41 
undoubtedly change their sign inversely at a 
certain amount of silicon, but it should be 
noted that the amount is fairly altered with 
temperature. 

The formal origin of magnetostriction may 
be attributable to the interaction between 
intrinsic magnetization and crystal strain, as 
has been pointed out by Kittel’. Con- 
sequently, the magnetostriction equation can 
be derived from the interaction energy, i.e. 
magnetoelastic energy» For a body-centered 
cubic crystal 


dl /l=hy(at12B1? + a2” Bo? + a3" 3?— 1/3) 
+2hy(a1A281 82+ 2038283 + 3018381) 
+hiartBy? + a2! Bo? +0383? +2s/3—1/3) 
+-2hs(al1A20¢3"B1 B+ a2a'301"P2Bs 


+a3010l2"B3B1) thas . (4) 
with 
tee Io ieee 
C11— C12 C44 
B. 
ce ea : bao. 
and 
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S= Ay? Ay? + AAs” + A3"Ay” , 


where fu, he, hz, he and hs are the magneto- 
striction constants; Bi, Bo, Bs, and Bs are the 
magnetoelastic coupling constants as named 
by Kittel; cu, cre and ca are the elastic 
moduli. Formally, the first two terms result 
from quasi dipole-dipole interaction and the 
other terms from quasi quadrapole-quadrapole 
interaction. Eq. (1) just corresponds to the 
first two terms in which fy; and hz can be 
rewritten as (3/2) A1oo and (3/2) Au respectively. 
If the practical magnetostriction phenomena 
are represented more effectively by Eq. (4) 
than Eq. (1), the observed (dJ/l)r1oo}sat. and 
(dl/l)t1113sat., @S Previously denoted, are not 
(3/2)aroo and 4in, but di+h,s and (2/3)h2+(2/9)hs, 
respectively; (1/3)k3 is omitted, in this case, 
because of numerical smallness in comparison 
with the others. 

On the other hand, the magnetostriction 
was formerly calculated classically as atomic 
dipole-dipole interaction by Akulov'? and 
Becker™, and recently by Néel!® with some- 
what advanced idea. In the case of Becker’s 
calculation, the magnetostriction constants are 


ws ZAM ke 
100 = 
C11— C12 
and (5) 
2 
lay = 
3C44 


for a body-centered lattice. Here J; is the 
intrinsic magnetization, and S a constant 
depending on the geometry of the crystal 
lattice, 0.4. Accordingly, as the temperature 
rises, both Aioo and 4111 monotonously decrease 
in proportion to J;?. In the case of Aioo this 
is quite different from the results obtained in 
the present experiment as is shown in Fig. 6. 
It is presumed that, further addition of 
quadrapole-quadrapole interaction may im- 
prove the discrepancy; in other words, fu or hs 
is likely to be responsible for it. Such a 
presumption has been attempted by S. Tanigu- 
chi but the non monotonous variation of 2100 
with temperature has not been explained 
successfully. 

The greater part of the observed magneto- 
striction may be suspected to have its origin 


* Lecturered at the meeting of the Physical 
Society of Japan, Nov. 1956, but not yet published. 
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in the spin-orbit interaction, as was treated 
by Van Vleck concerning the crystalline 
anisotropy. By taking account of both the 
spin-spin and the spin-orbit interactions, 
Vonsovski has obtained an interesting result 
which was quoted by Lee in his article™. Ac- 
cording to this result, the departure from the 
law of the temperature dependence of magneto- 
striction proportional to Js? is regarded as due 
to the effect of spin-orbit interaction. This 
result does not seem to be incompatible with 
the temperature dependences of (dl/l)proojsar. and 
(dl/D)p111}sat. Obtained in the present work; but 
further detailed considerations will not be 
given here, because unfortunately the authors 
are not accessible to Vonsovski’s original 
paper. 

In conclusion, the magnetostriction constants 
Awo and Am: vary only if the responsible 
interaction alters. However, any existing 
theory does not seem to be successful in 
interpreting the results obtained in the pre- 
sent experiment. 

The authors are indebted to Mr. H. Kimura 
and Mr. Y. Uchida for the loan of their 
3.8% Si-Fe specimens. The present work was 
partly supported by the Science Research 
Grant from the Ministry of Education. 
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The magnetic hyperfine structure in J=3, K-;=1, 4J=0 transition of 
formaldehyde at 29Gc/sec was studied by a beam type maser spectro- 


meter. 


were observed with good signal-to-noise ratio. 


The hyperfine components corresponding to 4F'=0 transitions 


The splittings are mea- 


sured as 23.0 kc/sec and 10.4kc/sec which are compared with theory. 

As well as the I-J coupling, spin-spin interaction term -I, between the 

two protons is fairly large and cannot be neglected. Coupling constants 

were determined as py2gqg?27-3=19.9 kc/sec and >’<J9?>(A1g+ Azg)=54.6 
g 


kc/sec. 


$1. Introduction 

A beam type maser spectrometer was suc- 
cessfully applied to observe the magnetic hy- 
perfine structure of ammonia. However, the 
application of the technique to other molecules 
is strongly limited by the focuser action for 
the molecules. The Q branch transition of 
formaldehyde shows probably the next strong- 
est emission spectrum to ammonia in the 
centimeter wave range, because the molecule 
has small moment of inertia, large dipole mo- 
ment, and very slight asymmetry to allow 
closely spaced pairs of levels (K-type doubl- 
ing). Thus the calculated intensity is very 
close to get self-sustained oscillation under a 
typical condition. The microwave absorption 
spectra of formaldehyde, formaldehyde —d 
and —d, have been studied” in our laboratory 
as well as their Zeeman effects”. Then the 
study of magnetic hyperfine structure of for- 
maldehyde by the beam type maser spectro- 
meter was planned and the result on the 
J=3 K1=1 line is reported in this paper. 
Work on other lines of formaldehyde will be 
reported later. 


§2. Theoretical Treatment 
A theory of the magnetic hyperfine struc- 


H= A(J-—Lz)?+ BUy—LyP? +CJe—Lz)? 
+(uw/c) 3 ; 2 reidi—Px) x {ui—[1+ZcM,/¢nMx)v«c}gxn- Ik 


—Cnxlc) > i laura V2) x {fl +ZxM>/gcMxlvxc—vr} gx Ik 


+122, 7 Salh: b—3rgzh-ran)Ua-ran)) , 


ture of this type of molecule was discussed 
by Okaya®, and a more general theory of 
magnetic hyperfine structure of an asymmetric 
molecule was developed by Posener?. A 
somewhat different theory which is essentially 
similar to that of Posener has been developed 


y 


4 


Fig. 1. Molecular axis of H.CO. 

and is given below. This theory is more 

suitable to the case of a slightly asymmetric 

molecule in computing the energy levels. 
The Hamiltonian of a formaldehyde-type 

molecule with Co symmetry in 1) state based 

on Pauli approximation can be written as*-”; 


(1.0) 
(1.1) 
(1.2) 
(1.3) 


where the notations are the same as in ref. 3) and 6), the capital letter suffix denotes the 
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nucleus, and the small letter the electron. The physical meaning of the term (1.0) in Eq. (1) 
is the pure rotational energy of nuclear frame, (1.1) represents the energy of the proton 
spins in the magnetic field produced by electrons in the molecule, (1.2) represents the mag- 
netic energy of protons in the field produced by other nuclear charges, and the last term 
(1.3) represents the spin-spin interaction energy of two protons in the molecule. For a nearly 
symmetric prolate top the rotational part of the molecular wave function can be conveniently 
expanded in a power series of the asymmetric parameter b(=(C—B)/(2A—B—C)”. The rota- 
tional energy can be expressed as; 


W= ACIP +B? D>4C¢ Jy BFE JJ+))+ (4 = oe w(b) , (2.1) 


where 
w(b)=K?-+ S Cab”. (2.2) 
w=) 
The expansion coefficient C, is tabulated in reference 7). The molecular fixed axis x, y, z 


are taken for HzCO as shown in Fig. 1, and 6=—0.0098290. For the convenience of the later 
treatment” >®, <J"> etc. are calculated as 


(JO= ue KS (2—1)Crb” 
i= Fe = 5 UF D G+ SDC +) Cra ]o"| (3) 
Jetd= Fe = ZFC 4 SO DG +O +D Coat 


The appropriate coupling scheme for the molecule with two identical nuclei with spin 
and J, should be 


L+h=T, Teka J. 


where h=—h, h=—k and J=—I are used in order to retain proper commutation relations 
in the molecular fixed system”. When the perturbation theory is used to account for the 
excitation of electronic states due to molecular rotation, the Hamiltonian for the nuclear 
spin interaction can be written as*-®; 


H= > [AneleeJe+ AxvleaJy+ AxexeJ:| + we 777 | Lh = hr?—3 : r)Tp : r) |r ( 4 ) 


where Axz etc. are constants determined from the electronic states and the molecular struc- 
ture, r the vector between the two protons, and 7 the magnitude of r. 

The energy level shift due to these interactions will be obtained in the first order approxi- 
mation from the eigenvalue of the matrix 


ChAIFJt|\A| LDIF’ ]’c’> « 


When the molecule has a Cy symmetry, the nuclear spin part of the eigenfunction is odd or 
even respectively corresponding to the even or odd symmetry of the rotational part of wave 
function |/r>. Therefore, the elements </|H|J—1> will vanish. The total proton spin is J=1 
for the rotational wave function with odd symmetry, and J=0 for even symmetry. There- 
fore the rotational levels with even symmetry have no magnetic hyperfine splittings, since 
I=0. The magnetic hyperfine structures of transitions between odd rotational levels are con- 
sidered. The J, J dependent term of the spin-spin interaction between the identical nuclei, 
[7 -h—3(h-r)U2-r)|r-?, is shown to be equivalent to! 


TI+1)+4h+)) i Re an 
(2I—1)(2T+3)(2J—1)(2J+3) pad J) 5 (IRS nn en ] 
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On the other hand, J, c dependent term of the spin-spin interaction is® 


eg eee jw |, 


Therefore, Eq. (4) is equivalent to the next equation for J=1 and =3* 


£. a 3 un? n?r-3 
H= Axglxg = 
nor ee d 2K J+12J-1)2J+3) 
Ts By ea ees 2 | ws ig 1g 2 
{ENTS 2F | Sep ate Wale (5) 
Inserting the following relation™, 
-  Uk-IT-J) 
ida (ASIN OE ED Js ey 
Eq. (5) is reduced to 
M Tx-D)\I-J) oh 3yy?g ar 
Pe Pe)" eer 
T. T. J2J2 ioe le 2 
x {3F-D2FI)—1N-2Ps | =( ie ] (7) 
The matrix element which is diagonal in J, J, t, is 
a I-J) 2 
elt }e>= & (Aro + Asa) DIT +1) <I9?> 


Ban?gn?/P)30- I 2L- I See Vg? wee 1 8 
2IT+D2I—D2I+3) a()un—sue |, 
where (Ix-I) has been replaced by 1 for the state with J=1. The first order approximation 


of the energy level shift Wi due to magnetic interactions is obtained by putting 21-J) 
=I[74+1)—F(F4+1)+J J+). 


a a 4 (Suw'gn?r™) LEN Tree ret) le 
Wi= XT +1) (Arg + Ara) Jo”? oe eal = \e » 3 GE | 


for F=J+1 


Tse es (AA ae ee E Cc » | . 


ati a 2IT+D (4) 
noe JP f/ 


oe! a ole ea?) Tg? manager 1 | 
Ws = BoD At Aa e+ Saree 3 (LE — SII +0 | 
for F=/J—1. 


In the case of Q-branch transitions, 4F=0 components have appreciable transion probabilities 
and 4F=-+1 transitions are much weaker. The frequency shift 4v of the hyperfine com- 
ponent of 4/=0, 4F=0 transitions, is 


bvza=— Be gh (Ary + Ars) Jot) + PERE (TE ace, for P= J+ 


g AJ+1) 2(J+1) 2J+3) 9 \ 7 
hey, 1 2 _ Bun? gn?r~*) Lo” A Jy?» , for F= 
b= B appa At Aad KISSES (Fe oe 
= 1 A Of iae) 1g" 2 fon fe Tal 
A aang eens e SIONS 12 J— 1) = (Fe) Khe, eae 


* For a more detailed treatment see ref. (4). 
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where 4¢ Jy?) is the difference of <J,?> between 
the two levels involved. 


§ 3. Experimental Procedure and the Result 


The block diagram of the maser spectro- 
meter is shown in Fig. 2. A one-klystron 
system with a crystal modulator driven at 45 
Mc/sec is used to allow sensitive amplification 
of the beat frequency from a crystal mixer’. 
The maser tank, beam source and focuser are 
the same ones as used in the ammonia maser 
by one of the authors™. 
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Preparing of the gaseous formaldehyde has 
been one of the difficulties encountered, be- 
cause it polymerizes quite easily even under 
a low pressure or in the liquid state at a dry 
ice temperature. Several methods were tried, 
but no satisfying way was found to supply a 
constant flow of formaldehyde gas. The 
simplest and most convenient one was simply 
to heat the powder of paraformaldehyde. 

A cylindrical cavity of TMoio mode, 12cm 
in length, is rather closely coupled, the loaded 
Q being about 4000. 


MIXER fF MONITOR 


45Mc OSC, 


XTAL MOD, 


MASER CAVITY 


fL£45Mc 


PHASE SHIFTER 


fL+ 45Mc 


XTAL MIXER 
45Mc AMP, 


BALANCED LOAD 


Fig. 2. Block-diagram of the maser spectrometer. 


The measured line is the Q-branch transi- 
tion 312-313, the center frequency of which 
is about »=28,974.85 Mc/sec. The emission 
spectrum was observed as a triplet, as shown 
in Fig. 3. At the focuser voltage of 20kV, 
the signal-to-noise ratio was about 10, with 
the effective band-width of 1.5kc/sec. The 


T ol T 

-20 -10 10) 10 20 

Fig. 3. Calculated hyperfine pattern (4F7'=0) of 
the 3122313 line of H,CO. 


ke / sec 


line disappeared at the focuser voltage arround 
9kV. The sensitivity of one-klystron system 
is limited by the difficulty of balancing the 
signal at two frequencies vz-tviz, where vz 
and viz are respectively the frequency of the 


Fig. 4. An oscilloscope pattern of the 3),>315 
line of H,CO. 
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) local oscillator and the amplifier. The two- 
klystron system without crystal modulator 
should improve the signal-to-noise ratio. How- 
ever, the frequency fluctuation is found to 
increase even by using automatic frequency 
control, when the frequence noise of the two 
klystrons are not sufficiently small. Signal- 
to-noise ratio was large enough to observe 
the hyperfine pattern with the present system. 
Since the intensity of the 4F=0 component 
is approximately proportional to 2F+1, the 
triplet is easily assigned as shown in Fig. 4. 
The splittings 4y.—Av., 4y4—Av3 and the half- 
width 4» are determined. 
Ayv2.— Avy=23.0+1.5 kc/sec 
4yvs— 4v3=10.440.7 kc/sec 


Av= 5.80.4 kc/sec 


§ 4. Discussion 


The splittings of hyperfine components are 
obtained from Eq. (11) as 


4y5..=— AX = a > 
AJL) 2 TTS) 
DOr ay 
Avy = pie AL 5 
2H. ed kEL « 
for Fay 
rimaeeses Boedeitae li Gobel 
2f  2f(2J—1)’ 
for F=/J—1, 
where 


AX =>) (Aig t+ Arg) 4< Jo, and AY 
g 
= 3uw*gn’r D> (197/77) 4 Jy>. From the ex- 
g 
perimental values of hyperfine splittings two 
constants are obtained as 
From Eq. (3), neglecting the first order terms 
of 5, we obtain <jJy>=3/(J+1)—K?—G,, and 
A Jy? = — A(Ci/2)= J J+1)/2=6. Therefore, for 
Y2=Vz2=0, and ry=r, the expression can be 
written as 4Y=18yuw*gu?r*. The observed 
value of AY gives 
(uw gu?r exp. =19.9+1.3 ke/sec . 
On the other hand, H—-H distance in H,CO has 
been known as” v=1.87A. Thus the calcu- 
lated value is 
(Un22H77*)cale.= 18.2 kc/sec S 
The calculated value of “w*gz?r-* is in fairly 
good agreement with the experimental value. 
Another constant, 4X, cannot be calculated 
because of the lack of knowledge concerning 
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the electronic states of the molecule. Taking 
the same approximation as in the calculation 
of 4Y, it may be written as 


1x4) (g_a), 


where @=Aiz+Aoz and B=Ajy+ Aoy. 
experimental value is 
B—a=9.1+0.6 kc/sec . 
Recently Thaddeus et. al. has observed the 
magnetic hyperfine structure in the transition, 
21-212, as* 
4yv,— Av3=22.35-40.4 kc/sec 
4v3— Av,=12.590.2 kc/sec . 
According to the analysis given above, the 
constants are obtained as 
(tw? 2n?" exp. =20.2 kc/sec 
B—a= 9.2 kc/sec . 
These are in good agreement with our results 
on the 3:.—313 transition, thus confirming the 
theory given above. 


The 


In conclusion the authors would like to 
thank Mr. T. Oka for his helpful suggestions 
and discussions. Thanks are also due to Dr. 
A. Okaya and Mr. P. Thaddeus for the in- 
formation of their experiments. 
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The perturbation method is applied to the Hartree-Fock equation to 
calculate the dipole polarizabilities, the results being a coupled set of 
integro-differential equations. This theory is applied to helium and 
makes clear the accuracy of the Sternheimer approximation. The calcu- 
lated value of the polarizability by this theory is about ten per cent 
smaller than the value obtained by the Sternheimer approximation. For 
neon and argon calculations are made by use of the Sternheimer appro- 
ximation. All the calculated values of the polarizabilities are compared 
with the values obtained by other authors and the experimental values. 
The calculated value for helium agrees quite well with the experimental 
one and for neon and argon the calculated values are about 1.5 times 


the experimental ones. 


Introduction 


Sih 

The intermolecular potential of gases has 
been investigated semiempirically by the theory 
of the equations of state and transport coef- 
ficients». The long range parts of this inter- 
molecular potential, even if they may be a 
many body force’s potential, have close rela- 
tion to the dipole polarizability»; hence the 
quantum mechanical calculation of it for vari- 
ous molecules has been desired. The calcu- 
lations of the polarizability have been made 
by use of the variational method by many 


authors, i.e. by Kirkwood®, Buckingham”, 
Bravin®, Pople and Schofield®, and Wikner 
and Das”. The calculations have been made 


also by use of the numerical method by Stern- 
heimer®®, Sundbom'™ and very recently by 
Dalgarno and Parkinson!™. 

In this article we derive, using the pertur- 
bation method, an equation by use of which 
the polarizability can be calculated within the 
limits of the Hartree-Fock approximation; and 
we get a coupled set of integro-differential 
equations satisfied by the radial parts of the 
perturbed wave functions under the assump- 
tion on them (see (17’) in § 3) which is con- 
sistent with the Hartree approximation, for 
example in case of helium. For helium, as 
it is the simplest case, the rigorous equation 
is solved self-consistently to see the accuracy 
of the Sternheimer approximation (see § 4). 
But for neon and argon the calculations are 


so laborious that we treat the problems by 
the Sternheimer approximation; we will make 
calculation more exactly in future. 

In solving differential equations for the 
perturbation of the wave functions, the present 
author used the Parametron Computor PC-1 
at the University of Tokyo. 


§2. Polarizability in a Uniform Electric 
Field 


In the following we consider an atom or 
ion with q electrons and a nucleus of the 
charge number N. The normal state of the 
atomic system is assumed to be in the con- 
figuration of the complete shell. The Hamil- 
tonian of the system in the applied electric 
field E, is written as 


2-3 ‘| 308 —N AE. 1 os eee 


aj rig? 


(1) 
in which ri is the position vector of the i-th 
electron referred to the nucleus and 7%; the 
distance between the 7-th and the j-th elec- 
trons; the prime in yy means that the sum 

v 


is over all pairs (7+<7), each pair being counted 
once; fi” is the Laplacian operator for the 7-th 
electron. Hereafter Hartree’s atomic units are 
used throughout in this article. 

In the Hartree-Fock method the normalized 
wave function ¥ of the system is written in 
the form of Slater determinant as 


1600 
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ditriymr(E1) — P(ra)ni(E2)- +++ +++ dr(ra)91(Ea) 
1 bali) 1) dlr: 2)na(G YS Pa(ra)nalE, a) 

Ve : oe (2) 
alriinalr) alta) na(G2) +++ +++ alta) naa) 


where ¢u(rj) and 7:(€;) are respectively the orthonormal one-electron orbital wave function 
and spin function, and €; is the spin coordinate of the j-th electron. The best one-electron 
wave functions ¢i(r) are determined by the well-known Hartree-Fock equations: 


il j(12) |? 2)PilTa 
lenge: py [iegeel drs+ (Bn) nin) — 3, | Penile) drobj\r1) =0 5 (33) 


in which the wave functions were assumed to be transformed so as to diagonalize the energy 


parameter matrix!”, and & are its diagonal elements; the summations >; and % are respect- 
j // 
ively extended over all occupied states and over all states with parallel spin to the 7 state 


including the 7 state itself; the asterisk means the complex conjugate. 

We choose the z-axis-parallel to the applied electric field, that is E=(0,0, E), and use the 
spherical polar coordinate in the following. 

Assuming the term Ez to be small compared with the others, we use the perturbation 


method. The wave functions ¢;(r) and the energy parameters €; are expanded with respect 
to) JER 


P(N)= LON) +PON) +O’), — | 


(4) 
a= Ej, + ED +O(E?) : 


Here ¢:(r) and &{ are the unperturbed wave functions and the energy parameters respect- 
ively; ¢:™(r) and &; are the first order perturbed wave functions and the energy param- 
eters respectively which are of the order of E. 

Substituting the expansions (4) into the equations (3), we obtain 


j —73— N+ >) ae dry |p(rs)— D» Ves $i (12) drobj(11)=0 ( 5 ) 
1 j 2 j Y12 


1 fe 


from the zero-th order terms with respect to /, and 


| -9 Sane x | Ips (ra) /? dre | PO rr) 


if 


Ti2 
se [= | PP* (Ta) POT) F PIOF TPIT) pt Be — ED foe 
j 12 
PEI anger 
j// 12 
=p Ji (ra) OP) + SOM) ID) 4544 074) =0 (6) 
i ra 


from the first order terms. The conditions of orthonormality on di(r) become 
[oForeeen dr= [peor bererdar+ [ore weer) dr+O(E)=0. (7) 


The zero-th order equations (5) are the normal Hartree-Fock equation in the absence of the 
perturbing electric field and its solutions are usually written in the central field type 


fir) = Pills 2 Vigo; ~). (8 ) 
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Here m, i; and mi: are respectively the principal, azimuthal and magnetic quantum numbers 
of the i state; Py(ml: 7) is the radial wave function and Yim(#, ¢) is the spherical harmonics 
of the /-th order. They are normalized according to 


[Pant Y)Po(n'l: vr) dr=Onn’ ; 
" (9) 


(27 
| Y*,(8, ¢)Yvm(d, 9) sin 8 dd dp =01,0-8mym' 
0J0 


The equations (6) determine the perturbed wave functions &;(r) under the suitable bound- 
ary conditions and are investigated in detail in the next section. 
According to the expansion of ¢i(r), the wave function ¥ of the system is also expanded 


in the form 
F=VOL YO +O0(E?) 


=O) 4 S¥O+OE?) (10) 
where 
divine 1)91(€1) Pr(ra) mG ye dr (re)9i(Ea) 
ox Se 2 5 > 
ts V4! : ; ; 
bi (riynder) ba (ra) nd Ea) +2 ha(re)na(Ca) 
and 
dr (r1)m1(Er) dr(r2)1(€2) sea gi (ra)ai(Ca) 
yo bi(rs)(a) Pi D(ra) (Eo) vee te PiPrgnilCa) 
Be oe 
Pa (riynEs) — a(ra)nq(Ea) +++ ++ Pa(ra) nas) 


Then the perturbation of the charge distribution of the system is given by 
Pp —YOrPO —2 Re (VOr*VO)+ OE”) , (12) 


in which Re stands for the real part. Hence the induced dipole moment Pina of the system 
is expressed in the form 


CRE! 
Pra= 2.3 3 [Re (VOW) z¢ dr +++ dry , (13) 
and the polarizability @ is given by 
= Pina om pee eR! 
q-fnt 2 3S [Re (VOY O)zy dry ++ dra. (14) 


By use of (7) and (11) this is expressed in terms of the one-electron function as 
wy tide 
rewire. [Re (PO* zhi) dr . (15) 
We make use of the expansion for the spherical harmonics" 
a 21+-1 7 7 
cos BY im(8, Pie Voir * coro 0)(10/m| Lm) Virm(d, ¢) (16) 


in which (Amlzmz|hllm) is the Clebsch-Gordan coefficient, and expand diO(r) in terms of 
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spherical harmonics Yim(9, ¢) as 


ODS 3 CG sm) EEO, ne, 9) (17) 


L ‘m,” 1e 


Substituting these expressions into the equation (15) we see that only the terms proportional 
to Yij,+im,(%, g) and Yi,-1m,(8, @) contribute to the polarizability a. Then if we choose the 
coefficients Ci li’: m:) for li’=l+1 and k/=l—1 as 


Ch l’:m)=—E poo ot 1 (102:0| 12:0:’0)(1O2:mne| ids’ mi) , (18) 


the polarizability is given by 
ree Ss 2 (SEA) (4010) 10d)" OLan Aad ms)? Monils lv’) , 
7,1. ,6 50.7 é 
where we have used the notation 


Kal 1) =|" Polak: Pal V rd (19) 
0 


Using the values of the Clebsch-Gordan coefficients (see for example Condon and Shortley’?) 
and performing the summation over m:, we finally obtain 


We 4 Y (0+) Mal 141) + al 1-1) 


= Ej Mas p)+ | 3 ln 9+ F Kp) | 


Si oe ee . (20) 


Here the sums extend over the occupied shells; this form of expression was first derived by 
Sternheimer® from the one-electron point of view. 


§3. Perturbed Hartree-Fock Equation 


In this section we consider the first order equations (6) in detail and use an assumption on 
the symmetry of the perturbed wave functions ¢i(r): 


O(N) = Ch hem) PEO BEET) yy (9, 9) 


Pinkohk-t: Yr) Vy: Seay it, ?) ; Gye 


+Ch—h—1:mi)- 5 


Without this assumption the equations for Pi(mli—li’:r) are all coupled with each other 
through the third and fourth terms of the equations (6). Here we note that the equations 
obtained under the assumption (17’) are exact within the limits of Hartree approximation, 
because the couplings arise from the perturbations of the exchange interactions between 


electrons. 
As usual it is convenient to use the expansion of 1/m2 in terms of 1, 72 and cos d12, namely 


fe ss a 
ees Ui(n, r)¥i(ra)y/ oh z Me 


in which 
ae wile for "1<%o (22) 


Un, 2) = / 
ew whe for m>fr2. 


1604 Shobu KANEKO (Vol. 14, 


Yx(2) is the abbreviation of Yxo(#, ¢) and % is the angle between ri and rz, i.e. 
COS #12=COS 81 COS Vo+sin V1 SiN J2 COS (Y1—¢2) - 


Now let us consider the first terms of the equations (6). The Coulomb interaction terms 
composed of the unperturbed wave functions are written, by substituting (8) and using (21), 
as 


DS i dta= >! 221 +1)" Po(njls:7 PUN, 72)dre , 
j 712 Ml; 


where we have used the property of the spherical harmonics’: 


21j;+1 
E Vins @) Vim (0, arpa 


Hence the first terms of the bashes (6) become 


I — 78 N +2 \ es ror dry EO [p> (r1) 
1 —Y 


Ti2 


Se ee Wi :my) Tne OY — Lid YK) WW =D _ 0, nde ee 
( it Ve 


i 2 dri? "1 ari? 
(23) 
Here the summation extends over /;’=/;+1 and /;/=1,—1; the function Y(r) is defined by 
Y(r)=N— > 2(21+-1)Yo(nl, nl: r) , (24) 
in which 
Y~O(nl, n’1 oner\ U(r, s)Po(nml: s)Po(n’l’: s) ds . (25) 


From the expression (23) we see that the angular dependence of the first terms of the 
equations (6) is only through the spherical harmonics Yi,+41,m,(8, ¢) and Yi,-1,m,(8, ¢). Hence 
it is sufficient for our purpose to consider only terms having the same angular dependence 
in the equations (6). We use this fact in the following calculation. 

We next consider the contributions from the second terms separately. If we use the equa- 
tions (8), (17) and (21) again, the first term may be expressed in the form 


Se B,C Uy :my Pease) 


j Ti12 m5 jm, 


Yiym,(1, G1) 


: J Paints 12) Pyi(ngly— Ly’: 12) Un, 72) dry] yt 


at 240 
-\V" Yin (Oe, 2) Visin (te, 92) Yotdrs) sin 9s dis dos (26) 
Owing to the addition theorem of the spherical harmonics™, 


Yx(0) VO12) =D Yirm,(32, $2) Vieym,(01, Gr) (275 
my 
the integral on angular variables appeared in (26) is reduced to 


(22 
Yigm(A1, |. \ Yim, (82, G2) Yijtms(P2, Px) Ye(Or2) Sin 32 dd2 dye 


— Yigms(01, 91) Ye,0(01, 91) 
— Tym, Pare 1 Wa Y* or (82, 2) Yiy m (82, 2) Yx,o(d2, G2) SiN Bo dds dor 


Yio(81, G1) Yiym,(1, 1) He 1) 
Yi(0) 47(21y +1) 


(10250|175050)(100;o05|115l;’m3) , 
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where the equation (16) has been used. Performing the summation over m; we get the result 
in the form 


()* 0 1 
sie (12) Pia) + PiO*(r2) iPr). drepiO(r=4 Py Chol: on jalan ee 


Y12 

: Palnsty.re| Yi (nls, ngls— L5-+-12171) a ly i hbeeda panes (28) 

3 Ail 3 1 

where the function Y; (nil, mol. |e’: r) is defined by 
Yi (mili, Male le’: r) =r iy U(r, s)Po(mili: s)Pilmele— le’: s) ds . (29) 
0 

The contribution from the term Ez¢;(1r1) is easily found to be 

Eada) =—nPi(nili: 1) 2 Chi hi: Mi) Vig’ng(91, G1) » (30) 


and there is no contribution from the term &;d;(r) because it has the angular dependence 
Of Yigm,(01, 91). 

Next we consider the contributions from the third terms of the equation (6). As in the 
case treated above these terms become, by use of equations (8), (17) and (21), 


> gi ee dr aCe aol SS SS Chol: mj) Pilly els: ry) Yi j'm (01, (1) 


Y1 Nl jm; KU ;” 1 
. is Po(njls: 72) Po(nili: 72)Uu(11, 72) dre 
0 


Ai 


{20 
2k+1 \\. Yijm, (82, $2) Yigmi 2, 2) Yu(012) sin De Ad», doz F; (31) 


By use of the addition theorem and the expression for the product of two spherical har- 
monics?), 


2i,+1)2/.+1 
Vigms(, )Yigns(®, 9)= 3 y/ ( mee at ) (10120 |Jab210)(imasbsms| Lalelm) Yim(8, ¢) » (32) 
the integral on the angular variables of the equation (31) is reduced to 


= (27 
panes mj) eee Yi jm (1, w(t Vij, (Be, $2) Yizm,(d2, Q2) Vili2) Sin 22 dd» des 


(2h+ 1(2k+ 1) —1)™% CU; Ly m3)(LORO|LR1;0)(Limik —me| likely) 
25 Ar(21;-+1) aa ee ara ’ ay 


» Yien,(81, Pr) Yi ym ,(1, G1) - (33) 


Here again using the formula (32) and choosing the term proportional to Yij’m,(01, 1), we 
can substitute the product Yem,(01, G1) Yo,m,(01, 91) by 


ee ED (hots O| Ry Li O)(kamel/ msl kbs li'm) Yryrm, (Ors 02) - 
TE Lli 


Then the right-hand side of the equation (83) is transformed into 


(2st 1) (213+ D) (7,0720|14h1,0)(H0Ls’0| dsl 0)(100)0| 1010) Yagem (Pr, 90) 
(21, £1) Qht1) |Jik1;0)(ROL;0| Rl; Li’0)(10750| 10505 i 1, Pi 


SX (—1L)™(lamik—me|Likljsm5)(10lsm5| 51s m3) (mal m3| Rly Limi) 
m My, 
Here from the property of the Clebsch-Gordan coefficient (linuk—mulliklyms), we get the 


: | | 
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relation mi=mj+m,. Then the summations over m; and m:, are not independent but they 
reduce to a summation over one variable only, say mz, if we consider m: to be given. This 
sum can be represented by the Racah coefficient. Namely, by use of the symmetry relations ! 


of the Clebsch-Gordan coefficient! 
(hmailzme|lilelsms) = (—1)1+2-"3(lomelmi |lealal sms) 
=(—1)'1t2-'8(0, — my le— Ma lilels—ms) 


=(—])41-™1 inet (Lamils—mea|l1lsl2— —Mz2) 


2l2+1 | 
=(—])2+m™2 voptt (l3—me3l2M2|l3lel1—m1) ’ (34) | 
1 


and a property of the Racah coefficient W(abcd: ef), 
= (aabBlabea+ B)(ea+ Bdr —a— Bledcr)(bBdr —a—B\bd f r—@) 
=VY 2e+)D2f+1) (aafr—alafcr)Wabcd: ef) , (35) 


we can reduce the summation appeared in the equation (33) to 


(—1)PV/ 205-41) (217 +) (10limal Uli’ me) WRAY : Uh’) 


Hence finally we obtain the result as follows 


PiO* Os) PiOUra) bs ne 
=I a drgiMn)=—E SE (—)e V AADC +) Srey 
- (LOH |Jek130)(HOLs/Ol Ly Te/0)(10130| 10 310)(10 dere] Lela’ mr) 
3 ; ac (0)(y, Js: 
WCRI) 2 TV si) (36) 


Ta T1 


The Racah coefficients are calculated and tabulated by Biedenharn et al. and Obi et al.?© 
The contributions from the other terms may be calculated analogously, so only the results 


are given here: 


a drpjOrn)=—E 3 > (—1)12ls ty, / ae Ze 1 , (LiOO1Le kl;0) 


4 Bey ety 


-{(ROL50| Rl 5le’0)(10050| 1252 5’0)(10Ze2006| Wale’ me) WR 15: 151i’) 


: Palate: ry) a) Yiyrm,(P1, G1) YeO(nils, Monty ; (37) 
1 1 


eae rbin)= > 3 > aren ae 


. qi) Us 
Weed ia my PAI bn, ox) Feels pelea 11) (38) 
1 uf 


Then using the results obtained above we finally get the equations satisfied by Pi(mili > li’: r) 
as follows 


ie Y pity 
Ee 2dr y eR en 2, [onde teh: r)=rPi(nili:r) 


4 Pons: 
ere Pander) = lip nly ls +1ir) +1 YO (njl3, nly 1j—-1: »| 
is 


LV 
t (10/,0 [ili +10) n, a zy —1)V 215-1 (1010| 101; 0] V2UFA +1(L,0R0|1:k1;0) 
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+ (ROL OLA,’ Le-+-10) WUekUY : Lyle + PPMP YEN) coral, nils:1) 
, 
—V 21541 (1,00 |Lik1s0)(0140| Rl ls +10) pal eon ah 
. Maser) Yi(nili, nis >fr) | + 


Tae Hah (215-+1) 


Pete 


(ORO kb +102 LH) vrcrad,, nli—letlir) , (39) 


and 
= loan i ede) 4 GDh 
2 a r 2r 


_ARP 
a elaraa a [GHD HOLL mayb: rng, nly yl: | 


60, , Pld: Aer Puileh) 


u = psa. 
* 1010 [Llsle—10) » S (-1'V 25541 (101)0)1s1/0] V/21y FT 080k) 


pi heel) Med 
ggg 


RO: 


. (RO1;0| k1;/1;—10) Wt kil;’: Ljli—1) iY) Yi Oils, Nils: Tr) 


—V 21541 (L0k0|Likls’0)(R01;0| kl jli—10) WRI: 15 ls—1) 


PANES) vera, nyly oy ir) |+ ad B,2h-+1) 
- (14080 |Jskli— 10)? Ponds) YiO(nls, nls le—-1:7) . (40) 
The boundary conditions for Pi(ml—-1’: r) are 
Pinlol’: r)=| . cae ieee (41) 
const. exp—7/|E@|r for ro, 


which come from the demand on the wave function. These equations are coupled with each 
other and can be solved self-consistently by the method of successive approximation, but in 
this article we solve them only for helium. 


§ 4. Sternheimer Approximation 
Starting from a one-electron point of view, Sternheimer® obtained, instead of (6), the fol- 
lowing equation for ¢i(r) 


[-tre—X es eee ih tS Peres a (r1) —6: }por(n) 
1 j 


Ti2 5// N12 “hi (O(y 1) 


= — Fadi (rn) . (42) 


This equation can be written by use of (8), (17) and (21) in the form 


[5 EP a 0) lore n=rPttn) (43) 
which corresponds to (39) and (40). Here V,.°(r) is the potential energy appeared in the 
equation (42). 

Comparing the equation (42) with the rigorous equations (6), we see that Sternheimer 
neglected the influence on the perturbation of #i(r) from the perturbations of the other orbitals. 

In practical calculation, however, the set of equations (39) and (40) is not so easy to treat 
as the Sternheimer’s equation; for the former is a coupled set of integro-differential equa- 
tions whereas the latter is an uncoupled set of ordinary differential equations. We adopt 
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Sternheimer’s approximation in this article except for helium, for which we shall solve the |) 
exact equation (39) self-consistently in order to estimate the accuracy of the Sternheimer |) 


approximation. 


§5. Method of Calculation 


Next we describe our method of solving the differential equation (43). The unperturbed 
radial wave functions P,(zl:r) are solutions of the Hartree-Fock equation 


1 @ , i+) Prat | 
[a A Hevea) [Polnt:r)=0, (5) 
and are tabulated for each atom!”»!8)-22)19) but the potentials V(r) are not given for neon | 
and argon. So we use the method given by Sternheimer®, which we shall modify slightly 
for convenience. 

We define a function Uni(r) as follows 


1+1) 


Unilr)= 7 


F2{ViP()—Enr} , (44) 


and approximate the second derivative of Po(nl:r) with respect to r by the second difference 
according to Lagrange’s three-point method of interpolation, that is by 


2 On-1 4 ates On-1 z . 
ae ssi "8 Pallas) . )Pudnlirs)+ Palate) |, 


in which dn=/n+i—Yn. Then Uni(r) is given by the equation (5’) as follows: 


2 


Uni(Yn) ~ Po(nl: ¥n)On-1(On—-1+ On) 


| * Palnd:rass)—( 1+ S* \ Palla) + Pola ra) | - (45) 


The differential equation (43) can be written by use of the function Uni(v) in the form 


Pint V:r)=Un(Pilnl ov :7)—Inl7) , 
where 
Unlr)=Un(r) t+ UU +FD-I4DY/? , 
In(r)=2rPo(nl:r) . 


Replacing again the second derivative with respect to r by the Lagrange approximation, we 
obtain 


Pi(nl ol’ 44) =Pi(nl > I! 217m) + o [Pi(nl > 1’: 12)—Pi(nl 3 :7n-1)] 
m-1 
On(On-1+0n ; 
ate 5 ) [Uni(7n) Pinal >’ :7n)— Inn) s (46) 


We use this formula for the outward integration of the equation (43) starting from the neigh- 
bourhood of y=0. The correspoding formula for the inward integration is 


Pi(nl ol’ :%n-a)=Pi(nl Vv) + ‘fe! [Pinal >’: 4n)—Pr(nl > V :7n41)] 


0 


On—1(On-1 + On) 


+ 5 [Uni(rn)Pinl > 1! 72) —InrlYn)) « (47) 


For excitations ns—p and np—s except for ls), the equation (43) is integrated outward 
with starting values obtained in the following. For small r the equation (43) becomes?” 
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& ga we £2(06) 8940079 [Pun sr) =2Ar 4 060) 
where v? and A are constants. The right-hand side of this equation can be neglected as 
compared with the left-hand side in the neighbourhood of r=0. Then this equation is the 
Same as the equation for Po(ml’:r) except for the constant term 2{v—E&}. But this constant 
term is negligible compared with /’(J/-++1)/7? and 2N/r in the neighbourhood of r=0. Hence 
Pi(nl eer) is approximately proportional to Po(nl’: r) for small 7; and the proportional con- 
stant is to be determined by the boundary condition (41). In practice we start integration of 
the equation (43) by use of the equation (46) from two points near 7=0.05. 

For the excitation ls, the integration is started from the origin and the gradient of the 
solution at that point is determined so as to satisfy the boundary condition (41). 

For the excitation mp—d singularity at the origin is strong compared with the above- 
mentioned case; hence we use the inward integration of the equation (43) starting from a 
large radius R. Let the equation (43) be written for simplicity as 


@ 
dr 


Pinlol :r)\=F(n)Pinlol :r) , 
TL) Le 
Pinl—l':r) ~ 


F(r)= Un(7) = 


Then F (7) is certainly positive and not too rapidly varying in the neighbourhood of r=R; at 
large distances from the nucleus it is nearly a constant and is given by —2&. So we can 
assume that F(7v) is constant for ry>R. Then an approximate solution of the equation (48) 
satisfying the boundary condition is given by 


Pin U':7) ~ Pi(nl UR) exp | = Gy ar | 
~ Pin: Rexpl—y/ F(R) —F)|.. (49) 


In practical calculation, if Pi(mJ—>l’:R) is assumed, F(R) is calculated from the equation (48) 
and Pi(nl-l’:R+6) is obtained from the equation (49). Then the numerical integration can 
be performed by use of the integration formula (47). The correct value of Pimp—d:R) is 
determined so as to satisfy the boundary condition at the origin. 

Since for helium the potential field V(r) effective for an electron is published, we can 
solve the equation (43) for 1s state by the Stérmer-Levy method”. Thus we can estimate 
the accuracy of our method explained above. Thereby starting values near r=0 can be 
assumed to be proportional to the unperturbed wave function P)(2p:r) and the proportional 
constant is to be determined from the boundary condition (41). 

Also for helium, we solve the rigorous equation self-consistently to estimate the accuracy 
of the Sternheimer approximation. In this case the equation (39) becomes 


It ak 2 Yo(1s, 1s:7) 1 ql : 

ps 2 dp? _ : + - + A Timing 

@O(1s,1ls> p:r) (50) 
e : 


=rPi(ls: n= Pils :7) Y 


The second term of the right-hand side of method. First Yi(1s,1s—p:r) is estimated 
this equation represents the perturbation of by use of Pi(ls—p:r) which has been obtained 
the Coulomb interaction energy due to the by the Sternheimer approximation, and next 
applied electric field. This is an integro- the equation (50) is solved by the method ex- 
differential equation which is solved self- plained above. Then, using the solution 
consistently by the successive approximation Pi(ls—p:7r) so obtained, we calculate 
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Y,4(1s,1ls—p:r) again and compare it with 
the former one. This procedure is to be car- 
ried out until the self-consistency is obtained. 


§6. Results and Discussions 
By the method described above the func- 


tions Pi(ml—l’:r) in the Sternheimer approxi- 
mation are calculated for each orbital of the 


Table I. Calculated values of the polarizability 
a in the Sternheimer approximation and contri- 


butions to it from various shells. All values 
are in units A3. 

Atom He Ne Ar 

ls > p 0.220 0.0002 0.00002 

28 > p 0.226 0.011 

2p> 8 0.024 —0.012 

2p > d 0.365 0.006 

3s > p 0.829 

3p > s —0.486 

3p > d 2.056 

Total 0.220 0.615 2.404 

Table II. Values of the polarizability a calculated 

by various methods and experimental ones. All 
values are in units A3, 

Atom He Ne Ar 
Kaneko (S)® 0.2205 0.615 2.40 
Kaneko (S.L)») 0.2200 — 

Kaneko 0.196 —_ 

Sternheimer® 0.224 == 

Dalgarno®) — 0.38 

Variational method 0.218 2.038) 
0.736) 2.909») 

Statistical model) =: 2 Ol 2.88 

Experimental 0.398%) 1.636 


0.207) 


a) Values calculated by the Sternheimer approxi- 
mation. 

b) Value calculated by the Stérmer-Levy method. 

c) The most rigorous value within the Hartree- 
Fock approximation. 

d) See reference 9). 

e) See reference 11). 

f) Value calculated by Wikner and Das see 
reference 7). 

g) Value calculated by Pople and Schofield see 
reference 6). 

h) Values calculated by Bravin see reference 5), 

i) Values calculated by Gombds see reference 26). 

j) See reference 23). 

k) These values are taken from reference 24). 
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atoms. In the course of numerical calculation 
the Parametron Computor PC-1 has been 
employed to solve the equations (43). 

After the perturbations Pi(ml—l’:r) have 
been obtained, the integrals [nl 1’) are evalu- 
ated, and the polarizability a is calculated 
from the equation (20). The results of the 
calculation are presented in Table I. Contri- 
bution of the outermost shell to the polariza- 
bility a is predominant, as already mentioned 
by Pauling?», Buckingham” and Sternheimer®?. 
For neon values of the present author are 
obtained by use of the unperturbed wave 
functions found by Brown!®, who takes ac- 
count of the exchange interaction only between 
2p electrons; his wave functions are more 
loosely bounded than the exact solutions of 
Hartree-Fock equation. Owing to this char- 
actor of the unperturbed wave function, our 
value of the polarizability is expected larger 
than the value obtained by the more rigorous 
unperturbed functions. After the calculations 
are over, we find a new solution of Hartree- 
Fock equation for neon obtained by Worsley?” 
and the calculation of the polarizability by 
Dalgarno and Parkinson"? who used an ana- 
lytic wave function adjusted so as to approxi- 
mate the Worsley’s function. Their values 
are cited in Table II, agreement with the ex- 
perimental value being very good compared 
with ours. By comparison between the two 
values for neon, we see that the accuracy of 
the calculated value of the polarizability de- 
pends sensitively on the accuracy of the un- 
perturbed wave function used. 

For comparison’s sake, the experimental 
values" and the values calculated by dif- 
ferent methods from ours are shown in Table 
IJ. For helium, a calculation was made by 
Sternheimer® with use of Léwdin’s®» analyti- - 
cal function which was an approximation to 
Hartree’s wave function; and as an example 
of the variational method to this problem the 
value calculated by Wikner and Das” is quot- 
ed. For neon and argon the calculations were 
made by use of the variational method by 
Bravin® and Pople and Schofield, and by 
use of the statistical model of atoms by 
Gombas?®, 

For helium a calculated value of the polar- 
izability obtained by the Stérmer-Levy meth- 
od?” for the perturbed wave function is also 
shown in Table II as Kaneko (S.L). The 


ances. 
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agreement between calculated values by both 
methods is very good, so we can suppose the 
error resulted from using the integration for- 
mulae (46) and (47) to be at most few per 
cent for neon and argon, even if we consider 
the fact that they have wave functions with 
nodes in contrast to helium which has only 
nodeless ls wave function. 

Also for helium the calculated value of the 
polarizability obtained by use of the solution 
of the equation (50) is shown in Table II as 
Kaneko. This is the most rigorous theoretical 
value of the polarizability for helium within 
the limits of Hartree-Fock approximation. 
From this result we see that the rigorous 
theory gives the polarizability about ten per 
cent smaller. Hence we may deduce from 
this result that if we take account of the 
influence due to the perturbation of the inter- 
electronic potential energy the Sternheimer 
approximation will be improved considerably. 
We are new planning to solve the integro- 
differential equations (39) and (49) for neon 
and argon. 


In conclusion the author wishes to express 
his sincere thanks to Prof. T. Kihara for his 
continual guidance and for his kindness in 
reading the original manuscript, and to Prof. 
M. Kotani for many suggestions and guid- 
Thanks are also due to Prof. H. Taka- 
hasi and members of his laboratory for helps 
in programming and operating the Parametron 
Computor PC-1. 


Note added in proof. The polarizability for 
helium has just been calculated in a similar 
way by A. Dalgarno: Proc. Roy. Soc. A, 251 
(1959) 282. 
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Multidimensional Configuration Space 
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In order to explain the 3050A and 4750A emissions of KC1:T1 phosphor 
which are raised by excitation in any of the absorption bands, a multi- 
dimensional configuration coordinate model is introduced. This is achieved 
by taking into account the Jahn-Teller effect for the excited states of 
the thallium ion. The Jahn-Teller effect is treated by means of an 
intermediate coupling scheme within the 6s6p configuration, because the 
mixing of the *P and 1P states by the spin-orbit interaction is essential 
to understand the optical properties. It is shown that introduction of a 
tetragonal distortion of the emission center is able to explain the lumines- 
cence processes of this phosphor both semi-quantitatively and qualita- 
tively: Under the tetragonal and trigonal distortions, both the crossing 
of the pure spin singlet 1P and triplet 3P curves and the appearance of 
two minima in the 3P, energy curves are expected. The former accounts 
for the non-radiative transition from the 1P, state to the *P; state and 
the latter does for the two emission bands. The two types of distortions 
are equally able to give semi-quantitative agreement of the relative 
strengths of the absorption and emission bands with experiments, but 
only the tetragonal distortion explains the polarization of the 3050A 
emission observed. 

Finally Johnson and Williams’ model is criticized. 


§1. 
Alkali halide thallium phosphors have been 


Introduction and Williams” have derived a similar curve 


from the experimental data. The curve thus 


widely investigated by many authors, because 
they are physically simplest among lumines- 
cent materials. Among them, KCI: TI has 
been most fully examined. In a potassium 
chloride crystal, a thallium introduces two 
clearly resolved absorption bands peaking at 
1960A and 2490A with subsidiary one at 
2060A and two emission bands with peaks at 
3050A and 4750A. Excitation in any of the 
three absorption bands results in emission in 
both two emission bands. 

Seitz? has suggested that the 1P,, 3P. and 
5P, excited states of the Tl* ions, suitably 
modified in the crystal, are responsible for 
the 1960A, 20604 and 2490A absorption bands 
respectively. More recently Williams» has 
calculated energies of the 1S) ground state 
and the *P; excited state by using the pro- 
perties of the free ion. The energies are 
given as a function of the distance da 
between the thallium ion and the neighboring 
chlorine ion in the one-dimensional configura- 
tion coordinate. For the 1, state Johnson 


derived intersects with the *P, curve near 
the minimum in order that the emission by 
excitation in any of the #7; and 17 bands 
may take place. 

If the similar treatment to Williams’ is 
also applied to the 'P; curve, however, it 
would not intersect with the #P, curve but 
be nearly parallel to it. The reason is that 
his treatment does not involve the spin effects 
explicitly. In facts, using the same mathema- 
tical calculation as Williams’, Knox and 
Dexter® have found that the 'P; curve simply 
displaces upward by about three electron 
volts from the *P; curve. Thus, insofar as 
spin effects may be neglected, the one-dimen- 
sional configuration coordinate model will not 
be suitable for explaining the experimental 
facts. 


The purpose of the present investigation is 
to propose an alternative way to explain the 
experimental facts by considering the Jahn- 
Teller effect of the excited states of the 
thallium ion. In doing so, it is necessary to 
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introduce multidimensional configuration co- 
ordinate curves for these states. The excited 
states with the 6s6p configuration in cubic 
crystals have orbital degeneracies. Therefore, 
they undergo the Jahn-Teller effect to remove 
the degeneracies. Opik and Pryce) have 
already considered such a Jahn-Teller effect 
only for the *P state. In the thallium ion, 
however, the departure from Russell-Saunders 
coupling is considerable and the mixing of 
the *Pand 1!P states by spin-orbit interactions 
is essential to understand the optical spectrum. 
Therefore, we deal here with the Jahn-Teller 
effect of the excited states by means of an 
intermediate coupling scheme. 


The Secular Matrix for the Excited 
State (6s6p) 

We take the following Hamiltonian for the 
excited states with the 6s6p electron con- 
figuration : 


§ 2. 
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i=12 
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(2.1) 


where v(7:) is the potential energy due to 
core electrons and thallium nucleus, Verys(7i) 
that of the cubic crystal field* to which 6s 
and 6p electrons are exposed, /;-s; the spin- 
orbit interaction, W the term of the Jahn- 
Teller effect and V the quasi-elastic potential 


energy. In our treatment, Vcrys is considered 
to include all the effects computed by 
Williams. 


If we restrict our attention to the thallium 
ion and its six neighboring chlorine ions, 
even vibrations of the system are Ai, Ey and 
T2, whose normal coordinates are expressed 
by (Q1), (Q2, Qs) and (Qu, Qs, Ys) respectively. 
They are given in Fig. 1. Then, W and V 


are expanded in terms of these normal co- 
ordinates as follows: 


eTi* 
0 Cll 


Pagnell 


W= ViQ14 V2Q2+ V3Qs+ VsQat Vs Qs+ ViQe, 
V=1/2-aQ?+1/2- BQ? +") (2.2) 
+1/2-7(Q2+Qs?+Q6"), 
where Vi’s (=1,..., 6) represent the coupling 
between the electrons and nuclear displace- 
ments. Since the term of Q; in W appears 
equally in all the diagonal elements of the 
secular matrix for &, it will be included 


in Verys aS Verys (r,@Q1), which has already 
been calculated by Williams. 

The excited states with the 6s6p configura- 
tion consist of three triplet states *Py, *Py 
and 3P, and one singlet state 'Py. Let |ZS/M> 


* The cubic crystal field can be expanded in 
terms of Cubic Harmonics. s and : electrons feel 
only the first term, the spherically symmetric one, 
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Table I. The matrix elements of the Hamiltonian (2.1). The diagonal 


AS 8P, 
i 1 0 a 2F, : 1 
0 0 Lesion 
ees — = B(Qs —71Q4) “SB sau ee BQs ? 9 P\ws— U4 
aoe ‘ 23 4 3 3 
E3— 2,72 18s #5 5 7@BQs- #Q) tigen ae 0 | see FZ AQs | 
E ea 76 eR — 1Q4) v3 49 + 7 BQs v3 BQ +74) 
3 a Aes 2/6 4 cuanVal: * : 5 4 
3 1 : 3 i 
E3— 3,79 48 9g Bs — 1s) - 27g AG 9 BGs 
By+4/5AQs 0 
tebe 
Ei, 2/2 AQs3 


be the eigenvectors of these states. Thenin trigonal axis of the crystal and V’s=1/7/3- 

terms of these eigenvectors the secular mat- (Vst+Vs+Ve). E’s are given by 

rix for & is given as Table I shows, where PaReE ee 

we have omitted the common terms cis gay ee 
E,=Fo—Gi—1/2-€p , 


py Verus(Vis Q1)+ V (2.3) 
’ ; Lae E:,=Fy—Git1/2-Cn ’ (2.5) 
in the diagonal elements to save space. hare 
In the table, the constants A and B are 
defined in terms of eigenvectors |1,m> of and Gi being Slater integrals, €» a con- 
the single p-electron as follows, stant of the spin-orbit coupling for a 6p- 
Ae Wi be 0h Ose electron. It should be remarked that these 
B=y3/2-<1,0|0'e| 1.0 we constants are considered not to be those of a 
=V 3/2-<1,0| o'6|1,0> , (2.4) free thallium ion but of a thallium ion in the 
vz; and v’s being the single electron part of crystal. Therefore, as we shall see later, 
Vs and V’. respectively. In the expression they are determined empirically in our 
of B, the quantization axis is referred to the theory. 
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elements of the term Verys(11,Q1)+V are omitted to save space. 
3P, | 3P, | LP, 
0 =! : 0 | 1 0 ~1 
$4Qt HB 2 10, ot BO, | 
Qs Qe 0 if ZAQat 7g BQs | 0 0 0 
pias pow: y last | 
2/2 (Qs —7Q4) 9 55 AQ: +— 7 BQs 73 Kas — 10s) 0 0 0 
0 ¥3-BQs~ iQ) Y¥3AQ | 0 0 0 
7gha+ian 3/229 BOs+iQ) 
only mass 1 ; 3 
2 at Qs —~ZB@s +21) [FAQ 7 3 PQs 0 0 0 
1 B(Qs—iQ wale A a, | et p 0 0 
2y/ 2 5 ~ UQ)4) 2/2 Qs» 2 Bes, 0 V2 
BY 0 0 a= 0 
ASI ae iad BBs iQ) re 
3 0 ei: 
ea 4 : Va? 
Ey 0 0 0 
praaleng io 1c siete tere 
wt / FAQs -pyBQs-1Q) FFAG +iBOQs 
= 1 5 
E4—v 6 AQs 79 B (Qo 194) 
ey 
Eig+ a AQs 
§3. Multidimensional Configuration Co- to two 3-dimensional, two 2-dimensional and 


ordinate Energy Surface 
The secular matrix of (2.1) has 12 dimen- 


‘ sions and so it is difficult to solve it generally. 


In this paper, however, we confine ourselves to 
the cases of special distortions, that is, tetra- 
gonal and trigonal distortions of the octahedron 
TI*(Cl-)s. For these cases the matrix can be 
solved rather easily. Such a treatment seems 
to be justified by Opik and Pryce’s proof® 
that the energy of the stationary point of a 
lower symmetry always lies between those 
of the tetragonal and trigonal stationary 
points for the P-state. 

For tetragonal distortions, we can put Q2= 
Qi:=Qs=Qs=0. Then the matrix is reduced 


two 1-dimensional matrices. From _ these, 
arise four non-degenerate and four doubly 
degenerate energy levels. 

The results of trigonal distortions turn out 
to be equivalent to those of tetragonal distor- 


tions if one replaces A with —7/ 2/3-B, Qs 


with Q’s=1/VY 3-(QitQs+Qs), 8 with 7 and 
takes the trigonal axis as the quantization 
axis. It is, therefore, sufficient for us to 
discuss only the case of the tetragonal distor- 
tion. 

In order to solve the secular matrices and 
illustrate the multidimensional configuration 
coordinate energy surfaces of the excited 
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states, it becomes necessary to know the 
values of the parameters Gi and €». Since 
the orbital functions of the 6s and 6p elect- 
rons are considered to be significantly affected 
by the surrounding ions, values of the para- 
meters G; and €, are determined so as to get 
the best fit of relative positions of the 'Pi, 
3P, and *P; crystal states to the observed 
three absorption peaks (1960A, 2060A and 
2490A) instead of using values of a free 
thallium ion. They are given in Table II. 


Table II. The values of G,, ¢p, 2 and Fans 
determined by various methods 
a Free ion Free ion Williams | | 
(Hartree) (Matched ai Ours. Obs. 
a with exp.) ; | 
G, | 1.70; eV 1.04 —0.10; 0.204 
Cp 0.649 eV 1.015 iLO 0.765 
A (1.00) 0.87, 0.87 (1.00) 
Ravs | 184 27.8 2 3.9 5 


Then, using these values of Gi and €», we 
can obtain configuration coordinate curves 
without quasi-elastic terms for the excited 
States in a sub-space (Q:-space) by taking 


X=)/ 6/2: AQ; as abscissa. These curves are 
illustrated in Fig. 2. This figure is consider- 
ed to represent a section of the multidimen- 
sional configuration space passing through a 
fixed Q@:-point* and being perpendicular to 
the ordinary one-dimensional configuration 
coordinate space (Q:-space). In Fig. 2, only 
the relative energies among the excited 
states are given and those to the ground state 
are out of our consideration. Each energy 
curve is designated by the notation &™ ac- 
cording to the quantum number SLJM as- 
sociated with it at Q;=0. The superscript 
M isa good quantum number even at Q3-+0 
and the subscript 7 is arranged in such a way 
that 7=1, 2, 3, and 4 correspond to ‘Pi, 3P,, 
3P, and *P respectively. The dashed lines 
associated with &:*!, &°, &*! and &;9 states 
show the energy levels of the corresponding 
states obtained by neglecting the non-diagonal 
elements of the secular matrix. They are 
important to discuss non-radiative transitions 


* When we use ‘the configuration coordinate 
curves in the @3-space for the comparison with 
experiments, a fixed Q,-point should be considered 
as the stationary point in the Q1-space. 
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from the 1P, curve to the *P; curve as seen 
later. 

As pointed out in the first section, Verys 
(r, Q:) is considered to cause parallel shifts 
of the excited states, if it is independent of 
the spin associated with these states and if 
all the states are constructed from the same 
s- and p- crystal orbitals. Therefore, as far 
as we deal with the relative energies among 
the excited states as treated here, it is not 
necessary to calculate Verys (7, Q:).** 

When one attempts to complete the con- 
figuration coordinate curves by adding the 
quasi-elastic term V=§/3A?-X? to the curves 


x tl 
aS €& 
= Energy 
“_--£2 
'R sa 

lev ; . : RQ a et! 
ee — fe) 
ae Ee 


'P\ 


xmin2 €$ 
SR xmint 0 
$Po 4 
-0.5 -0.25 Oo 0.25 OS X (ev) 
Fig. 3. 


*k Of course, Verys(7,@Q1) has a different form 
for each of the P excited and S ground states. 
Therefore, in case that the relative energies of the 
excited states to the ground state should be dealt 
with, it will become necessary to know Verys (r, Q1) 
together with fp, as was done by Williams.» 
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of Fig. 2, it becomes necessary to know the 
value of 8/A?. This parameter is determined 
empirically by the method which will be 
described in the next section. The curves 
thus completed are given in Fig. 3. In this 
figure, we can see that the *P, state has two 
minima, X™"1 and X™™2, at the positive 
and negative sides of X respectively. 


§ 4. 
(4.1) Assignments of the emission bands 

The energy levels expressed by dashed 
lines of Fig. 2 repulse each other at the 
crossing region and curve into &™” and &3”, 
because there exist non-diagonal elements 
between the states corresponding to these 
lines. The electronic wavefunctions, there- 
fore, depend strongly upon Q:; in the neigh- 
borhood of the crossing. This fact will be 
responsible for non-radiative transitions 
between the &,”% and &3” states.” Hence, we 
may reasonably suppose that the luminescent 
center relaxes to the respective minima of 
the energy levels &3*' and &3° after being 
excited in any of the 1960A and 2490A ab- 
sorption bands. Since the energy levels &3*! 
and &3° contain the !P; character by virtue of 
the spin-orbit interaction, emissions are 
allowed from both &3*1 and &3° levels. More- 
over, we can see that, since the absolute 
value of X™™"1 is larger than that of X™™? 
(see Fig. 3), the emission from the minimum 
X™in2 of the &3° excited level will locate at 
the shorter wavelength side than the other 
when we assume the parabolic dependence 
of the ground state upon Q3. This feature is 
considered to be general because it is valid 
for any reasonable values of the parameters 
assumed. Hence, we assign the 3050A and 
4750A emissions to the transitions from the 
stationary points X™"? and X™™1 respec- 
tively. 
(4.2) Quantitative comparison 

In order to justify the values of the para- 
meters €» and G: determined in the previous 
section (Table II), the ratio of the oscillator 
strength of the 1960A absorption to that of 
the 24904 absorption, Rars, is calculated by 
using these values. Such a ratio has been 
calculated in various ways by several authors. 
Knox and Dexter’) computed this ratio by 
using Hartree’s wavefunction of the gaseous 
Tl* ion, and they found that the result was 
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considerably larger than the experimental 
one. This clearly means that the wavefunc- 
tions are significantly deformed in the crystal. 
More recently, the ratio was calculated by 
Williams et al? by using for €» the free ion 
value and for G; the value determined to fit 
the relative positions of the 1P, and *P, cry- 
stal states to those of the observed absorp- 
tion peaks 1960A and 24904. The reason 
they mentioned was that, though the wave- 
functions were modified in the crystal from 
those of the gaseous state, the change would 
not be significant in the vicinity of the thal- 
lium nucleus where the value of €» had to be 
almost determined. This, however, seems to 
be unreasonable, because the wavefunctions 
in the vicinity of the nucleus will also be 
affected by the change in the normalization 
constants of the wavefunctions caused by a 
deformation of the tails of the wavefunc- 
tions. All these calculated values of the ratio 
are collected in Table II together with those 
of the parameters €, and G: used. The ratio 
we have obtained shows the best agreement 
with the experimental one. 

The ratio of the transition probabilities of 
the two emissions* is given by expanding 
the wavefunctions at X™™1 and X™™2 in 
terms of gu, ¢2 and #3, eigenfunctions of the 
1P;,, >P, and *P, states respectively, as fol- 
lows, 


3! = a3*1(X™in1) Qi Og CX ae) ib: 
+ce3tl(Xmint) ds, 
3° = a3°(X ™n.2) hy +063°(X™22) 3 ; 
and by inserting a;° and as3*! into the follow- 
ing expression, 
3° (Ceainay2 V3050° 
2a3*} Cxea 2 Var750° a 


v30e0 and vars) being the frequencies of the 
3050A and 4750A emissions respectively. 

Determination of the stationary points 
X™n1 and X™™2 is achieved by adjusting the 
single parameter 8/A* so as to make the 
energy difference of the two excited levels at 
Xm™int and X™™2 to be 0.02eV, which has 
been experimentally obtained from the tem- 
perature dependence of the ratio of the two 
emission strengths. 

At these stationary points, the expansion 


(4.1) 


(4.2) 


Share ad 


* These emissions are considered as spontaneous 
emissions. 
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coefficients in (4.1) are computed as 
a3*(X™™1)=0.27, as X™?)=—0.41¢ 
bs*1(X™1) = —0,394  ¢3°(X™!™) =0.905 
es? '(X™91) = —0,87, 
which give 
(calc.) (obs.) 
Sr 6. 


The quantitative feature that the 3050A 
emission is stronger than the 4750A one is 
thus explained. 

The values of Q3™™! and Q3;™™? which 
correspond to X™™1 and X™™? respectively 
are obtained by seeking separately the values 
of 8 and A in B/A?. The vibrational fre- 
quency of the excited state responsible for 
the emission has been given as »%.=4.6x 10" 
c/s from the observed band widths of the 
3050A emission band both at low and high 
temperatures. If we assume the » to belong 
to the E, mode of vibrations, the force con- 
stant B is given by the formula, @=(27)? 
ve2M, M being the mass of the single Cl* ion 
as far as we deal with the T1*(Cl-), octahed- 
ron. Then, using the empirical values of v. 
and $/A?, we find @ to be 0.86 and |A| to be 
0.37, where a.u. and eV are used for the 
units of length and energy respectively. From 
the X™" and |A| thus determined, |Qs3™™1| 
and |Q;™™?| are given as follows 

[Ose 077 aa 1Q32?|=0.35 aut 
These values are of the order of magnitudes 
of vibrational amplitudes and considered 
reasonable. 

Let us turn to the case of the trigonal 
distortion. In this case, we assume the em- 
pirically determined ». to be the frequency of 
the 7, vibration. Then, Y is connected to 
the ». by the formula, y=(2z)? v?M/4, which 
gives 7 as y=§/4. Bearing in mind the fact 
that the previously given discussion on the 
assignment and relative intensities of the 
emission bands is valid also in the case of 
the trigonal distortion if we assume the rela- 
tions X=—1/,/3-BQs, V=37/2B?-X? and 
37/2B2=6/3A?, the value of |B| is derived as 
|B| =3/2,/2-|A|=0.39. Then we find the rela- 
tion 1Q6’|=)/ 2 |Qsl. 

Theoretical estimate of the values of A 
and B is feasible, if one restricts himself to 
the Tl* (Cl-), octahedron and adopt a point- 
charge model, in which the effective charges 
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of the central positive ion and the surround- 
ing negative ion are assumed to be +1 and 
—1 respectively. Then A and B are given 
in the a.u. by the following formulae. 


A=—Y 2/10R?:(67?/R?—2574/R4), 
B=3/5R?-(27?/R?—5r4/R*) y (4.3) 


where 7? and r4 denote respectively the mean 
square and mean fourth power radius of the 
6p orbit. 

In order to estimate A and B numerically, 
we evaluate 7? and r4 by using the numerical 
Hartree’s 6p function of the excited gaseous 
Tl* ion. R is the distance between the TI* 
and Cl- ions and assumed here to be the 
lattice constant of the pure KCI crystal. 
Then, from the numerical values, R?=35.16 
a.u., 7?/R?=0.442 and 7#/R!=0.313, we get the 
following values for A and B in the unit 


previously used for the empirical values of 
A and B. 


we B 
Calc. 0.56 rer) eae 
Emp. +£0.37 =0,39 


These values show fair agreement with those 
determined empirically. Since the model 
adopted here is a crude one, we cannot decide 
at this stage any preference between the te- 
tragonal and trigonal distortions. 


(4.3) Polarization of the emission 

Recently Klick and Compton” have found 
that at liquid helium temperature the 3050A 
emission shows polarization by excitation 
with the polarized light of the 24904 absorp- 
tion band. According to their result, the 
emission shows most remarkable polarization 
when the electric vector of the exciting light 
is oriented along the cubic axis of the KCl 
crystal and it is polarized in such a way that 
the emission is most intense when the elect- 
ric vector of the emitting light is parallel to 
that of the exciting light. The polarization 
disappears at liquid nitrogen temperature. 

Such an experimental fact may be accounted 
for by our model as follows. Let us take the 
(001) axis of the KCl crystal as the z-axis and 
suppose that the exciting light is polarized 
along this axis. In our model, the tetragonal 
distortion has three equivalent sets of distor- 
tions corresponding to the tetragonal axis 
being along the x-, y-, or z-axis of the crystal. 
Let d-A be a name of the distortion where the 
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tetragonal axis being along the z-axis, and 
d-B, d-C names of the distortions where it is 
along the x- and y-axes respectively. The 
excitation polarized in the z-axis causes the 
transition to the &3° level for the d-A distor- 
tion and transitions to the &3*! level both for 
the d-B and d-C. Since the transition from 
the stationary point X™™2 of the &3° level has 
been ascribed to the 3050A emission, such an 
excitation will stimulate the 3050A emission 
polarized in the z-axis. At the same time, it 
will stimulate the 4750A emission which is 
polarized to some degree but not so perfectly 
as the 3050A emission is. The reason is that, 
since the &3*! level is degenerate in our 
model, the z-polarized excitation will stimulate 
the 4750A emission whose electric vector lies 
in the yz- and xz-planes for the d-B and d-C 
distortions respectively. Therefore, if one 
observes the emission light propagating along 
the x-axis, the former is seen depolarized and 
the latter polarized in the z-axis. 

The polarization of the 3050A emission thus 
derived from our model is qualitatively ac- 
cordant with the experimental one, if the 
tetragonal distortion of the emission center 
is assumed. It is evident that the trigonal 
distortion is unable to account for the observed 
polarization. However, there remain some 
questions for the 4750A emission, because 
Klick and Compton have reported that the 
4750A emission is depolarized even at liquid 
helium temperature while our model gives a 
slight polarization in the z-axis. 

Throughout the above-mentioned discussion, 
the effects of lattice vibrations have been 
out of our consideration. It is obvious that 
lattice vibrations act so as to depolarize the 
emission, because slightly split components 
of the levels mix with each other by the 
effect of lattice vibrations so as to smear out 
the anisotropy associated with each com- 
ponent. This means breakdown of an adiaba- 
tic approximation. 

At present, however, we are unable to 
answer the question why the emission of the 
KCI1:T1 phosphor is not perfectly depolarized 
by the effect of lattice vibrations, but we 
should like to mention the following facts: 
The energy of a vibration qnantum in the 
excited states is estimated as about 150cm™ 
from the frequency ». already mentioned, and 
the energy minima of the &3° and &3*1 levels 
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are lower than the energy at Q3;=0 by about 
400cm7' and 240cm-! respectively. 

Therefore, we are able to define one or two 
vibrational levels associated with the electro- 
nic states corresponding to the stationary 
points. 


§5. Concluding Discussions 


As far as one sticks to the important ex- 
perimental fact that both the 3050A and 
4750A emissions are stimulated by excitation 
in any of the absorption bands, it becomes 
necessary to set up two minima on the low 
lying *fy curve or its ‘‘progeny’”’ before it 
intersects with the ground state energy curve, 
and to let the emission center excited by the 
1960A absorption light relax to the *P, pro- 
geny with high efficiency. 

In Johnson and Williams’ model, such a 
requirement is fulfilled by depressing the !P; 
curve across the #P; curve. In our model, 
the two minima of the *P, curve are natural- 
ly derived by considering the splitting of 
this level by the action of the Jahn-Teller 
effect. Furthermore, the crossing of the 1P, 
and *P, curves, though it does not really 
occur because of the repulsion due to spin- 
orbit interactions, is caused by such situation 
that the dependence of the M component of 
the 1P, state upon Q;, apart from the non- 
diagonal elements of the secular matrix and 
the quasi-elastic term, is equal to that of the 
corresponding MM component of the *P; state 
multiplied by minus two. This situation was 
illustrated in Fig. 2 by dashed lines. The 
crossing of the two states is important for 
the emission center in the excited 1P, state 
to relax to the *F; state with high efficiency. 

As pointed out in the first section of this 
paper, insofar as one may neglect dependence 
of the effects of the surroundings on the 
spin associated with the excited states of the 
thallium ion, the *P; and 'P; curves will be 
nearly parallel. Then it is clear that Johnson 
and Williams’ model is not suitable for this 
problem. We cannot, however, exclude the 
possibility that the surroundings would cause 
the effects on the thallium ion depending 
strongly upon its spin. Such effect might be 
interpreted as follows: Let us consider the 
excited states in which an electron is trans- 
ferred from one of the neighboring chlorine 
ions to the thallium ion and makes a homo- 
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polar cevalent binding between the thallium 
and chlorine atoms. There are six equivalent 
such excited states corresponding to the six 
equivalent chlorine ions. Then, taking into 
account a resonance among these states, we 
obtain the 'Aiy, ‘Ti. and 1, states as the 
group theory shows. If the 171. state thus 
obtained has energy comparable* to that of 
the 1P state of the TI* ion, configuration 
mixing can be interpreted as the effects of 
the surroundings on the thallium ion depend- 
ing strongly upon its spin. 

The above-mentioned discussion seems to 
show that a definite preference of one model 
over another should be given in a more ad- 
vanced stage where detailed calculations of 
the 1P, state as a function of the Q: configura- 
tion coordinate have been performed. At the 
present stage, however, our model would be 
more interesting than Johnson-Williams’ 
because of the theoretical fact that the Jahn- 
Teller effect has always to act on degenerate 
levels and of the experimental fact that the 
3050A emission is polarized at liquid helium 
temperature as expected from our model. 

It ‘would also be interesting to point out 
Patterson and Klick’s finding that the treat- 
ment of one-dimensional configuration co- 
ordinate curves cannot account for all the 
absorption and emission data in a self-con- 
sistent way. That is, the ratio of the fre- 
quencies of vibrations in the excited and 
ground states can be empirically determined 
in two ways; one is from an analysis of the 
temperature variation of the emission and 
absorption band widths, and the other is from 
the ratio of the low temperature band widths 
of the absorption and emission bands. They 


* In pure crystals, the energy required for an 
electron to be transfered from a chlorine ion to a 
neighboring potassium ion is considered to corres- 
pond approximately to the energy of the first ex- 
citon peak, 7.6eV.. If the potassium ion is sub- 
stituted by a thallium impurity, the required energy 
will change by the amount of the difference between 
the first ionization energies of potassium and thal- 
lium atoms as far as lattice distortions induced by 
the substitution are neglected. By using values 
4.3eV and 6.leV for the ionization energies of 
potassium and thallium atoms respectively, the 
energy required for KCI:T1 is given as 5.8 eV. 
Though this does not include the energies of re- 
sonance and spin-pairing, it is comparable to the 
energies of the absorption bands of KC1:T1. 
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have found that such two ways give different 
results. Then they discussed that this self- 
inconsistency might be related to such ap- 
proximation as the use of a one-dimensional 
configuration coordinate model. This self- 
inconsistency might be avoided by the use of 
a multidimensional configuration coordinate 
model like ours. 

Finally we should like to notice that no 
attempt has been made in this paper to 
explain concentration dependence of the rela- 
tive intensities of the 3050A and 4750A 
emission bands and the slight difference of 
their excitation spectra. These effects might 
be interpreted to be due to interactions 
between thallium ions. In any way, it seems 
impossible to interpret these effects, especially 
the former, by using any models which treat 
only the single thallium ion. 


Note added in proof 


Recently Williams and Johnson (Phys. Rev. 
113 (1959) 97) have reported a newly revised 
model. They assume the following empirical 
relation, for the energy curves of the pure 
spin states in a configuration coordinate 
space. 

E=n1(q— qo)? +722(—Go)* + Eo ’ 

q being a configuration coordinate. Then, 
the parameters go, Eo, 71 and 7, are suitably 
adjusted after including the spin-orbit interac- 
tion so as to give the energy configuration 
coordinate diagram which explains reasonably 
many experimental informations. The es- 
sential point of this will be in that the energy 
curves of the pure spin singlet and triplet 
states intersect with each other. In this 
sense, the revised model is not different from 
their earlier one, but entirely different from 
ours. Therefore, the discussion given in the 
last section of our paper can also be applied 
to the revised model. 
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The photoconductivity and luminescence of additively colored KCl 
crystals by excitation with light in the F band were measured at room 


temperature as a function of the M center concentration. 


With the 


growth of the M band, the photocurrent decreased, while the emission 


intensity increased. 


This result would suggest that for a crystal con- 


taining M centers the photoconductivity due to the F center and the 
luminescence due to the M center are the competing processes in the 


excited state of F centers. 


§1. Introduction 

The potassium chloride crystal containing 
only F centers luminesces by excitation with 
light in the F band at low temperatures 
below about —50°C!”. The emission inten- 
sity, increasing rapidly with the decrease of 
temperature, attains a saturation value at 
about —180°C, and in some cases its quantum 
efficiency attains as high as 0.9. 

On the other hand, this crystal shows 
photoconductivity above —180°C by irradia- 
tion with the F light, and the photocurrent 
increases with the rise of temperature.” 
These two phenomena, i.e. the photoconducti- 
vity and luminescence of the F center are 
interpreted as the competing processes with 
each other in the excited state of the F 
center. 

When a crystal contains only the F band, 
nearly all of the excited F centers are con- 
sidered to be ionized at room temperature. 


This may be confirmed by the analysis of 
temperature dependence of luminescence and 
photoconductivity or by the quantum efficiency 
for the conversion of F to F’.® 

However, if the M band is grown in a 
crystal by irradiating with the strong F light, 
the crystal becomes luminescent even at room 
temperature by excitation with the F light. 

This luminescence, which has a peak at 
about 1.06% is partially polarized perpendi- 
cularly to the polarization of the exciting F 
light and is considered to be due to the M 
center. Its quantum efficiency, increasing 
with the increase of M center concentration, 
attains about 30 percent of the efficiency of 
the F emission observed at low temperatures 
for the same crystal containing only F 
centers.” 

The mechanism, by which the energy 
absorbed by the F center is emitted as the 
luminescence of the M center has not been 
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fully understood as yet. For this problem it 
may be useful to investigate the relation 
between the luminescence and photoconduc- 
tivity. 

When the M band is grown in the crystal, 
it is expected that the ionization probability 
of an excited F center decreases at room 
temperature, because the considerable amount 
of the absorbed energy by the F center is 
reemitted as the luminescence as described 
above. 

Therefore, the photocurrent which here 
means the product of quantum efficiency 7 
and Scubweg w for unit electric field strength, 
should also decrease. 

However, contrary to this expectation, 
Barth® has recently reported that the photo- 
current induced by the F light at room tem- 
perature is entirely independent of the amount 
of M centers. In his paper no comment has 
been given on the luminescence. But if his 
crystal containing M centers was also lumine- 
scent at room temperature by excitation with 
light in the F band, his result might be ex- 
plained as follows. At least at room tempera- 
ture the absorbed energy by the F center is 
transfered to the M center via conduction 
electrons, or with the growth of the M band 
the Schubweg increases so that the photo- 
current remains constant. If the former is 
the case, the polarization of the M lumines- 
cence is unlikely to occur. 

In order to clarify this point, we measured 
simultaneously the photocurrent and emission 
intensity at room temperature by the excita- 
tion with the F light as a function of M 
center concentration. 


§ 2. 

The experimental arrangement is shown in 
Hioans 
A capacitor was charged with the photocur- 
rent due to electrons released by a flash of 
light (duration is —0.02 sec) and its potential 
rise was determined by a D.C. amplifier with 
an electrometer tube. The minimum detect- 
able charge was ca. 2x10-'* coul. 

In order to avoid the current flowing over 
the surface of a crystal, the so-called block- 
ing electrode arrangement was adopted, i.e. 
a specimen was mounted between two Nesa 
electrodes so that it did not touch the elect- 
rodes. To minimize the effect of space 
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charge, the amount of illuminating light was I 


reduced as far as possible and further, 
between successive measurements the applied | 
voltage was reduced to zero and the crystal | 
was irradiated with light until the photocur- | 
rent in the reverse direction, which flows by | 
the space charge potential, entirely dis- | 
appeared. With these precautions, the results ih 
were fairly reproducible, and the photocur- 1 
rent was quite linear both to the number of | 
the absorbed quanta and the applied voltage. 


X-short-arc lamp 
(D.C. 500W) 


Quartz Monochromator 


macs 


to D.C. amp. 


Photomultiplier 


Fig. .1. 


Experimental arrangement 


For the irradiation, the light from Xenon 
arc lamp passed through a quartz double 
monochromator was used, and the lumines- 
cence passed through an infrared transmitting 
filter (a slice of a Si crystal) was measured 
with a PbS cell. In the case of photo- 
conductivity measurement, the slit width of 
the monochromator was 6 my in wave length. 

The potassium chloride crystal was ad- 
ditively colored and quenched in liquid air 
to remove the bands other than the F. In 
order to create photoelectrons as uniformly 
as possible throughout a crystal, the initial 
number of the F center was controlled to be 
of the order of 3x10-*cm-3, and the thick- 
ness of specimens was about 1mm. 


§ 3. Results and Discussions 


An example of absorption and_ spectral 
photoconductivity curves for the same crystal 
with and without the M band were shown in 
Fig. 2 (a) and (b). 
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From these curves, it may be safe to con- 
clude that the photoelectrons measured in 
our experiment were liberated from F or M 
centers. 

In this case the ratio of the photoconducti- 
vity (yw) due to M centers to that due to F 
centers was calculated as 1/13. This value 
scattered considerably from specimens to 
specimens, but the mean value was 1/10. 
This result agrees with that obtained by 
Barth. The Schubweg w may be the same 
for electrons from F and M centers in the 
same crystal, so this value can be taken as 
the ratio of quantum efficiencies at room 
temperature. 
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Fig. 2. Absorptions (a) and spectral resposes of 
photoconductivity (b) for an additively colored 
KCI crystal 


In Fig. 3, the photoconductivity and emis- 
sion intensity at room temperature for light 
in the F band were plotted against the M 
center concentration. This shows that when 
the M band grows up the photoconductivity 
due to F centers decreases to 1/3~1/5 of that 
for the same crystal containing only F 
centers. 

Of course, we cannot solely ascribe the 


Photoconductivity of the F and M Centers 
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decrease of photoconductivity to the decrease 
of quantum efficiency 7, because the pos- 
sibility of variation of Schubweg w is not 
excluded. However, our result clearly con- 
tradicts with that obtained by Barth and is in 
conformity with the fact that a part of the 
absorbed energy in F centers is emitted as 
luminescence due to M centers. 
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Fig. 3. Photocurrent (A) and luminescence inten- 
sity (B) at room temperature for light in the F 
band vs concentration of M centers. (C) is the 
intensity of luminescence due to the F center at 
low temperature. 


The decrease of the photoconductivity 
seemed to be more rapid than the increase of 
the luminescence, which varied almost linearly 
with the concentration of M centers. This 
might be due to the decrease of Schubweg. 

As to the mechanism of the luminescence 
of M centers, two explanations have been 
proposed, i.e. overlapping of the second M 
band with the F band, or transfer of energy 
from F to M centers by some interactions 
between them. 

In order to get a clue for this problem, 
the efficiency of the F emission at low tem- 
peratures (—170°) was measured for one 
crystal and was shown in Fig. 3. It decreased 
with the growth of the M band, even though 
we take into account the amount of the F 
light absorbed in the second M band hidden 
under the F. This preliminary experiment 
might support the latter explanation, because 
according to the former the efficiency of the 
F emission is expected to be constant ir- 
respectively of the presence of M centers. 
In this case, however, because of the low 
thermal ionization probability of excited M 
centers, the contribution of these centers to 
the photoconductivity by the F light may be 
negligible. 
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Analysis of the spectrum of Hg I resulted in locating the level 5d°6s6p 
1h, in the range 4392—4139 cm-! measured from the ionization limit or 
79792—80045 cm-1! measured from the normal state. The compositions of 
some levels of the configurations 5d%6s?6p and 5d6s6p were calculated. 

The hfs of some lines of the mercury spectrum was measured, using 
enriched isotope as well as natural mercury. The quadrupole moment 
of Hg?01 that was deduced from the hfs of 5d°6s?6p 1D, is 0.43 barn (1 
barn=10-24 cm2), the shielding correction being neglected. If the correc- 
tion is introduced, this becomes somewhat smaller, but is still in reaso- 
nable agreement with the value 0.4, barn that was published previously 
by the author. The agreement seems to indicate that the wave functions 
for the configuration 5d%6s26p given in the present work are accurate 


enough for calculating the quadrupole moment. 
Q(Hg)=0.4, barn, the shielding correction being included. 


I. Multiplet Structure of the Spectrum 
of Hg I. 


§1. 


In the year 1935 the author? published a 
list of the wave-lengths of the spectrum of 
Hg I in the red and infra-red region (this 
work will be referred to as MS 1), and found 
the level 5d°6s6p 1D,=5507.4 cm7! (measured 
from the ionization limit of Hg I). In the 
second paper”) (to be referred to as MS 2) 
further study of the spectrum of Hg I was 
made, and the level 5d%6s°6p *F',=7238.5 was 
found. In the third paper» (to be referred 
to as MS 3) the level 5d%6s°6p *D;=11064.9 
was found. The level 5d%6s’6p 1F; was very 
difficult to detect and the supposition was 


Configuration 5d°6s’6p 


It is concluded that 


made that this level would lie near the 
ionization limit [:F;~0(?)]. It is to be noted 
that the above mentioned symbols for the 
levels of Hg I are only conventional ones and 
have no definite physical meaning. From the 
point of view of their Stark-effect investiga- 
tions, Ishida and Hiyama” discussed the levels 
found in MS1 and MS2 and came to the con- 
clusion that their findings are in agreement 
with the existence of the above-mentioned 
levels. The paper MS3 was overlooked by 
Ishida and Hiyama, and concerning the level 
5d°6s*6p *D; no paper other than MS3 was 
published until recently Lichten® found that 
this level is metastable. 

The purpose of the present chapter is to 
discuss about the level 5d%6s?6p 1; whose 
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Table I. Term-values and effective quantum numbers 
™m : 1? t 6 7 8 9 10 ll 12 13 
m 3P 6944.7 | 4439.1 | 3079.5 | 2259.8 | 1728.9 1364.3 3 1104.0 912.2 | 766.1 
: n* : 3.9749 | 4.9720 | 5.9694 | 6.9685 | 7.9670 8.968 9.971 10.971 11.969 
m 1h, 6942.6 4438.8 3077.6 | 2258.8 | 1728.8 1363.7 OSaG 910.7 765.4 
ee 3.9757 4.9721 5.9713 | 6.9702 | 7.9674 | 8.971 SAL 10.977 1974 
m 3f,— Ts rus : | 
m LPs ell OFS AS 1.0 OM 0.6 0.3 1D 0.7 


position has still remained in doubt. 

In order to discuss the perturbation in 
6smf *F3 and 1F3, the term values and the 
effective quantum numbers are given in 
Table I. They were taken, without any 
change, from MS3, but this time the dif- 
ference of m?F3 and m'F; is also given. As 
was mentioned in MS3, no perturbation can 
be noticed (within the limit of experimental 
error) near the end of the series. The ir- 
regularities in m*f3;—m1F3; for m=9 that are 
noticed in Table I lie outside the limit of 
experimental error and have no _ physical 
meaning. On the other hand irregularities in 


_ mF3—m'F3 for m=6 and 7 are undoubtedly 


meaningful. We may assume that the level 
d’s’p 1F3 lies near and somewhat higher than 
6f:F3. This assumption is also in agreement 
with the solution of the energy matrix for 
J=3 of the configuration 5d%6s’*6p. The com- 
bination 6d!D,—d°s?p 1F3; can be expected to 
appear in the wave-length region somewhat 
shorter than 211885. A search was made for 
unclassified lines in this region on the plates 
which were the basis of MS2, but they were 
too weak to be measured. The wave-lengths 
of the lines in question were therefore taken 
from articles of other authors,°®” and are 
listed in Table IJ. At present it is impos- 
sible to decide which of them really corres- 
ponds to 6d'D,—d’s*p 1F 3, so that we have to 


Table II. Weak unclassified lines shorter 
than 411885 


i 4 (A) y (cm7!) 6 1D,—» 
od* TglgAal pA 8536 4392 
1d* 11599* 8619 4232 
O** 11476** 8712 4139 

* 2 and J according to Masaki and Morita® 


** 2 and I according to Wiedmann and Schmidt? 


be satisfied with the rather vague answer 
that the level d°s*p 1F; lies between 4392 and 
4139 cm7! measured from the ionization limit 
of Hg I, that is, between 79792 and 80045 cm! 
measured from the normal state of Hg I. 


§2. Wave Function of 5d°6s’6p and 5d™6s6p 


In the section §6 we shall be interested in 
calculating the quadrupole moment (Q) of 
Hg™!. For that purpose we need the com- 
positions of the wave functions of the levels 
belonging to the configurations 5d%6s’6p and 
5d6s6p. In Hg I these two configurations 
overlap and must not be considered separate- 
ly. The energy matrix published by Hume 
and Crawford” in the analysis of Pb III will 
be adopted in the present work. The same 
notations as theirs will be used here, except 
that we write € instead of their a. 

The levels of the configuration 5d%6s°6p (Hg 
I) can be assumed to be of jj-coupling in a 
rough approximation. All the levels of this 
configuration converging to d°s”.Ds5/;. (Hg I) 
have been detected, but very few converging 
to ds? Ds. (Hg II) are known at present.° 
It is therefore impossible to get accurate 
parameter values, but we shall see in §6 that 
in spite of this difficulty wave functions 
accurate enough for calculating the value of 
Q can be obtained. 

Fitting the observed levels to the energy 
matrix, the value of ¢(6p) was found to be 
4300 for the configuration 6s6p, and 3700 for 
the configuration 5d%6s*6p. F,=550 and €(5d) 
=6000 were found for the latter. 

Apparently we have 

Fi (dp) =Ki *F(d°p)+ Ka Fash) , 

Ki =0.9793, Ko=—0.202:1, C=215.6 , 


in which 3F,/(d?p) means the wave function 
of the level which we designate as d®s*p?F's 
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for brevity. 

The wave function of the levels with J=3 

can then be calculated. For example, we get 
3D3'(d°p) = Ki 3D3(d°p) + K, 3 F3(d9p) + 
K3\F3(d°p) + Ka 3Fs (sf) + Ks 1Fs(sf) , 

Ki =0.3251, K,=0.7329, Ks3=—0.595s, 

LG —0.038,, K;=0.0812. ( 1 ) 
From this we calculate gi(?Ds;’) to be 1.080. 
This is to be compared with the value 
g/3D3/)=1.0871+-0.0005 observed by Lichten 
and McDermott. The agreement can be 
considered good. 

The level d°p 1D, is perturbed somewhat by 
ds mp?P: (see MS1), but if we neglect the 
perturbation, we get the wave function 
1D,/(d°p) = Ky? P2(d°p) + Ke *D2(d°p) + Ka UD2(d*p) 

+K; *Fi(d°p) , 
ki =0.435s, Ke=—0.5093, Ks 
Ki=—0.333;. 


=0(0.6191, 
(2) 


Table III. g-factors of 6s6p levels of Hg I 


Level pucalcnlaiea) g (observed) | reference 
3P. ils 500 1.5016-+0.0004 10 
3P; 1.476 1.479 13 
1P; L012 1.019 13 


The wave functions for the levels of 6s6p 
were the most difficult to calculate, owing to 
the presence of the perturbation. In deter- 


mining the composition, the g-values publi- 
shed by Nagaoka and Mishima! and Green 


and Loring! were also used. [The g-values 
(see Table III) are listed in the review article 
by Moore]. The value of g(?P2) was most 
accurately measured by Lichten and McDer- 
mott.!° 

In the author’s previous calculation for the 
interaction constant B for *P, Langer’s 
formula for the series-perturbation was used. 
In the mean time this method has turned out 
to give a value of B that is not accurate 
enough for our purpose, so extrapolation from 
Pb III and Tl II has been used. We get in 
this way B=2500. Then the wave function 
for sp*P, is given by 

P2/ (sp) = Ki3 Po(sp) + Ko? Px(d®p) , 

ki=0.996, K2=—0.088. (3) 

From the observed value of g(?P:) we see that 
neither *D.(d%p) nor *F2(d%p) is appreciably 
mixed with *P,(sp), so this was considered in 
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the uncertainty regarding the value of B is - | 


partly eliminated by taking the observed 
value!) of g(?P;) into consideration. In this / 
way we get 
3P\’(sp)= Ki *Pi(sp)+ Ka 1Pi(sp)+ Ks *Pi(@*P) 
+ Ki 1Pi(d%p)+Ks *Di(d°p) , 
Ki=0.906;, Ke=—0.3072, Ks=0.2640, | 
Ki=0.1165, K;*0. (4) ie 

The composition of 'P,(sp) published pre- | 
viously was 

1 P,(6s6p)= Ky *Pi(6s6p) + Ke 'Pi(6s6p) 

+K3 'Pi(6s7p)+ Ka 'Ps(d°p), 

Ki=—0.158, K,=0.883, K3=0.286, | 

Ki=0.336. (5? 
It is somewhat unsatisfactory that the coef- 
ficient of *P,(d°p) vanishes, and this would 
probably explain why the calculated g is 
slightly smaller than the observed g, even if 
allowance is made for the electrodynamic 
correction. 

It is to be remarked that all the wave 
functions that are given here neglect the 
mixing of 5s5d'6s’6p, and therefore they 
predict values of magnetic hyperfine struc- 
ture splittings with rather unsatisfactory ac- 
curacy, so they can be used only for calculat- 
ing Q. 


II. Hyperfine Structure of the Spectrum 
of Mercury. 


§3. Experimental Arrangement 


In a previous paper by Suwa and the 
author (to be referred to ds HF1) the 
regularity in the hyperfine structure (hfs) of 
the spectra of Hg I and Hg II was studied. 
In a later year the author had the chance of 
utilizing an enriched isotope ‘‘196’’ (see Table 
IV), which was suited for studying the com- 
ponents due to the isotopes 204 as well as 
196. The result of the measurement of the 


Table IV. Isotopic constitution (7%) of the 
samples of mercury 
Sample Isotope 
label 196 | 198 | 199 | 200 | 201 202 | 204 
196 | 1.46 | 7.48 | 9.03 {13.15 | 7.87 | 25.24 135.78 
Natural] 0.15 /10.1 17.0 23:3 —|13.2 2956 | 6.7 
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Fig. 1. Enlargement of interference patt 
75461 in this figure was taken using the en 


natural mercury. 


3.2 mm etalon 
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erns in the spectrum of mercury. The picture of 
riched isotope 196. The others were taken using 
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hfs of Hg II 26150, Hg I 45461 and 46123 and 
Hg III 24797 was published (this paper will 
be referred to as HF2). It was found that 
the hfs of Hg III 44797 is especially suited 
for studying the isotope shift, although this 
line could not be excited by the discharge 
using the enriched isotope. Taking the con- 
figuration mixing into account, the value of 
Q(Hg"!) was calculated to be 0.45+0.04 barn 
(1 barn=10-*4 cm?)'® (this paper will be re- 
ferred to as HF3). In a subsequent paper!” 
(to be referred to as HF4) the shielding cor- 
rection was treated somewhat more rigorously, 
and Q(Hg?*!)=0.4,+0.04 barn was deduced. 

The object of the present paper is to 
describe in somewhat more detail the results 
which were obtained by improving the light 
source since the publication of HF1. 

In the experimental investigations that 
were performed in Tokyo, natural mercury 
only was used. A liquid air cooled hollow 
cathode discharge tube was used for exciting 
the lines of Hg I, and a high frequency 
electrodeless discharge tube similar to that 
of Lacroute' was employed for exciting the 
lines of Hg III, Hg II and also Hg I 46123. 
In order to resolve the hfs, a (silvered or 
multi-layer dielectric coated) Fabry-Pérot 
etalon was employed, but in some cases a 
Lummer plate had to be crossed in order to 
avoid overlapping of orders. 

In the investigations that were performed 
in Wisconsin, enriched isotope ‘‘196”’ as well 
as natural mercury were used, a liquid air 
cooled discharge tube having an iron hollow 
cathode being employed. The discharge 
current was extremely small, so only lines 
due to Hg I and the line Hg II 46150 could 
be excited. 

Interference patterns of some 
mercury are reproduced in Fig. 1. 


lines of 


§4. Hyperfine Structure of Hg III 24797. 


The interpretation of the hfs of Hg III 
24797 was given by Mrozowski'® and the 
classification was given by Foster.2” Foster? 
also measured the hfs of this line, but the 
resolution attained by him was not so satis- 
factory. 

The complete resolution was achieved and 
published in HF2, and the hfs together with 
the ratio of the distances of the neighboring 
isotopes is given in Fig. 2; see also Fig. 1. 
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The respective components due to 199 and 
201 do not split practically, so the measured 


Hg II 24797 (5d°6p 23— 5d°65 12) 


200 », 202 
199 Hg Hg 
198_ Hg 201 
Hg ¥ fiages 
“11560 -10746 ~6043 -4293 0 0.5994 cm’ 
: wave number —~ 
be OND, wie — { ——el=- 0.992 —= 
ratio: i 6 ee — 0.992 : 
0135 0,28 % 
Fig. 2. Hfs of Hg III 44797. The accuracy of 


measurement is+0.0012cm~—!. 


positions of 199 and 201 represent their 
centers of gravity respectively. Since the 
isotope shift in 24797 is large, the ratio given 
in Fig. 2 might be regarded as the most ac- 
curate one available since the publication of 
HF2. Blaise, Chabbal and Jacquinot?”? de- 
duced the ratio from the hfs of Hg I 415295 
(7s3S;—d9s?p? Pz). In this line the distance 
200—202 is given as 0.1431 cm~-!, which is to 
be compared with the corresponding distance 
0.6043 cm-! of 44797 given in Fig. 2. 


§5. Hyperfine Structure of Hg I. 


In the previous work HF1, the splitting of 
6p 'Pi of Hg'®® deduced from the hfs of dif- 
ferent lines was somewhat inconsistent ; and 
the splitting 0,175 cm-! was tentatively adopt- 
ed, the final decision pending on future 
detailed study. In the mean time the in- 
consistency was found to be due to the shift 
of some hfs components of Hg, the amount 
of shift depending on the strength of the 
discharge current and the construction of the 
hollow cathode. The discharge current was 
therefore made as small as possible, and it 
was found that the above-mentioned splitting 
is —0.179,cm-! (see HF3). 

The distance F=1/2—3/2 (Hg?!) was mea- 
sured in two lines and the result is 


45769 (6'Pi—6°D;), a—b (Fig. 3, HF1): 


0.042,cm-! 
45790 (6'Pi—6!D:), g—h (Fig. 2, HF1): 
0.0430 
mean: 0.042;cm7-}, 


These values allow us to interpret the hfs of 
44916 accurately ; see Fig. 3. The calculated 
position is in parentheses. The centers of 
gravity of 199- and 201-components were at 
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first calculated. Then the positions of the 
even isotopes were calculated, using the ratio 
given in Fig. 2. The isotope shift predicted 
in this way is in reasonable agreement with 
the observation made by McClung and 
Holmes.?%) 


Hg I 24078 (6p'P - 7s 'S,) 
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Fig. 3. Hfs of Hg I 24916. 
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Fig. 4. 'Hfs of Hg I 24047. 


The hfs of 24047 (6p 3Po—7s*Si1) was studied 
with the utmost care. It was found that the 
shift (accompanied by intensity modification) 
of the hfs components caused by an inade- 
quate discharge condition was most cons- 
picuous for Hg**® (J=1/2), but not negligible 
for Hg?! (J=3/2). Within the limit of ex- 
perimental error no shift of the same cause 
was detected for the components arising from 
the even isotopes. The hfs measured in the 
present work is shown schematically in Fig. 
4. It is almost identical with the resalt 
given in HF1, but the present one is slightly 
more accurate, and also indicates the position 
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of Hg!*, although this could not be measured 
so accurately. 

The hfs of 24078 (6p ?Pi—7s'So) is shown in 
Fig. 5. The hfs splittings of the odd isotopes 
for the lower level 6p*P, can be deduced as 
shown in the figure; within the limit of ex- 
perimental error, they are in agreement with 
those published by Blaise and Chantrel?") 
and by Sagalyn, Melissinos and Bitter. 


Hg I A496 (6p P -8s '5,) 
200 Ho” 


6b ¢ 
(0581 (120,)7C3lz)\ (179,)(.182,) .2251 eri 
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ang (1255) (13%) 1802 
c.g. 199:.119,\ 
{e% 2or: 427 tee Uisesl Be 
8s 5, 1/2 oP ¥2 
a B abe 
1/2 5/2 
124 
6p) 179%, 3/2 " 


Fig. 5. Hfs of Hg I 44078. 


Hg I 25461 (6p B - 78°5,) 
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23.3 286 

10.4 102 gg 
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i 0284 : .0314 (0306) : cm' 

35.78 
Enriched 196| 25.24 
13,15 


748 


{0276 : .0313  ¥ .0307 : cm’ 
wave number —= 
Fig. 6. Result of measurement of the central 
components of 45461. 


The determination of the hfs of 45461 
(6p ?P,—7s3S1) was very time-consuming. The 
main difficulty arises from the fact that the 
Hg??-line has superposed on it a partial com- 
ponent of Hg! that is called 8 in Fig. 6. 
Not only the intensity but also the position 
of 8 is changed by the discharge condition. 
In order to eliminate this uncertainty a very 
weak excitation just sufficient to start the 
discharge was employed. The abstract of 
the final solution was published in HF2. The 
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position of 8 was predicted by measuring the 
hfs splitting of 199 in the line 23654 (6 *P,— 
63D.) accurately. It was fouud that 8 should 
be 0.001; cm- distant from 202 on the violet 
side. This finding makes it possible to deter- 
mine the position of 202 accurately. The 
result of measurement of the positions of the 
even isotope components is shown schemati- 
cally in Fig. 6. 

The hfs of 63P, of the odd isotopes has 
been measured very accurately (with a 
magnetic resonance method) by Lichten and 
his coworkers.?) Assuming that the velocity 
of light is 

c=(2.9979230.000008) x 102° cm/sec, 
their findings can be summarized as 

Ay (Hg, 3P,, F=5/2—F=3/2) 
= 22666.559-+-0.0053Mc. 
=(.7900,00-CM —, 

4y (Hg, °P,, F=7/2—F=5/2) 
=11382.629+0.001 Mc. 
=(0.3796839 cm7’, 

Ay (Hg, 3P,, F=5/2—F=3/2) 
= 8629.522+0.001 Mc. 
=(0.2878501 cm_', 

Ay (Hg! 2P... B=3/2—-F 1/2) 
= 5377.492+-0.002 Mc. 
=0.1793740 cm“. 


These values combined with the hfs of 24047 
make it possible to calculate the positions of 
the hfs components of the odd isotopes in 
45461. This is presented in Fig. 7 in which 


tixlinb dwee§ poe, 8d 
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Fig. 7. Hfs of Hg I 45461 constructed. 
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only the even isotopes and the components 
a, g, f,h and y were measured. Other com- 
ponents were calculated. In Fig. 7 the hfs 
splittings of the lower level are given only 
four decimal places, (although the original 
data given by Lichten et al have far larger 
accuracy), because the accuracy attained by 
the technique of present day spectroscopy 
rarely surpasses this. 

Finally the hfs of 46123 is shown in Fig. 
8, which is, it is hoped, superior to Fig. 6 of 
HF1. This was achieved by use of high- 
frequency electrodeless discharge through 
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B H id Hg 00 ig? 
101 [23.9 ~~ ‘(|29s 
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11 102 5,7 1.1 1128 14.2 5312 Of 
52 4 
637s %5, 1076, 3/2 ~398p 
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Fig. 8. Hfs of Hg 26123. 


mercury vapor of very low pressure, the 
increased intensity and the narrow line breadth 
being favorable for hfs work. The 198-com- 
ponent has superposed on it a partial com- 
ponent of 201, if the resolution is not high 
enough. It was therefore decided to employ 
a 20mm etalon crossed by a Lummer plate, 
but this naturally reduced the intensity very 
much. With this arrangement only the 
components 198, 200, 202 and B® could be 
photographed. The distance 198—200 is now 
0.1941 instead of 0.1886cm7! published in 
HF2. 

The ratio of isotopic shifts of the spectrum 
of mercury calculated by use of data given 
in the present work is listed in Table V, in 
which the results of other authors””™® are 
quoted for comparison.* The ratio can be 
considered to be constant for every line ob- 
served. 


* The positions of the odd isotopes in Hg III 
44797 published by the author in HF2 seems to have 
been overlooked by Blaise.2®) 
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Table V. Ratio of isotopic shifts in the 
spectrum of mercury 


. Isotope 
Line 
196 198 200 202 204 
Hg III 24797 0.912, : 1 0.992 
Hg I 26123 0.9109 : il 0.98; 
Hg I 45461 0.913 1 0.994 
Hg I 24078 0.66 : 0.919 1 0.994 
Hg I A4047, 0.8, : 0.91; 1 0.993 
ighted 
BvesE sh Alea O7Z079 0), 91D, ? ST. "0.992 
ne O76 FOIL ant ae 1.0 
Blaise2®) 0.7 eh OLGOY Fe Wy oe 0) 
Isotope 
Line = 
199—200 : 200—201 : 200-202 
Hg III 24797 O78 0.2895 : 1 
Hg I £4078 0.77, : 0.293 
Hg I 244047 0.773 ; 0.299 
adopted | : , 
tie 0.7783 : 0.289, : 1 
Bitter et , 
ale) 0.795 — : 1 


Blaise?®) 0.79 : 0.29 3 1 


Table VI. Quadrupole coupling constant of Hg?01 


nadt A B B’ Q’ 
whey (cm-1)_|(10-8cm-1)| (10-8cm-}) (barn) 


6p 3P, |—0.111812* 13.322* | 0.27754* | 0.46 


6p 3P, |—0.1816 ~ 8.98 —1.122 0.46 
6p 1P; 0.0443 10.58 1.32 0.42 
d%s2p 1D, |— 0.0220 — 23.0 —0.48 0.43 


* Calculated using the data published by Lichten 
and his coworkers.2® 


§6. Quadrupole Moment of Hg?” 

The quadrupole coupling constant B(Hg?*) 
Orneacn Of.the levels 657; 67,, GP: and 
d°s*p 1Dz is givenin Table VI. The constant 
B given in this table is defined by the for- 
mula of Casimir :? 

A es 

= —— B 

pare SB bar) 


2 
K=F(F+1)—1d4+)—-JJ+)). 
The ‘quadrupole coupling constant which is 
convenient for’ treating experimental data 
and was used by the author in previous 


publications will be denoted by B’ in the 
present paper. Since B’ is given by 


ae Wor K+B’ K(K+1) , 
we have the relation 
B=B’ = 12I-1) J2J-1). 


Use of B instead of B’ has the merit that it 
does not include J and J explicitly. 

The quadrupole moment is given by 

Q B 0.7455 

a E<S3C0S:0—=1 Su5 
cou Fay: (ce) ia 
in which B is measured in units of 10-’cm-}, 
and Q in units of barn (=10-*4cm?)._ >! means 
that the expression should be summed with 
respect to p, d, f, --- electrons. AHA is the re- 
lativity correction, and 4 is the shielding 
correction (radial pius angular corrections) 
introduced by Sternheimer.?” Sternheimer’s 
1/1—R) is our 1+4. Z* is the effective 
charge (in the case of Hg I Z*(6p)=80—5=75, 
Z*(5d)=80—20=60). We shall put #=3 cos? 
6—1 for brevity. The relativity correction 
factors for <v-*> in the case of Hg I are 
R’=1.29;,S=1:56, Ro =1.065,..R2’ =1.228, .S,= 
1.065. 

The data published by Lichten et al? in- 
dicate that Hg?! may have a magnetic octu- 
pole moment, but since at present it is not 
possible to calculate accurately the hfs per- 
turbation of 6'Pi, 6°P, and 6’Po on 6%P2, no 
attempt was made to calculate the octupole 
coupling constant C from their data. 

The method of calculation of Q from 6'P; 
was published in HF2. Using the new wave 
function (3), we get Q’=0.46 barn, where @’ 
means that the shielding correction is ne- 
glected. This value is equal to the one given 
in HF2. 

For the level ?fi1, we have the formulas: 

For sp configuration 


(6) 


(OPylo/r9|3P) = = (—R’ +48) <rp3>, 


2 
CPilo/A Pr) =— Se (R’+2S)<re%>, (7) 


@P, off PP)="GE(R-S)<rs>. 


For pd configuration (for the configuration 
d%p we need only reverse the sign for the 
d-part) 
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ree 


—— (—12R2’ +13 Ro!’ +24S2)< ra? > 
“a0 


——~(11 R’—8S wees 
4 7 (11 <p 
apace 


Sere us (12Ro’ +7R2/’+6S2)<ra?> (8) 


i (R’ +2S)<rp? > ’ 


?Pi|@/73|2P1) 


=o 2) ” (3S = 
oe AR — Rs” —(3S2)<ra 
+2 (R’—S)<rp3> . 


Putting values of R’, S, Ro’, R2’’, S: and Cn 
and €a in the formulas (7), (8) and (4), and 
then together with the value of B?P:) in (6), 
we get Q’=0.46 barn which agrees completely 
with Q’ obtained from 6'P2. 

Blaise and Chantrel? and Sagalyn et al?” 
deduced from 63P; a value of Q’ higher than 
0.5. But this value seems to be inaccurate, 
owing to the use of inadequate wave func- 
tion. 

The value of Q’ obtained from 6p!P; was 
published in HF2, and is listed in Table VI. 

In order to treat d%s*p 1D2, we need the 
following formulas for the configuration pd: 


si eg 
1 -(—36 Re’ — Ro’ +1282) <ra- > 


esare i = —3 
+ - (38R’—4S)<rp?> , 
(3D2|o/r3|3 D2) 


iN aoe (92Ry! +7 Ra’ —24Sx)<ra-8 > 


+e(R’ +85) <p> 
aie 


~ 15 (12R,’ 


2: oa (R’+28)<rp-8> , 


+(0Re+-653)<7a > 


iy ey 


— — er (23 Rs’ +343 R,’’ +8483) < tar e 


— So (IR +298) <7," >5 


(3 P2|w/7?|3 De) 


Kiyoshi MURAKAWA 


(108 R2’ —7R,/’ +74S2) KS 


Bore 
Ss SEPA DS 
age t S75 
(3P2|w/r3|3F 2) 
idea 
~ 8757/21 
4 
by 25,7 21 
Schl 


4 _ (44, +49 Ra!’ +57S2)<ra-8> 
5 7 ee Ahs 2 ie 


= (36.Re’ —49.Ro’’ +38S2)< ra > 


Cs PANS ae 


+- 


R’+17S ; 
BE = )<tee 


ee ie 
2 _ (4 9R/ 47Ry’—19S:)<re8> 


Bay 
£4 Lamas —3 
ote |1Dz) 
= (AR Ri’ +38) <a> 
“aye 2 +R a 
R’—S)<ry> , 
iE ee 
(3Fy|a/r3|D2) 
8 
16R1-49R2’’ +3382) <ra-? 
175,510 2 oe ar 2)<Ya > 
8 
R’—S)<rp3> . 
+75//210° aarti 


By use of the formulas (2), (9), (6) combined | 


with the constant B (Table VI), we get Q’= 
0.43 barn. 


The shielding correction factor 4 is not | 


known accurately in the case of Hg I. But 
for 6s6p of heavy elements it is most likely 
(HF4) that 4=—0.1. If this is assumed, we 
get Q(Hg”*")=0.4. barn from the levels *P, 
and *P,. 
Concerning the configuration d%s?p, the 
value of 4 is unknown. 4, would be probably 
—0.1, and 4a would be negative. If this is 
assumed, we get a value of Q somewhat 
smaller than 0.43 barn. In view of the 
above-mentioned uncertainty, the agreement 
with 0.42 barn may be considered to be not 
poor. We may assume therefore that the 
wave function for d%s?p!D. given by (2) is 
essentially adequate for calculating Q. 
As a summary .we.may. conclude that 


Q(Hg?"!)=0.42 barn: 
This is in agreement with the result of 
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Pound and Wertheim*®) who obtained Q(Hg?) 
=0.46 (+0.28, —0.11) barn. 


The kindness of Dr. Lichten in showing 
me the results of his experiments prior to 
publication is greatly appreciated. 
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Infrared Absorption of a-Ag2Te:Si_: 


By Shin-ya MIYATANI 
Department of Physics, Faculty of Science, 
Niigata University 
(Received August 31, 1959) 


The a-@ transition temperature of Ag»TezSi-z 
i.e. the mixture of AgsTe and Ag»S which is pre- 
pared by melting (Ag.Te), and (Ag2S)i-z sealed 
in a fused silica tube, is lowered by mixing so that 
it is below room temperature for the mixing ratio x 
between 0.2 and 0.8. Since the ionic conductivity 
due to mobile Ag ions is large in the a phase (e.g. 
0.16 O-1cm-! at 15°C for 4=0.7)), Ag ions and the 
same number of electrons can be easily supplied 
to or removed from the specimen of such a mixing 
ratio at room temperature by sending a proper 
current accross the galvanic cell Ag|AgI+5%AgCl| 
specimen|Pt, which has the e.m.f. EH related to 
the reduced Fermi energy 7 as given by 7=7s— 
eE/kT where 7s is 7 in Ag-saturated state). Fur- 
ther this mixture is so soft that it can be easily 
rolled or pressed to thin foil (up to several microns) 
thin enough to get large interference effect at the 
transmission of infrared ray. From the distance 
of interference fringes”) in the transmission curve 
recorded against wave number 1/4, we obtain the 
value of the refractive index m and accordingly 


— eE/kT 
Fig. 1. (a) oe(Q-1cm~-!) and Ro-(cm2s-1v-}) x 10-1 
vs eH/kT or 7 for x=0.7 at 20°C, where R is 


— 1/2 (om') 


Hall coefficient. (b) a (cm-!) vs 1/A or hv/kT at 
20°C. The broken line is ay extrapolated under 
the assumption of ay proportional to 42 and the 
dotted line is a—ay that is a;. The arrange- 
ment of the specimen (s), Ag|Agl+5% AgCl (c), 
probe for measuring oc, (p), and Pt electrode (e) 
is also shown schematically. This result is con- 
firmed by changing the thickness of specimen 
as 9.2, 17, 26, and 40 n. 


the reflectivity as 4.0 and (3/5), respectively, (the 
extinction coefficient <n) and then we obtain the 
value of the absorption coefficient a. Thus the 
curves of a vs 1/A are obtainable for various elec- 
trical conductivities og or Fermi energies of one 
specimen, keeping it on the specimen-holder of 
spectrograph (Hilger’s double beam). Fig. 1 shows 
an example of such measurements for 7=0.7 where 
(a) shows o, vs eH/kT or 7 and (b) @ vs 1/A cor- 
responding to (a), where the value of 7; is estimated 
by comparing the o, vs eH/kT plots with theoretical 
curve F/. (Fermi function of order 1/2) vs 7, as- 
suming the relaxation time c is energy-independent. 
(a) shows also Roe (mobility), making use of which 
we obtain m, (effective mass of electron)=0.08 m 
and r=6.6 x 10-1!‘ sec. 

The absorption is now, as seen in Fig. 1 (b), 
attributed to two effects; the free electron absorp- 
tion ay; dominant in the small 1/A region and the 
intrinsic absorption a;=a—ay dominant in the large 
1/A region. As for the former, Drude-Zener’s for- 
mula?)3) holds well, yielding the value of ct as 5.4x 
10-14sec (compare with 6.6x10-1!*sec). As for 
the latter, the change of a; due to the degeneracy 
is to be given by Eq. (5.4) in the reference (2). 
Plotting log (aio(v)/ai(v)-1) against 7, taking hv/kT 
as parameter, we see that this equation is in fact 
valid, where ajo is defined as a; in non-degenerate 
state and so taken as equal to a; for the curve 
No. 1. We obtain thus mp/(me+mn)=0.6 and He/kT 
=6.4 (H¢ is the energy gap.). Next, aj, that is, 
a; for the curve No. 1 seems to be accounted for 
by the plane wave approximation, i.e. Eq. (2.15) 
in the reference (2), yielding the values of memn/ 
(me+mn) and He/kT as 0.44m and 6.4 respectively. 
Similar absorption curves are also obtained for 
other mixing ratios, showing the increase of Hg 
with decreasing w. 

Finally, the electrical properties of this system 
(e.g. the relation between EH and the concentration 
of excess Ag, the 7-dependence of Ro, and Nernst 
coefficient etc.) indicate that the simplifying assump- 
tions such as the standard form of conduction band 
and the energy-independence of r are not exactly 
valid, necessitating the reinvestigation of the ab- 
sorption curve, which is left to the future. 


References 


1) S. Miyatani: J. Phys. Soc. Japan 10 (1955) 
786; 13 (1958) 341; 14 (1959) 996. 

2) H. Y. Fan: Rep. Progr. Phys. 19 (1956) 107. 

3) F. Seitz: The Modern Theory of Solids (Mc- 
Graw-Hill Book Co., New York, 1940) 638. 


1634 


1959) 


J. PHys. Soc. JAPAN 14 (1959) 1635 


The Aging of Permeability in Manganese- 


Zinc Ferrite 


By Syéhei MIYAHARA and Tokio YAMADAYA 
Department of Physics, Hokkaido University. 
(Received August 27, 1959) 


Though the presence of continued decrease of 
the effective permeability after sintering has been 
well known in Mn-Zn ferrites, its origin has not 
yet been made clear. As Mn-Zn ferrite is not 
stable in air at lower temperatures, it is made 
usually by rapid cooling, therefore it is to be ex- 
pected that in Mn-Zn ferrite certain irreversible 
changes such as oxidation, precipitation, etc, might 
progress further at room temperature. On the 
other hand, it is also possible that it is due to 
disaccomodation, since there are some evidences 
for the presence of disaccomodation in some 
ferrites!—4), 

In order to make clear whether the decrease of 


> 510 


permeabilit 


| ite) 100 
— time (hours) 


Fig. 1. Changes of Permeability with time at 
room temperature after sintering. All measure- 
ments in this figure were made for the same 
specimen. 

(1) Permeability changes after sintering without 
any disturbance. 
(2) Permeability changes after A. C. demagneti- 

zation following the measurements (1). 

(3) Permeability changes after A.C. demagneti- 

zation following the measurements (2). 

(4) Permeability changes after thermal demag- 

netization following the measurements (3). 

(5) Permeability changes after thermal demag- 

netization following the measurements (4). 


permeability after sintering arises from irreversible 
structural change or from disaccomodation, we per- 
formed the following experiment. 

Ring specimens were made by the usual ceramic 
techniques from MnCo3, ZnO and Fe203. 

The final sintering was made in Air at 1300°C 
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Fig. 2. Comparison of the permeability changes 
of two equal specimens number different meas- 
uring conditions. 


(1) Permeability changes after sintering. 

(2) Permeability changes after sintering. In this 
case A. C. demagnetization is applied in every 
measurement at one minute before the measuement. 


and cooled rapidly. Nominal composition of the 
pecimens was (Mng.5 Zng.5) O-Fe.03. 

All measurements were carried out by using an 
A. C. Bridge at 1kc/sec with measuring field of 
less than one millioersted. Demagnetization was 
done either by A.C field of 50c/sec with maximum 
field of about 10 oersteds, or by heating up the 
specimen to 100°C and cooling slowly. Results 
are shwn in Fig. 1 and Fig. 2. 

From Fig. 1, it can be concluded that the time 
decrease of permeability after sintering is repro- 
duced again by applying a thermal demagnetization 
to the same specimen. 

It is also shown in Fig. 1 that the curves after 
thermal demagnetization are very similar to those 
after A. C. demagnetization. The continued de- 
crease of permeability after sintering is not found 
if we demagnetize the specimen at every measure- 
ment as shown in Fig. 2. 

From these results we may conclude that the 
decrease of permeability after sintering (the so 
called natural aging) does not arise from irrever- 
sible structural change, but from disaccomodation. 
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Diffusion of Nickel in Single Crystals 
of Copper 


By Akira IKUSHIMA 
Department of Physics, University of Tokyo 
(Received September 19, 1959) 


In order to investigate the behaviour of iron- 
group transition elements as an impurity in noble 
metals, several experiments of tracer diffusion have 
been performed!—). In this note, the diffusion data 
of nickel in single crystals of 99.99% pure copper 
is reported. 

As the experimental techniques used in this work 
were nearly the same as the one described in detail 
in Mackliet’s paper), the details will not be men- 
tioned here. 

The penetration plots are shown in Fig. 1, and 
the diffusion coefficients calculated from these plots 
are given in Table I. 

The plot of the diffusion coefficients vs temperature 
is shown in Fig. 2. Under the assumption that the 
diffusion coefficient can be described by D=Dpo 
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Fig. 1. Penetration plots. 
Table I. Diffusion of Nis in Copper 
} : : Diffusion 
Nios par ee Time Coeticien® 
sec.) (cm2/sec.) 
il 1061 1.19 x 104 2.00 x 10-9 
2 1031 1.83 x 104 TET /<10=2 
3 973 6.67 x 104 4.04 x 10-10 
4 906 1.78 x 105 1.15 x 10-10 
5 852 1.02 x 106 3.47x10- 
6 758 2.17 x 106 3.36 x 10-12 
i 695 4.01 x 106 5.45 x 10-18 
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exp(—Q/RT), these data are fitted to the formula 
by the least square calculation with 
logipDo=0.58+0.02 
(i.e. Do=3.8+0.2 cm2/sec.) , 


Q=56.8+0.1 kcal/mole . 


Do and Q of the present results are in good agree- 
ment with the earlier data reported by Mackliet)). 
If Lazrrus’ formura of Q®©) with the screened cou- 
lomb potential around the impurity atom calculated 
by Alfred an March® is used, the present result 
of @ indicates that the excess valence of the nickel 
atom as an impurity in copper is about minus one 
with respect to copper. This suggests that the 
electronic structure of the nickel atom in this case 
would be (3d)19(4s)9. This is also consistent with 
other data.7—-%) 

The author wishes to thank Professor Y. Tomono 
for help and advice during the course of the study. 

This work is partly supported by the Scientific 
Expenditure from the Ministry of Education. 
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Microwave Investigation of Plasma in 
Shock Tube* 


By Mikio TAKEYAMA, Shiro Hamamura 
and Toshiatsu ODA 


Department of Physics, Faculty of Science, 
Miroshima University, Hiroshima 


(Received September 9, 1959) 


A microwave investigation was carried out on 
the plasma produced in shock tube as shown in 
Fig. 1. The shock tube used consisted of an X 
band microwave rectangular guide section whose 
one end was connected with one of the side arms 
of a magic Tee. The higher pressure chamber of 
the shock tube, 60cm in length, was filled with 
hydrogen gas of about 8 atm. and the lower, 100 cm 
long, with argon gas of 10 mmHg. The diaphragm 
used in the tube was of cellophane 0.04 mm thick. 


Photomultiplier 


[ich pressre_| Low pressure 


‘fFig. 1. Schematics of shock microwave tube. 


out 


Ya 
2 
= - = 
O SOpsec time 
Fig. 2. Oscilloscope trace of microwave signal 


reflected from shock wave of low temperature. 


When the electron density of the plasma produced 
is relatively small, the microwave reflection due 
to the complex dielectric constant of the plasma 
is slight, but when the density is so large that the 
plasma frequency exceeds the microwave frequency 
and the plasma works as a metal disk, the micro- 
wave is almost totally reflected, provided that the 
width of plasma is comparable with the guide wave 
length of the microwave. 

In the present experiment, the magic Tee was 
initially balanced. Since the microwave exists as 
standing wave in the shock tube, it is reflected 


* in part read before the meeting on plasma 
physics of Phys, Soc. of Japan April 1, 1959, 


Short Notes 


1637 


every time shock front travels one half wave length. 
The frequency of the reflected microwave signal 
can be a measure of the shock velocity. The photo- 
multiplier tubes I and II are set at the window 
on one side of the tube. The tube I is used 
for triggering an ocilloscope and the tube II to 
provide a marker for the optical measurement 
of the shock velocity. The gain of the D. C. am- 
plifier of the oscilloscope was adjusted to be so low 
as to be insensible to the dielectric reflection and 
the shock sonic noises by hydrogen gas. 

The experimental results obtained by the micro- 
wave of wave length 3.4cm are shown in Fig. 2 
and Fig. 3. The zero point on the time axis in 
Fig. 2 indicates the time when the shock front 
passes at the window I. As is seen in this figure, 
the intensity of the reflection gradually increases 
with time. It shows a gradual increase of the 
ionization of argon gas behind the shock front, 
and the shock wave velocity (1.7 mm/p sec.) derived 
from the frequency of the reflected signal agreed 
with the value by optical measurement (1.8 mm/y 
Sec.). 


{ 


Soe 


out put power 


microwave 


O 5OOuSEC time’ 
Fig. 3. Typical oscilloscope trace of microwave 
signal totally reflected from hot plasma. 


It has been confirmed from the position of marker 
in Fig. 3 that the total reflection of the microwave 
begins with the shock front reaching the end of 
the tube. It seems to be plausible that the plasma 
frequency is lower than the microwave frequency 
before the shock front reaches the end of the 
tube, while the former becomes higher than the 
latter after the shock front is reflected from the end, 
since the temperature of the reflected shock wave 
is expected to be more than twice as high as that 
of the incident one, from the theoretical conside- 
ration,!) and the electron density in the reflected 
plasma to be higher than that in the incident one. 
The duration of the total reflection of microwave 
was about 200 sec. 

The two peaks appearing in the photograph of 
of Fig. 3, which were reproducible in every obser- 
vation, have not yet been analysed in detail, but 
it seem that this phenomenon is caused by the 
interaction between the reflected shock front and 
the contact discontinuity, 
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As is shown in the photograph of Fig. 1, the disk 
obtained by this method consists of large single 
crytals bounded by grain boundaries. Some of 
these cystals have direction of growth parallel to 


the ¢ axis. This has been confirmed by etching 
the crystals in conc. HCl. Photomicrograph of the 
etched surface of (1000) plane which contacted with 
the wall of the ampoule is shown in Fig. 2. 

It has been found out that the method oridinarily 
used for determining the crystal orientation of 
germanium single crystals etched with superoxol 
etchant? was quite useful also for CdS crystals 
when the surfaces were subjected to proper etch- 
ing. The light-figure pattern of the surface etched 
with conc. HCl is illustrated in Fig. 3. As is 
shown, sixfold symmetry is clearly revealed. 


yama for their encouragement and useful sugges- 
tions. 
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Etch-Figure in CdS Single Crystals 


By Makoto KIKUCHI and Sigeru IIZIMA 
Electrotechnical Laboratory, Tokyo, Japan 
(Received September 16, 1959) 


Recently, several works have been reported on the 
growth of large solid single crystals of CdS!. We 
have succeeded in making large CdS single crystals 
by Reynolds-Czyzak method?. Powder of luminescent 
grade cadmium sulphide was sealed in vacuum in 
fused quartz ampoule, which was then heated at 
1225°C for 100 hrs. 


Pigamo: 
surface. 


Light-figure pattern of etched 


(1000) 


The experimental details of growing flaky, pris- 
matic, or solid CdS crystals by controlling tempe- 
rature, firing time, volume of CdS powder etc. will 
be presented in the near future with their electrical 
and optical properties. 


Fig. 1. Single crystals of cadmium sulphide. 
(Scale; 1mm per division.) 
References 
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Note on the Effect of Oxygen Molecules 
Contained in Solid Hydrogen on the 
Rate of Ortho-para Conversion 


By Kazuko MOTIZUKI and Takeo NAGAMIYA 
Department of Physics, Osaka University 
(Received August 17, 1959) 


A few years ago we made a theoretical study of 
the ortho-para conversion in solid Hy and solid D, 
and the results were published in J. Phys. Soc. 
Japan 11 (1956) 93, 11 (1956) 654 and 12 (1957) 
163 (quoted as J, II and III). 

In these papers the effect of oxygen molecules 
dissolved in solid hydrogen was closely examined, 
beside the natural convesion process due to the 
interaction between hydrogen molecules. The oxy- 
gen molecule in its ground state has a spin of magni- 
tude one and the corresponding magnetic moment 
has two Bohr magnetons. Therefore, due to the 
dipole-dipole interaction between the oxygen mole- 
cule and the nuclear spin moments of the ortho-H, 
molecules or the para-D, molecules, the ortho or 
para molecules convert into para or ortho molecules, 
respectively. In our previous papers, we assumed 
that the direction of the oxygen spin does not 
change during the ortho-para conversion process. 
However, it is also possible that the spin of the 
oxygen molecule can change its direction, since 
the anisotropy energy for this spin is expected 
to be much smaller than the rotational level differ- 
ence between ortho and para states. 

The interaction Hamiltonian between the oxygen 
molecule and the ortho hydrogen molecule is the 
same as Hrs of Eq. (2.6) of I, i.e., the interaction 
between the proton spin moments of one hydrogen 
molecule and the magnetic moment due to rotation 
of the other hydrogen molecule, except that the 
rotational magnetic moment of the oxygen molecule. 
Thus, taking the change of spin direction of the 
oxygen molecule into account, the transition pro- 
bability in the case of Hz can be calculated by Eq. 
(B. 6) of I, W; (2) being given by Eq. (B. 11), pro- 
vided that the common factor pyt[4+(ur/pp)*] of 
the coefficients C; is now replaced by Bylo, The 
term 4 in the square blaket of the former has 
come from the proton-proton dipolar interaction. 
Similar replacement has be done in the case of 
D, (Eq. (3.3) of HI). Furthermore, the nomalization 
factor 9x9=81 of Eq. (A. 5) of I and Eq. (3.4) of 
III is to be replaced by 9x3=27. 

Therefore the conversion rate obtained previously 
should be modified as follows. The constant of 
the rate of conversion for Hz and that for D, at a 
distance R from the oxygen molecule become 


Kkoxy(H2)= 644 x (Ro/R)” per hour 
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koxy(Dz)=68.6 x (Ro/R) per hour 
respectively, insteated of Eq. (4.2) of I and Eq. (4.2) 
of III (the previous numerical factors were 250 and 
35.9, respectively). Therefore we find now that 
the distance, at which the conversion rate due to 
an oxygen molecule and the conversion rate due to 
the mutual interaction of hydrogen molecules be- 
come equal to each other, is R=2,95Ry and 3.74Ro, 


Pigael: 


Number 
around an oxygen molecule as a function of 
time, for 75% initial ortho-concentration. 
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Fig. 2. Increase of the average concentration of 
para-molecules as a function of time for various 
values of the molar oxygen concentration and 
75% initial ortho-concentration. @ and x re- 
present experimental values obtained at Tohoku 
University. 
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Fig. 3. The average concentration of para-mole- 
cules in normal hydrogen as a function of time 
for a molar oxygen concentration of a=0.01%. 
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respectively (instead of the previous vulues 2.70Ro 
and 3.54Ro). In paper I, we have calculated the 
number of para-H, molecules produced around an 
oxygen molecule and the increase in average con- 
centration of the para-H, molecules as function of 
time (Fig. 1 and Fig. 2 of I) for the case where 
there is no self-diffusion. In paper II, we have 
given the increase in para concentration for the 
case where there is a rapid self-diffusion (Fig. 1). 
These results have to be modified as in Figs. 1, 2 
and 3 of this paper. We give the results only for 
the case of 75% ortho-hydrogen. 

The writers are indebted to Professor K. Husimi 
for calling our attention to the possibility of the 
directional change of the oxygen spin moment. 
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Localized Electron Model and 
Thermoelectric Power 


By Mikio TsuJI 


General Education Department, Kyusyu 
University, Otsubo-machi, Fukuoka 


(Received August 20, 1959) 


From his analysis of the results of the measure- 
ments of the electrical conductivities and the thermo- 
electric powers of a-Fe,0O3; and NiO, Morin” has 
derived a conclusion that the mobilities of the 
carriers of the crystals have a strong temperature 
dependency which should be described in terms of 
activation energies for the transport of the carriers. 
A mechanism of the jumping of the carriers be- 
tween adjacent ions with an activation energies 
has been presented by Yamashita and Kurosawa 
based on a model of localized electron which is 
tightly bound to an ionic lattice. Now, Morin has 
analysed his data by using a formula of the thermo- 
electric power of usual semiconductor theory 
neglecting the terms due to the kinetic energy 
of carriers. In the present note, we shall derive 
a formula of the thermoelectric power of a crystal 
in which carriers are tightly bound to ions and the 
jumping of a carrier from an ion to another need 
an activation energy, and show that Morin’s analysis 
is not satisfactorily consistent. For simplicity, we 
use the terms ‘electron’ and ‘hole’. For example, 
in a-Fe,O3, ‘electron’ means Fe2+ ion and ‘hole’ 
means Fe‘t ion. If there are an electric field Hz 
and a temperature gradient 07/04 along x-axis in 
crystal, the current densities due to the electrons 
je and hole, j, are given by 


as ey ONe me ENe Qe*Ne oT 

Iie eD{ Oe RT U® hTA ay ) mi 
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respectively, where De and Dp, are the diffusion 
coefficients of the electrons and holes, and me and 
m, are the carrier densities. Q.* and Qj,* are 
given by 

din W. din Wr (2) 
dl/Ty v a(l/T) ”’ 

where W. and Wr, are the probabilities of the 
jamping of an electron and a hole from an ion site 
to adjacent one per unit time and, if we put the 
lattice constant as a, there are following relations, 


De=a? We ’ Dnr=a? Wr ( 3) 


Qt= —k Qnt= —k 


If we neglect a possible temperature dependences 


of Q-* and Q,*, we have 


W.= const x exp(—Q.*/kT) , \ 
Wn= const x exp(—Qn*/kT) . 


The carrier densities are given by the Boltzmann 
distribution, 

me= Nexp {-(Ei-Q/kT} , \ 

Mn=Nexp {—-((-E»)/kT} , 
where £# is the energy of Fe?+ ion, FH, the energy 
of Fe3+ ion, and ¢ the chemical potential. Putting 
(5) into (1), and using the condition je+j,=0, we 
obtain the absolute thermoelectric power S as 
follows, 


(4) 


(5) 


1 on(Qn*+¢— Be) — oe Qe*+E-¢) 


S= eT Teton ( ‘ ) 
where o¢ op are given by 
Ce= 22 Denelk T=Cpene ’ \ ( 7) 
or=e2Dann|k T=e€unnn , 


pe and px being the mobilities. The total conduc- 


tivity is 
T=deton. 


Using (3), (4) and (7), we have 


(8) 


Fe Meo exp (Qn*+¢ — Bz) ~(Qe*¥+ Fi — ¢) 
Th pr® kT \ f 
(9) 
where pe? and pa° are temperature-independent 


factors of the mobilities. Comparing our formulas 
(6) and (9) with Morin’s formulas, we see that 
Morin’s ¢~#, and E,—¢ should be replaced by 
(— H2+Qr* and E,—-¢+Q.* respectively. Thus the 
values of me, Ma, we and pp, computed by Morin 
are, in actuality, n- exp (— Q*/kT), nn exp(— Qr*/kT), 
be EXP (Qe*/KT)=e9/T and pr exp (Qn*/kT)=nn9/T 
respectively. Therefore the ‘mobilities’ computed 
by Morin should not have strong temperature de- 
pendency of activation energy type. Thus, if our 
model is accepted, the analysis of Morin may become 
to be unsatisfactory. 
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Effect of Re-crystallization on the Temper- 
ature Dependence of Photocurrent of 
Silver Chloride Crystals 


By Noriaki IToH 


Department of Electrical Engineering, College 
of Engineering, Osaka University 
and Tokuo SUITA 
Department of Nuclear Engineering, College 
of Engineering, Osaka University 


(Received September 4, 1959) 


As previously reported, the photocurrent-temper- 
ature curve of silver chloride crystals has a sharp 
maximum at about ~—80°C). It was also shown 
that this abrupt change of photocurrent was due 
to the change of life time of electrons and at the 
maximum point the life time was estimated to be 
5 x 10-® sec by calculating the Schubweg of electrons 
from voltage-photocurrent curve. In the decreasing 
part of photocurrent with increasing temperature, 
the logarithm of the photocurrent was found to be 
a linear function of the reciprocal of temperature 
in Kelvin, and the extrapolation of the curve showed 
that the life time at room temperature was lower 
than 10-8 sec. 

It was also reported by F. C. Brown”), by J. W. 
Mitchell»), by P. Siiptitz)) and by R. S. Van Hey- 
ningen and F. C. Brown), that the photocurrent 
of silver chloride crystals depended on the atmos- 
phere in which the crystals were grown. They 
showed that the specimens made in vacuum or in 
nitrogen atmosphere has short life time (< 10-8 sec) 
at room temperature, whereas the specimens made 
in-air has longer life time (10-8 sec) at room tem- 
perature. 

_ These results were unexpected for us, because 
the crystals used in our measurement were grown 
in air by the Kyropoulos method. The difference 
between the methods of crystal preparation of F. 
C. Brown and J. W. Mitchell and our methods was 
that we get specimens after recrystallizing raw 
precipitate of AgCl several times, although they 
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get specimens through only one crystallization 
from well purified precipitate. ae 

In order to clarify whether recrystallization in 
air shortened the life time of electrons 
specimens at room temperature, we measured the 
temperature dependence of photocurrent of speci- 
men grown just from precipitate in air, spcimens 
recrystallized three times in air and also specimens 
grown in vacuum from precipitate. (Each speci- 
mens will be refered to as I, II, and III respec- 
tively.) The specimen III was grown by Kyro- 
poulos method in a specially made vacuum cell of 
10-* mmHg, into which the cooling pipe was _in- 
serted through vacuum seal glass piston. The 
measuring apparatus was just’ the same as that 
reported previously). 

The results are shown in Fig. 1.’ The typical 
peak of photocurrent which had been observed in 
recrystallized specimens disappeared in specimen I. 
It should be noted that in the specimen IJI grown 
in vacuum from precipitate, photocurrent has the 
same peak as in specimen IJ. The life time of 
specimen I at room temperature is shown to be 
larger than that of specimen II or III. Recrystal- 
lization in air may remove some impurities which 
make the life time at room temperature higher. 
The darkenability of specimens I, II and III were 
also measured and it was found that the specimen 
I has one third darkenability as the secimen II and 
III, which is consistent with Brown and Wainfan’s 
results®, 

Qualitative spectrographic analysis of sample I 
and II was also tried in order to find the difference 
in impurity content. Some traces of Fe, Ca, Cu, Mg, 
Mn, Na and Si was detected and it was found that 
the line of Ca, Cr and Cu in sample II was clearly 
diminished. 

Considering from the facts that the crystal made 
in vacuum seems to have the same metallic im- 
purity and the effect of metallic impurity on 
photocurrent is quite different, (see the paper to be 
published), the disappearance of the peak of photo- 
current temperature curve of sample It seems to be 
due to the effect of oxygen or moisture, which 
seems to be removed by recrystallization. 

The facts that the photocurrent of specimen I 
do not decrease abruptly from the maximum as 
the temperature increases and its photographic 
sensitivity at room temperature is lower seems to 
be explained if we consider that the oxygen is 
attached to the sensitivity centers and make them 
inefficient as suggested by F. Seitz and F. C. Brown”). 
Further experiments on the effect of metallic im- 
purities are now in progress. 

We wish to thank to Dr. E. Mizuki and other 
staffs of Fuji Photofilm Company for supplying 
silver chloride raw materials and for their valuable 
discussions, We also thank to Mr. H. Kawaguchi 
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of Japan Atomic Energy Research Institute for the 
spectrographic analysis of silver chloride crystals. 
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Possible Evidence for the Light Induced 
Plasticity in Germanium 


By Makoto KIKUCHI 
Electrotechnical Laboratory, Tokyo, Japan 


and 
Mitsuyoshi SAITO 
Institute of Science and Technology, Waseda 
University, Tokyo, Japan 
(Received August 28, 1959) 


It has been reported previously that the surface 
hardness of germanium illuminated with infrared 
or ultraviolet light, is much less than that in dark- 
ness). Recently, it turned out that when a germa- 
nium specimen was bent and fractured under strong 
illumination, much higher densities of etch pits 
were revealed on the surface than on the surface 
of the specimens fractured in darkness”). 

Here is reported an experimental result which 
seems to serve as an evidence for the light induced 
plasticity. Germanium rod specimens were cut from 
zone-levelled single crystals in the size of 3.2x1.8 


LIGHT SOURCE 
oO TO INDUCE PLASTIITY 


aloes 


\ RUBBER BLOCK 
Fig. 1. The arrangement of the sample for room 
temperature bending under illumination. 
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Fig. 2. Photoresponse observed by scanning a 
small light spot along on the rod specimen. 
The light is chopped at 225 cps. 


x20mm. The resistivity of n-type sample ranged 
from 15 to 17ohm-cm. The sample was arranged 
as shown in Fig. 1 and subjected to heavy wedge 
at the middle point. A razor blade was used as 
the wedge and the weight of roughly 2 kilogram 
was applied. An infrared drier lamp was used as 
the light source, since it had already been found 
that light of wevelength between 2.0 and 4.0 microns 
was responsible for the effect being observed. 

The effect of bending under the illumination at 
room temperature was observed through the change 
of local photoresponse, snce it is the replica of the 
change of minority carrier lifetime. Typical result 
is shown in Fig. 2, where the distribution of photo- 
response before and after 1.5 hours’ bending are 
compared. As is shown, the photoresponse is re- 
markably reduced at the middle of the specimen, 
where the wedge was pressed. 

The temperature rise of the sample caused by 
the illumination was prevented by applying alcohol 
on the specimen, so it could be estimated that the 
temperature did not exceed 90°C. Therefore, it 
may be concluded that the observed effect is not 
caused by the thermally induced plastic flow. 

The local reduction of the photoresponse shown 
in Fig. 2 can be explained as the decrease of the 
hole lifetime caused by the locally produced dis- 
locations and lattice irregularities. In fact, some 
change was caused by the above mentioned treat- 
ment in the surface recombination velocity, but 
this did not result in such characteristic valley in 
the curves shown in Fig. 2. 

Detailed experimental procedures and results will 
be presented in the near future. 
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The Kinetics of Radical Reactions in 


7-Irradiated Polyvinyl Chloride 


By Kenzi HUKUDA, Jiro ISHII 
and Zenémon MIDUNO 


Department of Physics, Faculty of Science, 
Kyusyu University, Hukuoka, Japan 


(Received September 1, 1959)* 


The rates of production and extinction of radicals 
in the y-irradiated polyvinyl chloride have been 
investigated by means of the electron spin magnetic 
resonances at 3cm wavelength. The pure powder 
of polyvinyl chloride without any plasticizer was 
pressed to the form of discs of 2-3mm _ thickness 
and 11mm diameter under the pressure of about 
2000 kg/cm? .and the temperature of about 120°C. 
These discs were irradiated with the medical ;- 
source of cobalt-60 and the dose rates were measured 
by the ferrous-ferric dosimetry. The samples were 
irradiated and preserved in glass tubes in which 
the atomospheric pressure was about 10-3mmHg 
and placed in the air only during the ESR measure- 
ments. The two hyperfine lines (mj=+1/2) of 
divalent manganese diluted in MgO crystals served 
both as g-markers and as intensity standards of 
the electron spin resonances. 

Fig. 1 shows the measured concentrations of 
radicals produced in the sample A during the ir- 
radiation and also shows the decrease of radical 
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concentrations in the samples A, B, C and D after 
irradiations. The sample A was irradiated at the 
dose rate of about 3x10 roentgen/day and the 
temperature of 30°C and after the irradiation it 
was preserved: at the same temperature. The 
samples B, C and D were all irradiated at 15°C and 
then preserved at 30 °C, 51°C and 15°C respectively. 
The dose rate for the sample B was about 7x 105 
r/day and the samples C and D were irradiated at 
lower dose rate while they were not measured. 
These results cannot be explained by the ordinary 
mth order reaction equations such as 
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Fig. 1. Time dependences of radical concen- 

trations during and after irradiations of ;-ray. 

The lines are drawn with the equations (1) and 


2: 


Table I. 
[ Ay Az V10 V20 
Sample ( 1 ) ( g ) ( radicals ) ( radicals ) 
day radicals. day g g 
A 0.010 0.62 x 10-18 5.6 x 1018 1.7 x 1018 
B 0.010 0.62 x 10-18 4.0 x 1018 3.1 x 1018 
€ 0.060 1.0 «10-18 2.3 x 1018 3.7 x 1018 
D 0.002 0.50 x 10-18 4.0 x 1018 1.4 x 1018 
for radical growth and must be about 7 and 3 respectively for radical 
4 decays of the samples A and B at the same tempe- 
Sie” ture of 30°C and for the radical growth of the 


for radical decay, where v, a and Aare the radical 
concentration, the radical production rate and the 
radical reaction constant respectively. For instance, 
if we assume the above equations, the values of n 


* The original manuscript was first received 
two and half months ago, but unfortunately was 
misplaced in the office of Kyusyu Branch of the 
Society. At our request, the authors kindly under- 
took to resubmit the manuscript. We wish to ex- 
press our deep regret for the dely in the publica- 
tion of this note. (Editorial Committee) 


sample A it must be smaller than unity. Accord- 
ingly we assume the existence of two groups of 
radicals with different reaction mechanisms one of 
which is of first-order and the other is of second- 
order and also assume that there is no interaction 
between the two groups. Then during the irradia- 
tion the representation for v becomes, 


ee el ~e-Nt)4+/ tanh (WV azds t) (1) 
Ay Ag 
after the irradiation, 
V2 
y=vye-Mt+—— (2) 
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where v9 and v9 are the radical concentrations of 
the two groups when the irradiation is ceased. 
The curves of Fig. 1 are drawn by the above 
equations with the numerical values of Table I for 
Ay, Av, Vig and vo and with 0.65 x 1018 radicals. g—}. 
day-! and-1-8x 1018 radicals. g-1. day-1! for a; and 
ad, of the sample A. 

From these results the activation energies for 2; 
and 2, are estimated to be 18 kcal/mol and 4 kcal/ 
mol respectively and the ratio of the numbers of 
radicals which belong to the two groups must vary 
with the temperature. Above interpretation is of 
course not unique one, but it seems to be plausible 
that there are more than two groups with different 
reaction mechanisms. The assumption of the two 
groups, however, has been indicated to give con- 
siderably good approximation to the measured vari- 
ations of the radical concentrations. ; 

The authors wish to express their thanks to 
Prof. M. Takayanagi, Mr. Y. Ishida and Mr. T. 
Aramaki for their helpful advice and discussions. 
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Measurement of Galvanomagnetic Tensors 
of Bismuth Single Crystals at Low 


Temperatures 


By Shoichi MASE 


Department of General Education, Nagoya 
University 


and Sei-ichi TANUMA 


Research Institute for Iron, Steel and Other 
Metals, Tohoku University 


(Received August 31, 1959) 


The galvanomagnetic effects of bismuth single 
crystals at low temperatures have been extensively 
studied. Recent report for the longitudinal effect 
by Babiskin’) has particularly attracted our atten- 
tion. His experimental result seems not to be in 
accordance with the approximate theory of galvano- 
magnetic effect in a strong magnetic field such as 
wt >1, which predicts that the field dependent 
part of the longitudinal resistivity tensor is only 
a small correction due to the quantum effect, so 
far as the intensity of the magnetic field being 
within the quantum limit. 

The authors measured the tensors of three single 
crystals with different orientations at 4.2°K and in 
the magnetic field up to about 10,000 Oersted. A 
large single crystal from which above three samples 
were cut out was grown using repeatedly zone- 
refined sample from Tanadac bismuth having five 
nine purity. We chose one of the binary axes 
and the trigonal axis as y- and z-axis respectively. 
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Symmetric and antisymmetric tensors, 0} (Ht ) and 
0;,(7), are defined as 


Ei= DOD )Jn+ 2d 0i(M Je » 
k n(¥t) 


oii (A )= 04'(- A) - 
Figs. 1-2 are the representative results of our 
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Fig. 1. Symmetric and antisymmetric tensors 
versus H curves. 
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measurements. Some curves in Figs. 1-2 are quali- 
tatively in accordance with those by the several 
authors”), As one can see clearly from Fig. 2, the 
longitudinal tensors are conspicuously smaller than 
the transverse tensors and very slight misalignment 
of relative direction of the magnetic field or the 
potential probes and the sample can cause a drastic 
increase in the magnitude of the longitudinal tensor 
with the magnetic field due to the transverse com- 
ponent. The negative magneto-resistance shown in 
Fig. 1 (b) may be due to physical imperfections 
such as slip boundaries or due to other undes- 
irable effects). Unfortunately there was an 
evidence that some part of the anisotropy of the 
tensors shown in Fig. 1 (a) is attributed to the 
same causes. (It is, however, very difficult in bis- 
muth with very long mean free path to get rid of 
such spurious effect). The magnitude of each 
longitudinal tensor in presence of the lowest field 
(except one run for 9,(z)) is considerably larger 
than the respective value in zero field (ge=1.12 
x10-€ Oem, pjy=1.48x10-6 acm and p?,=1.10x 
10-6Qcm). This is due to the fact that at 4.2°K 
the condition wr > 1 is necessary satisfied even in 
presence of the lowest field and the solution is in 
saturation region of usual solution of the Boltzmann 
equation (applicable to the case wr <1). It is illu- 
strated in second run for 9@;2(z) (the inset in Fig. 1 
(b)). The detail will be published elsewhere. 

The authors express their sincere thanks to 
Prof. K. Ariyama and Prof. T. Fukuroi for their 
kind encouragements and discussions. 
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A Note on the Drag of a Screen at Low 
Reynolds Number 


By P. G. MORGAN 


Department of Engineering, University of 
Manchester, England 
(Received September 21, 1959) 


The work recently reported by Sawada’ on the 
drag of a lattice of parallel circular cylinders at 
low Reynolds numbers shows considerable ingenuity 
in the manufacture of the lattice. This method 
of carrying out tests has been used previously, and 
a criticism is given below. 

The overall size of the lattice is 6cm. x6cm. while 
the cross section of the tower itself is 50cm.x50 
cm., If we consider the lattice to be stationary 
and the air moving past it, some air flows through 
the lattice while the remainder flows around it; 
the proportions depend upon the resistance of the 
lattice, and the calculations for a wire gauze screen 
have been given by Taylor and Davies». Experi- 
ments carried out by the author on wire gauzes 
falling through glycerine, in order to examine the 
flow resistance at low Reynolds numbers, show 
that there is a marked difference in the drag of 
a given wire gauze screen, depending upon the ratio 

area of screen 
area of the duct through which the screen moves 


For wire gauze screens of small open area ratio 
i.e. high solidity, the differences in resistance are 
some 20%. 

Considerable difficulty has been experienced in our 
work in keeping the plane of the screen horizontal 
in free fall experiments; this has been overcome 
for the screens of higher resistance by fitting a 
light framework, similar to that shown by Sawada, 
and measuring the force required to pull the screen 
upwards with a constant velocity. 
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Errata 


Study on Vacuum Deposition of Metals, II. 


On the Change with Aging Time in Thickness and 
Resistivity of Vacuum Deposited Gold Film 


By Yoshibumi FUJIKI 
J. Phys. Soc. Japan 14 (1959) 1308~1313 


1) In Fig. 2, the arrows should be shifted to the right about 1.5mm. 
2) P. 1309, left column, line 16, should be read: 2x 10-5mmHg. 


X-ray Observations of the Surfaces of Plastically Deformed LiF Crystals 
with the Berg-Barret Method 


By Mitsuru YOSHIMATSU and Kazutake KOHRA 
J. Phys. Soc. Japan 14 (1959) 1249-1250 


Page Column Line Wrong Corrected 
1249 left 4 Berg-Barret Berg-Barrett 
1249 left 12 Berg-Barret Berg-Barrett 
1249 right 3 surface, surface?, surface, 
1250 left 13 Barret Barrett 


X-ray Observation of the Strain Field in Germanium Single Crystals 


with the Use of the Anomalous Transmission 


By Zensho ISHII and Kazutake KOHRA 
J. Phys. Soc. Japan 14 (1959) 1250-1251 


Page Column Line Wrong: Corrected 
1250 left 10 from the bottom Borrmann et al Borrmann et all 
1250 left 9 from the bottom Barth et al Barth et al» 
1250 left 2 from the bottom Cuk CuKa 

1250 right Fig. 2 Fig. 2 should be 


seen upside-down. 
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Photoneutron Cross Sections for Ag’, Mo” and Zr” 


By Naoshi MutTsuro, Yuji OHNUKI, Kazuo Sato 
and Motoharu KIMURA 

Department of Physics, Tohoku University Sendai, Japan 
(Received August 1, 1959) 


Photoneutron cross sections and the yield curves were taken by the 


residual activity method for Ag17, Mo% and Zr9. 


Threshold energy 


were obtained as 9.35+0.1 MeV, 9.15+0.1 MeV, 12.38+0.1 MeV and 12.3 
+0.1 Mev for Ag?7,109, Mo? and Zr% respectively. The energy for the 
maximum cross section was obtained as 14.5 MeV for Ag, 16.5 MeV 


for Mo and 17 MeV for Zr. 


The giant resonance widths were mea- 
sured about 5.3 MeV, 2.7 MeV and 2.9 MeV respectively. 


Intrinsic quad- 


rupole moment determined from above data was (1.9+0.7) x 10-24 cm?2 for 


Agi07, 


$1. Introduction 


The measurement of photoneutron cross 
section curves have been made by many au- 
thors for ten years, and the systematics of 
(y,”) reactions were framed by a few au- 
thors)... On the other hand, the widths of 
giant resonance show large fluctuation from 
nucleus to nucleus, and general tendency of 
the fluctuation was as follows; resonance 
widths for colsed shell nuclei are appreciably 
narrower than those of nuclei situated between 
closed shells. 

O kamoto® and Danos* explained those tend- 
ency by the nuclear deformation, which is the 
extension of the hydrodynamical model for 
the nuclear photoeffect which leads to two 
giant resonance energies associated with each 
axis of a deformed nuclei. 

Recently Fuller et al. obtained the cross 
section curves for Ta!*!, Tb, and other ele- 
ments by good energy resolution experiment, 
and showed that the giant resonance for Ta‘* 
and Tb was clearly split into two peaks, 
but Carver® et al. did not observe such splitt- 
ing for Ta!*! and also in our laboratory we 
did not obtain such splitting”. It is the ob- 
ject of our present works to check the above 
effect for the medium weight nuclei, and we 
measured the cross section curves for Mo” 
and Zr? which are closed shell nuclei and for 
Ag’, which is situated between two closed 
shells of N=50 and N=82. 


§2. Experimental Procedure 


The activation curves of photoneutron yield 
were taken by the Tohoku University 25 MeV 


betatron bremsstrahlung 7 rays. The energy 
calibration of betatron was made by the use 
of threshold energy of the reaction Cu®(y, 
n)Cu®, Fe®4(7, 2)Fe®? and C#(7, 2)C“ and its 
energy are 10.8MeV®, 13.83MeV™ and 18.7 - 
MeV™ respectively. The energy calibration 
curve is presented in Fig. 1. 


2000 


500 1000 1500 
Integrator setting 


Fig. 1. Energy calibration curve. 


During this work, we checked betatron 
energy frequently by the above threshold 
energy, and we found that the energy of the 
betatron were constant within +10 KeV. 

The basic experiment consists of irradiation 
of a number of samples at various betatron 
energy, and the yield curves were taken by 
residual activity measurements. 
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In the case of Ag!"(y, 2)Ag!® reaction, by efficiency was constant within statistical error | 
using natural silver, two different kinds of during these works. In the case of Zr”, | 
activity were formed, one of which is from natural Zr shaped 2cmx2cm and 0.3 cm thick — 
Ag%(7, 2)Ag!® and another from Ag'’(y, was irradiated for 2 min. at the same position 
n) Ag reaction, half-lives of Ag! and Ag’ and after waiting for 2min. measured for 2 
being 2.4 min. and 24 min. respectively. min. by scintillation counter. In order to 
In order to detect 24min. 8* activity from detect isomeric state of Zr®, the 0.588 MeV 
Ag}*, Ag sample was irradiated in the 7 ray 7 fray, the half-life of which is 4.4 min., was 
beam for 20min. and after waiting for 20 measured by scintillation counter set to this 
min. to cool off the 2.4 min. activity to 1/500, energy. 
counts were taken for 10min. by G-—M or During above irradiation, care was taken to 
scintillation counter set to the annihilation hold the dose rate from betatron constant, 
peak. because average photon ftux incident on the 
The Ag sample were 3cmxX3cmx0.15cm 
in shape and irradiated at 1.5m from the 
betatron target one after another. In the 
case of Mo%, natural Mo which is shaped 
3cmx3cm and 0.2mm thick was irradiated 
for 15min. at the same position of the case 
of Ag?’, and after waiting for 2 min. counted 
for 10min. by scintillation counter set to the 
annihilation peak. Counting efficiency of scin- 
tillation counter was regularly checked by 
counting rate of Na’, which was placed at 
the standard position with respect to the 
scintillation crystal, the variation of counting 
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Fig. 3-2. Activation curve near threshold for 
Mo?(y, 2)Mo°%!. 


Fig. 2. Experimental apparatus. 
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Table I. Summary of threshold measurement. 
Reaction | Present data (Mev) | Previous data (Mev) Q@ (Mev) Reference 
Zr Zr89m | | 12.3 | 11 
r(y~n)Zr 12.340.1 (ies Rae | 10.99 13) 
Mo?(7n)Mo% | 13.440.1 | 12.38 
AOT/y ne | 9.588 13 
Agi(yn)Ag | 9.3540.1 | nae 9.03 is 
Agl09(7) A gi08 | 9.15+0.1 | 9.14+0.05 9.12 14) 


sample in a given irradiation dose of Q is 
Q/tx, where tr is the irradiation time, and 
recorded number of counts were corrected to 
unit dose rate and to saturation activity by 
multiplying each reading by tr/l—exp (—Atr). 

y ray dose was measured by means of Vic- 
toreen Radocon chamber, which is located 
at the center of Lucite of 11.7cm cube. All 
the samples were irradiated just behind the 
Radocon chamber. The over all apparatus 
for each irradiation was presented in Fig. 2. 


$3. Experimental Results and Discussion 


Fig. 3 represents activation curves near 
threshold of each element. The threshold 
energy of each element is shown in Table I, 
the lst column is reactions, the 2nd contains 
the threshold energy measured in present 
work, 3rd those by previous®:1-!9 data and 
4th represents Q-values calculated from mass 
data. 

In the case of Ag and Zr”, the present 
data are in agreement with previous ones 
within experimental error. Threshold energy 
of Mo” has not been observed previously. 


neutron yield 


Relative 
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Fig. 4-1. Activation curve for Zr®(7, n)Zr6™. 


There were large deviations in energy calcu- 
lated from mass data in the case of Mo and 
Zr, this is the general tendency in the case 
of closed shell nuclei. The activation curves 
were represented in Fig. 4. Absolute neutron 
yields were normalized by Cu®%*(y, 2)Cu® yields 
which was measured by Saskatchewan group” 
in absolute scale. Zr2°(y, m)Zr®°* neutron yield 
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Fig. 4-2. Activation curve for Mo%(y, 1)Mo%. 
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represents the relative value. The cross sec- 
tion curves were deduced from activation 
curves of Fig. 4 by means of photon differ- 
ence method™. 

Cross section curves of each element are 
shown in Fig. 5. 

As the shape of cross section curve depends 
sensitively upon a little variations of activa- 
tion curve, we made three activation curves 
independently from each successive activation 
points. These three curves then yield then 
three cross section curves. The three 7 ray 
resonance energies and the widths at half- 
maximum thus obtained fall within +0.5 MeV 
and -+0.3MeV respectively. In the case of 
neutron closed shell nuclei Zr*® and Mo”, giant 
resonance widths show about 2~3 MeV, and 
Emax about 16.5 MeV for both. Above 18 MeV, 
cross sections are almost constant to 23 MeV 
and its value is comparatively large as seen 
in Fig. 5. This scheme may be explained by 
the comparatively large contribution of direct 
process to total cross section in this energy 
region. In order to check above effect more 
precisely, it is desirable to measure angular 
distribution of neutrons from Y°(7, 2) reac- 
tion in this energy region. 

Maximum cross section was measured as 
190 mb in Mo*(7, 7)Mo” reaction. In the case 
of Ag!’, the width of giant resonance was 
about 5.3 MeV which was factor of 2 larger than 
for Zr® and Mo. Emax of Ag!” was about 
14.0 MeV, and the cross section is measured 
as 240 mb at this energy. A small peak was 
found near threshold in contrast to Mo® case, 
which is supposed to be E2 absorption by the 
surface oscillation. 

All the data concerning the cross sections 
for each element are represented in Table II, 
in which the 5th column shows the calculated 
values of sum rule. In the case of Mo%, the 
measured ojnt deviates largely from the sum 
rule. But in this case, (7, p) cross section was 
anormally large’) in these mass number re- 
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gion, and if we add this to (7, ) cross sec- |) 


tion, integrated cross section will agree fairly | 
good to the sum rule. In the case of Ag’, 
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Cross section curve for Zr9(7, n)Zr89*. 
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Table II. pepe of cross section measurement. 
Reaction | Enws (MeV) | ome (mb) Tr’ (MeV) ori * (oak 
= - — = | : 
Zx90(yn)Z189" 16.8 | 2.9 
Mo22(y7)Mo% 16.0 Paatl 1.48 MeV-b 192 
Agi7(yn)Ag106 14.0 553 2.48 MeV-b Pay | 
* We assume e059 
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present data agree with the sum rule. 

The giant resonance of Ag”? has large width 
compared to Mo” and Zr” case. Let us as- 
sume that, as Danos® has predicted, this giant 
resonance is split into two resonances which 
can not be resolved on account of their broad- 
ness, and that each resonance shape is of 
Lorentz type. Then we can express the (7, ”) 
cross section in the following way as Fuller® 
et al. have done. 


Oa 


1+-(2?=E,?)/ ET oP 


(7, n)= 


Ov 


pit 14+[(2?—E,)/EM)? 


(1) 


where Ea, Ey represent two resonance energy. 

Ia, (, are full widths of two resonances 
lines at half maxima. oa and o, were adjusted 
by observed maximum cross section value, 
and the most suitable values of Ea, Ey, Ua 
and J", which give the best fit to observed 
cross section curve are given by 


a= Nowe MeV G2 MeV 
IBF NDS MeV I’) =4.5 MeV 


T'a=2.0 MeV, ',=4.5 MeV seems reasonable if 
we compare with those of Mo®% and Zr®. 
The cross section curve by above parameters 
was shown by the dotted line in Fig. 6. Ac- 
cording to the calculation of Danos, who 
treated a nucleus as spheroidal shape, the 
ratio of two resonance energy was represented 
by 


(2) 


Ea/E,=0.911a/b—0.089 (3) 


where 6 and a are the length of minor and 
major axis of spheroid. 

Substituting E,=13.3 MeV, £,=15.3MeV into 
eq. (3), we get: 


a/b=1.164 . (4) 


On the other hand the intrinsic quadrupole- 
moment is given by: 


oer) YET 
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substituting (4) into (5) and taking 7»=1.20 
x10-“ cm we get 


Qo= (1.90.7) x 10-*4 cm? (6) 


This result agrees very well to the value, 
Qo=1.7 or 1.9 10-24cm? which was obtained 
from the Coulomb excitation experiment. 

Thus we suppose that in the case of Ag?”, 
the giant resonance is perhaps split into two 
resonances, but we cannot resolve by their 
broadness. 
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Search for the “ Anomalous ” Scattering of Mu-Mesons 


(On the Apparatus using a Delayed Coincidence Method) 


By Takashi KITAMURA 


Institute of Polytechnics, Osaka City University, Osaka 
(Received May 22, 1959) 


As a result of the discussion about the experimental results on the 
anomalous scattering of mu-mesons so-far obtained, we came to the 
conclusion that their apparatuses have two principal deficiency in reach- 
ing a definite information: uncertainties in determining the identity and 
momenta of mu-mesons. 

Hence, we have a plan to complete the experiment by using an ar- 
rangement of Wilson cloud chamber and G. M. counters which is capable 
of selecting only mu-mesons, their momenta being determined with a 


thick absorber within a narrow range of emery GeV/C and a delayed 


—0.20 


coincidence method to separate mu-mesons from the other particles. In 
this paper, moreover, we estimated the possibility to trigger this ar- 
rangement with other particles than mu-mesons and found the contribu- 


tion to be quite negligible. 


Introduction 


§1. 

It has been believed that mu-meson be- 
haves in many respects as an heavy electron 
whose mass is about 207 times larger than 
that of the electron; its interaction with mat- 
ter is caused mainly through the electromag- 
netic field in addition to a very weak Fermi 
type interaction. In the first stage, the idea 
that the spin of mu-meson should be half- 
integer was presumed from experimental in- 
formations in which the conclusion rested on 
the assumed identification of the light neutral 
particles in z--y decay, u--capture and yw—e 
decay with the neutrino of B-decay. The an- 
alysis of cosmic ray bursts experiment also 
showed” that the spin of mu-meson was 
smaller than or equal to unity. However, a 
number of experiments about the scattering 
of cosmic ray mu-mesons have shown strange 
results»-!. This so-called “ anomalous ” scat- 
tering deviates from the scattering distribu- 
tion predicted by electromagnetic interactions 
alone. The experimental aspects of the anom- 
alous scattering so far obtained are tabulated 
in Table. Among these experiments about 
the mu-meson scattering, all but one per- 
formed by Amaldi et al.» clamied to have 
observed the anomalous scattering for various 
momentum regions. 

On the other hand, while these researches 
for the anomalous scattering were being per- 
formed, the similarity of the mu-meson to 


the electron has become almost conclusive by 
the Columbia experiment!» that the spin of 
the mu-meson is half integer and its g-factor 
is 2.0064+0.0048. Accordingly, we can con- 
sider that the mu-meson is the normal Dirac 
particles as far as its static properties are 
concerned. In high energy mu-mesons, how- 
ever, there may occur some anomalies in its 
dynamic properties which could be revealed 
at high energies. Moreover, the smallness 
of the Compton wave length of the high energy 
mu-meson might faciliate to examine the de- 
viation (if any) of the electromagnetic inter- 
action at small distances from the conventio- 
nal one. Therefore, the experiment to deter- 
mine whether the anomalous scattering is real 
or false, is very significant for the dynamic 
properties of the mu-meson. As far as pos- 
sible in avoiding ambiguities which were ap- 
parent in the previous observations, we have 
completed the measurement on the scattering 
distribution of mu-mesons by using a delayed 
coincidence method. 

The purpose of this paper is to discuss the 
utility of the experimental arrangement using 
a delayed coincidence method. We shall cri- 
tically discuss in § 2 on various theories given 
up to date which attempted the interpretation 
on a presence of the anomalous scattering and 
also in §3 on the experimental results of mu- 
meson scattering obtained so-far. On the 
basis of these discussions we shall show the 
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reason why the delayed-coincidence-apparatus 
is superior to the previous. Finally, in §4 
and 5, we shall discuss on possibilities that 
the other particles beside mu-meson might 
trigger the apparatus. 


§2. Various Theories Concerning the Anom- 
alous Scattering of Mu-meson 


Various attempts have been made in order 
to explain the observed results showing the 
anomalous scattering. Firstly, different. au- 
thors!.18) calculated the elastic and the in- 
elastic scattering of mu-meson by nucleus to 
the first order of Born’s approximation using 
a single particle nuclear model. It was found 
that these theoretical results are too small to 
explain the observed distributions at large 
angles. Secondly, a direction to interpret it 
in terms of non-Coulomb interactions between 
fast mu-meson and nucleon was taken as a 
matter of course™. This attempt, however, 
was excluded by further observations that the 
cross section for the anomalous scattering 
should be proportional to the square of the 
mass number of material used®.®. Davidson!” 
suggested that the giant nuclear dipole reso- 
nance could be responsible for the large angle 
scattering. Although such a phenomenon was 
certainly found, the observed cross section 
was too small to interpret that of the anom- 
alous scattering. Also this event would be 
caused only by low energy mu-mesons because 
an existence of the giant resonance is at only 
y-rays near 20 MeV, so that Davidson’s sug- 
gestion couldn’t account for the anomalous 
scattering of high energy mu-mesons which 
has been observed after publishing of this 
interpretation. Afterwards, Gatto!” studied 
an influence of correlations between the con- 
stituent nucleons on the scattering of mu- 
meson by a nucleus. Tidman!® and Fowler™ 
individually evaluated an influence of the 
anomalous magnetic moment of mu-meson on 
the large angle scattering. However, both 
influences also were too small. It has recently 
been suggested by Fowler that the large 
angle scattering may possibly be interpreted 
by a mechanism which essentially is the 
elastic counterpart of the star production by 
mu-mesons utilizing the result calculated by 
phase shift analysis about high energy elec- 
tron scattering of Yennie ef al/.2) The reason 
for the apparent success of this theory is es- 
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sentially due to the fact that he assumed a 
large inelastic cross section, that is, 4mb per 
lead nucleus for incident mu-mesons having 
energies greater than 1GeV to transfer an 
energy larger than 150MeV to a nucleus. 
George and Evans», however, have shown 
that the observed cross section for lp stars 
and showers by mu-mesons at various depths 
underground is average (4.60.5) x 10-%° cm? 
/nucleon and the cross section for 0» stars are 
only 1/4 of its value. Moreover, it has been 
suggested by the author and Oda’ that a 
part of the former and greater part of the 
latter might possibly be attributed to second- 
ary pi-mesons produced by mu-mesons. This 
suggestion is supported by the latest Mc- 
Diarmid’s experiment” about nuclear disinte- 
grations of mu-mesons. Therefore, the value 
of 4mb for the inelastic cross section is too 
large to be acceptable. Fowler also argued 
that the cross section of producing stars and 
showers rises fairly rapidly in energies above 
10GeV and it may become larger than 4 mb. 
On the contrary, the study of underground 
hard showers in our laboratory) has shown 
that secondary high energy pi-mesons pro- 
duced by mu-mesons increase the apparent 
cross section for mu-mesons-producing- 
showers, so that the genuine inelastic cross 
section for high energy mu-meson showers 
should be smaller than the observed value. 
Thus, we have had, up to present, no theory 
possible to interpret the anomalous scattering 
of mu-meson. 


§3. Discussion on the Anomalous Seattering 
Results to Date 


We shall now proceed to examine in detail 
each of the typical anomalous scattering re- 
sults shown in Table. 

George et al. asserted existence of the 
anomalous scattering of mu-meson near 200 
MeV from their observation with a circular 
cloud chamber at a depth of 60 meters of 
water-equivalent (m.w.e.) underground. Gen- 
erally, Coulomb scattering distribution of mu- 
meson which should be used for determining 
the magnitude of anomalous scattering degrees, 
is very sensitive to the intensity of low energy 
mu-mesons at that depth. Wolfendale et at., 
Nishida et al.2 and the author2? independ- 
ently concluded that the results could not be 
accepted as evidence of the existence of the 
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anomalous scattering of mu-meson because of 


-an uncertainty in the knowledge of the spec- 


trum of low energy particles traversing the 
cloud chamber. McDiarmid® also concluded 
that experimental results for mu-mesons of 
energies of a few hundred MeV were suffered 
from a difficulty at the experimental arrange- 
ment to distinguish between Moliére’s (point 
charged model)?®) and Cooper and Rainwater’s 
(extended charged model)? distributions be- 
cause of very large angles of the mu-mesons 
scattered. Moreover, the bearing of second- 
ary pi-mesons originated from hard showers 
of mu-mesons, discribed in the preceding, can 
have the most influence upon the information 
about the anomalous scattering at this energy 
region. In this way, when the anomalous 
scattering of low energy mu-mesons becomes 
more and more questionable, the conclusive 
disproof was obtained by means of a mea- 
surement on the pair production of mu-mesons 
by high energy 7-rays which was performed 
in 1956 by Masek et al.2 The observed 
yield was compatible with the theoretical 
cross section which had been derived by modi- 
fying the conventional formula for the pair 
production of fermions by photons in a Cou- 
lomb field for the effect of a finite nuclear 
size. The energy transferred to nucleus in 
this measuremeut was between 40 MeV and 
200 MeV. Thus, it was definitely concluded 
that there is little or no anomalies of mu- 
mesons below the corresponding energy. 

In the experiment of McDiarmid®, a multi- 
plate cloud chamber was used at a depth of 
26m.w.e. underground. The meson momenta 
were estimated through multiple scattering 
measurements in six two cm thick lead plates 
and divided into three groups: group I (150 
MeV/C <p8<1000 MeV/C), group II (300 MeV/C 
<pB<2200 MeV/C) and group III (600 MeV/C 
<pB<5GeV/C). He asserted scattering, inter- 
preted as anomalous, was found in Group III. 
The present author has investigated what 
energies of mu-meson affected much on the 
conclusion in this measurement. By using 
the Cooper and Rainwater theory, f(p@), and 
momentum spectrum of McDiarmid’s group 
III, S(p), the calculated curves of f(p0)-S(p)dp 
at various values of scattering angle @ have 
been calculated. Those curves are drawn in 
Fig. 1. From the figure it is clear that the 
scattering distribution at large angles (larger 
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than 5 degrees) is completely determined by 
an intensity of mesons in the 0.6~1.5 GeV/C 
region. This fact indicates that an evaluation 
of the intensity of mu-mesons having momenta 
near the threshold in the apparatus used has 
a great influence on the value of Coulomb 
scattering distribution and, as a result of it, 
on the conclusion led by such a measurement. 


INTENSITY G(P®)S(P) 


RELATIVE 


(GeV ) 


Fig. 1. Function f(pe) S(p)dp at McDiarmid’s 
experiment. 


Nevertheless, McDiarmid’s experimental result 
would have a great measuring error in deter- 
mining momenta of the mesons because of 
using of the method of multiple scattering 
measurement as discussed in Olbert’s paper*? 
which first presented the method. In this 
connection, the comparison of McDiarmid’s 
experimental points with our Coulomb scat- 
tering distribution calculated by the above- 


described ao\ Ff (p0)-S(p)dp, represented no 
9 DP 
anomalous Sone that quite agreed with 
a conclusion independently obtained by Nishida 
et al2® from their analysis of McDiarmid’s 
result. This fact may be considered that the 
experimental method of McDiarmid is very 
hard on giving the definite conclusion. There- 
upon, we cannot but agree that McDiarmid’s 
evidence is not conclusive. 
In the following, we shall refer to the ex- 
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periments which bear on the scattering of 
higher energy mu-mesons, using a magnetic 
cloud chamber. A main problem associated 
with this method is in an accurancy of the 
momentum determinations. In the magnetic 
cloud chamber, it is usual to measure the 
residual-value-curvature, 4C, of tracks of high 
speed in case of no magnetic field. Corre- 
sponding to this curvature there is a “ maxi- 
mum detectable momentum”. According to 
the data given in Wilson’s book®”?, however, 
occasional tracks may have large unexpected 
apparent curvatures; a distortion which pro- 
duces a curvature of nearly 1.2 m1 can occur 
in one of 40 tracks in a cloud chamber which 
has measured value of 0.16m- for 4C. Ina 
measurement of the momentum spectrum of 
mu-mesons in a chamber for which 4C=0.2 
m-!, we found that one track in 50 had a 
curvature of nearly 1.5m~1 and among them 
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some distorted tracks were almost completely | 
expressed with only a parabola equation that/} 
absolutely cannot be separated from their true; 
curvature values*». Experiments in which 
very rare events are measured, show cleat 
that this sort of distortions can be misleading}} 
and for this reason we feel that magnetiq( 
cloud chamber measurements of mu-mesony 
scattering must be regarded with caution. 

There is further the question of small ad-| 
mixture of protons in the mu-meson “ beam ”.| 
There is some evidence that the elasticity off} 
high energy proton-proton collisions mayji 
have*) a value near 0.7 and the recent data 
of accelerator shows*® an unexpected large: 
value of elasticity in collisions of proton-proton 
near 2 or 3GeV, so that the absorption meaa: 
free path of protons in the atmosphere wouid 
be larger than the 200-300 g/cm? previously 


Uj 


Side View 


Fig. 2. Arrangement of apparatus. 


| 60 
i the proton intensity. A suitable choice of the 
(longer absorption mean free path may bear 
'the proton contamination which is responsible 
‘for the anomalous scattering observed by 
i Lloyd e¢ al. 

) Thus, it is hard to draw a very definite 
iconclusion of existense of the anomalous 
(scattering for mu-mesons from the measure- 
ments up to date. At the present that its 
| existence in low energy mu-mesons has been 
| excluded by the mu-pairs experiment, it is 
| accordingly the most importance to measure 
| the scattering distribution of moderate energy 
) mu-mesons. Our present experiment was 
) planned with the method capable of selecting 
only mu-mesons, their momenta being deter- 
'mined with a thick absorber and a delayed 
coincidence method within a narrow range of 


4.0.15 
ia ) Gevic. 


§4. Experimental Arrangement 


The arrangement is illustrated in Fig. 2. 
An upper absorber consists of iron  biock 
having a density of 7.0g/cm* (its error +4.5 
%) and total thickness of 1.0 metre. It is 
expected that incident nuclear-active particles 
from the atmosphere decrease considerably 
iron absorber but incident mu- 
mesons do not. A cloud chamber has an ef- 
fective volume 47x35x50cm* and contains 
seven one cm lead plates. The thickness 75 
-em of iron absorber below the chamber serves 
to define a residual range of particles passing 
through this absorber corresponded to a mo- 
mentum of 1GeV/C. Iron was used for an 
economical reason because it is almost equal 
to lead from view point of capability of ab- 
sorbing nuclear-active particle. After travers- 
ing the iron, the mesons stopped and decayed 
in either of two 8cm thick carbon slabs. 
Two rather than just one carbon slab were 
used to increase the detection efficiency. The 
triggering method of the present apparatus is 
AB—D-+(B or C or D)delay. After passing 
through trays A and B (i.e. through the 
chamber), such mu-mesons as come to rest 
in the carbon slab and decay into electron 
are possible to trigger this arrangement. In 
the triggering method, the anti-coincidence of 


-under the 
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D tray with AB coincidence pulses was used 
for excluding a chance delayed-coincidence 
between ABD prompt coincidence pulses and 
pulses in single discharge of tray B, C or D. 
Each counter in tray B, as well as in trays 
C and D were hodoscoped for the prompt 
pulse. Whenever a delayed coincidence oc- 
curred, neon bulbs were photographed together 
with the triggered cloud chamber. In this 
way the track in the cloud chamber could be 
checked for their alignment with the struck 
counters. 


§5. Other Particles Contributions Beside 


Mu-meson 


It is conceivable that the present apparatus 
may be triggered by other particles than mu- 
mesons. We shall evaluate those phenomena 
using Olbert’s production spectrum?” which 
is an over-all energy spectrum of secondary 
pi-mesons produced by nucleon-air nucleus 
collisions. Difference between the energy 
distributions of secondary particles in nucleons- 
iron and air nucleus collisions is represented 
by (mass number)'/? law. Henceforth, we 
shall call the above iron absorber as absorber 
A and the lower iron absorber as absorber B. 
Let x g/cm? and y g/cm? represent each one 
of upward measured distances from each bot- 
tom surface of those absorbers A and B, re- 
spectively. 


[I] Delayed coincidence triggering 


A) Incident nucleons 

We shall treat only vertical incident par- 
ticles because inclined incident ones are much 
fewer. By doing this these calculations will 
be able to be simplified. The possibility that 
the present apparatus may be triggered by 
m—p—e decay event in the process discussed 
below, is caused by the fact that a lifetime 
of 10-8sec in z—y process is quite negligible 
for the time of 10-*sec in “—e process. 

a) A pi-meson, having been produced in a 
penetrating shower in the upper absorber A, 
traverses the chamber and the absorber B 
and comes to rest in the carbon and decays 
to a electron through the z—y—e process. 

The frequency may be expressed in the 
following form, 


i660 


ee 1030(air) ( 
EXD4 ee ee 


0 Aaps(air) Lilirlaedapalle)am 
| x(Fe)525(Fe) ] __ 79(pb) 
aoa! Acoi(Fe) Acoi(pb) 


All lengths are measured in units of g/cm’. 
(air) symbol refers to thickness of air, (Fe) 
to thickness of iron and so on. p attributes 
to a momentum of a secondary pi-meson, 
to its rest energy and 7c to its mean lifetime. 
The first term in the integrand represents a 
feature of the nucleonic component decreasing 
as an approximately exponential function with 
an absorption mean free path in air, Aaps(air), 
from the top of atmosphere to sea-level (1030 
vie | G (range; 


abs 
1030) bases on the Olbert’s assumption that 
meson-producing component is absorbed ex- 
ponentially throughout the atmosphere with 
an effective absorption mean free path. The 
second term shows the probability that the 
incident nucleons being absorbed with the ab- 
sorption mean free path 4 in absorber A may 
survive to a producing point xg/cm?. The 
third term is a value of Olbert’s production 
spectrum at a range (x(Fe)+525(Fe)+79(pb)) 
g/cm?, namely, an intensity of pi-mesons hav- 
ing the residual range which corresponds to 
total thickness of remaining layers in absorber 
A, absorber B and lead plates in the chamber. 
These pi-mesons come to rest just within the 
carbon layer. So this intensity must be given 
by a integrated value over a thickness of the 
carbon layer. The fourth and fifth terms 


g/cm? air). Function exp( — 
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} oxen | _ # (x(Fe)-+525(Fe) +79(pb)) bdx 


LGc(Fe) +-79(pb)-+525(Fe); 1030(air)) 


pt 


[cm? sec~! sr-1] . 


show the probability that these pi-mesoni 
having the above range do not interact witl! 
matter during passing the passage of theii 
range. We should use a collision mean free 
path instead of an absorption mean free paikl 
in those terms because the pi-mesons would 
lose almost all of their energy on account 93) 
their low energy even in nuclear interactions 
within the layers which are to be passedif 
The sixth term expresses the survival proba: 
bility of pi-mesons that the pi-mesons don? 
decay to mu-mesons in performing their pass 
ing range. 

By comparing a calculated numerical result 
of the above equation and an intensity of mu- 
mesons having 1 GeV/C to be measured unde 
absorber A, (3x10-°)x(thickness of carbo 
layer) [cm-? sec“! sr-1]*, we can get an orden 
of the contribution in this case. The ratio, 
using the values of Zaps(Air)=125 g/cm? air, 
Aabs(Fe) = 200 g/cm? iron, Acoi(Fe) =130 g/cm* 
iron and 2co1(pb)=160 g/cm? lead, was calcu’ 
lated to be 5.0 10-7. 

b) A pi-meson, produced as in a) above,, 
decays from within the lower absorber, the: 
mu-meson travelling on to decay in the: 
carbon. 

With a similar treatment in case a) this: 
intensity will be express as follows. 


[ex (5 Fes, ex 
a Aabs(air) : ( 


700(Fe) — x(Fe) ) [ibe 
Aabs(Fe) 0 


G(«(Fe)+79(pb) + (525—y)(y)) 


xexp (— au) )ex Geren 


Acoi(Fe) Acoi(pb) 


The last term represents the probability that incident pi-mesons decay into mu-mesons through) 
m— process within the absorber B. The remaining terms have the same physical meanings: 
as adopted in a). In using the same mean free path values, we obtained 1.5x10-* as a ratio) 
of this calculated result to the intensity of the mu-mesons. 
c) A proton incident from the atmosphere, traverses the upper iron absorber A to produce : 
a pi-meson which goes on to decay in the carbon. 
This intensity will be f 


f 

1 p225cre) 1030(air) 700(Fe) | 

ae ex — ee Se ae La 

2, \ P ( Aas (alr) ) oe ( Aabs(Fe) ) ae ( 

S25(Fe) HE) xp (— 28) 
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The factor outside the integral is due to the 
view that only proton flux in nucleonic com- 
ponent is favourable to this case. We may 
use collision mean free path at the third term 
because an occurance of any interactions of 
‘the incident particles within lead plates in a 
chamber will be able to be noticed with the 
chamber photographs. 

The ratio between this calculated result and 
“the mu-mesons intensity was found to be 4.9 
0°: 

d) A proton incident from the atmosphere 
traverses the upper iron absorber and cloud 
chamber as in c) above, and produces a z 
| meson which decays within the lower absorber, 
the mu-meson traveling on to decay in the 
carbon. 

' An intensity of this event was estimated 
with a similar treatment and the ratio to the 
-mu-meson was 1.0x10-°. 
In order to distinguish the Cooper and Rain- 
water theory for finite nucleus from the 
_Moliére theory for point nucleus, it is neces- 
sary to get data of about 5000 traversals as 
estimated from these differential scattering 
probability. The data would be got with 
about 1000 particles of mu-mesons scattered 
in five plates in middle of the chamber as 
their scattering phenomena in the top and 
bottom plates might be rejected because of 
the distortions of those tracks there. There- 
fore, thinking of the number of mu-mesons 
to be measured, the present result that a 
total intensity of the above-described events 
-caused by nucleons and pi-mesons have been 
led to a rate of 7.0x10-® per the mu-meson 
intensity, suggests that their contributions to 
the apparatus would be quite negligible for 
the mu-mesons even if actual mean free path 
values for absorption and collision were longer 
_ than those values adopted in the above calcu- 
lations. Also, bearing in mind that almost 
all of the above-discussed events producing pi- 
mesons just capable of triggering the present 
apparatus are accompanied with the other 
secondary particles of energies which have a 
possibility of passing across D tray, we can 
say it is nearly impossible to trigger the ap- 
paratus for these events by virture of an ac- 
tion of anti-coincidence of D tray. In practice, 
on our measuring results of about 1000 par- 
ticles by means of this equipment, we have 
observed none of such cloud chamber photo- 
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graphs which had other coinciding secondary 
particles than mu-mesons triggering the ap- 
paratus (hard showers in absorber A), or had 
a triggering mu-meson and a lightening of 
many neon bulbs in a hodoscope B-tray (hard 
showers in absorber B). This fact seems to 
give support to the view that our above con- 
clusion on the events caused by nucleons gives 
correct evaluations. 


B) Incident pi-mesons 

From the preceding results, the similar 
events arised from incident pi-mesons from 
the atmosphere instead of incident nucleons 
are known to be quite ignored because the 
pi-meson intensity at sea-level is assumed to 
be only few percent of the nucleon’s one. 


C) Incident mu-mesons 

a) Nuclear showers of mesons 

Although it is much less likely, a pi-meson 
having been produced in a nuclear shower of 
mu-mesons in the absorber A, may possibly 
produce a triggering of the apparatus. So 
long as we use the semi-classical procedure 
of Williams and Weizsacker®®) as a _ cross- 
section for production of pi-mesons by fast 
mu-mesons, a ratio of the intensity of the 
pi-mesons to that of the mu-meson triggering 
the apparatus was no more than a degree of 
2.0x10-°. In addition, most of the event is 
impossible to trigger the apparatus by virture 
of the action of anti-coincidence in D tray 
because of the narrowness of angles between 
the pi-mesons produced and the parent mu- 
mesons. 

b) Nuclear disintegration initiated by mu- 
mesons 

This is a low energy star produced by mu- 
mesons which may be very nearly regarded 
as anelastic process. If the recoiling nucleons 
have not enough energy to penetrate a thick- 
ness of one cm of lead plates in the cloud 
chamber, such a event seems to be a scatter- 
ing phenomenon. 

An angle of scatter of an incident mu-meson 
of energy E, in this event is given from the 
conservation of energy and momentum by 
approximate elastic process treatment. This 
expression is as follows; 


p= pes JO 

—E,Ep 
where mpC? is a rest mass energy of proton 
and FE, is an energy of recoiling nucleons, 


1662 


On the other hand, the cross section for a 
production of the event with energy Ep» re- 
leased by a fast mu-meson of energy Ey has 
been expressed by the Williams and Weizsacker 
expression®”, 


P D 


where a is a fine structure constant and dna» 
is the cross-section for the production of stars 
by photons. Now, we can put a value of 1 
GeV in E, of this expression because energies 
of measured mu-mesons have been taken as 
the value. The angular distribution of mu- 
mesons scattered with this event is obtained 
from the above two equations. As shown in 
Fig. 3, the differential scattering probability 
near 7 degrees was evaluated to be of the 
order of 10-° per degree which was very 
smaller compared to the Cooper and Rain- 
water theory. 
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Fig. 3. Contribution of nuclear disintegrations of 

mu-meson. 


[II] Prompt coincidence triggering 

In order to clarify a significance of delayed 
coincidence method, it is better we make also 
an observation with a prompt coincidence 
method ABD which selects all of particles 
penetrating through the absorber and the ap- 
paratus. When using this method, it is also 
possible that the counter system may be 
triggered by a nucleonic component. From 
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Mylori and Wilson’s data, a ratio betweet)% 
intensities at sea-level of protons having large? 
than 1GeV/C and of mu-mesons of the samy 
momentum is assumed to be of 10-* order 
Taking an assumption that the proton flux 
attenuates with an absorption mean free pattl 
of 200-300 g/cm? of iron in penetrating abi 
sorbers A and B, the ratio between proton), 
and mu-meson flux to trigger the prompt: 
coincidence-arrangement may decrease to aq) 
value smaller than 10-4. Taking into account 
an existence of an elasticity in nucleon-nucleus: 
collisions, however, we cannot assert that this: 
value is so small as the contribution of these 
proton does not disturb the observation with. 
the prompt coincidence. 

By using the above-discussed apparatus, w 
have observed the scattering distributions cfif 

eo 

—0.20) 
GeV/C determined with the delayed coincid- 
ence and having larger momenta than 1 GeV/C 
with the prompt coincidence. From the ob-- 
servations, we excluded the possibility that: 
the anomalous scattering of mu-meson is in} 
existence at the moderate energies*”, 


mu-mesons having momenta of (a 
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The temperature dependence of surface voltage of silver bromide 
crystals has been studied. The change in the surface voltage is due to 
the change in the ionic space charge voltage between silver metal and 
silver bromide. Near and on free surface, silver ions and electrons move, 
and their surface levels change under the condition that their change 
cancels the voltage change due to the ionic space charge of this side. 
The curve of surface voltage vs temperature consists of two straight 
lines, one of which refers to the impurity region, the other refers to 
the intrinsic region. The more Cd the sample contains, the higher 
temperature the knee point moves to. The formation energy of Frenkel 
defect and other quantities were obtained. 


num plate, which is the other electrode of tha 
electrometer and is grounded. The sampid 
can be heated by the heater placed unde? 
the platinum plate, and is insulated fror 
it by mica plates. The heater is made a9 


Introduction 


§1. 


One of us has observed the electron dif- 
fraction patterns of silver bromide monocrystal 
surfaces in the temperature region from room 
temperature to about 300°C, and found that 


when the specimens were illuminated by the 
light from the heater of the furnace, in which 
they were set, metallic silver precipitated on 
their surfaces,» the amount of which was 
larger in the impurity region than in the 
intrinsic region. 

If the difference of surface structure be- 


platinum. By controlling the heater current 
the sample can be heated at any arbitrary tem 
perature between room temperature and the’ 
melting point of silver bromide. The temperr 
ature of the crystal was measured by a copper“ 
constantan thermocouple, which is welded ori 
a silver plate placed on the platinum plate: 


tween two regions was characteristic to silver 
bromide, we would be able to observe the 
surface change in dark with silver bromide. 
So we intend to find the temperature de- 
pendence of the surface voltage of silver 
bromide monocrystal in dark, which contains 
known amounts of impurities. In our ex- 
periments, cadmium was used as the impurity. 
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§2. Apparatus ppor 


Specimens were made from melt in the air, 
cut by Ti-saw, and lapped and etched by HBr. 
After these treatments, they were rinsed for 
about twenty minutes. One side of a silver 
bromide monocrystal is free, and the other 
side is coated by silver metal, which were 
developed by usual development process. The 
samples are 1mm thick. 

The arrangement around the sample is 
shown in Fig. 1. The free surface was placed 
against the reed of a vibrating reed elec- 
trometer, which is made of semi-transparent 
glass coated with platinum. The coated sur- 
face of the sample is in contact with a plati- 


Fig. 1. Schematic arrangement of crystal, elec- 
trodes and heater. 


The above parts are placed in a bell jar to-- 
gether with the preamplifier, and the system) 
was evacuated to 10*mmHg. The bell jarr 
is shielded from electric disturbance and also: 
screened from light. The block diagram off 
the apparatus is shown in Fig. 2. 

For the experiment in the lower temperature? 
region, the platinum heater was replaced by/ 
a copper rod, the end of which was immersed | 
in liquid oxygen. By heat conduction of the 
rod, the temperature of the sample could bel 
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made to fall to about 130°C below zero. By 
immersing the rod in glycerine bath with 
heater, the sample could be heated to 120°C. 
But this apparatus was used only for the 
preliminary test in the lower temperature 


region. 
= Vibrator 
ea pes 
rotary 
pUMp p p 


Fig. 2. Block diagram 
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Fig. 3.. The temperature dependence of the surface 
voltage of a silver bromide crystal. After heat- 
ing the crystal, it cooled along the same path. 


§3. Experimental Results 


In the preliminary test, the upper electrode 
of the electrometer was contaminated at higher 
temperatures by evaporated material from the 
crystal surface and the temperature region 
was restricted to be below 220°C. 

The change of the surface voltage of silver 
bromide containing 0.01 Mol.-% of cadmium 
bromide is shown in Fig. 3. In the first run, 
its surface voltage decreased until the temper- 
ature of the crystal was elevated to about 
100°C, and increased thereafter. It remained 
nearly constant in the temperature region 
from 140°C to 180°C. In higher temperature 
region, it again decreased. After keeping the 
crystal at about 220°C for an hour, we gradual- 
ly cooled it. Then its surface voltage changed 
along another path, and increased a little down 
to about 100°C. Below 100°C, the surface 
voltage increased more steeply, and below 
80°C took nearly the same path as in heating. 
So in the curve of surface voltage versus 
temperature, we found a knee point near 
100°C. The elevation of surface voltage in the 
first run was not observed in the case of silver 
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chloride samples. Silver bromide is soluble in 
hydrobromic acid, and silver chloride is not 
soluble in hydrochloric acid. Each acid was 
used in the last stage of etching. We might 
Suppose that the elevation was due to the 
evaporation of bromine. The behavior in the 
first run may show the character of etching. 

In the second run, we could not find the 
increase of surface voltage between 100°C and 
140°C. In heating, the voltage change followed 
different paths from run to run, but nearly 
the same path was taken in cooling. So the 
latter path was used to calculate various 
figures for the crystal. 
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Fig. 4. The temperature dependence of the surface 
voltage of silver bromide crystals. The as- 
sociated number indicates the corresponding one 
in the paper. (a) is the calculated knee point 
temperature for crystal 5 and 6, (b) is that for 
crystal 3 and 4, and (c) is that for crystal 7. 


The experimental results are shown in Fig. 
4. Each voltage was measured after the 
crystal was kept half an hour at each temper- 
ature. Crystal 3 and 4 contain 0.01 Mol.-% 
of cadmium bromide, and crystal 7 contains 
0.05 Mol.-% of cadmium bromide. Crystal 5 
and 6 contained no intended impurities, but 
they were estimated to contain 0.001 Mol.-% 
of divalent cation impurities, according to the 
results of our experiment and the ionic con- 
ductivity experiment. The amount of the 
impurity ingredient—cadmium bromide—was 
weighed before doping. We did not analyse 
chemically the amounts of impurities solved 
in the silver bromide crystals. 

From Fig. 4, the curve of surface voltage 
versus temperature may be represented by 
two straight lines. One is in the temperature 
region from room temperature to the knee 
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point temperature, which corresponds to 
surface voltage change in the impurity region 
and the other is in the higher temperature 
region than the knee point, which corresponds 
to surface voltage change in the intrinsic 
region. 

It is easily seen that the more impurities 
the crystal contains, the higher temperature 
the knee point moves to. We could expect 
that in the intrinsic region, all lines would 
overlap one another because the behavior in 
this region must be independent of the amounts 
of impurities. But it is not our case. It is 
hard to measure the absolute surface voltage, 
and we cannot expect their overlappings, but 
their parallelism among them. Besides, they 
were frequently not parallel, as will be ac- 
counted by our interpretation in the next 
paragraph. 

The behavior of surface voltage of silver 
bromide crystal in the temperature region 
from room temperature to 140°C below zero 
is utterly different by the pre-treatment. 
After heating the sample from room temper- 
ature and keeping it at 120°C, its temperature 
was made to fall. Below room temperature, 
surface voltage versus temperature curve 
continued to follow the line determined by 
the experiments at higher temperatures. At 
temperatures from —20°C to —40°C, the curve 
becomes flatter. But by illuminating the 
crystal with light shorter than 400my the 
path again followed the extrapolated line, 
though its gradient was less steep below 0°C. 
In the temperature region from —100°C to 
—120°C, there appeared no change of surface 
voltage. 

When we cooled the crystal from room 
temperature without heating it, the surface 
voltage of silver bromide increased with a 


Surface Voltage (rnV) 
§ 
= 


120 GO 2A0, 2,0; A085 GGG 
Temperature °C 
Fig. 5. The temperature dependence of the surface 
voltage of silver bromide crystal 4 in the temper- 
ature region from room temperature to 120°C 
below zero. 


gentler slope than after heating it, and 1i) 
changed a little from —50°C to —120°C. The 
surface voltage versus temperature curve 
obtained for crystal 4 is shown in Fig. 55} 
Whether the sample at low temperature att) 
tains to thermal equilibrium in our observation) 
time is doubtful. 


§4. Interpretation it 
In order to interprete these curves in Fig; 4 
4, we shall propose the following mechanism,.}} 
According to Lehovec,” there is an ionic spacey} 
charge layer between the surface and thef 
bulk in an ionic crystal. In our case, the one 
surface is coated by silver metal. The work 
required for taking away a silver ion frorm* 
silver metal to infinity is —Eev. (E is nega-' 
tive.) Silver bromide is of Frenkel defect types, 
and a silver ion occupies a normal lattice site9 
or an interstitial site. By —Wev, we re-4 
present the work required for taking away 2 
silver ion from an interstitiai site of silverr 
bromide to infinity, and —Uev stands for the} 
work required for taking away a silver ion 
from a normal lattice site to infinity. E, U.) 
and W are not equal. When silver bromide: 
is in contact with silver metal, silver ions; 
move and an ionic space charge layer will be: 
established. We measure voltage in silver’ 
bromide, taking the voltage of silver metal) 
for zero. The voltage in the crystal is denoted . 
by V. The schematic diagram of E,U, W’ 
and V with other quantities which will ap- | 
pear later, is shown in Fig. 6. 
The number per unit volume of silver ions | 
at interstitial sites of the crystal —may.+- 
and that of silver vacancies —magq-— will be | 
determined by F,U,W and V. From the 
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Fig. 6. Energy level diagram for silver ion and 
electron (a) Energy levels for silver ion (b) 
Energy level for electron (c) Potential for silver 
ion (d) Potential for electron. 


1959) 


equilibrium equation, we have the following 
equations 


Nag.t=N, exp {—(W—E-+eV)/kT} las 
-=N, exp {—(E—U—eV)/kT} 2.) 
where we denote the number of interstitial 
sites available to a silver ion per unit volume 
by Ni, and the number of normal silver ion 
lattice sites per unit volume by Nz. Ni/N2 is 
2 in this case. k is Boltzmann constant, e is 
the charge of proton and T is the temperature 
of the crystal in absolute unit. 

In the interior of the silver bromide mono- 


NAg 
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crystal, the charge must be neutral, where 
voltage V is constant and its value is denoted 
by Vo. The charge neutrality in the interior 
will be established with cadmium impurity, 
which increases silver ion vacancies. Then we 
have 


-=MN4g.++cN, 3) 


where cN2 is the number of Cd** at lattice 
sites in place of silver ions per unit volume 
and ¢ is Mol.-% of cadmium ions dissolved in 
the crystal. From the equations (1), (2) and 
(3), we obtain 


NAg 


=E-L 


—Lev is the work 
crystal to infinity. 
knee point, where 


eV.=E—U+kT In | & /(s)+™ AE 
* nfo t a Wine pace | 


kT | (4) 


required for taking away a silver ion from the interior of silver bromide 
If we could measure V2, Vo versus temperature curve would have a 


(5) 


It is not this voltage, but surface voltage that we can measure. 
On the free surface of the crystal, we may make the following assumptions. There is the 
surface level of silver ions on the free surface, which corresponds to the work required for 


taking away a silver ion from the surface to infinity. We denote it by —Esev. 
obtain the equation on the free surface similar to the equation (4). 


o(Va—V)=Er—U+KT Inf + /(4) += exp — 


eVs=E—Es 


where Vs is the surface voltage of the crystal 
referred to the silver metal. 

The dependence of surface voltage of the 
crystal on temperature will be determined by 
Es; because E is almost independent of temper- 
ature. In order to explain our results, we 
must suppose that Es; varies in a wide range 
and its change shows a knee point at some 
temperature. It is unreasonable to suppose 
that &; changes abruptly at some temperature 
which is different according to the amount 
of cadmium impurities in the bulk. 

It was shown in the former experiment 
that surface state of silver bromide crystal 
changed as its temperature rose and metallic 
silver precipitated on its surface. It may be 
natural to conjecture that electrons could 
contribute to the surface change on the free 
surface. On the other surface, silver ions 


So we 
It is 


7M, et) 


N2 kT (6) 


only move in the boundary between silver and 
silver bromide, for silver bromide is an ionic 
crystal and the diffusion of electron may be 
neglected in our observation times. On the 
free surface both silver ions and electrons 
may contribute to equilibrium and there may 
be some factors that hinder the contribution 
of electrons. They may be removed by such 
procedure as illuminating the surface with 
shorter waves than 400my. We denote the 
work required for taking away an electron in 
silver bromide crystal to infinity by —d¢deV, 
and that from its surface by —dseV. 

The voltage induced by electrons for equi- 
librium between free surface and silver bromide 
crystal is (¢s—¢)/e, and that by silver ions is 
(L—E;)/e. There does exist only one voltage, 
so that they must be equal. We have 


L—E;s=¢s—$¢ ( he) 
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The equation (7) would not always be con- 
sistent, if Hs, ¢s, and ¢ were all nearly con- 
stant. There was change of surface state. 
It would be preferable that Es; could change. 
Then the equation will become consistent. 
We have 
eVs=E—E;s 
=€Vaotbs—h 


The dependence of Vs on temperatur: is 
entirely determined by V., if ¢s—@ is con- 
stant. We can measure Vs, and it is equi- 
valent to measuring V. which is the -voltage 
established by the ionic space charge layer 
near the silver coated surface. Then the curve 
of surface voltage versus temperature may 
have a knee point which can be controlled by 
the amounts of cadmium. In the above argu- 
ment, the number of electrons which move to 


6-0 oe nf § styl (< y+ +h exp — WU 
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and from the free surface is supposed to be | 
small and not to affect the charge neutrality |} 
condition. 1 

In the intrinsic region, where the contri-_ 
bution of the impurities is negligible, we have 1 | 
the equation for Vs as follows | 
kT | no 


OT Wee Ley ea 


2 2 nu NG (82 


e€Vs=E— 


The curve of surface voltage versus temper- 
ature seems to be a line with the same slope 
for all crystals because the factors except 
¢s— are determined by the bulk characters © 
and ¢s—@ is assumed to be constant. In 
reality, there are some discrepancies from one | 
crystal to another. So we assume that ¢;—¢ 
is not constant and has a term proportional 


to change of E;. That is: 
W—U 
rine) (9) 
ey? None We Os | 
2 raled Bena al 1m 


eVs=eVao+(bs—$)1—@kT In ee 


where (¢s—@): is the term of $s— 
has different values from sample to sample. 


@ which is independent of Fs, and @ is a constant, 
a is determined mainly by surface condition of 


which 


the sample. We attribute the difference of the slope between the samples to a. 
Neglecting the dependence of W—U on temperature, we get a value as a knee point 


temperature, which is higher than the observed one. 


We must consider the dependence of 


each level on temperature, and may assume that the dependence of each level on temperature 


is linear. We have 


E=Eo—kT In A 
(ds—O)1=(bs— 


o)i0o—RkT In Az 
W=Wo—kT In B, 
U=Uo—hkT in Bz 


(11a) 
(11b) 
Chie) 
(11d) 


where each character with suffix 0 represents respectively the energy level at 0°K of the 


energy level denoted by each character. 
The expression for eVs is: 


eVs= Ey—Uo+(bs—$)10—RT In A? 
Bz 
nate ayeTin{ © +y/(£ ERG: oxy = Wes) 
MB ~ gare (12) 
In the impurity region, we have: 
= — a ary Ai A, 
eVa1 Eo Uo+(ds )10 fe 1D eee (13) 


where Vs: is the surface voltage in the impurity region, and the term exp —(Wo—U»)/RT is 


neglected. 


; 
; 
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In the intrinsic region, we have 


U 
BV a> Booms yee +(bs— #05 (Wa Uo) 


—kT\n 


aac (14) 


By \NiBi 


where Vs: is the surface voltage of silver 
bromide in the intrinsic region, and the con- 
centration of impurity is neglected in the 
logarithm term. 


Surface Voltage of Silver Bromide 
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The dependence of surface voltage on temper- 
ature in each region is represented by a straight 


line. Extrapolating these lines to 0°K, we 
obtain: 
eVa—eVn= x4) (15) 


2 
The value of Vsi—Vsy at O°K is determined 
experimentally, while Wo—Vo obtained by 
Teltow® is 1.27eV. The value of @ which 
we obtained are shown in Table I. 


Table I. 

Sample Molar Percent Knee Point 

Namber of Impurity 2x (e Vsi —e Voz) a Ni B;/N2Bz Temperature 
expe. calc. 
3 Leet Oat 1.00eV 0.21 3.9 x 108 S92 393°K 

4 ili: 0.365 0.71 0.7 400 393 

5 Omi 102, 0.20 4.2 344 342 

6 0.1 0.76 0.40 AD, 344 342 

7 be 0.62 OF5T Ona 442 440 

The difference of the slopes of two lines in By 


the two region is 
N,Bi -a@)/2 
oe 


AG is calculated from the experimental data. 
We can find N,B:/N2B, which must be nearly 
constant, for it involves only the intrinsic 


4G=hIn( (16) 


factors of silver bromide crystal not affected 


by its surface state. a is sensitive to surface 
condition and its value are different from 
sample to sample. If the experimentally deter- 


“mined value of NiB:i/N2B:2 are nearly constant, 


we may conclude that our assumptions are 
reasonable. 

We have the following table. 

We can easily see that Ni Bi/N2B, is con- 


stant for the samples which were cut from 
+the crystal containing the same amounts of 


impurities. Furthermore, the discrepancy be- 
tween the samples is little except for crystal 
7. Crystal 7 seemed to be strained in being 
lapped. 

The knee point temperatures were calcuiated 
by using the values of the impurity concent- 


- ration c and N,B;/N2B2 obtained from Fig. 7. 


There is also good agreement between their 


: experimental and calculated values. 


Under the condition that Bi/B: is 0.65 x 10°, 
the formation energy of Frenkel defect Er is 
dependent on temperature as follows: 


Er= W-—U= Wo—Ur—kT In 
By 


=1.27—1.6x 103T (19) 


The equation (19) shows that B:/B, is larger 
than one. Rough evaluation of B; and B, can 
be made as follows. In the equation (12), 
there are two terms involving the temperature 
T. If we plot the curve of the term involving 
the impurity concentration c, the curve has a 
minimum near the knee point temperature, 
while the curve obtained experimentally has 
a slightly negative slope in the high temper- 
ature side of the knee point. If, as a very 
rough approximation, the sum of two terms 
dependent on temperature is assumed to be 
zero in the intrinsic region of silver bromide 
crystal, and if it is further assumed that a 
is zero, then we have 


A;A:/Be — (NiB:/No2Bs)*/? 
whence, substituting NiB;/N2B,=1.3 x 108, 
A; A2/B2==104 


The value of A: for silver is nearly equal to 
one. We assume that A, might vary from 1 
to 10-3. Then B, must vary inside the region 
from 10-2 to 10-7. From the above relation, 
B, must vary from 10 to 10. As the temper- 
ature rises higher, it becomes easier to take 
away a silver ion from a normal lattice site, 
and the work required to take away a silver 
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ion from an interstitial site increases. The 
level of U elevates, and that of W drops, as 
the temperature of the silver bromide crystal 
rises. The difference between the lattice site 
and the interstitial site tends to disappear by 
thermal motion of the lattice. 

The knee point temperature 7: is deter- 
mined by the equation (5), 


sy Nues exp {—(Wo—Ub)/kT } 


C~ NaBa 


(5) 


(Mol.-% } 
35, 
—— merry 


Oo, 
aa 


T 


_ Impurity concentration 


°7 
G) 
T 


= L 1 1 
(Sue2ON 22 eae concen NS2 
17 -x10> 


Fig. 7. The curve of the logarithm of the im- 
purity concentration versus the reciprocal of 
the absolute temperature. From the slope of 
the line, we have Hy°=1.03 eV and N,Bi/N2B2 
=1.3x 108: 


The curve of Inc versus the reciprocal of the 
absolute temperature is a straight line. The 
experimental result is shown in Fig. 7. The 
dotted line is the calculated one under the 
condition that Er® is Teltow’s 1.27eV, and 
NiB:i/N2Bz is 3x108. The formation energy 
of Frenkel defect, EHr®, can be determined 
from the slope of the line. The value 1.03 eV 
is obtained, and the value 1.3x 108 is obtained 
for NiBi/N2B:. 

The value of a differs from sample to 
sample, though the samples are cut from the 
same crystal. But the knee point temper- 
atures of the samples supposed to contain the 
same amount of cadmium coincide with each 
other. Therefore, Er is experimentally deter- 
mined without trouble over a. The discrepancy 
between 1.27eV and 1.03eV may be removed 
by improvement. 
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Improvement may be obtained by the follow- || 
ing ways: 
1) more 
temperature of the samples ! 

2) better and uniform treatment of surfaces }| - 
3) exact knowledge about the amounts of | ( 
impurities 
Lidiard®) calculated that the association of | 
silver vacancies and cation impurities is virtu: | 
ally complete at room temperature. Surface || 
voltage of silver bromide would not change |, 
at temperatures near and below 0°C because i 


the impurities do not contribute to its change. p 
We found its change at further lower temper- | 
atures. Whether the flatness of the surface | 
voltage change below room temperature is | 
caused by complex pairs, or by the absorption 
on the surface cannot decided in the presenti | 
stage. But it seems that silver ions may } 
move hardly below —100°C, and complex pairs > 
which decrease the concentration of effectively | 
dissoluble cadmium may contribute to the 
change of surface voltage. This problem | 
might be solved by the experiments in the § 
wider range of temperature from liquid oxygen | 
temperature to 220°C. The result will appear 
later. 


accurate measurement of the} 
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Precipitation phenomena during aging have been observed on alumi- 
nium-20 wt. per cent silver alloy in thin evaporated films by electron 
micryscopy and electron diffraction. A super-saturated solid solution 
has successfully been obtained in thin films by a new quenching method. 
In a preprecipitation stage aggregates composed of random clusters have 
been found in electron micrographs, no appreciable diffraction effect hav- 
ing been perceived. In a true precipitation stage precipitates have been 
found in electron micrographs to change from a needle-like to a three 
dimensional shape with increasing aging, the axial ratio obtained from 
diffraction patterns changing from 1.633 to 1.59 passing 1.6l,. It is a 
merit of the present study that a hexagonal precipitate with the ideal 
axial ratio has been detected in the course of aging. Except this point, 
the results obtained confirm generally those reported by X-ray studies. 
So called “equal-thickness interference fringes” have been found in 


images of precipitates aged at 250°C. 


$1. 

The precipitation process of age-hardened 
alloys such as aluminium-copper, aluminium- 
silver etc. will be elucidated in more detail, 
if both morphology and crystal structures of 
precipitates are examined on one and the same 
specimen without using replicas. For this 
purpose the direct observation on thin films 
by means of electron microscopy together 
with electron diffraction is most adequate”. 
Evidence for structural transitions in alloys 
will directly be obtained by this method, and 
therefore various changes of physical and 
mechanical properties of alloys accompanying 
aging will fully be explained. 

In order to realize the direct observation 
of aging two types of specimen preparation 
are available, that is to say, one is thin-sec- 
tioning of bulk alloys by electropolishing or 
chemical etching and the other is vacuum 
evaporation. The latter method was adopted 
in the present experiment because of its easi- 
ness and simplicity. This method has been 
tried by some investigators?-? but without 
success, for they could not get a supersaturat- 
ed solid solution, by quenching of thin films, 

* A short note concerning the present work 
has been published in Acta Cryst. 9 (1956) 971. 

4k Now at Department of General Education, 
Nagoya University. 


Introduction 


from which the observation on the aging pro- 
cess should be started. In the present study 
a quenching unit for evaporated alloy films 
was prepared with a new idea. This ap- 
paratus enabled us to quench thin films suc- 
cessfully, and the direct observation on the 
aging process of aluminium-20 wt. per cent 
silver alloy could be carried out by electron 
microscopy and electron diffraction. The de- 
scription of the quenching unit and the 
quenching method and of results obtained 
will be given in §2 and §3, respectively. 


§2. Experimental Method 


1. Quenching unit 

The most necessary condition for quench- 
ing of thin films is to keep the cooling speed 
at least in the same order of magnitude as 
that of water quenching of bulk material. 
Moreover, the following must be avoided. 

(1) Formation of oxides or other compounds. 

(2) Contamination by organic compounds such 
as grease. 

(3) Breakdown of films. 

It seems to be the best way, therefore, that 
alloy films are quenched without being ex- 
posed to air, immediately after the solution 
treatment has been done in vacuum or in inert 
gas. Bulk materials are usually quenched by 
putting directly into liquid refrigerant, say, 
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cold water, but it is clear that this method is 
‘inadequate to thin films. Winkelmann tried 
quenching of films by sudden fall of a heated 
specimen onto a cooled metal plate in vacu- 
um. According to him, thermal radiation 
from the specimen suddenly placed in sur- 
roundings of low temperature might quickly 
decrease the specimen temperature. But, at 
the same time, a considerable quantity of 
heat must be given to the film by a film sup- 
porter the cooling speed of which is far smal- 
ler than that of the former because of its 
large heat capacity. Thus, the cooling speed 
of the film is thought to be maintained almost 
in the same order of magnitude as that of the 
supporter. This point is considered as a main 
source from which he could not get a super- 
saturated solid solution. 


Hn @ @® C 
3 
i 
v) 
1c fea 


nickrom wire, @, is tightly wound. The 
specimen is placed at the central part of the 
quartz tube without being put in any con- 
tainer. The specimen temperature can be 
measured by a thermocouple of Pt-PtRh, 0. 
But, as the high accuracy of temperature 
measurement was not necessary for quenching, 
the thermocouple was removed on the actual 
procedure, in order that it might not inter- 
fere with a jet of gas, and the quenching 
temperature was then estimated by the coil 
current. The cooling tube, e, in C is made 
of hard glass 10mm in diameter and 0.5mm 
in wall thickness and is beforehand cooled by 
liquid nitrogen contained in a Dewar’s vessel 
d, In e is contained a helical winding of thin 
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Schematic diagram of the quenching unit. 


If a film heated in vacuum can quickly be 
contacted with some inert gas of large accom:| 
modation coefficient, a considerably large cool4| 
ing speed must be obtained without formation | 
of any harmful compound. Under such an). 
idea a quenching unit as shown in Fig. 1 was) 
prepared. | 

! 


It permitted the most effective: 
heat exchange between films and inert gasq 
and enabled the specimen temperature to bed. 
instantaneously decreased below room tem-}) 
perature. The unit consists of a heating) 
chamber, A, a nozzle part, B, from c in which 
gas is jetted into the heating chamber, andj 
a cooling chamber C, in which the cooling off 
a specimen film as well as well as of inert gas¥ 
is completed. A is made of a transparent! 
quartz tube 8mm in diameter and 0.7 mm ia 


wall thickness on which a heating coil off 


QPOTL TTT T US 


platinum or silver wire to promote heat ex- 
change between inert gas and the specimen. 
g in B isa gas reservoir into which gas is — 
filled to 2 atmospheric pressure through a | 
valve, h, before quenching. Carbon dioxide — 
gas was selected as an innert gas suitable for 
the present experiment, owing to its large ac- 
commodation coefficient. The dissociation of 
this gas does not thermally proceed below 
2000°C, that is to say, the reaction 2CO3 = 
2CO+O: does not actually take place. The 
dissociated volume is about 2 per cent at?) 
2000°C. The specimen film was heated above — 
500°C for 1~2 hours in vacuum of 10-5 mmHg | 
to obtain a homogeneous solid solution and 
then was quenching. 


a 
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2. Quenching method and heat treatment for 
aging 
The quenching procedure is carried out in 
the following order: 


(1) The valve, 7, is opened and the gas is 
jetted into A through c. 
(2) Cold water is poured onto A. 
(3) The electric current through a is switch- 
ed off. 

These three operations must be done aimost 
simultaneously. The object of the operation 
(2) is firstly to prevent carbon dioxide gas 
from temperature increase due to heat ex- 
change with the inside wall of A and second- 
ly to avoid blowing-off of C due to thermal 
expansion of the gas filled in A. The speci- 
men film is instantaneously blown away by 
the jetted gas and is fallen down onto the 
bottom of e. At the same time, as soon as 
the gas reaches the cooling tube, it transforms 
instantaneously to dry ice by giving heat to 
f and e. The process may be analysed in 
the following way; the gas jetted from the 
nozzle forms a narrow stream, without filling 
A, and brings the film away to the cooling 
chamber, carrying it on the tip of its stream. 
In this moment the tip may get little heat 
from the inside of A because of a sufficient- 
ly short length of the heating coil. In order 
that the above procedure may completely be 
finished, the distance between the nozzle tip 
and the film, and the size of the heating coil 
may have to be finely adjusted. The break- 
down of some films is unavoidable owing to 
the abrupt transport, but about two-thirds of 
the total number of the tried films could be 
subjected to the successive aging experiments 
without being broken down. This compara- 
tively little damage may depend upon a flying 
manner of a film, that is to say, this is apt 
to blown away with its surface parallel to the 
flying direction. After the quenching was 
finished, the unit was again highly evacuated, 
dry ice formed being gradually sublimated, 
and then the film was exposed to air. The 
time actually required from the finish of the 
quenching till the observation by electron dif- 
fraction or electron microscopy is estimated 
at least 2 hours. 

Heat-treatments for aging were done in high 
vacuum as follows; 
(1) When the heating temperature was below 
200°C, films were placed at the bottom of e 
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which was immersed into hot water or an 
oil bath. 

(2) When the temperature is above 200°C, 
they were placed at A. 


3. Preparation of specimens 

Specimens used in the present study were 
single-crystalline evaporated films of alumi- 
nium-20 wt. per cent silver. The two com- 
ponent metals were simultaneously evaporat- 
ed onto cleavage surfaces of rocksalt, which 
were maintained at about 450°C after having 
been heated up to 500°C, from two wires of 
aluminium and silver laid in a small tungsten 
filament 0.2mm in diameter. Evaporated 
quantities were so adjusted that the desired 
composition and the desired thickness, 800 
~1000A, might be obtained. Both of the com- 
position and the thickness were, however, 
considerably different from the expected 
values because of uncertain evaporated quan- 
tity of aluminium. This metal is soluble in 
tungsten and hence some quantity of it 
always remains unevaporated. To obtain a 
composition as close to the desired one as 
possible, a planned quantity of aluminium was 
somewhat increased by experience. Uncer- 
tainty of the distance between the filament 
and the substrates, caused by a not negligi- 
ble extent of the evaporation sourse, may 
also give rise to some error in the composi- 
tion and the thickness. Films evaporated 
onto pieces of rocksalt were freed from the 
substrates by immersion into distilled water 
and mounted on nickel plates 3mm in dia- 
meter and less than 0.1mm in thickness with 
small holes 0.1~0.3 mm in diameter, covered 
by thin collodion films. Films prepared in 
this way were well orientated, their surfaces 
being parallel with (001) plane. Electron 
micrographs showed, however, clear _ sub- 
grains having probably twisted boundaries 
with the axis of rotation lying in the film 
plane, as suggested by diffraction spots with- 
out arcing and visible over a wide angular 
extent: 
4. Temperature rise in films by irradiation 

of electron beam 

Specimen films were examined first by 
electron diffraction and then by electron 
microscopy after quenching and after every 
aging. The electron microscope was made 
by Hitachi Company (HU-7), the operating 
voltage being 50 KV, and electron micrographs 
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were taken on photographic plates at a magni- 
fication of 10,000x. This microscope, how- 
ever, did not permit to take diffraction patterns 
at the same specimen position as that in case of 
microscopy, and hence diffraction experiments 
had to be done in an independent diffraction 
camera. Owing to a large film thickness, 
microscopic images on the fluorescent screen 
were often too dark to be observed in detail 
unless the irradiation was more intensified 
than usual. This increased intensity, how- 
ever, gave rise to true precipitation in a 
super-saturated solid solution during observa- 
tion. The precipitates much resembled those 
formed in an early stage of 165°C aging, but 
further progress of the precipitation did not 
occur even after observation for about one 
hour. The acceleration of precipitation by 
irradiation could naturally be avoided by de- 
creasing the intensity at the cost of readiness 
of observation. When a specimen was sub- 
jected to the repeated quenches and the pro- 
longed observation in the electron microscope, 
the increase of its contamination made the 
electron image darker and the minute obser- 
vation more difficult. Nevertheless, the images 
with marked contrast in themselves in true 
precipitation stages suffered scarcely serious 
interference. 


5. Determination of the axial ratio of hex- 
agonal precipitates 

The axial ratio, c/a, of hexagonal precipi- 

tates was determined from diffraction spots 


(0111), (0112) and (1013), which were caused 
by lattice planes nearly perpendicular to the 
film plane, as follows: 


L2A—l,? 


(2) = AE. (len AY & 


nye yyy R:\’ 
A Se —e 
Dnokytyty Ry 


2O2"2 


where, 
(1) 


where ft: or Rz is a distance between (000) 
spot and (Aiki) or (heksl2) spot on the dif- 
fraction pattern. The accuracy of measure- 
ments of R: and R: was somewhat decreased 
due to radial elongation of the hexagonal 
spots, but the change in the axial ratio with 
aging could be determined at an error of 


about -+0.01. When hexagonal spots (1010) 


(1011) were fortunately observed by tilting 
the specimen to the electron beam, the follow- 
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ing equation was used: 


ks ys RAG 


A=( dior \= (ee y 
dion Riot 

Mean values of results from the above two 
methods were used as the axial ratio of pre- 


cipitates. Individual values of c and @ were 
not determined. 


where 


(2) 


§3. Experimental results 


Six specimens were examined by electron 
microscopy and electron diffraction throughout 
various aging stages after quenching, and the 
results obtained are classified into the follow- 
ing two; (1) low temperature aging in which 
true precipitation does not yet take place and 
(2) high temperature aging in which true pre- 
cipitation already proceeds. It was done in 
the first place to examine whether the quench- 
ing caused a supersaturated solid solution or 
not, and the first aging state was detected 
by this procedure. In the second aging state 
shape, size, distribution and the axial ratio of 
precipitates of hexagonal phase were studied, 
depending on aging temperature. 


1. Low temperature aging 

Photos. 1 and {2 show a typical electron 
micrograph and a typical diffraction pattern, 
respectively, taken from a specimen aged at 
room temperature for two hours after quench- 
ing. In the former, complex aggregates com- 
posed of minute dark spots are seen, e.g., in 
A or B. These aggregates always exist in 
specimens aged at temperature below 100°C 
and are believed to consist of small clusters 
of silver atoms. This point will be discussed 
in §4. The electron diffraction patterns seem 
to be scarcely influenced by the presence of 
aggregates. Sharp diffraction spots due to 
the face-centered single phase are accompanied 
by no appreciable extra scattering, except a 
comparatively strong background scattering 
which is markedly reduced in high temperature 
aging. A small elastic strain of the matrix 
lattice due to the occurrence of small clusters 
may be responsible for this phenomenon. 
Although shape and size of individual clusters 
forming an aggregate could not definitely be 
determined in the present observation, it may 
roughly be said from random shapes and 
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Photo. 1. Electron micrograph taken from a 

specimen aged at room temperature for two 
hours after quenching. 


Photo. 2. Electron diffraction pattern correspond- 
ing to Photo. 1. 


random sizes of aggregates that each indivi- 
dual cluster is not precipitated on any definite 
lattice plane and that its shape resembles a 
sphere, say, about 100A in diameter. 


2. High temperature aging 
(i) Aging below 200°C 

True precipitation was confirmed neither to 
occur at room temperature aging even after 
one month nor to occur at 100°C aging even 
after two hours, but it was found to begin at 
165°C after 20 minutes. Needle-like or nar- 
row wedge-like precipitates were grown 
along [110] and [110] directions lying in the 
film plane, (001), originating chiefly from sub- 
grain boundaries or from lattice imperfections 
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Photo. 3. Electron micrograph taken from a 
specimen aged at 165°C for 20 minutes after 
quenching. 


Photo. 4. Electron diffraction pattern correspond- 
ing to Photo. 3. The arrows indicate the 
streaks emerging from diffraction spots. 


such as small holes inside sub-grains, as 
shown in Photo. 3. These precipitates began 
to appear with increasing aging time also at 
places where there were no apparent imper- 
fection inside sub-grains. Electron diffraction 
patterns corresponding to this precipitation 
stage exhibited streaks emerging from dif- 
fraction spots of the face-centered cubic 
matrix, as shown in Photo. 4. The streaks 


appear to be extended along [110] and [110] 
directions in the projection to (001) reciprocal 
plane. On these streaks diffraction spots due 
to the hexagonal lattice appeared by further 
aging at higher temperatures and increased 
their intensity with aging. This fact seems 
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Photo. 5. Electron micrograph taken from a 
specimen aged at 200°C for 2 hours. This 
micrograph reproduces the same field as that 
in Photo. 3, showing the growth of precipitates. 


Photo. 6. Electron micrograph taken from a 
specimen aged at 250°C for 10 hours. Fine 
parallel striations are seen inside images of 
some precipitates, 


to suggest that the streaks are extended ac- 
tually along <111> directions in reciprocal 
space. That is to say, lamellae causing the 
streaks may be parallel with {111} planes. 
For the visibleness of <111> streaks on dif- 
fraction patterns of normal incidence the ro- 
tation of crystallites forming sub-grains and 
the bending of films may be responsible. 
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Photo. 7. Electron diffraction pattern correspond- 
ing to Photo. 6. The arrows indicate the 


diffraction spots due to the hexagonal phase. 


Photo. 8. Electron micrograph taken from a 
specimen aged at 400°C for 3 hours. 


The following view will be held about the 
earliest stage of precipitation: The needle- 
like or narrow wedge-like precipitates are 
very thin lamellae which are formed coherent: 
ly on the matrix {111} planes and grown pre- 


ferentially along [110] or [110] direction. 
Their thickness may be estimated from the 
length of the streaks to be at most a few 
atomic layers, but their width on thesia 
planes may be 100A in the order of magnitude. 
This view is supported also by the fact that 
the above precipitates are further developed 
to plate-like precipitates with their planes 
parallel to the matrix {111} planes, as shown 
in Photo 5. 


1959) 


(ii) Aging above 200°C 


The thin and narrow precipitates bellow 


} 200°C gradually grow up with aging above 
} 200°C to three-dimensional plates bounded by 
| two {111} planes of the matrix and two film 
i surfaces. 


Photo. 5, 6, 7 and 8 show electron 
micrographs and a diffraction pattern in this 
precipitation stage. The distribution density 
of precipitates attains maximum after aging 
at 200°C for 2~4 hours and decreases with 
further increase of aging temperature and 
time. The orientation relationship between 
precipitates and the matrix can be determin- 
ed from diffraction pattterns as follows: 


(111) matrix//(0001)hexagonal ’ 
[120fnatix/ L120 nexaconal : 


The thickness of the precipitates along their 
c axis reaches maximum after 250°C aging. 
The precipitates exhibit a fairly good habit 
below this temperature, but above 300°C 
they begin to dissolve again into the matrix, 
which causes both ends of their rod to be de- 
formed to a V shape and, at the same time, 
causes their thickness to be diminished. Be- 
havior of diffraction spots from hexagonal 
precipitates with increasing temperature just 
corresponds to the changes of electron micro- 
graphs; that is to say, their intensity reaches 
maximum after 200°C aging and their sharp- 
ness increases until 250°C aging. Above the 
latter temperature the intensity of the diffrac- 
tion spots from hexagonal precipitates is de- 
creased in spite of the unchanged sharpness 
of the spots. It is remarkable that the axial 
ratio. of the precipitates changes with aging 
from 1.633; to 1.59. The axial ratio of an 
ideally close-packed hexagonal lattice, 1.633, 
was found in the precipitates formed after 
aging at 200°C for 4 hours (Photo. 5). The 
measured value was 1.633;-£0.007. It decreases 
to 1.61.+0.005 by 250°C aging and this value 
exactly corresponds to 7’ phase. On further 
aging above 300°C the axial ratio changes 
to 1.59-+0.01 which nearly coincides with that 
of + phase, 1.588. 
§4. Discussion and Conclusion 

It is the essential point of the present paper 
to confirm to what extent the direct ob- 
servation throughout the whole aging process 
can. be effectively carried out by electron 
microscopy and electron diffraction in an 
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aluminium-silver alloy, using thin alloy films 
quenched by the method described in § 2. 
There have been many X-ray studies on the 
aging process of aluminium-silver alloys. Ac- 
cording to them, the process can be classified 
into preprecipitation and true precipitation 
which are responsible, respectively, for low 
temperature age-hardening and high tempera- 
ture age-hardening. The results of the pre- 
sent study will be discussed in the light of 
these X-ray studies, as follows. 

As-quenched or low temperature aged (below 
100°C) specimens do not exhibit in their 
electron micrographs any sign of true precipi- 
tation except at some of sub-grain bound- 
aries where something looking like precipi- 
tates is seen, as indicated by the arrows in 
Photo. 1. There are only aggregates consist- 
ing of random distribution of minute dark 
spots inside sub-grains. It was impossible 
due to a low resolving power of the present 
electron microscope and due to a considerable 
thickness of the films to obtain a distinct in- 
formation about individual shape and size of 
dark spots. According to Guinier e¢ al and 
Gerold”, the formation of silver-rich spherical 
small clusters was concluded by X-ray small 
angle scattering in low temperature aging 
of super-saturated solid solution of alumi- 
nium-silver. Gerold! showed only clusters 
with a radius more than 50A to be responsi- 
ble for low temperature age-hardening. Ac- 
cording to him, a scattering angle, 20max, 
corresponding to maximum intensity of small 
angle scattering for spherical clusters with a 
radius of gyration, R, is proportional to 4/ 
2xR. Owing to a very short wave-length of 
fast electron used in diffraction experiments, 
however, it is not too much to say that de- 
tecting small clusters by small angle scatter- 
ing around the diffraction spot of Oth order, 
that is, around the direct spot is made im- 
possible by a high halation in electron dif- 
fraction. The effect from clusters may be 
observed in general also around any diffrac- 
tion spot of hth order, if they are coherent 
with the matrix lattice. There is actually 
seen tolerable diffuse scattering, but a similar 
one is visible also in diffraction pattern of 
single-crystalline evaporated films of pure 
metal. Therefore, true diffuse scattering 
caused by clusters cannot be distinguishable, 
being masked by the above scattering, even 
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if it exists. If a culster were a stringlet or 
a platelet of minute size with its axis or plane 
of growth parallel to a special lattice plane 
of the matrix, a diffraction effect suggested 
by Geisler and Hill®—a plane or a rod pass- 
ing through a reciprocal lattice point—would 
emerge from diffraction spots including the 
direct spot. Any diffraction pattern, however, 
does not exhibit even a sign of the effect. 
That is to say, clusters may be spherical. 
The present electron-microscopic observations 
suggests that their radius is about 100A. 


The locally dense distribution of clusters is 
thought of as caused by annihilation of silver- 
laden dislocations inside sub-grains® and by 
condensation of silver atoms along dislocation 
loops due to migration of lattice vacancies. 
The arrows in B in Photo. 1 indicate the con- 
densation of silver clusters along single dis- 
location loops. The existence of something 
looking like large precipitates along sub-grain 
boundaries in Photo. 1 resembles the fact 
found by Heidenreich® in lead-silver alloys. 
He tried to explain this phenomenon by mass 
transport of solute atoms by dislocations into 
grain boundaries. In the present evaporated 
films sub-grains may be considered to be more 
loosely connected with one another than in 
bulk crystals, and this may lead to quick 
growth of precipitates along sub-grain bound- 
aries under strain-free condition. The thinner 
the films, the stronger this tendency will be- 
come. The fact®»35 that evaporated films 
less than 500A thick with patch-like structure 
gave always diffraction spots due to hexago- 
nal precipitates in their diffraction patterns 
even immediately after quenching might be 
caused partly by the enhanced preferential 
precipitation at their loosely connected sub- 
grain boundaries, although the marked pre- 
cipitation owes its origin largely to an incom- 
plete quenching. A trial to examine whether 
diffraction spots arising from precipitates ap- 
peared immediately after the quenching by 
the present method or not was done in case 
of thinner films less than 500A thick, but did 
not succeed, as they were all broken owing 
to the thinness. Generally speaking, the in- 
side of sub-grains will remain super-saturated 
under an adequate quenching, if the sub- 
grain size is sufficiently large. On the other 


hand, a greater part of solute atoms will be 


diffused out into sub-grain boundaries and a 
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depletion of the atoms inside sub-grains will | 
form two phases in equilibrium with precipi- | 
tates at boundaries, if the sub-grain size is © 
considerably small and a quenching is inade- 
quate. 

X-ray studies on true precipitation, especial- 
ly on its early stage, was fully done by Kdés- 
ter ef al. Hardy and Heal!” tried to ex- 
press the development of true precipitation in 
terms of the following process, chiefly based 
on the results of Késter et al: 


Stacking faults in the matrix 
— lamellae of 7’ phase 
— three dimensional 7’ phase >7 phase 


The present results obtained on thin films 
above 165°C can be expressed in the follow- 
ing way: 
Stacking faults in the matrix 
— needle-like or narrow wedge-like 7’’ 
precipitates — lamellae of y’’ precipitates 
—'three dimensional y’’ precipitates 
— 7’ phase-—7 phase 
The precipitates denoted by 7’’ mean those 
having the axial ratio of 1.633 characteristic 
of an ideal hexagonal close-packed lattice. 
The face-centred cubic lattice of the matrix 
is thought of as a sequence of (111) plane,---- 
ABCABCABC.:---. Solute atoms may be dif- 
fused into stacking faults such as---ABCAC- 
ABC:-- formed in the lattice, and thus ex- 
tremely thin embryos of precipitates are 
formed, the ideal axial ratio, 1.633, being 
held. Among possible growing directions of 
embryos lying on (111) plane, [110], [101] and 
[011] directions on this plane may be most 
favorable, because the best coherency can be 
obtained on the plane and the atomic registry 
is easiest to be held along the closest-packed 
directions, <110>. The work necessary to add 
solute atoms to ends of growing embryos is 
least along these directions. The occurrence 
of strain field at embryo’s ends favors atoms 
to be diffused here, and the longitudinal 
growth is still more accelerated, which leads 
to a needle-like or narrow wedge-like shape. 
The axial ratio, 1.633, still persists until 
the beginning of three-dimensional growth. 
Thus, 7’’ precipitates behave below 200°C as 
if they were most stable. However, they 
may be unable to increase so much their 
thickness that the axial ratio, 1.633, may be 
recognized by X-rays. This will make the 
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difference between the X-ray results and the 
present results on the precipitation process, 
with that it is scarcely possible to distinguish 
between 7’ lamellae and y” lamellae only 
from the streak on a diffraction pattern. Any 
precipitate with the ideal axial ratio has not 
so far been reported by X-ray studies. On the 
other hand, such a precipitate with the ideal 
axial ratio or with an axial ratio close to it 
has been found by Gétsche® and Watanabe” 
in evaporated films by means of electron dif- 
fraction. It was detected from the beginning 
in the formation of their evaporated films, 
but not in the course of precipitation from a 
super-saturated solid solution. Its detection 
in thin films, however, may reasonably be 
understood just in the light of the present 
study. 

As shown in Photo. 6; fine striations were 
sometimes seen inside images of precipitates. 
Such striations are often originated from 
stacking faults formed in face-centred cubic 
lattices,» as a result of dynamical interaction 
of electrons with faulted lattices, but the pre- 
cipitation stage in which the present striations 
appeared was a considerably developed one, 
as seen from the diffraction pattern and the 
micrograph, and hence it is improbable that 
stacking faults caused them to occur. The 
striations are believed to be so-called “ equal- 
thickness interference fringe” produced by 
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Fig. 2. The intensity variation of electron beam 
along the incident direction in a wedge-shaped 
part of the precipitate. The figure represents 
a cross section parallel to (110) of the matrix. 
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dynamical interaction of electrons with the 
crystal lattice in a wedge-shaped part formed 
by precipitation, as often found in an image 
of a crystal with a regular habit such as 
magnesium oxide.!)- Fig. 2 explains how 
the fringe can be produced by the intensity 
variation of electron beam along the incident 
direction in the wedge-shaped part of the pre- 
cipitate lattice, A, if the responsible Bragg 
reflection occurs here. The fringe can be 
caused, however, also by the dynamical inter- 
ference in the wedge-shaped part of the 
matrix lattice, B, in the same way, if the re- 
sponsible Bragg reflection occurs here. The 
calculation shows that the spacing of the ob- 
served fringe may be obtained by either of 
the two explanations, and therefore, it can 
not be determined at present which lattice is 
responsible for the observed fringe. This 
point will be answered in a future report. 
The present investigation has partly been 
supported by the fund of the Ministry of 
Education in Aid of Scientific Researches. 
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Mixed crystals of (Ba-Sr)TiO; containing up to about 10 mole per cent 
of Sr were grown in the same triangular plate shape as BaTiO 3 single 
crystals, and dielectric measurements were performed thereon. Up to 
2.25 mole per cent Sr, the dielectric constant vs temperature (¢-T) curve 
near the cubic-tetragonal transition temperature maintains the same form 
as that of pure BaTiO3, the peak value rising with increasing Sr content. 
Above 5.64 mole per cent Sr, however, the e-T curve has a rounded peak 
and the peak value drops remarkably. The temperature of maximum 
dielectric constant decreases with increasing Sr content at a constant rate 
of 2.9°C per mole per cent in spite of this change. The Curie-Weiss 
temperature also drops with increasing Sr content at nearly the same 
rate, the difference between these two temperatures being held at about 
20°C. The Curie constant also seems to decrease slightly with increasing 
Sr content. A comparison between the effect of replacing Ba with Sr 
and the effect of hydrostatic pressure on the transition temperature and 
the lattice constant ‘suggests that the transition temperature depends 
mainly on the lattice constant of the tetragonal c-axis. 

$1. 


Introduction of (Ba-Sr)TiO; solid solution. The effect of 


Many investigationsY-® concerning the ce- 
ramics of (Ba-Sr)TiOs; solid solution have been 
made in order to improve the dielectric and the 
piezoelectric properties of BaTiOs ceramics, 
or for other purposes. On the other hand, 
Remeika’s method” for growing BaTiO; single 
crystals in which potassium fluoride (KF) is 
used as a solvent and by which good plate- 
like crystals are obtained, has extensively and 


rapidly advanced the fundamental studies on. 


BaTiOs. In the course of our studies on 
ferroelectric crystals, preparations of mixed 
crystals with varying strontium (Sr) content 
from zero up to 10 mole per cent have been 
tried out by Remeika’s method. As a result, 
the mixed crystals containing Sr of about 10 
mole per cent were still found to be able to 
grow in the same triangular plate shape as 
does the pure BaTiO;. Reports on the crystal 
containing Sr of more than 10 mole per cent 
can be found indeed, but these are all on the 
“chunky ” crystals, and there seems to have 
been no known case that plate-like crystals 
have been grown at 10 mole per cent Sr. 

In this paper, the results of the dielectric 
measurements on our single crystals are 
reported, and compared with those on ceramics 


substitution of Sr for barium (Ba) on the 
transition character is also compared with the 
influence of hydrostatic pressure on that of 
BaTiO; single crystal. 


§2. Preparation of Crystals 


Crystals have been grown by Remeika’s 
method from the solution of 30 grams of 
mixture in a desired ratio of each powder of 
BaTiO; and SrTiO; in the solvent of 70 grams 
of KF®, using the compositions of solute and 
solvent as shown in Table I. When the Sr 
content in solute is increased above 8 mole 
per cent, crystals having the shape of trian- 


Table I. Composition of solute and solvent used 
for growing (Ba-Sr)TiO3 mixed crystals. 

Solvent | _ mn Sg ___|Sr content 

Number ae BaTiO, | SrTiO, in solute 

8) (g) Bod ae 
BS-1 70 30.00 0.00 0.00 
BS-2 70 2ORaS 0.47 1.98 
BS-3 70 29.05 0.95 3.99 
BS-4 70 28.57 1.43 5.99 
BS-5 70 28.08 1.92 8.00 
BS-6 70 27.59 Petit 9.99 
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gular plates (plate-like crystals) tend to 
decrease in number, but even in the case of 
BS-6 (Table I), which contains 10 mole per 
cent Sr, plate-like crystals having one side of 
more than 10mm length could still be grown 
in pairs. So-called “chunky” crystals also 
grew at the same time. Chemical and X-ray 


Table Il. Sr content in plate-like and chunky 
crystals determined by chemical analyses. 
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analyses have been performed on both forms 
of crystals, but only the plate-like crystals 
have been used in the measurement of the 
dielectric properties. 


§ 3. Chemical and X-ray Analyses 


Molar percentage of Sr contained in crystals 
grown, according to the results of chemical 
analyses, are shown in Table IJ. Content of 
Sr in plate-like crystals is in general smaller 


: SODAS a ch yatal than that in the original solute. But in chunky 
Sone Spoient ee crystals, much more Sr was sometimes found 
(mole %) es ON therein than in the solute. Therefore, Sr 
— BOTS) A Ae ___ 7“ content in the crystal could not be estimated 
BS-1 0.00 0.00 0.00 from that in the solute. On the other hand, 
BS-2 1.98 | 1.40 2.39 content of undesirable elements was found to 
BS-3 3.99 2.25 3.05 be very little (less than 0.1 per cent in total), 
BS-4 5.99 5.64 AGG and the spectroscopic analyses, too, showed 
BS-5 8.00 9.06 17.65 only faint traces of these impurities. 
BS-6 | 9.99 9.45 | 12.51 Moreover, lattice constants of plate-like and 
chunky crystals were measured by X-ray 
‘ : spectrometer at room temperature (30-+2°C). 
bh Il. pigattice constants of mixed crystal of hese erasulis Averehomiin ane 
eee gar? SESE SH nites Fig. 1 shows the lattice constants of the 
tetragonal axes of these crystals plotted 
Lattice constant of crystal (A) against Sr content obtained by chemical 
Necree Tistelice | oe analyses. Both lattice constants decrease at 
£ | items Z r the same rate with increasing Sr content. 
a-axis | c-axis | a-axis | c-axis This figure will be used to obtain a relation 
BS_1 3.9960 | 4.0318 PcG el Pon between the Curie temperature and the lattice 
constant. 
BS-2 3.9951 4.0292 3.9934 | 4.0306 
BS-3 | 3.9939 | 4.0283 | 3.9930 | 4.0255 4, Dielectric Properties 
eS Sone Red aan. bee Only plate-like crystals have been used in 
oe EAE: ee 8, 9893 5 c, 0217 measurements of the dielectric properties, 
fog Biveae 4.0203 3.9912 | 4.0231 since our chunky crystals had small sizes and 
2 irregular shapes. Measurements were perform- 
4.04 ed mainly on the dielectric constant- 
temperature characteristics near the 
as cubic-tetragonal transition temperature. 
From these measurements, the trans- 
ny 4 ition temperature, thermal hysteresis, 
* 4.01 © plate-like crystal and discontinuity were obtained as 
= « chunky crystal function of Sr content, and the Curie- 
% 4.00 Weiss temperature and the Curie con- 
8 stant were obtained either graphically 
ote or by calculations. Three to five crystals 
5 — were selected from each group for these 
measurements. 
521) aa cliimanmian ee i4 i618 20. (dy) Methodof Measurement of the 
Sr content in mole per cent Dielectric Constant-Temperature 
Fig. 1. The variation of lattice constant against Sr Characteristics. 


content. 


Silver electrodes with guard rings 
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were evaporated on each crystal in vacuum. 
Diameter of the guarded electrode is 1.5 to 1.9 
mm, the inner diameter of the guard electrode 
2.2 to 2.8mm, and the outer diameter of the 
guard electrode and the diameter of unguarded 
electrode are about 4.5mm. Thickness of 
crystals is 0.065 to 0.44mm. Fig. 2 shows the 
block diagram of the circuit for measuring 
the electric capacity-temperature character- 
istics. As shown there, the temperature of 
the crystal was measured by an iron-constantan 
thermocouple attached to the guard electrode, 
its output being fed to the X-axis input 
terminals of the X-Y recorder. A D.C. voltage 
proportional to the electric capacity of the 
specimen was fed to the Y-axis input terminals 
of the recorder. Thus the dielectric constant- 
temperature characteristics were automatically 
recorded by changing slowly the temperature 
of the specimens. 


Temperat Iron-constantan 


ure 
controlled Crystal thermo” 
case BAP a 


“Voltage 
Amplifier 


and 
Rectifier 


Fig. 2. A block diagram of the circuit for 
measurement of the electric capacity-tempera- 
ture characteristics. 
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Fig. 3. Representative dielectric constant-tem- 
perature characteristic curve. 
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Results of Measurements and Calcula- 
tions. 

In Fig. 3 is shown the most representative 
among the dielectric constant-temperature 
curves of the crystals of each group near the 
transition temperature. These curves actually 
show thermal hysteresis at the transition tem- 
perature (shown in the curve of BS-3 as an 
example), and the differences between the 
temperature of maximum dielectric contant 
in rising temperature and that in falling tem- 
perature are 2 to 4°C. Curves in Fig. 3 show 
only for decreasing temperature, except for 
BS-3 which shows both heating and cooling 
curves. 

As is seen in Fig. 3, the characteristic curves 
for the specimens of BS-2 and BS-3 have 
similar shapes to that of BS-1 (pure BaTiOs), 
that is, these curves drop discontinuously at 
the transition temperature, and the maximum 
value of the dielectric constant increases with 
increasing Sr content. But in the specimens 
BS-4, BS-5 and BS-6, containing more Sr, the 
discontinuity at the transition temperature 
disappears and the maximum value also drops, 
showing an obvious difference from the former. 
Therefore, it may be said that there is a 
limit in Sr content below which the transition 
character of crystal is very little influenced 
by the substitution of Sr for Ba, but above 
which it is considerably done. So far as our 
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Fig. 4. Variations of the transition temperature, 
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constant with increasing Sr content. 
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crystals are concerned, this limiting point 


must lie within 2.25 to 5.64 mole per cent. 


In the previous reports on ceramics or single 
crystals of (Ba-Sr)TiOs solid solution, this 
transition from discontinuous to rounded curve 
have been little noticed because of large rate 
of change of Sr content in preparation of 
specimens. 

The transition temperature, defined as the 
temperature of maximum dielectric constant 
for decreasing temperature, decreases linearly 
with increasing Sr content, as shown in the 
curve (1) in Fig. 4. The arrows accompanying 


each point show the range of the measured. 


values. The rate is estimated as 2.9°C per 
mole per cent within the range examined. 

The average values of the Curie-Weiss 
temperature and the Curie constant, obtained 
from the reciprocal dielectric constant vs. 
temperature curve, are shown, respectively, in 
curves (2) and (3) of Fig. 4. The Curie-Weiss 
temperature also decreases with increasing Sr 
content, but in the range of our measurements, 
the difference between the transition and the 
Curie-Weiss temperature remained nearly con- 
stant independent of Sr content. 

The Curie constant also seems to decrease 
slightly with increasing Sr content, but the 
values measured show a wide range of varia- 
tion even among crystals of the same group, 
so that no definite conclusion can be drawn. 


§5. Discussion 

From the change of the shape of the die- 
lectric constant-temperature curve and the shift 
of the transition temperature with Sr content 
mentioned above, it will be concluded that: 
(a) Up to about 10 mole per cent Sr, essen- 
tial character of the transition in the 
dielectric properties is scarcely influ- 
enced. 
The substitution of Ba by Sr take place 
in the form of a homogeneous solid solu- 
tion up to 2.25 mole per cent. 
For Sr content of above 5.64 mole per 
cent, the crystal is supposed to be in the 
state of inhomogeneous solid solution, 
although no localization of constituents 
could be detected by our X-ray analyses, 
and because of this inhomogeneity, the 
dielectric behavior is averaged over a 
whole crystal, and consequently the 
dielectric constant-temperature curve has 


(b) 


fc 
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a rounded peak. 

In our case, the transition from the homo- 
geneous to the inhomogeneous solid solution 
occurred somewhere between 2.25 and 5.64 
mole per cent Sr. However, it may be pos- 
sible for this transition to shift to more Sr 
content by changing some of the conditions 
in the preparation of crystal. 

The shift of the cubic-tetragonal transition 
temperature in ceramics containing Sr more 
than 10 mole per cent has been reported by 
many workers with, however, widely varying 
results, for instance, S. Sawada et al. gave 
2.9, D. F. Rushman ef al.» 3.0, W. Jackson 
et al.» 3.9, and W. B. Westphal 1.8°C per 
mole per cent. 

The measurements on chunky crystals gave 
a decrease of Curie temperature of about 3.4” 
and 2.0! °C per mole per cent. In general, 
composition of crystal is different from that 
of solute, so that it is probable that these 
results on chunky crystals need to be corrected 
for Sr content. Though our measurements on 
the plate-like crystals are not of wide range, 
it is plausible that the rate of the shift of the 
transition temperature in (Br-Sr)TiOs system 
is 2.9°C per mole per cent. 

Merz! observed the influence of hydrostatic 
pressure upon the transition temperature in 
BaTiO; single crystal and compared it with 
the effect of (Ba-Sr)TiO; solid solution. Name- 
ly, on the basis of the fact that the application 
of hydrostatic pressure and the replacement 
of Ba by Sr in BaTiO; had likewise the effects 
of both decreasing the lattice constant and 
lowering the transition temperature, he calcu- 
lated the change of the transition temperature 
with lattice constant for each case, and ob- 
tained 3.3x10?°C A! from hydrostatic pres- 
sure and of 2.8x108°C A“! from ceramics of 
solid solution, in quite a good agreement 
with each other in spite of its simple treat- 
ment. 

Let us now make similar calculations from 
a slightly different aspect. Using the results 
on our crystals (Fig. 1 and 4), the changes of 
the transition temperature are evaluated a- 
gainst the rates of decrease of: 

(a) lattice constant a 
(b) lattice constant c 
(c) volume a?c 

Similar evaluations are made for the result 

of hydrostatic pressure, using the elastic 
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compliances s” of BaTiOs single crystal by 
Berlincourt ef al. The results are shown 
in Table IV. As shown therein, both results 
show good agreement only for the rate of 
change with respect to the c-axis. This would 
possibly suggest that the transition tempera- 
ture depends mainly upon the lattice constant 
c, but not upon a. 


Table IV. Rate of decrease of the transition tem- 
perature with change of the lattice constant. a, 
¢ and y indicate the lenght of a- and c-axis and 
the volume of a unit cell respectively, and @ is 
the transition temperature. 


Rate (°C) 
substitution | hydrostatic 
by Sr pressure 
46/(4a/a) 2.06 x 104 12.45 x 104 
4@/(Ac/c) 1.19 » 1.10 » 
Ao/(4v/v) 0.55 7 0.93 7 


Merz also reported a slight increase of the 
peak value of the dielectric constant by 
hydrostatic pressure, which is similar to our 
results for (Ba-Sr)TiOs; mixed crystals with 
Sr content of up to 2.25 mole per cent. This 
is a further confirmation of the analogy 
between the effect of hydrostatic pressure and 
that of Sr content. 

The difference between the transition and 
the Curie-Weiss temperture, obtained from 
measurements on many crystals ranging from 
pure specimens of BaTiO; to the specimens 
containing about 10 mole per cent Sr is 20°C. 

The values obtained by Drougard et al. 
and other workers are about 10°C, only a half 
of ours. Reason for this discrepancy is not 
clear. 

The Curie constant of pure BaTiO; single 
crystal (BS-1 in our case) is 1.27 x 10°C (C.G.S.) 
in average, in fairly good agreement with that 
by Merz? (1.35 x 10‘) and by Drougard et al.1® 
(1.38 x 10*°C). It decreases slightly with in- 
creasing Sr content, but confirmation of this 
tendency should await further study, perhaps 
after growing the plate-like crystals containing 
more Sr if at all possible. 


§ 5. 


(1) Mixed crystals of (Ba-Sr)TiO; contain- 
ing Sr up to about 10 mole per cent have 
been grown in the same triangular shape as 
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the crystal of BaTiOs. 


(2) Thermal hysteresis is generally 2 to ] 
4°C, ! 
(3) Below 2.25 mole per cent of Sr, the | 


dielectric constant-temperature curve holds the 
same shape as that of pure BaTiO; near the | 
cubic-tetragonal trasition, having a discon- 
tinuity, and the maximum of the dielectric 
constant increases with increasing Sr content. | 
Above 5.64 mole per cent of Sr, the peak is — 
rounded and the maximum value drops 
remarkably. 

(4) The transition temperature decreases © 
linearly at a rate of 2.9°C per mole per cent 
with increasing Sr content, in spite of the 
change of shape of the characteristic curve. 

(5) The Curie-Weiss temperature also 
drops at nearly the same rate as the transition 
temperature, and the difference between these 
two temperatures is about 20°C. 

(6) The Curie constant seems to decrease 
slightly with increasing Sr content. 

(7) The transition temperature depends 
mainly on tetragonal c-axis. 
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Exciton structures in alkali-halides are analyzed according to the p°a 


configurations based on the “transfer ” model for exciton. 


The ratio of 


intensity of the absorption peak which is estimated from the p5d con- 


figuration are calculated for some values of parameters. 


Qualitative 


comparison with the experimental facts are also given. 


§1. Introduction 

Recentry, the complicated structures of ex- 
citon in alkali-halides are found by the ex- 
periment on the optical absorption at lower 
temperatures. We shall investigate this struc- 
ture from the view of atomic spectroscopy. 
Peterson” analyzed the ratio of intensity be- 
tween the peaks corresponding to the doublet 
splitting. He used the atomic data of rare 
gas which is of isoelectronic configuration with 
the atoms constituting the crystal concerned. 
Recent experiments have revealed the many 
absorption peaks which do not correspond to 
the doublet splitting. Overhauser”? calculated 
the number of absorption peaks which is pre- 
dicted from the “transfer ” model for the ex- 
citon. When we analyze the experimentally 
observed structure of exciton absorption, we 
need the number of absorption peaks and the 
ratio of intensity among these peaks which 
are estimated theoretically. We shall investi- 
gate the absorption peaks which do not corre- 
spond to the doublet splitting, by introducing 
the higher p°d configuration. Although our 
treatment is carried out using the method of 
atomic spectroscopy, our analysis is based on 
the “transfer” model for the exciton. 


§2. Exciton Structure 


As mentioned above, experiments have 


shown that there appear the absorption peaks 
which have a splitting nearly equal to the 
doublet splitting in halogen atom and whose 
intensities are nearly equal. This experimental 
fact suggests that in exciton states which 
have an effect on the optical absorption, the 
spin-orbit interaction of a hole is larger than 
the exchange interaction between a hole and 
an electron. Peterson’ estimated the ratio of 
the intensities of the lines corresponding to 
this splitting, by using the data of atomic 
spectra in rare gas. This treatment is im- 
plicitly based on the assumption that the 
optical absorption of an exciton is the atomic 
excitation in halogen ions. We shall assume 
that the spin orbit interaction of the hole is 
larger than the exchange interaction between 
the hole and the electron and investigate the 
absorption peaks which do not corresponds to 
the doubiet splitting. 

We introduce the higher p°d configuration 
which is allowed in the optical transition from 
the ground state p°. In cubic crystals, d 
orbits split in dé level and dy level. This 
splitting is large when crystalline electric 
field is large in case of the atomic d level in 
solids. In case of an exciton, another effect 
determine predominantly the splitting between 
d& and dy. This effect occurs in the “transfer” 
model for an exciton. If the energy of empty 
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p orbit on the alkali-ion is much higher than 
that of empty s orbit, the electron on the 
halide-ion transfers only to s orbit on the 
alkali-ion. In such a case, the L.C.A.O. wave 
function constructed only from the transferred 
s orbit includes the wave function having the 
dy character in the crystals of NaCl-type 
structure and dé in the crystal of CsCl-type 
structure, as Overhauser?’ showed. Therefore, 
the main factor determining the splitting be- 
tween d€ and dy is the difference of energy 
between s-orbit and p-orbit on the alkali-ion. 
The effect of crystalline fields for the electron 
is smaller in the “transferred” model for an 
exciton, because the largest contribution to 
the crystalline field arises from the next- 
nearest ions and the crystalline field is cubic. 
But the approximation which takes into ac- 
count the s-orbit only as Overhauser did does 
not seems to hold in the alkali-halide crystal. 
In the first approximation, the wave function 
of the electron in the exciton states is similar 
to that of the trapped electron in case of the 
F-center. The experimental and theoretical 
investigations». for the F-center showed that 
the ground-state wave function of the F-center 
is constituted by the s-orbit and p-orbit in 
nearly equal proportion. It seems to be reason- 
able that similar situation exists in the exciton 
states. Therefore, we assume that the energy 
of dé level and dy level are nearly equal, 
that is, we can use the approximately de- 
generate d level. But, this “d level” mainly 
makes up the electron transferred orbit rather 
than the orbit of intra-atomic excitation. 
Therefore, the following treatment is based 
on the “transferred” model for the exciton. 
On the “excitation” model for the exciton, 
we cannot neglect the effect of the crystalline 
electric field even approximately. 
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The ground state So has the p* configura- 
tion. 


higher configurations out of account. 


At first, we neglect the exchange interaction | 
between the electron and the hole and con- | 


sider, in addition to the Coulomb interaction 
between them, only the spin orbit interaction 
of the hole. Diagonal energy for the electro- 
static energy is given in the following. 
SDS aie 1 Gls eee 
1P (pd), *Pi(p'd)=—Fo’—7F2’ +4 
3D ( p'd)=—Fy’ +7Fy/ +4 , 


where 4 denotes the difference of energy be- 


tween s-function and d-function for the e- — 


lectron and Fy, Fo’ and fF.’ are derived from 
the following F°, F%, F” in the same way 
as T.A.S.8, they are all positive quantities. 
Where 


Peal | PxndQstraA(rirs) des de 

FY = | [ Pr vartrnactrsrs) des des 

FY= [| Pacvesrrdarriry de: dra. 
P(r.) denotes the radial part of the wave 
function multiplied by radius for the electron 


and Q(rz) denotes the one for the hole. 
a(rirz) is given by 


pond glee 
re*/ry8*! t2>71 
and 

BY SRY (357, 


From these value, we get the following matrix 
of energy for the five atomic terms. 


LRP sirius RED?) 1Pi(p*d) °Pi( pd) °Di( pd) 
1P,( p's) —F2 Zy/g a A 0 0 
3 P,( p's) Pe. anon 0 A 0 
1P,( p'd) A 0 4—Fy’ —7F,/ TAD A V6A @) 
3 P,( pd) 0 A Voa 4—Fy’—7Fx/—2 VY Ba 
*Di( pd) 0 0 V6 V3a 4—Fy +7Fy +2 . 


A is the constant determined by the spin orbit coupling. If we consider the (p%s) configu- 
ration, the doublet splitting & is related to 4 by 


A=E/6 . 


According to the selection rule, the 
pure states to which the optical transition is | if 
allowed are !P,(p°s) and !P,(p°d), leaving the 


(ye 
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_ A is the nondiagonal coulomb interaction between » »5Pi(sp’) and 3P,(dp*). This term has 


’ been calculated making use of the formula given by Racah, The non-vanishing term is the 
term including the following F’’’ because of symmetry. 


Fue [| ParnPandarr POA dees 


But the multiplicative factor for Fi’ is shown to be zero, using the formula of Racah”. 
Then, matrix (2) is reduced into two parts. The part for the (p'd) configuration is 


0 Work a7 64 
A—Fei—Ths | 1/92 oA VY 3a ; (30) 
V64 VY3Aa A+14F,’ 
The part for the (p*s) configuration is 
0 Di Del 
—Fot ( Me Mail (4) 
Dy? A 2A 


We shall calculate the energy and the wave function given by the matrix (3). In order to 
solve matrix (3), we transform it by the orthogonal transformation matrix T. 


YS i’ Cites Lia 25 
ey 38 a V Zone ene 
Meee Via 6 ely 2" 


Then, matrix (3) transforms into the following matrix. 


a a 
waging oe 0 aiqieys 
2+ 9 9 
2 0 —2 0 
a 
—— 0 4-+-— 
5 =F 
where 
= 14F,//2 5 


From this matrix, we obtain the eigenvalue and the eigenfunction of (3) as follows. 


eigenvalue eigenfunction 
oy —/ Dee (5a) 
(2+a)+V/a?+36 _ ) 
a 2 > cos 0 SF Pt 3P,— Tt 3-), 
: Ls 1 ) 
a SUP a ' 5b 
sin (7 3 it 76 6 wis oa (5b) 
(2+@)—//a? +36 Cry ee ee vs 
A 5 ; sin (73 es Cai P, War dD, 
1 


where 


tts /p 3 -/i- fcniet (6) 
ey ae , sin 6 TV ate 
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Since the ground state is the So(p*) configu- 
ration, the ratio of intensity arising from the 
transitions to the above levels is given by 

1: (cos 6—sin 6)? : (cos @+sin 8)? . (Gia) 
The difference of energy among these levels 
and the ratio of intensity are calculated for 
some values of a. In Fig. 1, we plot this 
result. The line due to the transition to the 
level which is mainly constructed by the *Di 
term is omitted, because the intensity of this 
level must be very weak. Since we do not 
know the difference between the average 
energy of the p°s configuration and that of 
the p°d configuration, we slide Fig. 1 as com- 
pared with the observed doublet splitting and 
compare this expected ratio of intensity and 
the positions of the lines with the observed 
peaks which do not correspond to the doublet 
splitting. Martienssen’s® experiment for Csl 
and Teegarden’s’? experiment for KI are 
qualitatively similar to the case a=10 and 
the case a<5, respectively. But the expected 
ratio of intensity is larger than the experi- 
mental value in case of KI. 

Next, we shall take into account the effect 
of exchange interaction between the electron 
and the hole. The energy of p°d configuration 
including the exchange interaction is given by 
Condon-Shortley®’. This result is as follows; 

3D, = —Fo’ +7F 3’ 
3P, SS. — Fy’ —7F,/ 
IP, =— Fo’ —7F i’ +20Gy’ 
Gy’ is the energy of exchange corresponding 
to Fi’. From this we obtain the matrix of 
energy for the p°d configuration as follows: 
T meni Zac Ves 
SF —TFY +a v2 TV sy, 
1, Oe Vin Lee 


7 =20Gi’/A. 
Transforming this matrix by the above orthogo- 
nal transformation matrix 7, we get 


where 


SP, =D, Py 
Mice aM erpinece es 
Poe eee 


(9) 


For ;<a, we can omit the nondiagonal term 
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7/3 in the first approximation. 
The parts of the matrix for the ?#P; and *Di 


configuration is written 


fr doublet splitting 
I (5b) Q=5 I 
| 


| 
} (5c) 


fl 125 1 
We take the Intensity of 
the level at the higher 
| energy side as unity. 
| i) 


y=0 I 
We take the Intensity of 


the level at the higher 
| energy side as unitly 


KI (-180°C) (5c) 


doublet splitting 


| je (pty KCI (150k) 
f 'P, (P®) 
ap 
wa 
Fig. 1. Case of omitting the exchange interaction. 
Fig. 2. Exciton absorption. 


Fig. 3. Case of taking into account the exchange 
interaction. 
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Since the difference of the energy between 
the *P, level and *D, level is large, we omit 
7/3 in the nondiagonal part of the above 
matrix. Then, we take as the unperturbed 
states the state of which the energy is deter- 
mined by the matrix 


04 a 
Bet q : and nai ae 

ess Ae 

z mi 2 


If the effect of the nondiagonal term 7/3 is 
taken into account as the perturbation between 
those states, we obtain the following results. 
The energy difference of the peaks which 
were shown in Fig. 1, is now modified to 


where 


= (2+a)—//a?+36— 
B=1/3/ aici ee 


The ratio of intensities of these peaks is 
(1—B(cos @+sin @))? : (cos 8+sin 0)+ A)? . 
The results are shown in Fig. 3, where the 

parameter 7 is set to the value a/9. 

The fact that the ratio of the intensity of 
the peaks decreases than in the case where 
the exchange interaction is omitted, is qualita- 
tively similar to the experimental result of 
KI. Therefore, we can assign the peaks in 
KI and CsI to the perks due to the p°d con- 
figuration as is shown in Fig. 2. 


§ 3. Discussions 


According to the experiment by Teegarden”, 
the main feature of the absorption spectrum 
on KI and Nal is nearly similar. The exciton 
structures in Hartman’s” experiment for NaCl 
and KCI are sketched in Fig. 2. The discus- 
sion in the preceeding section suggests that 
the experiment for NaCl and KCl may be the 
case 14F)’/S&S20G)’. When a=14F,’/2 is 
large, the doublet splitting in the p°d configu- 
ration is at most half of that in the p°s con- 
figuration. Therefore, the peak in the higher 
energy side seems to be the doublet splitting 
corresponding to the p°d configuration, whose 
splitting is too small to be observed at present. 
From this speculation and the discussion in 
the preceeding section, it is expected that the 
parameters Ff’, Gi’ and & have the following 
relations in each crystals. 
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In KI (and similar iodide) 


Vi eae e Eee Cy ME ha 
In CsI 
14Fy ~ 2s 206’ < ari 


In NaCl (and KCl) 
14FY SESGi’. 

we shall compare these relations with the 
atomic data of rare gas which has the iso- 
electronic configuration to the halide ions of 
the crystal. The intra-atomic excitation of 
the 2p°3d configuration in Nel has the follow- 
ing values according to T.A.S.®. 


Fy Gi’ &/1.5 &/1.5 (ionic) 
15200K2.98, B530HL 521 (unite cm-!) 


(onic) denotes the doublet splitting of neon 
in the ionic configuration. This quantity cor- 
responds to the doublet splitting in the neutral 
halide of the exciton. The ration F,’/& for 
the exciton, which is predicted by our analysis, 
is larger than that of the data in neon. Since 
the transferred orbit in the alkali-ion has a 
smaller energy than the intra-atomic excitation 
in the halogen ion, this fact is understood. 
The larger values of F.’/E for the exciton are 
understood. The tendency that Ff,’ decreases 
when the energy becomes larger, is confirmed 
experimentally by the fact that, in Neon I, 
the values of F:’ are 15.50, 6.60, 3.62 (cm-}), 
respectively, in case of the excitation p°3d, 
pad, p’5d. 

Experimentally, the intensities of the com- 
ponents of the doublet in the exciton which 
corresponds to that of the neutral halogen 
atom are nearly equal. These lines are due 
to the p*s cofiguration. In case of the atomic 
spectrum of rare gas, the intensities in Krl 
are nearly equal. In this case, Gi~0.150€. 
where G; is the quantity in the p°s configu- 
ration corresponding to G,’ in the p°d configu- 
ration. Therefore, this ratio between G: and 
— in the p°s configuration seems to be reason- 
able in the f*°s configuration of an exciton. 
Taking the above estimated value of Gi’, the 
ration Gi’//Gi~0.10 in case of KI. In Neon 
I, in the p°3d configuration Gi’/E~ 0.4 10-? 
and in the p°3s configuration Gi/E~2. From 
these values Gi’/Gi~ 0.2 x 10-?. 

Therefore, the value G.’/Gi in the exciton 
of KI is larger than that of the atomic ex- 
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citation in rare gas. Taking a view-point of 
the “transfer” model the wave functions in 
the p°3s configuration and in the p°3d configu- 
ration are not radically different as in the 
case of the intra-atomic excitation. Then, the 
large value G,’/G; in the exciton can be under- 
stood on the “ transfer ” model for the exciton. 

In our analysis, the difference of the absorp- 
tion curve in KI and CsI is attributed to that 
of the magnitude of F,’/E. This difference 
of F,’/E may be due to that of the transferred 
orbit or the crystal structure. 

Finally, we discuss the approximation neg- 
lecting the crystalline electric field for the 
transferred orbit, which comes from the next- 
nearest neighbour and the more distant neigh- 
bour. According to Bethe’, the energy dif- 
ference between dé orbit and dy orbit is given 
by 


Bid Ede = Dkr aw 


where <7*>ay denotes the average by the 
transferred orbit and 


D=—(7e/8) > (13/R3)(OZj— Rj) 


and /;, R; and Z; are the charge, the distance 
from the origin and the Z-coordinate of the 
j-th ion, respectively. If the summation over 
the nearest neighbours and the more distant 
neighbours of D is expressed by D’ and that 
over the next-nearest neighbour and the more 
distant neighbours is expressed by D’’, we 
obtain 


D’ =—3.580e?/a® , D’’=—0.080e?/a° 
for the crystal of NaCl-type, 

D’ = +9.323e?/a5 , D’ =+2.936¢e?/a5 
for the crystal of CsCl-type, 
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where a is the lattice constant. 


In our model, D’’ determines the effect of the 
crystalline electric field. From the above value 
of D’’ we can neglect this effect for the crystal 
of NaCl type, because the overestimation in 
which we put a!=<r*> yields about-0.02e.V., 
for the E(dé)—E(dy), using the typical value 
of a. However, since the value D’” for the 
crystal of CsCl type is comparable with D’, 
it seems that the crystalline electric field may 
have some effect on the absorption curve in 
CsI even on the “transferred ” model for the 
exciton. 

The author wish to express his cordinal 
thanks to his colleagues of the Physical Insti- 
tute. Tdhoku University, for stimulating dis- 
cussions. The present work was partially 
financed by the Scientific Research Fund of 
the Ministry of Education. 
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A classical Boltzmann theory is given of the acoustoelectric effect in 
monovalent metals, using Pippard’s approach to the ultrasonic absorption 
by conduction electrons. Weinreich’s phenomenological relation between 
the acoustoelectric effect and the ultrasonic absorption holds in all 
frequency ranges for both longitudinal and transverse ultrasonic waves. 
For longitudinal waves in the intermediate and high frequency ranges, 
the result is essentially identical with that derived from the quantum- 
mechanical calculation. The order of magnitude of the acoustoelectric 
effect in the low frequency range is smaller than Parmenter’s result but 
larger than that obtained by Weinreich-Holstein’s approach. A pheno- 
menological theory is developed of the acoustoelectric effect due to e- 
lectron transfer mechanism in polyvalent metals, the method of which can 


be applied also to many-valley semiconductors. 


§1. Introduction 


The theories of the acoustoelectric effect in 
metals have been developed by Parmenter” 
(hereafter denoted by P1), Van den Beukel” 
and the present author® in the intermediate 
and high frequency ranges, and by Parmen- 
ter) (hereafter denoted by P2), Weinreich» 
and Holstein® in the Jow frequency range. In 
the previous paper, we discussed that Pl seems 
deficient for several reasons and Van den 
Beukel’s method may be applicable to real 
metals. In a recent paper, however, Wein- 
reich et al.” have asserted that Van den 
Beukel’s method cannot be correct because it 
neglects the effect of the space charge caused 
by ultrasonic waves. On the other hand, P2 
and Weinreich-Holstein’s approach lead to 
mutually conflicting results in the low frequen- 
cy range. 

The main object of this paper is to give a 
reasonable method for the calculation of the 
acoustoelectric effect in monovalent metals 
and to discuss Weinreich et al.’s assertion, 
P2 and Weinreich-Holstein’s approach. We 
shall use the classical Boltzmann equation 
developed by Pippard® and Steinberg”, of the 
ultrasonic absorption by conduction electrons, 
in which the effects of the space charge and 
the internal electric field are correctly taken 
into account. The important informations 
obtained in our theory are as follows: 

1) Weinreich’s phenomenological relation’ 
between the acoustoelectric effect and the 
ultrasonic absorption holds in all frequency 


ranges for both longitudinal and transverse 
ultrasonic waves. Then the present author’s 
argument» in the previous paper must be 
revised, which states that the other relation 
may exist in the low frequency range. 

2) For longitudinal waves in the inter- 
mediate and high frequency ranges, the result 
is essentially identical with that derived from 
the quantum-mechanical calculation (Van den 
Beukel’s method). Then we can conclude that 
Van den Beukel’s method is suitable for the 
intermediate and high frequency ranges, and 
involves implicitly the effect of the space 
charge in the electron-phonon coupling con- 
stant. 

3) For longitudinal waves in the low frequen- 
cy range, the obtained result is smaller than 
that of P2 but larger than that obtained by 
Weinreich-Holstein’s approach. 

In §2, we shall give a brief review of Pip- 
pard’s theory in some modified form for later 
uses. In §3 we shall calculate the acousto- 
electric effect in monovalent metals. Com- 
ments on P2 and Weinreich-Holstein’s ap- 
proach are given in §4. 

In §5, a phenomenological theory is de- 
veloped of the acoustoelectric effect and the 
ultrasonic absorption due to electron transfer 
mechanism in polyvalent metals. This theory 
is also applicable to many-valley semicon- 
ductors in the low frequency range. In fact, 
this theory leads to Weinreich’s formula” for 
n-Ge. 
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§2. Ultrasonic Absorption by Conduction 
Electrons 
The Boltzmann equation of conduction e- 
lectrons under the influence of acoustic waves” 
is given by 


ot m 
| Sf Shale ayy 


Tc 


(2.1) 


where v and w are the velocity of an electron 
and of lattice ions respectively, e the internal 
electric field, +t the relaxation time and 
fo(j\u—u|) the local equilibrium distribution 
function. The solution of (2.1) is approxi- 
mated by 
f=fo(lvu—ul)—¥()-0fo/dv , (2.2) 
where Y(v) has the physical meaning of the 
drift velocity, relative to the local equilibrium, 
of the electron with the velocity v (hereafter 
called electron v) caused by acoustic waves. 
Unknown quantities e, m (nonequilibrium 
number density of electrons) and 7 (local cur- 
rent density) are determined by 1) the current 
expression by f, 2) Maxwell’s equation and 3) 
the equation of continuity. 
The absorption coefficient of acoustic waves 
is written as 
A=2W/oV\ul? , (2:3) 
where oa is the density of metals, V the sound 
velocity and W the absorbed energy by e- 


lectrons per unit time and volume. W is given 
by the expression 
w=1Re |= LO (2.4) 
Z, v t(U) 


where E(v) is the excess energy of the e- 
lectron v from the local equilibrium value and 
f’(v) is the deviation of f from the local 
equilibrium distribution. It is easily seen that 
E(v)=mv¥(v) ,  f’(v)=—V¥(v)-0fo/Ov . (2.5) 
In this connection, we can see that the e- 
lectron v exerts the force 
X’(v) = —mov¥ (v)/ Ve(v) (2.6) 
on acoustic waves, because the acoustic energy 
density 30|u|? suffers the energy loss mv¥(v) 
from the electron v in a distance Vr(v). 
Inserting (2.4) and (2.5) into (2.3), we get 
Pippard’s formula 
i= 3Nm 
4ntoV|ul? 
where we used the identity 


i [irene sin 0dod, (2.7) 
0 J0 
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oe [ordv sin 0déd¢ , 


and N and w are the equilibrium number }) 


density and the Fermi velocity of electrons | 
respectively. 


§3. Acoustoelectric Effect in Monovalent 1 
Metals i] 


The acoustoelectric effect F is defined as. 
the dc electric field caused by acoustic waves | 
under the open circuit condition. This defini- 
tion is equivalent to that eF is the average » 
dc force on electrons exerted by acoustic 
waves”, If we denote X(v) as the force ex- 
erted by acoustic waves on the electron v, 
we get 

eP=35,Re [= Xw)-/*@)1. (3.1) 


From (2.6) we see 


X(v)=—X’(v)=mv¥ (v)/Ve(v) , (3:2) 
using the principle of reaction. Then the 
formula 

3mr 


4 2a 
a ee eT Va 20] 
IneoeV ul? \ \ |¥(vo)|? sin Od6dd (3.3) 


is obtained, where y=30|u|?V is the acoustic 


energy flow density. Comparing (3.3) with 
(2.7), Weinreich’s phenomenological relation 

A=(NeV/r)F (3.4) 
is proved in general. 

Making use of the calculation of A by Pip- 
pard, we get the following expressions in 
various cases: 

1) Longitudinal Waves: 


Amvo?tw? 
= "IBpeve (low frequency range) , 
(3.5) 
_ EMV | (intermediate and high 
60e V3 frequency range) . 


(3.6) 
2) Transverse Waves: 


MV02T Ww” 
a A (low frequency range) , 
(3.7) 
_ Amvo (intermediate frequency 
37cpe V3 range) , 
(3.8) 
— m 1 
Revie 257 (high frequency range) , 


(3.9) 
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| where @ is the angular frequency of waves. 
The formula (3.6) is essentially the same 
)) as that derived from the quantum-mechanical 
_ calculation” .*), since the electron-phonon coupl- 

ing constant has the order of magnitude of 
the Fermi energy. This fact implies that 
} Van den Beukel’s method involves the effect 
| of the internal electric field in the electron- 
phonon coupling constant™. 

It will be worth while to estimate whether 
the effect in metals can be detected experi- 
mentally at present. Since the maximum 
available frequency’ of ultrasonic waves may 
be y=2.5 x 10° cyc/sec, we take, as an example, 
the purest sample of Cu at low temperatures; 
o=1.6x10", v=1.6x108 cm/sec, p=9 g/cm, 
V=5x 10° cm/sec. Then, from (3.6) for longi- 
tudinal waves. 

F=10-8 + , 
taking the units of F and y as volt/em and 
watt/cm? respectively. Therefore the experi- 
mental check may be expected in future. 

As will be seen in the next section, we 
should remark that the formula (8.9) for trans- 
verse waves in the high frequency range is 
identical with Parmenter’s result (4.3) for longi- 
tudinal waves in the Jow frequency range. 


§4. Weinreich’s and Parmenter’s § Ap- 


proaches 

Several years ago, Weinreich® and Holstein® 
calculated the acoustoelectric effect by longi- 
tudinal waves in the Jow frequency range in 
simple semiconductors, and got very small 
effect not detectable in experiments. In a 
recent paper” (see §5), Weinreich et al. have 
derived a correct formula in many-valley 
semiconductors, but have asserted, on the 
basis of the previous calculation».® that in 
metals the effect may be extremely small in 
virtue of the Coulomb repulsion between e- 
lectrons. In fact, the straightforward applica- 
tion.© of Weinreich-Holstein’s method to 
metals gives the small effect 


4 
i6n'(“7") ig oie 


A “pet V? Sa 


with 

Arvr=mv¢2/1227Ne? . (4.2) 
Here 4 is the wave length of acoustic waves 
and Arr is the quantum analog to the Debye 


length in Fermi-Thomas model. 
In a recent paper, Parmenter? has revised 
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Weinreich-Holstein’s approach and got the 
formula 


Fi=(m/oer V?)-r (4.3) 
in both simple semiconductors and metals. In 


our method, this formula is obtained by 
setting 


X2=mu/t (4.4) 


instead of the force X in (8.2). The ratios 
of the formula F in (3.5) with /, and Fy are 


1 a_\* 2 Pip Ae me 4 2 
so gaz) @0® and FIP = “(al 
(4.5) 


under the condition of the same acoustic 
energy flow density, where g is the wave 
vector of waves and /7 is the mean free path 
of electrons. From the facts that g/<1 and 
(A/Arv)*>1 in the low frequency range, we 
get the inequality i\<P<-Fy. 

The physical reason of extremely small 
effect by Weinreich-Holstein’s approach may 
lie on the neglect of the induced motion of 
lattice ions or charged impurities, as has been 
pointed out by Parmenter. On the other 
hand, Parmenter’s method involves this effect; 
however, he has overestimated the force 
exerted by waves on electrons. The force 
X» in (4.4) implies that conduction electrons 
get the drift velocity ~ from acoustic waves 
in the time interval r. But as will be seen 
from (2.2), the electrons with the drift ve- 
locity wu are in local equilibrium and cannot 
affect the acoustic vibration, or inversely 
speaking they are exerted no force by waves. 
In fact, the drift velocity relative to wu (i.e. 
relative to fo(|u—wu|)) contributes to A and F. 


F/F,= 
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Metals 

According to Leigh’s theory! of the elastic 
stiffness constants of Al, the constant for the 
shear stress, c (=Cs), is written as c=C—Ct. 
Here co is the component due to the stress- 
induced changes of the electrostatic energy, 
the exchange energy between ion cores and 
so forth; c; is the component due to electron 
tranfer mechanism by the electrons which 
lie on near the centers of the hexagonal faces 
of the boundary of the Brillouin zone. The 
shear stress changes the potential energy of 
the electrons near the centers of the hex- 
agonal faces antisymmetrically. Then the e- 
lectrons with higher energy transfer to the 
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lower energy positions in momentum space. 
This situation is analogous to that of many- 
valley semiconductors such as u-Ge. 

For transverse ultrasonic waves, we consider 
the relaxation of the component of the elastic 
energy due to electron transfer mechanism 
and put 
(50) 
This procedure is similar with Morse and 
Kittel’s! approaches to the ultrasonic ab- 
sorption in metals. Solving the equation 
0: (0s/0t?)=c-(0?sz/Oy?) (sz is the displacement 
of lattice ions), we get 


c=Co—Cr/(1+ior) . 


Ae Ct ; ot 

Ove ere 
where the small dispersion of the sound 
velocity is neglected. 

The acoustoelectric effect due to electron 
transfer mechanism can be calculated as 
follows. We take the idea analogous to the 
deformation potential!® in semiconductors, i.e. 
the potential energy of the electrons near the 


(5.2) 


hexagonal faces is simply put as U=2 
-(Os:/Oy). Then the force exerted by waves 
is given by 
2 2 
K==3.( Fs jeigie gh 6.3) 
Oy? o 


Next, the fluctuation of the electron concentra- 
tion in local equilibrium is determined by the 
definition of Cr, i.e., 

Neq= —Cr: (Os,/0y)?/U= a -U 
Thus, solving the equation of the relaxation, 
On/Ot= —(1/t)(n—Neq), we get 

9 = Ol VE) nes twr(c:/V £) 

1+(ot)? 1+(or)? 

From (5.3) and (5.5) we obtain the formula 


Bed! eee Reny SEER ee 
s 2Ne pias oNeV# 


(5.4) 


sae (5:5) 


wt 


1+ (or)? 


Sy aa 


(5.6) 
where JN is the total number density of the 
electrons contributing to electron transfer 
mechanism. 

The results (5.2) and (5.6) satisfy Weinreich’s 
relation (3.4). It should be remarked that 
the theory developed in this section is only 
applicable to the low frequency range, be- 
cause we isolate considerations to a small 
portion of materials in comparison with 2. 
For Al, we can take! 
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Co= 16.2 x 10" dynes/cm? , 
cy=13.1x 10" dynes/cm? 


at very low temperatures. Then 4 and F | 


due to electron transfer mechanism are of the fF, 
same order as those derived from the free jf; 


electron model, (3.7). 1 
We can apply (5.2) and (5.6) to m-Ge. For 
transverse waves (s,«<exp (wt—iqy)), the de- | 
formation potentials of the valleys are ex- 
pressed as U=-+(2./3)-(0sz/0y), where Zu is | 


the deformation potential constant for uniaxial — 


shear. Then, from (5.4) and N+M%eq 
ccexp(—U/kT) we get easily 
1. .N#&? 
os 8. x Bee 
Ct 9 RT ( ) 


Inserting (5.7) into (5.6), we obtain Wein- 
reich’s formula for u-Ge: 


A By? 4 wt 
ae, 3 3 22 
BOVE” TH) o 
Aw Ole ae 
JT i9pe VAR Teal ahaa ok 


§6. Remarks 


In the Boltzmann theory developed in §3, 
the effects of the space charge and the in- 
duced motion of ions could be explicitly taken 
into account. But these effects are implicitly 
involved in the phenomenological theory ((5.3), 
(5.4) and (5.5)), where we assumed that e- 
lectrons followed nearly perfectly to the ionic 
displacement and then the appreciable electric 
potential was not produced. Such assumption 
in metals can be verified from the following 
consideration. If the formula in §5 are ap- 
plied to free electron model and the use is 
permissible of Morse’s calculation! of the 
change of the electronic elastic energy caused 
by ultrasonic waves, we can get 


4 
c=—Nmv0? 


is (longitudinal waves) 


; (6.1) 
= Nino? (transverse waves) . 


Inserting (6.1) into (5.6), the same formulae 
as (3.5) and (3.7) are obtained, which were 
derived from the explicit consideration of the 
effects of the space charge and the induced 
motion of ions. 

In semiconductors, however, such assump- 
tion has never been verified. Although Wein- 
reich et al.” showed that the phenomenologi- 
cal theory similar to that in §5 may be ap- 
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plicable to many-valley semiconductors like 
n-Ge, there are some questions whether the 
_ theory are applicable to semiconductors with 
degenerate energy surfaces like p-Ge. If we 
apply tentatively the formula in §5 to p-Ge, 
we can get the acoustoelectric effect of the 
same order of magnitude as that in n-Ge, 
when the carrier concentrations are of the 
same order. This is because that 1) the 
piezoresistance!™ for the shear stress and 2) 
the change of the absorption peaks by the 
shear stress in cyclotron resonance’? are of 
the same order in both z and p-Ge. There- 
fore, it is expected in future to study appli- 
cability of the theory in §5 to simple and 
degenerate semiconductors. 
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Note added in proof. 

After this manuscript had been submitted 
to the editor we have read the paper by E. 
I. Blount [Phys. Rev. 114 (1959) 418], in which 
essentially the same results as this manuscript 


Acoustoelectric Effect in Metals 


1695 


were derived from somewhat different ap- 
proach. 


References 


1) R. H. Parmenter: Phys. Rev. 89 (1953) 990. 

2) A. Van den Beukel: Appl. Sci. Research B, 
5 (1956) 459. 

3) N. Mikoshiba: 
Dy 

4) R. H. Parmenter: 


J. Phys. Soc. Japan 14 (1959) 


Phys. Rev. 113 (1959) 102. 
5) G. Weinreich: Phys. Rev. 104 (1956) 321. 

6) T. Holstein: Westinghouse Research Memo 
60-94698-3-M15 (unpublished). 

7) G. Weinreich, T. M. Sanders and H.G. White: 
Phys. Rev. 114 (1959) 33. 

8) A. B. Pippard: Phil. Mag. 46 (1955) 1104. 
9) M. S. Steinberg: Phys. Rev. 111 (1958) 425. 
10) G. Weinreich: Phys. Rev. 107 (1957) 317. 


11) J. Bardeen and D. Pines: Phys. Rev. 99 
(1955) 1140. 
12) H. E. Bommel and K. Dransfeld: Phys. Rev. 


Letters 1 (1958) 234. 

13) R. S. Leigh: Phil. Mag. 42 (1951) 139. 

14) R. W. Morse: Phys. Rev. 97 (1955) 1716. 

15) C. Kittel: Acta Metallurgica 3 (1955) 295. 

16) J. Bardeen and W. Shockley: Phys. Rev. 80 
(1950) 72. 

17) C. S. Smith: Phys. Rev. 94 (1954) 42. 

18) A. C. Rose-Innes: Proc. Phys. Soc. 72 (1958) 
514. 


JOURNAL OF THE PHYSICAL SOCIETY OF JAPAN, Vol. 14, No. 12, DECEMBER 1959 
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The wavelength values and relative intensities of the X-ray non-diagram 
lines Kaz,4 of metallic iron and Kf’ of Cr2O3, Cr2(SOxz)3-nH,O, MnOz, 
MnSO,-4H,O, Fe,03 and Fe(NH,).(SO,)2:6H,O were measured by the fluo- 
rescent X-ray method using twe different characteristic X-rays. The 
Kaz,4 lines did not appear when an iron atom was excited by Ni K rays 
but were clearly observed when excited by Cu K rays. This was expected 
from the origin of the Ka3,4 lines that is supposed to arise from a KL- 
LL transition. In the case of the Kg’ line no difference was found 
regardless of whether it was excited by photons of energy lower or 
higher than K(Z)+-L(Z+1) which is necessary to remove simultaneously 
a K and an L electrons of an atom (Z). Therefore, the author may 
conclude that the K®’ line is due not to the double but to the single 
ionization process and that it can be derived from the difference of the 
exchange interactions of the states having different total spins (S+ 1/2) 
and (S—1/2), where S is the total spin of the incomplete 3d shell and 
1/2 is that of the incomplete 3p shell in the final state. The energy 
separations of the K§, and K@’ lines calculated from the above-mentioned 
exchange energies nearly agree with those observed in the experiments. 


Introduction 


§1. 

The X-ray non-diagram line Kf’, or so- 
called satellite line of the Kf line, has been 
investigated by many authors?-!, because it 
has interesting characters different from other 
non-diagram lines. Such characters may be 
summarized as follows: (1) the Kf’ line ap- 
pears on the long wavelength side of the Kf 
line (parent line), (2) its intensity is large in 
comparison with other non-diagram lines, and 
(3) it is distinctly separated from the Kf; line 
only when the substance is a chemical com- 
pound having a high magnetic susceptibility. 
In all the previous investigations only the 
wavelengths of the Kf’ lines were measured, 
but the measurements of their intensities were 
not made. Generally, in the investigations of 
the X-ray emission spectra -especially of the 
X-ray emission spectra emitted from com- 
pounds- the fluorescent X-ray method has been 
used, because the substances under investiga- 
tion have a tendency to decompose or to react 
chemically with the material of an anticathode 
by the bombardment of cathode rays. Most 
of the previous investigations®#»)®% of the Kp’ 
lines were carried out by this fluorescence 
method, but, because the substances under 
investigation were held on the cathode part 


in the X-ray tube, they might change chemi- 
cally by various causes, for instance, tempera- 
ture rise of their surfaces and reduced pressure 
in the X-ray tube. In the present experiment 
this trouble could be avoided by placing the 
substances outside of the X-ray tube. 

On the origin of the Kf’ line many theories 
have been proposed, and, in order to test the 
validity of these various theories, measure- 
ments of the excitation potentials!» of the 
satellites and their intensities are required. 
In the present paper these measurements are 
carried out and a discussion is given of the 
origin of the K®’ line. 


§2. Experiment 


Fluorescent X-ray spectra of the non-dia- 
gram lines Kas,, from metallic iron and Kf’ 
from Cr2(SOs)3-nH:O, Cr.0s, MnO:, MnSQ,- 
4H20, Fe(NH:)2(SO.)2-6H2O and Fe.03 were 
taken with a bent crystal focusing spectro- 
graph of the Johann type by means of the 
fluorescence method. The diameter of the 
focal circle was 20cm and the second order 
reflection from the (110) plane of a quartz 
crystal was used. The substances under 
investigation which emitted the fluorescent 
spectra were placed on the Rowland circle. 
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The dispersion on a photographic plate is 
7.55 x.u./mm in the region of Fe Ka, 6.48 
x.u./mm in the region of Cr K8, 7.76 x.u./mm 
in the region of Mn K@ and 8.57 x.u./mm in 
the region of Fe K8. For the production of 
the fluorescent spectra, two anticathodes, 
‘copper and nickel, were used in the case of 
‘iron compounds, nickel and cobalt in the case 
of the compounds of manganese, and cobalt 
‘and iron in the case of the compounds of 
chromium. Two kinds of fluorescent spectra 
of each substance were obtained by using the 
above-mentioned two different anticathodes. 
The experiment on the Kaz, lines of iron 
was carried out to confirm the intensity 
difference which is expected when an iron 
atom is excited by the radiations from two 
different anticathodes. From this experiment 
it can be concluded, as shown in § 4. (i), that 
the infiuence of general radiation on the 
present fluorescent spectra is negligible. The 
load of X-ray tube was about 40kV peak and 
15mA, and the time of exposure was varied 
from 50 to 60 hours in the case of the Kp’ 
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spectra and 150 hours in the case of the 
Kaz,. spectra. All the spectrograms were 
photographed on Fuji A-1 plates. For the 
measurements of ralative intensities the auto- 
calibration single exposure method was chosen 
with the aid of various thicknesses of alumi- 
num foils. 


§ 3. 


All of the experimental results are sum- 
marized in Table I and II, which give the 
results on the Ka; lines and the Kf’ line 
respectively. In these tables the second 
column shows the materials which emit the 
non-diagram lines under investigation. The 
fourth column shows the anticathodes of the 
X-ray tube. The fifth column gives the 
wavelength values of the Ka, line measured 
by Parratt!® and the Kf: lines measured by 
Yoshida® (Cr:O3, MnSO., MnO. and Fe.Os) 
and by Tanaka and Okuno” (Cre(SQ,)3; and 
Fe(SO.)2-(NH,)2). The sixth and seventh 
columns give the 4A and J4ev of satellites 
measured from the parent lines respectively. 


Experimental Results 


Table I. The results on the Kaz,, lines of iron excited by Cu K and Ni K rays. 
| exciter | intensity 
element | material (anti | a 4, dev a3 ratio 
| cathode) | 034/04 
| | } xu. | xu ev x.uU. 
| | Cu 1932.06 SolouleZong5: 1923.91) 0.0085 
Fe metallic iron | | | | 
| | | Ni | 1932.06 | 0.0024 
Table II. The results on the Kf’ lines excited by two different characteristic X-rays. 
= : 7 ——- A = See 3 ue 
anti- | half max. | . peak intensity 
| sg tensit ° 
element material | valency pecs By AR Aev Bl eee Bee BIB, 
| exciter | B'/By Z 
| | Sails || Settle ev X.U. ev Mae aes 
Co 2080.6 | 5.03 | 14.29 | 2085.63) 16.1 : F 
f Cr.(SOy)3-nH,O | III Fe | 2080:6|5.11| 14.53 | 2085.71} 16.5 0.18 0.37 
r 
(24) I Co 2080.6 | 5.03 14.29 | 2085.63 NB 0) .333 0.49 
C1203 He Fe | 2080.6 | 5.03| 14.29 | 2085.63] 14.2 0.32 | 0.47 
Ni 1906.2 | 4.63 D700 1910.83 jeets) 0.55 0.62 
M MnSO,-4H,O II Co 1906.2 | 4.63 15.70 | 1910.83 11.8 0.55 0.61 
n | 
745) Ni 1906.2 | 4.05 13.72 | 1910.25) 11.8 0.25 0.33 
2°) | MnO, IV | Co | 1906.2 | 4.05 | 13.72 | 1910.25] 11.8 0.25 | 0.35 
Fe(NH,4)2- Cu 1753.0 | 3.64 14.59 1756.64 9.9 ORS 0.25 
2 50,5, 6H,0 Me Ni | 1753.0 | 3.64| 14.59 | 1756.64 9.9 0.31 | 0:25 
e | 
Cu | 1753.0 | 3.54) 14.19 | 1756.54) O33 ORS2) 0.33 
28) | Fe:0s iil Ni | 1753°0 | 3.54) 14.19 | 1756.54 11.1 0.32 | 0.33 
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The wavelength values of the satellites are 
shown in column eight, and the column nine 
gives the full widths of half maxima, and the 
column ten and eleven give the relative 
intensities of the peak and the area of the 
satellites to the parent lines respectively. 
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agree well with the previous experimental 
results®!8), Photo. 1 and Photo. 2 are the 
reproductions of these spectra, and Photo. 3 
and Photo. 4 show the microphotometer re- 
cords. Fig. 1 and Fig. 2 show the intensity 
curves derived in the usual manner from the 


The wavelength values of these satellites photometer records. The intensity curves 
AZ,4 AL Ag ay, ag 
exciter exciter 
Cu Ni 
Photo. 1. Ka spectra of iron on about 2.73/1 of original size. 
; : Bi B’ By B’ 
exciter exciter exciter - ; exciter 
Co Fe Co Fe 
Cr2(SOx4)3-nH.O 

Ni Co Ni Co 
c : 

ut Ni Cu Ni 


Fe,03 


Fe(NH4)o(SOx)2-6H2O 


Photo. 2. K®,; and Kg’ spectra on about 2.73/1 of original size. 


aon A 


; 


‘i) Kas,4: 


7 
ye 


Photo. 3. 


were smoothed and separated into two com- 
ponents of the parent lines and the non- 
diagram lines, by assuming that the parent 
line is symmetrical with respect to the posi- 


tion. 


§ 4. Discussion and Conclusion 

The origin of the non-diagram 
lines Kaz, proposed by Druyvesteyn’ and 
supported by Parratt™ and by Sawada is as 
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Photometer records of the Ka spectra of iron on about 1/2.10 of original size. 
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follows: the K3,4 lines are supposed to arise 
trom a KL-LL transition where KL refers to 
an atomic state in which one K electron and 
one L electron are missing. The  proba- 
bility?#153©17 of two (or more) electrons 
being ejected from an atom by successive 
impacts of electrons or photons (when an atom 
is excited by X-rays) is much too low to 
account for the observed satellite intensities, 
therefore the multiple-ionization process would 
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have to take place by a single impact. Then, 
the energy of photons necessary to excite the 
Ka;3,, satellite lines is approximately equiva- 
lent to the total energy required to remove a 
K electron of an atom of atomic number Z 
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spectra on about 1/2.10 of original size. 


plus the energy required to remove an L 
electron of an atom (Z+1), since, owing to 
the vacancy in the inner K shell, the outer 
L electron can be considered to move in the 
field of an atom (Z+1). In the fourth column 
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Photo. 4. 
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of Table Il, the excitation potentials of iron 
K(26) which is necessary to remove only one 
K electron, K(26)+L(27) which is required to 
remove simultaneously the K and L electrons 
of an iron atom, the energy of CuKa, rays 
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be continued) 


and the energy of Ni Ka, rays are given in 
ev respectively. As seen from this table, Cu 
Ka rays excite simultaneously a K and an L 
electrons of an iron atom, and therefore the Fe 
Ka,, and Kaz,, lines are emitted, but Ni Ka 
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Kel Kae 


(b) 


Metallic iron excited by Cu anticathode 


Kai Kai Kaz 


(a) (b) 
Metallic iron excited by Ni anticathode 


Fig. 1. Intensity curves of the Ka spectra of iron. The curves (b) are drawn to an intensity scale 
7.73 times the scale used in the curves (a). 


Kf 


Kf 


excited by Cu anode excited by Ni anode 


Fig. 2. Intensity curves of the K@, and Kp’ spectra. 
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Fe(NH4)2(SOs)2- 6120 Fe(NH4)2(SO4)2:6H20 


excited by Cu anode excited by Ni anode 


Kf1 


excited by Co anode excited by Fe anode 


Kf Kfi 


Cr2(SO4)3- mo Cr2(SO4)3-nH20 


excited by Co anode excited by Fe anode 


Fig. 2. (to be continued.) 


1704 


Kf 


excited by Ni anode 


y \ 


MnSO, . 4H,O 


excited by Ni anode 
Bigee2: 


rays excite only a K electron, thus giving rise 
to only the Fe Kaj. lines. This fact can be 
clearly seen in Table I, Photo. 1, Photo. 3 and 
Fig. 1. In the case of excitation with Ni K 
rays, however, weak Ka3,, lines are observed, 
and this is probably due to the presence of 
Ni Kf and general radiations. It is difficult to 
estimate the influence of general radiation on 
the present fluorescent spectra because the 
effect of general radiation is not easily 
determined theoretically or experimentally. 
However, this experimental result on the 
Ka3,4 lines of iron shows that the contribution 
of general radiation to the production of the 
present fluorescent spectra is negligibly small. 
It can be considered that this is also the case 
with the experiments on Kp’ lines. The 
intensity ratio of the Kas. to Kay lines 
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excited by Co anode 


KA1 


MnSO,-4H,O 


excited by Co anode 


(to be continued.) 


Table IN. The K ionization potential K(Z) of an 
atom (Z), the KL ionization potential K(Z) 
+L(Z+1) of an atom (Z) and the energy of 


characteristic X-rays used for excitation. 


element Cr Mn Fe 
L 24 25 26 
in ev 
K(Z) 5973 | 6526 | 7094 
L(Z+1) 654. 720, 796 
K(Z)+ 
LZ+1) 6627 7246 7890 
energies of 
oleate Fe Kay 6386 | CoKa; 6912 Ni Ka, 7458 
pe Co Kaz 6912 Ni Ka; 7458 Cu Ka; 8028 


observed by Parratt!® is a little larger than 


~ the present result. 


It may be considered to 


be due to the difference of the excitation 
method. 

ii) K®’: On the origin of the K®’ line, 
following explanations have been proposed by 
various investigators: 

(1) N. Seljakow and A. Krasnikow” inter- 
preted the Kf’ and Kf, lines to be a relativity 
doublet. But its 44 does not coincide with 
the value calculated from the frequency 
difference of the Myr and Mn levels. 

(2) D. Coster and M. J. Druyvesteyn 
considered the Kf’ line to arise from the 
higher multiplicity due to the influence of the 
incomplete Mry,yv shells on the My,m levels; 
and so this line is a component of the Kf 


line. This theory was supported by S. Yo- 
shida®). 
(3) G. Ortner®» assumed new M’ levels in 


the iron group and explained that the Kf’ 
line was due to the transition from the M’ level. 

(4) G. B. Deodhar® adopted the Richtmyer 
double jump theory and explained the Kf’ 
line as due to a transition 

KIy— lmM, , 
but the wavelengths calculated from this 
theory seem to be rather large. 

(5) M. Sawada’ also explained the Kf’ 
line from the double jump theory as 

KLy,m— LyMyy.v . 

The wavelengths calculated from this theory 
coincide fairly good with the experimental 
results. 

(6) M. A. Blochin! assumed that a part 
of energy quantum of the Kf; line was 
absorbed by a 3d electron and this electron 
was excited to a conduction level. 

(7) L. G. Parratt!? is attempting to ex- 
plain from the exciton theory. 

According to the Sawada or the Deodhar 
theory, it is necessary to eject simultaneously 
one K and one L electrons in order to emit 
the KB’ line, and the energy of X-ray photon 
necessary to excite the Kj’ line is approxi- 
mately equivalent to the total energy required 
to remove a K electron of an atom (Z) and 
an L electron of an atom (Z+1). Table III 
shows the excitation potential K(Z) required 
to remove a K electron of an atom (Z), the 
energy K(Z)+L(Z+1) required to remove 
simultaneously a AK and an L electrons of 
the atom (Z) and the energies of Ka, rays of 
anticathodes used for excitation. As shown 
in this table, the Kf: and KP’ lines must be 
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both emitted by photons with energy higher 
than K(Z)+L(Z-+-1), but the K®#’ line must 
not be emitted by photons with energy lower 
than K(Z)+L(Z+1). This situation is the 
same as in the case of the Ka3,4 lines. 

Contrary to the prediction of their double 

jump theory, the Kf; and Kf’ lines are emit- 
ted by photons of energy lower than K(Z)+ 
L(Z+1) as shown in Table II, Photo. 2, Photo. 
4 and Fig. 2, and no difference is found be- 
tween intensity ratios of the Kf’ to KB; lines 
in both cases of excitation. This shows that 
the origin of the Kf’ line is not the KL 
double ionization process but the single ioniza- 
tion process. 
iii) Origin of Kf’: We may consider that 
the Kf: and Kf’ lines are emitted by transi- 
tions from the states having the total spins 
equal to S+1/2 and S—1/2 respectively, where 
S is the total spin of the incomplete 3d shell 
and 1/2 is that of the incomplete 3 shell in 
the final state having one vacancy in the 3p 
shell owing to the transition of an electron 
from the complete 3p shell to the 1s shell. 
The total spin of 3d shell is 5/2 for both Mn++ 
in MnSO,.-4H:2O and Fe***+ in Fe:,03 and 3/2 
for Cr*+++ in Cr.O3. Then the energy differ- 
ence between the Kf: and Kf’ lines corre- 
sponds to the difference between the exchange 
energies!2 for (S+1/2) and for (S—1/2). 

The exchange interaction of the state having 

a total spin (S+s) is given by19)2021) 
—1/2J1+48-s) , 

where J is the exchange integral having a 

usual meaning, S is the total spin vector of 

3d shell and s is that of 3p shell. 

Then the magnitude of the energy difference 
4E between the exchange interactions for 
S+1/2 and for S—1/2 is given by 

4E=J{(S+1/2)(S+1/2+) 
—(S—1/2)(S—1/2+1)] . 

The 4E values are 6/ for Mntt, Fet++ 
(S=5/2) and 4/ for Cr+++ (S=3/2). The author 
calculated the J values of MnSO,-4H.O and 
Fe,03 in which the five 3d electrons occupy 
each one of 3d orbitals and that of Cr.O3 in 
which the three 3d electrons belong to each 
one of de orbitals. Their values are given in 
Table IV. In this calculation the hydrogen- 
like wavefunctions of the 3p and 3d electrons 
were used. The effective nuclear charges 
(Z—o) were determined by Slater’s rules 
and are also given in Table IV. Two 
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Table IV. The effective nuclear charges and 
_ the calculated 2 values. 


material | z E tbe -O3p Z- 03a | x {z. tment ype 
Cr 24 | 12.75) see aes 9.025 | 1.622 
Mia oe25 0113-75 tad oucasdnis 
Re 26 | 14.75, 6.6 | 1.62 | 10. 0.675 | 1.92 
+ 
Omean* = =a a8 


Table V. The calculated and observed energy dif- 
ferences and relative intensities of the Kf’ and 
KB, lines. 


energy difference ae 
material |— a ara = 
_ calculated | obser- | calcu- | obser- 
from Z| fcBin Fe ved lated ved 
| ev ev. | 
Cr,03 4.09 | 6.49 14.29 | 0.6 0.5 
MnSO, | 
4H.0 6.12 | 10.44 15.70 ORG Bl eOnOZ. 
Fe,0; 9.72 | 11.52 | 14.19] 0.71 | 0.33 


alternative J values were calculated for each 
material, in one of them the effective nuclear 
charges Z—o3p and Z—ozq were used for the 
3p and 3d wavefunctions and in the other 
the same nuclear charge Z—oOmean was used 
for both 3p and 3d wavefunctions. 

As shown in Table V, the values of the 
energy difference 4E obtained from the above 
calculations nearly agree with the energy 
separations of the Kf; and Kf’ lines observed 
in the above experiments. 

The relative intensities of the Kf’ and Kp: 
lines are estimated from the ratio of the 
multiplicity of each state, that is, 2(S—1/2) 
+1: 2($+1/2)+1. For Mn** and Fe*+* these 
become 5:7 and for Cr+++ 3:5. These values 
are slightly larger than the observed ones. 

The reasons for discrepancies between the 
calculated and observed values of the energy 
difference and of the relative intensities may 
be supposed as follows: (1) the wavefunctions 
used for 3h and 3d orbitals are rather 
approximate (2) the screening constants are 
not determined precisely, and (3) the influences 
of neighboring atoms are not taken into con- 
sideration. Further it is supposed that some 
other origins proposed by various authors)-1!) 
may partially contribute to the emission of 
the Kf’ line. 

Thus it may be concluded that the Kf’ line 
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is due not to the double but to the single | 
ionization process and is derived from the | 
difference of the exchange interactions of the | 
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states having different total spins (S+1/2) and 


(S—1/2) where S is the total spin of the | 
incomplete 3d shell and 1/2 is that of the | 
incomplete 3p shell in the final state. 

The author expresses his sincere thanks to | 
Professor M. Sawada, Professor T. Nagamiya, 
Assistant Professor K. Yoshida and Assistant 


Professor K. Sakurai for their variable advices | 
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due to Professor T. Watanabe, Professor R. 
Nathans and Assistant Professor T. Horie for 
criticizing this manuscript. 
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Hindered rotation of nitrate groups in the tetragonal ammonium nitrate 
was studied by using X-ray diffuse scattering. The first, second, third 
and fourth order diffuse scatterings of plate-like shape perpendicular to 


the C*-direction in the reciprocal lattice were observed. 


These diffuse 


scatterings were analyzed referring to the crystal structure as determin- 


ed previously by using Laue-Bragg scattering. 


It was found that the 


correlation among rotating nitrate groups is strong in the C-direction, 
while it is weak in the direction perpendicular to it and its type is dif- 
ferent from that to be expected from the lower temperature modification. 


Introduction 


Sel: 

It is known that ammonium nitrate has 
five modifications.» In the previous papers”? 
the author treated the rotation of nitrate 
groups in the cubic and tetragonal modifica- 
tions of ammonium nitrate. With regard to 
the cubic modification” (125.2°C~169°C), it 
was found from the study on the X-ray diffuse 
scattering that the nitrate groups are rotating 
with one another under considerable corre- 
lation. But owing to the complexity of corre- 
lation, the observed diffuse scattering could 
not be discussed by taking full correlation into 
consideration. With regard to the tetragonal 
modification®) (84.2°C~125.2°C), the hindered 
rotation of the nitrate groups was considered 
from the study on the Laue-Bragg scattering, 
but the study on the diffuse scattering due to 
the rotation of nitrate groups was not carried 
out yet. 

In the present paper, the diffuse scattering 
in the tetragonal modification will be studied 
and the correlation among the hindered rotat- 
ing nitrate groups will be discussed. In the 
tetragonal modification the strength of cor- 
relation in the direction of the C-axis will be 
different from that in the direction perpen- 
dicular to the C-axis and so the diffuse scatter- 
ing will have a characteristic form. Further, 
on account of the comparatively simple 
mechanism of rotation in this modification 
the interpretation of diffuse scattering can be 
made somewhat satisfactorily. Therefore the 
present study may also be of interest in giving 
us additional informations about the diffuse 
scatterings due to molecular rotation in 


transition 


crystal and further may be useful to deepen 
the understanding of the diffuse scattering in 
cubic ammonium nitrate. 


§2. Observation of Diffuse Scattering 


The single crystal was obtained by using 
the single crystal transformation [orthorhombic 


(32.3°C Pees 18°C) oe metastable 


— tetragonal modification] as was done 


modification 


~50°C 
in the previous study.* Since the needle 
axis of the crystal is the A-axis, Laue photo- 
graphs were taken with the A-axis vertical 
at about 5° intervals over the whole rotational 
range by using filtered Cu radiation on cylin- 
drical films (camera radius=50.7 mm) at about 
100°C. In each photograph several diffuse 
lines were observed in addition to the Laue 
spots and the ordinary thermal diffuse scatter- 
ings as shown in Photo. 1. The broaden- 
ings of these diffuse lines are very narrow 
and their intensities are strong in contrast to 
those in cubic ammonium nitrate. 

The intensity distribution of diffuse scatter- 
ing in reciprocal lattice was obtained by the 
usual geometrical method. But the familiar 
diffuse scatterings due to ordinary thermal 
vibration observed in neighbouring regions of 
reciprocal-lattice points were omitted, because 
they had no particular correlation with the 
diffuse scattering in question. The obtained 
distribution in reciprocal space has a plate- 
like shape: diffuse-scattering densities are dis- 
tributed in each thin flat volume which has 
its flat faces normal to the C*-direction and 
contains just |reciprocal-lattice points (001), 
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(002) and (003) respectively. This general 
feature is shown in Fig. 1. Hereafter these 
plate-like diffuse scatterings will be called the 
first, second and third order diffuse scatter- 
ings respectively. The fourth order was also 


observed in several photographs, but the 
zeroth order was not observed. 
(030) 
(020) 
K 
(O10) = 
(001) (002) (003) (004) 


Fig. 1. Schematic reciprocal-lattice representa- 
tion of observed diffuse scattering showing the 
general feature of plate-like of the first, second, 
third and fourth order diffuse scatterings. 


The intensity distributions in the first, 
second and third order diffuse scatterings are 
shown respectively in Figs. 2(a), 2(b) and 2(c), 
where the numbers (10, 9,---, 1, 0) indicate 
the measure of visual contrast, but they have 
no exact quantitative meanings. It is to be 
noticed that these distributions have close re- 
lation with the reciprocal lattice; the intensi- 
ties about the reciprocal-lattice points are 
weak, while the intensities about centers of 
each square formed on the reciprocal net are 
strong. 

For the purpose of determining the broaden- 
ing of each order diffuse scattering in the C*- 
direction, photographs were also taken by X- 
ray impinged on a small part of the crystal 
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in order to avoid the error to be caused by 
the malorientation of subcrystalline units in 
the metastable transition. Thus the broaden- 
ing of the second order diffuse scattering was 
determined by using the photograph taken 
under the condition that the sphere of reflec- 


(221) 
14) 
a 4 
- Pay ° ‘ ee 
(001) (O11) (021) (031) 
Fig. 2 (a) 


(022) — 
Fig. 2 (b) 


(223) 


(023) 


(033) 
Pigs 27 (c) 
Fig. 2. Reciprocal nets showing the intensity 


distributions in (a) the first, (b) the second and 
(c) the third order diffuse scatterings. 


Photo. 2, Taken by X-ray impinged on a small part of the crystal under the condition that the 
sphere of reflection intersects the plate-like second order diffuse scattering at right angles with 


[100] vertical. 


Filtered Cu radiation and cylindrical film. 
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tion intersects the plate-like second order dif- 
fuse scattering at right angles (see Photo. 2). 
Its half-peak breadth was given as 1°34’ in 
terms of the scattering angle by using micro- 
photometer. Then, subtracting the half-peak 
breadth 13’ of Laue spots in the original 
orthorhombic modification from the value 
1°34’, the value 1°21’ was determined approx- 
imately as the half-peak breadth of the second 
order diffuse scattering. 


$3. Interpretation of Diffuse Scattering 


From the plate-like feature of the observ- 
ed diffuse scatterings, it is assumed that there 
seems to exist anisotropy of the randomness 
in the arrangement of the nitrate groups: 
nitrate groups will take a rather orderly ar- 
rangement in the C-direction, while a rather 
random arrangement in the direction perpen- 
dicular: to it. It is possible to introduce such 
anisotropy into the tetragonal ammonium 
nitrate. 

According to the previous study”, atomic 
positions in the tetragonal unit (A=5.74A, C 
=4,95A) are approximately as follows: 


INH. AI0,60008-1/2- 4/20 


two orientations of nitrate 


2NO3 one nitrate group 
N e 0, u } ae 0, u 
2), 2 
OD =,0, oT 
4 or 
OD) an ea tN yy X20 diag x, W 
2 2 
1 es 1 Fie 
ee x, WwW Ga x, Ww 
another nitrate group 
np “Y: + u 0, + ii 
1 ie 
O(1) 0,5. 0, st 
; i or l : ( il ) 
O?) aan) =, —-+x, W 
2 2 
My L Se 0) 46 Bt Ww 
’ Y ) ’ 2 
with x=0.12, uw=0.53, v=0.75 and w=0.42 
(see Fig. 3). The rotation of the nitrate 


group is required not to be free, but is almost 
bound in two orientations (in opposite direc- 
tions), In that structure it may be suc- 
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cessfully allowed to approximate the dynamical 
hindered rotation by the randomness of ori- 
entations. 

As to the mutual orientations of neighbour- 
ing nitrate groups in the C-direction, three 
cases as shown in Fig. 4 are considered to be 
possible. But among these cases, that the 
case (3) occurs is clearly improbable judging 
from the aspect of interatomic distances and 
the case (2) is to occur in the same frequen- 
cy with the case (3), for they are in a geo- 
metrical relation where they are to occur 
only alternately along the C-direction. From 


@® Ammonium 


O Oxygen 


e Nitrogen 


Fig. 3. The structure of tetragonal ammonium 
nitrate projected on (001). Full line represents 
the unimolecular pseudocell (a, 6, ec) and broken 
line the true unit (A, B, C=c). 


[ 
Ay] |e] | oy 
a ot 
oi aoa 
ade we 
ia a | tae) 


(1) (2) (3) 


Fig. 4. All sorts of mutual orientations of neigh- 
bouring nitrate groups in the C-dicrection. 
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the above consideration it seems that the i) Calculation of intensity distribution 


case (1) will occur more often than the cases In the above-mentioned model the crystal | 
(2) and (3). And neighbouring nitrate groups is composed of four kinds of unimolecular | 
in the direction perpendiculr to the C-direc- pseudocells. Suppose that the structure factors _ 


tion will be able to take the states such as of these pseudocells are i+, Mi, Fo* and 
shown in Fig. 5. In this case it is expected J:~ respectively as follows: 


that these states will occur almost to the same 
degree. 


Fy+) Fic) = Fy Fy(-? 


Then the structure amplitude (Y) of the 
whole crystal due to some instantaneous con- 
Fig. 5. All sorts of mutual orientations of neigh- figuration of nitrate groups and the intensity 


pouring nitrate groups in the a-direction (abe- (J) of the coherent X-ray scattering are re- — 


ing the axis of unimolecular pseudocell). spectively given by 


Y=) exp (27ih- Rn) Fi" +>, exp (27ih- Rnta)F2” , (2) 


F=LCVY *> 
= Tel > >> exp (2zih- Rn— Rn) Fi" Fi"’)*) + > & exp (2zih- Rn— Rn’) Fs" F"')*> 


ae > exp (27th: Rn—Rn—ayby"(F’)*>+ >) 3 exp (27th: Rn— Rn + aX F(Fi”’)*)] , 
(3) 


where 
I.: the Thomson factor, 
R,: position vector of the mth true lattice point, 
h: h=k—k (ko: the wave vector of incident beam, k: the wave vector of scat- 
tered beam), 
F,"; F.”: the structure factor (Fit or F,-; Ft or F.-) of the pseudocell pointed by Rn; 
Rata, 
< >: the averages of the product of the F’s of two pseudocells separated by Rp 
—Rv=Rrin, Ron—a and Rnn’-+a respectively, 
> >1: summation is taken over all the lattice points. 


In calculating each average value (¢ >) the probability P(é) of finding out that two nitrate 
groups separated by a constant vector ¢ have the same orientation (++ or ——), was intro- 
duced. Suppose that the values of P(t) for fundamental vectors C,a, b, A and B are placed 
as follows: 


P(C)=P(—C)=1—a, P(a)=P(—a)=P(b)=P(—b)=1-8 , 
P(A)=P(—A)=P(B)=P(—B)=1—7 


Now since a~0, B~1/2 and y~1/2 are expected from the observed diffuse scattering, the 
values of P(t) for the other vectors may be put approximately as follows: 


P(nsC)={1+(1—2a)*s1}/2=4(ns) , 
P(£a+nsC)= P(+b6+n3C)=(1—B)q(ns) +B{1—¢(ns)} , 
P(HA+n3C)= P(+B+n3C)=(1—7)q(ns)+7{1—q(ns)} , 

P(mat+nob+nsC)=1/2 (if |ma+neb|>|Al]) , 


(8 


| 1959) 
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where mm, M2, and m3 are any integers, positive, negative, or zero. 


By using these values, if we go to the limit of an infinite crystal, the first term in the 


‘formula (3) is given by 


>» > exp (27th ° Rnr—Rna Fy Fy” eS 


= 21 3S exp (27ih- Ra—Rw)[| Fil? +(1—2a)!"3'((F |? — | Fa |?)] 


(Ran!=n3C) 


aS & exp (27ih: Rn— Rn ){| Fi? +(1 —27)(1 2x) "312 | FA) 


n 
(Ran’= + A+n3C, + B+-n3C) 
+>) S exp (27ih- Rn—Rn’)| Fil? 
nm ne 
(Rnn’=the other values) 


=|Fil? > 3S exp (27ih- Ri— Ru’) 


+N? —|Fil?)+2(cos 2zh- A+cos 27h- B\1—27)((FiP—|Fil?)] 


where 
F,=(1/2)(F,++F-), 


N is the total number of lattice points and 


x [1+(1—2qa@)2 cos (27h: C)+(1—2a@)?2 cos (4zh-C)+---] , 


(5) 


[Fi=(1/2)( Fit? +1 F112), 


denotes the double summation 


taken over the lattice points which satisfy the relation Rra—Rn=Rnn=n3C and so on. 


In the formula (5) the function”: 


Kh: C)=[1+0—2q@)2 cos (22h- C)+(1—2a@)?2 cos (42h-C)+---] , 


is a periodic function of h-C=/+w (/: integer; w: 
h-C=0 can be obtained, it will serve the present purpose. 
strictly, but for the present purpose it suffices to approximate the sum by an integral: 


JIw)= 2" (1—2a@)” cos (22wm)dm = 


(6) 


If the values of /(h-C) near 
This series could be summed up 


—l~1). 


= (ia) 


a+ yw? Z 


where in executing the integration the approximation [—log (l—2a@)=2a] has been used. 
After treating the other terms in the formula (3) in the same way, the formula (3) be- 


comes finally 


with 


h=LN( (P+ P—|A P|? X1+20—27)(cos 2xh- A+cos 27h- B)} 


T=fh+h , (8) 
h=I.|Fit+exp 2zih-a)Fs|? & > exp (27ih- Rn—Rn’) , (9) 

+{ ry te +P t(F)*4+4- h(E) —A(e* — FF 
(10) 


x {2(1—28)(cos 2zh-a-+-cos 27h: b)}| [(h-C) , 


where J, represents the Laue-Bragg scatter- 
ing discussed in the previous papers» and 1 
represents the diffuse scattering. It is clear 
that J has a suitable form for explaining 
the general feature of the observed diffuse 


scattering. 
ii) Determination of a 

The curve of jw) as a function of w is 
shown in Fig. 6. Its half-peak breadth is w 
=2a/z, while the observed one was approxi- 
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mately 1°15’. Hence a was determined ap- 
proximately to be 0.11. 
iii) Determination of B and ry 

In calculating the intensity distributions in 
the reciprocal-lattice planes (h-C=1, 2, 3), 
ILN was replaced by A(1+cos?20)/2 and fur- 
ther it was assumed that atomic scattering 
factors fy and fo are the same as those de- 
termined for NaNO; by P. E. Tahvonen® and 
that both of their temperature factor (e-”) 
are given by exp(—1.5sin?0@), where K is a 
constant for a given crystal and 20 is the 
angle of scattering. 


J(w) 
-2a Soe (9) a Ca 
a 4 
is, 6. Variation of ———— as a function of ww. 
Fig +n 


The calculated distributions for B=;,=1/2 
by using the atomic positions shown in (1) are 
shown in Figs. 7(a), 7(b) and 7(c). These dis- 
tributions are clearly different from the ob- 
served ones (Figs. 2(a), 2(b) and 2(c)), but it 
is to be noticed that the regions having strong 
intensity correspond to the observed ones ex- 
cept for the reduction of the intensity about 
the reciprocal-lattice points as noticed in 
observed diffuse scatterings. In order to ob- 
tain such reduction, it is required to give the 
more weight to the factor (l—27) (cos 2zh-A 
+cos 27h: B) than to the factor (1—28) (cos 
2zh-a-+cos 2zh-b) in the formula (10). The 
calculated distributions for P=0.58, +=0.49 
and for B=0.5, y=0.58 are shown respective- 
ly in Figs. 8(a), 8(b), 8(c) and 9a), 9(b), 9(c). 
These distributions as shown in Fig. 9 are in 
fairly good agreement with the observed 
ones, but they are still somewhat different 
from the observed ones quantitatively. This 
discrepancy may be diminished by taking the 
more detailed P(#) into consideration and fur- 
ther by using more detailed atomic positions. 

Moreover, a few words should be added on 
the zeroth order diffuse scattering. The cal- 
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culated distribution of it vanishes on account! 
of non-irregularity in the assumed atomic po-)) 
sitions projected on the C-face. This facts: 


(021) (O31) 


Fig. 7 (a) 
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(002) (012) (022) (032) 
Fig. 7 (b) 
(Cc) 
(113) 
$0 50 
| 
(003) (O13) (023) (033) 
Fig. 7 (c) 


Fig. 7. Intensity contours of (a) the first, (b) the 
second and (c) the third order diffuse scatterings 
calculated for B=y=1/2. 
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Fig. 8. Intensity contours of (a) the first, (b) the Fig. 9. Intensity contours of (a) ithe first, (b) the 
Second and (c) the third order diffuse scatterings second and (c) the third order diffuse scatterings 
calculated for @=0.58, ;=0.49. calculated for 8B=0,5, y=0.58, 
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coincides with the fact that the zeroth order 
could not be observed in the present study. 


§4. Discussion 


According to the above results it is consi- 
dered that the randomness of the nitrate 
groups in the tetragonal modification will be 
specified by a~0.11, B~0.5 and 7~0.58. 
These values show that the first neighbour- 
ing nitrate groups on the C-face take the 
orientations almost independently, but, on the 
other hand, the second neighbouring nitrate 
groups are likely to the rather different orien- 
tation with one another. Such a behaviour of 


—- a 


Fig. 10. One of the four equivalent configurations 
of the nitrate group for B=1/2, ;=1. 
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the nitrate groups is different from that to bei 
expected from the orthorhombic modification 
(32.3°C~—18°C). | 

This fact may be explained by assumin 
that the weakness of hydrogen bonds are i 
favour of such a configuration as shown ing 
Fig. 10. As to such configurations specified} 
formally by B=1/2, r=1, four equivalent con- 
figurations are to be considered. 


If the ni-- 
trate groups are in favour of taking such | 
configurations locally, the values similar to) 
the observed ones for 8, y will be obtained. | 
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'been studied by several workers?.».», The 
proton spins in these solutions are relaxed 
mainly by magnetic interactions between pro- 


magnetic ions”. 
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Proton Magnetic Relaxation in Solutions of a Manganous Salt 
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The spin-lattice relaxation time T, and the spin phase-memory time 
T, of protons in methanol solutions containing manganous ions have been 
studied by use of the coherent-pulse technique. The relaxation curves 
were resolved into two components, i.e., a short-time component corre- 
sponding to hydroxyl group protons and a long-time component corre- 
sponding to methyl group protons. The 7/7» ratio for methyl group 
protons is considerably larger than unity. This indicates a finite density 
of unpaired electrons on the methyl group protons of alcohol ligands 


around a manganous ion. 


§1. Introduction 


The spin-lattice relaxation time 7 and the 
spin phase-memory time J» of protons in 
aqueous solutions of paramagnetic salts have 


tons and paramagnetic ions. The dipole-dipole 
interaction between protons can be ignored, 
because the relaxation time in pure water is 
of the order of several seconds, and is much 
longer than that in paramagnetic solutions. 
Theoretically, it is expected that 7; is nearly 
equal to 72 when the correlation time of the 
interaction modulated by Brownian motions is 
very short compared with the Larmor period. 
This equality was found experimentally for 
aqueous solutions of Fet? and other para- 
However, several solutions 
containing Mn*? or Crt® were found to show 
T:/T2 that is considerably larger than unity*?. 
Bloembergen ascribed the abnormally large 
T:/T2 to the existence of a spin exchange 
interaction between a paramagnetic ion and 
protons in the hydration shell of the ion’. 
According to his theory, the anomalous ratio 
of 7:/T2 is closely related to (a) the covalent 
bonding between paramagnetic ions and neigh- 
boring solvent molecules and also to (0) a long 
electron spin relaxation time. Therefore, it 
is interesting to study the behavior of 71 and 
Tz using solvents other than water. In this 
paper, we report the result of experiments 
using methanol as a solvent. 


§2. Apparatus and Procedures 
The relaxation times were measured by 


Similar studies are reported for a mixture of 
methanol and water containing manganous ions. 


means of the coherent-pulse technique. A 
block diagram of an apparatus employed is 
shown in Fig. 1. The apparatus consists of 
a magnet, a pulser, a transmitter, an induc- 
tion head, a receiver, a synchroscope, and a 
signal integrator. 


RAF 
'| Oscillator 


Block Diagram of the apparatus. 


Bigel 


Magnet.—A static magnetic field of 3850 
oersteds was obtained from a permanent mag- 
net having a pole face of 14cm in diameter 
and a gap width of 4cm. The field inhomo- 
geneity over the sample of 0.5cc in volume 
was about 0.1 oersteds, giving a decay time 
of the order of 0.5 milliseconds to the free 
precession. 

Transmitter.-A continuously operating rf 
oscillator was followed by a gated amplifier, 
which was cut off except when a negative dc 
pulse is applied from the pulser to the cathode 
of the amplifier tube. The phase-coherent rf 
pulse, thus obtained, was further amplified 
and fed to a push-pull power amplifier which 
was operated in C-class. The output was taken 
from the tank circuit of the power amplifier 
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by means of an adjustable link coil. One side 
of this link was grounded through an im- 
pedance-matching variable capacitor, while the 
other side was connected with a transmitting 
coil placed inside the induction head. 

Induction head.—The head was designed in 
a similar manner as Weaver's. The Helm- 
holz-type transmitting coil had a diameter of 
25mm and a total winding of 12 turns. The 
receiving coil was wound around the sample 
in the middle of the transmitting coil and at 
a right angle to the latter coil. The flux 
linkage between the transmitting coil and the 
receiving coil could be made very small by 
shifting slightly half of the transmitting coil 
in the direction perpendicular to its axis by 
means of a micrometer screw. The maximum 
rf rotating field, Hi, obtained was about 6 
oersteds. 

Receiver.— The nuclear induction signals 
from the receiving coil were amplified in four 
stages of broad-band amplifiers. The over-all 
gain of the amplifiers was ca. 70 db and the 
band pass was ca. 0.6Mc. The amplified rf 
signals were detected by a diode after super- 
posing a rf carrier from the rf source of the 
transmitter. This phase-sensitive device made 
possible the linear detection of the weak sig- 
nals, and gave a better signal to noise ratio 
and the sign of the free decay and echoes. 

Synchroscope and signal integrator.—The 
output of the detector of the receiver was 
displayed on a synchroscope and also fed into 
the “boxcar integrator”. The latter was an 
electronic measuring circuit which was set up 
modifying Holcomb and Norberg’s design”. 
The experimental results obtained by use of 
this circuit have been proved to be much ac- 
curate compared with those by the photo- 
graphi crecording of signals on a synchroscope. 

Pulser.—The pulser gated the transmitter 
by means of a dc negative pulse. A_ block 


Schmidt 
Circuit 


g 
Cathode 
follower | Trans- 


mitter 


Trigger to boxcar 


Fig. 2. Block diagram of the pulser. The letter 


at the output of each stage corresponds to that 
Ie PIs. oF 
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diagram of the pulser is shown in Fig. 2. Thi 
procedure of producing gate pulses is illus . 
trated in Fig. 3, where the output pulse 
each stage is shown on a common time axis) 
The obtained gate pulses had rectangula 
shapes with the width ranging from 3ysec t 
100sec. The interval between the two gaté 
pulses was equal to an integral multiple o 
the period of the audio-oscillator, and coul¢ 
be varied step by step when the delay time 
of the second delay circuit was changed by 
means of a volume control. The measurement 
of the time interval was very easy and accu 
rate. 


lst | delay 


———> time 


Fig. 3. Illustration of the procedure of making 
gate pulses. The letter on each pulse corre- 
sponds to that in Fig. 2. 


The phase-sensitive detection produced a 
beat between the carrier frequency and the 
Larmor frequency of induction signals, when 
the field was off resonance. However, even 
when the rf carrier was not fed to the phase- 
sensitive detector, a similar beat was observed 
when the adjustment of the induction head 
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jwas not adequate. This beat was caused by 
jthe leakage of the carrier through the power 
jamplifier and could readily be made very 
small compared with amplitudes of the free 
idecay and echo by finely adjusting the micro- 
meter screw of the induction head. This ad- 
justment assured normal operation of the 
receiver. The remaining small beat caused 
no trouble when the phase-sensitive detection 
was performed. The free decay foliowing the 
rf pulse was obscured by the ringing of the 
transmitter as well as by the saturation of 
the initial stage of the receiver. This “dead 
‘time” could be reduced by the afore men- 
tioned adjustment to less than 20y sec. 

The spin phase-memory time was measured 
by the 90°-180° pulse method. According 
to the Bloch equation”, the amplitude E£ of 
the echo following a 90-180° pulse sequence 
‘is given by 


E= Ey exp (—2rt/T>) @il,) 
where ct is the time interval between the 


pulses. Thus, 72 is determined from the slope 
of a straight line in a semilogarithmic plot. 


100 


0.08} mol/ liter 


|Te1=2.46 m sec 


Ecno Amplitude (arbitrary units) 


3 msec 


Fig. 4. A spin phase-memory curve for a meth- 
anol-water solution of MnCl. 


For methanol solutions and methanol-water 
solutions, however, log E versus 2c plot did 
not give a straight line. An example is shown 
in Fig. 4, where the curve is resolved in the 
usual manner and yields two components. 
Similar decomposition was possible for all 
solutions. Therefore, we have 


E= Eos exp (—2t/Tos) + Eo: exp (—2t/T21) , 
(2) 
where the two spin phase-memory times, J>s 
and Tx, are determined from the slopes of 
the component lines, and the amplitudes, Los 
and /,, are obtained from the extrapolation 
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of the component lines to 2r=0. 

The spin-lattice relaxation times were meas- 
ured by use of the 180°-90° pulse sequence”. 
In this experiment, the amplitude F of free 
decay following the second pulse was measured 
as a function of pulse intervals ct. For a single 
relaxation time, we have 

F=F){1—2 exp (—t/Ti)} . (3) 
From the null time ct» for # equal to zero, 
we have 71=t»p/log 2. In methanol solutions 
and methanol-water solutions, however, (3) is 
not valid, but / can be analyzed as 
F= Fos{1—2 exp (—t/Tis)} 
+Foi{1—2 exp (—t/Ti1)} ) 


or 
Fos+Foi—F=2Fs exp (—t/T1s) 
+2Fo: exp (—t/Tu) , (4) 
oS To 
CH30H solution of Mn 
aN 0,02 mol/\iter 
2 
=} 
Pal Tw =12.6 msec 
2 
2 
2 
ite) 
8 
= 
2 
<q 
= 
S 
o 
36 
Cc 
= alll ein Sa i 
te) (5 msec 
Fig. 5. A spin-lattice relaxation curve for a 


methanol solution of Mn Cl,-4H,O. 


6.8.0 camer i Ape a Pees a Pe ea al ae ae 
. CH30H-water solution of Mn 4 
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b | 
= t 
"OS = 
fe ae 
© 
Fa ; 
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Tia =9.9 m sec 
3S 
= 
= 
= 
& IOF ere 
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(= 
2 IE 
s iis *\ Tis= 1.8m sec 
‘ 
| cS i geese ie 1 heen 
O 5 10 15 msec 
Fig. 6. A spin-lattice relaxation curve for a 


methanol-water solution of MnCl». 
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where /os+/: is the value of F for r=0o and 
was obtained experimentally from the ampli- 
tude of the free decay following a 90° pulse 
in the absence of the 180° pulse. Thus, the 
relaxation times, 7is and 73,, and the ampli- 
tudes, Fos and Fy,, can be obtained from a 
log Pos t+Fo.—F) versust plot (Fig. 5 and Fig. 
6). In this case, the null time is given by 
Fos+Fo.=2F os exp (—tn/ Tis) 
+2F 1 exp (—tn/Ti1) § ( 5) 


When the first term at the right hand side 
can be ignored, we have 


Tu=tn/log {2Fox/(Fos+Fo1)} . (6) 


§3. Result 
The values of 7; and 7, for aqueous solu- 


tions of MnCl,-4H.O are shown as functions 
of ion concentrations in Fig. 7. They are in 
good agreement with those reported by Morgan 


— 


100 


_ WMilliseconds 


0,00I mol/ 2 O,| 


Fig. 7. Relaxation times as functions of ion con- 
centration for aqueous solution of MnCl,. 


exe) 


et al.» The relaxation curves for methanol 
solutions of MnCl,-4H.0 show the existence 
of two components as descrined above. In 
addition, Ti, obtained from the null time by 
the use of (6) taking Fy:/Fos=3 is in good 
agreement with that obtained from the semi- 
logarithmic plot. These results indicate that 
the two kinds of protons, 7.e., protons of a 
hydroxyl group and of a methyl group, are 
subject to different local field environments. 
Also, the relaxation curves for methanol-water 
solutions of MnCl,-4H;O0 have two components. 
The mixture solutions have three kinds of 
protons, 7.¢., those of a water molecule, of a 
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hydroxyl group and of a methyl group. Ho 
ever, chemical exchange of protons betwee 
a hydroxyl group and a water molecule take# 
place presumably in a much shorter time thal 
the relaxation time. Accordingly, the tw 
kinds of protons have the same relaxatiog 
time, giving one component of the relaxation 
curves. The other component is due to th 
methyl group protons. A similar observaticy 
has been reported by Morgan et al. Thal 
ratios, Eo:/Eos and Fo:/Fos are compared with 
those of the numbers of protons in differenti 
groups in Table I. 


Table I. 
Eur! Eos Foi/Fos Hon/Hou 
(average) (average) (calc) 
methanol DAS Zid SO) 
methanol- 9.75 0.71 0.56 
water 


Hou is the number of methyl group protons in 


the solution, Hon is the number of protons belong- - 
ing to either hydroxyl groups or water molecules. | 


oe Fee | ae ge el if T 


MnClez'4H20 


CH30H solution 


exe) Ol 


Fig. 8. Relaxation times as functions of ion con- 
centration for methanol solution. 


Molar a LO 


Relaxation times in the methanol solutions — 
and the methanol-water solutions are plotted — 
as functions of ion concentrations in Fig. 87} 
and Fig. 9. The volume ratio of methanol 


and water in the latter solution was 1:1. 


Commercial samples graded as “ special pure” 
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methanol is fairly high. It is known that 
manganous ions chemically combine with sol- 
vent molecules to form complex ions in these 
solutions. In aqueous solutions, the complex 
° Tit ion is assumed to be Mn(H.0)¢? which has an 
octahedral symmetry as in Mn Tutton salt 
crystals. The rate of chemical exchange be- 
tween the protons in a complex and those in 
the bulk solvent is considered to be very fast 
compared with the proton relaxation times, 
since only single T; and T, are obtained for 
each chemical group and these are inversely 
proportional to the concentration of manganous 
ions. 

The relaxation of protons by the dipole- 
dipole interaction with manganous ions takes 
place mainly during the time when the pro- 


= MnCle 
le CH30H -water | solution 


| as GE 


Milliseconds 


en een SS pearay 


= 


Fowl (ns BTN: eye yer a 
0.0\ Ol mol/2 LO 


Fig. 9. Relaxation times as functions of ion con- 
centration for methanol-water solution. 


were used in this experiment at 10°-15°C. tons stay as members of complex ions. If 
| we neglect the relaxation process taking place 
$4. Discussion while the protons are in the bulk solvent, the 


The solubility of Mn salt in water and relaxation time is given by 


L. Y | Te 4 3Te x3 | 6. es (7) 
Dy) do toads a’ 1+ (@r—@s)*re2_— 1 +@r?te? ~~ 1+ (@r+@s)?te? ) N 
*) sel rere S\SAV dey HOO Fo yee ON Ea sen 
T2/dip 15 a 1+ (@r—@s)?te? 1+ wt? 1 +03? 
6r NZ 
c ; 8 
Basen ipetinaEaN: N 9 


where a is the distance between a proton and the manganous ion in the complex; 7r and 7s 
are the gyromagnetic ratios of a proton and a manganous ion respectively; S is the total 
electron spin of the manganous ion; , and ws; are Larmor frequencies of a proton and a 
manganous ion; N and m are the numbers of sovent molecules and manganous ions per unit 
volume; z is the coordination number of manganous ion; te is the correlation time which is 
of the order of 4z7703/3RT according to the BPP theory, where 7 denotes viscosity and 7» the 
radius of the complex ion. The order of magnitude of t- is 10-''sec with the present solu- 
tions. This order was also confirmed by the analysis of the line-width data of electron spin 
resonance of manganous ions in alcohol-water solutions!?. Therefore we have wte<1, and 


from (7) and (8) 


Ti ws 10 = 3.50 s?To7 
Ga 10+30.?r,2 


Thus, 
1<(7) ta (9) 
dip 


2 


This inequality will not be altered if we take into account the relaxation process neglected 
above, because the interaction between the proton in the bulk solvent and the manganous 
ions contributes to the relaxation only when the manganous ions sufficiently near the proton 


so that the correlation time te’ satisfies wrtc’ <1. 
Thus, 7:/T2 larger than 1.16 indicates the existence of other relaxation mechanism. This 


mechanism is due to the Fermi contact interaction 
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Yall S)=> arhe |bi(0)|2(I- 81) (10! | 


where s; is the spin of the i-th magnetic electron and |¢:(0)|? is the probability density of the 
electron at the resonating nucleus, and 8 is the Bohr magneton. Since the ground state oo) 
the complex is determined by Hund’s rule, (10) can be transformed into 


A(S)=( 7 > a:)(I-S) any 


where n is the number of magnetic electrons in a manganous ion. Expression (11) is the: 
spin exchange interaction which was first suggested by Bloembergen”. Since this interactio 
is unaffected by the rotation of the complex, its correlation time is identical with the hydra-} 
tion time or with the relaxation time of the electron spin, whichever is the shorter. Since 
the large difference between 7; and 7» is only observed for ions having long electron spin 


relaxation times, 


Ti 3 


T2 


where ts is the electron spin relaxation time. 
The observed 7, and 72 are given by 


1 il il ) 
— =( — +( — 14 
Tin ar i ex 
1 1 ) 1 
— = | —— — : NE 
T2 ie ascents \ 
(1/Tyex in (14) can be disregarded, since 
os’ts?>1 for the present solutions. Then if 
we assume according to (9) 
oT \ 
— allt 16 
en dip 9) 
we have 
1 1 lea 
—) =—-— ili 
(7) 7 sis 


which will be used to estimate the value of 
A in the following. 

Aqueous solution.—From the data on the 
aqueous solution of MnCl, of 0.026 mol/liter 
concentration, we have 7:=3.6 msec and 7)= 
1.0msec. Then, using (17) and (13) taking 
S=5/2, z=6 and ts=3x10-9 sec, we have 
A/h=1.0x 108 sec-!. This value is larger than 
that given by Bloembergen. His value seems 
less accurate than ours since it largely de- 
pends upon the estimation of the distance be- 
tween the manganous ion and the proton of 
the ligand. 

Methanol solution.—The value of JT, for 
methyl group protons is ca. 5.2 times that 


the correlation time seems to be identical with the latter. 
pressions for the nuclear relaxation times are given by 


a seus $(S elem Abe (14 (wp Sao. e 
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Fig. 10. Line width of hyperfine line of a man- 


ganous ion in alcohol-methanol mixture of 0.2 
mol MnCl; according to McGarvey.1) 


for hydroxyl group protons. (Fig. 8). This 
result indicates that the distance between the 
manganous ion and the hydroxyl group proton 
in a ligand molecule is shorter than that be- 
tween the manganous ion and the metyl group 
proton. Since 7; is proportional to the sixth 
power of the distance, the ratio of the two 
distances is 1.3. This ratio is resonable if we 
suppose a geometrical configuration of a 
manganous ion and a methanol molecule as 
shown in Fig. 11. 

The observed ratio of Tis/T2s for hydroxyl 
group protons has an experimental error too 
large to permit any conclusion. However, 
Tu/Tx for methyl group protons is ca. 1.43 


Then the ex-} 


1959) 


from Fig. 8. This ratio indicates the existence 
of the spin exchange interaction. The value 
of the electron spin relaxation time, which is 
necessary to calculate the value of A from 
(13), has not been reported for methanol solu- 
tions. However, we assume that rt; for the 
methanol solution is 1/3 times that for the 
aqueous solution, taking into account the fact 
that the line width for the alcohol solution is 
about 3 times that for the aqueous solution!” 
(Fig. 10). Then, assuming z=6, we have 
A/h=2.1x10° sec“! for methyl group protons. 


S @ 


++ 


Mn 


Fig. 11. A model for the geometrical configura- 
tion of a manganous ion and a methanol mole- 
cule in a complex. 


Since A is proportional to the density of un- 
paired electrons at the resonating nucleus, the 
existence of the exchange interaction is rather 
striking. However, this existence was also 
confirmed by the chemical shift observed by 
Phillips et al. The A(JS) interaction gives 
a paramagnetic shift quite similar to the 
Knight shift in metals. The shift is given by 


1 NZ 
olga Spake N (18) 
where <S.> is the thermal-equilibrium value 
of Sz, namely 
(S2=2BS(S+tDA/B3kRT) . (19) 
Thus, when A/h~ 2x 10° sec“!, we have 4H/H 
~1.7x10-5 for 1 mol/liter solution. Phillips 
et al. observed the shifts of this order for 
methyl group protons in propyl alcohol and 
butyl alcohol solutions of CoCl:. They also 
reported the existence of a similar shift for 
methanol solutions of MnCl, although the data 
have not been published. The spin exchange 
interaction between methyl group protons and 
manganous ions gives a proof for the delocali- 
zation of magnetic electrons of a manganous 
ion giving a finite probability of staying on 
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the ligand molecule. Isotropic hyperfine split- 
ting due to a similar interaction with methyl 
group protons has been observed in the elec- 
tron spin resonance of methyl-substituted 
semiquinones.1%).14) 

Methanol-water solution.—The distance of 
closest approach of the two species of protons 
to a manganous ion have a ratio of 1.3 as 
estimated from the observed ratio of T1:/Tis 
=5.2. The exchange interaction constant A 
for the short-time component becomes 8 x 10° 
sec“! from the observed ratio T1s/T2s=1.67 if 
it is assumed that ts~1x10-*sec. For the 
long-time component, Ti:/T2 is nearly equal 
to 1.1. Therefore, the effect of the spin ex- 
change interaction is almost unobservable in 
contrast to the case of pure methanol solu- 
tions. The reason for this result is open to 
questions, but the result seems to indicate 
that the weak covalent bonds between mangan- 
ous ions and methanol molecules are broken 
by the action of water molecules. 
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Paramagnetic Susceptibility of Single Crystals of 


The Research Institute for Iron, Steel and Other Metals, 


Paramagnetic susceptibility of single crystals of NiK Tutton salt and 
NiCl,-6H.O were measured in the temperature range between 1.40°K and 
20.4°K. The anisotropic susceptibilities found in NiK Tutton salt are 
in very good agreement with the calculated values using the splitting 
parameters which are determined by paramagnetic resonance experiment. 
In NiCl,-6H.O, the antiferromagnetic transition was found at about 6°K. 
The easy axis is along the axis perpendicular to crystalline ¢ axis in 
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ac plane. 
$1. Introduction 


In the previous paper, T. Haseda and M. 
Date reported the paramagnetic susceptibilities 
of some of the nickel salts in powdered sam- 
ples and made theoretical consideration on 
characteristics of susceptibilities of Ni*? ions. 
It was, in the first place, found out that the 
susceptibility vs temperature curve was ex- 
pected to be flat at the lowest temperature 
in all samples. The _ susceptibilities of 
Ni*?(3d*®) ion in the rhombic crystalline field 
were calculated in the wide temperature range. 
The calculated susceptibilities on each axis 
were expected to be strongly anisotropic in 
the lowest temperature range. The value of 
susceptibility in one of the axis is larger than 
the value expected from the Curie law, and 
the value of one of the other axis has the 
maximum value at some temperature. The 
measured susceptibilities in powdered sam- 
ples are, of course the average of these 
values. The calculated average of the sus- 
ceptibilities showed the tendency to be flat in 


the lowest temperature range. The compari- 
son of the calculated value with the experi- 
mental ones was made in the powdered sam- 
ple of NiNH, Tutton Salt. Though the good 
agreement was obtained, it will be more de- 
finite when some experiments on single cry- 
stals are carried on and the expected strong 
anisotropy is observed. 

In this paper, the measurements are made 
on single crystals of NiK Tutton salt and the 
results are discussed on the bases of the 
theory developed in the previous paper. 

One of the other noticeable results in the 
former investigation, was the large Weiss 
constant 7°K and the flat behaviour below 
considerably high temperatures (10°K) found 
in NiCl,-6H.O. Though the explanation of 
the latter behaviour was intended under the 
above mentioned consideration assuming the 
strongly deformed crystalline field, the large 
Weiss constant was not examined. 

One of the present authors (T.H.) and E. 
Kanda have found an antiferromagnetic be- 


E- 


Y 


fi 
| 


} haviour in CoCl.-6H:0 below 3.0°K». 
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The 
X-ray investigation of NiCl:-6H.O is now in 


progress by J. Mizuno and it has been found 
that the crystal structure is quite isomorphous 
to CoCl:-6H:0». Considering from the large 
Weiss constant of NiCl,-6H.O and its isomor- 
phism to CoCl.-6H2O it will be expected that 
NiCl,-6H.O is also antiferromagnetic below 
about 10°K. The measurements on single 
crystals of NiCl,-6H:O are intended and the 


antiferromagnetic nature is revealed in this 
salt. 


§2. The Susceptibility of Single Crystals 
of NiK Tutton Salt 
Measurements were made using the a.c. 
bridge method in the temperature range be- 
tween 20°K and 1.3°K. The results are listed 
in Table I and shown in Fig. 1 where Ki, 


Table I. Molar susceptibility of single 
crystals of NiK Tutton salt. 


CLES Ky-axis Ko-axis K3-axis 
20.4 0.0611 0.0534 0.0531 
17.6 0.0720 0.0602 0.0593 
Gal 0.0795 0.0665 0.0664 
14,9 0.0870 0.0744 0.0737 

4.20 0.353 0.204 0.209 
3.49 0.435 0.239 0.236 
Ba 0.524 0.259 0.260 
2.49 0.616 0.278 0.282 
1.91 0.813 0.276 0.312 
1.48 1.02 0.331 0.335 


10 15 
° 


Fig. 1. Paramagnetic susceptibility of Nik Tut- 
ton salt. 


K, and K; are magnetic principal axes deter- 
mined by paramagnetic resonance experi- 
ment»), Considerable anisotropy are found 
out as expected in the previous paper. How- 
ever, as is known, in NiK Tutton salt cry- 
stal, there are two kinds of Ni** ions in unit 
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cell. The relation among magnetic principal 
axes and axes of two kinds of octahedron 
which is formed by six water molecules ar- 
round each Nit? ion in unit cell, is shown in 
Fig. 2 (a) and (b). The susceptibilities of 
single Nit? ion in a rhombic field (in slightly 
deformed octahedron) are given as 


pipe Bad 
2Ng°6? per 
D+E feign 9D) DEY 
5 exp (am )+2 osh OPT 
sinh Dek. 
ty =e NEE 2hE US 
SG Dea 3E+D ETE v 
a a aa 2 ee 
Gana ( RT )+ GS ope 
SH ee 
2Ng?p? kT 
0 — ee 
E D E 
exp (4p) t2cosh RT 


Here, x, y and z are the axes of a rhombic 
field. D and E are the splitting parameters 
appeared in the spin Hamiltonian. The mea- 
sured susceptibilities along each principal axis 
are the average value of two kind Ni*? ions 
in units cell. It is easy to calculate the 
susceptibility on each principal axis in terms 
of Xz, %y and xz, taking account for the situa- 
tion shown in Fig. 2. Calculated values of 
Xe, Ly, Xz. and xx«,, Xx, and 2%, are shown in 
Fig. 3 for Nik Tutton salt. The values of 
constant used, are as follow, 


D==—KSVCINRS,, WES —O Seu" .. 
G=2.25% Wallis GaeedZ,.5°.: 


The ageement between the calculated and 


Fig. 2 (a) 


Fig. 2 (b) 

(a) Susceptibility axes Ki, Ky in ac plane of Nik 
Tutton salt. K3 is parallel to b-axis and per- 
pendicular to the plane of the figure. 

(b) Relative directions of the axes in NiK Tutton 
salt. (a, b, c)=crystallograyhic axes, (KiK,K3)= 
susceptibility axes, (x,y, Z)=axes of rhombic 
crystalline field. ZZ, lie in KK; plane, 
VXGOZ =e lle: 
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experimental values is very good showing the 
correctness of the above analysis. If the 
values given by Griffiths and Owen” are used, 
the results do not alter by the amount. up to 
a few percent, 


KS) [ 


Experimental valuos: 
Calculated valuesi 
of Xx, Xyand Xz 
Calculated values: 
of Ki, Ke and Ks 


Fig. 3. Calculated susceptibility of Nik Tutton 
salt. 


a NiCle-6HO 


Fig. 4. A rough sketch of crystal structure of 
NiCi,-6H,0. 


§3. The Susceptibility of Single Crystals 
of NiCl,-6H,0 

As was mentioned in §1, the crystal struc- 
ture of this salt is quite isomorphous to 
CoCl.-6H:0. Each Nit? ion is surrounded by 
four water molecules in a plane and by two 
chlorine ions along the axis perpendicular to 
the square of water molecules. Though the 
detail of the crystal analysis is not yet deter- 
mined, the rough sketch of the crystal struc- 
ture is shown in Fig. 4, The measurements 
of the susceptibility on single crystal of this 
salt are made by a.c. bridge method, and re- 
sults are shown in Fig. 5. Measurements are 
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made along the crystalline 6 and c axis, and 
the axis perpendicular to c axis in the ac plane i 


(Ells): i} 


\] 
| ia 


As is apparent from Fig. 5, NiCle-6H2O is | 
antiferromagnetic below 6.2°K. The Weiss | 
constant @ of this salt determined in the | 
sample is 10°K»*. Ty/@ is about 0.6. The | 
axis of easy magnetization is along cl axis. | 
It will be worthwhile to note that the easy 
axis in antiferromagnetic state of CoCl,-6H:O 
is along c/; axis”, though the detail of spin 
structure in these salts, is not clear now. 


10) ee eee ee ees 
Onl 2, 3 4° 5S 604, 8, 9 1 IpI2 Us) als: 1617) 7S) 19720) 
— > 7K 


Fig. 5. Molar susceptibility of NiCl,-6H,O. 


Special interest may be on the nature of 
antiferromagnetism in the salt of Ni*? ions 
concerning with the spin quenching in para- 
magnetic state of this salt. 

As is seen in NiK Tutton salt, the suscep- 
tibility becomes anisotropic showing spin 
quenching of this ion. If, in NiCl:-6H.O, the 
susceptibility is also anisotropic in paramag- | 
netic range (above 6°K), the transition to 
antiferromagnetic state will occur in some- 
what different manner from the usual cases. 

In the present measurement, the anisotropy 
has not been observed in paramagnetic region 
within the experimental error which is about 
+1.5%. The finer experiment is required and 
now being intended. 

Recently, T. Sugawara have detected the 
proton resonance in NiCk-6H.O and CoCl, 
-6H20 below their Néel point®. And one of 
the present authors (M.D.) have succeeded to 
measure the antiferromagnetic resonance in 
CoCl:-6H:O below 2.1°K!®, 

Detailed discussion on antiferromagnetic 


* Jn the paper of ref. (1), Weiss constant was 
determined to be 7°K. However, it is more sui- 
table to decide it as 10°K. 


‘| state in NiCl:-6H.O and CoCl:-6H:O will be 
“| made in the following paper. 


The authors wish to express their sincere 
thanks to Mr. J. Mizuno for permission to 


: quote the results of crystal analysis of NiCl. 


-6H:O before the publication. The authors 
indebted deeply to Mr. Takashi Sat6 for pre- 
paring the single crystals used in this investi- 
gation. 
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The transition probabilities for the Zeeman components in nuclear 
quadrupole resonance spectrum were formulated in the case of arbitrary 
field gradient. Interesting behaviours were revealed especially for a 
nucleus of half-integral spin. When a magnetic field is applied in a 
direction perpendicular to the principal z-axis in the case of nonaxial 
field gradient due to the surrounding charges, the inner pair of the 
Zeeman components is produced by the w-component of the rf field and 
the outer pair by the y-component. The dependence of the intensities 
on the Zeeman field is in general not symmetric with respect to the 
principal axes of the field gradient. 


§1. Introduction 


Since the Zeeman effect of nuclear quadru- 
pole resonance was first treated by Kriger” 
in the case of axially symmetric field, a large 
number of studies®- have been made on 
the splitting of energy levels, but few on 
the intensities of the Zeeman components. 
The intensities in the nonaxial case have only 
partially been treated by Dean,® Cohen,” 
and others.».® Such a circumstance depends 
upon the fact that the calculation of the in- 
tensities is fairly complicated compared with 
that of the energy levels and upon the pres- 
supmtion that it would not have any possibi- 


lity to give useful informations in spite of 
its complicated nature. For axially sym- 
metric case, the intensity of the outer pair of 
Zeeman components due to the transitions of 
|m|=1/2-23/2 has been proved to have a max- 
imum value and to be equal to that of the 
inner pair when the Zeeman field is applied 
in the direction perpendicular to the principal 
z-axis of the field gradient. It decreases 
gradually and finally vanishes as the direction 
of the Zeeman field approaches to that of the 
z-axis. It was revealed, however, in the Ze- 
eman experiment on the Cl® resonance in 
cyanuryl chloride”? (7.»=0.24) that the inten- 
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sity in the nonaxial case fairly deviated from 
the above rule, and in addition it could not 
be explained by any extension of the axially 
symmetric case. When the direction of the 
applied field was not close to the principal 
xy-plain, the observed intensities obeyed ap- 
proximately the rule, but in the vicinity of 
the xy-plane the intensity of the outer pair 
decreased abruptly, contrary to the expecta- 
tion from the rule. 

Similar phenomenon has been observed even 
in the case of axially symmetric field (7=0) 
by Ting, Manring, and Williams. The 
third order Zeeman effect for the Cl* reso- 
nance line in NaClO; was observed by apply- 
ing strong field in the direction perpendicu- 
lar to the principal z-axis. The resonance 
line was split into four lines as in the non- 
axial case, of which the inner pair was 
vanishing below the noise level. This inten- 
sity relation was interpreted by the depen- 
dence of the transition to the direction of 
the rf field. Similar interpretation is expected 
to be possible in the nonaxial case. _ 

Dean*® discussed qualitatively the transition 
moments in the nine cases when the Zeeman 
field parallel to the axis x, y, and z, combin- 
ed with the rf field parallel to the axis x, y, 
and z. His discussion is, however, not enough 
to explain the above phenomenon, in particu- 
lar, the abrupt change in the intensity in the 
vicinity of the xy-plain. Cohen’s calculation” 
was attempted in a special case of the nuclei 
with spins 5/2, 7/2, and 9/2, in which the rf 
field was applied parallel to the x-axis. It 
can not be applied to the resonance of Cl* 
whose spin is 3/2. 


§2. Calculation 


The electric field gradient {q:;} produced at 
a nucleus by surrounding charges has in 
general an asymmetry described by an asym- 
metry parameter 


N= (Grx—Quy)/Qz 5 (qx2|Sldyy]<lgee]) (1) 


where @Qzr, vy, and qz denote the principal 
components of the field gradient: under this 
definition 7 always takes a non-negative num- 
ber from zero to unity. The nuclear quadru- 
pole interacts with this electric field gradient 
under the influence of a static magnetic field. 
The Hamiltonian which defines the system is 
then expressed as follows: 
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FE v= Hat Fu , 

where 
S$ =—-A(BP—-P)+1e-1)], | 
SE u=—7l H=—7[Aelet+ Hyly+ Hele) , (2! 
A eQgee ’ 

4](2I —1) 
and eQ denotes the scalar nuclear quadrupole 
moment, 7 the nuclear gyromagnetic ional 
H., Hy, and Hz the components of H along? 
the principal axes of the field gradient, and jy 
I the nuclear spin operator with the quantum) 
number J>1/2 and with the components £,, 
I,, and £,. 

If the eigenvectors |m>’s of Z are taken 
as the bases, non-vanishing matrix elements \® 
for the spin operators are given by” 


| 
q 
] 


\] 


im|\L|\m>=m , 
and 
(m|Is|m=1>= [(UTEmTFm+1)]?”, 
(m=d,  I—1ljsetnsl) 
where J,.=J,+iI,. The eigenvectors of #2 | 
are then represented by linear combinations | 
of the basic vectors, from which the energy 
levels and the intensities are calculated. 

Now in the case of half-integral spins two — 
pure quadrupole states +mQ are degenerate © 
in the absence of a magnetic field, where mQ 
designates an eigenstate of Fe which should 
be reduced to the states m for 7=0. This 
degeneracy is removed by a Zeeman field so 
that an absorption line due to the transition 
lImQ|=m’Q2m”’Q (m’, m’’>0) splits into two — 
pairs, +m’M2+m”’M and +m’M2sm’ M, 
as shown in Fig. 1, where mM designates an 
eigenstate of 4 o similarly to mQ. Non- 


(3) 


inner pair 
a 


”» f: m” M 
+mQ a 
—m’M 
y m'M 
+ mQ ve 
a. —m’M 


Swe te 
outer pair 


ihe Q H+ 0 


Fig. 1. Zeeman splitting of the nuclear quadru- 
pole energy levels. 
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_ vanishing elements of 4° are expressed in 
_ the representation by |m>’s as follows: 


(m| SH \m>=— A[3m2—II+1)] , 


and 

M+1| FelmFl=—7Af¥2T, m), (4) 
where 

AL, m=“ (Pm) (T+ 1—m'] (5) 
The eigenvectors of a are, therefore, 
given by 

ImQ>=>) |m+2u><m+2u|mQ»> 
pe 
(lIm+2u|SJ). (6) 


The coefficients <m-+2:|\mQ)>’s are calculated 
by use of Eqs. (4) as shown later. It is not- 


Type I (4|m|=odd) 
C+(mM+2n4+1)Q|Le|=MNQ> = Le, m,m+on+1 > 


<~(m +2n+ LQ! +mQ>= Tam ncn ’ 


CF(m+2n+)Q|E|=AMQ>=tLmmsanei ; 
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ed here that 
<m’|mQ>=<—m’|—m> , Coy 


which is derived for half-integral spins from 
the quadratic property of the original Hamil- 
tonian. (In the later treatment m, m’, and 
other quantum numbers are taken as positive 
numbers, except when special signs are re- 
ferred to them). 

For the calculation of the intensity parame- 
ters described below, it is necessary to have 
the transition moments between pure quadru- 
pole states. They are classified into two 
types by the condition 4|m| even or odd. 
Non-vanishing terms of them are derived 
from Eqs. (6) and (6) as follows: 


Type II (4|m|=even) 
CE(m+2n)Q|Le|=EMQ Y= Te.m,m+2n 5 


CE(m+2n)Q|LZ|zmQ>= cies ; Ty, anon ’ 


<+(m+2n)Q|L|=mQ>=+h m,m+2n f (7p) 


For the approximation to the first order of H it is necessary to have the matrix elements 
of Hm between each pair of degenerate pure quadrupole states +mQ. They are derived 


from Eqs. (2) and (7) to be 


<+mQ| SE ul EmQ>= Se he g glak ; 


and 


C+mQ|HF nu | =mQ»>= 7 Vea allen bcnanlebyl 


(8) 


The eigenvalues of “> are then given to the first order in H by 


E(emM)= Eo tm)—rEu(em) ; 


(9) 


where Eo(-tm)’s are the unperturbed quadrupole energies and Ex(--m)’s the energy shifts of 


the split levels in the unit of 7: 


Ex(=m)= sts [ 2c, m, mide? + Lym, mig? + JE ppl be 2 


op) 


From Eggs. (8) and (9) the eigenvectors of #0 in the zeroth order in H are given by 


|jmM> =m|mQ> +bm|—mQ> ’ 


and 


|-mM> = —bm*|mQ> +an*|—mQ> ’ 


(10) 


where the coefficients dm and bm are given by the following relations: 


Leen m ET 
Ex(m) 
Tym, mit 
Eu(m) 
Le.an,mHz 


Exu(m) 


= Gnome =F On* bn, ; 
— Gna a Am™* Dn ’ 


—= amin” —bmbm* ’ 
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and 
Othe AO orpe 2M (11) | 


In ordinary nuclear spin resonance the transition between two eigenstates E’ and E” | 
(E’’>E’) is produced by a magnetic interaction of the nuclear magnetic moment with the i 
rf field 2H,cos2zvt. The total Hamiltonian has to include the interaction term given by 


FW 1=—27T-H, cos 2x ~ 


follows: 
WE, =n Th’, Bao) (12) | 


where g(v) is the distribution function of frequencies and T(E’, E”’’) may be called a square 
transition moment, which is obtained from Eq. (2)’ as follows: 


LXE, BY) = EE Hl EOP= 78 & Hal fdE’, E'), G, j=x, y, and z) (13)ij 


where 
Sii(EG EY) =< [KE VhlE XE GE O+ Ee |GlE XE fle] (13) 


and Hr, Hry, and H;z are the components of the rf field along the principal axes of the field 
gradient. The distribution g(v) is originated from spin-spin interactions, thermal motions of 
lattice, and inhomogeneity of the external applied field H. 

Under unsaturation condition,!? the peak intensity at a resonance frequency v=(E’’—E’)/h 
in the absorption spectrum is proportional to 


4x Ny? 


PEL, LE) 
ek ) (21+1)4y-kT 


ref ig San EO We (14) 
provided that |Emax—Emin|J< kT, where 4y is the half-value width of the absorption line 
described by g(v), T the absolute temperature, k Boltzmann constant, and N the total number 
of the resonating nuclei. 

In this article let us confine ourselves to the discussion of the case of strong quadrupole 
coupling and weak magnetic field. Thus the energy levels may be calculated to the first 
order of H as shown above, but the transition probabilities are enough to be calculated in 
the zeroth order in H, since the accuracy in the measurement of the intensity is far lower 
than that of the frequency. 

In the case of half-integral spins two transitions belonging to the same pair, that is, 
tm M2tm’M or +m’ MeFm’’M, occur with equal probabilities. As the contribution of 
the splitting of the energy levels to v? in Eq. (14) may be neglected in the zeroth order of 
approximation in H, the relative intensity of these two pairs is given by 


TX) 
TH+)+TX—) oe 


Pm’, m’’)= 


where the plus sign denotes the inner pair --m’M2+m’’M and the minus sign the outer 
pair -m’ M2Fm” M. 
The next problem is to formulate the intensity parameters: 


Ji<t)= film’ M, +m” M)=fi—m'M, =m" M) . (1, =x, y, and z) (16) 


They are obtained from the eigenvectors of 4» given by Eq. (10) and the transition moments 
between pure quadrupole states (Eq. (7)) as follows: 


| 
The transition probability is then expressed to the second order of approximation as 
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Type I (n’”’=m’/+2n+1) 


Jex() = i: “ DP x,m! mL Fin m?{ Laem? rn? Le, mnt? rat? Hee + Drymen? Diy, rat? Hy? + Te tr Tet a? HP] 5 
Jo(t)=—= ae ym? vm, LS Bn’, mir{— hee m’ vm Le, mn Hi? — Ty ,m? ory, mi? mt? Hy? + De, mi? Tem? mH? } | 5 
—— 2 
Jed) = if 2,m?,m? [LE Fim? ,mne{ — Tee, m?, mm’ Tee, mma? Hee? + Dyan! nt Ly rn? nt? ey? — Det ont Te, nt? mi He? ] ° 
Todt) = Io rl 
y= 2 y,m’,m’*Lz,m’ im? | —T, y,m’,m Tz, m’? mi — Te, m’ ,m Ty, m’’, m’?| Py mi? Hy He ’ 
oe 1 
i Se) tot. m’ + mL, m? vm’? | Te, m’ tm Te, mm”, m— Tp, m’ mle, m’,4 mn?” | Fin vm’ Hz Hy ’ 
aes hater 
zy.) 2 z,m’,m’? ym? mn? | — Lem? Lym? met + Dy mt? Le,mi mm’ Pont mv’ He Ay : (17) 
Type Il (m”’=m’+2n) 
il 
Sekt) => iz m mé [LE Pm mary dee m on! Lee m’? mH —TIy m’,m Ly m’” m’ Hy —T, m’,m Wb: m’? mH} | 
i 
Jog toe I'y ,m”,m” ‘(1 Fm, m{— Ibe. m’, mL, m’’, m” Hy? +I, m’, mL m’’, my? —I, mM’ 7 VE, mm mn” Hz 
2 y, y, y 
1 
Jed) => Pe mt mt! (LE Fin? m{ — Dem! mT, ment? Hg? — Dy, mt mt Ty, mi? met Hy? + Le, mm Tz, mm" He} ] 
il 
Joel) = aay T;, m” 7 mite, m’ vm? | Ty, m’,m’. dks mm’, m+ Tz, m’,m’” Ty, m”, m’’ | Fins vm? Hy Hz ’ 
il 
[iAGS)= = 5 Me iP pe Fo pie ial Os patentee bows aA Ose zm, mi | Fm? me Ae , 
ik 
(ese = 5 Tp, m’,m! Ty, m’ im [Le, m’ ,m Ty, m’’, m+ Ly, m’,m’ Te, m’, m’? | Fine im” Hz Hy . (18) 


Here we put for brevity 
Fit .m?=1/Eu(m)Eu(m’’) : (19) 


In equation (17) and (18), Ji,m?,m* (m’2=m’’) may be regarded as a parameter describing 
the dependence of the transitions |mM|=m’M 2m” M upon the z-component =x, y, or z) of 
the rf field and Iim,m, as the parameter concerning with the orientation of the Zeeman field. 

The ordinary spectrum arises from the transitions 4|m|=1 which belong to the type I. 
The intensity of this spectrum is expressed by the intensity parameters /:;(mM, +(m+1)M) 
which depend on such pure quadrupole transition moments as Ji,m,m, and Ji,m,m+i. Other 
transitions 4|m|=+<1, so-called forbidden transitions, belonging to both types should occur in 
the case of nonaxial field gradient, but their intensities are ordinarily so weak that they can 
hardly be detected except for large asymmetry, because they are at most of the second 
order of magnitude in 7. 


A. Second order approximation in 7 
A perturbation method of the second order in 7 leads to the determination of the coefficients 
in Eq. (6) as follows, 


I, m+1 I, m—1) 
Sars. Pe +1? jae | 
yp m1) 
12(m+1) 
fT, meEVfA2, m+3) (20) 
288(m1)(m2) 


<m=+2|mQ>= 


(m+4|mQ>=7? 


| 
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Thus the transition moments between pure quadrupole states for allowed transitions ar¢ | 
obtained as follows: | 


bon) ah(rs Baar BY r2\ 04 9) 
Tusa josaia ins wae 2 2 12 2 2 2 


6 2, 2 
bon (att (i Eee 103) 
Ty,3/2,3/2 12 oe 3} 2 2 y, 


aan seta i= 100 bre S$) 
Ty,5 2.5/2 64 j 2 Z) a) Z 2, 2, 


The itacain 3 ge 
nea = OG) (mz 5 ) 
L,m,m=m = 72 [ (m+1) (m—1)? | ( 
Te,m,m-+1 aa il caer. Ve v/) ; TI+1)+3m(m-+1) 
eee we Dy Ur Mosca ; E a 24 m(m-+1) 
_ 2 (m—29ftZ, m1) , (+3), m+2)_ fl, m) _ fi, ae 
288 m(m—1)? (m+1)(m+2)? m? (m+1)2 ; 


emiiiics = Fiy 1/2 ae Sy" 
Th1/2,3/2 = 6 (1 3 ) (+ 5 (i+ 3 ; 
7? 3 \ te il al ) 3 ( by We 
2 ee (la SS 7 T+ : 
Tz,3/2,5/2 108 (U 9 ) (U 3 \(+ 5 ( + 5 ) 5 ) 


Tem, m4 — O(9) (m ee = . (21) | 


In these equations /- components take the upper of the double signs, and J, the lower ones. | 
It is to be noted that when the asymmetry parameter 7 is sufficiently small compared with 
unity and the nuclear spin J is not large, Jy,m,m Components are negative, while other transi- 
tion moments are all positive. 

The dependence of the relative intensity on the rf field and on the Zeeman field is cal- 
culated from Eqs. (15), (17), (21), and (21)’.. In particular, when the Zeeman field is applied 
parallel to each principal axis, the intensity parameters for the allowed transitions |jmj=m2 


10 LO 
as 
rly re 
‘. 
04 
a2 
Oz) 30° 60° (y) 90° eta) 30° ~ 60° 0° 
; 9 6° (¥)90 


Fig. 2. Relative intensities of the Zeeman components in the case of I=7/2 and 7=0.05, where a, b, 
and ¢ denote three allowed transitions |m|=1/223/2, 3/225/2, and 5/227/2, respectively, and @ the 
direction of the static magnetic field measured from the principal z-axis, 
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AT); iektj=2 x,m,m+1y Joe —)=L%9,m,m+1, LS) Ee 
A\\y; Je +)=T%2,m,m+1, Jo) =P yim, m1, Ea) lea ante 
A\|z; Jee +)=I%2,m,msi, Ju +)=Py,m,mai, Jel —)=LP?2,m,m+1, (22) 


whereas other parameters all vanish. In Fig. 2 the relative intensities are plotted against 
the orientation of the Zeeman field for the allowed transitions |= 1/2 Ze SIZ. 3 aken oy Zena 
5/2 27/2 in the case of J=7/2 and y=0.05. 


B. Exact Treatment for [=3/2 

For the nuclei with J=3/2 only one absorption due to the allowed transition |m|=1/2 @ 3/2 
is observed in the absence of a magnetic field. The pure quadrupole Hamiltonian He can 
be solved analytically in this case as made by Dean,*) and the intensities of the Zeeman 
components are also calculated exactly in terms of 7. The results are as follows: 
Transition moments between pure quadrupole states: 


Le il an Ve Of iL ) 
vps — = — 1— A Y 2 —— —]l ’ Ths, QOL 1+ —_ ’ 
1/2,1/2 20 (o-1—7) 3/2,3/ 20 (o- ley) 1/2.3/ Do ( 7 


1 1 
Iyxpap=—5(o+1+7), Iy.s/a.sn =— 5 (—1—7), Innnon=Y3 (A = , 
eee: Ta ep) Laps =o (23) 
z,1/2, /2 20 y 2, > 20 ? hfe / 2 0 , 
where 
1+ il : Life 
(oes) 
Energy levels: 
3 Ams \ 
Be 9 \= Eat 9) 3Ap, 
Ex(+5 )=* 5p Mot LHe (041 +a) Hit + Oo HAT 
Eu( + oe ee [((o—1-++9)2He? + (0 —1—7)? Hy? + (2+ 0)? He] ¥? (24) 
Intensity parameters for m=1/2223/2: 
3 il = 3 ah 2 2 Qe ae 1 2 ul 2 
fr se) = aM +57) [tp Finran\ 4 (1 == 9 ] e+ 9 (2 3 ” )Hz Lee 3 0 \Hy | , 
1 f (11) 2[(1—2y)aes(14 one 
IwlD= ag iN [tte Prony (1 amie 5 Ie 3 1) He? (2 +—~y )H,? | $ 


3 
ori 2H sn = (2 ape) a ; (c= : 7 Ha! flit, + 37 )He It ; 


di 1 ) 
= —- 1+ —9 )Fi/2.3/2H yt: , 
Jing) es = 3, - ae 9” 7)( ae 3 0 )£1/2,3/212y 


*){ 1 — 50) FisnapsHllle 


Julede Beullag7) 
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In the above equations Fiy2,3/2 is given by Eqs. (19) and (24). 

These equations hold for J=3/2 over the whole range of the asymmetry parameter. g. | 
the relative intensities are plotted against the orientation of the Zeeman field for variouy 
asymmetry parameters from zero to unity in the case of rf field parallel to each principe? 

Fig. 4 illustrates the angular dependence for y=0.4 in the car 
that rf field is applied in various directions deviated from the principal axes. 


axis of the field gradient. 


OF ( z) 


(az) 
direction of the static magnetic field. 


§3. Discussion 


From Eqs. (21) and (23) (or Eq. (25)), the 
allowed transitions are concluded to be main- 
ly produced by the x- and y- components of 
the rf field, of which the x-component con- 
tributes more strongly to the intensities. The 
contribution of the z-component is only in the 
second order of 7? even to the transitions |m| 
=1/2 23/2, and to other transitions it is so 
small for small asymmetry that it may be 
neglected. 

The dependence of the relative intensity on 
the Zeeman field appears strongly in the 
transitions |m|=1/2 @ 3/2, as shown in Fig. 2; 
in this case the outer pair of the Zeeman 
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In Fig. | 


(y) 90° 


(bz) 
Fig. 3. Relative intensities of the Zeeman components in the case of J=3/2, where @ denotes the 


components is observed with considerable in- 
tensity. In other transitions, however, the 
outer pair is so weak for small asymmetry 
that we can hardly detect but the inner pair, 
except when the magnetic field is applied in 
the vicinity of the xy-plane. This fact can 
be explained in terms of mixing of the dege- 
nerate pure quadrupole states +mQ (see Eq. 
(10)); that is, the outer pair of transitions is 
produced by their mixing, which is complete 
for the states |m|=1/2 with the x- and y- 
components of the Zeeman field, but for other 
states |m|=3/2 in the first or higher order of 
magnitude in 7. 

Finally let us consider the lowest transitions 


Be 


fn | = 1/2 = 3/2. 
f metry the rule for 7=0 holds approximately 
_ when the direction of the Zeeman field is not 


In the case of small asym- 


close to the principal xy-plane. Thus, for the 
Zeeman field parallel to the principal z-axis, 
the outer pair is so weak in intensity that 
only the inner pair may be detected, because 
the inner pair of transitions is produced by 
the x- and y-components of the rf field, while 
the outer pair is produced by the z-compo- 
nent (see Eq. (22)). As the direction of the 
Zeeman field deviates from the z-axis, the in- 
tensity of the outer pair increases gradually, 
whereas the inner pair decreases. The agree- 
ment with the rule is remarkable especially 
in the case of the Zeeman field perpendicular 
to the rf field (compare Figs. 3(a1) and (bz) 
with (az) and (b;)). 


Virection of rf field 


(b) 


ey: 

Fig. 4. Contribution of the cross terms of in- 
tensity parameters to the relative intensities 
of the Zeeman components in the case of [= 
3/2 and 7=0.4, where @ denotes the direction 
of the static magnetic field. 


The deviation from the rule is, however, 
expected in the case of the Zeeman field per- 
pendicular to the z-axis. In this case the in- 
ner pair is produced by the x-component of 
the rf field while the outer pair by the y- 
component (see Eq. (22)). Hence, as the di- 
rection of the Zeeman field approaches to the 
xy-plane, the relative intensity P, will be 
observed to decrease abruptly to zero or to 
increase to unity, according to the rf field 
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parallel to the x-axis or to the y-axis, respec- 
tively, as illustrated in Figs. 2 and 3. The 
intensities P,(+) of both pairs for the 
Zeeman field perpendicular to the z-axis are 
then expressed to the first order of accuracy 
in 7 as follows: 


Pi(+)=KPe,m,m+i sin? 0, cos? Gr , 


Py (=) = II 5 ase sin? Oy sin? Pr. (26) 


where K is a constant factor common between 
both pairs and (6,, ¢,) is the polar coordinate 
of the rf field with the pole on the z-axis 
and with the initial line of gv, on the x-axis. 
Even in this case, therefore, it is possible 
that both pairs are observed with equal in- 
tensities as expected from the rule for 7=0; 
it is fulfilled with the rf field applied in the 
intermediate direction between the x- and the 
y-axis. 

The above relation explains well the ano- 
maly in the intensities observed in cyanuryl 
chloride”? described in the introduction. At 
the same time it will make us possible to de- 
termine the location of the principal x- and 
y-axes. It has been fairly difficult by other 
methods, for instance, by the method of no- 
splitting locus,” because the eccentricity of 
the locus is very small (in the first order in 
7). It is recommended to apply the intensity 
relation after a rough estimation by other 
methods easy to handle. Actual application 
has proved to give a good result for the Cl*- 
resonance in 1, 3, 5-trichlorobenzene.?” 

Here we must remind that the above rela- 
tions hold only when the asymmetry parameter 
7” is small and the spin J is not large; other- 
wise the situation may be reversed between 
both pairs, since Ji,m,m’s may change their 
signs for large asymmetry and for large spins, 
and, in addition, the z-component of the rf 
field may contribute to the transitions to the 
order comparable with other components. 

In Fig. 3 there is shown the dependence of 
the relative intensity on the asymmetry para- 
meter for J=3/2. The fractional importance 
of the x-component of the rf field decreases 
for the outer pair of transitions with the in- 
crease in the asymmetry parameter, while 
that of the y-component increases. Since the 
signs of the transition moments in Eq. (23) are 
invariant for arbitrary asymmetry parameters, 
the situation is never reversed between both 
pairs in the case of J= 3/2, but the z-component 
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of the rf field is expected to contribute con- 
siderablly to the transitions in the case of 
large asymmetry. Its contribution is entirely 
opposite to those of the x- and y-components 
as is easily seen from Eq. (25); it makes the 
outer pair of transitions stronger. 

The contribution of the cross terms of in- 
tensity parameters is at most in the first 
order of magnitude in 7. For large asym- 
metry, however, they are important for the 
relative intensity when the direction of the rf 
field deviates from the principal axes. The 
dependence of the intensity on the Zeeman 
field is no more symmetric with respect to 
the principal axes of the field gradient, as il- 
lustrated in Figs. 4(a) and 4(b). The direc- 
tion of the Zeeman field in which the relative 
intensity is maximum or minimum is deviat- 
ed away from the directions of the principal 
axes. 


§ 4. 

In the case of integral spins a static magne- 
tic field produces only shifts of the energy 
levels, since the degeneracy which appears 
between two pure quadrupole states +mQ 
for half-integral spins has already been re- 
moved by an asymmetry of the field gradient. 
In addition there are only a few kinds of 
stable nuclei with integral spins and with 
considerable natural abundances; Li U/=1), 
B’ (J=3), and N'* 7=1). The general for- 
mulation, then, seems to be not so important 
as in the case of half-integral spins. 

The process to lead the final formulae is 
quite analogous to that used in the Stark ef- 
fect of rotational levels.\) The result for I 
=1 which is most frequently used will be 
summarized; here are three energy levels de- 
signated by 0M, and +1M, so that three 
transitions should occur corresponding to 0M 
~—+1M and IML —-1M; 

Energy levels; 


E0M)=2A , 


Integral Spins 


E(+1M)= Aj +(7 
where 
A= Qs (27) 


Non-vanishing 
OMe +1M 


intensity parameters;* for 
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ext ail 
(p= 2 E (a i 2A? | 


id eet 2y72\—12 
In =| +(1 = ae | 9 (28}) 


for +1M2—-1M 


A abe = 
Ja=(1+inae) 


+ 


(28y I 


In Fig. 5 the intensity parameter J:x(0M, |) 


1M) is plotted against the orientation of the | 
Zeeman field to the z-axis. The change in 
the intensity is symmetric with respect to. 
the principal axes, and depends only on the 
z-component of the Zeeman field. Its contri- 
bution is, however, of much importance only 
when the asymmtery parameter is comparable 
with the perturbation by the Zeeman field; 


1.0 


9 
© 
= 


———+» Jxx (OM,IM) 


Oem 


60° 


(x) 90° 


Fig. 5. Dependence of the intensity parameter 
Jzz (OM, 1M) for J=1 on the direction of the 
static magnetic field (6) and on the parameter 
7H/A7. 


otherwise the intensity is almost independent 
of the Zeeman field. For |yH|S|Ay], the 
transitions 0M =@2-+1M are produced with 
equal probabilities by the x- and y-components 
of the rf field. For |yH|<|Ay|, however, the 
transition 0M 1M is produced by the x- 
component while the transition 0M? —1M 
by the y-component. In the latter case one 
should consider rather the contribution of v2 
in Eq. (6), because the asymmetry parameter 
contributes in the first order to the splitting 
of energy levels m=+1. The transition 1M 


=< 


< —1M is produced by the z-component, but 


* The results are in good agreement with those by 
Casabella and Bray, J. Chem. Phys. 28, 1182 (1958), 
but their formulae include the Zeeman field only 
implicitly so that the present ones will be more 
applicable to actual purposes. 


i ; 1959) 


it will hardly be observed in the case of 
lrH|>|Ay| for two reasons: (1) the transi- 
_ tion probability is very small; and (2) the 
absorption spectrum exists at the region of 
extremely low frequency. 


§ 5. 


For half-integral spins the following proper- 
ties are derived: 

(1) For small asymmetry the rule for 7=0 
holds approximately in the case when the 
direction of the Zeeman field is not so close 
to the principal xy-plane. 

(2) The deviation from the rule is remark- 
able when the direction of the Zeeman field 
approaches to the xy-plane: the inner pair 
of transitions is produced by the x-component 
of the rf field and the outer pair by the y- 
component. The critical behaviour in this 
region suggests a method of precise determi- 
nation of the principal axes. 

(3) The contribution of the product intensity 
parameters can not be neglected except for 
very small asymmetry (7 = 0.1); it is of much 


Ev(= ; \= 


Conclusion 
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importance when the rf field deviates from 
the directions of principal axes, and makes 
the change in the intensity asymmetric with 
respect to the principal axes. 

For integral spins the intensity is affected by 
the magnitude of a factor |rH/7Al|, and its 
dependence on the Zeeman field would be ob- 
served only for |7H/7A|=1 in the case of 
HSI 

In conclusion the author wishes to express 
his appreciation to Professor Y. Morino under 
whose guidance this research was developed. 


APPENDIX 


Corrected Bersohn’s Formulae for 
Zeeman Energies 


R. Bersohn” has proposed the formulae for 
the first order Zeeman effect of nuclear qua- 
drupole energy levels for half-integral spins 
to the second order of accuracy in 7. His 
formulae, however, should be corrected in the 
coefficients of y?-terms as pointed out in the 
preceeding paper.” The corrected formulae 
are derived from Eqs. (9)’ and (21) as follows: 
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where the energies are measured in the unit 
of —y. In his formulae Bersohon has omitted 
the terms of 7? and 7* in the states |m|=3/2 
and 5/2, which come from the second order cor- 
rections to the pure quadrupole eigenvectors. 
However, it seems reasonable to keep these 
terms as in the above equations, because they 
contribute to the energies in the second order 
in 7 in the special case where the Zeeman 
field is applied in the direction perpendicular 
to the z-axis. 
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Spectroscopic Investigation of Hydrogen Plasma Produced 
by an Impulsive Discharge 
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Time variation of the radiation intensity was observed during an im- 
pulsive discharge through hydrogen gas. 


Oscillogram traces of the 


intensity of the Balmer lines and continuum are shown, and the tem- 
perature dependence of the spectral intensity is discussed. Temperature 
of the plasma at various phases of the discharge current is deduced 
from the time variation of the radiation intensity, from spectral energy 
distribution of the Balmer continuum, and from electrical conductivity. 


It is shown that the agreement between theory and experiment is fairly 


good for ionization and kinetic temperatures, but poor for the excitation 


temperature. 
cally predicted. 


Introduction 


§1. 


During an impulsive discharge through a 
gas, the spectrum of radiation emitted from 
the plasma is observed to vary with the time. 
For example, lines of the neutral atom are 
expected to vanish at such phases of the dis- 
charge current when the plasma attains very 
high temperature, while the intensity of con- 
tinuous radiation increases with increasing 
temperature, since the latter is emitted during 
encounters of ions and electrons. The con- 
tinuous radiation itself extends to the shorter 
wavelengths with increasing temperature. 

The spectroscopic investigations described 

here were carried out in order to determine 
the temperature of plasma at various phases 
of the discharge current, using methods which 


Gap Discharge 


Tube 


lOkV 


Current 
Transf. 


Fig. 1. 


Aperture 


Schematic diagram of the apparatus. 


The Hg line tends to vanish more rapidly than theoreti- 


are based in principle on the spectral charac- 
teristics as mentioned above. 


§2. Discharge Apparatus 


The discharge apparatus that was used in 
shown in Fig. 1. It consists of a fused silica 
torus of 10cm mean diameter and 0.9cm 
tube radius. It is linked by an oriented iron 
core, 5x5cm? in cross section and 80cm in 
length. Four turn primary windings wound 
around the core are connected to the 5 uF 
capacitor bank through an air gap, which is 
triggered automatically when the capacitor is 
charged up to10kV. The discharge tube was 
baked before filling with hydrogen gas of 1 
mmHg pressure. The gas is preionized by a 
2 Mc high frequency discharge. 

The discharge current is 
measured with a Rogowski 
coil combined with an R-C 
integrator. The oscilloscope 
is synchronized to the pulse 
put out from the saturable 
reactor inserted in the prima- 
ry winding. The current and 
voltage waveforms are shown 
in Fig. 2. The discharge lasts 
for 100 wsec. The peak value 
of current and corresponding 
voltage per turn are ca. 10 
kA and 1kV, respectively. 


Entrance Slit 


Ea Monochromator 


Photomultiplier Tube 


§3. Optical System 
In order to study the time 
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spectral intensity, spectra were taken in theg# 
usual way (see Fig. 4). Stark effect broaden: 
ing of the Balmer lines is noticed, the breadtht i 
increasing with increasing quantum number): 
of the line (compare with the spectrogram off 
high frequency discharge of weak excitation). 
The lines arising from the higher levels formiy 
an apparent continuum near the series limit, )7 
beyond which extends the true continuumiy 
into the ultra-violet region. Since the con--j 
tinuous radiation is due to free-free (Brem--\% 
sung) or free-bound (recombination) transi-- 
tions of electrons, the highly excited atoms i} 


10 kA/cm 


1kV/cm 


{000 


10pu sec/cm 
Fig. 2. Current (above) and voltage per turn 
(below) waveforms. 


fl Z ; : oO 
variation of spectral intensity, light beam 


emitted from the center of plasma is _pro- 
jected onto the entrance slit of a monochro- 
mator, which can select any region between 
2210,000 and 2,000 A with any desired wave- 
length interval. The monochromatic light is 
received by a photomultiplier tube of S—13 
spectral response (having a fused silica bulb 
and an Sb-Cs photocathode). To calibrate the 
relative response of the whole optical system, 
the radiation emitted from the center of the 
plasma in a 160 W xenon short arc lamp was 
chosen as a standard, the intensity distri- 
bution of which has been shown to be 


8 9 10 Wl 12-10!4 
J(v)dv=const x exp (—hy/kT )dv (aly v Csec-') 
with T=7,400°KY. The overall response of 3500 3000 2500 
the optical system for the fixed width of the AC A) 


monochromator slits is shown in Fig. 3. Fig. 3. Calibration of the optical system for the 


spectral sensitivity. (1) Relative spectral re- 
re sponse, (2) exp(—hv/kT) with T=7,400°K and 
Before studying the time variation of the (3) xenon lamp measured. 


$4. Spectrograms 


Ha Hg Hy Hs He Isle 


Fig. 4. Spectrograms of the hydrogen discharge. A. High frequency discharge of weak excitation. 


B. Capacitor discharge, Continuum emitted by the high frequency discharge is due to molecular 
hydrogen, 


b 
| 1959) 


may also be regarded as virtually ionized. 
Hence the ionization potential of an atom 
placed in the field of neighbouring ions is 
somewhat lowered. The amount of decrease 
is, after Unsdld”, 

AVi=7.0 x 10-7m;1/3 (volt) , 


where m is the ion density. 
To obtain the ion density m:, Inglis-Teller’s 
formula is used: 
log N=23.46—7.5 log Nm (asta) 
where mm is the quantum number of the 
highest line which lies in the neighbourhood 
of the continuum but still observed as a 
separate line. N, the density of perturbers, 


is given by 
n{ for 7<10°/nm 
LS 10°/71m 
where T is the temperature of plasma. In 
our cas€é Mm=7 (He), hence me=(5~10) x 1016 
/cm’, which corresponds to 70~100% ioniza- 
tion of the gas. From Eq. (2), 

AVi=0.3 (volt) , (5) 
that is, the ionization potential of hydrogen 
atom is lowered to 13.3 volt. 

These values obtained here are now inserted 
into Saha’s equation 
2Ui (2xmkT)3/? 
Un h' 


e 4 
x exp | evi 4V0 | ; 


(2) 


=NitNe (4) 


=Ni=Ne for 


NeNi = 
NH 


(6) 


from which the temperature of plasma is 
deduced. In this expression U; is the parti- 
tion function of the ion, and m is the mass 
of electron. k, h and e are well known physi- 
cal constants. Uz, the partition function of 


the hydrogen atom, is $ 
Un=> £n exp (—eVn/RT) , (7) 
where the sum was taken over <7. _Insert- 


ing numerical values obtained above, it is 
seen that the temperature should exceed 
14,000°K for over 70% ionization. As the 
present calculation is based on the spectro- 
gram taken in the usual manner (time inte- 
grated exposure), the plasma must have at- 
tained still higher temperature. This is dis- 
cussed in the following sections. 


Time Variation of the Intensity of 
Continuous Radiation 


Fig. 5 shows oscillogram traces of the in- 


§ 5. 
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tensity of continuous radiation. It should be 
noted that the intensity variation accurately 
follows the variation of current, irrespective 
of the selected wavelength. A slight but 
important difference is found, however, be- 
tween waveforms for the different wave- 
length. Intensity variation of the shorter 
wavelength radiation is characterized by a 
sharp peak at the intensity maximum and a 
rapid decrease toward the minimum. On the 
other hand, the variation of the intensity of 
the longer wavelength radiation is relatively 
flattened, and a slight, parasitic decrease is 
observed at the top of intensity (see the wave- 
form of 43473A, t=45 wsec; time is measured 
from the point when the oscillogram trace 
starts.) This indicates that the continuous 
radiation extends to the shorter wavelength 


current 


3473A 


A 
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Fig. 5. Time variation of the intensity of con- 
The slit width corresponds 


tinuous radiation. 
to 4A=5A. 
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at the time of the maximum of current, than 
it does at the minimum. 

From these observed characteristics of the 
waveforms of the radiation intensity the tem- 
perature of plasma was deduced in the follow- 
ing ways. The intensity of continuous radia- 
tion is» 

NiNe 
3 (2xm)?/? (RT)? 


x (14 Zur > SS etets s ay a 


where u=hy/kT, e=eVuRT, Un=hy»/kRT and 
hv, is the energy of the level x measured 
from the level nm=co 


A. Temperature Dependence of J.T) 

Fig. 6 shows variation of the intensity of 
continuous radiation with temperature. The 
rapid increase of intensity in the temperature 
range up to 18,000°K is due to increasing 
ionization, while the gradual decrease beyond 


uz —U 


(8) 


tS) 20 
Temperature (°K ) 


Fig. 6. Intensity of continuous radiation at 
various wavelengths as a function of tempera- 
ture. 


Table I. Temperature deduced from the time 
variation of the intensity of continuous radia- 
tion. 

"ane Temperature (°K) 

—— a3473A ass7A 42258A 
45 20,000 20,000 20,000 
30 16,000 14,000 14,000 
33 14,000 13,000 13,000 
55 14,000 13,000 13,000 
60 14,000 14,000 13,000 
65 18,000 18,000 17,000 
68 19,000 19,000 19,000 
70 16,000 15,000 16,000 
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that is ascribed to the factor 7-3/2. Contri- 
bution of the intensity of Bremsstrahlung, 
which depends on 7-1/2, to the total intensity 
is less than 12% for T<20,000°K. From the 
slight decrease of intensity observed at the 
peak of intensity of 43473A, it is reasonable 
to assume that the temperature has reached 
20,000°K at ¢=45 usec. If this temperature 
is assumed also for the peak intensity of other 
wavelengths, each of the oscillogram traces 
gives the temperature of plasma as a function 
of time. In Table I is shown the value de- 
duced in this way. 


B. Frequency Dependence of JT) 
From Eq. (8) 
din fat) ok 
the IS TEE 
that is, the temperature can be deduced from 
the relative intensity distribution of the con- 


(9) 


14-10% 


$9 See rlo, Gat ie” aes 
Frequency v (Sec-') 


Fig. 7. Intensity distribution of the continuous 
radiation at t=65,sec. (1) Measured points. 
(2) Corrected for the spectral response of the 
optical system. 


Table II. Temperature deduced from intensity 
distribution of the Balmer continuum. 


Time (usec) Temperature (°K) 


44 | 20,000 
50 14,000 
53 13,000 
65 19,000 


70 14,000 
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tinuous radiation. Fig. 7 shows an example 
of intensity distribution measured at t=65 
usec. The error flags represent ranges of 
the distribution of data obtained from three 
successive discharges under the same condi- 
tion. The temperature measured in this way 
is shown in Table II. 


$6. Time Variation of the Line Intensity 


Fig. 8 shows time variation of the Hs inten- 
sity observed during the discharge. Note that 
the maximum of intensity does not coincide 
with that of current, as was the case for the 
most part of the continuum. Instead, a mini- 
mum of the intensity is seen to correspond to 
the maximum of the current. This is ex- 
plained by the fact that the line is emitted 
by neutral atoms that remain still unionized. 
The intensity of Hg line is given by 


Jag(T)<na(T) exp(—eVikT). (10) 


4838A current 
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Fig. 8. Time variation of the intensity of the 


Hg line. 44=4A 
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Jorg(T) is shown in Fig. 9. It has a maxi- 
mum at Y7Y=16,000°K, and decreases with 
further increase of the temperature. We as- 
sume, therefore, that the temperature of 
plasma is 16,000°K at the instant when the 
f7g intensity attains its maximum (f=53 usec 
in our case). Temperatures at other phases 
of the discharge current can be deduced from 
the decrease of the intensity relative to this 
maximum (see Table III). 


S_J(Ho)rel. 


Sal 


20°10° 
Temperature C °K) 


10 15 


Fig. 9. Variation of the intensity of the Hg line 
with temperature. 


Table III. Temperature deduced from the 

time variation of the Hg intensity. 
Time (usec) | Temperature (°K) 

45 21,000 

50 | 18 ,000 

53 | 16,000 

60 | 21,000 

64 | 20,000 

66 20,000 


70 | 18,000 


Fig. 10 shows the intensity variation of 
other Balmer lines. It can be noticed that, 
towards the shorter wavelength, the wave- 
form approximates that of the continuum. 
The H; line, which lies adjacent to the pseudo- 
continuum, has a waveform similar to that 
of the intensity of 143473A. 

Fig. 11 shows the time variation of the 
intensity of the line 0 II 42303A. The oxygen 
is contained in the plasma as an impurity. 
The intensity of OII lines rises steeply in 
the temperature range up to 30,000°K®.”, so 
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that it follows very closely the variation of 
current. 


current 


4345A(Hy) 
4A 
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Fig. 10. Time variation of the intensity of the 
Balmer lines. 
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Fig. 11. Time variation of the intensity of the 
line OI 42303 A, 
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§7. Electrical Conductivity 


Electrical conductivity of the plasma was 
calculated from the observed value of dis- 
charge current and electric field, assuming a 
uniform distribution of the current over the 
cross section of the tube. Magnetic contrac- 
tions do not take place in this experiment; 
the magnetic pressure is still less than the 
material pressure. The electrical conductivity 
is not high enough for a sheet current to be 
assumed. 

The value of electrical conductivity calcu- 
lated in this way is inserted into the con- 


| ductivity expression 


o=e'nd3mkT )-4naQatmQi) , 
where 
On—l30roN0e acm 


(11) 


(cross section of atoms) (12) 
and 
Qi=eCA(RT )-? In [RT /(e2mi*/*)] 
(cross section of ions) (13) 
after Maecker, Peters and Schenk®»©. The 


i temperature deduced from Eq. (11) is shown 
sin Table IV. 


Table IV. Temperature deduced from 
electrical conductivity. 


Time Conductivity | Temperature 

(1 sec) iOS Sem es) (CK 
42 | 140 21,000 
45 | 140 21,000 
AT 140 21,000 
49 84 15,000 
55 | 75 15,000 
60 | 97 | 16 ,000 
64 | 120 | 19,000 
67 | 130 | 20,000 
70 / 90 16,000 


§ 8. Discussions 


So far a Maxwell-Boltzmann distribution has 
been assumed both for electrons and excited 
neutral atoms. If this is valid, the “tem- 
perature” may still be different for different 
processes considered. The intensity of con- 
tinuous radiation depends below 20,000°K 


m@ mainly upon mm, and hence the temperature 


deduced from the temperature dependence of 
the intensity of continuous radiation (§5. A) 
gives the value associated with the ionization 
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process (ionization temperature). On _ the 
other hand, the frequency dependence of the 


| ~ intensity of continuous radiation is related to 


the kinetic temperature of electrons. It can 
also be deduced from the electrical conducti- 
vity. Finally the intensity of the Hs line 
depends below 16,000°K on the excitation 
temperature, and the decrease beyond that 
is due to the competition between excitation 
and ionization. 


Time after initiation of discharge (sec ) 


Fig. 12. Temperature deduced from temperature 
dependence (@) and frequency dependence (x ) 
of the intensity of continuous radiation, from 
temperature dependence of the Hg intensity (A) 
and from electrical conductivity (©). Input 
power density P is also shown. 


Now in Fig. 12 the temperatures hitherto 
obtained by various methods are summarized. 
It is seen that the agreement is fairly good 
between ionization and kinetic temperatures. 
But the excitation temperature shows rela- 
tively poor agreement with either one of 
other temperatures. In particular, a large 
discrepancy is noticed between excitation and 
other temperatures at t=60 wsec. This is due 
to the decrease of the Hg intensity, which is 
unusually .larger than theoretically predicted 
(see Fig. 8). There is further evidence that 
the equilibrium state cannot be assumed for 
the excitation process, especially in the early 
stages of the discharge. From the waveform 
of the discharge current, it is expected that 
the Hz intensity has its first peak at around 
t=40 wsec, just prior to the first maximum of 
current. The intensity of Hg line actually 
shows a monotonous increase toward the 
maximum which is first attained after the 
current peak. In the early stages of the dis- 
charge the ionization of the gas is rapidly 
going on, and the condition seems to be un- 
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favorable for the equilibrium to be established. 
This may have something to do with the ob- 
served fact that the intensity of continuous 
radiation shows occasionally poor reproducibi- 
lity at its first peak (see Fig. 13). 


Bot MEE 
bs eliaon ; 


au SS 
FOR * 
BS, a Eas 


10 » sec/cm 


Fig. 13. Oscilloscope traces of the intensity of 
continuous radiation (4A=2278A) taken during 
three successive discharges under the same 
condition. 


The ion temperature has not directly been 
determined in this experiment. However, it 
can be shown that the ion temperature is not 
far below the electron temperature. The 
energy obtained by an electron in the mean 
free path 2 is 


AE=e4E , (14) 


where FE is the electric field in the plasma. 
In our case 4<10-?cm, E<30volt/cem and 
4E<3x10-2eV. This is less than 1% of the 
electron kinetic energy. If this energy were 
to be dissipated only through the elastic col- 
lision against ions, the ion temperature would 
be 3% lower than the electron temperature”. 

The author wishes to express his sincere 
thanks to Prof. K. Yamamoto for his valuable 
discussions. He is indebted to Dr. J. Naka- 
mura who has directed the research. He is 
grateful to Mr. M. Yanaka for his assistance 
in the experiment, 
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Anodic Oscillation in Glow Discharge 


(1) Simple Correspondences of the Internal Phenomena 


to the Oscillation 


By Kazuyuki OGAWA 
Matsuda Research Laboratory, Tokyo Shibaura Electric Co., Kawasaki 
(Received July 3, 1959) 


Preliminary experiments on the anodic oscillation in glow discharge 
having no positive column are carried on, and they yield the following 
results. (1) Whenever the oscillation exists a faint small glow ball ap- 
pears at a small part of the anode. When only one glow ball appears, 
one series of wave consists of the only kind of wave-form. On the 
contrary, in case of two balls two distinct wave-forms appear, and they 
are smoothly connected when the ratio of the period of each wave-form 
is integer. (2) It is easy to make the glow ball appear, when the anode 
has very small surface area compared with that of the cathode. (3) The 
oscillating zone is located only in the glow ball. (4) The degree of 
modulation of light intensity variation of the glow ball is 100%. The 
light intensity pulse builds up at the point where the current is minimum, 
and it reaches to peak preceding the maximum of the current wave. 
When two glow balls exist they alternately flush, and one of them 
corresponds to one of current wave and the other to another one. 

The results are discussed in comparison with a hypothesis hitherto 
accepted, and they lead to a conclusion in which the conventional theory 
seems to be not always applicable to quantitative treatment of the oscil- 


latory phenomena. 


§1. Introduction 


The fluctuation of tube voltage or that of 
circuit current in low pressure gaseous dis- 
charge is generally divided into two groups. 
One is noise, which is characterized by ir- 
regularity in the phase and amplitude and by 
being extended over the wide frequency band. 
The other is oscillation, which has fine 
coherency and exists within a limited range 


of frequency. Of course, above classification 
is made by the external appearances of the 
fluctuation, not by the cause of it, that is, 
one observer may receive the phenomena as 
oscillation what the other receives as noise 
when the individual occurrences are instable 
or superimposed irregularly on each other. 
Many investigators worked at the field of 
oscillation, especially related to. striation, and 


| = 


| they found that many types of oscillation 
| related rather to the anode side such as the 
Faraday dark space”, the positive column”, 
) and narrow region around anode* than to the 
| cathode side such as the negative glow, the 
| Crookes dark space or the cathode fall and 
} cathode itself. However, the exact relation- 
ship between the oscillation and the state of 
j the anode side has yet never been clear. 
| Presumably, the principal cause of this situ- 
| ation may be sought in the complexity of 
| the phenomena. In 1940 Druyvesteyn and 
) Penning® suggested the posibility of presence 
' of oscillation when a red sphere appeared at 
' the anode in Ne discharge having no positive 
column, although the details of the phenomena 
' are remained still unknown. Repeating their 
experiment, author discovered that the special- 
ly designed cold-cathode glow discharge tube 
generated the anodic oscillation in very simple 
features as described following sections. The 
oscillations studied here were found in the 
frequency band 1 to 15kce per second and in 
peak-to-peak amplitude about 7 to 16 volt. 


§ 2. Experiments, Results and Discussion 


The test tube was kept in discharge by well 
known electrical device, which consisted of a 
low impedance power source and a noninduc- 

_ tive series resistance (its value was choiced 
at 40kQ, for the oscillation was stable at high 
resistance). To vary the tube current, the 
primary a.c. voltage of the power source was 
regulated by means of an autotransformer. 
The oscillation* was observed by a cathode- 
ray oscilloscope (pass band: d.c. to 30Mc), 
and when necessity arised, the static valtage- 
current characteristics of the gap was also 
observed by both balance-type vacuum-tube 
voltmeter and ordinary milliammeter. In any 
case, the total input capacitance and resistance 
of the measuring system were respectively 
less than about 20 pf and 5MQ. Spectro- 
scopically pure Ne, Ar, and Hg-contaminated 
Ar were tested at the pressure range 1 to 50 
mmHg; these gases were equally capable of 
generating oscillations. The essential parts 
of the relationship between the oscillation and 
the anodic phenomena were not affected by 
any sorts of ee Some caution taken in 


ok In the present paper, ‘unless otherwise ap- 
pointed, the “ oscillation” means voltage fluctu- 
ation between anode and cathode. 
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preparing the test tube has been described in 
the former paper. 


Experiment 1: Studies on electrode configu- 

ration and visual observations 

The tests were carried on under the con- 
ditions where ordinary glow discharge was 
maintained; the tube current and gas pressure 
were required to be relatively small value in 
order that the contracted or arc discharge 
might not start. In this category, the tube, 
which consisted of cylindrical cathode and 
concentric wire anode or of disk cathode and 
needle anode perpendicular to the cathode 
plane, easily generated the oscillations. Here- 
after, the former type of the test tube will 
be called “ A” type and the latter “B” type. 
The oscilliation was found above a defined 
value of the average tube current, as well as 
of the gas pressure, which depended upon the 
construction of the test tube (see Fig. 1).. In 
case of parallel plane electrodes the oscillation 
did not occur except the case having positive 
column. 


BS A type 

re) ¢)- Anode :\@Mo wire — 

eB Cathode:20¢ Mo cylinder 

2 Gas :Ne 

3 est _-- 2mmkg 

© 140} ee 

a i 

i= \ 49 mmHg 


‘0 30 
Tube current 
Btype 
Anode : 1®Mo Needle 
Cathode : 20Mo disk 
Gas Ne - 2mm Hg 


Tube drop (volt) 


40 50 
(mA) 
— Oselilating region----- Quiet region 


30 
Tube current 


Fig. 1. 
regions. 


Typical V-I characteristics and oscillating 


When oscillation existed, the faint glow ball 
attached to a small part of the anode. In 
such situation the other luminous portion in 
the discharge space was the negative glow 
only, as illustrated in Fig. 2. If the ap- 
propriate uniform magnetic field was applied 
along the direction perpendicular to the 
anode wire in B-type tube, the glow ball was 
blown out and at the same time the oscilla- 
tion vanished. Similary, when the polarity 
of the voltage source was reversed and 
therefore the glow ball was absent from the 
beginning, the oscillation did not start. The 
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Fig. 2. Outside view of oscillating discharge. Ar 16mmHg. B-type tube. 


(a) A case which has only one glow ball. Cur- 
rent: 3 mA. 


(b) A new glow ball has begun to appear near 
the old one. Pay attention to the advent of 
new wave-form having slightly small amplitude. 
Current: 6.4mA. 


(c) Two balls have been completed, and a smooth- 
ly connected wave including two distinct types of 
wave-form has been established. One type of 
the wave-form, a slightly sharp one, is three 
times as long in period as the other. Current: 
9.4 mA, 


Glow ball 
Faraday dark space 


~~ Negative glow 


ad y/ / 


(d) Ratio of the period is changing. Current: 
11.4mA. 


(e) Change in the period has been completed. 
Current: 15mA. 


Fig. 3. An example of voltage oscillation which 
varies with the average tube current. Ne 50 
mmHg. B-type tube. Only in case (b) each 
major division of the time scale is 20usec; in 
all of the others, is 50sec. 


point where the glow ball would attache 
could not be expected in A-type tube, but 
in B-type tube the glow ball was always 
fastened to the tip of the anode and con- 
sequently the oscillation was very stable. 
It is based upon such a knowledge that 
oscillatron reported in the former paper» 
has the form of B type. 

The appearance of the voltage oscillation 
was influenced by the number of glow ball. 
When there existed only one glow ball, a 
series of wave consisted of the only kind of 


'wave-form. On the contray, in case of two 
| balls two distinct wave-forms appeared, and 
| they were smoothly connected when the ratio 
| of the period of each wave-form was integer. 
Often the change of this ratio caused by 
| changing the tube current was an irreversible 
| process and therefore, in that circumstance, 
| the curve of frequency vs tube current, as 
| illustrated in the former paper», drew a 
| hysteresis loop. Fig. 3 shows an example of 
} oscillation* which changes in the way above 
| mentioned. 

| Now consider the Langmuir probe. When 
the electron current to the probe reaches a 
critical value, the probe surface is surrounded 
by the electron sheath and its _ potential 
becomes positive against the plasma. The 
critical current I is expressed by the relation, 

y ee iS 

Hence, F is the surface area of the probe 
and J; is random electron current density in 
the plasma. The smaller F becomes, the more 
I decreases, provided that j; is fixed. Ana- 
logously, the positive anode fall may develop 
more easily when the anode has small surface 
area compared with that of the cathode; the 
electrons are accelerated towards the anode 
by the anode fall and they excite or ionize the 
gas atom. Thus, it is possible to conclude 
that the oscillation is tightly related to the 
positive anode drop. Similar results are 
reported by Cobine, Gallagher® and Pupp”. 


Experiment 2: Direct detection of oscillat- 

ing zone by means of a movable probe 

The location of oscillating zone was directely 
detected by means of a movable probe. Fig. 
4 shows the construction of an experimental 
tube; the probe is made of 0.1 mm-dia. and 
45mm-length tungsten wire and is driven 
along a arch from the cathode to the anode 
side or vice versa by simple device utilizing 


To 
vertical amplifier 
of GRO. 


nal of 
power source ———— 


Fig. 4. Construction of test tube with a movable 
probe. K: Cathode. A: Anode. P: Mavable 
probe. 


* Nearly sinusoidal wave-form has been shown 
in reference 5. 
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a glass stopcock. 

When the probe was immersed into a glow 
ball, marked oscillation whose frequency was 
identically equall to that of the interelectrode 
oscillation was caught between the probe and 
the cathode, while the Faraday dark space 
was quite quiet. The probe, which is con- 
nected to an input of a cathode-ray oscillscope 
through a small condenser, will float on the 
discharge space at wall potential. Hence, the 
signal from the probe is to correspond to the 
fluctuation of wall potential which indicates 
something to be related to the fluctuation of 
plasma parameters such as electron or ion 
temperature and space potential, although it 
is difficult to measure these factors separately. 
In the actual case there should exist some 
disturbances caused by the parts of the dis- 
charge space besides the glow ball, for the 
stretch of the glow ball was much smaller 
than the length of the probe. Therefore the 
potential of the probe may be determined to 
be somewhat smaller than that strictly deter- 
mined by the glow ball only. 


Experiment 3: Observation of light intensity 
oscillation of the glow ball 
The light intensity oscillation of the glow 
ball in B-type tube was observed in relation 
to the current (or voltage) oscillation. Fig. 5 
shows the experimental arrangement. The 


rays from the glow ball were brought to focus 
upon the pinhole P by the aid of converging 
lens L, lest the light originated from other 
positions should fall on the photomultiplier 
Phase 


tube MS-9S. relation between the 


Fig. 5. Experimental arrangement for observa- 
tion of light intensity variation of the glow 
ball. LL: Converging lens, P: Pinhole, S: 
Shutter, Sw: Circuit-changing Switch, V: Pho- 
tomuliplier tube MS-9S, Preamp.: Preamplifier, 
D.C.R.O.: Dual-trace cathode-ray oscilloscope 
utilizing electronic switch. 
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current oscillation and the light intensity 
variation was observed by two-channel oscil- 
loscope utilizing an electronic switch. It was 
previously checked that the current wave-form 
agreed closely with the inverted voltage 
wave-form, if a mnoninductive resistor was 
used as a current-limiter. According to this 
proof, the voltage oscillation inverted by the 
amplifier of the oscilloscope was observed as 
a current oscillation. The total output of 
the phototube was observed by the oscilloscope 
operated at d.c. sense; this measurement was 
achieved by taking off both of the pream- 
plifier and channel B from the testing circuit 
by the switch Sw. Then the degree of 
modulation of the light intensity variation 
was found to be 100%. 


(a) Detail. Each major division of the time scale 
is 50u sec. 


(b) Entire correspondence, when two glow balls 
exist. Each major division of the time scale 
is 200, sec. 

Fig. 6. Phase relation between current oscilla- 
tion and light intensity variation which is shown 
as sharp pulse. Ne 50mmHg, B-type tube, 
Current 14mA. 


From Fig. 6 (a) it will be seen that the 
current minimum coincides with the build-up 
point of the optical pulse, and that the rise 
time of the current pulse is longer than that 
of the optical pulse by the amount of two to 
five times. These relations were always 
unchanged during the change of the average 
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tube current. The diameter of the image off} 
the glow ball was about a half as large asj 
the diameter of the pinhole, and the glow) 
ball was at rest on one point. So, thei 
intensity variation obtained by the phototube}) 
may not be ascribable to spacial fluctuation \ 
of the glow ball. This fact indicates that} 
the origin of the oscillation exists in the: 
discharge space. Because, if an oscillator) | 
exists in the outer circuit and simply modu-| 
lates the discharge, the light intensity peak 
is to coincide with the current peak. Wher 
two glow balls existed they alternately flushed, 
and one of them corresponded to one of 
current wave and the other to another one. 
Fig. 6 (b) shows such a case. 

Another important features of the results 
relate to a hypothesis which has been hitherto 
used to explain the mechanism of the anodic 
oscillation. This hypothesis was firstly pro- 
posed by Pupp” in 1933 and recently developed 
by Yoshimoto» et al. in order to explain the 
anodic oscillation in arc discharge like com- 
mercial fluorescent lamp. It consists of two 
principal parts: 

(1) The ionization in the anode fall occurs 
suddenly when the potential drop across the 
anode fall reaches a critical value. 

(2) The excess ions generated by sudden 
ionization reduce the electron space-charge 
and then anode fall decreases. The difference 
of anode potential is absorbed by both positive 
column and series resistance in the outer 
circuit. The excess ions may be lost by | 
diffusion, and anode fall reappears; thus the _ 
anodic oscillation has been interpreted as the 
alternation of above two processes. 

If this conception is valid in. the present 
case, the rise time of the current pulse is to 
be almost equall to that of the optical pulse, 
while the experimental facts were not so. It 
has to be recognized that the oscillation is 
accompanied by alternative ionization in the 
anode region, however, the conventional simple 
theory seems to be not always applicable to 


quantitative treatment of the oscillatory phe- 
nomena. 


a: 


§3. Conclusions 


Experiments 1 and 2 showed the reason 
why the anodic oscillation in the glow dis- 
charge is so called, and also showed the 
desirable experimental conditions for promot- 
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ing next investigations. From the experiment 
}3 (opitical data), it became cleare that the 
}conventional theory could not qualitatively 
interpret the phenomena. 

Author wishes to express his cordial thanks 
to Prof. K. Honda and Dr. H. Tamagawa in 
_Tokyo University for their invaluable advices. 
Thanks are also due to Prof. I. Takahashi of 
Kyoto University for his interest and en- 
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Ion-Electron Relaxation of Plasmas in a Strong Magnetic Field. I 


By Taro KIHARA 


Department of Physics, Faculty of Science, University of Tokyo 
(Received August 12, 1959) 


Relaxation between ion and electron temperatures, 7, and T., of dilute 
fully ionized gases in a magnetic field is discussed. The mean gyration 
radius, 77, is assumed to be much smaller than the Debye length, Ip. 
The rate of relaxation, R, defined by 


d( T2- T;)/dt= —(T2- TDR 


is calculated to be 


R= (m+ n2)(4me/30m1)(2nk To/m2)V/(Ze2/k T2)?[In(Lp/1 9)? 


for 


rg~Ze*|k T, . 


Introduction 


§1. 

Relaxation phenomena in a magnetic field 
are worth investigating both from  aca- 
demic point of view and in connection with 
the problem of controlled nuclear fusion. 
Since the mass ratio of an ion to an electron 
is far from unity, energy transfer between 
ion and electron is much smaller than that 
between ions or between electrons. Hence 
the ion temperature 7; and the electron tem- 
perature 72 are often different even when the 
velocity distributions are both uniform and 
Maxwellian. The aim of this paper is to de- 
rive an expression for the rate of relaxation 
between ion and electron temperatures in a 
fully ionized gas composed of one type of 


positive ion and electrons. Both the gas and 
the magnetic field are assumed to be uniform 
in space. 

In a previous paper by the same author? a 
corresponding expression in the absence of the 


magnetic field has been given. The result is 
£ (TT) =—(Ts— TOR (1.1) 


with the time ¢ and the rate of relaxation 


8 Mz 2nkT2 1/2/ Ze? \ 3kT>2 
=— — = —— } [In ——_—— 
se 3 (mtn mat M2 ) al - 4Ze7k 12 
(1.2) 


Here m, Ze, and m are the mass, charge, 
and number density of the ion respectively; 
M2, —@, M2 are those of the electron (Zm=n2, 
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Z2<m,]ms); k is the Boltzmann constant; ‘12 
is a shielding constant in the effective potential 


— 22 exp (—Kur) (1.3) 
between an ion and an electron, and it is not 
far from the Debye shielding constant. The 
“3/4” in the argument of the logarithm is in 
reality an irrational number close to 3/4. 

The expression (1.2) is exact as a weak- 
interaction asymptote for kT2/Ze?*12>1 so far 
as the effective potential (1.3) is assumed. 
When the plasma is so hot and dilute that 
In (RT2/Ze2x12) is much larger than unity, the 
formula (1.2) is approximated by 


Mf 2nkT2 \1/2/ Ze? \? 
ee yout) zl M2 ) (= “s 


RTolp 
et 

(1.4) 
where Jp is the Debye length, the inverse of 
the Debye shielding constant. This expression 
is independent of the “model constant” fiz. 
The condition of this approximation is that 
[In (RT2lp/Ze?)|- can be neglected in com- 
parison with unity or that a numerical factor 
of the order of unity can be neglected in the 
argument of the logarithm. 

In the present article this kind of approxi- 
mation will be used throughout: any logarithm 
in the following is assumed to be much larger 
than unity. 

The method of deriving (1.2) by use of (1.3) 
can hardly be applied to plasmas in a mag- 
netic field. Another formulation is given in 
§2, by use of which the same result as (1.4) 
is obtained in §3. The present method is ap- 
plied in §4 to plasmas in a strong magnetic 
field. Magnetic fields of intermediate strength 
will be treated in Part II. 


§2. General Theory of the Ion-Electron 
Relaxation 


The particle velocities of the ion and elec- 
tron will be denoted by e; and e:, respective- 
ly, with |ei|=ci: and |e.|=c.. Since the 
average value of mici?/3 is kT,, the time rate 
of change of kT; is given by the average 
value of the time rate of change of mic,?/3: 


ds 
kT, = — 
i 8 
or (2a1) 


& RT y= mvX(2e+ der): “Ae ay . 


L miles +Ae1|?—c1> ay 
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Here de; indicates the increment in ion veloct 
ity due to encounter with an electron; < >a 
means the average with respect to the ior 
velocity and the velocity of the encountering 
electron and the impact parameter; v is the 
number of encounters per unit time. | 

When the ion temperature 7: is much 
smaller than the electron temperature 72, the 
average value of c:-4ei can be neglected in 
comparison with the average value of |4e:|’; 
hence 


a kT, = mx. |des!?>av 


for. 7,73. (2.9y 


This is essentially diffusion due to the Brown- 
ian motion in the velocity space”. 
The relation (2.2) can be generalized to 


da 1 T2—Ti 
= myX\hei)>ar 2 
ee c= 5 miv<|4ei|?>a T, 


which holds not only for 7; much smaller’ 
than 7; but also for 7; not far from 72 (.e. 
for m2T:<miT2). A proof is the following. 
Since mm. the quantity |4ei|? averaged 
with respect to the velocity of the encounter: 
ing electron and the impact parameter is inde- 
pendent of c:; but 4c: so averaged depends | 
linearly upon ¢: (or is proportional to e; if the 
magnetic field is absent). Hence, for constant | 
electron temperature, <|4¢1|2>a, is independent 
of 71, and <¢1-4eray is proportional to Ty). 
Taking account of the fact that 


<(2e1+4e1)- dev av 

vanishes for 7:=72, we finally obtain 

2¢¢1: Aer) av= —(Ti/T2)< |4ea|2> av , 
by virtue of which (2.3) follows from (2.1). 
Here we have tacitly neglected the dependence 
of the shielding constant on the ion tempera- 
ture. In fact, the shielding constant enters 
only in the argument of logarithm, and hence 
the dependence can be neglected. 

By used of the relationship 


(2.39) 


d 
ae (Ti +n2T2)=0 , 


the rate of relaxation R defined by (1.1) is 
calculated to be 


Re 5m +n2)m1 ) <lder? av 3 (2.4) 


iTn 


§3. Case of No Magnetic Field 
Since an ion does not greatly move during 
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an encounter with an electron, a perturbation respectively, where b is the impact parameter, 
| method can be used for the calculation of ¢ the time. 

4e,. Let, in the absence of magnetic field, For a hot dilute plasma we need only to 
jthe unperturbed position of an ion and the consider weak interactions 

unperturbed trajectory of an encountering 

electron be Ze?|b <j mice ; 


(x, M1, z1)=(0, 0, 0) ’ 
(X2, Vo, Z2)=(b, 9, Cat) , for which 
Ze? (= b 22762 
ae dee wee 
Cee my Ps (6? +. Co?t?)3/2 mabe a) 


When the impact parameter 0 is sufficiently smaller than the limit of weak interaction, 
2Ze?/m2c2, the increment in ion velocity is much smaller than the right-hand side of (3.1) 
and can be neglected in the present degree of approximation. 

The average value of |4ei|? is given by 


t © /2 
# <\deil*>a=| ” db| dex|de,)*( we =i ; exp( — Fa eadmest2nb 
2 0 


. bg 2rkT2 DAP s 
2m: “(4 ie Ip 
=8 ] ’ 
( Je ua hele mel as 


Here Jp is the Debye length and dp is the average limit of weak interaction, bo ~ Ze?/kT>. 
fhe rate of relaxation, therefore, is given by 


(3.2) 


AL Ze? kT: 
r=* (mb naue( OE a) t cL: yi RT slp 


nie Eos Zee 


if 


_ which agrees with (1.4). 


§4. Case of Strong Magnetic Field 
Presence of a magnetic field does not influence the result of the preceding section so far 
as the condition I»<vr, is satisfied. Here 7, is the mean gyration radius of the electrons 


defined by 
ay e- Ne < 
oats... ’ 
@2\ M2 

w, being the cyclotron frequency of electrons. In this section we consider the opposite case 
of strong magnetic field: 

Ze[RT2~1o <b . 

With z-axis in the direction of the magnetic field the unperturbed position of an ion and 

the unperturbed trajectory of an encountering electron can be chosen as 


(xa, ¥1; a)=(0, 0, 0) , 
(Xa, 2, 22) =(0, 0, Cazt) ’ 
where Cz is the component of the electron velocity parallel to the magnetic field. . 
For a hot dilute plasma we need only to consider the range 77<0<|czz|/w»; in this range 
we have, like (3.1), 


2Ze7 (4.1) 


Ides] ~ mab | Cael ; 


When the time of interaction, b/|c2-|, is sufficiently larger than the period of plasma oscillation, 
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2x/@», or when the impact parameter 0 is sufficiently smaller than the gyration radius re 
the increment |4e:| in ion velocity is much smaller than the right-hand side of (4.1) and cal 
be neglected in the present calculation. 


Then 
; a 20 ? Ms 1/2 M2C2z” 
(yfns)[derl?)ar= 2) ab\" dessldesl sar ) exp( — RT, Cate joven 
g 

V2 Zev (> a (Oxi) 

este ) ( y\ d\ eee 
n( 2rkT;/ \am] jr, Jay AD 
Here 


2 __ M2W yb? ~( b ji 
ey Ed is (a ims 


which is much smaller than unity in the dominant part of the integration domain of & 
Hence the integral is replaced by 


U 
(7 i! je ba in lp 
hi rho / b TYg ‘9 
Here In7=0.577 is Euler’s constant, which can be neglected in our approximation. The rated 
of relaxation for r7~Ze?/kT>» is, therefore, given by 


R= Fmt nine ( zi In (4.2) 
mi Me RTs Yo | 


References 2) For example, S. Chandrasekhar: Revs. Modern i 
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Optical Studies on the Effect of Electric Fields 


on the Transitions of Barium Titanate 


By Kazuo KAWABE* 


Faculty of Science, Osaka University 
(Received June 23, 1959) 


The effect of electric fields on the three transition points of barium 
titanate was studied experimentally by observing the shift of the curve 
of the thermal transition of transparency with varying biasing fields. 
Transparent electrodes, thin films of stannic oxide, were used in order 
to observe the intensity of light transmitted through crystals to which 
electric fields were applied. The Curie point is raised up to a critical 
temperature of 132°C, the required strength of the field being 9 kv/cm, 
and above this point the transition of the first order no longer takes 
place. From this fact, the coefficient of P, in the Devonshire expression 
of the free-energy function is obtained, which supports the value meas- 
ured by Drougard. The observed shifts of the Curie point and the 5°C 
transition point are in good agreement with the values calculated by 
using the Devonshire function of the sixth order. At the —80°C tran- 
sition, the experimental value is explained by adding the terms of eighth 
and tenth powers of polarization to the usual Devonshire function. 

The relationship between the polarization of a crystal and the intensity 
of the transmitted light is pointed out in the case when the crystal is 
placed between crossed Nichols. 

Remarks are also given of the effects which the coating of electrodes 
has upon the shape of the curve of the thermal transition of transparency 
at the ~ 80°C transition. 


§1. Introduction In fact, it has been found that the Curie 
As is well known, the phase transitions of Point at 120°C is raised linearly by increasing 
barium titanate occur at three temperatures strength of applied electric field by Kaenzig 
in the vicinities of 120°C, 5°C, and —80°C. and Maikoff?? who measured the dielectric 
Above 120°C, the crystal has cubic symmetry, Constants with biasing fields, and also by 
being paraelectric. In the temperature range Merz*? who observed the double hysteresis 
between 120°C and 5°C, the crystal is spon- loops. Their results are in good agreement 
taneously polarized along a <100) direction, With the value computed from the Clausius- 
accompanied with tetragonal symmetry. Be- Clapeyron relation”.». The effect of the bias- 
tween 5°C and —80°C, the crystal symmetry ing field on the transition temperature at 5°C 
is orthorhombic, and the direction of the spon- was also estimated by Huibregtse and Young 
taneous polarization transfers to a pseudo- by observing the triple hysteresis loops, but 
cubic <110> direction, a face diagonal of the the agreement of their result with the Clausius- 
former cubic cell. At —80°C, a further tran- Clapeyron relation was not so good. 
sition to rhombohedral symmetry** spontane- The present paper aims at studying the ef- 
ously polarized along a body diagonal (original fect of the biasing field on the three transition 
<111> direction) takes place. If an electro- temperatures by means of an optical method, 
static field is applied to this crystal, certain and at treating the effect thermodynamically 
changes in the transition temperatures are on the basis of Devonshire’s phenomenological 
expected admittedly to take place. ' theory; such a treatment will give some infor- 
mation about the free-energy function of 
barium titanate. 
#* Recently Jona and Pepinsky) suggested that When a BaTiOs single crystal is placed be- 
the symmetry below —80°C would be monoclinic tween crossed Nichols, the intensity of light 
or triclinic rather than rhombohedral. transmitted through the analyzer changes ab- 


* Now at Mikage College, Kobe University, 
Kobe. 
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ruptly at the Curie point near 120°C. The 
transparency of the single crystal of barium 
titanate for visible light also exhibits marked 
jumps at the two lower transition points”®, 
These optical phenomena have been named in 
terms of the thermal transition of transparency 
(as an abbreviation of this terminology, TTT 
is to be used throughout this paper) and are 
closely related to the polarization and the 
domain structure of a crystal. Accordingly, 
it is expected that the application of an elec- 
tric field would have an appreciable effect 
upon the transparency of the crystal. Thus 
the TTT in dependence on the strength of the 
applied field may be used as a new method 
to observe the effect of the biasing field on 
the transition points.* 


Experimentals 


§2. Preparation of Specimens and Electrodes 


A mixture of 1:1:4 molar ratio of TiOz, 
BaCO;, and Na2COs; (flux) was heated up to 
about 1200°C in a nickel crucible in a reduc- 
tive coal-gas atmosphere in order to avoid 
the oxidation of the crucible®.. After cool- 
ing and crystallization, thin plate-like tetra- 
gonal crystals were obtained that had a Curie 
temperature of about 118°C. Several crystals 
prepared by the Remeika method! were also 
used, but the experimental data given by the 
crystals from both sources made no great 
difference. 

The electrodes must be transparent or at 
least be translucent when an electric field is 
applied in the direction at a certain angle to 
the incident beam of light. It has been known 
that the thin film of SnO, is semiconductive 
and transparent for visible light. Various 
methods of coating materials such as glass, 
rock salt, or fused silica with this film have 
been reported’»’, especially the coated glass 
being well-known under the name of NESA, 
and the author could evaporate this film di- 
rectly on the crystal surface of barium tita- 
nate. Stannic chloride solution which was 
dissolved into hydrochloric acid of ca. 6 nor- 
mals and diluted by ca. 50% ethyl alcohol was 


* An optical method of studying the ovenen: 
of domain walls in Rochelle salt crystal has recently 
been reported by Abe#). He has shown that the 
optical method is very useful to study the charac- 
teristics of wall motion at very low frequencies. 
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sprayed onto the crystal in the furnace kept 
at about 600°C. Large drops in the sprayedy 
fog made the resultant film opaque. It gavey 
a good result to spray the solution from thed 
bottom of the furnace so as to make only fine 
drops reach the crystal surface on the ascend- | 
ing air current in the furnace”. The elec: : 
trical resistance of the film was about several|| 
hundred ohms per cm? at room temperature. | 


§3. Effect of Electrostatic Field on TTT 


A plate of a BaTiO; single crystal was: 
placed between crossed Nichols, and the crysta‘ 
surface was inclined at a certain angle to the 
direction of the incident beam of light (Fig | 
1). The crystal was so oriented that the 


H Electric 
i 


Polarization Crystal 
plate 
Component : 
causing 


birefringence 


i 
Incident beams of light 


Fig. 1. Setting of the crystal. 
direction of a component Po of the polarization 
was inclined at 45° to the principal planes of © 
the Nichols. Since the direction of an applied | 
field makes a certain angle with the direction 
of the incident beam, the analyzer transmits 
the light due to the birefringence which is 
caused by the component Pp of the polarization 
in the direction at right angles to the incident 
beam. The intensity of the transmitted light 
is changed as a function of the polarization 
when the crystal structure transforms from 
cubic to tetragonal. Accordingly, the cubic- 
to-tetragonal transition** can be studied by 
observing this phenomenon. 

At the two lower transition points, namely 
the tetragonal-to-orthorhombic and _ ortho- 
rhombic-to-rhombohedral transition points, the 
transparency of barium titanate for visible 
light exhibits remarkable jumps. For example, 
the change of the transparency at the 5°C 
transition is shown in Fig. 2(a). Applying 

** In the strict sense of the word, this is not 
the transition between cubic and tetragonal phases, 
but the transition between cubic- and induced- 
tetragonal-phases. In this paper, the term cubic- 


to-tetragonal transition is also used for this tran- ~ 
sition. 
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an electrostatic field to this crystal, the hyste- 
resis loop of transparency as shown in Fig. 2 


: i (a) shifts towards lower temperatures. There- 


fore, if the specimen is kept at a temperature 


below and near 5°C and is put under the 
influence of an electrostatic field, the trans- 


\ parency increases abruptly at the time when 


the applied field reaches a certain strength 
(Fig. 2(b)). The rate of the change of the 
transition temperatures as a function of the 
applied field, 47;/4E, can be obtained either 
by measuring these critical fields or by ob- 
serving the shift itself of the TTT-curve. 
The experimental arrangement used for this 
transparency measurement has already been 
described in detail in the previous paper®. 


Transparency 
(Micro-ammeter readings) 


-10 O +5 +10 +5 Er 


Applied Field 


Fig. 2. (a) Thermal transition of transparency 
near 5°C. (b) Transparency vs applied field 
near and below 5°C. 


Temperature (°C) 


(Micro-ammeter Readings) 


Transparency 


ar 
130 140 
(°C) 


110 ~ 120 
Temperature 
Big. Temperature-dependence of the optical 
transmission with various applied fields near 
120°C. The numbers near the curves represent 
the strengths of the applied fields. 
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The crystal was uniformly illuminated by a 
continuous source and the enlarged image of 
the crystal was formed by a microscope on a 
diaphram just in front of a multiplier photo- 
tube, the photocurrent of which was magnified 
by a dc amplifier. The temperature of the 
specimen was controlled by an electric heater 
and liquid nitrogen in a modified Dewer flask. 


§ 4, 

a) Curie point 

The temperature-dependence of the optical 
transmission at the tetragonal-to-cubic tran- 
sition with varying biasing fields is shown in 
Fig. 3. The transition temperature rises with 
increasing strength of the applied electric 
field, and the plot of the field strength against 
transition temperature shows a linear relation 
as is seen in Fig. 4. The results of electrical 
measurements are also plotted in the same 
figure with the intention of comparing. These 
electrical data were obtained from gold-elec- 
troded crystals by measuring the separation 
of the double hysteresis loops at 60cps at 


Experimental Results 


(= | ts [oI RE | 


© Optical data a 


= Double-hysteresis mie 
data 


— Calculated 


(v/cm ) 


Field 


Electric 


130 
Transition Temperature (°C) 


120 125 


Fig. 4. Transition temperature as a function of 
the applied field near 120°C. 
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various temperatures near 120°C. This elec- 
trical method gave poorer experimental ac- 
curacy than the optical method did. The 
circuit used for this hysteresis test was that 
invented by Diamant, Drenck and Pepinsky™. 
Both data are in good agreement, giving the 
rate of the shift of the Curie point, or strictly 
speaking, of the transition point, as 


AT,/4E=(1.6 + 0.1) x 10-3 deg/volt cm“ , 


which is in good agreement with the value 
measured by Kaenzig and Maikoff (1.2x10-° 
deg/volt cm-) and with that measured by Merz 
(1.4 x 10-3 deg/volt cm-'), 

As the strength of the applied field increases, 
the induced polarization in the cubic state in- 
creases, and at last the magnitude of the 
polarization in the cubic state becomes equal 
to that in the tetragonal state, the transition 
being no longer of the first order. This critical 
temperature is about 132°C, and the strength 
of the corresponding critical field is about 9 
kv/cm. 


b) Tvransition points near 5°C and —80°C 

The transparency of a specimen kept at 
Ti°C somewhat below 5°C changes as a func- 
tion of the applied field as is shown in Fig. 2 
(b). The critical field required to induce a 
sudden change of the transparency increases 
gradually with decreasing temperature of the 
crystal. If this temperature J; is defined as 
the transition point in the presence of an 
electric field £,, the plots of the strength of 
the critical field against transition temperature 
become straight lines. several examples of 


(v/em) 


Electric Field 


10-5 0 +5 


HO mo Out 
Transition Temperature (°C) 


=10-5 0 45 


Fig. 5. Examples of the shift of the transition 
temperature caused by applying electric fields 
near 5°C. 
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them being shown in Fig. 5. The value off 
AT,/4E can be estimated from the inclination ) 
of such a straight line. After repeated meas- |} 
urements, the following value is obtained as | : 
the average value: 

AT, |AE=(—2.6 + 0.2) x 10-4 deg/volt cm-!, | 
for the 5°C transition, which is in good agree- | 
ment with the value obtained by Huibregtse 1) 


and Young®, that is —2.8 x 10-‘ deg/volt cm, \ 
1’ 


from the observation on their triple hysteresis 
loop. 

At the —80°C transition, similar curves te | 
that shown in Fig. 5 were obtained through 
the similar procedure, but in this case the 
transition of transparency with field was poorly 
defined, and the experimental accurary was | 
not so good in this way. At this lowest | 
transition point, the observation on the shift 
itself of the hysteresis loop of transparency 
gave better results on the effect of the bias- 
ing field. As the field strength increases, the 
hysteresis loop, and consequently the transition 


point, shifts towards lower temperatures. 

x10) ° 

6 | 
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-70 


Fig. 6. Examples of the shift of the transition 
temperature caused by applying electric fields 
near —80°C. 


From this shift the value of 47,/4E can 
readily be estimated. It is seen in Fig. 6 that 
a linear relation holds again between the 
transition temperature and the strength of the 
applied field, and the following value is ob- 
tained: 
A4T,/4E=(—1.2 + 0.2) x 10-4 deg/volt cm- , 

for the —80°C transition. 


§5. Remarks on the TTT-curve near —80°C 
in the Presence of an Electric Field 


It has been shown in the previous report”? 


that the TTT at the —80°C transition is 
_ characterized by the decrease in the trans- 
parency in the lowest phase as shown in Fig. 
7(a). But in the study on the effect of bias- 
ing fields for coated crystals, an increase in 
the transparency took place in the rhombo- 
hedral phase (Fig. 7 (b)). 
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(a) 
-100-80-60 ‘-100-80 -60 
Temperature (°C) 
Fig. 7. Thermal transition of transparency near 


—80°C (a) without and (b) with electrodes. 


The following test would give some infor- 
mation about this contradiction. A specimen 
which had displayed the TTT-curve as shown 
in Fig. 7(a) (normal form) in its unelectroded 
condition was coated over one surface with 
the transparent electrode and was put under 
the TTT-test without applying any external 
electric field, and then both sides were coated 
and the same procedure was repeated. 

In the case of thin crystals (for instance, 
14 in thickness), the normal TTT was made 
to disappear on account of the coating over 
one of the plate surfaces, and the coating over 
both surfaces reversed the form of the TTT 
(Fig. 7(b)), that is, transparency increased in 
the lowest phase. On the contrary, in the 
case of a relatively thick srystal (for instance, 
50 in thickness) no remarkable electrode- 
effect presented itself, but after alternate ap- 
plications and removals of strong electrostatic 
fields, and only then, the reversed form of the 
TTT could call the attention. 

It has been observed that the displacements 
of the domain walls in Rochelle-salt crystals 
caused by thermal motions occur much more 
freely when they are immersed in an electro- 
lytic solution than when their surfaces are 
dry, because the surface charge and thus the 
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restoring force cannot develop in the electro- 
lytic solution». If a situation which is to a 
certain extent similar to the case of Rochelle 
salt should be expected to take place in the 
case of coating BaTiO; crystals with semi- 
‘conductive films, the transparent electrodes 
would make domain walls more easily mova- 
ble in times of the phase change, especially 
in thin crystals which contain small stress, 
and consequently, there would appear different 
domain habits, and hence different transparen- 
cy, from those without electrodes. 


Discussions 


§6. Comparison with Clausius-Clapey ron 


Relation 


Suppose the transitions of barium titanate 
to be of the first order, then the well-known 
relation of Clausius-Clapeyron, 

AT,/4E=—AP./AS , Ch) 
holds for the rate of the change of the tran- 
sition temperature with an external electric 
field, where 4P, represents the discontinuous 
jump of the component of the spontaneous 
polarization in the direction of the field, and 
AS is the change in the entropy at the tran- 
sition. For the Curie point, as was mentioned 
above, this relation holds good. 

At the 5°C transition, if the experimental 
values of 4P. measured by Wieder™ or Hui- 
bregtse®, and the average value of 4S meas- 
ured by several investigators? are used, then 
the Clausius-Clapeyron relation gives the value 
of AT;/4E equal to about —8x 10-4 deg/volt 
cm, which is not in so good agreement with 
the present experimental result. At the —80°C 
transition, the value computed from _ the 
Clausius-Clapeyron equation is far from agree- 
ing with the present experimental result, and 
so the author cannot but consider that sucha 
simple estimation as taking no account of the 
dependence of 4P, and 4S upon temperature 
and field will no longer be within the limits 
of a good approximation at these lower tran- 
sition points. 


Phenomenological Calculation Based on 
the Devonshire Function 

a) Curie point 

In computing the value of 47;/4E from the 
Clausius-Clapeyron equation at the Curie point, 
the experimental data without field were 


$7. 
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chosen for the numerical values of 4P. and 
AS. But in reality, when an electric field is 
applied to this crystal, the polarization in the 
cubic phase is no longer zero but varies 
with the field strength, and hence 4P. is not 
constant but a function of temperature and 
field strength. In fact, according to the ex- 
perimental result shown in Fig. 3, 4P, vanishes 
when the transition point is elevated up to 
about 132°C. Hence it appears likely that 4S 
also varies with temperature and field strength 
in order that the Clausius-Clapeyron relation 
may holds good. 

According to the thermodynamical relation, 
the entropy S, related to the polarization P, 
is given as a derivative of the Gibbs free 
energy % by the following formula, 

S=—(OU/OT )r,x , C2) 
where T and X represent temperature and 
stress, respectively. According to Devonshire”, 
the Gibbs function per unit volume of a stress- 
free crystal is expressed in terms of even 
powers of polarization as follows: 

A=%+AP?+BP4+CPs 

=%o-+Ao(T—To)P?+BP#+CP*, (3) 
where %o is the free energy of the crystal for 
zero polarization. In Eq. (8) it is assumed 
that only A is dependent on temperature*. 
Then S is given by S=—AjoP?, and 4T;/4E 
becomes a function of the polarization only, 
that is, 

AT,/4E=—(Pe—P:)/(Se—S:)=1/[Ao(P:+Po)] , 


(4) 
where the quantity to which ¢ or c is suffixed 
refers to the tetragonal or cubic state, respec- 
tively. If the numerical values of P; and P, 
at various temperatures are known, the cor- 
responding values of 47;/4E can be computed 
from (4). 

One way to obtain the values of P; and P, 
is to make use of the optical data shown in 
Fig. 3. When a double-refractive crystal plate 
is placed between crossed Nichols, and when 
the direction of the polarization of the crystal 
is inclined at 45° to the principal planes of 
the Nichols, then the intensity of the light of 
wavelength 4 (in air) which has passed through 
the analyzer, J(A), is given by?) 

I(A)= (A) sin? (6/2) , (5) 
where (4) is the intensity of the incident 
light, and o is the retardation after the light 
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has passed through the crystal of thickness d. 
The definition of 6 is given by the following 
relationship: 

6=2n(d/A)-4n , (6) 
where 4n is the birefringence of the crystal. 
Since the light source used for this experiment 
is a continuous one excluding shorter wave- 
lengths than the absorption edge of barium 
titanate (about 3800A), 4z is considered to 
be approximately independent on wavelength. 
Then the observed intensity, Jops, is roughly 
estimated as 


nis es A aititrt dn died 
r 0 


=h(x?/2)d-An , (7) 
where 1)(A) is assumed to be approximately 
constant. On the other hand, it has been 
known that there exists a proportional relation- 
ship between 4n and the square of the spon- 
taneous polarization of BaTiOs ,!” 7.e., dno Ps?. 
Therefore, the following expression may be 
assumed; 


Iobs a iad ( 8 ) 
© 
pied 
"ong; 
[Sin 
veda © Optical data 
i © Double-hysteresis 
oO 
= data 
8 — Calculated 
St 
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Polarization 


IS 120 l25 130 
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Fig. 8. Polarizations in cubic and tetragonal 
phases, 


1959) 


From this relation, the values of P; and P, 
at the transition temperatures can readily be 
estimated by multiplying a proportional con- 
stant to the square roots of the observed 
optical transmissions which are obtained from 
the data shown in Fig. 3. The values obtained 
in such a way are plotted in Fig. 8, where 
the values estimated from double-hysteresis 
data are also plotted with a view to com- 
paring. 

The other way of obtaining the values of 
polarizations is a calculation based on the 
Devonshire theory. From thermodynamic con- 
siderations, it can be shown that the applied 
field E is given by 01UX/OP=E,».” so that 


E=2A0(T—T0)P+4BP?+6CP* , C9) 


the plot of which gives the values of P; and 
P., if the numerical values of the coefficients 
are known. These values has been given by 
Merz*?, but Drougard et al.18 have obtained 
the different value of B showing a dependence 
on temperature. 

To determine this B-value, the present ex- 
perimental data are of use. It has been men- 
tioned above that the transition temperature 
is elevated by an electric field up to a critical 
temperature 9, where P;=P., and the tran- 
sition of the first order no longer takes place. 
In other words, the double hysteresis loop 
vanishes at this temperature, 7.e., the two 
points given by dE/dP=0 coincide with each 
other, that is, the quadratic equation concern- 
ing P? given by dE/dP=0 has the equal roots. 
For simplicity, B is assemed to be constant 
in the vicinity of 120°C. Putting the discrimi- 
nant to be zero, the expression 


B= 2 CA(O—T0) (10) 
is obtained, in which Ap=3.7x10-°cgs® and 
C=3.8x 10-73 cgs®. From the present experi- 
ment (Fig. 3), it’ can readily be found that 
@=132°C and To=107.5°C. The value of B 
computed by using these values is —2.39 x 10~% 
cgs, which is in good agreement with the 
mean value of Drougard’s data between 120°C 
and 130°C, that is, about —2.35x10-¥ cgs'). 
The propriety of these coefficients is supported 
by the fact that the vailey of the thermo- 
dynamic potential surface near 120°C, which 
is drawn by making use of these coefficients 
(Fig. 9), coincides approximately with the ob- 
served data of the spontaneous polarization. 
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The values of P. and P, can be obtained 
by the plot of the polarization against the 
electric field, which is calculated in this way. 
Such values are plotted in Fig. 8 by the solid 
line, the agreement with the experimental 
values being very good. The values of 47;/4E 
thus obtained for various temperatures are 
shown by a solid line in F ig. 4, which is suf- 
ficient to explain the experimental results. 


hou 
> 
Ss 
5 
N 
5 +0.5 
& 
BO 90 100. 110 120. 130 


Temperature (°C) 


Fig. 9. Chart of the thermodynamic potential 
surface near the Curie point. The numbers 
near the contours are in cal/mol. The dotted 
line gives the experimental temperature depen- 
dence of the spontaneous polarization, 


b) Two lower transition points 

At a temperature near 5°C, the crystal 
transforms from tetragonal to orthorhombic 
phase, and there appears the x-component in 
addition to the z-component of the polarization 
because of the transformation of the direction 
of polarization from an edge to a face diagonal 
of the pseudo-cubic cell. The Devonshire 
function per unit volume is then expressed as 
follows: 

M=Mo+ A(P2?+ P2*)+ B(P2!+ PZ) 
-C(P6-- PS) DPAPs 
+G(P2?PA+P.*P,?) , (11) 

the last cross term of the sixth order being 
added by Huibregtse and Young” in order to 
obtain a satisfactory explanation of their ob- 


servation on the 5°C transition. The electric 
field as a function of polarization is given by 


E.=2AP,+4BP3+6CP£+2DP2°P2 
+ G(2P.4P,+4P2P,) . (12) 
To plot £, against Pz, Pz in Eq. (12) must 
be eliminated by an additional condition due 
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to the fact that the electric field is applied 
only in the z-direction, that is, E.=0, or 


A+t+2BP.2+3CP.!+ DP? 
+G(2P.2P2+P/)=0. (13) 


The numerical values of the coefficients 
have been given by Huibregtse and Young”, 
and also by Drougard and Huibregtse’. The 
values of A and B are in accord with those 
measured by Merz? and by Drougard’®, re- 
spectively, and the other coefficients take the 
following values at 0°C: C=12.2x10-*® or 
9x 10-329, D=4x10-8, G=6x10-8® in cgs 
units. On the other hand, Merz reported 
the value of C in the neighbourhood of 120°C 
as 3.8x10-%3. This is the reason why the 
author considers the coefficient C also to be 
dependent on temperature. If a straight line 
is assumed for C as a function of temperature, 
which passed through the two points (120°C, 
3:8. < 10-22% e¢s) and (0°C, 111x102" ¢gs), then 
the following expression is obtained for the 
temperature dependence of C: 


C=—6x10-*%(7T—T>), T2=183°C. — (14) 


In the vicinity of 5°C the effect of the term 
of CP. upon the free energy is too large to 
neglect the temperature dependence of this 
coefficient. According to MHuibregtse and 
Young, it may also be assumed that D and 
G are constant. The values of the coefficients 
used in this calculation are listed as follows: 


Ae ot x 10-Te1e), “Le l0i.o Oo. 
B=4.5x10-“(T—Ti) , Ti=175°C. 

C=—6 x10-*(T—Ts) ,_.Ts=183°C ._¢ (19) 
D=4x10-%%, , 

(G— Goal Onze (in cgs units) 


The plots of P.vs Ez given by Eq. (12) to- 
gether with those for tetragonal state are 
shown in Fig. 10, the temperature of the 
crystal being a parameter. According to the 
Devonshire picture, P: varies with field along 
the P.vs Ez curve in regions where OP./0E; 
(susceptibility) is positive. At the point where 
the susceptibility is infinite, P. instantly jumps 
to a point where the susceptibility is again 
positive, which is the fundamental idea of 
Huibregtse on his triple hysteresis loop®. 
Accordingly, the point where 0P./0E. becomes 
infinite should be considered as the transition 
point from orthorhombic to tetragonal in the 
existence of an electric field. These points 
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are readily obtained from the curves shown 
in Fig. 10, and if these critical fields (at which 
OP./0E:— ©) are plotted against the corre- | 
sponding transition temperatures, the curve — 


100 
Electric Field (c.g.s.) 


200 


Fig. 10. The z-component of the polarization (P-) 
versus electric field near 5°C. The numbers 
near the curves represent the temperature of 
the crystal. 
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Fig. 11. Shift of the transition temperature near 
5°C caused by electric fields. 


{ drawn with solid line in Fig. 11 is obtained, 
; which explains the experimental results satis- 
factorily. It will also be seen in Fig. 10 that 


this transition is of the first order, at least in 
the region of the field strengths in which the 
present experiment was carried out. It ap- 
pears likely that the discrepancy with the 


Clausius-Clapeyron relation would be caused 


by the neglect of the effect of strong electric 
field on 4P, and 4S. 

When the crystal is cooled down to about 
—80°C, another transition takes place. It is 


' stated recently that the crystal symmetry of 


this lowest phase would be monoclinic or tri- 
clinic, but the author assumes here the sym- 
metry to be rhombohedral according to the 
conventional interpretation. Then the spon- 
taneous polarization takes the direction in a 
body diagonal of the former cube cell, and 
the terms due to another component, Py, must 
be added to the expression (11) of the free 
energy, that is, 


UA=Wo+ A(Pz?+ Py?+ Pz?) 
eG aia a ea at) wk OO et a ae a ig) 
+D(P22P?+ PyP2+ PP?) 
+ G(PPy?+ PyP2+ PyYP2 
+ PAPy?+-PAP2+ PAP?) . (16) 
If there exists an electric field only in the z- 


direction, the x- and y-direction are equivalent 


concerning the electric field, and therefore, it 
is possible to take P,=P,. The following 
relationship between P, and EF. is readily de- 
rived from (16): 
E.=2AP.,+4BP2+6CPS+4DP,P2* 
+8GP3P,?+4GP,P2' . (17) 
Similarly to the case of the orthorhombic 
phase, P, is eliminated by using an additional 
condition owing to the fact that there exists 
no electric field in the x- and y-directions, 7.é., 
Wi —— 1). Ols 
A+2BP.2+3CP.!+ D(P.?+ P2”) 
+G3P+2P2P+P/A)=0. (18) 
Eqs. (17) and (18) give the similar plot of 
P.vs Ez to that in the orthorhombic case. 

In determining the numerical values of the 
coefficients in the vicinity of —80°C, however, 
it is not assured that the temperature depen- 
dence of A, B, and C, and the numerical values 
of D and G, which are listed in (15), hold 
good as they are. Assuming that the above- 
cited temperature dependence of A is also 
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correct at these low temperatures, the other 
four coefficients will be determined by the 
simultaneous equations expressing the follow- 
ing four relations: (i) at the transition point, 
the free energies of the orthorhombic and 
rhombohedral states have the same value, (ii) 
the value of P. given by E,=0 in the ortho- 
rhombic state at the transition point is equal 
to the z-component of the spontaneous polari- 
zation at that temperature, (iii) the corres- 
ponding statement holds also for the rhombo- 
hedral state, and (iv) OP./OE. is equal to the 
susceptibility. But the solutions of these 
simultaneous equations are sharply varying 
functions of the square of the ratio of the z- 
component of the spontaneous polarization in 
the orthorhombic state to that in the rhombo- 
hedral state, P.?(ortho)/P.2(rhombo), presenting 
little reliability in determining the coefficients 
in this way. 

Another assumption that the relations (15) 
hold approximately leads to very much larger 
critical fields than the experimental values. 
Since the electric field used for the present 
experiment is static, the switching behavior 
which is said to govern the ac coercive field® 
may possibly be left out of consideration. 

It might be assumed that, since the polari- 
zation and the coefficients become large at 
these low temperatures, the terms of higher 
orders than sixth would be taken into con- 
sideration. If so, in an approximation, the 
terms 

a P,2+ Py + P28)+ B( Pot + Py + Pe”) (19) 
might be added to the expressions (11) and 
(16) of the free energies in the orthorhombic 
and rhombohedral states, respectively, at these 
low temperatures. These terms are assumed 
to be small at much higher temperatures than 
this lowest transition point. The coefficients 
a and 6 can be determined by the conditions 
that the free energies of the orthorhombic- 
and rhombohedral-states have the same value 
at the transition point and that the values of 
P, giving the minima of the free energies 
are equal to the zcomponents of the spon- 
taneous polarizations of the orthorhombic and 
rhombohedral states at the transition tempera- 
ture. At that time it is assumed that the 
other coefficients are given by (15). Then the 
values a=—15x10-% and $B=10x10-* cgs 
units are obtained, giving the plots of P. vs E: 
as shown in Fig. 12. Similarly to the ortho- 
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rhombic case, it is assumed that the polari- 
zation jumps instantly from the rhombohedral- 
to orthorhombic-state at the point where 
OP./0E. becomes infinite, then this point can 
be considered as a transition point in the exis- 
tence of an electric field. These critical 
fields are plotted against the transition tem- 
peratures, then the curve drawn with solid 
line in Fig. 13 is obtained, which explains the 
experimental results approximately. 

In this lowest phase, the crystal symmetry 
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Fig. 12. The zg-component of the polarization (P,) 
versus electric field near —80°C. The numbers 
near the curves represent the temperatures of 
the crystal. 
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Fig. 13. Shift of the transition temperature near 
—80°C caused by electric fields. 


Kazuo KAWABE 


(Vol. 14i) ¥ 


has not yet been decided finally, and moreover x 
a crystal is divided into fine domains. There# * 
fore, it may not be possible to discuss much) 
on the basis of such a simple calculation of] } 
a single-domain crystal as mentioned above,} i 
but at least as an experimental formula, thed! 
expression of the free energy with the ad-| 
ditional terms (19) to (16) holds approximately 
in the case of the lowest phase. | 


Summary 


(1) Up to this time, electrical measure-}) 
ments have been used for the methods off 
determining the transition points of barium) 
titanate or of observing the effect of biasing! 
fields on them. Electrical methods require 
very good specimens. For example, except 
for crystals with very high purity, the double: 
hysteresis loops can hardly be observed but: 
very curious and asymmetric loops are traced. 
on the oscilloscope. On the other hand, any 
crystal can be used for the optical test utiliz- 
ing the shift of the thermal transition of 
transparency. The only requirement is that 
the crystal under test is not opaque. The 
experimental accuracy of this method in the | 
case of the study on the effect of biasing | 
fields was better than that of the electrical | 
method. What with these reasons and what | 
with the comparative simplicity in the experi- | 
mental procedure, this optical test will be of 
use as a new method. 

(2) When a polarized plate such as a cryslal 
of barium titanate is placed between crossed 
Nichols, the plate being so oriented that the © 
direction of the component of the polarization 
at right angles to the incident beam is inclined 
at 45° to the principal planes of the Nichols 
(see Fig. 1), the intensity of the continuous 
light transmitted through the analyzer is ap- 
proximately proportional to the birefringence 
and hence, in the case of barium titanate, to 
the square of the polarization of this plate. 

(3) The Curie point near 120°C is raised by 
an applied electric field at a rate of 1.6x10-3 
deg/voltcm-!, which is in good agreement 
with those measured by other investigators, 
and at a critical temperature of 132°C, the 
magnitudes of the polarizations of cubic- and 
tetragonal- (strictly speaking, induced-tetra- 
gonal-) phases become equal, the correspond- 
ing critical strength of the field being about 
9kv/cm, Above this critical point any tran- 


sition of the first order no longer takes 
| place. From this fact the expansion coefficient 


Te measured by Merz. The thermodynamic 


} potential surface which is drawn by using this 
7 coefficient explains satisfactorily the observed 
|temperature dependence of the spontaneous 
| polarization. 


(4) For the Curie point, the relationship 
4T,/4E=1/[Ao(P:+Pe)] 


lis more convenient than the usual Clausius- 
| Clapeyron relation, because the former does 
Pnot contain the entropy change, 4S, which 
i varies also with an external electric field. 
’ Therefore, this equation yields a profit to leave 
‘the entropy change out of consideration, and 
_ AT,/4E can be obtained by measuring or calcu- 
‘lating the polarization only. 
me (5) At the 5°C transition 47,/4E=—2.6 
x 10-* deg/volt cm-!, which is in good agree- 
ment with the value measured by Huibregtse 
and Young. The expansion coefficients A, B, 
-and C of the free-energy function are all 
assumed to be dependent on temperature. For 
-C, a linear relation, C=—6x10-5(T—T)), 

T2=183°C, is assumed. The plots of P. vs Ez 
_based on the Dévonshire function gives values 
of 4T,/4E which give a satisfactory explanation 
of the experimental results. 

(6) At the —80°C transition 47;/4E=—1.2 
x 10-4 deg/volt cm. The terms of eighth and 
tenth powers of polarization is added to the 
free-energy function in order to obtain a better 
fit. The values of the coefficients a and f of 
the terms of eighth and tenth power, respec- 
tively, are obtained as a=—15x10-, B=10 
x 10-48 in cgs units at the lowest transition 
point. The Clausius-Clapeyron relation does 
not give satisfactory explanation of the obser- 
vations on the two lower transitions, probably 
because of the neglect of the effects of strong 
fields upon the polarization and entropy. 
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The fact that a phosphor exhibits different decay times for different 
kinds of exciting radiation has recently been reported. This is expected 
to be found also in ZnS(Ag) phosphor which is often applied in photo- 
nuclear experiment. Detailed measurements of such decay properties 
has been carried out in the present work. It came out clear that the 
phosphor has two types of decay mode for a kind of radiation, one being 
exponential and another hyperbolic with time, and that the phosphor has 
different decay constants in the exponential form decay for different 
kinds of radiation. The decay constants were obtained to be 100 mpsec 
and 10 mysec for the a-particle and 7-ray excitation, respectively. Thus, 
contrary to a previous work by Koontz et al.10, an apparent difference 
was observed for these two kinds of excitation. Furthermore, it was 
observed that in the case of y-ray excitation the decay is mainly ex- 
ponential and in the case of a-particle excitation mainly hyperbolic. The 
difference of decay modes and the difference of the decay constants make 
it possible to discriminate protons or a-particles from the strong 7-ray 
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background. 


Introduction 


Silk 


ZnS(Ag) phosphor is generally used in de- 
tecting heavy charged particles such as protons 
or @-particles in the strong y-ray background. 
To measure the angular distribution in photo- 
nuclear reaction, a sufficient discrimination of 
the heavy particles from y-rays is necessary. 
Several authorsY-" have shown that the 
ZnS(Ag) phosphor is useful for this purpose 
because of its large pulse height ratio of light 
emission for heavy charged particles to that 
for y-rays. In order to refine the techniques 
of photo-nuclear experiments, however, more 
complete discrimination of protons or neutrons 
in the y-ray background is required. In our 
experiment of photo-nuclear reaction with a 
betatron using an accurate collimator and a 
heavy shield, the average y-ray dose at the 
proton or neutron counter is very low but the 
pulsed ;-rays from this machine have a very 
high instantaneous intensity. Photons ac- 
cumulated in the very short period of this 
pulse produce a large light pulse in the scintil- 
lation counter. This pile-up effect in scintil- 
lation pulses is one of the predominant trou- 
bles under this experimental condition and it 
imposes severe limitation on the kind of the 


target element to be measured and some- 
times leads to poor experimental results. : 

A fast decay component of ZnS(Ag) phos: + 
phor was reported in earlier works?®-!) in) 
addition to the well-known long term decay‘ 
of 10-° sec’?."), So we first made an attempt | 
to eliminate the pile-up effect of the 7-rays 
by constrncting a very fast counting system, | 
so as to pick up only the fast decay compo-— 
nent of the ZnS phosphors. The results 
proved to be unsuccessful, contrary to our 
expectation. A precise examination of the 
characteristic of ZnS phosphors from the point 
of view of its decay properties was therefore 
undertaken. The results of such experiment 
will be reported in the present paper. Our 
principal conclusion is as follows. 

The fast decay component of ZnS phosphors 
is for the most part attributed to y-rays and 
the long term decay principally to heavy 
charged particles. 

The ZnS phosphor has long been considered 
as having a large ratio of the pulse height 
for heavy particles to that for r-rays. This 
may be due to the fact that the fast decay 
component, which is sensitive to y-rays, has 
been cut off by the use of the linear amplifier 
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69) 


whose rise time was considerably long. 
32. ZnS Phosphors 


_The decay properties of phosphors can 
broadly be divided into two classes. The 
first is such that the decay takes place in 
accordance with the equation 

I= Ih exp (—t/Tp) Ch) 
where J) is the initial intensity, 7 the inten- 
sity at time ¢ and 7, the decay constant. 
Generally, 7» is smaller than 10-*sec. In the 
second class, the decay takes place in accord- 
ance with the equation 


I= ]/(1+-at)” 


where @ and 7 are constants. 

The first decay type is called monomolecu- 
lar, the luminescence taking place by a simple 
excitation of the active center with subsequent 

‘optical emission from it. The activation 

‘energy is stored in the center between excita- 
tion and emission. The thallium activated 

alkali halides belong to this type. 

Most of the luminescent materials which 
are valued for their long decay characteristics 
Obey a decay equation of second type, which 

_is similar to the rate equation for a bimolecu- 

lar chemical reaction. Several of such mate- 

rials exhibit photoconductivity when being 
excited with ultraviolet light. Therefore it 
may be concluded that atoms become ionized 
during the excitation and that the luminescent 
radiation is emitted during recombination of 
the free electrons and the ionized centers. 
The fact that the fast counting system failed 
as mentioned in §1, led us to presume that 
ZnS phosphors when excited by heavy charged 
particles, such as protons or a-particles, would 
follow the power law decay scheme while 
they would follow the exponential decay 
scheme when excited by electrons or y-rays. 


E® 


§3. Measurements 


In order to measure the value of 7, in Eq. 
(1), the following experiments were carried 
out. The block diagram of the detecting 
system is shown in Fig. 1. The pulse shape 
produced by a photomultiplier the receiving 
the luminescence from the ZnS was deter- 
mined as a function of the wesistance at the 
output of the photomultiplier tube. Two sys- 
tems of amplifiers, fast and slow, are used 
in the experiment. The fast system consists 
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of a Tektronix 517A oscilloscope preceded by 
Spencer Kennedy distributed amplifiers, model 
202D and 214B. The slow system consists of 
a DuMont 301 oscilloscope and a Model 100 
linear amplifier. The photomultiplier tube has 
14 stages of electron multiplication and it 
was used in the fast system because of its 


PHOTOMULTIPLIER TUBE 


| —_ 
fi 
AMPLIFIER 
R 


Block diagram of the detecting system. 
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Fig. 2. Curve of the decay time of the observed 
pulse against the load resistance. Ty is the 
principal decay constant in the exponential 
decay. 


large multiplication factor. The source of 
radiation used is either Po-aw or Co™ of 3 
curies, or both together. The ZnS(Ag) pow- 
der, type No. P4B1, was offered by Dai Nihon 
Toryo Co. The powder was deposited on the 
surface of a glass plate, which was mounted 
on a photomultiplier tube and covered by a 
semi-spherical light reflector. The output 
pulse of the photomultiplier tube provides 
information on how the luminescence is emitted 
as a function of time. If the luminescence 
decays exponentially, one should be able to 
obtain the time constant of decay by making 
the resistance smaller and smaller and taking 
the limit of zero resistance. The measured 
decay time against the resistance is shown in 
Fig. 2. In this case, ZnS was excited by a- 
particles. The observed decay time did not 
decrease below 100 mysec when the resistance 
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was varied to below 3000hms. Under 7-ray 
excitation, on the other hand, we obtained a 
principal decay time constant of 10 mysec and 
no appreciably shorter decay time. 

The rise time of pulses as a function of 
resistance is shown in Fig. 3. In order to 
analyse this figure, two types of decay form, 


Po 


N 


RISE TIME ta (Sec) 
rey 


10° 10 10° fon es 
LOAD RESISTANCE R(Q) 

Fig. 3. Curve of the rise time of the observed 
pulse against the load resistance. Circular 
points are measured values. Solid and broken 
lines are calculated by assuming hyperbolic and 
exponential light decay, respectively. 


exponential and power laws, were adopted for 
the differential equation of the RC network 
shown in Fig. 1. R is the load resistance 
and C is the stray capacitance of collector of 
photomultiplier tube. Referring to Fig. 1, we 
obtain the following equation 


i+t2=t9 exp (—t/T») , 


if the exponential decay form is assumed. 
On the other hand, the current across the 
stray capacitance is expressed by 


te di 

——= R— , 

C dt 
Therefore the following two differential equa- 
tions are obtained, respectively, for the two 
assumed types of decay. 


(1) Decay form is of exponential type: 
(3) 


where z is the current through R and 
io exp (—t/Ty) is the charge flow per unit time 
from the electron collector to the RC network. 
(2) Decay form is of power law type: 

0 es eee to 


dt C (1+at)” ° 
The solution of Eq. (3) is given by 


(4) 
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ae ee 
aig es RE a ( Tp 


In the case of RC<T>, 
1=10 exp (—t/Ty) ’ 


and the observed decay should be due only 
to the decay of the luminescence. The pulse 
height in this case becomes very small. As: 
suming the rise time of the pulse, fm, to be@ 
the time interval from zero to maximum amafj 
plitude, we obtain this value by differentiating, 
Eq. (5) and putting it equal to zero, 
RE 


Namely, tm is to be nearly proportional ta 
In R and a nearly straight line relationships 
has to exist between tm and R in the semi-lc2 
plot if T,/RC<1. However, it was found: 
difficult to explain our experimental results, 
assuming this value of tm. So the assumption 
of another decay form is preferable. The 
solution of Eq. (4) is as follows if we assume¥# 
n=1 (this assumption is not too far from the} 
fact reported by Bailey and Prescott!”), 


sevbeidy t ‘exp (¢/RC) 
oe exp ( RC )i. aerareryi 
We have not been able to deduce the value: 
of tm by differentiating Eq. (7). Numerical| 
integration was therefore carried out. The} 
result is shown in Fig. 3, where m=1, a=2.1. 
x10’ and C=10-"'farad. A fair agreement:| 
exists between the measured and calculated || 
results except for a minor disagreement in| 
the region of small R, which might be ex: | 
plained as introduced by the rise time of ‘the | 
detecting system, 7mysec. Judging from 
Fig. 3, we may conclude that the decay type. 
of ZnS(Ag) phosphors excited by a-particles | 
exhibits, as a whole, the power law decay 
and not the exponential decay except for the 
fast decay component of 100 msec. 


(7)) 


§4. Discrimination of Heavy Charged Par- 
ticles from ;7-rays 


The principal purpose of this experiment is 
to detect protons or neutrons in the strong 
y-ray background produced by the betatron. 
The effect mentioned in §3 gives the pos- 
sibility of obtaining the considerable discrimi- 
nation of protons or neutrons from r-rays. 
In order to ascertain the validity of the pic- 


i 


. 


‘h 4959) 


} : of decay previously mentioned that pro- 


3 
| 


‘| tons and neutrons contribute much more to 
| the decay form of power low than y-rays do, 


we have carried out the following experiment 


whose results are shown in Fig. 4. This 


| shows the pulse height curves under several 
{| conditions. 


The curves (a) and (b) were ob- 
tained by the slow and fast system, respec- 


tively. In this case, Co® of 3 curies and Po-aw 
' were put in front of ZnS scintillator at the 


distance of 20cm and 5cm respectively. 


CARBITRARY) 


COUNTING RATE 


HEIGHT. 


RELATIVE PULSE 


Fig. 4. Pulse height distribution curves. 
(a) using the slow system. (b) using the fast 
system. (c) using the fast system in which a 
condenser was coupled to the load resistance. 


Comparing the slow and fast system, it was 
found that the former gave a better discri- 
mination of a-particles from j7-rays, while 
the latter gave a good sensitivity to 7-rays. 
Another curve (c) shows the results of pulse 
height distribution when in the fast system 
a condenser was coupled to the load resistance 
of the collector of the photomultiplier tube. 
This curve was not useful, contrary to ex- 
pectation, to eliminate the fast decay compo- 
nent of ZnS phosphors. This may be due to 
the current saturation in the photomultiplier 
tube or the high out-put impedance of high 
voltage power source, or some other reasons 
which we have not yet understood. A more 
detailed examination has to be performed to 
obtain the complete discrimination of heavy 
charged particles from y-rays. 
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In order to check the discrimination pro- 
perties between protons and 7-rays, experi- 
ment of photo-nuclear reaction (r, p) is pre- 
ferable. The arrangement of instrument for 
this purpose is shown in Fig. 5. A 24-Mev 
betatron was used. The thickness of ZnS 
powder layer deposited on a glass plate is 
20 mg/cm?. The proton counter was mounted 
at angles of 90° to X-ray direction. The pulse 
height distributions are shown in Fig. 6. In 
this case, protons were produced by the 
reaction of Ni(y, p)Co. From this figure it is 
seen that slow amplifier system exhibits the 


LEAD 
COLLIMATOR 


Z 
D 
TARGET FOIL 


“| PHOTOMULTI- 
PLIER TUBE 


BETATRON 


Fig. 5. Arrangement of the apparatus of photo- 
nuclear experiments. 
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° 20 


40 60 
RELATIVE PULSE HEIGHT 
Fig. 6. Curves of pulse height distribution in 

(7, p) reaction. (a) by the fast amp. system. 
(b) by the slow amp. system. Broken curve is 
obtained by differentiating the curve (b). 


proton peak in its pulse height distribution 
curve but the fast amplifier system shows the 
pile-up effect of 7-rays only. It was expected 
that the fast system was better to pick up 
photo-protons in the strong y-ray background 
because of its possibility of eliminating the 
pile-up effect. However, this expectation 
failed. Judging from the present experiment 
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and the decay properties of ZnS, it is believed 
that a more precise examination of the elec- 
tronics of the detection system would make 
it possible to obtain a complete discrimination 
of protons from y-rays. 


§5. Summary 


First of all, we assumed that ZnS(Ag) 
phosphors have two types of decay, one is 
exponential and another hyperbolic. The 
former has a shorter decay constant, 10-7 
-10-*sec, and is caused almost by the single 
excitation by y-rays and §-rays. The latter 
has a longer term decay component and is 
the principal decay mode of ZnS which always 
exists in addition to the exponential decay. 
The general mechanism of bimolecular decay 
is mentioned in §2. More detailed explana- 
tion of the mechanism of this type of decay 
has been reported in reference 14. According 
to this, the competition between electron con- 
centration of free electrons in conduction band 
and concentration of impurities decides the 
type of decay. The bimolecular decay takes 
place by the electron concentration when it 
wins in this competition. Such an assumption 
of the decay mechanism is consistent with 
the results of our experiment in which the 
bimolecular decay is caused by the heavy 
excitation by protons or a-particles. 

The decay times in the exponential form 
were measured under excitation by a-particles 
and ;y-rays. 100mysec and 10 mypsec were 
obtained as decay constant, respectively. The 
former agrees with that of Emmerich” and 
Hornyak® who reported also a value of 100 
mysec. Decay times of 0.13 and 0.34 usec 
under 2.6 Mey neutron excitation have been 
reported’. But a shorter decay time has 
been also reported by Koontz, Keepin and 
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Ashley under a-particle excitation. The 
effect of neutron excitation on phosphors, de~ 
cay properties could be regarded as similar 
to that of a-particle excitation. 

For y-ray excitation, a very short deca y 
time of 8.5-+2.5 mysec was reported by Bailey 
and Prescott!». Our results give the same: 
information with this. 

Contrary to a previous literature which 
reports the same decay time for y-ray and] 
a-particle excitation, an apparent difference 
was observed in our experiment. This effect # 
was not explained by our decay picture. 
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A method of successive approximation, which is essentially a modified 
form of the WKB method, is developed to express, for large values of 
parameter h, the asymptotic solutions of a linear second order differen- 


tial equation 
dy 
dx? 


in the region where the zeros of the coefficient of y are present. 
simple cases are treated as elementary examples. 


—A+hf(a))y=0 , 


Several 
It is shown that a 


class of Hill equations is included in the category to which our method 
is applicable, and that their uniformly valid asymptotic solutions can be 


expressed in terms of Mathieu functions. 


The locally valid expressions 


are also given by means of the above method. 


Introduction and Summary 


It is well-known that the WKB method 
originated by Jeffreys, Wentzel, Kramers and 
Brillouin is one of very powerful methods of 
approximation for a class of linear second 
order differential equations of the form 

Ne pa 

mya o(x)yv=0. 
This method gives the asymptotic forms of 
the solutions of the given equation for large 
values of h, and its numerical results are 
comparatively accurate in spite of the simpli- 
city of expressions, if the coefficient g(x) does 
not vanish. But when the zeros of g(x) ap- 
pear in the region considered, we must use 
more complicated asymptotic solutions or the 
connection formulas which give the relations 
between the solutions in two regions sepe- 
rated by a zero of g(x). 

The methods for expressing the asymptotic 
solutions about the turning points, i.e. the 
zeros of g(x), have been developed by several 
authors in the cases in which there appear, 
for example, a simple turning point, a second 
order turning point, a pair of simple turning 
points etc.. (The order of the zero of g(x) is 
called the order of the turning point.) 

On the other hand, the connection formulas 
have also been well investigated and applied 
to many examples. It has been pointed out 
that it is convenient to consider the independ- 


ent variable in the complex plane for the de- 
duction of the connection formulas and for 
the study of some kinds of eigenvalue prob- 
lems. 

Thus many problems in mathematics and 
mathematical physics, e.g. the asymptotic be- 
haviour of special functions, wave motions, 
energy eigenvalues of quantum mechanical 
systems, scattering of particles, tunnel effects, 
compressible flows etc. have been solved suc- 
cessfully by means of the WKB method. 

In spite of these facts, however, some prob- 
lems are left to be investigated in pure and 
applied mathematics. One of them is to ex- 
tend the method to the cases in which more 
complicated turning points appear. 

In this paper we shall first remark that the 
methods ever developed to obtain the asymp- 
totic solutions about turning points can be 
unified, so to speak, into a principle, which 
gives a set of transformations of variables 
for deriving simple approximate equations. 
These transformations are nothing but slightly 
modified forms of the usual WKB transfor- 
mations, and they make it possible to select 
large terms in the given differential equation 
without any change of the important charac- 
ters of the equation. By means of the trans- 
formed equation we can find the asymptotic 
solutions uniformly valid in certain region, 
where the turning points may appear. This 


1771 


We: 


procedure is applicable also to the cases never 
treated before; for example, the uniformly 
valid asymptotic solutions of a class of Hill 
equations can be obtained in terms of Mathieu 
functions. Further by the repeated use of 
these transformations we can proceed to the 
approximations of any order required. 

For higher order approximations a more 
conventional method is also possible, in wnich 
the usual formal series expansion method is 
adopted and the connection formulas are 
derived. This conventional method seems to 
be sufficient for many of the practical prob- 
lems. 

We shall divide this paper in two parts. In 
Part I we state the fundamental idea and 
discuss some elementary examples. Further 
a note on the conventional method is added 
with special reference to the second order 
turning point. And in Part II a class of Hill 
equations is considered on the basis of the 
modified WKB transformations and the asymp- 
totic solutions uniformly valid are expressed 
in terms of Mathieu functions. A few com- 


c=r()=|"V Fade, y=ey,, b= fl(deldty , 
we have 
dy; A dt 
en (4 al al +2) : 
where | 


Qa pn Ee - 


By means of suitable choice of the functional form t=r(t), 
equation which gives the asymptotic solutions of the first equation. 
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| 
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| 
ments are also added with respect to thei} 
solutions locally valid. | 
It should be mentioned that, although this; 
paper is concerned with only the real region| 
of independent variable and the coefficient of’ 
the differential equation is supposed to be'}) 
regular in the region considered, it is easy te ] 
see that the restrictions are not always neces- | 
sary. Further for the purpose of clarifying | 
the method, all the mathematical arguments 
on the asymptotic nature of the results are. 
omitted and many of conditions to be satisfied | 
are not expressed explicitly. But it would 
not injure the applicability of our method. 
Our results can be summarized as follows. 
We consider a class of differential equations 
of the form 


d*y 
de 


where f(x) is a regular function of x, h is a 
large parameter and 2 is a constant small 
compared with h?. Introducing a set of trans- 
formations of variables 


—A+h f(x))y=0, 


p-V4 

—3/4 - === 

a dx? 

we can obtain an approximate 
And the repeated use of 


similar transformations accompanied with suitable translation of independent variable (which 


we shall call the turning point correction) leads to the higher order approximations. 


To the 


equation once transformed, the method of formal series expansion is also applicable. 
The examples of the transformations are given as follows. 


i) A simple turning point at x=0: 
A=0 5 T(x) 


t(f) to be used is 


=ax+bx? + cx8 +--+ 


2 pig 
n= 3 ht=[y f(x) dx 


and yi can be approximated by Airy functions. 


ii) A second order turning point at x=0: 


|Al<h? , 


FS (eo) =ax®?+bx3 + cxt+-.- 
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O=P/= "VF a)ar, 
Q 

: and y,; can be approximated by Weber functions. 
| iii) A pair of simple turning points at x=& and x=n7: 
4=0, =f (x)=(x—-E)\(x—n)g(x), — g(x)<0 
} t(t) to be used is 

He ae ee Be, Oe a 
= tl vemidt=(Viear, 

7 ~1 é 
where 


fe\aare 
vieax, 


and ¥: can be approximated by Weber functions. The famous formula for the eigenvalue 
problem with vanishing boundary conditions at infinity and the transparency of potential wall 
can be refined in this way. 


iv) Hill equations with simple turning points: 
A=0 > F(*x+2n)= f(x) ? 


S(E+2nz)= f(y+2nz)=0, S(E+2nz)A<0 , I’ (a+2nzx)=<0 . 
—1r<E<y<z, == Oi sted, ete A okele) 4 


t(t) to be used is 
SOE | vain ar auik=\"V Fe ae 
where 
t= \"V7@ydx, Ke [lvsin2—9 at 


a and B are the zeros of sin 2t—q (0<a<f<z), and g as well as a and #8 should be deter- 
mined by 


| vsin 2t—q dt/K= (iv Fay eal 
B 


0) 


and y, can be approximated by Mathieu functions. 
iv) Hill equations witn second order turning points: 


|Al<h? , F(%+22)=f (x), Sf (*+2nn)=ax+be8+:-- (a2<0) . 
c(t) to be used is 
e()=Isin' = [ve ax 
where 


fe [Vv Fayax 


and yi can be approximated by Mathieu functions. 
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table manner. 


Part I An Improvement of the WKB Method about Turning Points 


§1. An Introductory Remark on the Modified WKB Transformations | 
Our problem is to investigate the method for obtaining the asymptotic solutions of a class }} 


of differential equations of the form 
d*y 


axe 


(A+ ee f(a)y=0:, 1) 


where 4 is a constant of O(h*) (k<2), f(x) is a regular function of x and h is a large para- 

meter. | 
As is well-known, in a region where the coefficient 2+h?f(x) does not vanish, the asymp- 

totic solutions of (I.1) for hoo are given by means of the following procedure. 
Let us introduce a set of transformations of variables 


r=|"Paode, y=P-ihy, (1.2) 

where 
P=(f (x) +a/h?)/? (1.3) # 
Then (1.1) transforms into 


#% _124.Q@)y1=0 (1.4) 
dt 


where 


a @ 
= P-1/2__ P1/2— _ P-3/2_ “4 _p-i/2 
Q(t) de IP le iat 5 


Therefore, neglecting Q=O(1), we have the first approximate solutions 
yi~exp (thr) , 
hence 
y~P-V2 exp (tht) . (1.5) 


Again introducing similar transformations for (1.4) 


=| "Pde y= Pry , (1.6) 
where 
Py=(14+Q/h?))/2=14+0(h-*) , 
we have 
d*y i 
den PF Alea) =0 (1.7) 
where 


P4 


@ 
gee P= Pt SP 0h), 


TL 


Q1= P,-1/2 
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| Thus we have the second approximate solutions 


y~ PPP, exp ‘e nV 1+ Qpneyds ) 


(1.8) 
Satie . 1 
~P-1(1—Q/Ah?) exp {= (i+ on \Oe)| (1-4 0(h-»)) 
or making use of the expansion 
P=(f (4) +A/h?)?={ f(x) P+ A/2n24 f (x)} 2 + O(02h-4) , 

we have 

y~ f-M4(1—A/4h2 f — Q’/4h) exp {= (ne +al fdr’ [2h + [oraeh )} , (1.9) 
where 


=| pirax 4 Q’= fan pin ; 


In this way we can proceed to the approximate solutions of any order required by the re- 
peated use of similar procedure, and clearly these solutions give the asymptotic forms of the 
exact solutions. 

These procedures, however, are not applicable in the region containing turning points, 
namely the zeros cf P(x), which transform into the singular points of the transformed equa- 
tion. (If 2<h, the zeros of P(x) are close to those of f(x). Therefore the zeros of (x) will 
be called the turning points, when the distinction is not so important, the order of the turning 
point being the order of the corresponding zero.) 

To avoid this difficulty and to proceed to higher order approximations, several methods 
have been developed since Jeffreys, Wentzel, Kramers and Brillouin, especially in the case 
of isolated simple or second order turning point. Some authors have adopted the idea that 
the leading singular terms in the transformed equation shauld be taken into account. And 
other authors have employed the alternative forms of the transformed equation, which is 
equivalent to (1.4) and contains no singular points. The latter seems to have more possibility 
. of extension. 

Now let us remember that the singularity of the transformed equation has its origin in the 
singularity of the transformation of the independent variable (1.2). This fact suggests us a 
set of transformations of the form 


cae()=|VF@)ae , y=GO 49, (1.10) 


and the use of independent variable ¢ instead of r. In fact, putting 


wo=s /(-) Cp 


and substituting (1.9) and (1.10) into (1.1), we have the transformed equation 


e-(S-m(S) 40)ono up 
where 
Q=g-M4 oe =— (3/4 so : Grt3)) 


It is the main point of this paper to use (1.12) as the starting point. If (dr/dt) and f have 
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common zeros of the same order, then the transformed equation has no singularity there? 
Therefore in the region where dr/dt-<0, the transformed equation can be approximated by 


Py po (at ) =0 1.14) 
de" CH és | 


and in the neighbourhood of a zero of dc/dt, say t=a, we can replace 4// and Q by thei 
values at t=a. Thus we have an approximate equation ) 


ah (5 eet (4) )n=0 4.15) 


in the region containing t=a@ and no other zeros of dc/dt. Further when a suitable choice: 
of the functional form r=r(t) is done, the approximate equation reduces to a well investigated | 
differential equation. Of course the addition of first few terms of Taylor expansion of 4/¢' 
and Q is desirable, it possible. In many examples such a choice is possible and the repeated 
use of the similar procedure leads to the higher order approximations. 

The following three sections of this part will be devoted to rather simple examples, in 
which the character of our modification of the WKB transformations can be illustrated, and 
in Part II a class of Hill equations will be treated by means of our transformations. 

Beyond the examples treated here, several cases, for example, a fixed singular point, a 
fixed singular point accompanied with a simple turning point etc. can be reduced to well- 
known differential equations. The latter leads to a refinement of the WKB phase shift 
formula™., Further if only the first approximations or formal series solutions are wanted, 
our transformations are applicable to many other equations. 

In some cases it will be convenient to take h? f(x) in the place of f(x) in (1.9). 


§2. A Simple Turning Points and Imai’s Formulas 


The asymptotic solutions of a differential equation with a simple turning point have been 
investigated by many authors and it may be regarded as a classical example. (See, e.g. re- 
ferences 2, 12, 13, 14, 21.) We shall begin with this case. 

Let us consider 


d*y 


dao CT : (2.1) 


where f(x) is a regular function of x and has only one simple zero, say x=0, in the region 
considered and can be expanded as 

FQ)=axt b+ cxve+--- (@>0). (2.2) 
In this case the regularity of the differential equation is conserved, if we adopt a set of 


transformations 


= p00 |"V Fade ,  yagrty,, = b= fit, (2.3) 


where the branches of 7 f and ¢*/? should be taken so that the correspondence between x 
and 7 is one-to-one and the regions x>0 and x<0 transforms into t>0 and t<0 respectively. 
Then ¢ is a nonvanishing positive function and (2.1) transforms into 


dy 5 24 
eee (ht QO) 0 ’ ( ¥ ) 
where 


9 apr/4 @p-V4 
Q= 10 ssc Ce gre So be ry) SR ee 
? dt? ° uxe 13 ve 


| 
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a being understood to designate the positive value. 


In (2.4) only the first term of the coefficient is of O(h2), while in (2.1) all terms were of 


| O(h?). Therefore we have an approximate equation 


Py, 


h°ty:=0 
ae re 


and its solutions are given by Airy functions: 
— fl/2 2 3/2 
m=? Zy/3 = ht 


where 71,3; is the Bessel function of order one third. The asymptotic expansion for the large 
values of hf*/? give the usual WKB solution (1.4): 


yi~const. t-/4 exp e z 4 hts’? )-d+0u>) (2.6) 


Q(i) in (2.4), however, contains the terms of constant and of first degree in ¢. For pro- 
ceeding to higher order approximations it is convenient to rewrite (2.4) in the same form as 
the first equation (2.1). To do so, let us put 


m=t—d - (2.7) 
where Oo is the zero of h?t—Q(2): 
h?d—Q(6)=0 | (2.8) 
_ Then (2.4) can be written as 
OO + 1e(arat Ry(a))di =0 (2.9) 
where ai is given by 
hPa, =h?—Q’(0) (2.10) 


and Ri(m) is a function of #1, which can be expanded as 


Rie Fiat tent + hs (2.11) 


where 
1 //f 
b=-5 0), a=—3,0(0) = (2.12) 


(2.9) is of exactly the same form as (2.1), and by means of the transformations similar to 

(2.3) we can proceed to the second approximations. The rewriting of independent variable 

(or the translation of lower limit of integration in the transformation of variable) is simple 

but it is an important procedure, which we shall call the turning point correction. The 

choice of the coefficient a: instead of 1 is not so essential, but it gives some convenience. 
The second transformations are given as 


n(h)=Shi= J" vAtesds ; m=Pr'tye , di=filh G13) 


where 
fila)=an + Ri(%1) 


| 
| 
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And the transformed equation is 


2My6 | 
T+ (ith —Quit))y2=0 (2.14)| 
Ly | 


where 


_ Apy/4 7 ap-V4 
= fy) gecesi Seeiay = at S/R Te Tee 
pec dt? : dx? 


It should be noted that Ri(x1)/x: is bounded even at %1=0, and we have 


(2.15) © 


: p ; 
«| aar(1 iain ih dx, = Zain? + \ ‘RC tn, + OK) , 
0 aX 3 0 (am)? 


th =a¥3x%,+O(h-) , fr=art+O(h-) , 
hence 
dix=are+Oh) . 


Therefore Q, is O(h-*), and a small quantity of higher order than Q in (2.4). In this way 
we can proceed to the approximations of any order by means of the repeated use of the turning 
point correction and the modified WKB transformations. It is to be noted that the turning 
point correction permits the expansions of the type of (2.15) in the higher order approxima- 
tions. The approximate solution of each order is expressed in the form of (2.6) (with dif- 
ferent argument). The asymptotic nature of the solution given in this way is easily varified. _ 
Further, according to Lagrange’s theorem (Appendix II) 6 defined by (2.8) can be expanded 
as 


ae al SONA: 
B= QW) += QQ Ot, 


and for a we have 


uy 7 1 // 
a =1—5.0')— 5.9()Q0)—- 


For small values of ¢ or x, we have, from (2.3) and (2.2), 


2 ee OD nema |: : 1 il 
B/2= 1/2 3/2 —1/2h 5/2 —1/2 = _ 7-3/2 yr \ 7/2 
a gee Re x mae Ce my 


il : 1 1 
a (daa = ——gaelep = 7-5/2 ) CEN a 
(4a at are) 53 ) x9/2 + : 


which gives 


QH=1V +a't+yP+cCB+:-- , 


where 


ee la v=(4 di _V28 rbd 056 aber 
3 a? 15 a! 75 at}? 


Therefore 


AGG. sy ie 
Oa TOD), Oia Ole 


In a similar way we have 
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b= —b'—O(h-) 


pls by 45/2 
Say? } 


S4ilt= Fasten a +O(h-4) 


Substituting these expressions into the approximate solution of (2.9) 
V1 = %1/27, 2 1/24, 3/2 
nya 1 1/3 3 xX ; 
we have 
yr f VA UOEU27Z, 73 G KU 2E8/2 ) 
3 ’ 


where 


a 3 \7 
k= 1—— =({ — — : 
 ae-(57) — 


This is the first step of the refined WKB solutions due to Imai®) and has been applied to the 
electronic theory of metals by Kuhn’. From the approximate solution of (2.14) 


JY2= hl Zap( ht”) ’ 
we have 
ym fee MLZ p( ht?) ~ 


This formula corresponds to the second step of Imai’s solution”, which has been applied to 
several problems in mathematical physics by himself.» 


§3. A Turning Point of Second Order 
In this section we shall consider a differential equation 


ad’y 
ax” 


—(At+h? f(x))y=0 , (3.1) 


where 2 is a constant of O(h") (R<2) and f(x) is a regular function of x that has a zero of 
second order at x=0 and hence can be expanded as 


f(x) =ax2+bx8+ext+--- (a=) . (3.2) 


This case has been treated, for example, by McKelvey™ in somewhat different manner. Our 
procedure leads to the essentially same results as his except that he has used the representa- 
tions in terms of Whittaker’s function. 

Let us introduce a set of transformations 


= =\V7@ae, yao, ga AL, (3.3) 


where the suitable choice of the branches should be done for the one-to-one correspondence 
between x and ¢ as in the preceding section. Then we have the transformed equation 


ayy A, We 1=0 3.4 
dt (a GPO )\=0, oe 
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where 
2 Zfy-1/4 
Q=-"4 aye = — p-s/4 sais , 
dt? ee 


Here # is a nonvanishing positive function and of O(1). Therefore we have the first approxi 


mate equation 


Ts (A+ Q +-F # )n=0 (3.59 
ae AGRE a tag \on ' 

the solutions of which are given by the Weber functions, namely 
m= Wht) , (3.6)) 


where Wy, is the Weber function of order v: 
Wr(z)=cD,(z)+dDy—z) 


or 
Ww(2)=cDy(z2)+d DAZ) , 


c and d being arbitrary constants and 


(See Appendix J) 
The asymptotic form of W,(h/*t) is expressed as 


h 2 — a 
Wy~const. e 4’ POSG) ie 


and we have 


y~const. f -Vight® fri HO +20) : (3.0) 
On the other hand the usual WKB method gives 
y~const. f-/4 exp i \Viero-+24r) 
~const. f-/4 exp (+ nly Fans aie) p (3.8) 


The leading terms of (3.7) and (3.8) are in accord with each other. 

For obtaining more refined solutions, we should use the turning point corrections in the 
first place, as in the case of a simple turning point. The lack of the procedure corresponding 
to this turning point correction is the reason why the earlier methods due to Goldstein”, 
Langer™ etc. could not give the solutions suitable for practical applications except in the case 
in which 2 is extremely small. Introducing a new variable x, given by 


m=t—6 , (3.9) 


where 0 is the value of ¢ for which the coefficient of yi in (3.5) takes the extremum value, 
we can rewrite (3.6) as 


aie —CAi +h? filxr)) 1 =0 , (3.10) 
dx? 


where 
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Aa)=axe+Rinr) , 
Rix) =bix+cmt+--+ , 


I he? 
A= O0) 4-202 
J(8) +Q(6) + ri 
sf Py \-A Ue 
gle la men lhe aes 
2 Poe 
b a2 ae aaa 
: ant dt sane ene (8) , 


| and @ is given by 


Oo 
yt ats “3=0. 


_ or by means of Lagrange’s theorem (see Appendix II) 


= EO 290)» 


Re Oy Rh 


(3.10) is of the same form as (3.1), but Ri(x) is a quantity of O(A) or O(1). (In what fol- 
lows, we shall use the notation O(A) in the meaning of O(1), if A=O(h*) (k<0)). As well as 
in the preceding case, the rewriting of ai is not essential, but it gives a comparatively ac- 
curate solutions near the turning point. 

Repeating the transformations similar to (3.3) after the turning point correction, we can 
_ obtain the higher approximations. In fact, putting 


, nt) = =|" V film) Ex , n=PrVt yy , hi=4 fi/t’ (3.11) 
in (3.10), we have 
Bon (A Fit Olt) n=O, (3.12) 
where 
Quit) =p EO 


Here we should remember the fact that Ri(m)/x:? is bounded everywhere and ti can be ex- 


panded as 


Diy pa es 1 FRi(x1) 
nlt)=|"Vauee dats a aes Ax +: 


Therefore 
=2a)/2+O0(a/h*) , Q1=O0/h*) 


and 
Aili Ai2a3?+ ORR) . 


Introducing +2. given by 


w=h—O , 
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we have 
a’y: 2 _ (3.134 
== — (A, +h? folx2))2=0 , Lo 
dX? \| 
where 
foal Xx) =A2%2? + Ro(x2) ) 
and 


Ry(oa)/xe2=O(R IR) « 


| 
is a quantity smaller {than Ai. In this way we can proceed to the higher approximations off 
any order. 


$4. A Pair of Simple Turning Points 

When 2 in the equation (3.1) becomes large and the zeros of 4+h?f(x) are not so close to) 
those of f(x), the method in the preceding section is not suitable. The existing method in. 
such cases is to treat the turning points separately and then to match the two solutions with 
each other in the region between the turning points. However there exists a set of trans. 
formations which leads to a uniformly valid approximations in the whole region. It should 
be mentioned that Miller and Good® and Langer’) have published these transformations 
previously, although they have not shown the possibility of higher approximations. 

Now let us consider a differential equation 


ay 


aa PF ()y=0, (4.1) 


where f(x) has two simple zeros at x=& and x=y (€<y), and 4 should be interpreted to be 
included in f(x). Further we suppose, for simplicity, that . 


f(@)>0 for x<& and x>7, Fa<0" Lior here (4.2) 


The case in which the sign of f(x) is inverted can be treated in a similar manner. 
The transformations available for this equation are 


y= ail! Vinfdt= |v F@ ax, y=e-4y,,  g=—F 10-2), (4.3) 


where 
he oo NS 1 
=\"ViF@ dx , (4.4) 
and the branches of the square roots should be chosen so that ¢ is a regular function of x 


and the regions where /(x)>0 and f(x)<0 transform into #?>1 and 2<1 respectively. Then 
the transformed equation is 


@y, (4, 
Sa + {| a-)—a@}n=0, (4.5) 
where 
@ 1/4 
Q@=9-n £E= 00). (4.6) 


Therefore the first approximate solutions are given by 


n= Wl 2 pt) (4.7) 
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pees. 


2D, 71 (4.8) 


The asymptotic expressions of (4.7) for V ht and y-co give the same leading terms as 
the usual WKB solutions. In Langer’s paper) more detailed discussions are presented on 
the relations between the solution of the present form and of the usual WKB form in the 
separated regions, each of which contains one turning point respectively. 

iene the eigenvalues for the vanishing boundary conditions at infinity are given by those 
of (4.7): 


oe 
ee Due tan: Ne, ey iO a 
that is 
a 1 
nl’ VI F(x) dx=(n +5) : (4.9) 


which is the well-known formula in the usual WKB method. Thus we have the approximate 
eigenvalues as well as the uniformly approximate eigenfunctions, in contrast to the usual 
WKB method. The normalization constant is given by 


ay ate eal (uamtis — Leet, 
("I dx - lear ydt . (4.10): 


The second and higher approximations can also be obtained by the turning point correction 
and the transformations similar to (4.3). Let us introduce #; and y2 by the transformations 


2 Vl vinardn= abe Pd pote Ui vee wen Oi eT Lag ti) (4.11) 

where 
ek == d-)— 7,00) (4.12) 
hae VIA at , (4.13) 


and £, and 7 are the zeros of fi(t) which tend to —1 and 1 respectively for hoo. If we 


rewrite (4.12) as 


fit)= am (t—E/)\¢t—m)+ Rf) , (4.14) 


72 


where R(t) is a regular function of O(h-*)'and 


Rig) = R(E)=0, 


then we have 


6 t 
il V fit) at sal VEE) M—h U+Oh) . (4.15) 
a i 
Therefore the second transformed equation can be approximated by Weber’s equation more 
precisely than the first. If we choose a suitable coefficient of (t—71)(f—&:) in fi(f), then the 
first approximate solutions could be refined in the neighbourhood of, at least, one of the 
turning points as in §2, although we cannot say it is a very important procedure. 
The corrected turning points &, and 7 are given as 
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&=—1+ 


OS) el ST (4.16}} 


ar 2h? 
by means of Lagrange’s theorem (Appendix II). | 

It will be easily seen that these procedures lead to a refinement of the formula (4.9). This 
is an alternative approach to the refinement of the WKB quantum condition and the results 
are essentially equivalent to Dunham’s formula». For example, the second approximation is} 
given by 


2Ih{n/. 1, a pels (4.17)} 
i me Tice loy uel ogra | 


or 


he OWL i PEO dt-4+O(h-?)= (4.18) 


it 
=> MG 
4Ih 4Ih Aer (n+ 2 ) 
If the sign of f(x) is inverted, a similar procedure leads to a refinement of the penetration 
probability in tunnel effect as well as the method in §3. 


§5. A Conventional Method for Derivation of Connection Formulas 


The method of uniform approximation developed in the preceding sections can be applied 
to any order required, but in practical problems we need to calculate some complicated inte- 
grals in the higher order approximations. Therefore it is desirable to find connection formulas 
for the usual WKB solutions valid in the region without turning points and the approximate 
solutions valid in the neighbourhood of the turning points. In fact, especially for the prob- 
lems in an infinite region the utility of the connection formulas or similar procedures have 
been proved in many examples. One of the results of this kind is the famous quantum 
condition for an oscillator, and it can be derived without any knowledge of the explicit forms — 
of the solutions in the neighbourhood of the turning points. | 

In this section we shall add a crude sketch of such a conventional method to deduce the 
connection formulas. The fundamental line of thought is not new and it was adopted by 
early authors who have contributed to the WKB method. 

Let us consider a differential equation 


dy 
Ge 


(5.1) 


where we suppose, for simplicity, that f(x) has at most two zeros in the region considered 
and can be expanded as 


F(X) =o + ox? + a3x3-+ ++ - an 


If we start from the equation once transformed by the modified WKB transformations, we 
could obtain more accurate results. And this is also a reason why we take up the rather 
classical idea after the explanation of the possibility of uniform approximations. But here 


we suppose that dz, a3,--+- are the quantities of O(1), since the method may not be altered 
by the order of magnitude of the coefficient. 
Putting 
= 0?/2hag!? G3) 


in (5.1), we have 


ay _ 
pre i ag es (5.4) 


where 
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Ons bs 1 
ray Oh Sei On=(2a2/?)-"/2-1g, ) to — (2az/?)-lay é (ys) 


Bete 602 andiiuich™ wack 


| If t?<h, we can treat the terms of the third and higher degrees of rt as the perturbation 
; for the Weber equation 


@Yo Neale es ay Mle 
i mle ae )¥o=0. (5.6) 


| and the approximate solutions of (5.4) is given by the formal series expansion as 
y= Va Vo Phe Ya hyo. . (Gat) 


On the other hand if r%t,?, where tx (2=1, 2) are the zeros of filt), the usual WKB ap- 
proximations are valid and the solution can be written as 


ie Say! exp | = {e+ 7 eat? |. (5.8) 
_ where 
=|’ A ftcyde=n\"V Fe) dx (5.9) 
gS ys iat ad? f,-W4 il fe a fA . 
a I Sead £2 Seg eae 314 so ees ¥ A Ses ee ee 
ee dt? fy dt? h ae Ob aoe ae 


Now, in the region where the both conditions t?<h and t*rt,? hold, (5.6) and (5.7) must 
be compatible, and we can substitute (5.2) into (5.8) and (5.9). Therefore comparing them 
with each other we can find the connection formulas. For representing the WKB solution in 
the form of the inverse power series of h'/? we may use the expansion 


Cn? yr ard 2-H)" (e Tn? yo{i+ 2 £1(t)—¥1(Tn) panne 


——— (e 
VIAC)| =(7- 4 [ ee i A ty | Wi? c2—ty? 


hVig(e)=—file)— + » + 


9 
(5.11) 
where Tn is a zero of fi(t), and expressed as 
east] (942)! eld +2) g(t (4 +2)!) +-- | (5.12) 
: 2 


by means of Lagrange’s theorem (Appendix II). Other formulas necessary to treat the Weber 


functions are enumerated in Appendix I. 
Similar procedure can be applied to the equations of other forms, if the first approximate 


solutions have been known. 
Clearly when the higher order approximations by the method in §3 or §4 are already 


known, the perturbation procedure is unnecessary and, even if the connection formulas are 
wanted, the simple procedure adopted, for example, by Kramers and Ittman’™ or present 


author™ will be sufficient. 


Part II The Asymptotic Solutions of a Class of Hill Equations 


§6. The Uniform Asymptotic Representation in Terms of Mathieu Functions I 

The second part of this paper is concerned with the uniform and local asymptotic repre- 
sentations for the solutions of a class of Hill equations. The study of Hill equations has 
been one of the subjects of the WKB method since the early stage of this method, but their 


| 
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uniformly valid asymptotic representations have not yet been given in any closed form. | 
In this and in the next section we shall show that the asymptotic solutions of a class 0 | 
Hill equations can be represented uniformly in terms of Mathieu functions, when the equa ; 
tions possess only one simple turning point of second order or only one pair of simple turnings 
points in each period of the coefficient. | 
The fundamental line of thought is the same as in §3 and §4. In the first place let us) 


consider a Hill equation with second order turning points 


d’y 
dx? 


“Seppo (AZOGREE< Om 6.1) 
| 


where, we suppose, f(x) is a regular periodic function of x with period 2z and it is positiv 
except for the zeros of second order at x=2naz (n=0, +1, +2,---). Now let us introduce aj 
set of transformations 


sint ese Fadx, yao", $= f/sint, (6.2) | 


where 
1=\"VF@ ae. (6.3) 


If we take the branch of 7 f(x) as 


V f(x) >0 for 4ux<x<(4n+2)z , 
V f(x) <0 for (4n—2)x<x<Anz , (6.4) 
n=(0, +1, +2,-:-), 


then the correspondence between x and ¢ is one-to-one for all values of x, and ¢ is a non- 
vanishing regular periodic function of ¢ with period z. By means of (6.2), (6.1) transforms into 
Ar? 


on == Ph sint /+Q)n=0, (6.5) 


where 


\s d2p'/4 
=p) be 
i i 


(6.5) is again a{ Hill equation with regular coefficients and the leading terms are in accord 
with Mathieu equation. For large values of h, only the term J*h?sin?t is dominant except 
in the neighbourhood of t=mnz, where the other terms can be replaced by the values at t=nz. 

For obtaining more refined solutions we should introduce the turning point correction. Let 
us put 


i=t—o . (6.6) 
Here 0 is the value of ¢, for which the bracketed coefficient of y, in (6.5) takes the extremum 
value. Then we can rewrite the coefficient of (6.5) as 
Vea? sin? iat Ria) =V th? film) 5 (6.7) 
where 


aoe AP? 2hp2 ain2 
y = pet h? sin? d+ Q(6) , (6.8) 


aP=Th* cos 20-6 AP ( aa! ) 
2 di? b(t) J, 


1 4/ 
£500), 6.9) 


My F 1959) 
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_and 6 is given by 
Z 
+Ph sin2e—ap?@) 199-9 or = ae A YOU. 6.10 
pate 21 $0) * Ce 


As is easily seen, Ri(x) is a regular periodic function with the zeros of third order at 1=nz 
(n=0, +1, +2,---). As well as in § 3, the rewriting of the coefficient of sin? x is not always 
necessary for proceeding to the higher order approximations, but it gives more accurate solu- 
tions in the neighbourhood of the turning points. Now neglecting Ri(%1) which is small every- 
where, we have approximate solutions of (6.5) in terms of Mathieu functions 


m~M(, +as?; 1), (6.11) 


where M(b, q; x) is the general solution of 


a@M 
dx? 


—(d+qsin?x)M=0. (6.12) 


Introducing the transformations similar to (6.2) again, we can proceed to the second ap- 
proximations. In fact, putting 


sin 4 + | V Fie as Ga Pe fisins t, | 6.13) 
where 
h=\"V Faia 
we have 
a fice 1H? sin? ht Quit) by=0 , 6.14) 
where 


ry ad 1/4 
Q1 = on 1/4 aE é 


(6.14) is again of the same form a (6.5), but Qi and 1/d¢u(4:)—1/¢1(0) are of smaller order than 
the corresponding terms in (6.5), as may be varified by the consideration similar to that in 


§ 3. 


In this way we can proceed to higher order approximations by means of the repetition of 
similar transformations. The eigenvalues for the periodic boundary conditions are also found 
from the corresponding eigenvalues of Mathieu equations. Lagrange’s theorem is useful also 


for this purpose. 


§7. The Uniform Asymptotic Representation in Terms of Mathieu Functions II 
-In this section we consider a Hill equation with two simple turning points in each period 


of the coefficient. | 
When 2 in (6.1) is large, it is convenient to employ the method corresponding to that in 


§ 4. Let us write the equation to be considered as 


@Y pp fiy=0, (7.1) 
me F(x)y 


where f(x) is a regular periodic function with period 2x and has two simple zero in each 


period: 


' 
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S(x+2n)=f (x), f(E+2nn)= f(y+2nz)=0, 1) 

f'(E+2nn)2<0 , Ff’ (n+2nz)><0 , (7.2) 7 

0<E<n<2z. n=0, i 2, ee | 

Further we suppose that | 
fos0 leror "Fare and <0. fOr yt ecm (7.3) | 


Now let us introduce a set of transformations of variables 
El Vsmamadt=F\VF@dx, yawn, d= f]lein 2a), 7.4) 
where 
1=\"V7@ ae, K=\'Vsin 24 dt , (7.5) 
a, 8 and q should be determined by the following relations 
sin 2a—q=0, sin 26—q=0, 0<a<B<a, 


Ott eae Sho fe 
|: V q—sin 2¢ dt \ V f(x) dx (7.6) 


” 


? 


\'va=sin 2t dt |v Fea ax ; 


and the branches of the square roots should be taken in such a way that the correspondence 
between x and ¢ is regular and one-to-one. 
Then we have the transformed equation 


dy, ae 
a — aa sin 2t—q)+ QW} y=0 : (7.7) 
where 
Qn=g fe* (7.8) 


(7.7) is again a Hill equation and can be approximated by Mathieu equation, since # is a 
nonvanishing periodic function. 
We can derive more refined solutions, if we rewrite (7.7) as 


EIU TAK G SH OEP R 
ere (A+a sin 2t+ R(f))yi=0. (7.9) 
Here 2 and a are given by 
A+asin 2a,=R(a;)=0, A+a sin 28,= R(B:)=0 , (7.10) 
where a; and f; are the zeros of 
Alt)= (sin 2t-@)-+ Law (7.11) 
kK? h? : : 


which tend to @ and 8 respectively for hoo. Further if we adopt a suitable coefficient a 
which makes F’(a:) or R’(8:) be zero, the approximation could be more accurate near t=ay, 
or $1. But we cannot say it is a very important procedure. 

The higher approximations can be given by means of the iteration of similar procedures, 
making use of /i(Z) in (7.7) instead of f(x) in (7.1). The increasing of the accuracy of ap- 
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roximation can be verified by a consideration similar to those in the previous examples. 
k Thus it has been shown that a class of Hill equations can be solved asymptotically by 
jmeans of Mathieu functions to any order wanted. 


} In conclusion it will be interesting to remember that Kramers and Ittmann™ have employed 
Mehler’s approximation formulas 


Tet Hf ro+e(YS)4(-Y SI, 


7 ier 


; Sart 
ai F(a)y/1—* dx~0.262 f(0.0495) +0.192 f(0.389)-+0.046 f(0.812) , 
0 cs 
for evaluation of elliptic or hyperelliptic integrals which often appear in the WKB method. 


§ 8. Supplementary Notes on the Local Approximate Expressions 


The approximate solutions of Hill equations which is valid locally, that is, valid only over 
a single period, have been investigated by many authors since Jeffreys applied his method to 
Mathieu equations. Especially for Mathieu equations many useful formulas have been derived; 
without them the practical utility of the methods in the preceding two sections would be 
diminished. But the uniformity of existing asymptotic expressions seems to be incomplete 

even over a single period of the coefficient. Therefore it will be worthwhile to remember 

that the method given in §3 or §4 is applicable to derive the approximate solutions valid 
uniformly over one period of the coefficient. 
We shall begin with some classical facts. Let us consider a Hill equation 


FY _Q4nf(@)y=0, 8.1 
ax 


where f(x) is a regular periodic sunction of period ». According to Floquet’s theory, for a 
set of linearly independent solutions m(x) and w(x) of (8.1) there exists a constant matrix 


A= Ge - , (8.2) 
dz (Ae 
_ for which 
(ius a = (a ee 8.3) 
Ux(x + @) dx, 22) \U2(x) 


The eigenvalues v1, v2 and the trace tr A of matrix A are independent of the selection of 
um (x) and u(x). Floquet’s indices yn and “2 are related to »: and v2 by 


erri=yy , CPZ = Yo , 
and Floquet’s solutions are expressed as 
eM 1"y1(%) ) eM'2®Uo(X) ’ 


where v, and vz are periodic functions with period ». If |tr A|>2, then the solutions of (8.1) 
are unstable; if |tr A|<2, then they are stable; and if tr A=2 or —2, then there exists a 
periodic solution with period or 2w respectively. Thus if we know the solutions over a 
single period of f(x), say 0S, we can continue the solutions to any region by means of 
(8.3). In what follows we assume for simplicity 0<f(*)<1. Now the usual WKB solutions 


are given as follows: 
In the region where 2+? f(x)>0, we have 


fest ie The ax ), (8.4) 
LCT ER TT Cre ae (= \v A+h? f(x) x) 
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and in the region where 4+h?f(x)<0, we have 


1 nile Sa gate a 2 | 
eee F(a) dx ). (8.5) 
I~ Vatei ol exp (ei | VIF F(*)| x) | 


By means of these approximate solutions as well as the connection formulas, we have thed 
following results. 


For 40, 
tr A=2 cosh \Virie raya? (8.6)! 
and all the solutions are unstable. 
For 4<—h?, 
tr A=2.cos \varRrads 8.2) 
hence 


ltr A|X2, 


and all the solutions are stable (this result shows that the WKB approximation cannot re- 
present the narrow unstable regions for A<—h?). 
And for —h?<s«K0 , 


é 


“yitnesa a) ; 
(8.8) 


Bese a eps Ren oe° | RERFGY i i 
tr A cos |" Vth Faia | 2exp (| VAth Flayas )+ 5 exp ( 


where &€ and 7 are the adjacent zeros of 4+h?f(x) and we have assumed that 4+/?f(x)<0 
for E<x<y. For the large values of h (we have assumed so) the bracketed factor in (8.8) is 
large and the stable regions are restricted in the narrow ranges near 4=An, where 2» is 
given by 


|v arne Fer ax=(n a n= Oe (8.9) 
(8.9) gives the asymptotic forms of the stable regions and the eigenvalues for which there 
exist periodic solutions with period w. The breadth of the stable regions are asymptotically 
given from the gradient of 4-tr A curve at A=An. 

When 4 is close to 0 or —h?, we cannot get correct informations by such a simple method 
and we have to apply the method in § 3. 

Here we shall confine ourselves to Mathieu equation 


Oo G+10 sin? x)y=0, (8.10) 


where 4<h?. When 2 is close to zero, the modified WKB transformations introduced in §3 are 


2 


; = \ sin xdx=1—cos x , yo Vivin, bps Bas) lip (8.11) 


0 fe WS 


and the transformed equation is 


Py 2 epee ian - 
oe oe 4 +7P+Q0l n=0. (8.12) 


where 
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yt Ae p\-2 
Qi)=y-M She. (i \- ; 
aha ap He NGlhe Buy USE Yk Sanghi 


Pit eke, B 3 +e ) 
ye 4 = 
d@ "| 4° "64 1—#/8 ' 1024" G—rygp [79° 
} where 
eer? yitteee. 
See ei eet Oya, oe Sy 
Gee ee a a 


(8.14) corresponds to (3.10). 
The region to be considered can be taken as 


ee ee 


i) 


which corresponds to 
= 2S FG 


and in this region ¢ is bounded from zero. 
The first approximate solution of (8.14) is given by 


m~WAV kt), 
where 


gl Hs 
AS Be 


The corresponding approximate value of tr A is 


tr An~—/ 2 P'(—v){Ds(2V &)Dy 2V B+ Dil —2V-F Dy (—2V B)} 5 
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(8.13) 


(8.14) 


(8.15) 


(8.16) 


(8.17) 


which is the formula filling up the gap between (8.6) and (8.8). Making use of the modified 


WKB transformations again for (8.14), we can proceed to higher approximations. 


The con- 


ventional method in §5 is also applicable to (8.14) and the expressions given by Sips? can 


be derived in the neighbourhood of the turning points. 
When 4~—h?, we can treat 


Fate sin? x)y=0, 
dx? 
instead of (8.10). Thus, putting 
7=1-cos so Saad > Lalas a at aay Ba 
we have approximate solutions 
== , il we Ae eee Oa pi 50 cence oy fe meat 
Wm~WHV RF?) Dh ae B= 6? hee h? ae 6A” 
and 
tr A~ = of 29 (-y {Dev B)Dv' VB) + D—2v Dv (—2v , 
7 


which fills up the gap between (8.7) and (8.8). 


(8.18) 


(8.19) 


(8.20) 
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Further if —h?<A<0 in (8.10) or (8.18), we can apply the method in §4 instead of t | 
usual WKB method which does not give any solution over one period in a closed form. Le! 
us write the equation 


a | 
where 
LN Gee sin? 4-7 =sin® xX. 
Then, according to §4, we have 
oy) Oe jut) 8.22) 
4 V 4’—sin? x (2 iy i 
where 
yi ee 1=2|°Va—sin? x de (%o= sin“ A/?) 
y T 0 
and 


t ies) 
EN vicrdt= Fl viasint x ae. 
™ Jo 0 
In this way we can find the approximate solutions of Mathieu or other Hill equations with: 
the turning points of the same character. And the repeated use of similar procedures leads | 
to the higher order approximations without any other special techniques except the turning 
point correction. 


Appendix I Formulas Related to Weber Functions 


Some formulas related to Weber functions are enumerated here. They are useful for the 
treatment of the approximate solutions discussed in the text. When a divergent integral ap- 
pears in the formula, it should be interpreted as the principal value or finite part, that is, 
when /(x) is given as 


VACATE COE sa aS a sl 
x LG 


2, 


where /fo(x) is regular at x=0, then i Ft (x)dx means 
0 


|, Fendx=\haddsten log baa a, ew! 
0 0 


and for a<0, [Fada means 


| fiede= i: folx)dx-+-c-s log 


2 eee 

a Tawa roe er aa : 

Further the notati LO) I) imit exi 

urther the notation pf7~~ 2(0 means lim if the limit exists, and zero if g(0)=0 and 


) &(x) 
F (0)2<0. 


1) Definition and funpamental expressions 
Dx) and Fx) are the linearly independent solutions of Weber’s equation 


d*y ale eee 
ate os 7-0. (1.1) 
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Dika\= 2s Weyer. ay F) ; 52) 
Leyla YY—|) | x1) —2\—3 
4" } ot ered ear paar 
~ —a? y (vel) —)Dy=2)\y= 
D(x) COS yrre~**/4| x| {1 = an Be pe 74. (1.3) 
V Qn =) ene (w+1)(v+2) 


DiO=1(= )e" / r re ) . Ds()=1(— 5) Q0-1/3 / r (- = (1.4) 


a Pe CEE) 
Dinr~erlty i} Te tht ee ae (1.5) 
___ sin? (vz/2) Ke COS* yr /2) 
D0) D,/(0) 0) Dy es arin > (1.6) 
iF (x) Dy(x) —D,'(x) Dx) =| 5 
we Foy Ove. D(x) *__ dx 
D(x) = Bx) \ (Day? DPrkx)= Dats) (Dil)? (n=0.1,-2)- 5) (1.8) 


The simplest special cases are the following functions: 


a 
Do(x) =e , Bixy=e*i | aes 
0 


Da(sy=ert| crrds,  Dils=elt. 
0 
If » is not equal to a positive integer or zero, Dy(x) and D,(—x) are linearly independent 
solutions of (1.1). Therefore we need not Ay(x) except the cases in which yv=u=0, 1, 2, ---. 
In the asymptotic expansion for x—oo the exponentially decreasing part is meaningful only 
in the cases in which » is sufficiently close to an integer. 
2) Recurrence formulas 

The following forms of recurrence relations are convenient for integration or other opera- 
tions. 


D,Dy=DoDyiityDoDy-1=2D0Dy +2vDoDy-1 ; (1.9) 
2D =Dya—v Dy 5 (1.10) 
-£_(DpD,)=—DoDvas 5 DoD, =|" DeDresde ) (1.11) 
Gage Ny Ds (1.12) 
dx ( Do ) ‘ Do ; 
d ( iL \= Dy Du—pDyDy-1 : (1.13) 
dx DyDu D,2D¥ 
Di <( Dy ) =»DpDr-1— UD -Dy-r=DiDunr—YDeDres ’ (1.14) 
dx \ Du 
fAD»Dy) ee = Di Dt Dias (1.15) 
x . 


DyDyusi=Dy(DyiitvDy-1)— #Dp aD» ’ (1.16) 
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DrDu=Do > k} ( ae ( - \Drem-s (m=integer) , 
é=0 k k 


£"Do=D,y+ 2D p,_, 4. 2=VN—Aln—-3) pa. 
2-4 
n! 
Cayo? 
+ 
n! 
{(n—1)/2}!2@¢-Y/2 


(n=even) 


(n=odd) 


Di, Dnr=Do Prniat(nt+ Do PAn+i 5 
2D =— (ntl) Dasit Dri ; 


f(D Dr)= Atpica, 


d Dn Ss. Bors Fangs) 
== = (n=integer) . 


dx \ Do Do 
3) Related functions 
D,®(x) and Fy (x) are the particular solutions of inhomogeneous equation 


d’y le oe ip RGee) (0)( 7) — 
Gat (Pty P= DEM), — Ds) =D(a)) 
and 
2 2 
a ( $F = DOO), (DyO(x)= Dx) 
respectively. We have 
Dix one Dox) 


BM) = 5 FR, 


DD, ={ Dyn + vDy 1 + Dyas Y}Dap , 


ax 


Dix) = Die)” aoe 


cae Dol %2)Dy®-D (x5) . 
4) Integral formulas 


c= 1)\" D,Dudx=DiDy’— Dy Dy 


=) x dx, — Dulx) D,(0) 
Dy x2 mee) 2= 
4 oy, (Dix rear ETD at ae 
Coe 7 (Dy(x))"dx=Di*)Dy-a(0)+vlya(e) 
ip Ont De Dy D(x) 
DiS | yp {= Dor El Oe) 
I,(0) = / Fn! 


L(0) = Baar art sin zy € ( + )-“(e+3»))} , 
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(1.17) | 


(1.23) 


(1.24) 


(1.25) 


(1.26) 
(1.27) 


(1.28) 


(1.39) 


(1.30) 


(1.31) 


(1.32) 


An Improvement of the WKB Method and Hill Equations 1795 


| 5) Zeros and extrema 


| 


D,(x) has no zero in x>2y es v is real. 

When n<v<n-+1, where n=0, 1, 2, ++, then D,(x) has m zeros and at most only one of 
eee: 1/2 

! them lies in x<—2(y ) . If »<0, D(x) has no zero. 


The zeros of D, and Qy are simple and distributed alternatively. 


If v is larger than and sufficiently close to m=0,1,2,---, then Dy has a large negative 
zero, which is asymptotically expressed as 


|x] ~2k-+ (2n+1) log b+ PED tog gp. s, (1.33) 
| where 
| k=—log(2-"/n-Winly),, ov’ =v—n, 
) If » is smaller than and sufficiently close to n=0, 1, 2, ---, then |D,| takes minimum value 


| at *=%m, where xm is asymptotically expressed as 


bt ly a Ont Log SREY loo eae (1.34) 
: where 
kh’ =—log (2-"?7-V2y ly’) , Y= 


Appendix II Inversion of Transcendental Functions 


For calculation of various quantities appearing in the turning point correction and for ap- 
proximate determination of eigenvalues, we need inversion of transcendental functions and 
substitution of a transcendental function into another. For this purpose the theorem due to 
Lagrange* is very useful. According to it, if 


Beane Gn erie 


then under a suitable condition we have 


fO=f@tE 2 @W@y". (11.2) 
As a special case of this theorem we see that if 
w= o(z)— Egr(z) (11.3) 
and 
go(Zo)=wW, Go (Zo)><0, (11.4) 


then we have 


Giza ie wale. Ce/Gr2)\ (eV ed V(r IL5 
(ear ae mae 2! go’ (Zo) dzZo ae ) ey ae dzo ) ae + so 


For example, let us consider 
h?6—Q(6)=0 (11.6) 


or 


* E, T. Whittaker and C. N. Watson: A Course of Modern Analysis (Cambridge, 1927) 182. 
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which appeared in (2.8) in the text. 
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d—EQ(d)=0 , 


w=0, 


in (11.3) and we have 


12) 


dQ)*(6) 
do 


Q0) , & 
a a I 
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Further Investigation on the Transition of Two-Dimensional 


Separated Layer at Subsonic Speeds 


By Hiroshi SATo 
Aeronautical Research Institute, University of Tokyo 
(Received August 3, 1959) 


Experiments have been made on the artificially excited transition of 
two-dimensional separated layer at subsonic speeds. The response char- 
acteristics of laminar layer to the sinusoidal external disturbances are 
found to be in good agreement with theoretical calculations based on the 


Orr-Sommerfeld equation. 


The effect of excitation becomes maximum 


when the frequency of external excitation coincides with that of naturally 


excited sinusoidal velocity fluctuation in the laminar layer. 


No remarka- 


ble abrupt turbulent bursts are found in the transition region. The 
wave-form of velocity fluctuation changes gradually from sinusoidal to 


irregular patterns. 


Introduction 


ct. 


On the natural transition of two-dimensional 
separated layer, experimental investigations 
were carried out and reported by the present 
author in 1956. In the transition region 
were found sinusoidal velocity fluctuations 
which were apparently caused by the dynami- 
cal instability of extremely small disturbances 
in the laminar layer. The non-dimensional 
frequency of the fluctuation lied inside the 
theoretical unstable zone. The author pre- 
dicted that the sinusoidal fluctuation might 
correspond to the one which received maxi- 
mum amplification in the linearized theory. 


At that time, however, it was not possible ~ 


to confirm this prediction since theoretical 
and experimental results were still wanted. 

Since then, in the theoretical phase, Lessen 
and Fox») extended Lessen’s earlier work on 
the neutral disturbances in the separated 
layer® to the unstable cases assuming infinite 
Reynolds number. The wave speed and 
amplification rate of small disturbances of 
various wave numbers were determined by 
numerical calculations. 

_ The present experimental program has been 
started in order to make more detailed com- 
parisons with these theoretical results. The 
laminar separated layer is excited by sound 
from outside. The wave speed and amplifica- 
tion rate of excited velocity fluctuation are 
measured. Some features in the mechanism 
of transition are also clarified. 

The author appreciates discussions and 
advices given by the Turbulence Research 


Group in Japan which has been conducted by 
Professor Itiro Tani. Acknowledgement is 
extended to Messrs. Y. Onda and S. Kyoya 
who were helpful in carrying out the experi- 
mental program. 

This work was financially assisted by a 
grant-in-Aid for Fundamental Scientific Re- 
search from the Ministry of Education. 


§2. Experimental Arrangement 


Experiments have been carried out in a 20 
cm by 60cm low-turbulence wind-tunnel at 
Aeronautical Research Institute (which super- 
seded Institute of Science and Technology in 
1957). Most of the experimental arrangement 
and technique used in the present work have 
been described in reference 1. 

The separated layer is created by the 
separation of laminar boundary layer along a 
flat plate from a 90-degrees rear-edge. Details 
of test-section are shown in Fig. 1. The 


SSS HHT 
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Fig. 1. Dimensions of plate used for excited 
transition of separated layer. (This plate cor- 
responds to “Plate III” in reference 1). 
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main-stream velocity could be changed from 
3 to 30m/s. However, the general features 
of transition process have been found not to 
be influenced by the Reynolds number in the 
above wind-speed range if each quantity is 
properly non-dimensionalized. Therefore, 
most of the detailed measurements have been 
made at one wind-speed, 10m/s. The longi- 
tudinal turbulence level of main-stream at the 
speed is 0.08 percent. Measurements of mean 
and fluctuating velocities have been made by 
hot-wire anemometers. The over-all frequen- 
cy response of electronic equipment for the 
hot-wire is flat from 20 cps up to 20,000 cps. 
The spectral component of velocity fluctuation 
is observed by using a narrow-band RC-type 
band-pass filter. The output from amplifier 
is recorded by taking pictures of screen of a 
dual-beam cathode-ray oscilloscope. 

The artificial excitation is realized by the 
sound from a 10-watt loudspeaker placed 
facing the test-section. The survey of sound 
field by a small microphone has proved that 
the intensity of sound is uniform in the test- 
section. No noticeable reasonance effect has 
been found in the frequency range from 30 
to 800 cps. The background noise level 
determined by a standard noise-meter was 62 
decibels* at the main-stream velocity, 10 m/s 
and the maximum intensity of sound from 


MM WITH SUB-HARMONICS 
Op SINUSOIDAL pee se 
eas > 5 
Pe ———™ \ 
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- - ss 
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™~ 
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Fig. 2. Map of patterns of velocity fluctuations. 


frequency of fluctuation is roughly propor- 
tional to 3/2 power of mainstream velocity. 
The fluctuation increases the amplitude and 
develops into turbulence further downstream. 
Fig. 2 gives a crude idea on the extent of 


* Decibel is the standard scale of sound intensity. 
0 decibel=2x 10-4 dyne/cm?2. 
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loudspeaker was around 100 decibels at the | 
test-section. it 

The two-dimensionality of flow in the transi- | 
tion region was confirmed by the mean-velocity | 
survey. 

The over-all accuracy of measurement is 
estimated to be around 5 percent in most 
cases. In some special measurements, how- 
ever, the accuracy might be poorer mainly 
because of the difficulties in reproducing the 
flow field. For example, the frequency of 
sinusoidal fluctuation varies around +5 percent 
by some unknown causes. Since the origin 
of so-called natural transition is untraceable, 
some scatter of experimental data is unavoida- 
ble. There are many experimental conditions 
which might be responsible for the poor 
reproducibility of flow, such as room tempera- 
ture, back-ground noise, slight vibrations, etc. 


§3. Experimental Results 


The results obtained in the previous expe- 
riment on the natural transition? are sum- 
marized as follows: 

The boundary layer on the flat plate before 
separation is laminar and has the well-known 
Blasius-type velocity distribution. After the 
separation, the layer remains laminar in some 
distance and then appears the velocity fluctua- 
tion of a regular sinusoidal wave-form. The 


SINUSOIDAL 
WITH EXCELLENT 
WAVE-FORM 


WITH SUB-HARMONICS 


(e) 20 40 50 


Us=15.0 M/S Sent 


Uo: main-stream velocity. 


region where the sinusoidal fluctuation is 
found. Inside a shaded region the wave-form 
is sinusoidal. Inside a small region enclosed 
by a full line, the amplitude of fluctuation is 
very small and the wave-form is not sinu- 
soidal. There is also a region where the 
fundamental sinusoidal fluctuation is accom- 
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_ panied by a sub-harmonic component. No nature of velocity fluctuation is given in the 
remarkable turbulent burst has been found in following sections. 

the transition region of separated layer. A The increase of thickness of separated layer 
| detailed discussion on the above-mentioned is gradual as far as the layer remains laminar 


X=130 MM 


Y MM Y mu 


Fig. 3. Fffect of excitation on mean-velocity distribution. Main-stream velocity 10.0 m/s. Frequency 
of excitation 240 cps. 
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Fig. 4. Development of u-fluctuation in natural transition. Main-stream velocity 10.0m/s. Time mark 
between dots 0.01 sec. 
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and becomes remarkable when the velocity +35 DB means that the total sound level at I 


fluctuation appears in the layer. 

The effect of excitation on the transition 
depends strongly on the intensity and fre- 
quency of incoming sound. Generally speak- 
ing, the effect becomes noticeable as the 
intensity of sound is increased and is most 
pronounced when the frequency of sound 
coincides with that of above-mentioned natu- 
rally-excited sinusoidal velocity flucutuation. 
When these two frequencies are far different, 
the effect of excitation is hardly observed. 


3.1 Mean-velocity distributions 


The artificial excitation does not change so 
much the general feature of mean-velocity 
distribution. Fig. 3 shows an example. The 
frequency of exciting sound is 240 cps which 
is the frequency of naturally-excited fluctua- 
tion. The parameter for three curves is the 
intensity of incoming sound. For example, 
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Fig. 6. Development of u-fluctuation with excitation 250 cps. 
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the test-section is 35 decibels above the back- 
ground sound noise. The origin of co-ordinate 
is the separation point and X- and Y-axis are 
parallel and perpendicular to the main-stream, 
respectively. The broadening of layer due to 
excitation is evident at two stations, X=35 
mm and X=70mm. This broadening might 
be caused by the high-intensity velocity 
fluctuations induced by sound. At X=130 
mm, the effect of excitation is hardly detected. 
Stations X=35mm and X=70mm lie inside 
the region of sinusoidal fluctuations as shown 
in Fig. 2. On the other hand, the layer is 
turbulent at X=130mm. Fig. 3 suggests that 
at X=130mm, some sort of energy equilibri- 
um has been reached and this equilibrium is 
universal regardless to the process of transi- 
tion. 
3.2. Wave-forms of velocity fluctuations 

Fig. 4 shows patterns of u-fluctuations at 
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| various points in the layer without excitations. 

| At X=30mm and 50mm, regular sinusoidal 
| wave-forms are observed. At X=70 mm, the 
| fluctuation of half frequency prevails at 
-Y=4mm and 8mm. The turbulent pattern 
| appears at X=100mm. The intermittent burst 
| is not so noticeable as found in the boundary 
| layer along a solid wall. 

The effect of excitation on the wave-form 
| is illustrated in Fig. 5. The frequency of 
} natural fluctuation is 240 cps. The effect of 
| excitation is obvious for all cases. It should 
| be remarked here that the output from hot- 
wire anemometer due to the sound itself is 
_ very small and negligible comparing with 
} signals due to induced velocity fluctuations. 
| With excitation frequency from 185 to 280 
| cps, the frequency of induced fluctuation 
| coincides with that of incoming sound but 
| with 310 cps, the sub-harmonic (155 cps) fluc- 
tuation is also induced. 

Patterns of excited u-fluctuation at various 
positions are reproduced as Fig. 6 in a wide 
range of X and Y. The frequency of excit- 
ing sound is set equal to that of natural 
fluctuation—250 cps in this case. At X=20 
mm, Y=0, the wave-form is purely sinusoidal. 
At X=35mm, Y=lmm, some distortion is 
observed. At X=50mm, Y=—1lmm, the 
sub-harmonic component of half frequency 
and the harmonic component of doubled 
frequency are evidently shown. In three 
traces at X=70mm, the predominant fre- 
quency is 125 cps. At X=130mm and 200 
mm, no particular frequency is observed any 
more. The intermittent burst is hardly point- 
ed out in any trace. The variation of wave- 
form is gradual. 


3.3 Distribution of velocity fluctuations 

The effect of excitation on the intensity of 
velocity fluctuation is shown in Fig. 7. As 
the intensity of sound is increased, the value 
of V#/U» increases uniformly at various Y- 
positions and its distribution’ remains nearly 
similar. When excited with a sound of +35 
decibels, the intensity of fluctuation becomes 
4 times the initial value. This fact suggests 
that the intensity of velocity fluctuation in the 
so-called natural transition region is influenced 
very much by the experimental arrangement, 
especially by the intensity and spectrum of 
sound noise at the test-section. Schubauer and 
Skramstad have already pointed out that the 
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transition point in the boundary layer on a 
solid wall can be moved at will by varying the 
frequency and intensity of exciting sound?). 

The extraordinary large value of V #/Up at 
Y=—2mm, for the excitation by the sound 
of +35 decibels is due to the particular 
amplitude distribution of certain spectral com- 
ponent. This point is made clear in the 
following section. 
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Fig. 7. Effect of excitation on velocity fluctua- 
tions. Main-stream velocity 10.0m/s. X=30 
mm. Excitation frequency 240 cps. 


3.4 Spectral components of velocity fluctua- 
tions 

Details of velocity fluctuation are revealed 
by the observation of spectral components. 
For instance, the energy spectrum such as 
shown in Fig. 8 is a quantitative representa- 
tion of wave-form of fluctuation shown in 
Fig. 4. Although the definition of energy 
spectrum is somewhat ambiguous when a 
predominant frequency exists in the fluctua- 
tion, the energy spectrum in Fig. 8 is based 
on the usual way of definition, namely, u;? 
is the mean value of energy per cycle per 
second. This treatment might be justified by 
the fact that in the case of natural transition, 
the wave-form of fluctuation is not purely 
sinusoidal and the spectrum around the pre- 
dominant frequency has some distribution. 
The scale for my? in the figure is taken 
arbitrary, while relative values at three 
different stations are expressed correctly. At 
X=35mm, Y=1mm, there exist a high peak 
at 240 cps and another peak at about 500 cps. 
The latter apparently corresponds to the 
harmonic component. At X=70mm, Y=1 
mm, two peaks are clearly observed, one at 
240 cps and the other at 120 cps correspond- 
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ing to the sub-harmonic component. At 
X=130mm, Y=0, no particular peaks are 
present. 

It is now obvious that three spectral 


components are significant. They are funda- 
mental, sub-harmonic and second-harmonic 
components. We are now to investigate the 
distribution of these components in X- and 
Y-direction. Fig. 9 shows some results ob- 
tained by measuring spectral components at 
various X-sections with the tuning frequency 
of band-pass filter fixed. The frequency of 
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Fig. 8. Energy spectrum of u-fluctuation without artificial excitations. 


(2 


Hiroshi SaTo 


af af if 
SUB. |FUND. 2ND. 


70 100 200 
FREQ. 


ct 


exciting sound is kept at 242 cps which is they 
frequency of naturally-excited fluctuation. | 
The level of excitation is either +15 decibels 
or +35 decibels. “+0 DB” means that nol 
artificial excitation is applied. The absolute# 
value of root-mean-square, V wy? is not sig-4 
nificant. Only the relative value with the: 
same tuning frequency is to be compared. | 
Generally speaking, with excitation level +159 
decibels, the amplitude of spectral component: 
is increased uniformly, keeping the similar’ 
distributions with those in the natural transi- | 
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me tion. 


At X=20mm, the increase of funda- 
mental component due to excitation is 
remarkable. The ratio of values of Va 
with excitation +35 decibels and +0 decibels 
reaches around 30, while harmonic and sub- 


_ harmonic components are much less affected 


2 


Transition of Separated Layer 


1803 


by the excitation. At X=35 mm, components 
of 121 cps and 484 cps become larger and 
moreover, distributions have maxima at about 
Y=-—1mm where the fundamental component 
is nearly zero. Thus it is clear that the 
wave-form near Y=—1mm suffers from con- 
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Fig. 9 (B) Distribution of harmonic component (484 cps) with excitation 242 cps. 
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Fig. 9 (C) 


Fig. 9 (C) 


siderable distortions. This explains the fact 
that no sinusoidal pattern is observed inside 
the small region shown in Fig. 2. The some- 
what curious distributions of fundamental 
component at X=20mm and 35mm are ex- 
plained in the next section in connection with 
theoretical results. 

At X=70mm, distributions of fundamental 
and harmonic components are completely 
altered by the intense excitation. With the 
excitation level of +35 decibels, the maximum 
values of fundamental and harmonic com- 
ponents are reached at X=35mm, while the 
sub-harmonic component has a maximum at 
X=70mm. It is now apparent that the 
fundamental and harmonic components have 
a close relationship with each other. The 
generation of harmonic component might be 
the result of remarkable increase of the 
amplitude of fundamental component. On the 
other hand, the physical process in the devel- 
opment of sub-harmonic component is not 
well-known. At X=130mm, the effect of 
excitation is small. This fact again suggests 
that the energy equilibrium is almost accom- 
plished there. The layer is, therefore, called 
s “fully turbulent ” at X=130mm and further 
downstream. 
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Distribution of sub-harmonic component (121 cps) with excitation 242 cps. 
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Fig. 10. Growth of spectral components in loga- 
rithmic plot. Upy=10.0 m/s. 


The growth of spectral components in X- 
direction is shown in Fig. 10 in a more direct 
way. This is actually a plot of maximum 
value of Vay? at each X-section with various 
excitation frequencies. The tuning frequency 
of filter is always set equal to the frequency 
of exciting sound. The general trend of four 
curves is the same, that is, in a semi- 
logarithmic plot, V #7? increases linearly with 
X when X is not large, then it deviates from 
being linear, reaches maximum and decreases. 


Since it was confirmed experimentally that 


“similar at various X-section as far as 
| logV a” is linear to X, the gradients of those 
| Straight lines give the rate of exponential 
} growth. It is easily observed that the rate 
| is maximum for the component of frequency 
| of naturally-excited fluctuation—248 cps in 
} this case. The quantitative discussion coen- 
} cerning the rate of growth is given in the 
following section. 


An important subject in the stability theory 
of laminar flow is the neutral curve which 
| discriminates the unstable zone from the stable 
zone, for instance, in the wave number- 
Reynolds number diagram. The frequency 
of neutral oscillation is to be determined 
experimentally by the use of present method 
of artificial excitation. When the amplitude 
| of certain spectral component is not increased 
by the artificial disturbance of the same 
frequency, the disturbance is either damped 
or in neutral equilibrium. Therefore, the 
limit of amplification of artificial disturbance 
gives the neutral oscillation. Some results 
in the laminar separated layer are shown in 


Fig. 11, in which Va@y2 and Van? denote 
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Fig. 11. Determination of the frequency of neu- 
tral oscillation. 


root-mean-square values of spectral component 
of frequency f with and without excitation, 
respectively. ac, is the frequency non- 
dimensionalized by the main-stream velocity 
U) and the momentum thickness @ which is 
calculated by 
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Points for various wind-speeds drop on a 
single curve. When V a@y.2/V dyn? is larger 
than 1, the external disturbance is amplified 
and the limiting point on the abcissa at which 
V ts-?/V an? approaches 1, corresponds to the 
frequency of neutral oscillation. An arrow 
in the figure indicates the theoretical predic- 
tion for the neutral frequency at infinite 
Reynolds number given by Lessen®), The 
agreement between experimental and _ theore- 
tical results is good. 


§ 4. 


As a first step of comparing above-men- 
tioned experimental results with linearized 
theory, the mean-velocity distribution is con- 
sidered. In the previous report, the measured 
mean-velocity distribution of laminar spearated 
layer has been proved to be in good agreement 
with the theoretical, so-called “ similar distrib- 
ution” when U/U» is plotted against Y/0». 
The agreement is also good for the present 
case with artificial excitations. 

The existing linearized theory of small dis- 
turbance is based on the similar distribution, 
and the stream function of disturbance ¥ is 
given by 


Comparison with Linearized Theory 


VY = 9(y) exp 1a(x—ct) 

where ¢ is the amplitude function and @ is 
the wave number. c is usually a complex 
number expressed by c=cr+ici. cr is the 
wave speed in X-direction and ac is the 
amplification rate with respect to time. x, y 
and ¢ are non-dimensionalized coordinates by 
the use of momentum thickness of layer 0 as 
a reference length and main-stream velocity 
Uy as a reference velocity. Eigenvalues a, 
cr and c; and eigenfunction ¢g(y) is to be 
determined by the Orr-Sommerfeld equation 
For the 
comparison of experimental results with the 
theory, x- and ft-axis is related as x=crt. 
Then ac, is the non-dimensional frequency 
and aci/cr is the special rate of amplification— 
amplification rate along X-axis. Since ar, Cr 
and ac/c, are directly deduced from the 
measurements, these are taken as_ three 
eigenvalues. Concerning the amplitude func- 
tion, v’(y) is compared with the distribution 
of spectral components of u-fluctuation. 


The frequency of sinusoidal fiuctuation 
found in the case of natural transition is 


1806 


plotted in the non-dimensional form in Fig. 
12, where ac-=27f0/Uo, 9 being the momen- 
tum thickness at the section where the fluctua- 
tion is found. Whole data are actually taken 
from the previous experiment”. In the figure, 
Plate I, II and III denote three “ boundary- 
layer plates” with different length as ex- 
plained in reference 1. The neutral curve 
in this figure was obtained theoretically by 
Lessen®. It is worth while to note that the 
theoretical value of ac; for neutral disturbance 
changes quite little with respect to Reynolds 
number within the range of experiment. 
This fact justifies that the present experimen- 
tal results obtained at pretty high Reynolds 
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number might be compared with theoreticai 
results calculated for infinite Reynolds number} 


In the right of figure, the spacial rate i 


amplification aci/cr obtained by Lessen anc 


against acy. From Fig. 12, we conclude that) 
the naturally-excited sinusoidal fluctuation iss 
theoretically unstable and moreover, it receives: 
maximum amplification among various dis-) 
turbances in the laminar layer. | 


The second eigenvalue c,, the propagation 
velocity of sinusoidal fluctuation is plotted] 
against ac, in Fig. 13. Most of the data are} 
obtained with artificial excitations. The pro-{ 
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Fig. 12. Comparison of theoretical and experimental results on the frequency of sinusoidal fluctuations. 
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Fig. 13. Propagation velocity of 
Sinusoidal fluctuations. 


Fig. 14. Spacial rate of amplification 
of sinusoidal fluctuations. 


described in reference 1. The accuracy of 
mining Cr is affected much by the dis- 
‘tortion of wave-form of fluctuation and unfor- 
| tunately, some distortion was inevitable since 
| sometimes two hot-wires had to be placed 
| with separation of 10mm in order to obtain 
a sufficient phase lag. Thus the accuracy of 
measured value of c,; may be around 15 
percent. Considering this situation, the ex- 
perimental results at three main-stream ve- 
| locites show a reasonable agreement with 
theoretical predictions given by Lessen and 
Fox for infinite Reynolds number. 


tion aci/cr is shown in Fig. 14. The rate is 


; The comparison of spacial rate of amplifica- 
: calculated by a relation, 


V ty? (x1) exp Aci: (t2—th) =V U7? (Xs) . 
as proposed by Schubauer and Skramstad*. 
Assuming the relation between time and 
distance as %2.—%=(fz—h)cr, the spacial rate 
of amplification becomes 
aa__ 4 
Cr Xa— 


V Ui? (Xs) 
V a7 (%1) © 

It is noticed here that in the present case 
the excitation by sound is not local but dis- 
tributed in the whole flow field. However, 
since the growth rate of fluctuation is very 
large, the fluctuation directly caused by the 
sound at sections of measurement is very 
small compared with the fluctuation resulted 
by the amplification of excitation given further 


log 


om 
THEORETICAL is p 
NEUTRAL 


Cah 


Rigeelo: 


Transition of Separated Layer 


‘layer thickness. 


1807 


upstream. Therefore, there is no essential 
difference between loca! and distributed ex- 
citations in the case of separated layer. 

The rate of amplification is calculated from 
the data shown in Fig. 10 and compared with 
theoretical results in Fig. 14. The agreement 
of measurement and theory is satisfactory. 

These three quantities, acr, cr and aci/cy 
make a complete set of eigenvalues in the 
linearized equation of small disturbance. The 
wave length of sinusoidal fluctuations in the 
natural transition calculated from ac, and cy 
is about 30 in @ unit. Considering that the 
whole thickness of separated layer is about 
60, the wave length is around 5 times the 
These numbers may find 
some practical use. 

The distribution of amplitude of sinusoidal 
fluctuation is shown in Fig. 15. Measurements 
were made without artificial excitations, tun- 
ing the filter with the frequency of natural 
fluctuation. The root-mean-square values of 
spectral component at X=35mm and 70mm 
are plotted against y=Y/@ taking maximum 
value as unity. These experimental distribu- 
tions are, therefore, those of amplified oscil- 
lations and quite unfortunately, the theoretical 
calculation on the amplitude function for 
amplified oscillation is not available. Thus 
the direct comparison is not possible. In the 
figure, ¢’(y) for neutral oscillation for infinite 
Reynolds number is shown. The theoretical 
distribution becomes zero at about y=0.4 and 
a 180-degrees phase reversal takes place at 
the point. For the experimental distribution, 
such a sharp phase reversal is not possible, 


Amplitude function of sinusoidal velocity fluctuation, 
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since in the case of amplified oscillation the 
phase gradually changes in Y-direction. Nev- 
ertheless, a large phase shift is observed 
around y=—2.3 for the distribution at X=35 
mm. Curious distributions as shown in Figs. 
7 and 9 (A) at about Y=—1lmm are mainly 
due to this large phase shift in the funda- 
mental component. 

Since g’(y) for amplified oscillation can be 
pretty different from that of neutral oscilla- 
tion, no concrete conclusion is drawn from 
Fig. 15. It might be a misunderstanding if 
one states that at X=70mm the theoretical 
and experimental distribution is in fair agre- 
ement. In fact, at X=70mm, the growth of 
V a7? in X-direction is no more exponential. / 
The computation of amplitude function for 
the amplified oscillation is wanted in order to 
make more detailed discussion. 


A general view of whole flow field was 
obtained by taking a picture of stream-lines 
in a water tank. A plate similar to the one 
used in the wind-tunnel experiment was held, 
fixed in a moving stream. Fine aluminum 
powder was scattered on the surface of water 
for the visualization of flow. Fig. 16 shows 
a single row of vortices in the separated layer. 


ae 


Fig. 16. Picture of stream-line of separated layer 
taken in a water tank, main-stream velocity, 
10cm/s. Flow from left to right. 


Only three vortices are visible since vortex 
is destroyed further downstream. This kind 
of configuration of vortices is equivalent to 
the distribution of amplitude shown in Fig. 
15. By a rough estimate, the wave length— 
distance between two adjacent vortices—is 
about 35 times of momentum thickness of 


layer. This number coincides well with that 
observed in the wind-tunnel by hot-wire 
anemometers, 
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§5. General Feature of Transition Region | 


The sinusoidal velocity fluctuation in th 
separated layer is weak at first and is amplifie 
as the distance downstream is increased. The 
growth of disturbance is exponential as far 
as the amplitude remains small. As the 
fluctuation is amplified more, it graduallyy 
changes its wave-form and at the same time,, 
the growth of amplitude becomes more gradual 
than being exponential. This is clearly i- 
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Fig. 17. Logarithmic plot of maximum intensity 
of velocity fluctuation. 


the maximum value of fluctuation level at 
each X-section is plotted against X. The 
growth is nearly exponential until (V @/Uo)max 
reaches about 0.03. This linearity limit 
indicates a point where the non-linear interac- 
tion of velocity fluctuations begins. Before 
the linearity limit is reached, each Fourier 
component of fluctuation grows independently 
each other. Beyond this linearity limit, the 
conventional linearized equation is no more 
valid and the non-linear interaction should be 
taken into account. Since the interaction 
characterizes the turbulent motion, this point 
where the non-linearity begins, may be ap- 
propriately called “transition point”. This, 
however, does not mean that the transition 
takes place at a point. This definition of 
transition point seems to be more definite and 
reasonable than other definitions. In refer- 
ence 5, it is shown that the same definition 
is also applicable for the two-dimensional jet 
as well as the boundary-layer along a flat 
plate. 


The transition distance determined by the 
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| above definition is approximately in agreement 
i, with those determined in reference 1 in two 
i ways, one from the growth of thickness of 
li! layer and the other from the energy of 


velocity fluctuation integrated throughout the 


ih, layer. 


Thus the flow field is classified into four 
regions, namely 
(1) Laminar region—There exist no velocity 
fluctuations. 
Linear region—The two-dimensional sin- 
usoidal fluctuation grows exponentially. 
Non-linear region—Non-linear interaction 
and the three-dimensionality of fluctua- 
tions are remarkable. 
Fully-developed turbulent region—Ener- 
gy equilibrium is reached. 
This classification is applicable for other 


(2) 
(3) 


(4) 


types of flow which involve transition. 


The intermittent burst is not clearly ob- 
served in the separated layer. It is true that 
the amplitude of flucuation does not always 
remain constant, but the change of amplitude 
does not necessarily mean the existence of 
turbulent spot. In fact, the abrupt change of 
amplitude is not remarkable and the particular 
pattern of turbulent spot as shown in reference 
6 is not cbserved. As described in reference 
5, the intermittent turbulent burst was not 
observed in the transition region of two- 
dimensional jet. Considerations given in 
reference 5 on this point can be applied for 
the present case. 

The effect of artificial excitation in the 
transition region is summarized as follows: 

The transition point shifts upstream as the 
intensity of excitation is increased. This shift 
is most remarkable when the frequency of 
excitation coincides with that of naturally- 
excited fluctuation. The maximum value of 
fluctuation in the transition region is ap- 
parently increased by artificial excitations. 
The excitation sometimes changes the distri- 
bution of spectral components as shown in 
Fig. 9. Because of these effects, resulting 
wave-form of fluctuation in the transition 
region becomes sometimes very curious as 
shown in Fig. 6. These all are results of 
non-linear interaction among spectral com- 
ponents of different wave length as well as 
components in different directions. Moreover, 
the dissipation of energy due to viscosity 
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becomes significant when the amplitude of 
fluctuation becomes large although the viscous 
effect is negligible for the velocity fluctuation 
in the linear region. These complicated 
situations in the non-linear region can not be 
expressed in a simple formulation, and at 
present, little is known about the mechanism 
of non-linear interaction theoretically. In the 
fully turbulent region, the artificial excitation 
gives no significant influence. 

If we observe from a proper system of co- 
ordinates, the sinusoidal fluctuation found in 
the separated layer is a row of vortices as 
shown in Fig. 16. At the same time, the 
vortex street formed behind a cylinder is 
nothing but the sinusoidal velocity fluctuation 
if the observation is made by the use of a 
hot-wire anemometer. Therefore, there are 
no essential difference between vortex street 
and sinusoidal fluctuation. Sinusoidal fluctua- 
tions already found in the boundary layer 
along a flat plate and in the jet are similar 
in many points. The fluctuation in the 
separated layer obviously belongs to the same 
group. The vortex street formed behind a 
cylinder is different from these three as 
mentioned in reference 5. 

There are slight distinctions between the 
boundary layer along a flat plate and the jet 
in the nature of transition». The separated 
layer and the jet are much alike and they 
belong to a same family—the free boundary- 
layer. A more extensive discussion on the 
general feature of free boundary-layer is found 
in reference 7. 


§6. Conclusion 

(1) The sinusoidal velocity fluctuation 
found in the separated layer corresponds to 
the disturbance which is unstable and receives 
maximum amplification in the linearized the- 
ory. 

(2) Small disturbances superposed on the 
laminar separated layer grow exponentially 
as far as their amplitudes remain small. The 
propagation velocity and the rate of amplifica- 
tion of these disturbances are determined 
experimentally and they are in good agreement 
with results of the linearized theory. 

(3) The transition point is defined as the 
limiting point of exponential growth of velocity 
fluctuation. This point divides the transition 
region into two parts, linear region and non- 
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linear region. 

(4) The turbulent bursts in the separated 
layer are much less remarkable than those 
found in the boundary layer along a flat plate. 
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The fundamental equation for the steady axisymmetric flow of an in- 
compressible inviscid fluid is expressed in a complex form as: 


ORS GF i 
Oe ae — 0) A 
We here replace this by the following approximate equation: 
? Fy-1—-Fy=1 j= ; 
Fy= {Za +9n) » 


26-0) 


where F’y and Fy-; are the Nth and the (N—1)th approximations of 
the complex velocity potential F’ respectively, and gwy(¢) is an appro- 
priate complementary function of ¢. Treatment of this equation is very 
simple and its validity is ascertained by numerical calculations for the 
cases of a sphere and prolate spheroid for which exact solutions are 


already known. 


In the case of a sphere, approximate solutions conver- 


ge uniformly to the exact one, while in the case of a prolate spheroid 
it is seen that the velocity potential on the surface is rather rapidly im- 


proved step by step. 


Introduction 


§1. 

One of the most important problems in 
hydrodynamics is to know the velocity distri- 
bution around a body placed in a uniform 
flow. For an incompressible perfect fluid it 
is possible to obtain the velocity distribution 
around a two-dimensional body with any sec- 
tional form by the method of conformal 
mapping. In the three-dimensional problem, 
however, even for the flow around an axisym- 


metric body with very simple sectional form, 
no general and simple method exists, except 
for the so-called slender-body theory, the 
method of sources and sinks, etc. 

In 1953 Imai proposed an ingenious simple 
method by the use of complex variables for 
treating axisymmetric flows.» On the surface 
of a sphere, the velocity distribution obtained 
by Imai’s method agrees perfectly with the 
exact one, but in the case of a prolate sphe- 


"| 1959) 


) ‘Toid agreement becomes worse as the eccen- 
tricity increases. Moreover, at a point not on 
l “the surface the agreement is not good even 
‘in the case of a sphere. 

In the present paper, we develop, by extend- 
ing Imai’s method, a general method of suc- 
cessiveTapproximations to derive the velocity 
distribution of higher order for the whole 
field of flow around an axisymmetric body 
with arbitrary shape. 


§2. Fundamental Equation 


We consider the steady flow of an incom- 
pressible perfect fluid past an axisymmetric 
body which is placed in such a manner that 
its axis of symmetry (taken as the &-axis) 
coincides with the direction of a uniform 
flow. In this case it is sufficient to consider 
the matter only in any one of the planes 
passing through the &-axis. In such a plane 
we take the y-axis perpendicular to the &- 
axis and denote the velocity components 
along the €- and y-axes by u and v respec- 
tively. Then, introducing the velocity poten- 
tial ® and Stokes’ stream function ¥, we 
have 


ly, 


These equations may be rewritten as: 
ao = A (£) x 
0E On 2 (2) 
00» 0 () ; 
On 0E\ 9 

We now introduce conjugate complex vari- 

ables: 


C=E+in, C=E—-i7, (3) 


OF. +(2-i5) 

Bam ONOENCO 
@_ 1/28 2) 

ae +2 


so that 


(4) 


Q\0E On 

Then we have, from (2), 
00; 6) o(—)= Vv 
0g tila Qy? ”’ 


which may also be written as: 


(5) 


(6) 
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where 


F=0+i—, (7) 
7 

and F is the conjugate function to F. Here- 
after we call F the “complex velocity po- 
tential ”. 

Eq. (6) is the fundamental equation for our 
problem to be solved under appropriate 
boundary conditions. 


§3. Boundary Conditions and an Equation 
for Successive Approximations 


The function / must satisfy not only the 
fundamental equation (6) but also appropriate 
boundary conditions, which are reduced to 
the following three parts: 

(i) The function F must agree with the 
expression for the uniform flow at in- 
finity ; 

The velocity components normal to 
the axis of symmetry as well as to the 
surface of the obstacle must be zero; 
Stokes’ stream function ¥ along the 
axis of symmetry as well as on the 
surface of the obstacle must be zero. 
It is to be remarked here that the conditions 
Gi) and (iii) are of course synonimous to each 
other theoretically. 

It is very difficult to find out intuitively the 
function Ff satisfying Eq. (6) subject to the 
above boundary conditions. In applying the 
boundary conditions, it will be convenient to 
transform the €-plane to a new z-plane in 
which the inside of the unit circle corresponds 
to the sectional area of the body in the €-plane. 
We denote such a transformation function by 

C=C(z), (8) 
which may be obtained by the use of usual 
methods, stich as Imai’s one.» 

Then, with the new independent variables 
z and z, the fundamental equation (6) is ex- 
pressed by 


(ii) 


(iii) 


Of i= je (9) 
Oz 2C€—C) dz’ 
which is integrated with respect to Z, giving 
F-F de 4 
G21 (z (10) 
le ae 


where g(z) is a complementary function of z 
alone which should be determined subjected 
to the boundary conditions (i) and (ii) or (i) 
and (iii) , 
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Eq. (10) is an integral equation for F and 
there is no general method to solve it. Ac- 
cordingly we adopt here a method of succes- 
sive approximations or a method of iterations 
as follows. Namely, we replace Eq. (10) by 
the following equation: 


Fy=| Fya—Fy-1 Wy + on(2), (11) 


Zi Chay Ge 

where Fy and Fy-1 are the Nth and (N—1)th 
approximations of F respectively. Since, 
however, Fy-1 is merely an approximation as 
obtained in the preceding stage of iteration, 
it is doubtful that the complementary func- 
tion gw(z) as determined by using the condi- 
tions (i) and (ii) satisfies the remaining con- 
dition Gil) as well at the same time, and also 
it cannot be expected that the condition (ii) 
is satisfied as well in the case of using the 
conditions (i) and (iii) for determining the 
function gw(z). 

Therefore, if we introduce two pairs of ex- 
pressions for the velocity components along 
the v- and 6-directions in the €-plane as: 


_90w _ 1 00y 
Urn A von = > 0b” (12) 
and 
he aed il OF w , nd 1 OF x 
Yen 700 ) ON ry ar ’ (13) 


vrw Will not agree with y., and vew will not 
agree with v,. 

But if we choose an appropriate zeroth ap- 
proximation Fy as the starting solution and 
select suitable two conditions out of the three 
boundary conditions (i), (ii) and (iii), we can 
improve the convergency of Fy. 

In the present paper, we choose (i) and (iii) 
for the boundary conditions and check the 
discrepancies between each approximate solu- 
tion and the exact one. Thus the remaining 
problem is to choose an appropriate zeroth 
approximation /. The choice of Fy is, how- 
ever, rather arbitrary. For example, we can 
choose as Fy the complex velocity potential for 
the uniform flow which should be disturbed 
by the insertion of an obstacle or the potential 
for the flow past a sphere with diameter of 
the same order as the mean diameter of the 
obstacle concerned. We adopt here the ex- 
pression for the uniform flow, since it is the 
simplest one. 

In the subsequent sections, we shall build 
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up concrete expressions for the complex 4 
locity potentials and calculate mumerica 
values of the velocity components or th 
velocity potentials for the cases of a spheres 
and prolate spheroids with various eccentrici- 
ties. | 


§ 4. 

In this case the transformation function is) 
given by €(z)=z. We here consider a uni-- 
form flow with unit speed along the positive! 
direction of the x-axis. | 

When a sphere of unit radius is placed in) 
the uniform flow with its center at the origin. 
of the coordinate system, the velocity poten- 
tial ®) and Stokes’ stream function %> for the 
zeroth approximation are respectively given 
by 


Case of a Sphere 


Oo=1=1(2+2) ' (14) 


T= ya (z—z)? ’ (15) 


Z 
where 
z=x+iy and z=x-—iy. 
Then, by (7), the zeroth approximation Fo for 
the complex velocity potential becomes 
3 


Fy= e+. 


The first approximation Fi can be obtained 
by substituting Fp in the right-hand side of 
Eq. (11). Thus we have 


(16) 


(17) 


Bae dz+21(z) = pete) : 


(2—2) 


. 


i The complementary function £i(z) is easily 
ie ormined by considering the relation zz=1 


on the surface of the sphere and the boundary 


; cc: (i) and ky obtaining 


1 
Sets 


| Thus the first approximation F, for the com- 


&ilz)= (18) 


| plex velocity potential becomes ultimately 


3 1, e 
1 
eas 
By repeating similar procedures, higher ap- 
proximate solutions can be obtained step by 
step. Thus, we ge 


aie a lz 


St AREY Ae (19) 
De 


log (22) , 


pbs 
= Digs =i = 


Py= og” -1(z2), 


(20) 
The last one can easily be verified by mathe- 
matical induction. 

Figs. 1 and 2 show how the velocity distri- 
butions obtained by Eggs. (19) and (20) converge 
to the exact one. In Fig. 1, (vrw—v,0)/cos 0 
is taken as the ordinate, where v7, is the radial 
velocity component of the uniform flow, and 
logiov is chosen as the abscissa, in which 7 
is the distance from the origin. Fig. 2 shows 
the behaviours of the convergency in the re- 


1 ese 
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lation logio 7 versus (ven —ve)/sin 0. The curves 
of (U.y—vr0)/2cos@ and (v’aw+1) — Vo)/sin 0 
coincide perfectly with the corresponding 
curves in Fig. 2 for the same values of WN. 


Ven-Veo 
sin@ 


The full lines in both figures correspond to 
the exact solutions. All these figures indicate 
that our approximate solutions (19) and (20) 
converge rather rapidly to the exact one, and 
especially that the curves for the velocity 
component v,w converge faster than those for 
v', and also the curves for vew converge faster 
than those for v,,. By tending WN to infinity, 
we have, from the expression for the Nth 
approximate solution Fw given in (20), 


‘ 3 iL . 
en lim | ae re ata D1.0lz log® (2Z) 92.4! logt (2z)+ 
os Ge OW. im Se log’ @)| 
3 1. 1 (1/2) log (z2) ipsa i, = PA 
Bete OTOE att ci i, Des Coleaiea pares (21) 


On the other hand, the corresponding exact formulae for the velocity potential and Stokes’ 


0.=(r ioe cos 6 , 


stream function are given by Lamb*® in the forms: 


(2 — (22) 


1 Ge 
== ge Sasi a, 
aC eee 


: ; : ' isa, Biomed é ; 
from which we obtain, by using the relations z=re’ and Z=re-'®, the exact expression for 


the complex velocity potential as: 


AY = 
F, ae ne 


3 1. 
Tepeat ye ere 


Fe =r coso+ Lrsind + + _(cos 0-++-i sin 0) 
si 2 ar 


(23) 


a 
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It will be seen that this expression is in complete agreement with (21). 


§5. Case of a Prolate Spheroid 
An ellipse in the €-plane is mapped onto the unit circle in the z-plane by Joukowski’ss 
transformation: 


gape (24)) 
z | 1] 


where o is connected with the semi-major and semi-minor axes a and b of the ellipse as: | 
i 
a=1-+0o', b=1—o". (25) || 
In this case, the expression of the complex velocity potential for the uniform flow is given 
by 
Fai (2+ £)+ cee (26) 
4 zB 4 Z 


Inserting (26) in the right-hand side of (11) and choosing the complementary function so as 
to satisfy the boundary conditions (i) and (iii), we get the following first approximate solu- 
tion for the prolate spheroid: 


AP; 
payee (27) 
2z 


By similar procedures the second and third approximations can be obtained, and we have 


rah+t4| 1 lai log (1— 2) Noe (en) 
4 z Or ZO 
z 1 ao 
i Ce neces oc (28) 
Daren bers log (t= ote ee ie log? (1—o?) 2(o")} = I 


a 1+oc 
CZ 


log (1—o?) mie — ~ log" (zz) + or we (zz—o*)—log (zz)} log (22—o?) 


+(2+8)(2) ferns 


Eee ae (1— 6?) log (22) 


(22 0" (al ae Loe : 
. o te ' ay ot (2+¢ Wiis a @2—o)], om 
where L(x) is Euler’s dilogarithm defined by 
eh “log (l—y) ee 
Lila)= Z| g dy =\ —O8e 
ole emma ear (30) 


In this case we use the velocity potential itself instead of the velocity in order to see 
how these solutions converge to the exact one. In this first three stages of approximations, 
the perturbed velocity potentials ¢1, ¢: and $3 on the surface of the spheroid can be obtain- 
ed from (27), (28) and (29) respectively. Thus, omitting the term which corresponds to the 
uniform flow, we have 


d= aes cos 0, 
1—o? Ul 
tat Z" 2 T=, log a—0| cos 0 , (31) 
d3= 1- als 2 1 ] 2 2 P 
a, tas og (l—o +55 log (1 2 Joos. 


of the prolate spheroid is given 
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On the other hand, the corresponding exact perturbed velocity potential 4. on the surface 
by Lamb® in the form: 


(32) 


Table I. 


cos@. 


2o(1+o*)—(1—9?) log [(1++0)/(1—0)] 


1,08) 


1,00) 


0.96 


0.92} - 


0.8 1.0 


O6 


0) 02 04 


[Diese Bie 


Table I and Fig. 3 show how the values of the ratio ¢w/¢e (N=1, 2, 3) converge with in- 
creasing NV for various values of the eccentricity e of the meridian section of the spheroid, 


where 


$6. Summary 

We can see from numerical results obtain- 
ed in the preceding two paragraphs that the 
expressions for the axisymmetric flows as 
- given by the iterative use of Eq. (11) together 
with the boundary conditions (i) and (iii) are 
improved step by step with the orders of ap- 
proximation and converge to the exact one in 
the whole field of flow. Especially in the 
case of a sphere, the final exact form of the 
complex velocity potential is obtained straight- 
forwardly, and as for the velocity distribution 
on the surface, it is obtained exactly in the 
first stage of approximation. In the case of 
a prolate spheroid, on the contrary, the velo- 
city potential on the surface is not given ex- 
actly in each stage of approximation, but the 
convergency in the whole field of flow is 


Ed 20 
l+o 


(33) 


satisfactorily good. 

Thus it may be concluded that the itera- 
tive use of Eq. (11) is powerful for dealing 
with the axisymmetric flow past any obstacle 
with arbitrary section. 

In conclusion, the writers wish to express 
their cordial thanks to Prof. S. Tomotika for 
his continual encouragement and also for his 
kind inspection of the manuscript. 
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Here are studied some types of differential equations of the fourth 
order, to which the so-called W.K.B. method can be easily extended, and 
presented some exemplifying solutions up to the first order of approxima- 


tion. 


As a physical example, the equation of lateral bending vibration 


of a not-completely flexible string, whose cross section of finite size is 
slowly varying along its length, and whose ends are both clamped, is 


solved. 


It is also shown that the terms of the first and the third dif- 


ferentation of a linear differential equation of the fourth order can be 
eliminated by a suitable transformation. 


Introduction 


§1. 


Not a few linear differential equations of 
the fourth order are encountered with in phy- 
sics, which are so important as to require to 
be solved without diminishing their order, 
either in order to preserve their physical 
meaning or to lose no more in the degree of 
precision of their solutions, although there is 
the possibility that some of them can be sim- 
plified into those of the second order under 
suitable assumptions. 

Although a general method of solving linear 
differential equations of the fourth order of a 
general type is not available as yet, many of 
them appearing in physics happen to take 
favorable forms or qualities, to our good luck, 
which make it possible to apply the W.K. B. 
method.” 

Generally, a linear differential equation of 
the fourth order is written in the following 
form: 


ak) y+ ix)y —9 + a(x)! —biv==0, CI) 


where a, b, f and g are generally functions of 
the non-dimensionalized independent variable 
x, and one prime above the unknown function 
y(x) means one differentiation by x, and so on. 

In physics, however, cases are often met 
with, where f and g are suitably small or 
sometimes zero, and at the same time a and 
b are suitably slowly varying functions. The 
very situation permits our application of the 
W.K.B. method. 


As there are many cases realizing the situa- 
tion, however, we confine ourselves, here, only 
to some exemplifying cases. 


§2. Possibility of Getting Clear of Terms 
of the First and the Third Differentia- 
tion 

The original 
written as 

gi Ay!” + Bay" + Cay +-D y= 07iezs 

If Eq. (2) could be transformed into one 
without the terms of the first and the third 

differentiation, our task of applying the W.K. 

B. method would be much easier. 

By changing both the dependent and _ in- 
dependent variables, y and x, to the new ones, 


wu and ¢, respectively, by the following rela- 
tions: 


differential equation (1) is 


y=u-exp [—\(a+6cyajan 


and 
dt 


diy =exel (Caz / 


where € may be any function of x, satisfying 
the following non-linear differential equation: 
CV — 300! +08 — (3/5)(A’ + A?/4—2B/3)€ 
+(A”— A3/8+ AB/2—C)=0 , 
so the new differential equation concerning 
u(t) comes out with the intended form. 
It is, however, not always possible to find 
such ¢ exactly. Therefore we start with the 
general form (1). However, the terms of the 
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rst and the third differentiation are assumed 
to be small. 


§3. W.K.B. Method 
By means of putting 


V=exp (|x) dx], 


Eq. (1) is transformed into the following equi- 
‘valent one: 
ay +6979! +499! +3n2+ 7") 
tH GP +399! +9!) —CP +7')+gn—b=0. (3) 
Our conditions are assumed to be such that 
a, b, f and g are so qualified as to permit the 
zeroth approximation 7 on behalf of the true 
solution of Eq. (3) to be obtained from the fol- 
| lowing equation: 
) ay +fy—7 +gn—b=0 . (4) 
: 


The first approximation 7, will be obtained 

after the necessary order-estimation of the 

magnitude of the terms in £q. (3), thus giving 
the corresponding solution 


y1=exp (\ nds] (5) 


as the one with the approximation of the first 
order. 
But the roots of an algebraic equation (4) of 
_ the fourth order is not generally expressed in 
a simple form in terms of its coefficients, and 
so we confine ourselves, here, to the cases 
where 7 is allowed to be obtained from the 
following equation in the place of Eq. (4): 
ayt*—77—b=0. (6) 
From Eq. (6) we have 
v=(1tV 1+ 4ab)/2a , 
which turns to the following, according to the 
value of |ab|: 
Ho?=1/a or —bd when |ab| <1 
=+V bja when |ab| >1 
=(1+V1+4ab)/2a when |ab|~O(1) . 
These three cases are discussed separately 
in the following. 
|ab| «1 
(a) m= 
For this 7 to be permitted as the zeroth ap- 
proximation, the following condition is neces- 
sary and sufficient: 
la /a7|€1, la’1€1, laa’ 1<1, 
la'/2g| <1, besides |ab| <1. 


Case I: 


Iffa |< 1, 
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There are many variations of cases satisfy- 
ing the above condition. Among them the 
following case is examined as typical one. 


Example : 

When 
ab~a |dP~flar~alg~O(e) , 
a’ ~O(€?), arg’ ~O(e?) , 


where € means a small quantity compared to 
unity, then the first approximation (5) is given 
by 


y=al! exp (\(ae+ ave/2— f[2a—g|2) de. 


(b) 70=(—6d)'? 

The condition for this 7 to be the zeroth 
approximation is: 

|b°/B°/?| <1, |(0/b?)-ab| <1, |(6°’/6°/*)- ab] <1, 

[bf] <1, |0°7/0?)-b?F| <1, |g/b?| <1, 
besides 

lab| <1. 
Example: 
If 
ab~b' /B?P~b 2 f~glb2~O(E) , 
and 
IP PBOCe) ; 

then 


y= exp (| (0 +al—992/2—bfl2 


+g/2} dx] , 
being correct to the order of €. 

It is noted here that the conditions concern- 
ing f and g in (a) are different from those in 
(b), respectively. Under the condition |ab| <1, 
the conditions |b'/f| <1 and |a'/g¢|<«1 follow 
from the ones |f/a'/?| <1 and |g/b'/?| <1, res- 
pectively. 

Therefore, when (a) and (b) are combined to 
yield the four 70’s, +a~/? and +(—)d)'”?, as 
the four zeroth-approximation solutions of Eq. 
(3), simultaneously, the last-mentioned condi- 
tions, |f/a?[ <1 and |g/b'”| <1, should replace 
the preceding ones, |b'/?f| <1, and |a'?g|<1 
respectively, throughout both (a) and (b). 
Case IT: 

lab] >1, no=(b/a)\* . 
If it is assumed that 
(l/ab)~OCE *) , 
the condition for which this zy is the zeroth 
approximation is: 
la’ /a/?|- <1, |a’’|- «1, lata’). €*%«1, 
|a'/?(ab)’|- €°€1, ja(ab)’"|- €°< 1, 


[b°"/6°7|SO0(e ),, 
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|a?/2(aby’’|- €7 <1, |b’/b32| <E, |b//b?| <e2, 
[Ba e* <i e/ov? |= ecis, 
Example 1: 
When 
ab~a*(aby ~O(E-*), a(ab)’’~O(E~), 
a@l(ab)’’~O(e-*), 
as/a?~O(), a’~O(e-3), a/?a’'’~O(E -?) , 
fiGC~OO);, ale~ OE). 
and 
6'/B?? ~O(€ 7), b”/b?>~O(E*), b’’/BP~O(E4), 
then the first approximation is 
y= (a/b) exp [| @la)“C1-+a”2(ab)* 
—a(ab)’’/4(ab)3/2 + aa’ /8(ab)*/4 
—a*l(ab)’”’ /16(ab)"*— (f /a*/*)/4(ab)*/* 
—a"/*g/4(ab)*!*} de] , 
which is correct to the order of €. 
Example 2: 
The function 
y=x* exp [—1/2?] 
is an exact solution of the differential equa- 
tion 
(x4/4)y’//’ — yy’ — (4/x8 + 1/x4+10/2?+30)y=0 . 


This equation tends to the following one 
for sufficiently small x: 


(x4/4) 9? —y’’ —(4/x8)y=0 CW) 
In this case, 
a=x4/4- b=4e ay, f= o=0 


and for x~O(é€) , 
ab~O(€ -4), a/*(ab)’~O(E >), a(aby’’~O(€ -), 
a’!*(aby’’ ~O(€ -4), 
a/a?P~O(E), a’ ~O(E?), GPa’ ~O(E9), 
b'/b7/2?~O(e*), b’/b?~O(E*), 0B’ /b9/2~O( Ee 4). 
The following formula, being correct to the 


order of €?, is obtained for the first approxi- 
mation solution of Eq. (7): 


41= (a/b)*/* exp (\e/ay a+ 1/4(ab)!/?}dx] 


x* exp [1/x?] 
= { and 


| x° exp [—1/x’], 


x°/? cos (1/x?+1n x/2), x°/sin(1/x?+ Inx/2). 


Case III: 

|ab|~O(1), mo=(14V 1+ 4ab)/2a. 

Here the condition for the validity of the 
zeroth approximation is: 


T. SAITO and I. OSHIDA 


(Vol. 1 


(aa /*\<1 ola Mila ai) <ae 
|a/2(aby’| <1, |a(aby’\ «1, |a*/(ab)’”| <1, 
\f/a2| <1, l|a/g|«<1, besides |ab|~O (1) 
Example : 
When 


laa’ la!” KL /a'141, 

|a*/2(ab)’”" |< |a(ab)”" |< |a*/?(ab)'1<1, labl~O( 
and accordingly 

|b’”/B°/?| < |b’/b?| < 1b'/b7?| <1, 
their magnitudes being of the order of €%, €: 


and €, respectively, according to their array} 
from left to right, and moreover 


fig?~ale~QXE); 
then the first approximation is 


y= exp | RiGeeeee Covgmese i o | 


Qa 1+V1+4ab 


op tO 2 PTs a 
" 1+-4ab 3 VY 1+4ab 


a oe a 


| 


shes 


= (roeen  awree es 
~~ Y1+4ab/ 4a (+ 14+4ab) 
being correct to the order of €. 

Of the signs + and — in front of the root 


V1+4ab, the same ones are to be chosen. 
For each case of the plus or the minus sign, 
there are two alternative solutions correspond- 


ing to + and — in front of {(+y1+4ab)/2a}”. 


§ 4. Lateral Bending Vibration of a String 
Not-Completely Flexible with Finite 
Cross Section 


The lateral bending vibration of a string 
with finite cross section S, under the tension 
T, obeys the following differential equation: 

Oy 0 oy oO? , ory 
OS 5p mA Os ae (es ae 
where ¢ is the density, E the Young’s modu- 
lus of elasticity, oSk? the moment of inertia 
of the cross section of unit thickness around 
the line through its center perpendicular to 
both the string and the displacement y, and s 
measures the distance along the string. 

When the cross section S is constant along 
the string, together with the other quantities 
0, IT, E and k?, the differential equation is 
reduced to the one with constant coefficients, 
and can be solved immediately, giving the 
following result» for the approximate values 
of the eigenfrequencies w,(o) of a string of 


So and ko mean the constant values of S and 
k, respectively, and m the order of the eigen- 
vibrations. 

When the constancy of these coefficients 
breaks down, the situation develops a new 
phase and we find ourselves at a loss how to 
meet it. 

It their variations upon s are not large, 
however, we are afforded an opportunity to 
apply the W.K.B. method. 

For a simple illustration, we consider the 
case where the cross section varies with the 
distance s, symmetrically on both sides of the 
middle-point of the string, as follows: 


S=So(1+ax)?~So(1+2ax) , 
k=kh(1+ax) , 
la@l<i, 
The suffix zero is specified to the values at the 
middle-point (x=0). The other quantities o, 
T and E are assumed to be constant. 
As ‘‘not-completely flexible’? means that the 
size of the cross section is finite, but small, 
we assume that 


a~O(€ ?/?) 


. 
: 


where x=s/l . 


and 
So/l?~O(€ 2/8) , 
for instance. 
Then it is easily shown that the orders of 
magnitude of the necessary quantities are as 
follows: 
abwa' |aP~flar~b’/P~O(E), 
[BP ~O(E¥*) , 
a’ ~O(€?) , alg’ ~O(€ *), 
This case is classified to Case I. 
Omitting the detail of the calculation, the 
resultant eigenfrequencies are correctly written 
to the order of €?/%, as follows: 
on(a)~(nz/l) V T]So- (1 +2 ESoko?/T?— 2/4), 
which coincides with w,(0) at the limit of 


accordingly ko/J~O(€%) . 


b= =); 
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vanishing a, as is expected. 


§ 5. Summary 


Guided by the principle of the W.K.B. me- 
thod devised originally for the linear differen- 
tial equations of the second order, it is con- 
sidered how to solve those of the fourth order 
along the same line. The cases are studied, 
where some special qualifications of the co- 
efficients in the equations permit successful 
attacks by means of the method. 

Some examples are shown with correspond- 
ing solutions being correct up to the first 
order of approximation in each case. 

As a simple illustration, the lateral bending 
vibration of a not-completely flexible string 
with finite cross section slowly varying along 
its length, symmetrically on both sides of its 
middle-point and clamped at both its ends, is 
discussed. 

It is to be said that, in the present paper, 
rather small portion is surveyed of the vast 
area where the W.K.B. method would be ap- 
plicable at least in principle. For instance, in 
getting yo as a starting function of the zeroth 
approximation, we have had recourse to Eq. 
(6) instead of Eq. (4), with preference for 
easiness to trouble. But in order to cover 
more area for application, the fullest possible 
use of the latter equation (4) deserves and 
awaits further consideration. 


The authors are indebted to the Ministry of 
Education for the Scientific Research Fund 
granted to the Research Group for the Study 
of Atomic and Molecular Structure. 
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It was reported by U. Zwicker et al.) that Mn-— 
Ge system contained four intermetallic compounds, 
Mn;Ge3, MnsGez, Mn3Ge, and Mn3..5Ge, and that 
the former two were strongly ferromagnetic, while 
the latter two were presumably weakly ferro- 
magnetic. 

In the course of our recent study on the magne- 
tic properties of alloys and compounds of manganese 
with germanium, an antiferromagnetic behavior 
was found in a compound Mn3.9;Ge. 

The specimen of this compound was prepared as 
follows; Powders of electrolytic manganese (99.9%) 
and germanium (seven-nine purity) were mixed in 
stoichiometric proportion and sealed in evacuat- 
ed quartz tube, melted by an electric furnace at 
1150°C, and quenched into water at 750°C. The 
specimen thus obtained was examined with X-ray 
diffractometer to ascertain its crystal structure. 
The diffraction lines could be indexed as a 
hexagonal close packed structure with the lattice 
constants a=2.668+3A, c=4.309+3A and cla 
=1.6154+3. The temperature dependence of the 
magnetic susceptibility of this compound was 
measured by a magnetic balance of torsion type 
from 90°K up to room temperature under a field 
of 7.5 kilo.oersteds. The result is shown in Fig. 
1. Here the inverse susceptibility is plotted against 
temperature. This compound has a minimum in 
the inverse susceptibility-temperature curve and 
the curve shows that the Curie-Weiss law holds 
very well at higher temperatures. These behaviors 
are typical of some antiferromagnetic materials 
and thus the temperature corresponding to this 
minimum, 139°K, may be considered as the an- 
tiferromagnetic Néel point. The magnetic moment 
and the asymptotic Curie temperature are 5.47 yz, 
per Mn atom and ~—266°K respectively. 


Recently, Fakidov et al.2) showed that the Mn3;Geg | 
becomes weakly ferromagnetic and its saturation | 
magnetization disappears at low temperature, and | 
they concluded the parastic ferromagnetism of this | 
compound. Thus we are led to the conclusion 
that antiferromagnetic exchange coupling may be 1 
common in Mn-Ge compounds. The details of our | 
present experiments and the magnetic properties — 
of the other compounds of this system will be | 


published later. 
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Fig. 1. Inverse susceptibility versus temperature 
curve of Mn3..5Ge. 


Finally, the authors wish to experess their hear- 
ty thanks to Prof. S. Kaya for his constant en- 
couragement and are also very grateful to Dr. Y. 
Tomono and Dr. S. lida who gave them facilities 
to achieve the work. 
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_Absorption and Excitation Bands of KCI-Tl 


in the Extreme Ultraviolet Region 
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It is well known that KCI-T1 has three absorp- 
tion and excitation bands characteristic of Tl, lying 
at 5.04, 5.82, and 6.20eV, which are usually 
denoted as A, B, and C band, respectively. But 
as far as we know, no result on the experiment 
beyond the C band has been yet published.D 

On the other hand, the alkali-halide crystals 
activated with Tl may be expected to luminesce 
by irradiation with light in the fundamental absorp- 
tion band, because excitons or free electrons and 
holes produced by light are supposed to migrate 
through the crystal and annihilate giving their 
energy to the lattice or impurity centers. The in- 
vestigation of this luminescence would afford im- 
portant informations on the mechanism of energy 
transport in the crystal. Several experiments» 
along this line have been reported on alkali-iodides. 
In these crystals, however, the C and exciton bands 
lie so near to each other that it seems rather dif- 
ficult to distinguish clearly the effect of the ex- 
citon and that of direct excitation of TI, while 
KCl, in which both bands are separated as much 
as 1.3eV, is suited for this purpose. 

The KCl crystals were grown by Kyropoulos 
method from the melts containing 0.01~1mol per 
cent of Tl. The concentrations of Tl in the cry- 
stals were estimated from the absorption intensity 
in the A band to be of the order of 10-2 of those 
in the melts. The vacuum monochromator con- 
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Fig. 1. Excitation spectra of KCI-Tl (0.002 mol 
percent) at 20°C (a) and —110°C (b). (c) and 
(d) are the absorption spectra of a pure and a 
Tl doped KCl. (f) is the reflectivity of a KCl 


reduced for normal incidence. 
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structed in our laboratory is equipped with the 
concave grating (concave radius 40cm). The light 
source is a hydrogen lamp with a hot cathode, and 
the intensity of the light below 300 mp was measur- 
ed by using the fluorescent screen of sodium 
salicylate. The slit width was about 3 mp in wave 
length. 

The curve (a) and (b) in Fig. 1 are the excita- 
tion spectra at 20° and —110°C measured for the 
normal incidence. Other than the well known 
three bands, a new excitation band (denoted as D) 
was found between the exciton (7.6eV at room 
temperature cf. Fig. 1 f) and the C band. 

When we plot the difference (e) of the absorp- 
tion curves of a pure (c) and a Tl doped crystal 
(d) at room temperature, a new absorption band, 
which coincides precisely with the D band in the 
excitation spectrum, appears at 6.89eV. Its ab- 
sorption intensity is nearly the same order as that 
of the A band, and varies parallel with those of the 
A and C bands as the Tl concentration is changed. 
These results clearly show that the D band is 
closely related with the Tl center, and not with 
the exciton absorption in the undisturbed lattice. 

The peak of the D band shifts towards higher 
energy side with the rate of 1.5x10-%eV/deg, as 
the temperature is decreased, while those of other 
three bands remain almost at the same positions. 
This fact might indicate that the D band is as- 
sociated with the excitation of Cl ions in the 
nearest neighbours of a Tl center. 

In the higher energy side above the D band, the 
excitation spectrum gradually rises. The reflection 
loss of about 14 per cent (f) can not account for 
the low efficiency of excitation at the exciton 
band. Accordingly we are led to the conclusion 
that within the temperature and concentration 
ranges of our experiment the efficiency of lumines- 
cence increases monotonously in the tail of the 
fundamental absorption band, as the energy of an 
incident photon increases. 

At —110°C, however, a considerable amount of 
emission is observed by light in the exciton band, 
and its quantum efficiency for the sample contain- 
ing 10/cm? Tl was about 1/18 of that in the C 


band. 
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The dynamic stress-strain curves of metals 
under impact loading have been studied by Baron, 
Maiden and Campbell?), Sakui®), and others. In 
the present study, the behavior of tin crystals has 
been examined under successive impact loading. 
The specimens, 24mm long and 4.6mm in dia- 
meter, were grown from the melt of 99 per cent 
tin. The impact test was made with a pair of 
striker pendulums weighing 180 gm each. After 
annealing at a high temperature, the specimen was 
soldered on to one of them and the other was 
used for loading. 

When a number of impacts were applied succes- 
sively at a moderate velocity of 24cm/sec., slip 
took place with a series of discontinuous yields, 
as shown in Fig. la. The stress for slip gradually 
increased until it reached a saturation value, 
followed by an abrupt yield. The amount of slip 
between two consecutive yields was of the order 
of 0.01mm. The yielding became less clear at a 
larger velocity of 28cm/sec., but a tendency to 
general yielding was observed. The elastic col- 
lision alone occurred after the initial rapid harden- 
ing when the velocity was less than 20cm/sec. In 
a purer specimen, grown from the melt of 99.99 
per cent tin, slip proceeded smoothly as in Fig. 
lb, irrespective of the velocity of impact. 

The repeated yielding has been observed from 
earlier times in mild steels®) when tested at about 
200°C. Similar results have been obtained in 
nickel»), and in a®)- and @-brass®), etc., at moderately 
elevated temperatures, and in alloys such as du- 
ralumin®, @-brass) and Cu3Au” alloy at room 
temperature. It has been also observed even at 
4.2°K; Blewitt®) and his co-workers found it in 
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copper crystals, and Wessel in all metals and 
alloys tested. There may be several mechanism’ 
for the repeated yielding in the above cases. Some 
of them are quite similar in nature to the presen 
case. They are a) mild steel! deformed at 200°C 
with the formation of the Ltiders band, and b) 
copper crystals®) irradiated with neutrons and ther 
deformed at 4.2°K. 

In these three cases, the repeated yielding pro» 
ceeds from an early stage of the plastic deforma+ 
tion without work-hardening, and at the same time, 
the yield front propagates successively. It is als 
noticed that the specimens contain a good amount! 
of imperfections, i.e., solute atoms, impurities, o 
those produced by the irradiation. So it might be 
expected that a similar mechanism would be re- 
sponsible for the results of this kind. 

The repeated yielding of’ mild steels at elevated! 
temperatures is attributed! to some origin caused 
by aging and deformation occuring together, and 4 
higher stress is required in order to propagate the 
front of the Liiders band. 

In the case of tin crystals now observed, how-- 
ever, the effect of aging appears to be small. Ani 
alternative, or modified, explanation is that the» 
slip is stopped at an obstacle such as segregations 
in the impure specimens used, which produces the 
stress concentration in front of the slipped region, 
and then, the dislocations locked by in the unde-- 
formed material will be released. In other words, 
it would be essentially the same process as the 
propagation of yield in the lower yield strain of 
polycrystalline mild steels.1) 
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The crystal structures of the antiferromagnets 
KMF3, where M indicates the 3d transition group 
elements, were examined above and below their 
Néel temperatures (Ty) by X-ray diffraction using 
single crystals. The low temperature was attained 
by a method similar to that of Lonsdale and 
Smith.D 

The lattice constants at room temperature were 
determined from rotation photographs about the 
{100]. Using high angle reflexions the final value 
of each lattice constant was determined by graphi- 
cal extrapolation against cos? @. 

At room temperature the structures of KMnFs, 
KFeF;, KCoF3; and KNiF3 are of the perovskite 
type and no distortion from cubic symmetry was 
observed, although Martin, Nyholm and Stephen- 
son2) have reported that these four compounds were 
determined as pseudo-cubic by the use of powder 
sample. On the other hand KCuF; crystallizes as 
a modification of the perovskite type, which is te- 
tragonal (a>c). 

At 78°K (below Ty) KNiF3 and KCuFs3 retain 
their respective symmetry. From the splittings, 
of high angle reflexions and the relative intensities 


* On leave of absence from Saga University, 
Saga, Japan. 
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of their components, KMnF3;, KFeF3; and KCoF; 
were found to become monoclinic, rhombohedral 
(a<90°) and tetragonal (a>c), respectively, where 
the {400} with FeKa radiation and the {222} with 
CrKa radiation were used mainly. 

The results are shown in Table I. The Néel 
temperatures were determined by Hirakawa and 
Hashimoto®) from the magnetic 
measurements. 


It is interesting to compare the results of KMFs3 
with those of MF3°5), LaMO;© and CaMO;®), be- 
cause in all the cases the dispositions of the 
magnetic cations relative to the intervening anions 
are similar. The crystal field splits the 3d levels 
of magnetic cation in an octahedral site into two 
groups—a set of three degenerate ds: orbitals and 
a set of two dy orbitals of higher energy. In the 
case of MF3 system Hepworth and Jack# have 
accounted for the lower symmetry of MnF3 than 
that of the other MF; by the fact that the electro- 
nic charge distribution of Mn+ ion has the dy 
symmetry. Such a lower symmetry caused by the 
dy symmetry has been discussed about some cry- 
stals by Dunitz and Orgel? on the basis of Jahn- 
Teller effect. 

The divalent 3d ions under consideration have 
electronic configurations as follows: 


susceptibility 


3de 3ay 
Mn?+ 5‘ Saadiadled et 
ez we PA fh 4 
Co?* TY TY ft ileal 
Nee NN ON heer 
Cu?+ N NW ON NW Of 


Since LaMO; and CaMO; systems are also inter- 
preted from the above point of view, in KMFs3 
system KCuF3; may be expected to have iower sym- 


Table I. Lattice constants and Ty of KMF3. 
| at 298°K at 78°K Ty 
colour symmetry lattice constants(A) | symmetry lattice constants (A) | (°K) 
monoclinic (a, 6, c) 
; == (An OO meiliale, 88 
KMnF; | light brown | cubic a=4.19140.001 eae? 
B=89°51' + 1 
eer ombonedal | e1 loo-eo Oe ;, 
KFeF; | brown cubic a=4.122+0.001 aa89°S +l 121 
if Tee roe: ST intial feaiavoraliae giaaeony 200002 
KCoF; | rosy cubic a=4.069+-0.001 : Ga An 10-0002 ael eee 
F2 BO ee See >. 2S: Se cee = = nt os Et see Sy se 
KNiF; | yellow-green cubic a=4.015+0.001 cubic ext BUYER you ; 
| | tetragonal a=4.1400.001 | tetragonal a=4.12140.002 | 945 
KCuF; | pale violet pePaamee (= 3.926 40.002 ¢=3.913-40.002 


* For KMnF; the lower temperature measurements should be done as the present temperature was 


too near Ty. 
responds to the letters a, b and ¢. 


It could not be determined at present which of the three values in the parentheses cor- 
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metry than the other four compounds above Ty. 
The expectation should be supported by our 
result. 

Furthermore it may be worth while to compare 
the results of KIMF3 system with the distortion 
below Ty of MO system®). 

The experimental and analytical details will be 
published in the near future. 

The single crystals used in this experiment were 
given by Dr. S. Ogawa of Hokkaido University and 
Dr. K. Hirakawa and Mr. T. Hashimoto of our 
laboratory through their courtesy. 
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In a previous article with the same title!) we 
described a method of measuring the temperature 
of a plasma obtained by passing condensed discharge 
through a Geisler tube containing neon. From the 
line profiles of Hy and NelIA4715 the electron 
density N was deduced in such a way that the 
wings of the profiles are fitted into the prediction 
of Holtsmark’s theory. This method of determin- 
ing the electron density was adopted by previous 
workers”, but a recent calculation by Griem, Kolb 
and Shen*) has shown that the above-mentioned 
method yields a value of N that is two times as 
large as the true value. In the case of our light 
source we get therefore N=4.8~x1015/em3 instead 
of the previous 1x 1018/cm3, 


In the work l.c., the wave-length of Ne I 24 58524: 
emitted from condensed discharge was compare 
with that of the same line emitted from arc dis; 
charge, the latter wave-length being assumed tac 
be free from the influence of the field of ions and: 
electrons. The displacement (expressed in wave- 
number) of 4 5852 due to the condensed discharge: 
is denoted as dvais. The half-value width due toy 
the broadening effect of the ions and electrons; 
(neglecting the Doppler effect) is denoted as Ayn. | 
For a line showing a quadratic Stark effect (4v) 
=7F2) such as Ne 125852, Lindholm’s formula | 
can be expressed as (the same notations as in l.c.. 
are used) 


Avyp= A713 N/c, (13) 
Avais= By?/3y1/3 N/c. (2)1 
Lindholm obtained A=0.0450 and B=0.0387. ! 

If we put the values of 7, v, N (for the line Ne 
I 25852) and B in eq. (2), we get Avais=0.058 cm-* 
which is to be compared with the observed value 
Avais=0.027 cm-1, showing that Lindholm’s B is 
too large. If we determine the value of B by a 
purely empirical method, we get approximately B 
=0.018. Neon lines other than 45852 were ex- 
amined in the same way as in l.c., and the result 
was found to yield the same value of B as pro- 
posed here. 

Retaining the value of A as given by Lindholm, 
we get dyv,z=0.067cm-1, and therefore the half- 
value width due to the Doppier broadening effect 
alone is 4vp=0.192cm-1. From the value of 4vp 
it follows that the plasma temperature is T=4.9 
x 103K instead of the previous 6.0x103K. This 
deduction depends upon Lindholm’s theory. In 
case when the value of A in Lindholm’s formula 
has to be changed, the plasma temperature deduc- 
ed here would have to be re-calculated accordingly. 

Dr. McLane of the Speedway Laboratories (Linde 
Company) kindly gave us a copy of the article of 
Griem, Kolb and Shen prior to publication. We 
thank him heartily for his kindness and for his 
deep interest in our work. 
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It was reported) that the density of stacking 
faults introduced by cold-working in face-centred 
cubic solid solutions increased with increasing the 
content of solute atoms, and reached a maximum 
at the solubility limit of the solution. 

The present author examined these phenomena 
with copper-nickel alloys. The alloys of various 
compositions were pulverized at room temperature 
by using a stamp mill and a ball mill. The pul- 
verization was carried out in benzine in order to 
prevent the samples from oxidation. The X-ray 
diffraction was taken with a diffractometer “ XRD- 
5” made by general Electric Co. by using Cu-Ka 
radiation. The shifts of the (111) and (200) peaks 
due to cold-working are sharp enough to determine 
the center of gravity to about +0.01°. The methods 
of calculation of the stacking fault probability 
from the X-ray measurement were reported by 
some workers?) and recently Wagner?) proposed a 
theory that deformation and twin stacking faults 
of random distribution in the cold-worked material 
affect on X-ray diffraction, and showed the follow- 
ing equation: 

<A(20°)>nki — <A(26°)> ner =a, 
where 
JE=(G>j tan °)nnr—(KG> 9 tan 6°)n'er 

<4(20°)>nzz Shows the observed shift of the (hkl) 
peak and G=90,/ 3h3/n%o?. gj and <G> are the 
fraction of (hkl) plane and averaged values for the 
(hkl) reflection, which are affected by stacking 
faults, respectively. Fig. 1 shows the stacking 
fault probability calculated by the above equation, 
from which it will be seen that the stacking fault 
probability calculated by the above equation, from 
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which it will be seen that the stacking fault pro- 
bability a@ increases gradually, and reaches a 
maximum at 50-50 composition. The effective 
strain ¢ in the matrix was calculated from the 
line broadening analysis discussed by Williamson 
and Hall.4) The density of dislocation g calculat- 
ed from the strain broadening is given by”) 


0=ke/F b 
where k is a constant and F is a strain energy 


factor. The stacking fault energy 7 is obtainable 
from the following relation by Cottrell:© 


r=pa2/2Any , 
where 
a=ord 

r is the width of the extended dislocation. jp and 
a are the shear modulus and the lattice parameter, 
respectively. The density of dislocation @ and the 
faulting energy ; calculated by these equations 
are shown in Fig. 2. It will be seen that the 


faulting energy 7 increases rapidly as nickel content 
increases above 50 per cent nickel. 
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Fig. 2. Density of dislocation, 0, and stacking 
fault energy, y. 


The fact that a increases gradually as shown in 
Fig. 1, and reaches a maximum at 50-50 composi- 
tion may be interpreted from the point of view 
that solute atoms concentrate in the faulted layer, 
and prevent the movement of the stacking fault at 
room temperature. In fact, Suzuki? has pointed 
out that in a face-centred cubic solid solution the 
state of thermodynamical equilibrium in the fault- 
ed layer will be different from that of the matrix, 
and will result the concentration of solute atoms 
in the faulted layer. If this concept is valid, a 
small angle scattering due to the inhomogenity of 
the structure should be observed. Weak small 
angle scattering was actually observed in a_speci- 
men of copper-5% aluminium alloy annealed at 
100°C after severe cold-rolling. However, the in- 
tensity of the double Bragg scattering may not all 
be negligible compared with some weak scatterings 
due to the heterogeneity of the structure. There- 
fore, an alternative explanation of the appearance 
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of the weak small angle scattering may also be 
possible from the point of view that the scattering 
is due to double Bragg scattering from slightly 
misoriented crystals in the annealed sample, and 
accordingly a more detailed investigation on the 
small angle scattering is desirable. The full report 
will be shown before long. 
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Frequency Shift in Ammonia Absorption 
Lines other than (3, 3) 
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The shift in resonance frequency of ammonia 
(3, 3) line with pressure has already been reported 
by us), where the shift coefficient, a, is given as 
(1.840.1)x10-2. The coefficieet a is defined in 
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such a way that the apparent center of resonance, 


y, is given by v=vw+tadvp, where 24v» is the width | 


of the line due to pressure broadening. 

We have now measured the shift coefficient, a, 
for lines other than (3, 3). Fig. 1 shows the value 
of a for various lines with J=K at 30°C and 
100°C. It is seen that a decreases with increasing 
J and goes finally to negative values. This would 
imply that the explanation of the frequency shift 
would require at least two competing mechanisms. 

From the point of view of the accuracy of the 
atomic clock, it seems noteworthy that the absolu- 
te value of a is very small for J=K=5 or 6. 
Considering that the intensity of (6, 6) line is 
comparable with that of (3, 3) line, it seems advis- 
able to use the line (6, 6) in the absorption type 
atomic clock. 


——=> ax 0’ 
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Fig. 2. 


Fig. 2 shows the dependence of a for (3, 3) line 
on the temperature of the absorption cell. Other 
lines show similar temperature dependences. The 
experiment has been performed, as before, with 
the absorption-type atomic clock installed at the 
Laboratory and the absorption cell consists of 30m 
K-band wave guide. The temperature of the cell 
can be varied from room temperature to 150°C. 

Measurements on the shift coefficient for lines 
with J-+< K are now going on. 
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In case of discussing the diffusion of impurity 
into crystal, it is not improbable that the diffusion 
velocity through imperfections, such as vacancies, 
dislocations, twin boundaries and grain boundaries, 
is predominently high. 

It is a well-known fact that Cu diffuses very 
easily into CdS», and also the authors have ex- 
perienced fairly marked diffusion of Cu at 400 
~500°C. Trying more detailed inspection, we may 
be able to find some locations where the diffusion 
of Cu is abnormally remarkable at about as low 
as 300°C. Moreover, CdS single crystal has some 
favorable characteristics to observe the above 
mentioned phenomenon, because as usual the cry- 
stal changes its color from transparent yellow to 
brown acompanied with the inclusion of Cu atoms, 
and Cu diffusion may be accelerated if Cl atoms 
are predoped in the crystal. 

The authors performed following experiments. 
Cu and In metals are evaporated on both ends of 


(1120) surface of CdS: Cl crystal (10x1x0.2mm) 
to make narrow bands respectively. After several 
hours of heat treatment at 300°C in air, we obtain- 
ed some interesting results. One of microscopic 
pictures showing the evaporated Cu side is given 
in photo. 1. Judging from the photo, Cu may be 
easily sucked thermally into CdS crystal through 
the tops of dislocations exposed at the surface, 
and it is expected that when the voltage is applied 
between each evaporated metals so as to form 
the positive electrode of Cu, Cu metals may be 
diffused into CdS only by the electric field. 


(Op 


Photo. 1. Cu evaporated layer after 300°C 3 
hours’ heat treatment. 
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Several mA of current are flown continually for 
scores of hours through CdS crystals which have 
nearly above mentioned sizes and positive elec- 
trodes of Cu, then we obtained some distinct results. 
An example is shown in Photo. 2. It might be 
concluded from the photo, that the dislocations 
play more important parts for the electric field 
diffusion compared with the thermal diffusion. 
Under certain circumstances, it is found that the 
evaporated Cu layer covered upon the dislocations 
disappeared thoroughly, or hemi-circular erosions 
of Cu layer are observed along the boundary of 
Cu layer and crystal surface. 


or 


Photo. 2. Boundary between CdS and Cu evapo- 


rated layer after 2mA 60hr current flow 


(Resistance 30 0) 


It is proved clear from those facts that the ex- 
istence of dislocations influences greatly upon the 
impurity diffusion into crystal, that is, dislocation 
may be able to suck strongly impurities at their 


edges. Detailed reports are to be published later. 
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A New Device for measuring Thickness 
of Evaporated Metal Film by Use of 


X-ray Interference Fringes 


By Yoshibumi FUJIKI and Toshiho YOSHIDA 


Institute of Physics, Kyoto Prefectural 
University of Medicine 
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W. Hink and W. Petzold) improved Kiessig’s”) 
X-ray interference method using the divergent beam 
from a micro-focused X-ray source. In their de- 
vice, the oscillation of a specimen was unnecessary 
and the exposure time required was reduced to a 
few per cent of that required in the case of 
Kiessig’s original device. However, their device 
requires the specially designed micro-focused X- 
ray source and comparatively large specimen is 
necessary for obtaining a sufficient number of in- 
terference fringes. To avoid these difficulties, we 
devised a new method. 


Fig. 1. 


In Fig. 1, the beams from a usual line-focused 
X-ray source 7 fall on a specimen S with various 
glancing angles, and the interference fringes are 
produced on the photographic film P, if the width 
of the specimen is suitably small and the distance 
between the specimen and the photographic film is 
sufficiently large. The beams which would come 
from the source directly to the photographic film 
and would mask the interference fringes are 
screened out by the diaphragms D,; and D,. The 
glancing angle a of the beam corresponding to any 
interference maximum F will be given by 

tan a=CF/JC=(AF — AC)/JC=(AF —1/2-AE)/JC , 
where J is the mid-point of the specimen, and C 
the intersection of the extension of specimen sur- 
face with the photographic film. Point A is the 
position where the incident beam, which cor- 
responds to the innermost reflected beam KE, 
would strike the photographic film directly, where 
K is the hind edge of the specimen. The upper- 
most end of the direct incident beam hits the 
photographic film at B and so the point A is 
masked. For the purpose of detecting the point 
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A, indicator J is inserted in front of the specimen | 


vertically from the upper side of the apparatus, 
as shown in Fig. 1. This is made of tungsten 
wire whose end is sharpened in wedge-shape. The 
inverted image of this indicator is imposed on the 


photographic film at the region below A and the | 
errect image above A as is shown in Fig. 2, thus | 


the intersection of these two images determines 


Fig. 2. 


the point A. Fig. 2 is an example of interference 
fringes obtained from a gold film evaporated on 
glass substrate whose width is about 3.5mm. The 
distance between the specimen and the photogra- 
phic film was 40cm. The wider the specimen 
width, the broader would become the width of each 
fringe, but the mean errors of measured values of 
film thickness d and the unit decrement of refrac- 
tive index 7 were not so large for the specimen 
width mentioned above. Using the interference 
condition for maxima (2m +1)4/2=2dWv a2— 27, where 
m is the order of interference and 2 the wave- 
length, the observed values of d and 7 were obtain- 
ed from the photograph shown in Fig. 2 as follows: 


d=319.640.8A, 7=(43.3+0.4) x 10-6. 


The X-rays used was Cu Ka radiation with nickel 
filter, applied voltage of 30 kV and tube current of 
40mA, and the exposure time required was 3 
minutes, which was of the same order as that re- 
quired in Hink and Petzold’s method. This short 
exposure time makes it possible to pursue the com- 
paratively rapid change of film thickness with ag- 
ing time. 

The writers are greatful to Professor K. Tanaka 
of Kyoto University for his valuable suggestions 
and advice. 
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Observations of Lattice Defects in Graphite 
by Moiré Patterns 
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Since the first observation of the moiré patterns 
in graphite crystals,) moiré patterns in some other 
materials have been studied by several workers» 
using the electronmicroscope. The moiré patterns 
are not only interesting from the electronoptical 
point of view, but are useful for detecting lattice 
defects such as dislocations and grainboundaries.?) 

The present note reports some irregularities in 
moiré patterns in electronmicrographs from graphi- 
te, which seem to be caused from lattice defects 
in the crystal. The specimens used are the spectro- 
scopically pure natural graphite SP-1 and SP~-2. 
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In Fig. 1, the moiré lines parallel to the direc- 
tions A and B, and those parallel to A’ and B’ 
are seen respectively in the upper and lower re- 
gions bounded by the boundary L. The lines of 
moiré are produced by the (110), (010), (210) and 
(110) atomic planes of the hexagonal crystal struc- 
ture, respectively. The angle between A and A! 
or B and B’ is smaller than 60° by about 2x 10-? 
rad. This seems to indicate that within either 
one of the two overlapping crystals producing 
moiré, a part bounded by a sub-bundary L is 
rotated around the c-axis about 10-2rad with 
respect to the other part. The irregular and 
obscure lines seen in the back ground seem to be 
dislocation lines which lie in the basal plane. 

In Fig. 2, we can see that the moiré patterns 
are locally distorted along the curved lines In, Le 
and LL; and the patterns are displaced in parallel 
by about a half moiré spacing across these lines, 
while no such displacement except local distortion 
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does occur across the line M. When the incident 
angle of the electron beam to the specimens was 
changed, there took place a parallel displacement 
in the moiré patterns, but the lines LZ), Ly, L3 and 
M were not displaced. Further, there took place 
no change in the contrast of the general back 
ground. These facts show that the lines Ly, Ly, L3 
and M are neither the extinction contour lines due 
to curved crystals nor the edges of some other 
extra overlapping crystals but are due to some 
lattice defects, such as dislocations. A detailed 
discussion based on more precise experiments will 
be published elsewhere in the near future. 


Ii, Bk 


The edge dislocation-like patterns as shown in 
Fig. 3 were sometimes observed. However, in 
view of the highly anisotropic layer structure of 
graphite, the dislocation line perpendicular to the 
basal plane seems to be difficult to exist, and one 
should be careful to conclude its real existence. 
This point will be clarified by the future experi- 
ments. Recently F.E. Fujita has observed the 
moiré patterns even in artificial graphite. Experi- 
ments are now in progress in co-operation with his 
group, including the problem of irradiation effects 
on graphite. 

The author wishes to express his sincere thanks 
to Dr. K. Motojima for his persistent encourage- 
ment, and Dr. H. Suzuki and Dr. F. E. Fujita for 
their valuable guidances and discussions, and to 
Mr. Otsu for his assistance throughout this work. 
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It is well-known that visible light is emitted from 
p-n junction in silicon) and metal-silicon contact.» 
In both cases, the light is emitted from small spots 
located near the rectifying region, and the number 
of these spots increases as the reverse bias voltage 
is increased. 

On the course of study of the visible light emis- 
sion and the “ microplasma” phenomena in silicon 
junction, it has been one of the key questions for 
the understanding of fundamental processes under- 
lying those effects, i.e., why visible light had not 
been observed in germanium p-n junction. The 
difference in the energy gap for germanium and 
silicon does not play important role in this discus- 
sion, since the visible light corresponds to the 
region of 1.5 to 3.0eV, and moreover, the spectral 
intensity of the light emitted from silicon is observ- 
ed to extend far beyond the wave length cor- 
responding to the energy gap (1.leV), which has 
been attributed to the intra-band transition of high 
energy electron.*) If the intraband transition is 
really the predominant process in the light emis- 
sion from p-—n junction, it might well be expected 
that germanium junction emits visible light in the 
same way. 

We have concentrated our interest on the dif- 
ferences in the extrinsic properties between germa- 
num and silicon, and pointed out the content of 
oxygen as one of those factors. 

Germanium crystal was melted in quartz crucible 
and kept at 1450°C for about 15 minutes and then 
single crystal was pulled in <11l1> direction doped 
with In. This treatment is to enrich the germa- 
nium crystal with oxygen. The crystal was then 
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sliced and n-type layer was made by As diffusion 
in the thickness of 1—1.5 micron. Small p-1 
junction area was made by mask-etching as shown 
in Fig. l(a). Visible light emission was observed 
at the periphery of this junction as shown in 
Fig. 1(b). The colour was a little more reddish 
than the bright spots observed in the silicon dif- 
fused junction. A bright and large white spot 
was observed neither on the periphery nor on the 
junction plane. Since the absorption coefficient is 
greater for germanium than for silicon, the lack 
of light spots on the junction plane cannot be 
directly attributed to the lack of event itself. 


Fig. 1. (b) 


Although it is not possible to conclude that the 
light emission is induced by oxygen only from this 
experimental result, it may throw light on the 
understanding of the light emission and microplasma 
phenomena in semiconductor p-m junction. 
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Infrared Radiation from Silicon 


Grown Junction 


By Ichiz6 UCHIDA 
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Since Haynes and Briggs succeeded in detect- 
ing the recombination radiation of silicon and 
germanium, several papers2)—7 have been published. 

The spectral distribution of silicon recombina- 
tion radiation has a peak at 1.ly at room tem- 
perature, the peak being due to the direct transi- 
tion between the valence and conduction bands. 
Therefore we can observe the infrared radiation from 
silicon grown p-m junction in the case of forward 
current injection by the use of the type 1P25 image 
tube having Ag-Cs photocathode. 

The sample resistivity is 0.089cm in the p re- 
gion doped with boron and 2.4 9-cm in the n region 
doped with antimony. 

The sample is soldered to a pair of copper-block 
terminals cooled by means of dry ice and put into 
a vacuum chamber. The junction temperature is 
measured by a thermocouple and cooled in the 
range of from 10°C to —5°C. 

The radiation is too weak to be visualized when 
the current flow through the junction is less than 
100 mA, but becomes clearly observable at 300mA. 
As shown in Fig. 1 the radiation diffuses away 
from the junction to the n region. This is caused 
by the fact that the most part of the current car- 
riers consists of positive holes, as can be expect- 
ed from the relation between the values of resis- 
tivity in the p and » regions. 

The density of the negative film Dj, is measured 
by means of a micro-photometer and the result is 
shown in Fig. 2. Fig. 3 shows the experimental 
results of the relation between the current and the 
radiation energies measured when a PbS detector 
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Infrared radiation from Si grown p-n 
Sample size is 4.15 x0.74x 13.0 mm. 


iioomle 
junction. 
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is used for a junction current range of from 100 
mA to 1A. By the use of these results we can 
approximate the linear relation between the maxi- 
mum density Dj and total radiation energy ZL. 
Consequently, the length from the junction to the 
point where the density is decreased to Dye is 
considered to be comparable to the diffusion length 
of the radiative carriers. The value is about 300 
microns and the life time of holes in the n region 
is calculated to be 77sec. This value is greater 
than the life time measured by the photo-conduc- 
tivity decay method. 
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According to the injection efficiency calculated 
from the values of the resistivity, the recombina- 
tion radiation in the p region must be too weak 
to be observed, however, the obscure radiation in 
the p region exists in the Fig. 1. This seems to 
be due to the scattering light of the internal radi- 
ation at the surface of the sample and at the 
fluorescent screen of the image tube. 

The author would like to express his thanks to 
Dr. Osamu Harashima for his guidance and en- 
couragement. He is also indebted to Mr. Naotaka 
Sakakibara and Mr. Takeshi Hasegawa for measure- 
ment and preparation of the samples. 
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An Interpretation of 550 Me Particles 
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It seems hardly possible that the 550 Me particles 
observed by Alikhanian et al.) should exist in 
cosmic rays, if one takes into account the fact 
observed that the several studies?) recently carried 
out to check their existence have obtained the re- 
sults against that. Alikhanian et al. maintained 
the mass of the particles to be about 550 times 
the electron mass, on the assumption that each of 
them had a unit electronic charge, e. However, 
the assumption was not based on any experimental 
evidence. 

It seems to the author that the failure in detect- 
ing the 550Me particles?) might possibly be ex- 
plained, if the particles were assumed to be 
charged with Ze, Z being a number. To show 
the idea quantitatively we shall introduce the 
general equrtions (1), relating the measured mo- 
mentum, P,, ionization, J,, total number of grains 
in an emulsion, N,, range, Rz and mass, p(z), for 
a particle charged with Ze, moving at non-relati- 
vistic velocities, 

u(Z)= Z9-55[1. 18 P,1-45 R,—0-45] = Z0.55y,,(1) 

(2) = Z-9-522 04 P, I,9-78] = Z—0-52y, 54(1) 

p(Z)=Z-2-88[6 .86R, 12-44] = Z—2-88,.4(1) 

u(Z)=Z-".8[b N,3-45 R,-2-45] = Z—11.8,, (1) 
where pipr(1), wyi(1), wri(1) and p;n(1) represent the 
simulated masses, which are obtained by assuming 
that the particle is charged with e, and the indices 
pr, pi, pi, and rn indicate that the measurement 
of the mass is done by the methods of momentum- 
range, momentum-ionization, range-ionization, and 
range-total grains respectively. The equations (1) 
were introduced from the semi-experimental curves») 
by means of the following substitution: 


[P= Sey. 

f=(1/Z4L 

N=(1/Z2) Nz 

R=27°Rz 
where P, J, N, and R belong to a particle charged 
with e. It must be noted however that the momen- 
tum, P,, is obtained from the measured radius of 
curvature, 9, of the trajectry of a particle in a 
magnetic field, H, using the ordinary formula, P, 
=300 Ho MeV/c. 

The mass of the 550 Me particles is expressed 
Ppr(1)=550 by the above notation. So far only 
the Princeton group has searched for the particles 
of pp-(1)=550 with a negative result in its pre- 
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liminary report.) Whereas the Utah,» the Colum- 
bia,®) the Milano? and the Calcutta’) groups 
searched for the particles of p,(1)=550, among 
which only the last one obtained a positive result 
at sea level. 

Alikhanian et al. observed some of the 550 Me 
particles which were ionizing at about the mini- 
mum rate. That fact excludes the possibility ot 
Z>1 for the particles. Particles charged with Z 
<1, called subionizers, were searched for by Fitz 
et al.) with a negative result in a small number 
of cosmic ray particles. The author has tried to 
find such a value of Z that the particles of pp,(1) 
=550 could be found by Alikhanian’s study but 
the particles had a feature to be missed by other’s 
studies to search for the ones of p,i(1)=550. Thus 
the author would like to propose that the 550 Me 
particles are the ones charged with (Z=1/2)e. 
The equations (1) can be solved as follows, if we 
put Z=1/2 and py,-(1)=550 in them; ,»(1/2)=370, 
ppi(1)=260, pri(1)=50, and prn(1)—1/10. 

Those mass values seem to explain the failure in 
the search for the 550 Me particles carried out by 
the Utah, the Coloumbia and the Milano groups, 
because a very small number of p,;(1)=50 and pn(1) 
~1/10 might have been treated as electrons. ppj(1) 
= 260 would also be difficult to be distinguished from 
m-mesons in a mass measurement. The result of 
the Calcutta group is difficult to explain by the 
above assumption. The author hopes that the 
reliability of the ionization measurement in the 
study would be checked again. 

The contradiction between the study of Alikha- 
nian and that of the Princeton group might be ex- 
plained if the counter arrangement to trigger the 
cloud chambers in the latter had a bias against 
both a particle ionizing at less than the minimum 
rate and a slow particle of R<7 g/cm? of lead at 
the top of the counters. The ordinary counters 
might fail to detect the fast subionizers of Z=1/2, 
which ionize at less than the minimum rate in the 
region of R>7 g/cm? of lead. 

There occurs a doubt that the particles of Z=1/2, 
if they really exist, should have been observed so 
far by emulsion studies. They are supposed to be 
produced by nuclear collisions, materializations or 
decay processes, all of which are observable by 
emulsions. The particles at relativistic velocities, 
however, have about 1/4 times the minimum ioni- 
zation rate, which is almost impossible to be dis- 
tinguished from the background in emulsions. 
Therefore they can escape from the observation, if 
the major part of them, at the place where they 
are produced, have relativistics velocities, corre- 
sponding to the kinetic energy larger than about 
250 MeV. 

In conclusion, the author should like to remark 
that the 550 Me particles should be carefully check- 


“| ed again 


in view of what has been described 
|| above, because there seems to be some possibility 
that they are subionizers, if the particles of pp,(1) 
1 =550 proposed by Alikhanian et al. do really be 
observed without suffering from any experimental 
error. 
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Dependence of the Joshi Effect on ‘ Ageing ’ 
under, or and in the Absence of, 
Continuous Electrical Excitation 
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Comparative studies of the JOSHI effect +4, 
an instantaneous and reversible photovariation of 
the discharge current 7 (+47, enhancement and 
—Ai, diminution) in halogens under identical condi- 
tions of excitation and detection and for constant 
light intensity and frequency, from the standpoint 
of the kinetics of the inversion of +47 te —4i and 
vice versa under widely varied conditions of ‘ageing’ 
under, or/and in the absence of, discharge (in the 
former, the discharge tube is kept excited at a 
fixed potential for a required amount of time and 
in the latter, i.e., the opposite process, as the 
system is stood over in the absence of discharge, 
unexcited in a ‘ rest period’) and temperature showed 
that +4i is favoured by a temperature rise, but 
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inhibited by a continued exposure to discharge and 
that in the absence of discharge it is the first to 
develop, the recovery being facilitated by heating. 
On the contrary ~—4i is disfavoured by a tempera- 
ture rise, but enhanced by a continued exposure to 
discharge; in the absence of discharge it decreases, 
this decrease being facilitated by heating. Both 
the direct and reverse processes are found to be 
representable by equations of the ‘first order’ re- 
action?), 

To explain these time variations in +4j due to 
‘ageing’ under, or/and in the absence of, electrical 
discharge, PRASAD and JATAR®) suggested that 
a reversible reaction occurs between the glass and 
the gas. MOHANTY” explained the increase in —4j 
as due to increased photoemission from the cathode, 
due to decreased surface work function ¢, as obtained 
by ‘ageing’ under discharge. JOSHI) contemplated 
the formation under discharge of an adsorptionlike 
photoactive electrode layer consisting of excited 
particles and ions and characterised by a low work 
function ¢ as primary to the production of +4%: 
The other processes, subsequently leading to +4i, 
viz., photoelectron emission from the above layer, 
their capture or/and their multiplication are practi- 
cally instantaneous and fully reversible. Evidently 
the formation of the above layer is the only time 
dependent process leading to +47. 

The progressive growth of —4i during ‘ageing’ 
under discharge is attributed by RAMANAMOORTHY®) 
to the discharge favouring an otherwise slow or 
practically no formation of the ‘electrode layer’ 
contemplated by JOSHI) as primary for +47. He 
has suggested®) that this layer constitutes of (gas) 
molecules oriented on the ‘electrode surface’ pro- 
bably as ‘electrical’ ‘dipoles’ possessing charac- 
teristic light absorption and low dissociation energy 
as distinct from those in the gas bluk. Such a dis- 
crimination was necessitated since the entire +47 
could be obtained by irradiating simply the electrodes 
by wavelengths in and outside the selective ab- 
sorption of the excited medium”, its frequencywise 
variation?) and also its non-occurrence2) when the 
gap alone was illuminated keeping the electrodes 
screened especially in external sleeve and Geissler 
tube discharges. 

The author? has shown that a van der Waals’ 
layer’s on a partially chemisorbed electrode surface 
is the chief seat of +47, whereas a chemisorbed 
layer on the electrode surface constitutes the chief 
seat of —41. The time variations in +42 due to 
‘ageing’ under discharge has been attributed to a 
clean up of the van der Waals’ layer and develop- 
ment, involving adsorption or/and desorption, of the 
chemisorbed layer, due to electrical activation caused 
by, and dependent on the magnitude of, the potential 
applied to the electrode surface. The constant 
values of +47 obtained at infinite time in the kinetic 
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studies of ‘ageing’ under, or/and in the absence 
of, discharge arises out of the establishment of an 
equilibrium between the gas phase and the absorbed 
phase. The cessation of discharge is marked by 
an instantaneous van der Waals’ adsorption on a 
partially chemisorbed surface. It is probable that 
a surface catalysed reaction®), at low and ordinary 
temperatures premitting the stability of a van der 
Waals’ layer, between adsorbed gas particles in 
these two layers, between adsorbed gas particles in 
these two layers, takes place. This seems to be 
improbable at high temperatures when desorption 
of the chemisorbed layer has set in; but an inter- 
action») between two adjacent atoms or radicals in 
a simple competitively occupied chemisorbed layer 
is possible. The observed larger time intervals 
required under ‘ageing’ in the absence of discharge 
(‘rest period’) compared to the shorter periods of 
‘ageing’ under discharge to attain constant values 
of +47 are due to the procesed of adsorption and 
desorption proceeding at much higher rates than 
the reaction at the surface. 

The electrodes being of dielectric nature, develop 
active spots on the surface under electrical ex- 
citation. A strain caused either by continuation of 
discharge or a total removal of applied field as under 
‘rest’ or/and any other factor will affect these spots 
considerably. These centres retains some residual 
charge after completion of a cycle, conditioned by 
its previous history, the charge density in various 
centres, the expansion of active spots and the 
maintenance of the charge in these spots. This 
will develop a strain which will be loosened or 
destrained when allowed to ‘rest’ or subjected to 
‘heat’ treatment. 

Further, RAMANAMOORTHY’S®) interpretation of 
the adsorbed layer as consisting of gas molecules 
oriented on the ‘dielectric surface’, probably as 
the ‘electrical dipoles seems to be instructive from 
considerations of the ‘time of relaxation of a 
molecule’10, This is the time required for the 
dipolar molecules to revert to random distribution 
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The ‘theory of dielectric relaxation’ a 


tion. 
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the larger time required when the electrical field! 
is removed, for the restoration of +4, to the >), 
original value observed prior to ‘ageing’ under’ 
discharge, compared to the time changes in +43) 
with ageing under discharge. It is also noteworthy. ! 
that, as explained above, the strain developed on the } 
dielectric walls under discharge, can be ascribed te) 
the orientation of the dipolar molecules and wher 
allowed to rest, this strain is relaxed due to the 
oriented molecules reverting to their original distri- 
bution. 

Grateful thanks of the author are due to Prof. 
S. S. JosH1 for his valuable suggestions. 
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Rheological Equation of Voigtian Material 
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J. Phys. Soc. Japan 14 (1959) 1102 
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On Galvanomagnetic Effects in P-Type Crystals of PbTe 


Column 
left 
right 
right 


left 


left 


right 
left 
right 


right 
left 
left 
right 


By Kisaburo SHOGENJI 
J. Phys. Soc. Japan 14 (1959) 1360 


Line 
16 
5 
16 
3 from the bottom 
2 (Eq. (2-4)) 
3 (Eq. (2-4)) 
7 
21 (Eq. (B-1)) 
21 (Eq. (B-1)) 
7 from the bottom 
7 from the bottom 


5 (Eq. (3-5)) 
12 from the bottom 
(Eq. (8-5)) 
6 from the bottom 
(Eq. (3-17)) 
2 from the bottom 
20 
7 from the bottom 
7 from the bottom 
Table IV 
4 (Eq. (6-3)) 
2 from the bottom 
14 
12 from the bottom 
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should be read 
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Cin 
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There are two letters “ B-4-iii” indicating the lines of Fig. 7(a), the above of which should 
be corrected as “ B-4-vi”. 


Theory of Thermoelectric Power of Ionic Crystal, II 


By Eijiro HAGA 
J. Phys. Soc. Japan 14 (1959) 992 


R=V 2a in the right column line 33 should be read R= 2a. 
We must adopt 


We later discovered mistakes in the computation of Qe in this paper. 
the following expression as the correct formula of Eq. db): 


kT 


(2nV 2 )V/2[(1— p)oo To/ T'}/? 


0Qe=— > TP +A ay’ 2A —p)coTe/ TY”) 
and Eq. (12) should be omitted. Hence, Table I is revised as follows. 
Table I. The value of Qe in pv/°C in (NaCl-+-co Mol-% CdCly) 


a co 5 1 
ee ie 0.01 ies 0 1 | 
200 16 —26 —31 
300 —14 =3 =26 
400 = 12 25,1) ey 
500 = 10 —17 —19 
600 - 9 =o =r, 
700 hi, =13 | a5) 
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Further, the last term in Eq. (20) should be omitted. Instead of Table II in the previous 
paper, the value of Q, for AgCl doped with the CdCl, quantities used in the measurement 
of thermo-power is estimated as follows. 


Toble II. The value of Qe in pv/°C in (AgCl-+co Mol-% CdCl.) 


250°C | 350°C 
ia a [ie tcp ts | 0 a 2a 3a 
eg A BEGGS 30° | zo eee a ees 
0 ee ae, 
020 | —170" 10070 —50 || feo sae = 20 mec 


If we find the values of hr +Q;*+Qy* at 250 and 350°C under consideration of Q_- with 
R=2a, the ones become larger by 10~20% than previously found (J. Phys. Soc. Japan 
14 (1959) 729) 


Multiplet Structure and Hyperfine Structure of the Spectrum of Mercury 


By Kiyoshi MURAKAWA 
J. Phys. Soc. Japan 14 (1959) 1624, 1633 


Page 1626, right compartment, lines 9 and 10 should read 
G=0,972), Ky= —0.197 , K3= —0.090 , K,=0.091 , K;=0. 
I deeply appreciate the kindness of Dr. Blaise who called my attention to the miscopy. 


Page 1629. The figures (only) in Figs. 3 and 5 should be interchanged. 
The captions are correctly printed. 


Statistical Aspects of Fracture in Concrete, I. 


An Analysis of Flexural Failure of Portland Cement Mortar 
from the Standpoint of Stochastic Theory 


By Motoo Horr 
J. Phys. Soc. Japan 14 (1959) 1444 


Page Column Line Now reads in part Should read 
1447 right Eq. (1) eb)dt== — p(t)dt= — 
1448 left 4 replace replaces 
Eq. (13) t(1—e—*/*)}}, z(1—e-*/7) 5), 
last protland portland 


1451 left 18 (see-1) (sec~1) 
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